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Supplementary Material

This online supplementary material consists of the following: Proofs of Theorems 1–3,

Proposition 2, detailed description of the four real data examples and Table A for the compo-

nents ψ and ς.

S1 Proof of Theorem 1

We first consider the case ψ contains v, so E = Ey|u and ψ̂ = ψ̂MHLE. Recall

thatψ0 denotes the true value. Let ψ̂ = ψ̂(y), J(ψ;y) = −∂2ℓ∗(ψ;y)/∂ψ∂ψ
⊤,

and K(ψ) = Ey∗|u[ℓ∗(ψ;y
∗)]. By symmetry, K(ψ) = Ey|u[ℓ∗(ψ;y)]. We

have

GAI = −2Ey|uEy∗|u[ℓ∗(ψ̂;y
∗)] = −2Ey|u[K(ψ̂)] = −2Ey|u[ℓ∗(ψ̂;y)]+A+B

where

A = −2Ey|u[ℓ∗(ψ0;y)− ℓ∗(ψ̂;y)], B = −2Ey|u[K(ψ̂)− ℓ∗(ψ0;y)].
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By Taylor expansion to the second order of ℓ∗(ψ̂;y
∗),

B = −2Ey|uEy∗|u[ℓ∗(ψ̂;y
∗)− ℓ∗(ψ0;y)]

= −2Ey|uEy∗|u[ℓ∗(ψ0;y
∗)− ℓ∗(ψ0;y)]− 2Ey|uEy∗|u[(ψ̂ −ψ0)

⊤∇ℓ∗(ψ0;y
∗)]

+Ey|uEy∗|u[(ψ̂ −ψ0)
⊤J(ψ0;y

∗)(ψ̂ −ψ0)] + o(1)

= tr
{
Ey|u[n

−1J(ψ0;y)]vary|u(
√
n(ψ̂ −ψ0)

}
+ o(1) = df + o(1). (S1.1)

In the second equality above, the first term = −2Ey∗|u[ℓ∗(ψ0;y
∗)]+2Ey|u[ℓ∗(ψ0;y)] =

0; the second term = −2Ey|u[(ψ̂−ψ0)
⊤]Ey∗|u[∇ℓ∗(ψ0;y)] = 0, and the third

term is simplified as

Ey|u
{
(ψ̂−ψ0)

⊤Ey∗|u[J(ψ0;y
∗)](ψ̂−ψ0)

}
= tr

{
Ey∗|u[n

−1J(ψ0;y
∗)]var(

√
n(ψ̂−ψ0)

}
= df.

It remains to show that A = df + o(1). Towards this, we let J̃ =

Ey|u[n
−1J(ψ0;y)] and Q = n(ψ̂ − ψ0)(ψ̂ − ψ0)

⊤. By Taylor expansion to

the second order of ℓ∗(ψ0;y),

A = −2Ey|u{(ψ0 − ψ̂)⊤∇ℓ∗(ψ̂;y)}+ Ey|u{(ψ0 − ψ̂)⊤J(ψ̂;y)(ψ0 − ψ̂)}+ o(1)

=
∑
r,s

Ey|u
{
[n−1J(ψ̂;y)]rs Qsr

}
+ o(1), (S1.2)

where Qrs denotes the rs-th entry of matrix Q, and the others are similarly

defined. Let ψ̂r and ψ0r denote the r-th entry of the vectors ψ̂ and ψ0,

respectively. Let J̃rs = Ey|u{n−1J(ψ0;y)}rs. We shall approximate the

rs-th summand in (S1.2) by
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Step 1: Ey|u[{n−1J(ψ̂;y)}rsQsr] = Ey|u[{n−1J(ψ0;y)}rsQsr]+o(1); and

Step 2: Ey|u[{n−1J(ψ0;y)}rsQsr] = J̃rsvary|u(
√
n(ψ̂ −ψ0))sr + o(1).

For Step 1, let Xn = Qsr = n(ψ̂r−ψ0r)(ψ̂s−ψ0s), and Yn = n−1[J(ψ̂;y)−

J(ψ0;y)]rs. Since ψ̂ is an MHL estimator and due to asymptotic normality,

Xn → X in distribution. The dependence of Xn, X and Yn on r and s are

not indicated for simplicity. By mean value theorem, Yn = n−1
∑n

i=1{(ψ̂ −

ψ0)
⊤J′(ψ̄; yi)}, where ψ̄ = ψ0 + ϵ(ψ̂ − ψ0) for some ϵ ∈ [0, 1]. By the

regularity condition in Lee and Lee (2025) that ||J′(ψ̄; yi)|| is bounded by

an integrable random variable, and that (ψ̂r − ψ0r) = Op(n
−1/2), then

Yn → 0. Therefore, XnYn → 0 in distribution, and E[XnYn] → 0, proving

Step 1.

For Step 2, we write Ey|u[{n−1J(ψ0;y)}rsQsr] = Ey|u[{n−1J(ψ0;y)}rs]Ey|u[Qsr]+

crs where crs = cov(n−1J(ψ0;y)rs,Qsr). By Cauchy-Schwarz inequality,

|crs|2 ≤ vary|u(Qsr)vary|u(n
−1J(ψ0;y)rs)

= vary|u(Qsr)n
−2

n∑
i=1

vary|u
(
[∂2ℓ∗(ψ0; yi)/∂ψ∂ψ

⊤]rs
)

≤ C/n vary|u(Qsr) → 0,

where C denotes an upper bound of Ey|u
(
[∂2ℓ∗(ψ0; yi)/∂ψ∂ψ

⊤]2rs
)
.
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Using the approximations in Steps 1 and 2, (S1.2) becomes

A =
∑
r,s

J̃rsvary|u(
√
n(ψ̂ −ψ0))sr + o(1)

= tr{Ey|u[n
−1J(ψ0;y)]var(

√
n(ψ̂ −ψ0))}+ o(1)

= df + o(1).

Combining this and (S1.1), (10) in the paper follows. This proves Theorem

1 when ψ contains v.

When ς contains v with E = Ey, the proof is similar. This completes

the proof of Theorem 1.

S2 Proof of Theorem 2

Proof of (i) Without loss of generality, we assume that the true model is

M1, which gives the density of the true data generation,

g(y) = g(y|M1) =
n∏

i=1

gi(yi|M1) =
n∏

i=1

∫
f(yi|θ1,M1) |∂δ1(θ1)/∂θ1|dθ1

for a parametrization function δ1(·). In this proof, we assume that the

parametrization function δk(·) for Mk is known for 1 ≤ k ≤ K. Denote

Dk = Ey[ℓ0(Mk;y, δk)] = nEy[ℓ0(Mk; y, δk)] = ndk for 1 ≤ k ≤ K. Let

∆n(k) =
∑n

i=1 ℓ0(Mk; yi, δk), for 1 ≤ k ≤ K,n ≥ 1; and

M̂n = argmax{∆n(k) : 1 ≤ k ≤ K}, n ≥ 1.
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Since M1 is the maximizer of {Dk : 1 ≤ k ≤ K}, it follows that Dk < D1

and equivalently, dk < d1 for 2 ≤ k ≤ K, and so there exists ϵ > 0 such that

d1 > ϵ + dk for 2 ≤ k ≤ K. Assuming that ℓ0(Mk; yi, δk)’s are of bounded

variances, limn→∞ n−1∆n(k) = dk by strong law of large numbers. For this

ϵ, there exist N1, . . . , NK such that for 1 ≤ k ≤ K,

dk − ϵ/2 < n−1∆n(k) < dk + ϵ/2, n ≥ Nk.

Let N = max{N1, . . . , NK}, then for n ≥ N and 2 ≤ k ≤ K,

n−1∆n(1) > d1 − ϵ/2 > dk + ϵ/2 > n−1∆n(k).

So, M̂(n) = M1 = M̂ for n ≥ N , and Ey[MIC(δ)] = Ey[
∑n

i=1 ℓ0(M1; yi, δ
1)] =

nd1 = max{Dk : 1 ≤ k ≤ K} = MI(δ), proving part (i).

Proof of (ii) By Laplace approximation to the likelihood of the candidate

model Mk, we have

L0(Mk;y, δk) =

∫
Lm(θk;y) dδk = Lm(θ̂k;y) |nJk/(2π)|−1/2 + op(1)

= (2π)(pk+tk+1)/2|Jk|−1/2n−(pk+tk+1)/2Lm(θ̂k;y) + op(1),

where Jk = n−1{−∂2ℓm(θk;y)/∂δk∂δ
⊤
k }|θk=θ̂k

= Op(1). The log-likelihood

for Mk leads to

BIC = −2ℓm(θ̂k;y) + (pk + tk + 1) log n = MIC(δk) +Op(1).

This completes the proof of part (ii), and hence Theorem 2.
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S3 Proof of Proposition 2

Let a = Γ((n− 2)/2)/(2πn/2). With t = ∥y − µ∥2/(2ϕ), we have

Li(µ;y) =

∫
Lc(µ, ϕ;y|v)dϕ

= (2π)−n/2

∫ ∞

0

ϕ−n/2 exp{−∥y − µ∥2/(2ϕ)}dϕ

= (2π)−n/2{∥y − µ∥2/2}−n/2+1

∫ ∞

0

tn/2−2e−tdt

= a{∥y − µ∥2}−n/2+1.

S4 Proof of Theorem 3

We write µ̂ for µ̂MHLE. For given ϕ and λ, let µ̂ = Xβ̂ + Zv̂ = Py, where

P = [X Z]

X⊤X X⊤Z

Z⊤X Z⊤Z+ ϕΛ−1


−1 X⊤

Z⊤

 .

With Q = (I−P)2 and ||y − µ̂||2 = y⊤Qy, we shall show that

(n− 2)
{
Ey|uEy∗|u log ||y∗ − µ̂||2 − Ey∗|u log ||y∗ − µ||2

}
= ρ+ o(1),(S4.3)

(n− 2)
{
Ey∗|u log ||y∗ − µ||2 − Ey|u log ||y − µ̂||2

}
= ρ+ o(1).(S4.4)

Adding (S4.3) and (S4.4) gives SAI− E[SAIC] = o(1).

Let φ denote the digamma function, χ2
n(c) a noncentral chi-squared

distribution with n degrees of freedom and noncentral parameter c, and

χ2
n a central chi-squared distribution with n degrees of freedom. We recall
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known results about central and noncentral chi-squared distributions, and

digamma function:

E[logχ2
n] = log 2 + φ(n/2),

E[logχ2
n(c)] = log 2 +

∞∑
j=0

(c/2)je−c/2

j!
φ((n+ 2j)/2); (S4.5)

φ(x+ 1) = φ(x) +
1

x
, φ(x) = log x− 1

2x
+O(x−2); (S4.6)

2j/n− 4j2/n2 ≤ φ(n/2 + j)− φ(n/2) ≤ 2j/n. (S4.7)

Note that ||y∗−µ̂||2 ∼ χ2
n(ν) with ν = ||µ−µ̂|∥2. Let wj = (ν/2)je−ν/2/(j!),

the point probability of a Poisson with mean ν/2 at j. Thus,
∑∞

j=1 jwj =

ν/2 and
∑∞

j=1 j
2wj = ν2/4 + ν/2. By (S4.5) and (S4.7),

LHS of (S4.3) = (n− 2)Ey|u
{ ∞∑

j=1

wj[φ(n/2 + j)− φ(n/2)]
}

= (n− 2)Ey|u
{ ∞∑

j=1

wj{φ(n/2 + j)− φ(n/2)
}

≤ (n− 2)Ey|u
{ ∞∑

j=1

2j wj/n
}
= Ey|u(ν) + o(1)

= ρ+ o(1).

Similarly, LHS of (S4.3)≥ (n−2)Ey|u(ν/n−(ν2+2ν)/n2) = Ey|u(ν)+o(1) =

ρ+ o(1). Combining the upper and lower bounds, we have proved (S4.3).

Let U = ||y − µ̂||2, τ = Ey|u[U ], σ2 = vary|u(U) and W ∼ χ2
n−ρ.

We have τ = n − ρ + o(1), σ2 = 2(n − ρ) + o(1), E[W ] = n − ρ and

var(W ) = 2(n− ρ).
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We have logU = log{τ [1 + (U − τ)/τ ]} = log(τ) + (U − τ)/τ − (U −

τ)2/(2τ 2) +OP (n
−3/2), and a similar expansion for W . Taking expectation

of each expansion, and subtracting them, we have

Ey|u log{||y − µ̂||2/W} = log{τ/(n− ρ)} − σ2/(2τ 2) + 1/(n− ρ) +O(n−3/2)

= O(n−3/2).

We proceed to prove (S4.4). Recall that ||y∗ −µ||2 ∼ χ2
n, and definition of

W . By (S4.5) and (S4.6),

LHS of (S4.4) = (n− 2)
{
Ey∗|u log[||y∗ − µ∥2/W ]− Ey|u log[||y − µ̂∥2/W ]

}
= (n− 2)[φ(n)− φ(n− ρ) +O(n−3/2)]

= (n− 2)[− log(1− ρ/n) +O(n−3/2)]

= ρ+ o(1),

where we applied (S4.6) in the second last equality. Hence, the proof of

(S4.4) and Theorem 3.

S5 Detailed description of datasets

Various information criteria have been proposed for model selection; how-

ever, difficulties arise when different criteria select different models. These

differences reflect distinct inferential objectives, and the criteria should
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therefore be applied in a manner aligned with the specific goals of the anal-

ysis. For illustration, we consider four models derived from Model (2.1)

M1: GLM with v = 0.

M2: GLM with fixed v.

M3: GLMM with v ∼ N(0,Λ), where Λ = λ0G.

M4: robust HGLM with v|u ∼ N(0,Λ(u)), inverse-gamma(α+1, α), ui,

E(ui) = 1 and var(ui) = δ, where ui is the i-th entry of u in Example 1

below. We apply these GAICs for component model selection in the four

real datasets below.

The first three real data examples are chosen for LMM in order to

illustrate the effects of model selection with increasing sample sizes, where

n = 60, 241 and 4059. The last example is concerned with count data. We

use the second example to illustrate the log-normal and gamma random

effects models.

Example 1 (Cadralazine data). Vaida and Blanchard (2005) and Liang

et al. (2008) applied CAIC for model selection of the Cadralazine dataset

in Wakefield et al. (1994) with n = 60, which consists of plasma drug

concentrations from 10 cardiac failure patients who were given a single

intravenous dose of 30 mg of cadralazine, an anti-hypertensive drug. Each

subject has the plasma drug concentration (y), in mg/l, measured at 2, 4,
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6, 8, 10 and 24 hours (t), for a total of 6 observations per subject (Wakefield

et al., 1994). Vaida and Blanchard (2005) removed two of the ten subjects

with observations at 28 and 32 hours in order to work with a simple balanced

dataset. Also, three concentrations of 0 were replaced with 0·005 mg. For

log-transformation of drug concentration yij in the i(= 1, · · · , 10)th subject

and the j(= 1, · · · , 6)th time, they considered the two-component random

effects model

log(yij) = β0 + β1tj + v0i + tjv1i + eij, eij ∼ N(0, ϕ).

We consider M1 with v0i = 0 and v1i = 0; M2 with fixed v0i and v1i;

M3 with (v0i, v1i)
⊤ ∼ N(0,Λi) where Λi = λ1G, G = [g1,g2], g1 =

(1, λ3

√
λ2/λ1)

⊤, g2 = (λ3

√
λ2/λ1, λ2/λ1)

⊤ and −1 ≤ λ3 ≤ 1. M4 with

(v0i, v1i)
⊤ ∼ N(0, uiΛi), and ui are independent inverse-gamma(α + 1, α).

GLMs with independent errors, M1 and M2 correspond to the random

effects models with λ1 = 0 and λ1 = ∞, respectively (Lee and Nelder,

1996). Thus, random effects model is a compromise between two GLMs,

M1 and M2. For robust HGLMs, Lee and Nelder (2006b) preferred this

parametrization for E(ui) = 1 to the conventional t-distribution because

the first two marginal moments, E(v) = 0 and var(v) = Λ = E[Λ(u)] re-

main the same as those of the normal distribution, while higher moments are

different. The use of exponential ui leads to LASSO estimation in Bayesian
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approach (Park and Casella, 2008) and that in frequentist approach (Tib-

shirani, 1996). For further variable selection and estimation of elements of

ψ, LASSO type estimators can replace ψ̂MHLE in GAIC for ψ = β (Lee

and Oh, 2014) and ψ = ϕ (Zeng et al., 2025). However, in this paper, we

restrict to inverse gamma ui for robust HGLMs; see Lee et al. (2017) for

further development. The robust HGLM, M4, being shrunk more than M3,

leans more towards M1 than ordinary random effects model, M3. Models

M1, M4, M3 and M2 increase in order of dim(v); whereas M1, M4, M3 and

M2 decrease in the (deviance) residual sum of squares when effects v are

present.

Example 2 (Crack Growth data). In the Crack Growth data of Lu and

Meeker (1993), there are 21 metallic specimens, each subjected to 120,000

loading cycles, with the crack lengths recorded every 104 cycles. We take

t = no. of cycles/106 here; hence tj = j/100 for j = 1, ..., 12. The crack

increment sequences look rather irregular. Let lij be the crack length of

the ith specimen at the jth observation and let yij = lij − li(j−1) be the

corresponding increment in the crack length, which is always a positive

value. For response yij, we consider the model with xij = li(j−1)

ηij = β0 + β1xij + vi. (S5.8)

We consider M1 with vi = 0; M2 with fixed vi; M3 with vi ∼ N(0, λ); and
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M4 with vi ∼ N(0, uiλ) and ui are independent inverse-gamma(α + 1, α).

Example 3 (Exam data). We consider a data-set for exam scores of n =

4, 059 students from 65 schools in inner London taken from the R package

‘mlmRev’. For normalized exam score yij in the i(= 1, · · · , 65)th school

and the jth observation with standardized LR test score as a covariate xij.

We consider model (S5.8).

Example 4 (Crack Growth data revisited). Because crack growth is pos-

itive, we can apply LMM for responses log yij, which is a log-normal ran-

dom effects model. We also apply gamma random effects model with the

response yij and the linear predictor ηij = log µij in (S5.8). In log-normal

model, the log-likelihood is ℓ∗(ψ; log y) whereas in LMM and gamma mod-

els, it is ℓ∗(ψ;y). In order to compare these three models, a correction

term should be added in the log-normal model due to the Jacobian term

|∂ log y/∂y| (Lee et al., 2017).

Example 5 (Epilepsy data). Thall and Vail (1990) presented longitudinal

data with n = 236 from a clinical trial of 59 epileptics who were randomly

assigned to a new drug or a placebo with five covariates in Lee et al. (2017).

A multivariate response variable consisted of the seizure counts during the

two-week periods before each of the four visits to the clinic. Let yij be

the corresponding response variable for the i(= 1, · · · , 59)th patient and
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the j(= 1, · · · , 4)th visit. We consider four Poisson models with linear

predictor, ηij = log(µij) = β0 + x⊤
ijβ + vi. We let M1 with vi = 0; M2

with fixed vi; M3 with vi ∼ N(0, λ); and M4 with vi ∼ N(0, uiλ) and ui is

inverse-gamma(α + 1, α) distributed.

The Cadralazine data can be found in Wakefield et al. (1994), Crack

Growth Data in Lu and Meeker (1993), and Exam Data from the R package

‘mlmRev’.
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S6 Table A
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Table A: Parameters ψ and ς in M1–M4 for each information criterion. 0,1 are column

vectors of zeros and ones, respectively. u, α and λ1 are introduced in Example 1.

M1 M2 M3 M4

Cadralazine, Crack growth and Exam datasets

BIC ψ null null null null

ς β, ϕ, λ1 = 0,v = 0 β, ϕ, λ1 = ∞,v β,v, ϕ,λ, α = ∞,u =

1

β,v, ϕ,λ, α,u

MAIC ψ β, ϕ, λ1 = 0,v = 0 β, ϕ, λ1 = ∞,v β, ϕ,λ, α = ∞ β, ϕ,λ, α

ς null null v,u = 1 v,u

RAIC ψ ϕ, λ1 = 0 ϕ, λ1 = ∞ ϕ,λ, α = ∞ ϕ,λ, α

ς β,v = 0 β,v β,v,u = 1 β,v,u

CAIC ψ β, ϕ,v = 0 β, ϕ,v β, ϕ,v β, ϕ,v

ς λ1 = 0 λ1 = ∞ λ, α = ∞,u = 1 λ, α,u

SAIC ψ β,v = 0 β,v β,v β,v

ς ϕ, λ1 = 0 ϕ, λ1 = ∞ ϕ,λ, α = ∞,u = 1 ϕ,λ, α, u

Epilepsy dataset

BIC ψ null null null null

ς β, ϕ = 1, λ1 = 0 β, ϕ = 1, λ1 = ∞ β,v, ϕ = 1,λ, β,v, ϕ = 1,λ,

v = 0 v α = ∞,u = 1 α,u

MAIC ψ β, ϕ = 1, λ1 = 0, β, ϕ = 1, λ1 = ∞, β, ϕ = 1,λ, α = ∞ β, ϕ = 1,λ, α

v = 0 v

ς null null v,u = 1 v,u

RAIC ψ ϕ = 1, λ1 = 0 ϕ = 1, λ1 = ∞ ϕ = 1,λ, α = ∞ ϕ = 1,λ, α

ς β,v = 0 β,v β,v,u = 1 β,v,u

CAIC ψ β, ϕ = 1,v = 0 β, ϕ = 1,v β, ϕ = 1,v β, ϕ = 1,v

ς λ1 = 0 λ1 = ∞ λ, α = ∞,u = 1 λ, α,u
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