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Overall Organization of Appendix: This is the appendix of the paper as the sup-
plementary materials, Differentially Private Truncation of Unbounded Data via Public Second
Moments. Appendix [1] lists the key notation used throughout the paper to check. Appendix
provides more detailed theoretical results on the comparison of the inverse bounds, the DP ridge,
and DP logistic regression, and extends to the generalized linear regression based on PMT. And
the appendix contains all technical proofs for the paper. Appendix [3lists the useful tools in the
main theorems. Appendix [4] provides the proofs of the main theorems in this paper. Appendix

contains the proofs of lemmas in the context. Appendix [6] provides extra experiments.

1 Appendix: Key Notation

Unless otherwise specified, bold uppercase letters are used for matrices, bold lowercase letters
for vectors, and regular non-bold letters for scalar quantities. Table [I| summarizes the notation

specific to the private data, public data, and the public-moment transformation (PMT).
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Table 1: Key notation for private, public, and transformed data.

Symbol

Meaning

Private and public samples

{(Eivyfi) ?il
{(via yvz)}?zvl

g, Ny

= ¢ Rnexd
Y € Rwxd
X{: yv

B

Private sample. Here &; € R? is the private covariate
vector and g, is its response.

Public sample used to estimate second-moment and
response-scale information.

Private and public sample sizes, respectively.
Private design matrix with rows €Z»T.

Public design matrix with rows ’UZ-T .

Private and public response vectors.

Original estimator from private samples.

Public moments and scales

S

Public covariate second moment, 3, = niYTY.
Public response second moment, 62 = n, 1 >, ygi.
Population covariate second moment shared by the
private and public covariates under the benchmark

matched-distribution setting.

PMT-transformed private data

PMT-transformed private covariate, & = 3, Y 2&,
followed by truncation when required.

Transformed private design matrix with rows éZT
Transformed private response, y¢, = &, 1?4& in
DP-PMTRR.

Transformed private response vector with entries ge, .
Transformed private covariate second moment,

25 = ngléTé.

Transformed covariate-response moment,
Sey = ng 'ETYe.

Estimator from PMT-transformed samples.

DP quantities after transformation

Spp
G
g

g1, 02

3DP

Privatized transformed second moment, usually
by DP = ig + G.

Symmetric Gaussian matrix noise added to the
transformed second moment with the scale o7.
Gaussian vector noise added to the
covariate-response moment with the scale .
Noise scales for matrix-valued and vector-valued
Gaussian mechanisms, respectively.

DP estimator computed by PMT-transformed data.
Original-domain DP estimator recovered from the
transformed estimator; for DP-PMTRR,

BPP — &Uﬁ;;l/?BDP_




2 Additional Results

In this section, we first give the detailed comparison about the inverse error bounds. Second,
we propose the results about private-data-only methods, including differentially private ridge
regression (DP-RR) and differently private logistic regression (DP-LR). Third, we provide the
more detailed theoretical analysis about our method (DP-PMTLR). Finally, we extend to the

generalized linear models (GLM) and provide the algorithm and theory.

2.1 Comparison Detail of the Inverse Bounds

We compare the bounds in Theorem 5 and Theorem 6. For convenience, we can consider
that the amount of private data n¢ is enough and makes X,,.:,(2)(1 — O(\/%Jr \/ log(ng&))2 =
Amin(Z)(1 — 0(1))?. Actually, the appropriate regularization parameter A is very small so that
it doesn’t produce large bias to the original matrix; especially, it may be o(1) compared to large
Amin(X), or approximate to small A,,;,(2) . Hence, in Theorem 6, the necessary ne to hold

the stable condition is simplified as

d*log(%h) dTr(T) + log(%) d*log(2h)
e (D) (1—o1) +o(l)  mme

N =

(R(S) + 17 log<%>> <

and the error bound is simplified as

s log(%d) dTr(%) + log(%) N d? IOg(%)
e 2, () (1-o1) +o()  mme

min

A= - (RE) + 127 1og<%>>,



2.1 Comparison Detail of the Inverse Bounds

where &(X) = &' k(D) = 1, ri(Z) = AMK?%) > 1 and A;(+) is the i-th eigenvalue. It

is worth noting that an ill-conditioned matrix can significantly inflate the first some condition
numbers, thereby making &(X) disproportionately large. This behavior is commonly encoun-

tered in practical scenarios. Then, we analyze the advantages of Theorem 5.

e Few necessary public data. U and L tend to 1 fast as the increase of the amount of
—2 —2
; —(1— d log(1/n) _ log(1/m)
public datan,. U = (1 O(,/%—l—,/ o )) and L = (1+O<\/ +v/ ))
show that the necessary amount of public data n, controlling the ill-condition just needs

O(d +1og(1/n)) to make U and L tend to 1.

e Weakly impacted by Y. The bounds and the condition about the necessary amount
of private data are independent of the average condition number %(X) and eliminate a

factor ||Z7.

1. Better robustness condition. That is a significant improvement for resisting

the impact of DP. Namely, it makes the stable condition,

& log(21)(1 4 log(5)) d? log(2%) ne. 1
~ -log(—) < =,
pme - (L(1 = 0(1))? + A [17) U n 2

easier to satisfy, meaning better robustness and stable efficiency. Particularly, the

term A||3, || degrades the impact of the regularization parameter.

2. Tighter error bound. The error bound of Theorem 5 is simplified as

@ log(3) (|71 +log(%E)) /4 log(3])

)
e L2(1—o(1)*+o(l) —  pun

log( =) =7,

where the public data n, makes L tend to 1 and [|2;*|| tend to [|[7]|. A smaller



2.2 Ridge Regression Only Using Private Data

error bound represents improved utility of the DP inverse second-moment matrix,

making the DP estimation substantially more reliable.

e Weakly depending on the regularization parameter. The robustness and utility
are dependent on the regularization parameter A\ weakly. The A term is always divided
by the largest eigenvalue, |3, |. That avoids the underlying bias ||(£ 4+ AI)™* — £7|
resulting from the large regularization A\, where the large regularization \ is generally

for the inverse stability.

2.2 Ridge Regression Only Using Private Data

The following theorem will give the DP ridge regression of private data only (DP-RR). Without
loss of generality, we give the result under the assumption that the private data are bounded by
Tr(X) + dlog(%&) and the private responses are bounded by ,/Tr(X) + dlog(%)”ﬂ“ +0o(1),

with at least probability 1 — n.

Theorem 12 (DP-RR). Assume that truncated data [|&;|] < (/Tr(X) +d10g(%5) and ye;, <

N == ~ =T
Tr(X) +dlog(%§)||,8|\ w.p. 1 —n, Vi € [neg]. Denote ¥ = {—: and X¢, = _—z& Then the

n

V2u-GDP ridge regression is

Bor = (B + AL+ G) ' (Zg, +g),

2(Tx(2)+d log(55))
pomg
a3 2dy (gl e
47 los ()@ Tr®)Hoe(,)) < 1, with at least probability 1 — O(n),

o (MM(E)(l_o(gﬂ/bg(ﬂfﬂ)fﬂ) S

2(Tx(%)+d log(55)) 18]
pong ’

where G ~ SG4(0%), o1 = and g ~ N(0,031), 02 =

If ng makes



2.3 Generalized Linear Models

we have

d3log(24) IS8 (@ Tx(S) + log(%)) )

Me AL (D)1= O i+ )

1Bor — Bl < O

Remark 1. The population quantities 3 and B in Theorem are used only to specify the
theoretical truncation radii and noise scales. In an implementable DP procedure, any calibra-
tion quantity computed from the private sample, such as an empirical covariance matriz S or
an empirical response second moment 62 = n~! > y2, must either be released through a
differentially private mechanism or replaced by quantities estimated from public data. Other-
wise, using such private empirical quantities directly would leak information and invalidate the

claimed privacy guarantee.

2.3 Generalized Linear Models

This section provides more detailed theoretical results about DP-PMTLR and the differentially
private logistic regression (DP-LR, Algorithm E[) Then, we extend to the generalized linear

regressions based on PMT.

2.3.1 Logistic Regression

We list the gradients and Hessian matrices about the two loss functions of the logistic regression,

seeing Theorem 9, so as to discuss them in the following. The gradients are



2.3 Generalized Linear Models

and
A —_— 1 =T —1
VL(B;E) = T (y = p) + A%,
where p = (pl,...,png)—r € [0,1]"¢ and p = (ﬁh...,ﬁng)T € [0,1]"¢. Note that p; = ﬁ
1+4e i
and p; = ﬁ are different due to different samples. The Hessian matrices are
1+e i
1
VL(B;E) =Hy + M = n—ETVV,;E + AL,
3
and
L - . 1 =e = .
VLBE) =H, + 05 = —ETWE+ AT, (1)
3

where W; is a diagonal matrix with (W;)i; = pi(1—p;), similarly, (W5)si = pi(1—Ds), ¢ = 1, ..., ne.
The assumption about the Hessian matrix is necessary to ensure the convergence of logistic

regression and show the advantage of our method. It’s well known the Hessian matrix of

—i S L(ETB) is
P (== 3= L(ErP)

= e _i':T =
H; = 532 7n£_. W:E,

where W; is a diagonal matrix with (W;)i; = p;(1—p;), similarly, (\7%)” =p:(1—-pi), 1 =1,...,ne.

Then, we assume that

Hessian assumption: Tg)\n,gn(ig) < T Amin (Be) < Hp %

Amas (D¢ ), (2)

]

where 73 € (0,1/4] depends on the classified probabilities p;s which are the function of 8 and
7o = infg 73. The lower bound 73 tends to be small easily at the latter stages of iteration, because

the classified accuracy becomes high and leads to p;(1 — p;) — 0. The condition number of the



2.3 Generalized Linear Models

Hessian matrix Hp is approximately

ng¢ large

A (5¢) )

wH) =00 Y "

This suggests that the weight matrix W; leads to a more ill-conditioned Hessian, thereby making
Newton’s method more vulnerable to disruption from DP noise. Introducing a large regulariza-
tion parameter A can alleviate this issue by decreasing the condition number, thus enhancing
resistance to noise. However, this comes at the cost of increased bias in the estimation, which
may lead to an underfitted model. The proposed transformation substantially reduces the
condition number of the Hessian tending to O(r; ') and also enhances the following favorable

properties of the associated loss function.

Lemma 2 (Strong convexity). Assume that the subG(Z) data E € R"*? y = {y;, ooy Yng s
yi € {0,1} and S, is the second-moment estimation from other n, samples. Considering the

convezity of two loss functions L(B3;E) and ﬁ(ﬂ, é), with at least probability 1 — O(n), we have
VL(B:E) = 7=L,

where s = ToAmin (2) (1 — O(\/ng \/W))Q + A. And, with at least probability 1 — 2n, we

have

_ _ d log(1/m)\)2 A _ Ny
where . =m0 L(1=O(y /5 +1/ 75 5)) + 5wy ond L (VAo +O(Va+ flog(3))?

Remark 2. That shows the better convexity of the transformation loss E(ﬁ, é) Because L — 1

is greater than A\min(X), and the regularization parameter weaken the dependence on

D S
>\max (217)



2.3 Generalized Linear Models

the regularization parameter.

Lemma 3 (Lipschitz continuity of Hessian). The Hessian matriz Hs is Lipschitz continuous

with respect to the £2 norm, i.e., there exists a constant C; > 0 such that

[Hs — Hy |2 < Ce[|B — 8|2,

13
for all B,B8" € R, In particular, we have Ct = %. Moreover,

IV2L(B;E) — VLB E)|l2 < Ce[|B — B2,

and

IV2L(B;E) — VPL(B';E)||2 < CellB — B2,

O, n 3/2
where C = (@015t /1))

673 and n > 0.

Remark 3. Lemma @ shows that the la-norm of sample points also impacts on the Lipschitz
continuity of the Hessian matriz. The PMT method normalizes the the la-norm of sample
points into a principled radius and reduces the Lipschitz continuity parameter, which improves

the converged efficiency of Newton’s method.

These lemmas guarantee the convergence of DP-PMTLR and DP-LR, seeing the proof in

Appendix [£.10]



2.3 Generalized Linear Models

Algorithm 4 Differentially Private Logistic Regression (DP-LR)

1: Input: Private dataset {(&;,y;) € R? x {0,1}}}5,. Parameters y, A, d,
ne, and 7.
2: Private parameter:
VT (Tr(S) +dlog(“5)) B 2\/T(Tr(z)+d10g(%))
2ung » 02 = png ’
3: Intialization: (3© =0
4: fort =0,...,T do
5:  Gaussian mechanism and Newton update:
-1

B = B0 — (VLB E) + G) (VL(B:E) +g), where G ~

SGy(o}) and g ~ N(0, o31).
6: end for
Output: DP estimator 37

o1 =

|

Theorem 13 (DP-LR). Suppose every sub-Gaussian sample &; is truncated as ||&]] < /Tr(2) + dlog(—s)
the minimizer B, B € B.(8) and |[VL(B?;E)|| < min {rsr, g—’%} where vz = ToAmin(2) (1 —

/T3 log(2Z4) (a7 Tx(5) +lo oe
O(\/g—i—\/log(l/"))) + . Let ne makes( 8Ty ) () Hosl ») sufficiently small and

wng s

T = O(loglog(ne)). About Algorithm |4}, the T*" DP Newton’s method iteration satisfies (i)

. y . /T d3 1og(ZTD) (a7 Tr () +log( %))
B is \/2u-GDP, and (i) || — 8| < O( ! e & ), w.p. 1—mn.

2.3.2 (Generalized Linear Model

In this section, the proposed method is applied to generalized linear models. Given the data
(&,y)) € R i =1,....n and y; following the exponential family of distribution, the joint

probability density function is

H yl7 ’Hd) Hexp{yl . Z (y’bv()b)}?

where 6; is the natural parameter and ¢ is the dispersion parameter.



2.3 Generalized Linear Models

Given the bounded model parameters 3 and ||3||2 < Rg, the generalized linear model

(GLM) states that there exists a link function g(-) which satisfies

9(E()) = g(wi) =&'B i=1,...n. (3)

Here w; = E(y;) and we consider the canonical link where 0; = g(w;) = ¢ 8. Notice that the

exponential family of distribution makes
w; = E(y:) = b'(6:),
where b'(0;) = %9?) and it implies that §; = (b') " (w;) and the canonical link function g(z) =

()" (2). From Eq.(3), we have w; = g (&S B) = (& B) and 6; = (b)) (&) B). Considering

the negative log-likelihood function with the regularization term, we have
1 < A
- 2
£(8:3) =~ 3 [ = 00| + 51815, (4)
i=1

where 0; = £ 3 and we omit the scale parameter 7(¢) unrelated to the optimization of 3.

Denote the 1;(&] B) = y:0; — b(6:), we get the I;’s gradient and Hessian matrix as
Vsli(&] B) = (v — V' (&7 B))&;  Vili(&] B) = —b"(&] B)&E] .
Then, the Hessian of £L(3; E) is

VEL(B:E) = — - VP(E] B) + X = BT W,E 4 I
3 3



2.4 Public-moment-guided Generalized Linear Models

with the weights W = diag(t” (& B),--- ,b”(&,B3)). That implies, in the generalized linear
model, the Hessian matrix V;£(8; E) is also affected by the second-moment matrix 3¢ like the
analysis of logistic regression. Namely,

. 1 .

ToAmin(3e) < Hy = n—gETWﬁE < 71 Amax (),

where 7, = inf b’ (2) > 0 and 71 = supb”(z) < co. The condition number of Hy is

Amax

T1
To )\n)in(

)y el Ty
D= )

— 26
w(Hy) = O( T o

The rate 7! is fixed by the function b(-), so reducing the condition number £(X) is the only
choice. Next, we illustrate that our method PMT can improve the GLM case via eliminating
the k(X).

2.4 Public-moment-guided Generalized Linear Mod-

els

We consider the transformed loss function in GLM

; ‘*b(éi) Aoz g2
el el R (5)
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where 6; = EZT,B and EZ = $72¢; is the transformed data point from PMT. The gradient and

Hessian matrix of £(8;E) are as follows

wherey = (y1, -+ ,yng) ', b’ = (V' (€] B), -+ ,V/(€1.B)) ", and Ws = diag(t” (€] B)), -+ ,b" (€. ).
Considering the convexity of GLM loss functions, we have the invariant iterations as the

following corollary, which is similar to Theorem 9.

Corollary 2 (Equivalent GLM estimation). Considering GLM and loss functions and ,
their estimations is equivalent in each iteration of Newton’s method. Moreover, their minimizers

are equivalent

BB = Bi=argmin L(B;E),
where B = arg ming E(,B, é)

Under the invariant iterations case, the transformed loss function holds Hessian matrices

with a smaller condition number

~ T1 ~ ng large T

o(

To To

)

where ﬁg = iéTVVgé and ig = nl—géTé, and the second equation follows from Theorem 3.
That illustrates that our method is also able to improve the GLM estimations in DP Newton’s

methods. We propose Algorithm [5| that illustrates how PMT is used in generalized linear

models.



2.4 Public-moment-guided Generalized Linear Models

Algorithm 5 Differentially Private PMT Generalized Linear Models(DP-
PMTGLM)

1: Input: Private dataset {(&,y) € R? x (—R,, R,)}.5,, public
dataset {v; € R}™,. Parameters p, A, d, n, n, and 5. Con-
straint [|B]ls < Rg, My = maz,b'(z) and My = max,b"(z), z €

[~ Ray/d(1 + log (%), Ray fd(1 + log(%%).

2: Tr~ansfor1;n covariates:
({EZ z’nih Zv) = PMT({E,- ?ilv {vi}?il’ d7 N, N, 77)‘
3: Private parameter:

o 2\/Td(1+10g(27715))Mb// B 21/Td(1+10g(27n£))(Ry+Mb/)
1 — .

09 =
png 72 BT

4: B(O) =0
5. for t =0,...,T do
6: Gaussian mechanism and Newton update:
e = F9 — (V2L 8) + G) (VL(BY:B) +g),
where G ~ SGy(0?) and g ~ N(0, 531).
7. end for ) _
8: Recover: B < X' B0.
9: Output: DP estimator 3"°.

Theorem 14 (DP-PMTGLM). Suppose y; € [—Ry, Ry] with a constant Ry, & € subG(X)
and b(0) is locally To-strong convexity. Constraint ¥ ||B||2 < Rg, the minimizer ||B||2 < Rg,

B € B,.(B), the Hessian matriz V2L(3; E) is locally Cy-Lipschitz continuous when 3 € B,(3),

and HVE(,B(O);é)H < min {’yLr, g—%}, where vy, = ToL(1 — O(,/% + 1/%&))2 + A||i,||_1.
\/ 3 O, O, 21{‘ 17
Let \/rw = O(Vd + \/log(1/n)), ne makes ( a7 log(Ta/m U tlos (= )My ) small enough and

mng AL
T = O(loglog(n¢)). The outout of Algorithm@ satisfies \/2u-GDP, and we have |37 — B <

o ( \/Td% 10g(ZZ2) (14105 22 )

wene g

), w.p. 1 —n.



3 Useful Tools

There are some facts about Gaussian vector and Gaussian matrix, which help us to control the
DP noise. We denote the d x d symmetric Gaussian random matrix G ~ SG4(c?) with elements

G,’j Z;ﬁ\'d N(O, 0'2).

Lemma 4 (Symmetric Gaussian matrix bound |Avella-Medina et al| (2023)). For a d x d

symmetric matriz G ~ SGq(c?), with probability 1 — n,

IG|l2 < ov/2d1og(2d/n). (7)

Lemma 5 (Gaussian vector bound [Laurent and Massart| (2000)). For a gaussian vector g =

(91,0 94), 95 ~ N(0,0%), the |lgl|3 satisfies

Pll|gll3 > o*(2y/dlog(1/n) + 2log(1/n) + d)] < n.

The next lemma gives the largest and smallest singular values of the sub-Gaussian matrix.

It helps us to analyze the second-moment matrix estimation and control its condition number.

Lemma 6 (Singular values bound |Vershynin| (2010)). Let X be a n X d random matriz whose
each Tow x; is independently non-isotropic sub-gaussian random vectors in R% with the second-

moment matriz X. Then for every n > 0 and v/n > O(Vd + \/log(1/n)), with at least 1 — 27,

one has

VAmn(E)(Vi = €V = [ 10g(1/1)) < A (X),
VA E) (Wi + OV + ] < 108(1/1)) = Amas(X),

where A(-) means singular value, and C = Cg, ¢ = cx > 0 depend on the sub-gaussian norm



K = maz;||xi||y,- Typically, for the isotropic situation X =1, one has

Vit = VA= [ 10g(1/n) < Amin(X),

i+ OV + % 10g(1/n) > Amas (X).

Corollary 3. Let X be a n X d random matriz whose each row x; is independently isotropic

sub-gaussian random vector in R with the second-moment matriz ¥ = 1. Then for every n > 0

and /n > O(d + /log(1/n)), one has

P[AMGZ;XTX) _ Afnaz(x) > <1+O<\/g+ \/@))2] =n

and

JP[A””"S(TX) = Ag”i;;(x) <(1 —O(\/ng \/%))QJ <.

The following lemma on the I3 —norm of a sub-gaussian vector illustrates that the sample’s
length depends on the second-moment matrix. It provides the theoretical guarantee about a

principled truncating radius.

T

Lemma 7 (Bounded lo-norm of Sub-gaussian Vector). Let x = (z1,..zq)" € R% is a non-

isotropic sub-gaussian random vector with Exx™ =X . Then ||x||3 is sub-ezponential and

ct

d
P[[IxI13 = Do Nl > ¢] < 2exp (- ),

i=1

where K = max;||zi||y,, ¢ is an absolute constant on K and A1 > ... > \q are the eigenvalues



of . One more thing, with at least probability 1 — n,

P 10g(%)) < O(a(TE(2) + log())),

2
x|z < Tr(X) + — —
[1x]l2 =)+ ( p ;

where Tr(X) = 4 Tr(X) is the average trace of X.

The following lemmas are used to analyze the noisy inverse matrix and provide theoretical

tools to quantify the robustness condition.

Lemma 8. Denote a square matriz ¥ and a disturb matriz G, the condition number of k(X) =

IZIIZ7]. Then,

[(E+G)" -7 G|l
< k(X .
Erarr ="y
Moreover, if K(E)% = IZ7YIG|| £ 1, then
-1
c+e s —2
1-— K/(X)W

Moreover
. _ IG]|
IE+G)" —x7| . #E)5

- =1 16T
=] 1- (D)

Lemma 9 (Weyl’s Inequality). Denote a matrix M and a H are real symmetric matrices , then

)\maz(M + H) < )\maz (M) + >\maz (H),

where Amaz () and Amin () are the largest and smallest eigenvalues of the matriz, respectively.



The following lemma (Lemma 21 in |Avella-Medina et al.| (2023))) is the main tool to

guarantee the converge of generalized linear regressions via GDP Newton’s method.

Lemma 10 (Avella-Medina et al.| (2023)). A loss function L(3;E) = i S UB &)+ NIBI°
is the locally ~y-strong convexity. For any B in some neighboring area of the minimizer ,é,
its Hessian matriz ||V2L(8;E)|l2 < B eshibits local Ch-Lipschitz continuity and the gradi-
ent ||[VL(B;E)||l2 < By. For the u-GDP Newton’s method, when the private data ne makes
A*"—\W small enough and Ay = S, IV21(B; A) — V21(B;€)||F is the sensitivity of

the function V21(B; A), with at least probability 1 —O(n), we have the following equivalent cases:

1. Hﬂ“) — ,3||2 < r, where BY is the iteration of the t-th GDP Newton’s method and B is

the non-DP ezact solution of the loss.

2. VLB )2 < min{yr, &}, and

Ch (t4+1) . = Ch ). =11 )2 CrBro1+/dlog(Td/n)
) Bl < (5% (B
2 IVEEC: ) < (5 1VLB:2)]R)° +0( = ) ®

2VTAy,

where the second term is the GDP noisy bound and o1 = jine

is the parameter of

SG4(o?) adding in the iterative Hessian matrices.



4 Proofs of the Main Theorems

4.1 Proof of Theorem 3

Proof 1. The equation is equal to

LY ™Sy 2 <1< UnAen T,

Then,

. 1 — 1
DTSN = 23S P0) (B )T = 2 ) 66
- i:1( v;)( U;) - ;0

where ©; ~ subG(I), so ¥ = %TTT is an estimation of I. That means that

I US 288 = 1 < Udpin(D),

LYPEN™? <1 = 12> LAma (D).

From Corollary[3, we know

U= (1 —O(\/g—i— \/W))f2 = 1 < Ulmin(D),
L= (1+O(\/g+ \/W))fz — 1> Lhnae(S).



4.2 Proof of Theorem 4

4.2 Proof of Theorem 4

Proof 2. 1. Privacy. Given two neighboring data sets with the different samples é and é’,
the l2-sensitivity of the truncation second-moment matriz is
2ng
1 =T = 1T 1, = 2 1, = 2 2d(1 +10g(7))
| (&7 -&&7)|| < &+ -1 < ———==,
ne F ne ne ne
where é and é’ are the different samples in the neighboring data sets. From the Gaussian

mechanism (Theorem 2), we get the privacy guarantee.

2. Noisy matriz bound. It’s a direct conclusion from the Lemma[{] g

4.3 Proof of Theorem 5

Proof 3. 1. Recovery. From Corollary 1, we know with at least probability 1 — O(n), the

transformed data éis are not truncated, namely, él = XAJ;W&, Vi € [ne¢]. That means
o Y 1o Y .
S A AN = S Y &ET +ASH)IY = B + AL
ne i

2. Inverse error. We discuss the following analysis under the transformed data éis are
not truncated, namely, the Recovery case holds. Especially, we will omit the probability 1—O(n)
from tools in the following analysis for simplicity.

2.1 Singular values bound. From Theorem 3, the transformed data & ~ subG(f]) with

Y =372885Y and S has the smallest and largest eigenvalues related with the number of public



4.3 Proof of Theorem 5

data n,,
Amin(£) > L = fo ,
(Vo +O(Vd + | /log(2)))?
(10)
Amaz(E) U = T .
(Vs = O(Vd + /log(+)))?
The S = £ 5

is the estimation of Y and Lemma |6] shows

Nomin(52) > \/> [log( 1/77
S i log(1/m) 2
/\maz(Ef)éU(leO(\/;—U/ ” )

where L and U are from the Eq.. Moreover, from Lemma@ (Wely’s inequality), we have

)\min(ig + Ai;l) / mzn(E{) + )\mzn()\zu 1 - O(\/7 \/m + )‘||210H71
Amaz (5 + A87) < Amaz (5x) + Amae (AS7) <UL+ 0 \f ,/1°g Wz sy,

where X\ is the regularization parameter.
So we have the bound of ||(% + A3") V2 = ——=—=— and

= — — an
Amin (Se+A8T)

1

1 ~ ~
- > >[1(% + A7) Ml (1)
L(1_0(\/%+,/%ﬂ))2+xuz,u—l Amin (Ze) + Al S|

2.2 Get Eq.(3.2). If [|(Sc + X507 IG] < IS

< 1
o - & 27
L0 [+ A8, 1




4.3 Proof of Theorem 5

Lemma @ gives the following bound

G + A2

AR G - (AT T S e
105 - Gk Vs T E e Gl

< 2| GllI(% + A5

2G|

L2(1 —O( /% + /logillg/n)))4 _1_/\2”2}”47

i

<

=

where (i) is from the Eq.(11)) and —t=s < a,b > 0. So we need to bound |G| so that

1
(a+b)2 N q24520

I
L1-0(, /%ﬂ/—‘“gﬁé/") DERSYATE

sufficient condition is the enough number of private data ne such that

the condition < % holds. From Theorem 4, we know that the

\/@®log(22)(1 + log(22%)) 1

(L(1 = O /& + /2y 4 NS, ) pome 2

where L = Then, using Theorem 4 again, we get

LY)
(Vi +O(Vd+ flog(1)))2

d3 log(24) 2(1 + log(22%))

Hne L2(1 70( /% + /logi/n)))4+/\2“2’”_2

2.3 Get Eq.(3.3). According to the Recover case, we have

[(Se A8 4G = (S A8 7 <

2;1/2((26 + Ai:l + G)—l o (S{ + )\2(7*1)—1)2;1/2 — 2’;1/2 (i{ + Ail;l + G)fli:;l/Z o (25 + AI)*I.



4.4 Proof of Theorem 6

So we have

IS5 (5% + A8 + GYTEG = (B +AD 7| < S5 + AST + G = (S + A8 IS

= IZI S + A8+ G) = (S + A7) 7|

_ VPl ISHI(1 + log(2%))
fime L2(1—O(\/%+ J“"ﬁgj))‘*+>\2Hflu|\’2
O

4.4 Proof of Theorem 6

Proof 4. 1. Privacy. Given two neighboring data sets with the different samples & and &',
the l2-sensitivity of the second-moment matriz is
(Te(X) + dlog (7))

1 1 2
(e6”-g¢™)|| . < —llels + —1ig'l; < =
F ne ne ne

[
23

where & and &' are the different samples in the neighboring data sets. From the Gaussian
mechanism (Theorem 2), we get the privacy guarantee.

2. Bound error. Lemmoa [6 shows

Se = Anin (D) (1 — O(\/z+ \/@))2'

According to Lemma [9, we have

. 1
[(Ze +AD) 7 < = <

Anin(B0) F2 " Ain(D)(1 - O( [ + | [PEID))? 4 3

[y




4.4 Proof of Theorem 6

If |3 = XD G < ISl < i Lemma iwes the followin
112 )G AW_H(E)(170(\/%+\/1og;1§/m))2H 2 g f g
bound

IGI(Se +AD ™2
1= [|(3 + AD 1G]

[(Be + AL+ G) ™ — (e + M) 7| <

<2|GI(Ee + D)2

i

<

2G|

N (2)(1 = O[3+ /By v

where W < ﬁ7 a,b > 0. So we need to bound |G| so that the condition [Ked]

<
2 S
*mm(z)(l—o(\/%-u/l“g;ﬁﬂ)) T

holds. From Lemma [f] we know that the sufficient condition is the enough number of private

data ne such that

d? log(%d)(qur(Z) + log(%)) 1

ﬂ~n§()\min(2)(170(\/%+\/bgiﬁj))2+k) 5

Then, using Lemma |Z| again, we get

A -6 - 2|G|
N (2)(1= O[5+ /=) e

Mg : A?nm(E)(l B O(\/%+ /bg;{M)y +/\2.

=



4.5 Proof of Theorem 7

4.5 Proof of Theorem 7

Proof 5. Consider the event

&= {é and y: are not truncated.}.

Due to the assumption of linear model, y: is the sum of the sub-Gaussian randoms, so it is a

sub-Gaussian random and e, < /1 + log(Z%), w.p. 1 — O(n), from Corollary 1. We get the
conclusion

P(E) > 1—0(n).

And, we will discuss the following analysis under the event. We know the original ridge regres-

sion is solved by the loss function
= _ 1 =al2 . a2
L(B;E,ye) = 2n||}’£ BBz + 5 182
Taking the 72 into the loss function and replace y: as y: , we have
LEBE,50) = o117 — S BIE + 115813 = o 15 — EBI5 + 511581,
2n v 20 2n 20

where B is the transformed data. Then, the parameter ,é minimizes this formula, namely,

B = arg ngnﬁ(iv—”ﬂ; E, ¥)

[




4.6 Proof of Theorem 8

Concluding from the equation (i), we have

~ E‘Té N —1 ~
3 (52 ) (B5)
Ne
BoeErERT 5
= 250 (=)
e Ov Mg
/2 == —1 =
=2 o (50)
Oy
i) N
6,

where &, = ,/i Yo, y2 . Combining the event £ and the equation (i), we get the conclusion

with at least probability 1 — O(n). O

4.6 Proof of Theorem 8

=T

63

[

- T . T
=" Y¢ Y'Y
s ESy = 7”‘55 and ¥, = el

Proof 6. 1. Privacy. For convenience, we denote 25 =

Then, ig +ASTT+ G satisfies u-GDP from Theorem 4, where 57 s unrelated with privacy.



4.6 Proof of Theorem 8

We mainly discuss the second term igy + g. The sensitivity of igy is

1 - -
A, = _ max  S|E5 - &7
T @~ E 3 Ne
(4) 1 2. T~
= max — & g — £ G|l
(€,9¢) Mg
<§’,g§',)

2 .
< max —||& Fell2
(€,5¢) T

IA
™S

58

2 iz o
— 1€ 12l Fell2
3

S

2”5
—)

< 1+1lo
( g( p

)7

Ne

where (€,§e) and (é’,gg/) are the different samples in (i). Theorem 1 shows that B°" satisfies
V2u-GDP.
2. Accuracy. We discuss the accuracy of the DP-PDTMRR under Theorem 7. We

firstly analyze the error between B°F and B,

1B = Bllz = II(Se + A5 + G)" By + ) — (B + AT) 75, [l

<Ee + A8 + G = (B +A87) 2 |2 [l2 + |(Se + A" + G) 72| [gl2,
() ©)

=1

where ¥, = £

ul

- =T
and Yey = —Ty&

2.1 Bound (). Using Theorem 5, we get

“ gO(,/dBIOg(%f). (1 + log(22)) )

une L2(1—0O( + log(l/n)))4 + AQ”EUH—Q

— (12)
L3 L3




4.6 Proof of Theorem 8

2.2 Bound (o). From Lemma [8, we have

(0) < 2[I(Ze + A5 gl

v HA5(30)
Since g ~ N(0,051) with 0o = ——————22 and by applying Lemma |5, we obtain

Hemg

lgll < oa(Vd + 1og<%)>
d dlog(1)) (1 + log( 2
<O(< + \/d1og(2))(1 + log(2: >>).
1 e

As the proof in Theorem 5, we have

> (1B + A2 7,

1
L(1 = O(\ /34 + 4/ FEL))2 4+ A2

where L = (\/ﬁJrO(\/Ei\/log(%)))Z‘ So, we get
(d+ Vdlog(1)) (1 + log(2%))
(O) <O( - Ne 'L 1-0 d log(1/m) \\2 AllS 71). (13)
(1= O( /i + \/E))2 £ A5,

Note that the order (o) is smaller than (x), so we can ignore the order of (o) in the final bound.

2.3 Bound igy. Because of the compatibility of the matrix norm, we have

5 )
el < 6 1IE2 112 | < 627125721 - oI BID, (14)

where (i) is due to \|%|\ = |IZ|| and ||Eni:|\ — o(1), as ne — oo.



4.7 Proof of Theorem |E|

2.4 Final bound. Combining the equations , and , we have

B 2d "~ LS 2
Elog(X) SRS + log(2%)) )

une L2(1 - O( /%_._ /%&))4_‘_)\”2)“4

with at least probability 1 — O(n).

187 =Bl <o

3. Original Bound. From Theorem 7, the output 3" =6, - P ~,(§DP is bounded by,

with at least probability 1 — O(n),

@ log(24) IS IS+ log(22) )

Hne L2(1—O( /%_,_ /%ﬂ))4+)\2”2”4

l6.5728°" = Bl < o(

4.7 Proof of Theorem 12|

Proof 7. 1. Privacy. From Theorem 6, flg + AL + G satisfies u-GDP. Then, we consider

the sensitivity of the term f]gy

1
Ay = max —I1Ey: — Byl |2
T @y~ (@) e | el

Q)

||=

1 .

AT _ 7/
max oAy = €yl
Ay

IN

2 T
max — ||A
max A7 ol

2(Te(2) + dlog(55)) 18]

Ne

so we have i:gy +g is u-GDP. Through the composition property, we get ,QDP satisfies v/2u-GDP.



4.7 Proof of Theorem |E|

2. Bound. We decompose the ||Bop — B|| as two terms (x) and (o),

1Bor = Bl < |(Ze + AL+ G) ™ — (Se 4+ M) 2 [ Sy | + |(Be + AT+ G) 712 lgl2 -
() ©)

From Theorem 6, we have

& log (%) 4 Te(S) + log(*%)

(%) <

From Lemma[8, we have

(0) <2[(Ze + A0 l1gll-

2(Te(2) +d log("5)) 18]
Hemg

Since g ~ N(0,03), 02 = and, by applying LemmaH we have
1
gl < o2(Vd + 10g(5))

(V& + dy [log(2))(d " Tx(%) + log("f))lﬁH)
M- Mg .

<o(

And the term ||%e, || < O(ISI||IBI)-

3. Conclusion. So combining these inequalities, we have

d log(22) IS8 (d* Te(%) + log(%£)) )

e Ain(3) (1 —0(\/%+ \/bgigj))ﬁv

1Bor — Bl < O



4.8 Proof of Theorem 9

4.8 Proof of Theorem 9

Proof 8. 1. Equivalent Estimation. We get the equivalent conclusion by the following steps:

I 1< - P
LB:E) = - > L&) + 11 Bl
i=1
o 1 e T —1/2 )\ S —1/2 2
== LESTB) + 51577613
Ne 1
= L(,7B; B).

Because of the convexity of the loss function L on the B and 32 s a defined transformation

holding the convezity, we know

3 = arg min ﬁ(igmﬁ; E) = arg min L(3; E) = $2 arg min L(B;E) = 23
B 211{23 B

Moreover, we can guarantee the iterative invariance at each iteration in the Newton’s
method.
2. Affine invariance of Newton’s method. We simplify the L(3;E) as L(8) and let

B =328 and H(B) = L(S;72B). The Newton step is given by

B(t+1) _ B(t) _ (V%H(B(U))A(VB_H(B(O))
=B = (BPVRLB )R (RVL(BY))

=B = BE(VRLB) T (VLBM)).

Multiplying both sides by $52 we have

ﬁ(H—l) _ B(t) _ (Vgﬁ(ﬁ(t)))—1(V'é£(lé(f))). O



4.9 Proof of Theorem 10

4.9 Proof of Theorem 10

Proof 9. We analyze every iteration t. The sensitivity of VE(,B; é) is

~ = ~ 1 ~ - 1
_max  [|[VL(B;E) - VLB E) = _ max |- —E(y—-p)+—
(B,y)~(€,y") (B,y)~(€,y") Mg Mg

2 .
< max —|[|£]|
& TN

2y/d(1 +log(5))

U

<
Ne

The sensitivity of V2L(B; Z) is

mE

- 5 1 7=z 1 20
ax |[V2L(B; B) — VPL(B; A)||r = max || —& W€ — —E W€ || r
& =& T Ne
2 iz
< max —p(1 —p) 1€z
£ Mg

_da +log(2%))
= 27’1/{: ’

So every iteration satisfies Q/%M—GDP and the final output satisfies /2u-GDP. d

4.10 Proof of Theorem 11

~ ~ 2
Proof 10. Lemmaillustmtes that the starting value condition |[VL(B); E)|» < 2= induces
3

to the following inequality

Ce ~ — Cs ~ = 2
Sz VLB 82 < (55 1IVEBV:E)2)" + Cori, (15)
2% 27t
Cgo1+/dlog(Td/n VTd(1+log( 2
where Cpri is a constant about O(%M), o1 = %, = TOL(l —

d log(1/m) )2 A _ ny . (d(1+log(ng/m)))*?
O(\ag ¥ V75 + somieyy and L = (VA+O(Vi+ flos(2))? G = 6v3 ’



4.10 Proof of Theorem 11

_\/Td3 log(Td/n)(1+log( f )

wene i

and n > 0. Moreover, we simplify Cpri = O(Cg ). We prove Eq. by
mathematical induction: we can get the inequality when t = 1 by Eq., and then we assume

the inequality holds for some t > 1. Then, we get

Cr ~ Cr
ﬁIIVE(B““);E)II (Env.c(ﬂ(“ E)[l2)* + Cprs
L

(22) C~ - = ot 2
< ((ﬁnvcw“)m)uz) +3C,)” + Gy

(i4d 2(t+1) 3

) s Ct ~ ~
< 3 .= (2 ) )
< (g IVEBViBl) + Coni(5 +9Cpm) + Com

o(t+1)

() / Cs 5 (0),
< (55 3=
< (g IVEBBR) +3Cm,

where the inequality (i) is from ; the inequality (ii) comes from the induction; the inequality

%; and we can guarantee the inequality (iv) through con-

(t3t) follows by QCT%HVﬁ(ﬂ(t); 2|2 <
L

trolling the private sample size ng, making Cpriv < 1—18. That completes the conclusion Eq..

The inequality illustrates that

= 127
2 2 ||v£(ﬁ(T) )”2 = (5)2 +3Cp7‘i7

and when T > 15 log (lcofj) = O(loglog(n¢)), we get

G G ]
40, > — IV L (7). = S €13 _
pri = 2’_}/% || (ﬁ 5 )H2 = 2'-YL Hﬁ ﬁ“%

where the inequality (i) follows for the yi-strong convezity. Moreover, we have

8 Cso dlog (Td 77 o1y/dlog(Td/n
187 = Bl < Gy < O E2Y 1) < o/ e,
L

Ce



4.11 Proof of Theorem |ﬁ|

_ ﬁd“*bg(?%)) _ d Tog(1/n) \)2 A _ ny
o1 = S )L 7TOL(1—0(,/H—£+,/ e ) ti sy wdL = N Ty reaeh

0.

Remark 4. We remark the proof of Theorem here. Considering E(B,é) = L(B;E) and

its properties’ parameters in Lemma [g and Lemma [I0, then the rest of the proof follows the

proof of Theorem 11 in Appendiz[.10

4.11 Proof of Theorem [14]

Proof 11. 1. Privacy. The sensitivity of gradient V5L (8; E) is

5 - 5 _— 1 ~ T
_max  [VBL(BE) - BL(B;E )| = | max  —|VBL(& B) — VL€, B)|
E,y)~E"y") (&,y5)~ (€L ,yl) Mg

= max (- VE B)E — (w— V(€] BYE

(Eivyi)~ (& ,yl) e

< %max{lyz\\lﬁz\l + 6@ BIEIN

i Yi

d(1 + log( 2
_ 2y/d(1 + log(~ ))(RﬁMb/)’

= ne

where My = maz.b'(z),z € [—RB\/d(l + 1og(2Tn§)),Rg\/d(1 + log(%f))} and ||B|l2 < Rg. The

sensitivity of gradient V;ﬁ(,@; E) is

5 = 5 = 5T
max |VFL(BE) — VFL(B;E)|r =  max L \V2(ET B) - V2L(E B
(Ey)~(E,y") (&iyi)~ (s’ yi) Te

< max IIb”(& BEE! |Ir

£is

< max — |”(£L BIIE: 13
& M

i

2ne
< —d(l—i—log( " ))Mbu



%)), Ro/d(1 +10g(%))] and |Bll> < Ry

where My = maz,b"(2),z € | Rg\/d 1 +10g
24/ Td(1+log( ,,LE))(RNLM 9
= glmlg L Considering the
. 2pu— .

2/Td(1+log( :5))1\/11,//
and oy =
ung

Hence, let 01 =
T times compositions of GDP (Theorem 1), the final output satisfy v/2u—GDP.
2. Convergence. Considering the conditions and Lemma the proof is similar to the
O

proof of Theorem 11.
5 Proofs of lemmas

5.1 Proof of Corollary 1
O

Proof 12. Combining Theorem 8 and the ng union bound of Lemma [7, we get the proof.
») — d.

The second inequality is because U and L tend to 1 so that Tr(X)

—
=
- ) o

5.2 Proof of Lemma 2|

). From the assumption and Lemma [6, with

Proof 13. 1. Strong convexity of L(8
at least probability 1 —n, the L(B;E) is y=-strong convezity. Namely, the Hessian matriz

VIL(B;E) = Hs + AL = (ToAmin (S¢) +
ToAmn(2)(1— O ,/ ,/log (1/m)y YR

~(

(16)

). From the proof of Theorem 9, the loss function L(B

2. Strong convezity of L(B
E). So the Hessian matriz of L(3;E) is

is equivalent to L(X STV B
VIL(B:E) = VIL(S,B; E) = S (Hy 1z, + ADE

il]x



5.3 Proof of Lemma |§|

Due to Theorem 3, with at least probability 1 — 2n, we have

2 (Hyoryz, + ADET 2 (Todmin (2778 507) + A Ain (501))1
log(1
= L1 0 L 4[R2 S
where L = R Here, o is still the lower bound, because the transformation

(VAo +O(Vd+ flog($)))2

doesn’t change the classified accuracy of the final estimation. a

5.3 Proof of Lemma 3

Proof 14. We begin to get the Lipschitz constant of 1;(&] B). We know the Hessian matriz of
1:(&]'B) is
Vali(€l B) = pi(1 - p)&iti,

and its third-order derivative is
Vali(€8) = pi(1—pi)(1 - 2p)& @ & @ &s.
So the Lipschitz constant of Hessian matriz is

1.7 (1= p) (1 — 2, . (4]
Sgpvalz(& B) < sup [Ipi(1—pi)(1 = 2pi)[lsup (1§ ® & ® &l < :

~
O<m<% & 6\f3

N3
That illustrates C; = % and

V3L B) — Vali(&l B < CllB — B



5.4 Proof of Lemma |?|

Then, we have the Lipschitz continuity of Hessian matriz Hy is

1 1 &
IH —Hyll> = | - > V(B - e STVELE B
i=1 i=1

ng
1
<o 2 IVBL(ENB) — VBLE )2 (17
=1
<GB~ Bl
The Lipschitz continuity of the Hessian matriz Hg is proved. d

5.4 Proof of Lemma

Proof 15. For simplicity, we assume that K > 1. Since the random x; is sub-gaussian, x> is

sub-exponential, and more precisely

d d
2], = 1D @llen < D latlle, < dmax|jeflly, = dmax||z:|3,.

i=1 i=1

Then, we compute the expectation of ||x||3
E|x|3 = Ex"x = ETr(x"x) = ETr(xx" ) = Tr(Exx") = Tr(X) = Z Ai.

Reconsider the tail bound of the centered sub-exponential random, we have

ct

[l ~ ElIxB] > 1] < 2exp (~ 5,

where K = max; ||x;||y, and c is an absolute constant. O



5.5 Poof of Lemmall_Ol

5.5 Poof of Lemma 10l

Proof 16. Let s; = V,C(,B(t>;E'.) and H, = V2E(,8(t);5). The corresponding moisy gradient
and noisy Hessian used in the GDP Newton update are 8y = s; + g¢ and ﬁt = H; + Gy,
where g; and G denote the Gaussian perturbations added to the gradient and Hessian queries,
respectively. The update can be written as
B Z g0 _ {15,
We decompose it into the exact Newton step plus a perturbation:
IB(t-‘rl) _ ,B(t) + A® + th A®D — —Ht_lst,
where ﬁt = —ﬁ;lfs} + Hflst. Equivalently,
Ni=—H; (s +g0) + H; 'si = (H; ' - ﬁ;l) si—H; 'g,.
Thus N, contains both the Hessian perturbation and the gradient perturbation.
By local y-strong convezity, ||[H; |2 <~y *. Based on the assumption of ng small enough
and on the high-probability event |Gy||2 < /2, Weyl’s inequality gives

Amin(Ht) > Amin(Hy) — [|Gell2 > /2.

Hence Hﬁt_lﬂg < 2y7Y. Using the inverse perturbation identity H; " — ﬁt_l = ﬁt_thHt_l,



5.5 Poof of Lemmall_Ol

we obtain

[ Nell2 < | H; ' — H; Hl2llsellz + | H; Hl2llgell2
2 2
< S1IGel2llsellz + = lgell-
72 v

Under the induction hypothesis ||s¢||2 < min{yr,7?/Cy}, we use in particular ||s:||2 < ¥*/Ch.
Moreover, by Gaussian concentration for the noisy gradient and Hessian queries, with probability

at least 1 — O(n), uniformly over 0 <t < T, ||gc|l2 S |Gell2 S o1+/dlog(Td/n).

Therefore
~ 1 1 1 1
INt||2 S =01y dlog(Td/n) + —o1/dlog(Td/n) S | =— + = | o1/ dlog(Td/n).
Ch vy Cn vy
Define ry :=C (Cih + %) o1+\/dlog(Td/n). Then, on the same high-probability event,
INJ2 < 7.

We now control the next gradient. By Taylor’s theorem,

s = VLBY + AY + NiuB) = s+ H, (A + Nt) + Ry,

where the local C-Lipschitz continuity of the Hessian gives || Ry¢||2 < %

—~ |2
A® NtH )
2

Since A®) = folst, we have s; + H, AW = 0. Thus

St+1 = Ht]/\\ft + Rt-



5.5 Poof of Lemmall_Ol

Using || Hyll2 < By, [|Nil2 < v, and [|A® 2 < [ Hlollsell2 < 7~ [|s: ]2, we obtain

C _ 2
Isevillz < Burn + == (v Mlsella +7n)” <

2 P +O(BhTN +ChTN)

_22

Substituting the definition of rn yields

1 1 1 1\°
lsearlls < 5 sel3+0 [Bh (a*;) o dlog(Td/m}w ch(ch 7) o2dlog(Td/n)

Under the stated sample-size and privacy-noise conditions, the quadratic noise term is of smaller

order than the linear privacy term. Hence

1 1
ol < 5 lsil + 0 B (g + 1 ) o Vot

Multiplying both sides by C1,/(2v?%), we get

Ch Ch : C
rlsennll < (5 lsda) +0 |2 (14 %) or/doatrarm)

FEquivalently, keeping only the dominant privacy order, this becomes

Ch Ch 2 CnBnrowy/dlog(Td/n
sl < (il ) +o< wBrony/dlog(Td/n) )

,-YS

It remains to verify that the iterates stay in the local neighborhood. Suppose ||s¢]l2 <
min{yr,v*/Cy}. By local ~-strong convezity around ,@, this implies ||ﬂ(t) — ﬁ”g <r. Indeed, if

18 = Bll2 > 7, let B be the point on the line segment between B and BY) such that ||B— B2 =



> > ~r. By monotonicity of the gradient
along this ray, this would imply ||s¢||2 = |[VL(BY;E)||2 > vr, contradicting the assumed strict
inequality. Hence B € BT(,@).

Finally, by the sample-size condition, the privacy term satisfies

3 - 20"

o (ChBham/dlog(Td/n)> s

Consequently, the recursion preserves
[ se+1ll2 < min{yr,v*/Ch}.

Since the initialization satisfies the same bound by assumption, the claims follow by induction

uniformly for 0 <t <T.

6 Supplementary Experiments

The supplementary experiments contain the comparisons with DP-PMTRR, DP-RR and dif-
ferentially private gradient descent (DP-GD), and the other real-world experiment about DP
logistic regression. In the simulation experiments, the truncation radii and noise scales are
calibrated according to the population quantities specified by the theoretical model, and the
resulting procedures follow the stated privacy requirements. In the real-data experiments, for
the private-only baselines DP-RR and DP-LR, full-sample empirical moments are used only
as oracle approximations to the corresponding population quantities. This oracle calibration

gives these baselines favorable truncation radii and noise scales and is used solely for utility



6.1 DP Ridge Regression

benchmarking. It is not part of a claimed end-to-end differentially private implementation.

6.1 DP Ridge Regression

6.1.1 Simulations

We compare our method with DP-RR and DP-GD (DP gradient descent, |Avella-Medina et al.
(2023)) under the same privacy parameters and without regularization, varying the private data
size ng. The amount of public data is fixed: n, = 200 in the simulation setting. For DP-GD,
several tuning parameters must be specified to ensure convergence. We determine these values
through preliminary experiments. In the simulation study, we set the number of iterations

T = 1000, gradient clipping threshold ¢ = 1, and step size Ir = 0.09.

-~ DP-PMTRR Mean Error (1 = 10)
-~ DP-RR Mean Error (= 10)
— - DP-GD Mean Error (u = 10)

Figure 5: Simulations on DP-PMTRR, DP-RR and DP-GD.

Figure [5| presents the averaged errors (depicted as lines) along with their corresponding
standard deviations (represented by shaded regions). The results indicate that DP-GD exhibits
superior robustness compared to the Sufficient Statistics Perturbation (SSP) methods, where
the iterative standard deviation of DP-GD is so small that the figures cannot be displayed.
However, its performance shows limited sensitivity to the size of the private dataset. In contrast,

both DP-RR and DP-PMTRR demonstrate a clear decreasing trend in error as the amount of
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private data increases, with DP-PMTRR consistently outperforming DP-RR in terms of both
robustness and accuracy. These differences can be attributed to the algorithmic characteristics
of the respective methods. DP-GD is an iterative first-order method, where noise is injected
into the gradients at every iteration. While this allows for general robustness, the convergence
phase is particularly susceptible to noise disturb and the influence of hyperparameter tuning.
As a result, the benefit from increasing data size is limited due to the persistent noise at each
step. On the other hand, the SSP methods (including DP-RR and DP-PMTRR) are one-
shot, tuning-free, and precise procedures based on second-order information. Although these
methods introduce noise into the Hessian matrix (i.e., second-order information), whose inverse
is inherently more sensitive to noise, they provide better data efficiency, and under favorable
conditions—such as large private dataset sizes or highly ill-conditioned second-moment matrices
(as in our method), they outperform DP-GD in terms of accuracy and stability. Furthermore,
SSP methods generally involve lower tuning and computational costs compared to DP-GD.
Overall, DP-PMTRR achieves better accuracy and robustness than others, even just leveraging

a small amount of data.

6.2 Real-world Datasets

Firstly, we compare our method with DP-RR and DP-GD under the same privacy parameters
and without regularization, varying the private data size n¢. In all experiments, the amount
of public data is fixed: n, = 245 for the White-wine Quality dataset and n, = 192 for the
Combined Cycle Power Plant dataset. For DP-GD, several tuning parameters must be specified
to ensure convergence. We determine these values through preliminary experiments. In the
White-wine Quality dataset, we use T" = 1000, ¢ = 3.0, and Ir = 0.5. For the Combined Cycle

Power Plant dataset, we use T"= 1000, ¢ = 2.0, and Ir = 0.04.
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06 -~ DP-PMTRR Mean Error (4 =100) -~ DP-PMTRR Mean Error (i =15)
~~ DP-RR Mean Error (= 100) ~-~ DP-RR Mean Error (u=15)
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(a) White-wine Quality (b) Combined Cycle Power Plant

Figure 6: Real-world experiments on DP-PMTRR, DP-RR and DP-GD.

Figure |§| presents the averaged errors (depicted as lines) along with their corresponding
standard deviations (represented by shaded regions). The results in the real-world datasets are
similar to the first simulation and indicate DP-PMTRR achieves better accuracy and robustness

than others for real-world data.

6.3 DP Logistic Regression

The Banknote Authentication dataset was extracted from images that were taken for the evalu-
ation of an authentication procedure for banknotes, including 1372 samples and 4 features. we
add a column of vectors containing all 1s, so the final feature dimension is d = 5. We set aside
10% for the public dataset. All experiments are repeated 100 times, and we show the averaged
l2-norm errors between the DP and the non-DP estimations at every iteration.

Firstly, we compare the DP-LR and DP-PMTLR (our method) with different privacy
parameters p, as shown in Figure . In the Banknote Authentication dataset, we fix the
regularization parameter A = 0.01 and the probability parameter n = le — 3. The privacy
parameters is g = 10. Secondly, we explore the impact of the regularization parameter in

the real-world datasets, seeing Figure [7|(b]). We fix the private data, the public data, and the
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probability parameter n = 1le — 3. The privacy parameter is p = 10.
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Figure 7: Real experiments of DP-PMTLR and DP-LR.

Figure EI displays the averaged errors (as lines) and the standard deviations of errors

(as shaded areas). Overall, this result illustrates our method also outperforms standard DP
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logistic regression in both utility and robustness in practice. Figure shows that DP-LR
fails to converge when A = 0.005, and DP-PMTLR arrives at the best performance when
A = 0.01 (original regularization parameter). These results indicate that our method adequately
addresses the trade-off concerning regularization, and its utility and resilience exhibit minimal

dependence on the selection of .

6.4 Mismatch and High-dimension

This section explores the utility of our PMT method in DP-PMTRR when the distributions of
public data and private data are mismatched. For the concise and effective measurement of the
mismatch between the private data and public data, we adopt the eigenvalues mismatch of the

second moment as follows. The private is

e = Qdiag( M1, ..., Aa)Q ', A =k U/

The public follows the corrected mismatch path

So(r) = Qdiag( A1 ™", ..., AL QT 7€ [0,1].

Hence, X, (T)_l/zEgEu (1)7Y? = Qdiag(A\],...,A\7})Q", and the transformed population con-
dition number equals

cond{Z, (1) 282, (1) 2y = K.

Thus, 7 = 0 corresponds to exact public/private second-moment matching, while 7 = 1
means the public covariance is isotropic and no longer captures the anisotropy of ¥¢. Hence, 7

is a controllable and concise indicator used to describe the mismatches.
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6.4.1 Mismatch experiments

In this section, we set the low dimension d = 10 and x = 5 with different privacy parameters p
to evaluate our method in different mismatch levels. The private data ng = 2000 and the public
data n, = 100. We repeated the experiment 300 times and show the averaged estimation errors
HBDP — ,é“z At each repetition, we only fix X¢, Q,\;, 8%, Xa,ya for all mismatch levels 7.

Figure [§] represents the results.

Estimation error

0.0 0.2 0.4 0.6 0.8 1.0
Mismatch level T

Figure 8: Mismatch levels 7; with different parameters p

The results clearly demonstrate the impact of public/private second-moment mismatch on
the proposed PMT method. As expected, the estimation error increases when stronger privacy
protection is imposed, that is, when the Gaussian DP parameter u decreases. As the mismatch
level increases, the performance of DP-PMTRR deteriorates, and the largest errors are observed
at the most mismatched setting 7 = 1. In this case, the public second-moment matrix is close
to the identity matrix, so the public preconditioner no longer captures the anisotropic structure

of the private covariance. Consequently, the transformed private data retain nearly the same
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second-moment structure as the original private data, and the benefit of PMT is substantially
weakened.

The negative effect of mismatch becomes more pronounced under stronger privacy pro-
tection. For relatively large privacy parameters, such as p € {7,8,9,10}, the estimation error
increases only mildly as the mismatch level grows. In contrast, for smaller privacy parameters,
such as p € {5,6}, the error increases sharply once the mismatch level exceeds approximately
7 = 0.7. This suggests that PMT is robust to mild or moderate public/private mismatch when
the privacy noise is not too large, but its advantage becomes more sensitive to mismatch in the

high-privacy regime.

6.4.2 High-dimension experiments

In this section, we evaluate the performance of the proposed method in high-dimensional set-
tings. We consider covariate dimensions d € {20, 50,100}, set the condition number parameter
to k = 5, and use n,, = 500 public samples. The Gaussian differential privacy parameter is fixed
at u = 50. Although this privacy level is relatively large, it provides a practical compromise
for the high-dimensional experiments: substantially smaller values of u lead to highly unstable
estimates, especially when d = 100, and obscure the comparison of the underlying precondition-
ing effect. For the number of private samples n¢, we consider two sampling regimes in order to
evaluate both the empirical performance of the proposed method and its consistency with the
theoretical scaling,

ne = led, and ne = 100 x Vd3.

The first fixes the private data ne = led so as to evaluate the impact of the mismatch level
for the PMT method in a high-dimensional setting. The second ne = 100 x v/d? is designed to

verify our theory order O({Li:).
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Figure 9: High-dimensional experiments.

For the fixed-private-sample regime, Figure shows how the dimension affects the utility
of the proposed method under different mismatch levels. The effect of mismatch becomes more
pronounced as the dimension increases. In particular, the case d = 100 is more sensitive to the
discrepancy between the public and private second moments, and the estimation error increases
rapidly as the mismatch level becomes larger.

Figure provides two further observations. First, the empirical results are consistent
with the theoretical scaling O(\/d73/n5) After normalizing the private sample size according
to this scaling, the errors across different dimensions remain at the order of 1072. Second, the
mismatch between the public and private second moments remains an intrinsic factor affecting
the utility of PMT. Even after controlling for the dimensional effect through the sample-size
scaling, larger mismatch levels still lead to higher estimation errors. This confirms that the
effectiveness of PMT depends not only on the dimension and sample size, but also on the

representativeness of the public second-moment matrix.
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