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This supplementary material provides detailed proofs of the theorems. Specifically, the proofs of the

theorems presented in Sections 2, 3, and 4 are collected in Sections S1, S2, and S3, respectively.

Notations in proof For a Borel set A ⊆ R and x ∈ R, let IA(x) := I(x ∈ A) be the

indicator function of x belonging to A. Let π(i) be the rank of Xi. If there are ties

among Xi’s, then break ties at random so that π is a permutation of {1, . . . , n}. Let

N(i) :=


π−1(π(i) + 1), if π(i) < n,

i, if π(i) = n.

Then XN(i) is the right nearest neighbor of Xi. For convenience, we also write Xn,i :=

XN(i) and Yn,i := YN(i), for i = 1, . . . , n. Using these notations, the variation statistic in
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Definition 1 can be equivalently written as ζ
(h,F )
n (X, Y ) = 1

n

∑n
i=1 h(F (Yi), F (YN(i))) =

1
n

∑n
i=1 h(F (Yi), F (Yn,i)). Let µ̃x := µY |X=x (or µY |x) denote the conditional law of Y

given X = x. Refer to Lemma 1 below for the existence of µ̃x.

Lemma 1 (Theorem 2.1.22 and Exercise 4.1.18 in Durrett (2019)). For each Borel set

A ⊆ R, there is a measurable map

x 7−→ µ̃x(A), from R into [0, 1],

such that

1. for each A, µ̃X(A) is a version of P(Y ∈ A | X);

2. with probability one, µ̃X is a probability measure on R.

S1 Proofs of Theorems in Section 2

S1.1 Proofs of Theorem 1 and Corollary 1

Before proving Theorem 1, we first present Lemmas A.1 – A.5.

Lemma A.1. Let F (·) be a c.d.f. function. Let h(·, ·) : R2 → [0,∞) be a non-negative

continuous function. For any ε > 0, there exists a simple function

q(y, z) =
m∑
j=1

cj IBj
(y) ICj

(z),
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S1. PROOFS OF THEOREMS IN SECTION 2

with cj > 0 and Bj, Cj being Borel subsets of R, such that

sup
(y,z)∈R2

∣∣q(y, z)− h(F (y), F (z))
∣∣ < ε. (A.1)

Proof. Since h is continuous and A := [0, 1]× [0, 1] is a compact subset of R2, we have

that h is uniformly continuous in A. Then there exists δ > 0, such that

|h(y1, z1)− h(y2, z2)| < ε (A.2)

holds for any (y1, z1), (y2, z2) ∈ A with |y1 − y2| ≤ δ and |z1 − z2| ≤ δ.

Let ` = [1/δ]− 1 (i.e., the maximum integer not exceeding 1/δ − 1). Let

wi = inf{y ∈ R : F (y) ≥ i · δ}, i = 1, . . . , `.

Since the c.d.f. function F (·) is non-decreasing, w1 ≤ w2 ≤ · · · ≤ w` is also a non-

decreasing sequence in R. Let w∗1 < · · · < w∗`∗ be the strictly-increasing sequence

obtained from removing the ties in {wi}`i=1. Partition R into non-overlapping intervals

{Wi}`
∗+1
i=1 , where W1 = (−∞, w∗1), W`∗+1 = [w∗`∗ ,∞), and Wi = [w∗i−1, w

∗
i ), for i =

2, . . . , `∗. Then for any i = 1, . . . , `∗ + 1, we have

sup
y1,y2∈Wi

|F (y1)− F (y2)| ≤ δ. (A.3)
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Let

q(y, z) =
`∗+1∑
i=1

`∗+1∑
j=1

ci,j IWi
(y) IWj

(z), (A.4)

where ci,j = h(F (ui), F (vj)), with (ui, vj) being an arbitrary interior point in Wi×Wj.

Combining (A.2) and (A.3), we have that for any (y, z) ∈ Wi ×Wj,

∣∣q(y, z)− h(F (y), F (z))
∣∣ = |h(F (ui), F (vj))− h(F (y), F (z))| < ε.

This combined with the fact that ∪`∗+1
i=1 ∪`

∗+1
j=1 Wi×Wj = R2 yields that sup(y,z)∈R2

∣∣q(y, z)−
h(F (y), F (z))

∣∣ < ε. We prove that the simple function q(y, z) in (A.4) satisfies (A.1).

Lemma A.2. Let F (·) be a c.d.f. function. Let h(·, ·) : R2 → [0,∞) be a non-negative

continuous function. Define the bivariate function g : R2 7−→ [0,∞),

g(x1, x2) :=

∫ ∫
h(F (y), F (z)) dµ̃x1(y) dµ̃x2(z), (x1, x2) ∈ R2. (A.5)

Then g(X1, Xn,1)− g(X1, X1) tends to 0 in probability as n→∞.

Proof. Fix some ε > 0 and δ > 0. From Lemma A.1, there exists a simple function

q(y, z) =
∑m

j=1 cj IBj
(y) ICj

(z) such that sup(y,z)∈R2

∣∣q(y, z)−h(F (y), F (z))
∣∣ < ε. Define
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S1. PROOFS OF THEOREMS IN SECTION 2

the bivariate function

r(x1, x2) : =

∫ ∫
q(y, z) dµ̃x1(y) dµ̃x2(z)

=
m∑
j=1

cj

∫ ∫
IBj

(y) ICj
(z) dµ̃x1(y) dµ̃x2(z)

=
m∑
j=1

cj · µ̃x1(Bj) µ̃x2(Cj). (A.6)

Then we have

sup
(x1,x2)∈R2

|g(x1, x2)− r(x1, x2)|

≤ sup
(x1,x2)∈R2

∫ ∫
|h(F (y), F (z))− q(y, z)| dµ̃x1(y) dµ̃x2(z)

< ε. (A.7)

Note that

r(X1, Xn,1)− r(X1, X1) =
m∑
j=1

cj · µ̃X1(Bj) · {µ̃Xn,1(Cj)− µ̃X1(Cj)}. (A.8)

By Corollary A.9 in Chatterjee (2021) and the fact that x 7−→ µ̃x(A) is a measurable

map for any Borel set A, we have that µ̃Xn,1(Cj) − µ̃X1(Cj)
P→ 0 as n → ∞. This

combined with (A.8) gives that r(X1, Xn,1) − r(X1, X1)
P→ 0. Therefore, there exists

some integer N > 0 such that for any integer n > N ,

P
(
|r(X1, Xn,1)− r(X1, X1)| > ε

)
< δ.
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Finally, note that

|g(X1, Xn,1)− g(X1, X1)|

≤ |r(X1, Xn,1)− r(X1, X1)|+ |g(X1, Xn,1)− r(X1, Xn,1)|+ |g(X1, X1)− r(X1, X1)|

≤ |r(X1, Xn,1)− r(X1, X1)|+ 2ε.

Combining the facts above, for any n > N ,

P(|g(X1, Xn,1)− g(X1, X1)| > 3ε) < δ.

The proof is completed given that ε and δ are arbitrary.

Lemma A.3. The function g(x1, x2) defined in (A.5) is measurable in R2.

Proof. By Lemma A.1, there exists a sequence of simple functions

qi(y, z) :=

mi∑
j=1

ci,j IBi,j
(y) ICi,j

(z), i = 1, 2 . . . ,

such that qi(y, z) converges uniformly to h(F (y), F (z)). Define the bivariate functions

ri(x1, x2) :=

∫ ∫
qi(y, z) dµ̃x1(y) dµ̃x2(z), i = 1, 2, . . .
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From (A.7), we know that

sup
(x1,x2)∈R2

|g(x1, x2)− ri(x1, x2)| ≤ sup
(y,z)∈R2

|h(F (y), F (z))− qi(y, z)| → 0,

as i → ∞. This proves that ri(x1, x2) converges uniformly to g(x1, x2). By (A.6), we

know {ri}∞i=1 are measurable functions in R2. Combining the facts above, we have that

g(x1, x2) is measurable in R2.

Lemma A.4. Let F (·) be a c.d.f. function. Let h(·, ·) : R2 → [0,∞) be a non-negative

continuous function. Then we have limn→∞ E(ζ
(h,F )
n (X, Y )) = ζ(h,F ).

Proof. Let F be the σ-algebra generated by {Xi}ni=1 and the randomness used for break-

ing ties in the selection of π. Then for each i = 1, . . . , n, we have

E
(
h
(
F (Yi), F (Yn,i)

) ∣∣ F) = E
(
h
(
F (Yi), F (Yn,i)

) ∣∣ Xi, Xn,i

)
=

∫ ∫
h
(
F (y), F (z)

)
dµ̃Xi

(y) dµ̃Xn,i
(z) = g(Xi, Xn,i),

where the function g(·, ·) is defined in (A.5). Since h(·, ·) is continuous in [0, 1]× [0, 1],

we have that g(·, ·) is bounded in R2. This combined with Lemma A.2 gives that

lim
n→∞

E
(
h
(
F (Y1), F (Yn,1)

))
= lim

n→∞
E
(
g(X1, Xn,1)

)
= E

(
g(X1, X1)

)
= ζ(h,F ).

Note that h
(
F (Yi), F (Yn,i)

)
are identically distributed for i = 1, 2 . . . , n. It follows that
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E(ζ
(h,F )
n (X, Y )) = 1/n ·

∑n
i=1 E(h(F (Yi), F (Yn,i))) = E(h(F (Y1), F (Yn,1)) → ζ(h,F ), as

n→∞. This completes the proof.

Lemma A.5. Let h(·, ·) : R2 → [0,∞) be a non-negative continuous function. There

exists a constant C ∈ (0,∞), such that for any integer n ≥ 1 and any real number

t ≥ 0,

P(|ζ(h,F )
n (X, Y )− E(ζ(h,F )

n (X, Y ))| ≥ t) ≤ 2e−C·n·t
2

.

Proof. Assume continuity of X, and suppose that for some i0 ≤ n, (Xi0 , Yi0) is re-

placed by a different value (X ′i0 , Y
′
i0

). There can be at most one index i1 such that

N(i1) = i0 (i.e., Xi0 is the right-nearest neighbor of Xi1 before the replacement). Also,

there can be at most one index i2 such that X ′i0 is the right-nearest neighbor of Xi2

after the replacement. Combining these facts, there are at most 3 pairs of (Yi, YN(i))

that changes after the replacement; they are (Yi0 , YN(i0)), (Yi1 , YN(i1)), and (Yi2 , YN(i2)).

Since h is continuous in [0, 1] × [0, 1], there exists a constant c ∈ (0,∞) such that

sup(y,z)∈R2 h(F (y), F (z)) < c. Therefore, after the replacement, ζ
(h,F )
n (X, Y ) changes by

at most ∆n := 3c/n. By the bounded difference concentration inequality (McDiarmid

et al., 1989), we have

P(|ζ(h,F )
n (X, Y )− E(ζ(h,F )

n (X, Y ))| ≥ t) ≤ 2e−2·t2/(n∆2
n) = 2e−C·n·t

2

,
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S1. PROOFS OF THEOREMS IN SECTION 2

where C = 2 · (3c)−2 is a positive constant. For the general case of X, the result follows

from the similar proof as that of Lemma A.11 in Chatterjee (2021).

Proof of Theorem 1. Note that for any t > 0, we have
∑∞

n=1 2e−C·n·t
2
<∞. By Lemma

A.5 and the Borel-Cantelli lemma, |ζ(h,F )
n (X, Y )−E(ζ

(h,F )
n (X, Y ))| → 0 a.s., as n→∞.

This combined with Lemma A.4 yields that ζ
(h,F )
n (X, Y ) → ζ(h,F ) a.s., which proves

result (i). The proof of result (ii) directly follows from the strong law of large numbers

for U-statistics (Hoeffding, 1961). It remains to prove result (iii).

If χ(h,F ) > 0, then result (iii) directly follows from combining results (i) and (ii). If

χ(h,F ) = 0, then we have P(h(F (Y ), F (Z)) = 0) = 1 for random variables Y, Z ∼i.i.d. µY .

Thus, P(χ
(h,F )
n (Y ) = 0) = 1, which gives that limn→∞ ξ

(h,F )
n (X, Y ) = 0 = ξ(h,F ) a.s..

This completes the proof.

Proof of Corollary 1. Since h is Lipschitz continuous, there exists a constant Kh ∈

(0,∞), such that |h(y1, z1)−h(y2, z2)| ≤ Kh (|y1−y2|+|z1−z2|), for any (y1, z1), (y2, z2) ∈

[0, 1]2. Then

|ζ(h,F̂n)
n (X, Y )− ζ(h,F )

n (X, Y )| ≤ 2Kh · sup
x∈R
|F̂n(x)− F (x)| → 0, a.s..

Similarly, we also have |χ(h,F̂n)
n (Y ) − χ(h,F )

n (Y )| → 0 a.s.. Combining these two results
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gives that

|ξ(h,F̂n)
n (X, Y )− ξ(h,F )

n (X, Y )| → 0, a.s..

The remaining of proof follows from the convergence result in Theorem 1.

Lemma A.6. If h is not continuous, then Theorem 1 fails to hold.

Proof. We provide an example where a discontinuous h leads to the violation of The-

orem 1. Let h(y, z) = I(y 6= z). Obviously, this h function is not continuous in

[0, 1]2. Let F = Φ be the c.d.f. of standard normal distribution. Let X and Y be

continuous random variables, satisfying Y = f(X) for some measurable function f .

In such case, we have ζ
(h,F )
n (X, Y ) = χ

(h,F )
n (X, Y ) ≡ 1, implying that ξ

(h,F )
n (X, Y ) ≡

1− ζ(h,F )
n (X, Y )/χ

(h,F )
n (X, Y ) = 0. On the other hand, from the definitions of ζ(h,F ) and

χ(h,F ), we have ζ(h,F ) = 0 and χ(h,F ) = 1, which gives that ξ(h,F ) = 1. Therefore, the

convergence of ξ
(h,F )
n (X, Y )→ ξ(h,F ) fails to hold, and Theorem 1 is violated.

Lemma A.7. For ξ(h,F ) in (4.4), let h(y, z) = |y − z|, and let F = FY be the c.d.f. of

Y . Then we have

ξ(h,FY ) =

∫
var
(
E( I(Y ≥ t) | X)

)
dµY (t)∫

var
(

I(Y ≥ t)
)

dµY (t)
.

Proof. Recall the function g(·, ·) defined in (A.5). When taking h(y, z) = |y − z| and
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F = FY , we have

g(X,X) =

∫ ∫
|FY (y)− FY (z)| dµ̃X(y) dµ̃X(z)

=

∫ ∫ ∫ {
I(t ≤ y)− I(t ≤ z)

}2
dµY (t) dµ̃X(y) dµ̃X(z)

=

∫ ∫ ∫ {
I(t ≤ y) + I(t ≤ z)− 2 I(t ≤ y) · I(t ≤ z)

}
dµ̃X(y) dµ̃X(z)dµY (t)

= 2

∫ {∫
I(t ≤ y)2 dµ̃X(y)−

(∫
I(t ≤ y) dµ̃X(y)

)2}
dµY (t)

= 2

∫
var
(

I(Y ≥ t) | X
)

dµY (t).

Then

ζ(h,FY ) = E(g(X,X)) = 2

∫
E
(

var
(

I(Y ≥ t) | X
))

dµY (t).

Similarly, we have

χ(h,FY ) =

∫ ∫
|FY (y)− FY (z)| dµY (y) dµY (z)

= 2

∫ {∫
I(t ≤ y)2 dµY (y)−

( ∫
I(t ≤ y) dµY (y)

)2
}

dµY (t)

= 2

∫
var
(

I(Y ≥ t)
)

dµY (t).

Putting these together, we have

ξ(h,FY ) = 1−
∫

E
(
var
(

I(Y ≥ t) | X
))

dµY (t)∫
var
(

I(Y ≥ t)
)

dµY (t)

=

∫
var
(
E( I(Y ≥ t) | X)

)
dµY (t)∫

var
(

I(Y ≥ t)
)

dµY (t)
.
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This completes the proof.

S1.2 Proof of Theorem 2

The property (P3)′ and the sufficiency part of property (P2) are proved in Remark

2.10 and Remark 2.12 respectively. It remains to prove the necessity part of property

(P2), that is, ξ(h,F ) reaches its maximum value of 1 only if Y = f(X) a.s. for some

measurable function f .

If Y = f(X) does not hold a.s. for any measurable f , then there exists a Borel set

A ⊆ R with µX(A) > 0, such that for all x ∈ A, the probability measure µ̃x is not a

point mass. By conditions (C1) and (C2), h(F (y), F (z)) > 0 for all y 6= z. Then for all

x ∈ A, we have

g(x, x) =

∫ ∫
h(F (y), F (z)) dµ̃x(y) dµ̃x(z) > 0. (A.9)

This implies that

P(g(X,X) > 0) ≥ P(X ∈ A) = µX(A) > 0,

and thus ζ(h,F ) = E(g(X,X)) > 0. It follows that ξ(h,F ) = 1 − ζ(h,F )/χ(h,F ) < 1. This

completes the proof. �
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S1.3 Proof of Theorem 3

The proof of Theorem 3 follows a similar approach to that of Theorem 2.2 in Chatterjee

(2021), although with many modifications included. Before the proof, we first present

the following notations, definitions, and Lemmas A.8–A.12.

Let π be a rank vector for the Xi’s, chosen uniformly at random from all available

choices in case of ties. Let τ = π−1, and define

Dn :=
1

n

n−1∑
i=1

ai,

where ai := h(F (Yτ(i)), F (Yτ(i+1))). Also, for ease of presentation, we write

bi,j := h(F (Yi), F (Yj)), for i, j = 1, . . . , n.

Let E′ and var′ denote conditional expectation and conditional variance given Y1, ..., Yn.

Lemma A.8. We have

E′(Dn) =
1

n2

n∑
i=1

n∑
j=1

h(F (Yi), F (Yj)) = χ(h,F )
n (Y ).

Proof. Note that Xi’s and Yi’s are independent, and thus τ is a uniform random per-

mutation on {1, 2, . . . , n} which is independent of Yi’s. Take any i = 1, . . . , n−1. Since

(τ(i), τ(i+1)) is uniformly distributed over all pairs of (j, k) where j and k are distinct,
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we have

E′(ai) =
1

n · (n− 1)

∑
1≤j 6=k≤n

h(F (Yj), F (Yk)).

Then

E′(Dn) =
1

n

n−1∑
i=1

E′(ai) =
1

n2

∑
1≤j 6=k≤n

h(F (Yj), F (Yk)) = χ(h,F )
n (Y ),

where the last equation is due to h(F (Yj), F (Yk)) = 0 for all j = k.

Lemma A.9. We have

var′(Dn) = Vn +O(1/n2), (A.10)

where

Vn :=
1

n3

n∑
p,q=1

b2
p,q −

2

n4

n∑
p,q,r=1

bp,qbp,r +
1

n5

n∑
p,q,r,s=1

bp,qbr,s. (A.11)

Proof. This follows from the similar proof as that of Lemma B.2 in Chatterjee (2021).

(Note that the term O(1/n2) in (A.10) and the coefficients 1/n3, 2/n4, 1/n5 in Vn in

(A.11) are of different orders in comparison to those outlined in Chatterjee (2021).

This is because that our ai and bi,j are of order O(1), while those in Chatterjee (2021)

are of order O(n).)
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Lemma A.10. As n → ∞, n · var′(Dn) converges almost surely to the deterministic

limit

σ́2 := Eh(F (Y1), F (Y2))2 − 2 · E
(
h(F (Y1), F (Y2)) · h(F (Y1), F (Y3))

)
+
(
Eh(F (Y1), F (Y2))

)2
,

where Y1, Y2, Y3 are i.i.d. copies of Y .

Proof. By condition (C1), h(F (y), F (z)) is bounded from above by some constant C1 ∈

(0,∞). Suppose that one Yi is replaced by some other value Y ′i . Then bp,q does not

change if p 6= i and q 6= i; and changes by at most C1 if one or both of p, q are equal to

i. Thus, from the formulation of Vn in (A.11), replacing a single Yi by Y ′i results in a

change of Vn by no more than C2/n
2, where C2 ∈ (0,∞) is some positive constant. By

the bounded difference concentration inequality (McDiarmid et al., 1989), we have

P(|Vn − E(Vn)| ≥ t) ≤ 2e−C2t2·n3

, for t ≥ 0.

Therefore, by applying the Borel-Cantelli lemma, we have n · (Vn − E(Vn)) → 0 a.s.

as n → ∞. On the other hand, by the strong law of large numbers for U-statistics

(Hoeffding, 1961), we have that n · E(Vn) converges a.s. to the limit σ́2 as n → ∞.

Putting the pieces together, we have

lim
n→∞

n · var′(Dn) = lim
n→∞

n · Vn = lim
n→∞

n · E(Vn) = σ́2, a.s..

15



MUHONG GAO AND QIZHAI LI

This completes the proof.

Lemma A.11. Assume that h and F satisfy conditions (C1) and (C2). Write h∗(y, z) :=

h(F (y), F (z)). For n ≥ 2, let gn(y1, y2, . . . , yn) := min{h∗(y1, y2), . . . , h∗(y1, yn)}. As

n→∞, we have

gn(Y1, . . . , Yn)→ 0, a.s..

Proof. Note that Y1, Y2, . . . , Yn are i.i.d. copies of Y and h∗ is bounded from above.

For any fixed y in the support of Y , h∗(y, Y2), . . . , h∗(y, Yn) is a sequence of bounded

i.i.d. variables with minimum value of 0. We have min{h∗(y, Y2), . . . , h∗(y, Yn)} → 0

a.s. as n → ∞. Therefore, E(gn(Y1, . . . , Yn) | Y1) → 0 a.s.. Using the fact that gn is

non-negative and non-increasing with n, we have gn(Y1, . . . , Yn) → 0 almost surely as

n→∞.

Lemma A.12. Suppose that Y is not a constant. Then the limit σ́2 in Lemma A.10

is strictly positive.

Proof. Let h∗(y, z) = h(F (y), F (z)) and φ(y) = E(h∗(y, Y ′)) where Y ′ represents an

i.i.d. copy of Y . Following the proof of Lemma B.4 of Chatterjee (2021), we have

σ́2 = E
({
h∗(Y, Y ′)− φ(Y )− φ(Y ′) + E(h∗(Y, Y ′))

}2)
.

Thus, σ́2 = 0 if and only h∗(Y, Y ′) − φ(Y ) − φ(Y ′) + E(h∗(Y, Y ′)) = 0 a.s.. Suppose
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that this is true. Then for each i ≥ 2, we have

h∗(Y1, Yi) = φ(Y1) + φ(Yi)− E(h∗(Y1, Yi)), a.s.. (A.12)

Taking the minimum over i = 1, . . . , n on both sides yields that

min
i=2,...,n

{h∗(Y1, Yi)} = φ(Y1) + min
i=2,...,n

{φ(Yi)} − E(h∗(Y1, Yi)).

By Lemma A.11, we have that mini=2,...,n{h∗(Y1, Yi)} → 0 a.s.. Since Yi’s are i.i.d. and

φ(Yi) is bounded, mini=2,...,n{φ(Yi)} converges to a deterministic limit (i.e., the minimum

of the support of φ(Y )) almost surely. This implies that φ(Y1) equals a constant a.s..

By (A.12), h∗(Y, Y ′) also equals a constant a.s..

By condition (C2) and the fact that Y is not a constant, there exists some δ1 >

0 such that P(|F (Y ) − F (Y ′)| > δ1) > 0. By condition (C1), h(y, z) is uniformly

continuous on [0, 1]×[0, 1], and satisfies h(y, z) > 0 for all (y, z) in the set T1 := {(y, z) ∈

[0, 1]× [0, 1] : |y−z| ≥ δ1}. Since T1 is a compact set, we have ε := inf(y,z)∈T1 h(y, z) > 0.

Again, due to the continuity of h, there exists some δ2 ∈ (0, δ1), such that h(y, z) < ε/2

for any (y, z) in the set T2 := {(y, z) ∈ [0, 1] × [0, 1] : |y − z| ≤ δ2}. Also, due to the

continuity of F , we have P(|F (Y ) − F (Y ′)| ≤ δ2) > 0. Combining the results above

yields that

P(h∗(Y, Y ′) ≥ ε) ≥ P(|F (Y )− F (Y ′)| > δ1) > 0,

17
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P(h∗(Y, Y ′) ≤ ε/2) ≤ P(|F (Y )− F (Y ′)| ≤ δ2) > 0.

This contradicts with the fact that h∗(Y, Y ′) equals a constant almost surely. Thus, the

assumption σ́2 = 0 is incorrect. The proof is completed.

Proof of Theorem 3. Notice that Y[i] = Yτ(i), which implies that ζ
(h,F )
n (X, Y ) = Dn.

Also, Lemma A.8 provides that χ
(h,F )
n (Y ) = E′(Dn). Therefore, we have

ξ(h,F )
n (X, Y ) = 1− ζ

(h,F )
n (X, Y )

χ
(h,F )
n (Y )

= −Dn − E′(Dn)

E′(Dn)
.

Note that E′(Dn) = χ
(h,F )
n (Y ) → χ(h,F ) = Eh(F (Y1), F (Y2)) almost surely as n → ∞.

Comparing the limits σ and σ́ in Theorem 3 and Lemma A.10 gives that σ = σ́/χ(h,F ).

Putting these together, we get

√
n · ξ(h,F )

n (X, Y )

σ
= −
√
n{Dn − E′(Dn)}

σ́
· χ

(h,F )

E′(Dn)
= −
√
n{Dn − E′(Dn)}

σ́
· {1 + oP(1)}.

It suffices to prove the central limit theorem:

√
n{Dn − E′(Dn)}

σ́

D→ N(0, 1), as n→∞,

where σ́2 = limn→∞ nvar′(Dn) > 0. The remaining proof follows from that of Theorem

2.2 in the supplementary material (on page 14) of Chatterjee (2021), by replacing the

term min{R(τ(i)), R(τ(i+1))} in Chatterjee (2021) with our h(F (Yτ(i)), F (Yτ(i+1))).

18
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Lemma A.13. Let Tn = n · Vn/(χ(h,F )
n (Y ))2, where Vn is defined in (A.11). Then as

n→∞, Tn converges a.s to σ2. Thus, Tn is a consistent estimator of σ2.

Proof. Using the strong law of large numbers for U-statistics, we have χ
(h,F )
n (Y ) →

Eh(F (Y1), F (Y2)) a.s.. Also, Lemmas A.9 and A.10 verify that n · Vn → σ́2 a.s., where

σ́2 defined in Lemma A.10 is the numerator of σ2 in Theorem 3. Combining these two

results completes the proof.

S2 Proof of theorems in Section 3

S2.1 Proof of Proposition 1

Before proving Proposition 1, we first present Lemmas B.1–B.3.

Lemma B.1. Let {φi}i=1,2... be a set of orthogonal basis functions in L2([0, 1]). Then

{ψi,j}1≤i<j with ψi,j(x, y) := φi(x)φj(y) is a set of orthogonal basis functions in L2([0, 1]2).

Proof. We first prove the statement: for any Borel sets A,B ∈ B([0, 1]), the indicator

function fA,B(x, y) := I(x ∈ A, y ∈ B) = I(x ∈ A) I(y ∈ B) can be approximated by a

finite linear combination of {ψi,j}1≤i<j.

Write fA(x) := I(x ∈ A) and fB(x) := I(x ∈ B). Fix some ε > 0. Since {φi}i=1,2... is

a set of orthogonal bases in L2([0, 1]), there exists some functions f̃A(x) =
∑N1

i=1 diφi(x)

and f̃B(x) =
∑N2

i=1 eiφi(x), such that ‖fA − f̃A‖2 ≤ ε and ‖fB − f̃B‖2 ≤ ε. Let δA(x) =
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|fA(x)− f̃A(x)| and δB(y) = |fB(y)− f̃B(y)|. We have

‖fA,B − f̃Af̃B‖2
2 =

∫ ∫
[0,1]2
|fA(x)fB(y)− f̃A(x)f̃A(y)|2 dxdy

≤
∫ ∫

[0,1]2

{
δA(x) + δB(y) + δA(x)δB(y)

}2
dxdy

≤ 3

∫ ∫
[0,1]2

δ2
A(x) + δ2

B(y) + δ2
A(x)δ2

B(y) dxdy

= 3
(
‖δA‖2

2 + ‖δB‖2
2 + ‖δA‖2

2 · ‖δB‖2
2

)
= 6ε2 + 3ε4.

The previous statement is proved by noting that f̃Af̃B is a finite linear combinations of

{ψi,j}1≤i<j and ε is arbitrary.

By using Theorem 4.1.17 in Guo (2005), for any f ∈ L2([0, 1]2) and ε > 0, there

exits a simple function f̃(x, y) =
∑N

i=1 ci I(x ∈ Ai, y ∈ Bi) such that ‖f − f̃‖2 ≤ ε.

Combining this and the previous statement, the set of finite linear combinations of

{ψi,j}1≤i<j can approximate any f , and thus is dense in L2([0, 1]2). By Theorem 4.2.14

of Guo (2005), {ψi,j}1≤i<j forms a set of orthogonal bases in L2([0, 1]2).

Lemma B.2. For a symmetric continuous function h ∈ L2([0, 1]2), the following two

properties of h are equivalent:

1. For any bounded f ∈ L2([0, 1]), s.t.
∫

[0,1]
f(x)dx = 0, the integral

∫ ∫
[0,1]2

f(x)f(y)h(x, y) dx dy
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is non-positive.

2. There exists a symmetric positive-definite continuous function ϕ ∈ L2([0, 1]2), and

a continuous function g ∈ L2([0, 1]), such that

h(x, y) = −ϕ(x, y) + g(x) + g(y), for any (x, y) ∈ [0, 1]2.

Proof. We first prove property 2 leads to property 1. Assume that f ∈ L2([0, 1]) satisfies∫
[0,1]

f(x)dx = 0. Note that for any function g ∈ L2([0, 1]), we have

∫ ∫
[0,1]2

f(x)f(y)g(x) dx dy =

∫
[0,1]

f(x)g(x) dx ·
∫

[0,1]

f(y)dy = 0.

It follows that

∫ ∫
[0,1]2

f(x)f(y)h(x, y) dx dy

= −
∫ ∫

[0,1]2
f(x)f(y)ϕ(x, y) dx dy ≤ 0,

where the last inequality is due to the fact that ϕ is positive-definite. Thus property 1

is satisfied.

Next we prove that property 1 leads to property 2. Consider the Fourier orthogonal

basis functions {φk}∞k=1 in L2([0, 1]):

φ1(x) ≡ 1, φ2k(x) =
√

2 cos((2x− 1)kπ), φ2k+1(x) =
√

2 sin((2x− 1)kπ), k = 1, 2, . . . .
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For i, j = 1, 2, . . . , define the function ψi,j in L2([0, 1]2):

ψi,j(x, y) := φi(x)φj(y), (x, y) ∈ [0, 1]2.

By Lemma B.1, {ψi,j}1≤i<j is a set of orthogonal basis functions in L2([0, 1]2). Then h

can be uniquely represented as the series h =
∑∞

i=1

∑∞
j=1 ki,jψi,j, where ki,i = 〈h, ψi,i〉

and ki,j = kj,i = 1/2 · 〈h, ψi,j〉 for j 6= i. Let h† :=
∑∞

i=2

∑∞
j=2 ki,jψi,j, and g† :=∑∞

i=2 k1,iφi. Given that ‖h‖2 < ∞ and
∑∞

i=1

∑∞
j=1 k

2
i,j < ∞, then h† ∈ L2([0, 1]2) and

g† ∈ L2([0, 1]) are both well-defined. Moreover, we have the decomposition

h(x, y) = h†(x, y) + g†(x) + g†(y) + k1,1, (B.1)

where k1,1 =
∫ ∫

[0,1]2
h(x, y)dxdy is a constant. Let s(y) := 1/2 ·

∫
x∈[0,1]

h(x, y)dx. We

observe that s(y) is continuous for y ∈ [0, 1], since h is continuous. Note that for any

integer i ≥ 2, we have

k1,i = 1/2 · 〈h, ψ1,i〉 = 1/2 ·
∫ ∫

[0,1]2
h(x, y)φ1(x)φi(y)dxdy

=

∫
[0,1]

s(y)φi(y)dy = 〈s, φi〉.

Therefore, g† =
∑∞

i=2〈s, φi〉 ·φi = s−〈s, φ1〉 ·φ1 = s−k1,1 is also a continuous function.

For any index set I ⊆ {1, 2, . . . } with cardinality |I| < ∞, define the matrix

KI := (ki,j)(i,j)∈I×I . For integer N ≥ 3, define the set I2,N := {2, 3, . . . , N}. In what
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follows, we prove the statement:

for any N ≥ 3, KI2,N is a negative-definite matrix. (B.2)

If the above statement is not true, then there exist some integer N ≥ 3 and a vector

(c2, c3, . . . , cN)> ∈ RN−1, such that
∑N

i=2

∑N
j=2 cicjki,j > 0. Let f :=

∑N
i=2 ciφi. It is

clear that f is bounded and
∫

[0,1]
f(x)dx = 〈f, φ1〉 = 0. Using the decomposition (B.1),

we have

∫ ∫
[0,1]2

f(x)f(y)h(x, y) dx dy

=

∫ ∫
[0,1]2

f(x)f(y)
{
h†(x, y) + g†(x) + g†(y) + k1,1

}
dx dy

=

∫ ∫
[0,1]2

f(x)f(y)h†(x, y) dx dy

=
N∑
i=2

N∑
j=2

cicj

∫ ∫
[0,1]2

φi(x)φj(y)h†(x, y) dx dy

=
N∑
i=2

N∑
j=2

cicj · 〈h†, ψi,j〉

= 2 ·
N∑
i=2

N∑
j=2

cicjki,j > 0,

which is contradict with property 1 of h. Thus, the statement (B.2) is proved.

For integer ` ≥ 3, define h` :=
∑`

i=2

∑`
j=2 ki,jψi,j. Using (B.2), {h`}`≥3 is a set

of negative-definite functions. Note that h` →L2 h
†, as ` → ∞. Thus there exists a

subsequence {`1, `2, . . . } such that h`m → h† a.e. as m → ∞. Then for any integer
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N ≥ 1, and real numbers c1, c2, . . . , cN ∈ R and x1, x2, . . . , xN ∈ [0, 1] (with a possibly

exception of null subset of [0, 1]), we have

N∑
i=1

N∑
j=1

cicjh
†(xi, xj) = lim

m→∞

N∑
i=1

N∑
j=1

cicjh`m(xi, xj) ≥ 0,

which proves that h† is a.e. negative-definite. Combining this with (B.1) and the fact

that both h and g† are continuous functions, we have that h† is a symmetric continuous

negative-definite function in L2([0, 1]2). Finally, property 2 of h is satisfied by using

(B.1) and letting ϕ = −h† and g = g† + 1/2 · k1,1.

Lemma B.3. Assume that h and F satisfy the regularity conditions (C1) and (C2). If

ξ(h,F ) satisfies property (P1), then h satisfies property 1 in Lemma B.2.

Proof. Suppose that h does not satisfy property 1 in Lemma B.2. Then there exists some

bounded f ∈ L2([0, 1]), s.t.
∫

[0,1]
f(x)dx = 0, and the integral

∫ ∫
[0,1]2

f(x)f(y)h(x, y) dx dy >

0. Obviously, this f is not a constant. Let f+(x) = max{f(x), 0} and f−(x) =

max{−f(x), 0} be the positive and negative parts of f . Since f ∈ L2([0, 1]), we have

c :=
∫
f+(x)dx =

∫
f−(x)dx ∈ (0,∞). Consider the random variable X with probabil-

ity distribution P(X = 1) = 1/2 and P(X = 2) = 1/2. Let Z be a continuous random
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variable with the following conditional p.d.f.:

fZ|X=x(z) =


f+(z)/c, if x = 1,

f−(z)/c, if x = 2.

Since F satisfies condition (C2), F−1 exists and we can define Y = F−1(Z). For

this distribution of (X, Y ), the corresponding χ(h,F ) and ζ(h,F ) satisfy

χ(h,F ) − ζ(h,F )

=

∫ [∫ ∫
−h
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}]

dµX(x)

=

∫ [∫ ∫
[0,1]2
−h
(
y, z
)
·
{

dµZ|x(y)− dµZ(y)
}
·
{

dµZ|x(z)− dµZ(z)
}]

dµX(x)

=
1

2c

∫ ∫
[0,1]2
−h
(
y, z
)
·
{
f+(y)− f−(y)

}
·
{
f+(z)− f−(z)

}
dy dz

+
1

2c

∫ ∫
[0,1]2
−h
(
y, z
)
·
{
f−(y)− f+(y)

}
·
{
f−(z)− f+(z)

}
dy dz

=
1

c

∫ ∫
[0,1]2
−h
(
y, z
)
· f(y) · f(z) dy dz < 0.

It follows that ξ(h,F ) = (χ(h,F ) − ζ(h,F ))/χ(h,F ) < 0, which violates property (P1). This

completes the proof.

Proof of Proposition1. We first prove the sufficiency part. Suppose that h satisfies

condition (C3). Then there exists a positive-definite function ϕ, such that h(y, z) =
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1/2 · {ϕ(y, y) + ϕ(z, z)} − ϕ(y, z). This combined with Theorem 1 gives that

χ(h,F ) − ζ(h,F )

=

∫ [∫ ∫
−h
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}]

dµX(x)

=

∫ [∫ ∫
ϕ
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}]

dµX(x)

≥ 0,

where the last inequality is because ϕ is positive-definite. Thus ξ(h,F ) = (χ(h,F ) −

ζ(h,F ))/χ(h,F ) ≥ 0. On the other hand, it is obvious that ξ(h,F ) ≤ 1 since h is non-

negative. Combining these proves that ξ(h,F ) satisfies property (P1).

Next, we prove the necessity part. Suppose that ξ(h,F ) satisfies property (P1). By

Lemma B.3, h satisfies property 1 in Lemma B.2. By Lemma B.2, h also satisfies

property 2, and thus can be decomposed as

h(y, z) = −ϕ(y, z) + g(y) + g(z), for any (y, z) ∈ [0, 1]2,

where ϕ is a symmetric continuous positive-definite function. By the regularity condi-

tion (C1), h(y, y) = 0 for all y ∈ [0, 1]. It follows that 0 = h(y, y) = −ϕ(y, y) + 2 · g(y),

which yields g(y) = 1/2 ·ϕ(y, y). Therefore, h(y, z) = −ϕ(y, z)+1/2 ·{ϕ(y, y)+ϕ(z, z)}

satisfies condition (C3). This completes the proof.

26



S2. PROOF OF THEOREMS IN SECTION 3

S2.2 Proof of Theorem 4

We first prove the necessity part. Suppose that ξ(h,F ) satisfies properties (P1), (P2), and

(P3). By Proposition 1, there exists a continuous positive-definite function ϕ such that

h(y, z) = 1/2 · {ϕ(y, y) +ϕ(z, z)}−ϕ(y, z). It suffices to show that ϕ satisfies condition

(C4). If this is not true, then there exist two distinct probability distributions µ1 and µ2

with µ1((0, 1)) = µ2((0, 1)) = 1, such that EZ∼µ1ϕ(t, Z) = EZ∼µ2ϕ(t, Z) for all t ∈ [0, 1].

Let Z1 ∼ µ1 and Z2 ∼ µ2. By the fact that µ1((0, 1)) = µ2((0, 1)) = 1 and condition

(C2) of F , both random variables F−1(Z1) and F−1(Z2) are well-defined. Denote by η1

and η2 the distribution laws of F−1(Z1) and F−1(Z2) respectively. Consider the random

variable X with probability distribution P(X = 1) = 1/2 and P(X = 2) = 1/2. Let

Y |{X = 1} ∼ η1 and Y |{X = 2} ∼ η2. Obviously, X and Y are not independent, and

µY = (η1 + η2)/2. For this (X, Y ), when fixing x = 1, we have

∫ ∫
ϕ
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}

=
1

4
·
∫ [ ∫

ϕ
(
F (y), F (z)

)
·
{

dη1(z)− dη2(z)
}]{

dη1(y)− dη2(y)
}

=
1

4
·
∫

[0,1]

[ ∫
[0,1]

ϕ
(
y, z
)
·
{

dµ1(z)− dµ2(z)
}]{

dµ1(y)− dµ2(y)
}

=
1

4
·
∫

[0,1]

0 ·
{

dµ1(y)− dµ2(y)
}

= 0.

Similarly, when fixing x = 2, the above equation also holds. Then

χ(h,F ) − ζ(h,F )
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=

∫ [∫ ∫
−h
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}]

dµX(x)

=

∫ [∫ ∫
ϕ
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}]

dµX(x)

= 0.

It follows that ξ(h,F ) = (χ(h,F )−ζ(h,F ))/χ(h,F ) = 0 holds for this pair of non-independent

X and Y . This violates property (P3). Therefore, ϕ must satisfy condition (C4).

Next, we prove the sufficiency part. Suppose that h satisfies condition (C5). Us-

ing the results in Proposition 1 and Theorem 2, it suffices to prove that ξ(h,F ) > 0

for any non-independent X and Y . Note that ϕ is symmetric and positive-definite.

By the Moore-Aronszajn Theorem (Aronszajn, 1950), there exists a unique repro-

ducing kernel Hilbert space (RKHS) Hϕ, such that ϕ is its reproducing kernel. For

y ∈ [0, 1], write ϕy := ϕ(·, y) ∈ Hϕ. Let 〈·, ·〉Hϕ and ‖ · ‖Hϕ denote the inner product

and norm respectively of this RKHS. Then by the Riesz representation theorem, we

have ϕ(y, z) = 〈ϕy, ϕz〉Hϕ for any y, z ∈ [0, 1]. For any probability distribution µ, let

mϕ(µ) :=
∫
ϕ(·, F (y))dµ(y) = EY∼µ(ϕF (Y )) be the mean element with respect to µ. By

Lemma 3.1 of Muandet et al. (2017) and the fact that ϕ is continuous, mϕ(µ) exists

and belongs to Hϕ. For any x in the support of X, we have

∫ ∫
ϕ
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}

=

∫ [ ∫
〈ϕF (y), ϕF (z)〉Hϕ ·

{
dµY |x(y)− dµY (y)

}]
·
{

dµY |x(z)− dµY (z)
}
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=

∫
〈mϕ(µY |x)−mϕ(µY ), ϕF (z)〉Hϕ ·

{
dµY |x(z)− dµY (z)

}
= ‖mϕ(µY |x)−mϕ(µY )‖Hϕ .

By condition (C2), F is a one-to-one map. Then for any Y1 ∼ µ1 and Y2 ∼ µ2 with

distinct distributions µ1 and µ2, the distributions of F (Y1) and F (Y2) are also distinct.

Denote by η1 and η2 the distribution laws of F (Y1) and F (Y2) respectively. We have

η1 6= η2 and η1((0, 1)) = η2((0, 1)) = 1. Using this and condition (C4), mϕ(µ1) =∫
ϕ(·, F (y))dµ1(y) =

∫
ϕ(·, y)dη1(y) is distinct from mϕ(µ2) =

∫
ϕ(·, F (y))dµ2(y) =∫

ϕ(·, y)dη2(y). Therefore, if µY |x and µY are distinct, then ‖mϕ(µY |x)−mϕ(µY )‖Hϕ >

0. Since X and Y are not independent, there exists some Borel set A ⊆ R with

µX(A) > 0, such that µY |x 6= µY for all x ∈ A. It follows that

χ(h,F ) − ζ(h,F )

=

∫ [∫ ∫
ϕ
(
F (y), F (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}]

dµX(x)

=

∫
‖mϕ(µY |x)−mϕ(µY )‖Hϕ · dµX(x)

≥
∫
x∈A
‖mϕ(µY |x)−mϕ(µY )‖Hϕ · dµX(x) > 0.

This completes the proof. �

S3 Proofs of theorems in Section 4
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S3.1 Proof of Theorem 5

Before proving Theorem 5, we first present Lemmas C.1 and C.2.

Lemma C.1. Assume function h satisfies conditions (C1) and (C6). Then we have

limn→∞ E(ζ̃
(h)
n (X, Y )) = ζ̃(h).

Proof. Let ζ
∗(h)
n (X, Y ) := 1

n

∑n
i=1 h

(
FY (Yi), FY (Yn,i)

)
. Let ∆n := supt∈R |FY,n(t) −

FY (t)|. By condition (C6), we have

|ζ̃(h)
n (X, Y )− ζ∗(h)

n (X, Y )| ≤ 1

n

n∑
i=1

∣∣∣h(FY,n(Yi), FY,n(Yn,i)
)
− h
(
FY (Yi), FY (Yn,i)

)∣∣∣
≤ 1

n

n∑
i=1

Kh ·
{
|FY,n(Yi)− FY (Yi)|+ |FY,n(Yn,i)− FY (Yn,i)|

}
≤ 2 ·Kh∆n.

By the Glivenko-Cantelli theorem (Tucker, 1959), ∆n → 0 almost surely as n → ∞.

Using this and the fact that ∆n is bounded by 1, it follows that

lim
n→∞

E(|ζ̃(h)
n (X, Y )− ζ∗(h)

n (X, Y )|) = 0.

Thus it suffices to show that E(ζ
∗(h)
n (X, Y ))→ ζ̃(h). This follows from Lemma A.4 (by

letting F (·) = FY (·)).

Lemma C.2. Assume function h satisfies conditions (C1) and (C6). There exists a
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constant C ∈ (0,∞), such that for any integer n ≥ 1 and any real number t ≥ 0,

P(|ζ̃(h)
n (X, Y )− E(ζ̃(h)

n (X, Y ))| ≥ t) ≤ 2e−C·n·t
2

.

Proof. Assume continuity of X. Suppose that for some i0 ≤ n, (Xi0 , Yi0) is replaced

by a different value (X ′i0 , Y
′
i0

). According to the proof of Lemma A.5, there are at

most 3 pairs of (Yi, YN(i)) that changes after the replacement. Since h is continuous in

[0, 1]× [0, 1], there exists a constant c ∈ (0,∞) such that sup(y,z)∈R2 h(F (y), F (z)) < c.

Note that for each fixed t ∈ R, FY,n(t) changes by at most 1/n after the replacement. By

condition (C6), h(FY,n(Yi), FY,n(YN(i))) changes by at most 2Kh/n for those unchanged

pairs of (Yi, YN(i)). In summary, after the replacement, ζ̃
(h)
n (X, Y ) changes by at most

∆n =
1

n

(
3c+ n.

2Kh

n

)
=

2Kh + 3c

n
.

By the bounded difference concentration inequality (McDiarmid et al., 1989), we have

P(|ζ̃(h)
n (X, Y )− E(ζ̃(h)

n (X, Y ))| ≥ t) ≤ 2e−2·t2/(n∆2
n) = 2e−C·n·t

2

,

where C = 2 · (2Kh + 3c)−2 is a positive constant. For the general case of X, the result

follows from the similar proof as that of Lemma A.11 in Chatterjee (2021).

Proof of Theorem 5. Note that for any t > 0, we have
∑∞

n=1 2e−C·n·t
2
<∞. By Lemma

C.2 and the Borel-Cantelli lemma, |ζ̃(h)
n (X, Y ) − E(ζ̃

(h)
n (X, Y ))| → 0 a.s., as n → ∞.
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This combined with Lemma C.1 yields that ζ̃
(h)
n (X, Y ) → ζ̃(h) a.s. as n → ∞, which

proves result (i).

Let χ
∗(h)
n (Y ) := 1

n2

∑n
i=1

∑n
j=1 h

(
FY (Yi), FY (Yn,i)

)
. Following a similar proof as that

of Lemma C.1, we have

|χ̃(h)
n (Y )− χ∗(h)

n (Y )| → 0, a.s. as n→∞.

Using the strong law of large numbers for U-statistics (Hoeffding, 1961), χ
∗(h)
n (Y )→ χ̃(h)

a.s. as n→∞. By condition (C1) of h and the fact that Y is not a constant, we have

χ̃(h) > 0. Putting these together proves result (ii). Finally, result (iii) directly follows

from combining results (i) and (ii).

S3.2 Proof of Theorem 6

The proof of Theorem 6 is similar to that of Theorem 3. Before the proof, we first

present the following notations, definitions, and Lemmas C.3–C.5. Let π be a rank

vector for the Xi’s, chosen uniformly at random from all available choices in case of

ties. Let τ = π−1, and define

D̃n :=
1

n

n−1∑
i=1

ãi,
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where ãi := h(FY,n(Yτ(i)), FY,n(Yτ(i+1))). Also, we write b̃i,j := h(FY,n(Yi), FY,n(Yj)) for

i, j = 1, . . . , n. Let E′ and var′ denote conditional expectation and conditional variance

given Y1, ..., Yn.

Lemma C.3. We have

E′(D̃n) =
1

n2

n∑
i=1

n∑
j=1

h(FY,n(Yi), FY,n(Yj)) = χ̃(h)
n (Y ),

var′(D̃n) = Ṽn +O(1/n2),

where

Ṽn :=
1

n3

∑
p,q=1

b̃2
p,q −

2

n4

n∑
p,q,r=1

b̃p,q b̃p,r +
1

n5

n∑
p,q,r,s=1

b̃p,q b̃r,s.

Proof. This directly follows from Lemmas A.8 and A.9, by substituting F = FY,n.

Lemma C.4. As n → ∞, n · var′(D̃n) converges almost surely to the deterministic

limit

σ̆2 := Eh(FY (Y1), FY (Y2))2 − 2 · E
(
h(FY (Y1), FY (Y2)) · h(FY (Y1), FY (Y3))

)
+
(
Eh(FY (Y1), FY (Y2))

)2
,

where Y1, Y2, Y3 are i.i.d. copies of Y .

Proof. This follows the similar proof as that of Lemma A.10. Suppose that one Yi is
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replaced by some other value Y ′i . By condition (C6), for p 6= i and q 6= i, b̃p,q changes by

at most C1/n, where C1 ∈ (0,∞) is some constant; and if one or both of p, q are equal

to i, then b̃p,q changes by at most C2, where C2 = supy,z∈R h(FY (y), FY (z)) ∈ (0,∞) is

a constant. Using these, replacing a single Yi with Y ′i results in a modification of Ṽn by

no more than C3/n
2, where C3 ∈ (0,∞) is some constant. By the bounded difference

concentration inequality (McDiarmid et al., 1989), we have

P(|Ṽn − E(Ṽn)| ≥ t) ≤ 2e−C3t2·n3

, for t ≥ 0.

Therefore, n · (Ṽn − E(Ṽn))→ 0 almost surely as n→∞.

Let b̆i,j = h(FY (Yi), FY (Yj)), for i, j = 1, . . . , n. Let

V̆n =
1

n3

∑
p,q=1

b̆2
p,q −

2

n4

n∑
p,q,r=1

b̆p,q b̆p,r +
1

n5

n∑
p,q,r,s=1

b̆p,q b̆r,s.

Let ∆n = supt∈R |FY,n(t)− FY (t)|. By condition (C6), we have |̃bi,j − b̆i,j| ≤ 2Kh∆n for

i, j = 1, . . . , n. Thus, it is easy to check that |Ṽn − V̆n| ≤ C4∆n/n for some constant

C4 ∈ (0,∞). By the Glivenko-Cantelli theorem (Tucker, 1959), we have ∆n ≤ 1 and

∆n → 0 a.s. as n→∞. This yields limn→∞ n ·E(|Ṽn− V̆n|) = 0. On the other hand, by

the strong law of large numbers for U-statistics (Hoeffding, 1961), we have that n·E(V̆n)
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converges a.s. to the limit σ̆2 as n→∞. Putting the pieces together, we have

lim
n→∞

n · var′(D̃n) = lim
n→∞

n · Ṽn = lim
n→∞

n · E(Ṽn) = lim
n→∞

n · E(V̆n) = σ̆2, a.s..

This completes the proof.

Lemma C.5. Suppose that Y is not a constant. Then the limit σ̆2 in Lemma C.4 is

strictly positive.

Proof. This follows from the similar proof to that of Lemma A.12. The only difference

is that we need to check the modified version of function h̃∗(y, z) := h(FY (y), FY (z))

is not a constant a.s. (instead of h∗(y, z) = h(F (y), F (z)) in Lemma A.12). If Y is

continuous, then U1 := FY (Y ) and U2 := FY (Y ′) are random variables that follow

i.i.d. Unif[0,1] distribution. By condition (C1) of h, h̃∗(Y, Y ′) = h(U1, U2) is not a

constant almost surely. If Y is not continuous, then there exists some y0 ∈ R s.t.

p0 := P(Y = y0) ∈ (0, 1). Using condition (C1), we have

P(h̃∗(Y, Y ′) = 0) ≥ P(Y = Y ′ = y0) = p2
0 > 0,

P(h̃∗(Y, Y ′) > 0) ≥ P(Y = y0, Y
′ 6= y0) = p0 · (1− p0) > 0.

This proves h̃∗(Y, Y ′) is not a constant almost surely.
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Proof of Theorem 6. Similarly to the proof of Theorem 3, we have

√
n · ξ̃(h)

n (X, Y )

σ̃
= −
√
n{D̃n − E′(D̃n)}

σ̆
· χ̃(h)

E′(D̃n)
= −
√
n{D̃n − E′(D̃n)}

σ̆
· {1 + oP(1)}.

It suffices to prove the central limit theorem:

√
n{D̃n − E′(D̃n)}

σ̆

D→ N(0, 1), as n→∞,

where σ̆2 = limn→∞ nvar′(D̃n) > 0. The remaining proof follows from that of Theorem

2.2 on page 14 of the supplementary material of Chatterjee (2021), by replacing the term

min{R(τ(i)), R(τ(i+1))} in Chatterjee (2021) with our h(FY,n(Yτ(i)), FY,n(Yτ(i+1))).

S3.3 Proof of Theorem 7

Proof of Theorem 7 result (i) The property (P3)′ and the sufficiency part of property

(P2) directly follows from the similar arguments as in Remark 2.12 and Remark 2.10

respectively (by substituting F = FY ).

It remains to prove the necessity part of property (P2). This follows from the

similar proof of Theorem 2. The only thing we need to verify in particular is the

modified version of (A.9), that is, for all x ∈ A,

g(x, x) =

∫ ∫
h(FY (y), FY (z)) dµ̃x(y) dµ̃x(z) > 0.
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By conditions (C1), we have h(FY (y), FY (z)) > 0 for all distinct y, z in the support of

Y . This proves the above inequality. �

Proof of Theorem 7 result (ii) Before the proof, we first show Lemma C.6.

Lemma C.6. Assume that h satisfies the regularity condition (C1). If ξ̃(h) satisfies

property (P1), then h must satisfy property 1 in Lemma B.2.

Proof. Suppose that h does not satisfy property 1 in Lemma B.2. Then there exists some

bounded f ∈ L2([0, 1]), s.t.
∫

[0,1]
f(x)dx = 0, and

∫ ∫
[0,1]2

f(x)f(y)h(x, y) dx dy > 0.

Let c := supx∈[0,1] |f(x)| ∈ (0,∞). Consider the random variable X with probability

distribution P(X = 1) = 1/2 and P(X = 2) = 1/2. Let U be a continuous random

variable with the following conditional p.d.f.:

fU |X=x(u) =


1 + f(u)/c, if x = 1,

1− f(u)/c, if x = 2.

Let F1(u) = P (U ≤ u | X = 1) and F2(u) = P (U ≤ u | X = 2) be the conditional

c.d.f.’s of U . Clearly, U ∼ Unif[0,1], and F1(u) + F2(u) = 2u for any u ∈ [0, 1]. Let Φ

denote the c.d.f. of standard normal distribution, and let Y = Φ−1(U). For any y ∈ R,

we have

P(Y ≤ y) = 1/2 ·
{

P(Φ−1(U) ≤ y | X = 1) + P(Φ−1(U) ≤ y | X = 2)
}
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= 1/2 ·
{
F1(Φ(y)) + F2(Φ(y))} = Φ(y).

Therefore, the c.d.f. of Y is FY = Φ. For this distribution of (X, Y ), the corresponding

χ̃(h) and ζ̃(h) satisfy

χ̃(h) − ζ̃(h)

=

∫ [∫ ∫
−h
(
Φ(y),Φ(z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}]

dµX(x)

=

∫ [∫ ∫
[0,1]2
−h
(
y, z
)
·
{

dµU |x(y)− dµU(y)
}
·
{

dµU |x(z)− dµU(z)
}]

dµX(x)

=
1

c

∫ ∫
[0,1]2
−h
(
y, z
)
· f(y) · f(z) dy dz < 0.

It follows that ξ̃(h) = (χ̃(h)−ζ̃(h))/χ̃(h) < 0, which violates property (P1). This completes

the proof.

Next, we prove result (ii) of Theorem 7. The sufficiency part directly follows from

the proof of Proposition 1 (by letting F = FY ). For the necessity part, Lemma C.6

proves that h satisfies property 1 in Lemma B.2. By Lemma B.2, h also satisfies property

2, and thus can be decomposed as h(y, z) = −ϕ(y, z) + g(y) + g(z). The remaining

proof is the same as that of Proposition 1. �

Proof of Theorem 7 result (iii) This follows a similar proof to that of the sufficiency

part of Theorem 4. Using results (i) and (ii) of Theorem 7, it suffices to prove that

ξ̃(h) > 0 for any non-independent X and Y . Let Hϕ be the RKHS with ϕ being its
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reproducing kernel. For probability distribution µ with µ((0, 1]) = 1, let mϕ(µ) :=∫
ϕ(·, u)dµ(u) = EU∼µ(ϕU) be the mean element with respect to µ. Let U = FY (Y ).

For any x in the support of X, we have

∫ ∫
ϕ
(
FY (y), FY (z)

)
·
{

dµY |x(y)− dµY (y)
}
·
{

dµY |x(z)− dµY (z)
}

=

∫ ∫
[0,1]2

ϕ
(
y, z
)
·
{

dµU |x(y)− dµU(y)
}
·
{

dµU |x(z)− dµU(z)
}

= ‖mϕ(µU |x)−mϕ(µU)‖Hϕ .

By condition (C4)′, for any distinct probability measures µ1 and µ2 with µ1((0, 1]) =

µ1((0, 1]) = 1, we have mϕ(µ1) 6= mϕ(µ2). Note that µU |x((0, 1]) = µU((0, 1]) = 1.

Therefore, ‖mϕ(µU |x)−mϕ(µU)‖Hϕ > 0 if µU |x 6= µU . Since X and Y are not indepen-

dent, there exists some Borel set A ⊆ R with µX(A) > 0, such that µU |x 6= µU for all

x ∈ A. It follows that

χ̃(h) − ζ̃(h)

=

∫ [∫ ∫
[0,1]2

ϕ
(
y, z
)
·
{

dµU |x(y)− dµU(y)
}
·
{

dµU |x(z)− dµU(z)
}]

dµX(x)

=

∫
‖mϕ(µU |x)−mϕ(µU)‖Hϕ · dµX(x)

≥
∫
x∈A
‖mϕ(µU |x)−mϕ(µU)‖Hϕ · dµX(x) > 0.

This completes the proof. �
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