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This supplementary material provides detailed proofs of the theorems. Specifically, the proofs of the

theorems presented in Sections 2, 3, and 4 are collected in Sections S1, S2, and S3, respectively.

Notations in proof For a Borel set A C R and = € R, let [4(z) := I(x € A) be the
indicator function of z belonging to A. Let (i) be the rank of X;. If there are ties

among X;’s, then break ties at random so that 7 is a permutation of {1,...,n}. Let

7 N w(i)+ 1), ifw(i) <mn,

i, if w(i) = n.

Then Xy ;) is the right nearest neighbor of X;. For convenience, we also write X, ; :=

Xn@y and Yy, ; := Yy, for i = 1,...,n. Using these notations, the variation statistic in

*Corresponding author
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Definition 1 can be equivalently written as ¢""" (X,Y) =150 W(F(Y:), F(Ynw)) =

i=1
LS h(F(Y:), F(Y,;)). Let iy := piy|x—s (or py|s) denote the conditional law of ¥’

given X = x. Refer to Lemma 1 below for the existence of fi,.

Lemma 1 (Theorem 2.1.22 and Exercise 4.1.18 in Durrett (2019)). For each Borel set

A CR, there is a measurable map
x+— f1:(A),  from R into [0, 1],

such that
1. for each A, ix(A) is a version of P(Y € A| X);

2. with probability one, px is a probability measure on R.

S1 Proofs of Theorems in Section 2

S1.1 Proofs of Theorem 1 and Corollary 1
Before proving Theorem 1, we first present Lemmas A.1 — A.5.

Lemma A.1. Let F(-) be a c.d.f. function. Let h(-,-) : R* — [0,00) be a non-negative

continuous function. For any € > 0, there exists a simple function

Q(yv Z) = Z Cj IBj (y) ICj (Z>’

J=1



S1. PROOFS OF THEOREMS IN SECTION 2

with ¢; > 0 and B;, C; being Borel subsets of R, such that

sup |q(y, z) — h(F(y). F(2))| <e. (A1)
(y,2)€R?
Proof. Since h is continuous and A := [0, 1] x [0,1] is a compact subset of R? we have

that h is uniformly continuous in A. Then there exists 6 > 0, such that

|h(y1, 21) — h(y2, 22)| <€ (A.2)

holds for any (y1, 21), (2, 22) € A with |y; — yo| < ¢ and |21 — 25| < 4.

Let ¢ =[1/6] — 1 (i.e., the maximum integer not exceeding 1/§ — 1). Let

w;, =inf{ly e R: F(y) >i-6}, i1=1,...,L

Since the c.d.f. function F(-) is non-decreasing, w; < we < --- < wy is also a non-
decreasing sequence in R. Let wj < --- < wj. be the strictly-increasing sequence
obtained from removing the ties in {w;}{_,. Partition R into non-overlapping intervals
{W Y where Wy = (—o0,w?), Weyy = [wi,00), and W; = [w} ,,w}), for i =
2,...,0*. Then for any i = 1,...,¢* 4+ 1, we have

sup |F(y1) — F(yz)| < 6. (A.3)

y1,Yy2€W;



MUHONG GAO AND QIZHAT LI

Let

AESWARS]
Q(y7 Z) = Z Z Cij IWz(y> IW]-(Z)7 (A4>

i=1 j=1

where ¢; ; = h(F(u;), F(v;)), with (u;,v;) being an arbitrary interior point in W; x W;.

Combining (A.2) and (A.3), we have that for any (y,z) € W; x W,

|a(y, 2) = h(F(y), F(2))| = [h(F(w), F(v;)) = M(F(y), F(2))] <e.

This combined with the fact that Uit U1 W; x W; = R? yields that sup, )cpe |q(y, 2)—
h(F(y), F(z))| < e. We prove that the simple function ¢(y, z) in (A.4) satisfies (A.1).

]

Lemma A.2. Let F(-) be a c.d.f. function. Let h(-,-) : R* — [0,00) be a non-negative

continuous function. Define the bivariate function g : R? — [0, 00),

aras) = [ [BPW.FE) 4 ) ). (o) €RL (M)
Then g(X1, Xn1) — ¢9(X1, X7) tends to 0 in probability as n — oo.

Proof. Fix some € > 0 and 0 > 0. From Lemma A.1, there exists a simple function

q(y, z) = Y5, ¢ g, (y) I, (2) such that sup, ) cpe la(y, 2) — h(F (y), F(z))| < e. Define

4



S1. PROOFS OF THEOREMS IN SECTION 2

the bivariate function

Moy, o) = / / 4, 2) i, (4) APy (2)
- ch / / L, (9) I, (2) s () iy (2)
= ZC] ,u:m #xz(c) (A6)

Then we have

sup  |g(z1, x2) — (21, 22)]

(z1,2)€ER?
supR | [ mE — 45, 2)] iy (3) iy (2)
xl :ch €R2
(A.7)
Note that
T(Xlaan) -Tr X1>X1 ZC] lu’Xl {:anl( ) :u-Xl(C )} (A8)

By Corollary A.9 in Chatterjee (2021) and the fact that 2 — fi,(A) is a measurable
map for any Borel set A, we have that fix, ,(C;) — fix,(C})) 5 0 as n — oo. This
combined with (A.8) gives that r(Xi, X, 1) — (X1, Xj) 5 0. Therefore, there exists

some integer N > 0 such that for any integer n > N,

P(r(X1, Xn1) — 7(X1, X1)| > €) <.

5
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Finally, note that

|9<X1;Xn,1) _Q(Xl,X1>|
< |r( Xy, X)) — r(Xq, Xa)| + |9(Xq, X)) — r( Xy, X)) + |9(Xq, Xa) — r(Xq, Xq)

< |r( Xy, Xpa) — r(Xq, Xy)| + 2e
Combining the facts above, for any n > N,
P(lg(X1, Xn1) — (X1, X1)| > 3e) < 4.

The proof is completed given that € and 0 are arbitrary. O

Lemma A.3. The function g(z,x;) defined in (A.5) is measurable in R?.

Proof. By Lemma A.1, there exists a sequence of simple functions

Qi(yﬂ Z) = Zci,j IBi,j<y) ICi,j(Z)7 i=1,2...

J=1

such that ¢;(y, z) converges uniformly to h(F(y), F'(z)). Define the bivariate functions

o) = [ [a(2) 4 ) i) i- 12

6



S1. PROOFS OF THEOREMS IN SECTION 2

From (A.7), we know that

sup |g($1,$2) - Ti($1,I2)| < sup |h(F<y)7 F(Z)) - Qi(y’2)| — 0,
(z1,72)€ER2 (y,2)€R2

as i — oo. This proves that r;(x1,x2) converges uniformly to g(z1,x2). By (A.6), we
know {r;}22, are measurable functions in R?. Combining the facts above, we have that

g(z1,79) is measurable in R?. O

Lemma A.4. Let F(-) be a c.d.f. function. Let h(-,-) : R* — [0,00) be a non-negative

continuous function. Then we have lim,_,. E(¢{""(X,Y)) = ("),

Proof. Let F be the o-algebra generated by {X;}?_, and the randomness used for break-

ing ties in the selection of 7. Then for each : = 1,...,n, we have

B(h(F(Y), F(Y, )\f) B(h(F(Y), F(Y,) | X, Xo)

/ / ) diix, (y) diix,.,(2) = g(Xi, Xns),

where the function ¢(-,-) is defined in (A.5). Since h(-,-) is continuous in [0, 1] x [0, 1],

we have that g(-,-) is bounded in R?. This combined with Lemma A.2 gives that

lim E(h(F(Yl)vF(le))) = lim E(g(XbXn,l)) = E(Q(XlaXl)) = C(h’F)-

n—o0 n—oo

Note that h(F(Y;), F(Y,,;)) are identically distributed for i = 1,2...,n. It follows that

7
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B(GT(X,Y) = 1n - S B(F(Y), F(Ya)) = BOF(Y), F(Yaa)) = (80, as

n — 00. This completes the proof. n

Lemma A.5. Let h(-,-) : R? — [0,00) be a non-negative continuous function. There
exists a constant C' € (0,00), such that for any integer n > 1 and any real number

t>0,

P (X, V) = B (X, V) 2 1) < 267"

n

Proof. Assume continuity of X, and suppose that for some iy < n, (X;,,Y;,) is re-

placed by a different value (X; ,Y; ). There can be at most one index 4; such that
N(iy) = iy (i-e., Xj, is the right-nearest neighbor of X;, before the replacement). Also,
there can be at most one index 4, such that X; is the right-nearest neighbor of X,
after the replacement. Combining these facts, there are at most 3 pairs of (Y;, Yy)
that changes after the replacement; they are (Yi,, Yn(o)), (Yar, Yn(n))s and (Yig, Yn(s))-
Since h is continuous in [0, 1] x [0,1], there exists a constant ¢ € (0,00) such that
SUpP(, .yerz M(F'(y), F'(2)) < c. Therefore, after the replacement, (,Sh’F)(X, Y’) changes by

at most A, := 3¢/n. By the bounded difference concentration inequality (McDiarmid

et al., 1989), we have

PGP, Y) = BCD (X, V)| 2 1) < 2e720/080) = ge=Cnt?

n

8



S1. PROOFS OF THEOREMS IN SECTION 2

where C' = 2-(3¢)™? is a positive constant. For the general case of X, the result follows

from the similar proof as that of Lemma A.11 in Chatterjee (2021). [

Proof of Theorem 1. Note that for any ¢ > 0, we have 3.°°  2¢-¢"** < 0o. By Lemma
A5 and the Borel-Cantelli lemma, |Q(Lh’F) (X,Y)— E(Q(Lh’F)(X7 Y))| — 0a.s., asn — oo.
This combined with Lemma A.4 yields that Qgh’F) (X,Y) — ¢™F) as.. which proves
result (i). The proof of result (ii) directly follows from the strong law of large numbers
for U-statistics (Hoeffding, 1961). It remains to prove result (iii).

If x"F) > 0, then result (iii) directly follows from combining results (i) and (ii). If
x"F) = 0, then we have P(h(F(Y), F(Z)) = 0) = 1 for random variables Y, Z ~j;4. fiy.
Thus, P(x{"(Y) = 0) = 1, which gives that lim,_,. &"(X,Y) = 0 = ¢"F) a..

This completes the proof. n

Proof of Corollary 1. Since h is Lipschitz continuous, there exists a constant K €
(0, 00), such that |h(y1, 21)—h(y2, 29)| < Kp (|y1—yz2|+|21—22]), for any (y1, 1), (y2, 22) €
[0,1]%. Then

ChE) (X, Y) — (WYX, Y)| < 2Ky, - sup|Fh(z) — F(z)] — 0, as..

n
z€R

Similarly, we also have | X%h’F”)(Y) — xF) (Y)| — 0 a.s.. Combining these two results

9
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gives that
I Y) = MK Y] = 0, as.
The remaining of proof follows from the convergence result in Theorem 1. O

Lemma A.6. If A is not continuous, then Theorem 1 fails to hold.

Proof. We provide an example where a discontinuous h leads to the violation of The-
orem 1. Let h(y,z) = I(y # z). Obviously, this h function is not continuous in
[0,1]%2. Let F = ® be the c.d.f. of standard normal distribution. Let X and Y be
continuous random variables, satisfying Y = f(X) for some measurable function f.
In such case, we have C,Sh’F)(X, Y) = e F)(X, Y) = 1, implying that &(L}Z’F)(X7 Y) =
1— ¢ (X, Y)/X(h F) (X,Y) = 0. On the other hand, from the definitions of ((»*) and
") we have (W) = 0 and x»*) = 1, which gives that ") = 1. Therefore, the

convergence of fflh’F) (X,Y) — ™) fails to hold, and Theorem 1 is violated. O

Lemma A.7. For ") in (4.4), let h(y,z) = |y — z|, and let F' = Fy be the c.d.f. of

Y. Then we have

glPy) _ Jvar(E(I(Y > t) | X)) dNY(t).
fvar( > 1)) duy(t)

Proof. Recall the function g(-,-) defined in (A.5). When taking h(y,z) = |y — z| and

10
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' = Fy, we have

o(X,X) = //|Fy 2)| dfix(y) dix(2)
= ///{It<y—1t<z} dpy (t) dix (y) diix(2)
- // I(t<y)+ It <z2)—21{t<y)- t<z}dux ) dix (z)dpy (t)
/{/It<y dfix (y (/I(téy)dux( ))Z}duy()
/Var(IY>t | X) duy(t).

|
B

Then

(YY) — E(g(X, X)) = 2/E<Var(I(Y > 1) | X)) dpy (t).

Similarly, we have

) = / / Fy (y) — Fr(2)] dpay () dpay (2)

= 2/{/ I(t <y)? dpy (y) — (/ I(t <y) duy(y))z} dpy (t)

_ Q/Var(I(Y > 1)) duy (8).

Putting these together, we have

ghFy) g JEQar(1( > t) | X)) dpy (1)
fvar( v )) duy (t)
[var(E(L(Y > 1) | X)) duy (¢ )

|
[var(I(Y > t)) duy ()

11
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This completes the proof. n

S1.2 Proof of Theorem 2

The property (P3)" and the sufficiency part of property (P2) are proved in Remark
2.10 and Remark 2.12 respectively. It remains to prove the necessity part of property
(P2), that is, ") reaches its maximum value of 1 only if Y = f(X) a.s. for some
measurable function f.

If Y = f(X) does not hold a.s. for any measurable f, then there exists a Borel set
A C R with px(A) > 0, such that for all z € A, the probability measure fi, is not a
point mass. By conditions (C1) and (C2), h(F(y), F(z)) > 0 for all y # z. Then for all

z € A, we have
gaa) = [ [ 1EW).FE) dRaly) dFale) > 0 (A9)
This implies that
P(9(X, X) > 0) = P(X € A) = jux(4) > 0,

and thus (") = E(g(X, X)) > 0. It follows that ") = 1 — (F) /\(WF) < 1 This

completes the proof. O

12
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S1.3 Proof of Theorem 3

The proof of Theorem 3 follows a similar approach to that of Theorem 2.2 in Chatterjee

(2021), although with many modifications included. Before the proof, we first present

the following notations, definitions, and Lemmas A.8-A.12.

Let m be a rank vector for the X;’s, chosen uniformly at random from all available

choices in case of ties. Let 7 = 77!, and define

where a; := M F (Y;4)), F'(Yr@i+41)))- Also, for ease of presentation, we write

bij = h(F(Y;),F(Y;)), fori,j=1,...,n.

Let E' and var’ denote conditional expectation and conditional variance given Y7, ...

Lemma A.8. We have

B(D,) = — 5SS h(F(Y), F(Y;) = x&P(v).

n? & 4
=1 j=1

Proof. Note that X;’s and Y;’s are independent, and thus 7 is a uniform random per-

mutation on {1,2,...,n} which is independent of ¥;’s. Take any i = 1,...,n—1. Since

(7(2), 7(i+1)) is uniformly distributed over all pairs of (j, k) where j and k are distinct,

13
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we have

E'(a;) = Z hWE(Y;), F(Yi)).

1<];£k<n

Then

WD) = LY Fla) = 5 Y AR F(R) = ),

1<y;ék<n

where the last equation is due to h(F(Y;), F(Y))) =0 for all j = k.

Lemma A.9. We have
var'(D,,) =V, + O(l/n2),

where

n

1 2
v, ::5217;#—@ bqupr+ Z by gbr.s-

p,g=1 p,g,m=1 p,q,m,8=1

(A.10)

(A.11)

Proof. This follows from the similar proof as that of Lemma B.2 in Chatterjee (2021).

(Note that the term O(1/n?) in (A.10) and the coefficients 1/n3 2/n* 1/n% in V,, in

(A.11) are of different orders in comparison to those outlined in Chatterjee (2021).

This is because that our a; and b; ; are of order O(1), while those in Chatterjee (2021)

are of order O(n).)

14
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Lemma A.10. As n — oo, n - var’'(D,,) converges almost surely to the deterministic

limit
6% = BR(F (Y1), F(Y2))* — 2- BE(M(F(Y1), F(Y)) - h(F(Y1), F(Y3))) + (ER(F (Y1), F(Y2)))",

where Y7, Y5, Y3 are i.i.d. copies of Y.

Proof. By condition (C1), h(F(y), F(z)) is bounded from above by some constant C; €
(0,00). Suppose that one Y; is replaced by some other value Y;. Then b,, does not
change if p # ¢ and ¢ # 7; and changes by at most C if one or both of p, ¢ are equal to
i. Thus, from the formulation of V,, in (A.11), replacing a single Y; by Y/ results in a

change of V;, by no more than Cy/n?, where Cy € (0, 00) is some positive constant. By

the bounded difference concentration inequality (McDiarmid et al., 1989), we have
P(|V, — E(V;)| > t) < 2e7""" for t > 0.

Therefore, by applying the Borel-Cantelli lemma, we have n - (V,, — E(V,,)) — 0 a.s.
as n — 0o0. On the other hand, by the strong law of large numbers for U-statistics
(Hoeffding, 1961), we have that n - E(V,,) converges a.s. to the limit 62 as n — oo.

Putting the pieces together, we have

lim n-var'(D,) = lim n-V, = lim n-E(V,) = 4%, as..
n—00 n—00 n—o00

15
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This completes the proof. n

Lemma A.11. Assume that h and F satisfy conditions (C1) and (C2). Write h*(y, 2) :=

h(F(y),F(Z)) For n Z 27 let gn(y17y27 s 7yn) = min{h*(Z/lqu)?' . ,h*(yl,yn)} As

n — 00, we have
gn(Y1,...,Y,) =0, as.

Proof. Note that Y1,Y,,...,Y, are i.i.d. copies of Y and h* is bounded from above.
For any fixed y in the support of Y, h*(y,Ys),...,h*(y,Y,) is a sequence of bounded
i.i.d. variables with minimum value of 0. We have min{h*(y,Ys),...,h*(y,Y,)} — 0
a.s. as n — oo. Therefore, E(gn(Y1,...,Ys) | Y1) — 0 a.s.. Using the fact that g, is
non-negative and non-increasing with n, we have ¢,(Y1,...,Y,) — 0 almost surely as

n — 00. O

Lemma A.12. Suppose that Y is not a constant. Then the limit 62 in Lemma A.10

is strictly positive.

Proof. Let h*(y,z) = h(F(y), F(z)) and ¢(y) = E(h*(y,Y"’)) where Y’ represents an

i.i.d. copy of Y. Following the proof of Lemma B.4 of Chatterjee (2021), we have
¢ = E({"(V.Y") = 0(Y) = ¢(Y") + E(* (V. Y") }').

Thus, 6% = 0 if and only h*(Y,Y”) — ¢(Y) — ¢(Y") + E(R*(Y,Y”)) = 0 a.s.. Suppose

16
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that this is true. Then for each i > 2, we have

B(V1,Y) = (%) + 6(Yi) — B(h*(V3,Y)), as. (A.12)

Taking the minimum over ¢ = 1,...,n on both sides yields that

-----

.....

o(Y;) is bounded, min;—o
of the support of ¢(Y)) almost surely. This implies that ¢(Y;) equals a constant a.s..
By (A.12), h*(Y,Y”) also equals a constant a.s..

By condition (C2) and the fact that Y is not a constant, there exists some 6; >
0 such that P(|F(Y) — F(Y’)| > 6;) > 0. By condition (C1), h(y,z) is uniformly
continuous on [0, 1] x [0, 1], and satisfies h(y, z) > 0 for all (y, z) in the set 71 := {(y, 2) €
[0,1]x[0,1] : [y—2| > 61 }. Since 7T; is a compact set, we have € := inf(, .yer; h(y, 2) > 0.
Again, due to the continuity of h, there exists some dy € (0, d;), such that h(y, z) < €/2
for any (y, z) in the set T3 := {(y,2) € [0,1] x [0,1] : |y — z| < d2}. Also, due to the
continuity of F', we have P(|F(Y) — F(Y’)| < d3) > 0. Combining the results above

yields that

PIM(Y,Y) 2 ¢) > P(F(Y)—F(Y')|>3) >0,

17
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P(h*(Y,Y') < ¢/2) < P(F(Y)— F(Y')| <) > 0.

This contradicts with the fact that h*(Y,Y”) equals a constant almost surely. Thus, the

assumption 62 = 0 is incorrect. The proof is completed. O

Proof of Theorem 3. Notice that Yy = Yy, which implies that ¢{*"(X,Y) = D,.

Also, Lemma A.8 provides that y\/"" (Y) = E'(D,). Therefore, we have

hF
XYY = 1- WOXY) Do —E/(Dy)

Note that E'(D,) = X%h’F)(Y) — X = ER(F (Y1), F(Y3)) almost surely as n — oo.
Comparing the limits ¢ and & in Theorem 3 and Lemma A.10 gives that o = &/x "),

Putting these together, we get

7P (x w{D, — E(D, (h,F) n{D, — E(D,
V-G TY) | JEDED )}'ﬁf(Dn):‘f{D B} s on).

It suffices to prove the central limit theorem:

ViDy — B (D)} B gy

o

as n — 0o,

where 6% = lim,,_,o, nvar’(D,,) > 0. The remaining proof follows from that of Theorem
2.2 in the supplementary material (on page 14) of Chatterjee (2021), by replacing the
term min{ R(7 (7)), R(7(i+1))} in Chatterjee (2021) with our h(F(Y5)), F(Yr(i11))). O

18
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Lemma A.13. Let T,, = n - Vn/(Xf@h’F)(Y))Q, where V,, is defined in (A.11). Then as

n — oo, T, converges a.s to o2. Thus, T}, is a consistent estimator of o

Proof. Using the strong law of large numbers for U-statistics, we have X,(lh’F)(Y) —

Eh(F (Y1), F(Y3)) as.. Also, Lemmas A.9 and A.10 verify that n - V,, — 6% a.s., where
6% defined in Lemma A.10 is the numerator of o2 in Theorem 3. Combining these two

results completes the proof. O]

S2 Proof of theorems in Section 3

S2.1 Proof of Proposition 1

Before proving Proposition 1, we first present Lemmas B.1-B.3.

Lemma B.1. Let {¢;}i—12.. be a set of orthogonal basis functions in L?([0,1]). Then

{Wij<ic; With ¥ j(z,y) == ¢;(2);(y) is a set of orthogonal basis functions in L*([0, 1]?).

Proof. We first prove the statement: for any Borel sets A, B € B(|0, 1]), the indicator
function fap(x,y) = I(x € A,y € B) = I(x € A)I(y € B) can be approximated by a
finite linear combination of {; ; }1<i<;-

Write fa(z) := I(z € A) and fg(x) := I(x € B). Fixsome e > 0. Since {¢;}i=1 2. is
a set of orthogonal bases in L?([0, 1]), there exists some functions falz) = vazll d;pi(x)

and fp(z) = SN2 e;s(x), such that ||fa — falla < e and || f5 — folls < e Let 64(z) =

19
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|fa(z) — fa(@)| and 65(y) = | f5(y) — fe(y)|. We have

o= Fafoll = [ [ 1040 00) = Ei@Fato ancy
< [ [ 104+ 550 + 0a@)3s(0)”
< 3 [ [ ) o)+ 5@ dry
= 3(118all3 + 195113 + 1041 - 119513)

= 6e2 + 3¢t

The previous statement is proved by noting that fAfB is a finite linear combinations of
{¥i;h1<i<j and € is arbitrary.

By using Theorem 4.1.17 in Guo (2005), for any f € L*([0,1]?) and € > 0, there
exits a simple function ]?(x,y) = Zf\il ¢;l(x € A;,y € B;) such that ||f — ng <e
Combining this and the previous statement, the set of finite linear combinations of
{4 ; }1<i<; can approximate any f, and thus is dense in L*([0,1]?). By Theorem 4.2.14

of Guo (2005), {1 ;}1<i<; forms a set of orthogonal bases in L?([0, 1]?). O

Lemma B.2. For a symmetric continuous function h € L?([0,1]?), the following two

properties of h are equivalent:

1. For any bounded f € L*([0,1]), s.t. [, ;; f(z)dz =0, the integral

[ [, i@ aray
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is non-positive.

2. There exists a symmetric positive-definite continuous function ¢ € L*([0, 1]?), and

a continuous function g € L*([0,1]), such that
h(z,y) = —¢(z,y) + g(x) + g(y), for any (z,y) € [0,1].

Proof. We first prove property 2 leads to property 1. Assume that f € L*([0, 1]) satisfies

f[o 1 f(x)dz = 0. Note that for any function g € L?([0,1]), we have

[ [, st aray= [ s ar- [ s =o

[0,1] (0,1

It follows that

[ [, 1@ aray
= [ ], f@wetr.0) drdy <0

where the last inequality is due to the fact that ¢ is positive-definite. Thus property 1
is satisfied.
Next we prove that property 1 leads to property 2. Consider the Fourier orthogonal

basis functions {¢;}52, in L*(]0, 1]):

pr(x) =1, Go(x) = V2c0s((22 — 1)k),  dopsa(x) = V2sin((2z — Dkn), k=1,2,....
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For i,j =1,2,..., define the function ¢; ; in L*([0, 1]?):

Vij(2,y) = ¢i(x)d;(y),  (,y) €[0,1]%

By Lemma B.1, {¢; ;}1<i<; is a set of orthogonal basis functions in L?([0,1]?). Then h
can be uniquely represented as the series h = .7, Z;; k; ji j, where k;; = (h, ;)
and kij = kji = 1/2- (h,thiy) for j # i Let ht = 372 372 kijabij, and gt =
>y kiidi. Given that [|hflz < oo and Y772, 377 k7, < oo, then AT € L*([0,1]%) and

g' € L?([0,1]) are both well-defined. Moreover, we have the decomposition
hz,y) = h'(z,y) + ¢'(2) + g (y) + k11, (B.1)

where ki1 = [ [, h(z,y)dzdy is a constant. Let s(y) :=1/2- [ h(z,y)dz. We
observe that s(y) is continuous for y € [0, 1], since h is continuous. Note that for any

integer ¢ > 2, we have

b = 1/2.<h,¢1,i>:1/2.//[01]2h(g;,y)gbl(x)qsi(y)dxdy
- /[ | = (5,60

Therefore, gt = Y00, (s, ¢:) - ¢ = s — (s, 1) - ¢1 = s — ky 1 is also a continuous function.
For any index set I C {1,2,...} with cardinality |I| < oo, define the matrix

K1 := (kij)@jerxr- For integer N > 3, define the set Iy := {2,3,...,N}. In what
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follows, we prove the statement:
for any N > 3, K,  is a negative-definite matrix. (B.2)

If the above statement is not true, then there exist some integer N > 3 and a vector
T N-1 N N N .

(c2,¢3,...,en)’ € RYTH such that 37,0, >0 s cicjkiy > 0. Let f =370, iy It is

clear that f is bounded and f[o 1 x)dx = (f, $1) = 0. Using the decomposition (B.1),

we have

/ 0,12 F@)fy)h(z,y) dedy
— / . f(:l:)f(y){hT(x,y) + gt (@) + gt (y) + kl,l} dedy
= [ @iy aa

[0,1)2
N N
= 3> e [ [ a@owiie.y) dedy
i=2 j=2 [0,1]2
N N
= D> D - (W)
i=2 j=2
N N
= 2. Zch]k”>O
=2 j=2

which is contradict with property 1 of h. Thus, the statement (B.2) is proved.
For integer ¢ > 3, define hy := Y\, Zﬁ:g ki j1i ;. Using (B.2), {he}e>s is a set
of negative-definite functions. Note that hy —1, hf, as £ — oco. Thus there exists a

subsequence {{y,ls,...} such that h,, — h' a.e. as m — oo. Then for any integer

23



MUHONG GAO AND QIZHAT LI

N > 1, and real numbers ¢1, ¢, ...,cy € R and xq,29,..., 25 € [0,1] (with a possibly

exception of null subset of [0, 1]), we have

N N
E E cicih a:z,x] = lim g E cicihy,, (zi, ;) > 0,
m—r0o0

i=1 j=1 i=1 j=1

which proves that h' is a.e. negative-definite. Combining this with (B.1) and the fact
that both h and g' are continuous functions, we have that h' is a symmetric continuous
negative-definite function in L?([0,1]?). Finally, property 2 of h is satisfied by using

(B.1) and letting ¢ = —h! and g = g7 +1/2 - k1. O

Lemma B.3. Assume that h and F' satisfy the regularity conditions (C1) and (C2). If

¢(F) satisfies property (P1), then h satisfies property 1 in Lemma B.2.

Proof. Suppose that h does not satisfy property 1 in Lemma B.2. Then there exists some
bounded f € L*([0,1]),s.t. [, f(z)dz =0, and the integral [ [, . f(2)f(y)h(z,y) dzdy >
0. Obviously, this f is not a constant. Let f™(x) = max{f(x),0} and f~(z) =
max{—f(z),0} be the positive and negative parts of f. Since f € L*([0,1]), we have
c:= [ fT(x)dz = [ f~(x)dz € (0,00). Consider the random variable X with probabil-

ity distribution P(X =1) =1/2 and P(X =2) = 1/2. Let Z be a continuous random
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variable with the following conditional p.d.f.:

fr(2) /e, ifx=1,
fz1x=2(2) =

f(2)/c, ifx=2.

Since F' satisfies condition (C2), F~! exists and we can define Y = F~1(Z). For

this distribution of (X,Y), the corresponding x"»*) and (") satisfy

-/ U [ @ FE) - (i y>—dw<y>}-{dumz)—duy(z)}} djix ()
_ / { / /O 2 {duzaly) - dpa )}.{dMZ|m<z)—duz(z)}] Qi (2)
B // Wy 2) {7 ) = £ W)} {7 (=) = f ()} dydz

0,1]2

//01]2 (v.2) {f W =W} {f ()= f()} dyde
- g//m;h y.2) - f(y) - f(z) dydz <0,

It follows that £ F) = (\(WE) — ¢(WE)Yy [y (BF) < 0 which violates property (P1). This

completes the proof. n

Proof of Propositionl. We first prove the sufficiency part. Suppose that h satisfies

condition (C3). Then there exists a positive-definite function ¢, such that h(y,z) =
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1/2-{o(y,y) + ¢(z,2)} — p(y, z). This combined with Theorem 1 gives that

(h F) ((h F)

— /[// —h(F (2)) - {dpyie(y) — dpy (v) } - {dpyie(2) — dMY(Z)}} dpix ()
Y

- /{ P ) - {duya )_dMY<y>}'{d,U«Yx(Z)—d,uy(Z)}} dpix ()

where the last inequality is because ¢ is positive-definite. Thus ¢*F) = (X(h’F ) —
¢RE)y /x () > 0. On the other hand, it is obvious that ¢") < 1 since h is non-
negative. Combining these proves that ¢(F) satisfies property (P1).

Next, we prove the necessity part. Suppose that ¢F) satisfies property (P1). By
Lemma B.3, h satisfies property 1 in Lemma B.2. By Lemma B.2, h also satisfies

property 2, and thus can be decomposed as

My, z) = —¢(y,z) + g(y) + g(z), for any (y,z) € [0, 1],

where ¢ is a symmetric continuous positive-definite function. By the regularity condi-
tion (C1), h(y,y) =0 for all y € [0, 1]. It follows that 0 = h(y,y) = —¢(y,y) + 2 - g(y),

which yields g(y) = 1/2-¢(y,y). Therefore, h(y, z) = —o(y, 2) +1/2-{o(y,y) +¢(z,2)}

satisfies condition (C3). This completes the proof. O
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S2.2 Proof of Theorem 4

We first prove the necessity part. Suppose that ") satisfies properties (P1), (P2), and
(P3). By Proposition 1, there exists a continuous positive-definite function ¢ such that
h(y,z) =1/2-{o(y,y) +¢(z,2)} —p(y, z). It suffices to show that ¢ satisfies condition
(C4). If this is not true, then there exist two distinct probability distributions p; and pg
with 41 ((0,1)) = p2((0,1)) = 1, such that Ez_,, ¢(t, Z) = Ez.u,p(t, Z) for all t € [0, 1].
Let Z; ~ py and Zy ~ pe. By the fact that py((0,1)) = p2((0,1)) = 1 and condition
(C2) of F, both random variables F~!(Z;) and F~!(Z,) are well-defined. Denote by 7,
and 75, the distribution laws of F~1(Z;) and F~!(Z,) respectively. Consider the random
variable X with probability distribution P(X = 1) = 1/2 and P(X = 2) = 1/2. Let
YH{X =1} ~n and Y[{X = 2} ~ 19. Obviously, X and Y are not independent, and

py = (1 4 n2)/2. For this (X,Y), when fixing x = 1, we have

—
—

‘P(F( ), F ) {d#wz y) — dMY(?J)} ) {dMY\x(Z) - dMY(Z)}

— i /[/ ) - {dmi(2) — dna(2 }}{dm —dna(y) }
- i /[1 [ 01]@ {d/h — dun(z }] {d'ul duz(y)}
= %- 0-{dm(y) —dua(y)} = 0.

(0,1]

Similarly, when fixing x = 2, the above equation also holds. Then

X(h’F) _ C(h’F)
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/—h(F(y),F(z)) : {dMch(Z/) - dMY(Z/)} : {d,UY|x(Z) - dNY(Z)}} dpx ()

P(F(y), F(2)) - {dpyiz(y) — duy (v) } - {dpyia(z) — dpy(z)}} dpx ()

I
St

It follows that £ = (y(mF) — ¢(F)) /3 (F) — ) holds for this pair of non-independent
X and Y. This violates property (P3). Therefore, ¢ must satisfy condition (C4).
Next, we prove the sufficiency part. Suppose that h satisfies condition (C5). Us-
ing the results in Proposition 1 and Theorem 2, it suffices to prove that &) > 0
for any non-independent X and Y. Note that ¢ is symmetric and positive-definite.
By the Moore-Aronszajn Theorem (Aronszajn, 1950), there exists a unique repro-
ducing kernel Hilbert space (RKHS) #,, such that ¢ is its reproducing kernel. For
€ [0,1], write @, := ¢(-,y) € H,. Let (-,-)», and || - [[3, denote the inner product
and norm respectively of this RKHS. Then by the Riesz representation theorem, we
have p(y, 2) = (@y, p:)n, for any y,z € [0,1]. For any probability distribution u, let
= [ (-, F(y))du(y) = Ey~u(¢ry)) be the mean element with respect to . By
Lemma 3.1 of Muandet et al. (2017) and the fact that ¢ is continuous, m,(u) exists

and belongs to H,. For any z in the support of X, we have

// {d:“Y\w y) — dMY(y)} : {dMY|z(2) — duy(z)}
/[/@F() PF()H {d,uY\x y) — dpy (y }} {duy|x z) — d,uy(z)}
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= [ malimvi) = molior) e, {divia(s) - dar ()

= ||m<,9(l’“Y\m) - m«p(ﬂY)HH(p-

By condition (C2), F'is a one-to-one map. Then for any Y; ~ uy and Yy ~ po with
distinct distributions gy and ps, the distributions of F'(Y7) and F(Y;) are also distinct.
Denote by 7, and n, the distribution laws of F(Y7) and F(Y2) respectively. We have
m # ne and 7:((0,1)) = 12((0,1)) = 1. Using this and condition (C4), my (1) =
[ Fly)dum(y) = [ y)dn(y) is distinet from my(ps) = [ (-, F(y))du2(y) =
[ (-, y)dna(y). Therefore, if f1y|, and py are distinct, then |[my(py(e) — me(py)||u, >
0. Since X and Y are not independent, there exists some Borel set A C R with

px(A) > 0, such that py|, # py for all z € A. It follows that

)

= / {// {d,qux y) — dMY(Z/)} : {dMer(Z) - dNY(Z)} dpx ()

- / My (py)e) — mw(/‘Y)“H@ ~dpx(z)

/EA (o 1a) — Mo ()|, - dpnx () > 0.

v

This completes the proof. ([l

S3 Proofs of theorems in Section 4
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S3.1 Proof of Theorem 5

Before proving Theorem 5, we first present Lemmas C.1 and C.2.

Lemma C.1. Assume function h satisfies conditions (C1) and (C6). Then we have

lim,,ee B(CY (X, Y)) = ¢,

Proof. Let Gi"(X,Y) = LS h(Fy(Y), Fy(Yo,)). Let A, = sup,cg |Fyn(t) —

Fy(t)|. By condition (C6), we have

GPXY) =GP Y] < —Z\h (P (V2), Fra(Yai)) = h(Fy (V) Fr (Vo) |

IN

_ZKh {|Fyn(Ys) = Fy(YD)| + | Fyn(Yoi) — Fy (Y|}

< 2 KhAn.

By the Glivenko-Cantelli theorem (Tucker, 1959), A, — 0 almost surely as n — oo.

Using this and the fact that A,, is bounded by 1, it follows that

lim E(¢M(X,Y) - ¢W(X,Y)]) =0.

n—o0

Thus it suffices to show that B(¢;™ (X,Y)) — ¢®. This follows from Lemma A.4 (by

letting F'(-) = Fy (+)). O

Lemma C.2. Assume function h satisfies conditions (C1) and (C6). There exists a
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constant C' € (0,00), such that for any integer n > 1 and any real number ¢ > 0,
PG (X Y) = ECP(X, V)| 2 1) < 2¢O

Proof. Assume continuity of X. Suppose that for some ig < n, (Xj,,Y;,) is replaced
by a different value (Xj,Y; ). According to the proof of Lemma A.5, there are at
most 3 pairs of (Y;, Yy(;)) that changes after the replacement. Since & is continuous in
[0,1] x [0, 1], there exists a constant ¢ € (0,00) such that sup, ,)eg2 h(F(y), F(2)) < c.
Note that for each fixed t € R, Fy,(t) changes by at most 1/n after the replacement. By

condition (C6), h(Fy,,(Y;), Fyn(Yn())) changes by at most 2K, /n for those unchanged

pairs of (Y, Yn(;)). In summary, after the replacement, ash) (X,Y) changes by at most

A

1(30+n 2Kh) _ 2Kh+30

n —
n n n

By the bounded difference concentration inequality (McDiarmid et al., 1989), we have
P(ICV(X,Y) — E(((P(X,Y))| > t) < 2721/ (80) = ge=Cnt?,

where C' = 2- (2K}, + 3¢)™? is a positive constant. For the general case of X, the result

follows from the similar proof as that of Lemma A.11 in Chatterjee (2021). O

Proof of Theorem 5. Note that for any ¢ > 0, we have 3.°°  2¢~¢"*" < 00. By Lemma

C.2 and the Borel-Cantelli lemma, |("(X,Y) — B((Y(X,Y))| — 0 as., as n — oo.
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This combined with Lemma C.1 yields that Z,(lh) (X,)Y) — Z(h) a.s. as n — oo, which
proves result (i).
Let v;"(Y) := s iy 2y h(Fy (Y)), Fy(Y,,;)). Following a similar proof as that

of Lemma C.1, we have
KPY) = P(Y)| =0, as. asn — oo.

Using the strong law of large numbers for U-statistics (Hoeffding, 1961), X;;(h) (V) — x®
a.s. as n — o0o. By condition (C1) of h and the fact that Y is not a constant, we have
X" > 0. Putting these together proves result (ii). Finally, result (iii) directly follows

from combining results (i) and (ii). O

S3.2 Proof of Theorem 6

The proof of Theorem 6 is similar to that of Theorem 3. Before the proof, we first
present the following notations, definitions, and Lemmas C.3—C.5. Let 7 be a rank
vector for the X;’s, chosen uniformly at random from all available choices in case of

ties. Let 7 = 77!, and define
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where @; := h(Fyn(Yr), Fyn(Yeisn)). Also, we write by j := h(Fy.,(Y:), Fya(Y;)) for
1,7 =1,...,n. Let E' and var’ denote conditional expectation and conditional variance

given Yy, ..., Y,,.

Lemma C.3. We have

B(D) = 5 3 S h(Fal¥), Fra(1;) = X0 (V)

i=1 j=1

var'(D,) = ‘N/n+0(1/n2),

where

n

n

~ 1 ~ 2 ~ ~ 1 ~ ~

Vn2=—§ [ p——— bpobp, + — E by obrs.

n3 Pq pd P,a-p, no p,q¥r,
p,q=1 p,q,m=1 p,q,T,5=1

Proof. This directly follows from Lemmas A.8 and A.9, by substituting F' = Fy,. O

Lemma C.4. As n — oo, n - var'(D,) converges almost surely to the deterministic

limit

0% = Bh(Fy(V1), Fy(Y2))" = 2+ E(M(Fy (Y1), Fy (Y2)) - h(Fy (Y1), Fy (Y3)))
+(Eh(Fy (Y1), Fy (¥2)))%,
where Y7, Y5, Y3 are i.i.d. copies of Y.

Proof. This follows the similar proof as that of Lemma A.10. Suppose that one Y] is
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replaced by some other value Y;. By condition (C6), for p # i and q # 1, gp,q changes by
at most Cy/n, where C; € (0, 00) is some constant; and if one or both of p, ¢ are equal
to 4, then b, changes by at most Cy, where Cy = sup, .er M Fy (y), Fy(2)) € (0,00) is
a constant. Using these, replacing a single Y; with Y/ results in a modification of \N/n by
no more than Cs/n? where C3 € (0,00) is some constant. By the bounded difference

concentration inequality (McDiarmid et al., 1989), we have

P(|V, — E(V,)| > ) < 2e7"" for t > 0.
Therefore, n - (V,, — E(V,))) = 0 almost surely as n — .

Let b;; = h(Fy(Y;), Fy(Y;)), for 4,5 = 1,...,n. Let

n

o 1 v 2 U 1 U

_ 2 4 1

Vo = n3 Z bpvq nA bp,qbp,r + E bp,qbr.s-
p,q=1 p,q,r=1 p,q,r,s=1

Let A, = sup,ep |Fyn(t) — Fy (t)|. By condition (C6), we have ]E” - Iu)”\ < 2K,A, for
i,j = 1,...,n. Thus, it is easy to check that |‘7n — Vn] < C4A,/n for some constant
Cy € (0,00). By the Glivenko-Cantelli theorem (Tucker, 1959), we have A, < 1 and
A, — 0 a.s. asn — oo. This yields lim,,_,o, 7 - E(|\7n — Vn|) = 0. On the other hand, by

the strong law of large numbers for U-statistics (Hoeffding, 1961), we have that nE(lv/n)
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converges a.s. to the limit 5% as n — oco. Putting the pieces together, we have

lim n-var'(D,) = lim n-V, = lim n-E(V,) = lim n-E(V,) = &% as.
n—o0 n—o0 n—o0 n—00

This completes the proof. O

Lemma C.5. Suppose that Y is not a constant. Then the limit 5% in Lemma C.4 is

strictly positive.

Proof. This follows from the similar proof to that of Lemma A.12. The only difference
is that we need to check the modified version of function h*(y, z) := h(Fy (y), Fy(2))
is not a constant a.s. (instead of h*(y,z) = h(F(y), F(z)) in Lemma A.12). If Y is
continuous, then U; := Fy(Y) and Uy := Fy(Y’) are random variables that follow
ii.d. Unif]0,1] distribution. By condition (C1) of h, (YY) = h(Uy,Us) is not a
constant almost surely. If Y is not continuous, then there exists some 35 € R s.t.

po := P(Y =yo) € (0,1). Using condition (C1), we have

P(R*(Y,Y')=0) > P(Y =Y =y =p>0,

P(h*(Y,Y') > 0) > P(Y =yo,Y # o) =po - (1 —po) > 0.

This proves %*(Y, Y”) is not a constant almost surely. ]
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Proof of Theorem 6. Similarly to the proof of Theorem 3, we have

Zh) D, — E(D T D, — E'(D
Vi BGY) ViD= E(B) E%) - VAP =B D) 4 op).

It suffices to prove the central limit theorem:

Vi{D, ~E(D.)} 5

o

(0,1), asn — oo,

where 62 = lim,,_,o, nvar’ (5n) > (0. The remaining proof follows from that of Theorem
2.2 on page 14 of the supplementary material of Chatterjee (2021), by replacing the term

min{R(7(7)), R(7(i+1))} in Chatterjee (2021) with our h(Fyn(Y7a)), Fyn(Yrsn)). O

S3.3 Proof of Theorem 7

Proof of Theorem 7 result (i) The property (P3)" and the sufficiency part of property
(P2) directly follows from the similar arguments as in Remark 2.12 and Remark 2.10
respectively (by substituting F' = Fy ).

It remains to prove the necessity part of property (P2). This follows from the
similar proof of Theorem 2. The only thing we need to verify in particular is the

modified version of (A.9), that is, for all z € A,

g(z,z) = / / W(Fy (y), Fy () dfia(y) dfia(z) > 0.
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By conditions (C1), we have h(Fy(y), Fy(z)) > 0 for all distinct y, z in the support of

Y. This proves the above inequality. ([l

Proof of Theorem 7 result (ii) Before the proof, we first show Lemma C.6.

Lemma C.6. Assume that h satisfies the regularity condition (C1). If €M satisfies

property (P1), then h must satisfy property 1 in Lemma B.2.

Proof. Suppose that h does not satisfy property 1 in Lemma B.2. Then there exists some
bounded f € L([0,1]), s.t. [, f(z)de = 0, and [ [, f(2)f(y)(z,y) dzdy > 0.
Let ¢ := sup,eq |f(z)| € (0,00). Consider the random variable X with probability
distribution P(X = 1) = 1/2 and P(X = 2) = 1/2. Let U be a continuous random

variable with the following conditional p.d.f.:

1+ f(u)/e, ifz=1,
fU|X:x(U) =

1— f(u)/e, ifx=2.
Let Fi(u) = P(U <u| X =1) and Fy(u) = P(U < u | X = 2) be the conditional
c.d.f.’s of U. Clearly, U ~ Unif[0,1], and F}(u) + F2(u) = 2u for any u € [0,1]. Let ®
denote the c.d.f. of standard normal distribution, and let Y = ®~1(U). For any y € R,

we have
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= 1/2-{F1(2(y)) + Bx(2(y))} = ¢(y).

Therefore, the c.d.f. of Y is Fy = ®. For this distribution of (X,Y), the corresponding

X" and Z(h) satisfy

0 _ E
_ / U/—h(cb(y), O(2)) - {dpyp(y) — duy(y)} - {dpyie(z) — qu(Z)}} dpix ()
= / {/ /[071]2 —h(y,z) - {dpvie(y) — dpo(y) } - {dpoie(z) — dMU(z)}} dpx ()

_ 1// “h(y,2) - fy) - f(2) dydz <0,

C [0’1}2

It follows that £ = (Y —(™) /Y" < 0, which violates property (P1). This completes

the proof. O

Next, we prove result (ii) of Theorem 7. The sufficiency part directly follows from
the proof of Proposition 1 (by letting F' = Fy). For the necessity part, Lemma C.6
proves that h satisfies property 1 in Lemma B.2. By Lemma B.2, h also satisfies property
2, and thus can be decomposed as h(y,z) = —(y, 2) + g(y) + g(z). The remaining

proof is the same as that of Proposition 1. O

Proof of Theorem 7 result (iii) This follows a similar proof to that of the sufficiency

part of Theorem 4. Using results (i) and (ii) of Theorem 7, it suffices to prove that

€M) > 0 for any non-independent X and Y. Let H, be the RKHS with ¢ being its
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reproducing kernel. For probability distribution p with p((0,1]) = 1, let my(p) =
[ o(,u)dp(u) = Ep,(pr) be the mean element with respect to p. Let U = Fy(Y).

For any z in the support of X, we have

//@(FY<Q)7FY(Z)) . {duy|x(y) — d,UY(y)} . {d,UY|z(Z) _ duy(z)}
_ //[01]2 o(y,2) - {dpoe(y) — dpo(y) } - {dpe(2) — duo(2) }

= Ime(pwe) —me(pw)ln,

By condition (C4)', for any distinct probability measures j; and gy with p;((0,1]) =
p1((0,1]) = 1, we have my(p1) # my(p2). Note that py,((0,1]) = pw((0,1]) = 1.
Therefore, ||my(pw)z) — me(pw)||n, > 0if pyje # po. Since X and Y are not indepen-
dent, there exists some Borel set A C R with px(A) > 0, such that uy, # py for all

z € A. It follows that

%(h)

_ C(h)
_ /V/[Ol]gw(y,z)-{dumx(y)—duy(y)}.{dumx(z)_dw(z)} dpx ()

- /Hm@(MUa:) - m@(MU)HHw ~dpx ()

v

[ Imtie) ot -ieta) > 0.

This completes the proof. O
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