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The online Supplementary Material includes algorithms, technical proofs, and ad-
ditional simulation studies. Specifically, it contains Algorithm 1 (debiasing procedure),
Algorithm 2 (FWER control), and Algorithm 3 (FDR control); detailed proofs of Proposi-
tion 2.1, Propositions 3.1 and 3.2, Theorems 3.1 — 3.4 and 4.1, and Corollaries 3.1 and 4.1;
additional simulation results for p = 100 under Models II-IIT and for p = 50, 200, 400 un-

der Models I — III; and a real-data example with p = 100.

S1 Related Algorithm

Algorithm 1 Debiasing Procedure for Multi-Graph Estimators

1: Input: data {x(™1}M_ . an initial estimation routine that produces ® from {x(™1}M_  and a
covariance-type estimator S(™) (default S(™) = $(m)).

: form=1,...,M do B R L
Construct the debiased estimator: oM  20(m) — g(m) g(m)glm),
Symmetrize O™ « {©(™) 4 (M)} /2.

end for _ _

: OQutput: ® = (0 ... 0(M)),
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Algorithm 2 FWER Control via Gaussian Multiplier Bootstrap
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Input: Debiased estimators {©(™1}M_ . gstandard errors {Tm.jt}mjes; estimated linear-
representation terms {121(71)}?:1 for all (m,j,1) € S; index set S with ds = |S|; sample size n;

nominal level « € (0, 1); bootstrap replicates B.
Step 1 (Studentized statistics).
for each (m,j,1) € S do
Tm,jl — \/ﬁ@yln)/?m,jl (Ho : @g;n) = 0)
end for
Thax maXm,j,1)es |Tm,jl |
Step 2 (Gaussian multiplier bootstrap for ¢;_,).
for b=1to B do
for m =1 to M do N
Generate multipliers fgb’m), o lhm) i N(0,1).
end for
for each (m,j,1) € S do

*(b n bm) (m ~
Tm(,j)l A (ﬁ Dict fz'( ) QP;}jl))/Tm,j%

en(% for b
0 max(m, jes T;(,j)l .

: end for

: €1—q < empirical (1 — «)-quantile of {T;g’,z}le.

: Step 3 (Simultaneous confidence intervals / rejection rule).
: for each (m,j,1) € S do

CI(1 = a) = [O5 & 1o Tt/ V]

: end for
: Reject Hy : @ﬁ-;n) = 0if |Ton ji| > ci—a. (Two-sided test)

sim

: Output: critical value c1_, and simultaneous CIs {CI};"; (1 — @)} (m j.1yes-

Algorithm 3 FDR Control via the Benjamini—Yekutieli (BY) Procedure
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Input: Debiased estimators {©(™}M_ . standard errors {Tm.jt}m,jpes; index set S C {(m, j,1) :
1<m< M, 1<j<l<p} with ds = |S|; sample size n; target FDR level ¢ € (0,1).
Step 1 (Compute studentized statistics and p-values).
for each (m,j,1) € S do
T i < \/ﬁ@%n)/ﬁmﬂ (Ho : @51;1) = O).
Pm g1 < 2{1 = ([T jul) }-
end for
Step 2 (Order p-values).
Sort {Dm,ji : (m,4,1) € S} increasingly to obtain p;) < --- < Pq,), and record the corresponding
indices {(m, jr, ) f;l.
Step 3 (Compute BY threshold).
Cds — Zf‘;l %
?Byemax{lgrgds: Py < dL-C%};
if the set is empty, set 7y = 0. '
Step 4 (Reject/Select edges).
Reject Hy for all indices {(my, jr, ) : 1 <r < Ty}
Output: rejection set Rpy = {(my, jr, ) : 1 <7 < Ty} (with asymptotic FDR control at level g).




S2. PROOF

S2 Proof

Proof of Proposition 2.1. Fix m and suppress the superscript (m). We know that

O — 0y =20—-050—-0y=A+(A+60) — (A+6)(V + o) (A + Op)

= A= (A+600)(VA+ VO + TA) = —0VO, — (ASeA + AV, + OVA + AVA),

where A = © — O, and V = S — Y. Thus, we complete the proof. n

Proof of Proposition 3.1. Recall O = ((:)(1), cee (:)(M)) with @0 = 20(m) _gm)$i(m)g(m)
for m =1,..., M. We focus on the m'™ component and consider the error em _ glm
relative to the true precision matrix O™ Similar to the proof of Proposition 2.1, a direct

algebraic manipulation yields

&m — gl — 9§(m _ §IMFMGm) _ gm)

*

— — QWM 4 (I SMG (B — gm) — (B — glm)meim

*

where W™ = 5(m) — $(m) and T denotes the p X p identity matrix.
By the triangle inequality and the basic matrix norm bounds || AB||max < || A||max|| B||1

and [|[ABC||max < ||A||1]|Bl|max||C||1, we obtain

8 67, < O WO+ (1~ SE) B — &),

max — max

+ /(B — e

max

~

SN [ + [T =SS

max

O — || 4 [W )|k [|O — 0™
1

1’
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where we used Assumption 3.2 to absorb ||@§<m)||1 into the implicit constant.

Taking the maximum over m =1, ..., M yields
s 80— O S s (WO 4 500 s [T S60)]
1<m<M max 1<m<M T 1<m<M max

(S1)

+ 61  nax [V ™| e

where 1$2XM||@(”7’) - @&m)Hl = 0,(0,,1) by Assumption 3.2.

By standard concentration for Gaussian (or sub-Gaussian) samples and a union bound

over m, we have

S 1
et [IW e = | e ||z<m>—z<m>||maX=0p< ng)

1<m<M 1<m<M n

Moreover, via ||AB||max < ||A|lmax||Bl|1, we obtain that

max HI . i(m)é(m)“ ~0, <5n71\/logp n \/logp +5n71> _
1<m<M max n n

Substituting these bounds into Eq. (S1) gives

~ | 1 | |
max H@(m) . @Skm)” _ Op< ogp +5n1<5n1\/ ogp i \/ ogp +5n1) 45, ng>
1<m<M max n ’ ’ n n ’ ’ n

1 1
o i ),

where in the last step we absorbed the term (572171\ / 10% into (572“1. This proves the stated

bound and completes the proof. O]

Proof of Theorem 3.1. We begin by establishing the asymptotic linear representation
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stated in part (i). Under the proof of Proposition 3.1, we know that

B _ @im) — _@mpytmeim 4 Rim).

* *

where the remainder term R is defined by

R™ = (1 g(m)@(m) (@(m) —em) — (@(m) — oMy mem,

*

According to the discussion in the proof of Proposition 3.1, we obtain uniformly in m that
1B e = O (8022 + 37, )-
Multiplying both sides by /n yields
VIR s = O, (81 /logp + 52 1/1).
By Assumption 3.4(b), we obtain that

1
01 =0 —— d 6,,= —1/4
1 O( logp) an 1 (n ),

we have

Op1v/logp =0, 62 13/n— 0.

Hence,

\/EHR(m)Hmax:Op(l), m = 1,...,M,
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which proves the asymptotic linear representation in part (i).
Then we establish the entry-wise asymptotic normality in part (ii). From the asymp-

totic linear representation in part (i), we have

B — O = — IO 4 R, VAR e =0p(1),  (52)

*

~

where W™ = £m) — 310 and M) = =137 ml(cm)(wém))T.
Define

'v,(gm) = @(m)m,im), k=1,...,n.

*

Then E(v{™ (0/™)7) = 0 sme™ = 0™ and hence,

n

(v,(cm)('v,g E{v(m) m)) }) (S3)

k=1

@&m)w(m)@im) _

S|

Taking the (j,1)™ entry in Eq. (S2) and using Eq. (S3), we obtain that

~(m m 1 m m m
8y — 00 =~ L3 Ll i) L+ RY,

where v,i’g) denotes the j'™ component of v,&m). Multiplying both sides by /n yields

\/ﬁ(@ Gin;l - \/_ng]l+\/_R] )

where we define 5,37;2 = U,Z?)U,(ﬁ) — E(v,ii?)v,(ﬁ))-
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. n .. . . .
By construction, {5,&"}2 } p—; are L.id. mean-zero random variables with variance

72 = Var(oo(m) = Var{(@im)m(m>)j(@§m>w<m>)l},

m,jl

Hence, by the classical Lindeberg—Feller (or Lyapunov) central limit theorem, we obtain

__ng]l _>N07 m]l)

On the other hand, by part (i), we have /72 || R"™ || max = 0,(1), and in particular /n R;;n) =

0p(1). Therefore, from the Slutsky’s lemma, it follows that

V(0§ — ey L N (0,72 ).

*,71

It remains to identify the explicit form of 77}, ; under the Gaussian model. Since v,(cm) ~

N(0, @fkm)), via Isserlis’ formula for Gaussian fourth moments, we have
E{ (™2 (M2 — 190m)] . 1gm) 2(1@(m) '>2 ]E( (m), (m )) — [@m)].
{(Uk,j ) (Uk,l ) } [ * ]]J[ * ]ll + ([ * ]]l ) vk] Uk:l [ * ]]l'

Thus, we have

which gives the stated variance expression and completes the proof of part (ii). O
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Proof of Proposition 3.2. Under the conditions of Theorem 3.1, according to Proposi-
tion 3.1, we have
max H@)(m) —em

1§m§M * Hmax

= 0,(1).

Therefore, for any fixed m € {1,..., M} and indices (j,),

o(m) P ~(m)
6].]- )

*,J3°

~(m) P (m ~(m) P m)
O = 6*,11)7 95-1 R @S«,jl’

Thus, by the continuous mapping theorem, we have

22 f<é(m) @l(lfn)’éxn)) LN f<@(m) @Sjlll)7@(m)> _ 2

myjl = Jj #5357 #,jl m,jlb

where f(a,b,c) = ab+c?, (a,b,c) € R®. This proves the consistency of 77, ., and completes

the proof. O

Proof of Theorem 3.2. Fix any m € {1,..., M} and index pair (j,). By Theorem 3.1,

the debiased estimator achieves the entry-wise asymptotic normality

V(85 — el (0,72,

*,71

where 7.2 ;; denotes the asymptotic variance defined therein.

Moreover, by Proposition 3.2, the plug-in estimator ?317 ;1 satisfies

~2 p 2
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Applying Slutsky’s lemma yields

5 _ gm
/e Rl N V()
Tm,jl
Consequently, for any a € (0, 1),
5m _ gm
Pr (@in;l) € CL, (1 — a)> = Pr ( \/ﬁﬂ?—l*ﬂ < zl_a/2> — Pr (|Z| < Z]__a/Q) =1-a,
m?J

where Z ~ N(0,1). This establishes the asymptotic validity of the confidence interval

ClL,, ;i(1 — a) and completes the proof. O

Proof of Corollary 3.1. The result follows directly from Theorem 3.1, Proposition 3.2,

and Slutsky’s theorem. m

Proof of Theorem 3.3. For any (m, j,1) € S, recall that

5m _ gm
gl *,51
Tnji = Vn—F—", Tnwx = max [Tl
Tm,jl (m,3,1)eS

By the definition of the simultaneous confidence intervals,

< Cl1—aTm,jl .

m,jl *,jl | — \/ﬁ

ol e CEm(1—a) =[O — o)

Thus,

Pr (@Sf?l) € CI (1 —a) for all (m, j,1) € S)
é(m) N @(W)
=Pr (( max \/ﬁM <o | =Pr(Thax < ¢1-a) -

mvjvl)es Tm,]l
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Therefore, it is equivalent to prove that
Pr(Thax < ¢1-a) — 1 — .

By the asymptotic linear representation established in Theorem 3.1, for each (m, j,1) €

S, we have

~ 1 &
(m) (m)y _ E (m) (m)
k=1

where ( mzl;m)xs\/ﬁ ‘RET)‘ = 0,(1). Therefore, T, j; can be rewritten as
m,J,l)€

7o LG VPR
" \/ﬁ 1 ?m,jl ?m,jl

Further, we rewrite 71}, j; as

n  #(m)
1 §h i
Tm»]l = T = le

+ An,mjla
\/ﬁ k=1 Tm,jl

where
A LN (L L VRR)
nmjl — kgl \ = =
\/ﬁ 1 Tm,jl Tm,jl Tm,jl
Define
n #(m)
T = max —L gk’jl
max : ’
then we have
0 0 Tm,jl \/ﬁ|R§;n) |
|Tmax — Tpae] < T+ max  |—= — 1| + max ————.
(m7j7l)e‘s Tm,]l (mvjvl)es Tm,jl
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Tm,jl 1

Tm,jl

and b, := max +/n|RU™|. Then, we have
(mjl)es J

Let a, := max
(m,j,l)es

1
0 0
|Tmax - Tmax| < aTLTmax + bn max =< :
(mujvl)es Tm,]l

By Assumption 3.2 and Proposition 3.2, we have

1
max —— = O,(1).
(mrjrl)e‘s Tm,]l

Therefore, we obtain that
|Tmax - Tr(r)lax| = Op (anTI%ax + bn)

Under the Gaussian model, the standardized variables 5,(:7;2 /Tm,ji are mean zero with
unit variance and uniformly bounded sub-exponential tails. Hence, by Bernstein’s in-

equality, for some constant ¢ > 0,

.

Because d, = |S| < Mp? and M is fixed, Assumption 3.3 implies log d, = o(n). Applying

RS

VI T

> t> < 2exp {—cmin(t’,v/nt)}.

the union bound over the d; indices in S and taking t = C'y/log ds therefore yields

T . = Op(\/log ds).

Consequently,

‘Tmax - TI?’I&X’ = Op (an V log ds + bn) .
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Next, we derive the convergence rates of a,, and b,,. By Theorem 3.1,

/1 /1
max n n ’

Since 7, ;; = ég;n)@)l(lm) + (éx”))Q and 7, ;; is uniformly bounded away from zero under

max ’(:j(m) — @im)‘
1<m<M

Assumption 3.2, it follows that

R log p log p
Iylgéjl)l( Tl — Tmojt] = Op (\/ " +0n14/ - + 5,2%1 )
/1 /1
Ap = Op ( 8P + 5n,1 o8P + 5721 1> '
n n ’

Moreover, by the proof of Theorem 3.1, we obtain that

Consequently,

b, = O, <5n,1\/@+ 5721’1\/E> .

Combining the above rates with |Tiax — To.] = O, (an\/log ds + bn) and using logd, =

O(logp) together with Assumption 3.3, we obtain that

lo
Tnax — T2l = O, (% + 0p1/logp + 5271\/5) )

1
o8P + 0n14/1ogp + 572%1\/5. Then the preceding result can be written as

NG

Let ry,0 =
| Tnax — TI(I)laxl = Op(rn,())'

Under the rate conditions of Theorem 3.3, r, o = o(1). Hence, there exists a deterministic
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sequence L,, — oo, sufficiently slowly, such that L,r,, — 0 and

Pr (|Tnax — Toax| > L) — 0.

Let (i := Ly7npo. Then ¢;, — 0, and there exists a deterministic sequence (3, — 0 such

that, for all sufficiently large n,

Pr (|Tmax o TI?IaX| > CLn) < C2,n-

Therefore, condition (14) of Chernozhukov et al. (2013) is satisfied.

Recall the Gaussian multiplier bootstrap statistic

n (m)
1 kil .
T — I ., 0) €S,
mgt = \/ﬁkzl ekTm,jz (m. 3,1)

and

Trox = max |17 4|,

B (myjes

where {e;},_, are i.i.d. standard normal random variables independent of the data.

Define the corresponding oracle multiplier bootstrap statistic by

k,l .
7][ Z j ) m,j,l)ES,

Tm,jl

and

T = max |1

max (mj1)es ,]l‘
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By the definition of a,,, we have

< O/nT* ,0

max"*

1T, — T0 | < max
(m,j,1)eS

I <& m) ( 1 1 >
_ e | = _
\/ﬁ; PRI\ Tt T

mjl : (m,j,1) € S} is a centered Gaussian vector with

n (m) \ 2
Var, (T29)) = Skt
1 n Tm,jl

k=1

Conditionally on the data, {7

conditional variances

where Var,(-) denotes the variance with respect to the Gaussian multipliers {ej}7_,, con-

£(m)
k Jl , and define
Tm,j

ditional on the observed data. For o = (m, j,l) € S, let X}, :=

A, ;= max
01,02€S

n ZXk Qle o2 (Xk,ngk,QQ) :

Since E(X} ) = 1, we have
1
Var (T)%) = =Y X3, <1+ A,

Therefore, we have

(mrgzli)}és\/are( mﬂ) <1+A,.

Under the Gaussian model, the variables X}, ,,,;; have uniformly bounded sub-exponential
tails. Thus, condition (E.1) of Chernozhukov et al. (2013) is satisfied. Together with the
dimensionality condition in Theorem 3.3, Lemma C.1 of Chernozhukov et al. (2013) yields

A, = 0,(1). Consequently,
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max Var,(T°) = O,(1).

(m.jl)eS m.jl

Hence, with probability tending to one, there exists a constant C' > 0 such that

2
Pr (T30 > t) < 2d,exp (—;—C) ,

where Pr.(-) denotes probability with respect to the Gaussian multipliers {e}7_,, con-
ditional on the observed data. Therefore, for any € > 0, there exists a sufficiently large

constant C > 0 such that

Pr (T;»gx > C/log d8> <e

with probability tending to one. Because |T%, — T*0 | < a,T*0 | it follows that

ax max max’

Pr (\T;lax — T | > Capy/log ds> <e

with probability tending to one.

By the convergence rate of a, established above and logd, = O(log p), we have

an/logds = O,(ry0).

Since (., = Ly and L,, = o0, it follows that

Cl,n

—
any/log dg

in probability. Therefore,
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Pr (|T1:1ax - TI:SX| > Cl,n) — 0

in probability. By enlarging (s, if necessary while preserving ¢,, — 0, we may further

ensure that, for all sufficiently large n,

Pr {PI‘ (’Tr;ax - Tr;7§x| > gl,n) > <2,n} < C2,n-

Hence, condition (15) of Chernozhukov et al. (2013) is satisfied.
We next verify the remaining terms in Theorem 3.2 of Chernozhukov et al. (2013).

Note that TY

ax call be represented as the maximum of a 2d,-dimensional normalized sum

with coordinates

g(m)
£ (m,j,1) € S.

Tm,jl

These variables have mean zero and unit variance, so the variance condition in Theorem 3.2
of Chernozhukov et al. (2013) is satisfied. Moreover, they have uniformly bounded sub-
exponential tails, which implies condition (E.1) of Chernozhukov et al. (2013) with B,, =
O(1).

Since log(2dsn) = O(log(pn)), Theorem 2.2 and Lemma 2.2 of Chernozhukov et al.
(2013), together with condition (E.1) and B, = O(1), imply that the Gaussian approxi-

mation error appearing in Theorem 3.2 of Chernozhukov et al. (2013) converges to zero
{log(pn)}7

n

1

under — 0. Indeed, taking v = n™ in Theorem 2.2 of Chernozhukov et al.

(2013), the resulting bound is controlled by terms of orders

n n

{M}l/g and {M}w7
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1

together with n™", all of which converge to zero under the above dimensionality condition.

Moreover, Lemma C.1 of Chernozhukov et al. (2013) gives

E(A,) = O ( /loip y {log(pnz}zlogp> '

Together with {log(pn)}”/n — 0, this bound and Markov’s inequality show that, by taking

the auxiliary tolerance in Lemma 3.2 of Chernozhukov et al. (2013) to be {log(pn)} =3,
the covariance deviation probability converges to zero. For the same choice, the quantile-
comparison bound in Lemma 3.2 of Chernozhukov et al. (2013) is of order {log(pn)}~*/3
and hence also converges to zero. Therefore, both corresponding terms in Theorem 3.2 of
Chernozhukov et al. (2013) vanish. Finally, we verify that the remaining terms involving

(1 and (o, in Theorem 3.2 of Chernozhukov et al. (2013) converge to zero.

Note that r, o > (logp)/+/n, we have

1V log (MS) — O(log(pn)).

Tn,0

It follows from the definition of 7, o that

3/2
rn,0¢1 V log (fds> =0 (% + 6,1 log(pn) + 62 nlog(pn)> =o(1).
n,0

Indeed, the first term converges to zero since {log(pn)}”/n — 0, while

0.1 log(pn) = {(572,”1 nlog(pn)}l/2 {M}Wl = o(1),

n

and the last term converges to zero by 53171\/n10g(pn) — 0. Therefore, the sequence L,
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introduced above can be chosen sufficiently slowly such that

2d
Lyrno \/1 V log ( ) — 0.
Tn,O

Such a choice also guarantees L, 1, o — 0, as required above, because the square-root factor

is at least one. Moreover, since L,, > 1 for all sufficiently large n, i, = Ly7Tno > T,

2d, 2d
log < log .
Cl,n 7’n,O
2 2
Cl,n\/l V log ( d5> < Lnrn70¢1 V log ( ds) — 0.
gl,n Tn,0

Together with (y, — 0, this yields

9
gl,n\/1 V log (Ci) + Co — 0.
1,n

Hence, all the error terms in Theorem 3.2 of Chernozhukov et al. (2013) converge to zero.

and hence

Consequently,

Let ¢1_, = inf {t ER:Pr(T}, . <t)>1-— a}. Applying Theorem 3.2 of Cher-

max

nozhukov et al. (2013) with dimension 2d,, we obtain

sup |Pr(Thmax < ¢1-a) — (1 —a)| — 0.
a€e(0,1)

Therefore,

Pr <@(m) € CI¥™ (1 — a) for all (m, j,1) € S) =Pr(Thax < ¢1-a) — 1 — .

*,71 m,jl



S2. PROOF

Thus, we complete the proof.

]

Proof of Theorem 3.4. We first show that the Gaussian-based p-values {Dpm.ji }(m.j.1emo
are asymptotically uniform under the null hypotheses, and then invoke the Benjamini—
Yekutieli (BY) procedure to obtain asymptotic FDR control.

Fix any (m, j,l) € Ho. By Theorem 3.1 and the consistency of 7, j; established in

Proposition 3.2, we have

5mgm
S el 4 A7(0,1) under Hy : ©) =

7—m,jl

Tm,jl = \/ﬁ

*, 50 T
Consequently, for any fixed ¢ € (0, 1),

Pr (gt < 1) = Pr (2{1 = (| T)} < ¢)
sz(u%ﬂ|z¢—%1—@@»

=t+o(1),

where the remainder term o(1) is uniform over all (m, j,1) € Hy under the conditions of
Theorem 3.1. In particular,

sup {Pr (ﬁsz < t) — t} — 0, (m,j,1) € Ho,
te(0,1) +

which implies that the null p-values are asymptotically uniform, or equivalently, stochas-
tically dominated by the Uniform(0, 1) distribution.

Let p1y < -+ < pa,) be the ordered p-values with associated index triples (my., jr, ;).
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Recall the BY thresholds ¢, = - %, Cq, = Zf; %, and the data-dependent cutoff rgy =
max {1 <r<ds: ppy < tr}, with the convention that rgy = 0 if the set is empty. The
BY procedure rejects all hypotheses with indices (m.., j,, ) for 1 <r <7gy.

Combining this asymptotic uniformity with the Theorem 1.2 and 1.3 of Benjamini and

Yekutielli (2001), which establishes FDR control for the step-up procedure with thresholds

t, = & -L under arbitrary dependence, we obtain

s

limsup FDR < gq.

n—oo

This completes the proof. n

Proof of Theorem 4.1. We start from the asymptotic linear representation in Theo-

rem 3.1. For each m = 1,..., M and fixed (j,[), we have
V(65 7)) = wa +0,(1 (54)

where

Skgl vkg)vl(cl) _E {/UIE:V?)/UI(@I)} : vl(cm) _ @)(km)wl(:n)’

and the remainder term o,(1) is uniform in m.
Let

&= (B85, @u— (6.0l

gl o » gl

For any fixed contrast vector ¢ € RM with ||e||y = 1, the contrast-based error can be
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written as
M
CT( *Jl Zcm @(m - *W;l))
m=1
Multiplying Eq. (S4) by ¢, and summing over m = 1,..., M gives

M

Vi{e 8- @) = > envn(8 - 6)

m=1
chmfkﬂ + 0p(1).

klml

Define ¢ ji(c) = oM e 5,&??, k=1,...,n. Then {( i(c)}}_, are i.i.d. mean-zero ran-
dom variables with variance

Var{{ ji(c)} = CTEﬂC,
where 3, = Cov <v§€3v,(€l), vé{‘?vé{‘?) .

Via the Lindeberg-Feller (or Lyapunov) central limit theorem, we obtain that

ZCk]l —)N 0 C E]lc)

Therefore,

n

1
ﬁ ngl(C) + 0p(1) i> N(O, CTEle).
k=1

\/ﬁ{cTéjl — cT('-)*Jl} = —

This proves the theorem. O]

Proof of Corollary 4.1. Consider two graphs m; # msy and the null hypothesis

Hy: 0" =0,

*,90 T *,71
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Define the contrast vector

where the nonzero entries +1/v/2 and —1/+/2 correspond to graphs m; and ms, respec-

tively. Then
1 M 1 m m
Ajp(e)=c'(8l),...,0l)) = E(@i,ﬂl) -ol).

1) — ©0"2) and hence Ajy(e) = 0.

*,71 *,71

Under H, we have ©

By Theorem 4.1, it follows that

_ é(;m) . é(;rlz) 4
\/ﬁCTGJ’l = \/ﬁ# — N(OJJZ‘J(C));

where 0%(c) = ¢ 3jc.

Under ¢ = \/ig (O, B R T 7O)T,the corresponding asymptotic variance sim-

plifies to 0% (¢c) = (72, 1 + Tm,.1)» and by Proposition 3.2,

m

(72 i+ Ty i) = a5i(c).

N | —

8]2'1(m17 m2> =

Define the test statistic
é(m1) B é(mg)
T](lml’m?) o L L

Combining the above asymptotic normality with the consistency of 7;;(my, ms) and

applying Slutsky’s theorem, we obtain that

Timem2) 4 A7(0,1) under Ho.

jl
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Therefore, a level-a two-sided test rejects Hy whenever

(m1,m2)
|T'jl ‘ > Zl—a/27
which completes the proof. n
S3 More Simulation Results
S3.1 p=50, Model I
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Figure S1: Empirical distributions of debiased statistics for signal edges.



ZHENG ET AL.

Empirical Quantiles

Empirical Quantiles

Density

Density

JESM Debiased (Signal)

< 4 y
~ -
o
& 4
YA
T T T T T
-4 -2 0 2 4

Theoretical Quantiles

Nodewise Debiased (Signal)

<+ - o
~
o
!\ll_
T4 4
T T T T T
-4 -2 0 2 4

Theoretical Quantiles

Empirical Quantiles

Empirical Quantiles

GGL Debiased (Signal)

Theoretical Quantiles

Clime Debiased (Signal)

T T T T T T T
6 -4 -2 0 2 4 6

Theoretical Quantiles

Empirical Quantiles

Empirical Quantiles

FGL Debiased (Signal)

T 1T T T
4 2 0 2 4

Theoretical Quantiles

Glasso Debiased (Signal)

Theoretical Quantiles

Figure S2: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S3: Empirical distributions of debiased statistics for null edges.
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Figure S4: Quantile-quantile plots of debiased statistics for null edges.

p=50, Model II
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Figure S5: Empirical distributions of debiased statistics for signal edges.
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Figure S6: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S7: Empirical distributions of debiased statistics for null edges.
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Figure S8: Quantile-quantile plots of debiased statistics for null edges.

p=>50, Model III
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Figure S9: Empirical distributions of debiased statistics for signal edges.



ZHENG ET AL.

Empirical Quantiles

Empirical Quantiles

Density

Density

JESM Debiased (Signal) GGL Debiased (Signal) FGL Debiased (Signal)
2 ]
7 = a E v
s s )
~ g N9 T ~
o - o o - o o -
™ ©
o L o QO
) = s 7
= S
¥ E v g Y1
T T T T T w T T T T T w T T T T T
-4 2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles
Nodewise Debiased (Signal) Clime Debiased (Signal) Glasso Debiased (Signal)
0 »
< 2 ¢ =
~ s S -
o - 4 o - c o
© ©
o 2 o L 7
= T
¥ 7 E ¥ E © oo
T T T T T w T T T T T T w T T T T
-4 2 0 2 4 -6 -4 2 0 2 4 6 -4 2 0 2 4

03 04

0.2

0.1

0.0

01 02 03 04

0.0

Theoretical Quantiles Theoretical Quantiles Theoretical Quantiles

Figure S10: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S11: Empirical distributions of debiased statistics for null edges.
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Figure S12: Quantile-quantile plots of debiased statistics for null edges.

S3.4 p=100, Model II
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Figure S13: Empirical distributions of debiased statistics for signal edges.



ZHENG ET AL.

Empirical Quantiles

Empirical Quantiles

Density

Density

Nodewise Debiased (Signal)

01 02 03 04

0.0

01 02 03 04

0.0

JESM Debiased (Signal)

/
4 2 0 2 4

Theoretical Quantiles

T T T T T
-4 -2 0 2 4

Theoretical Quantiles

Empirical Quantiles

Empirical Quantiles

GGL Debiased (Signal)

Theoretical Quantiles

Clime Debiased (Signal)

T T T T T T T
6 -4 -2 0 2 4 6

Theoretical Quantiles

Empirical Quantiles

Empirical Quantiles

FGL Debiased (Signal)

T 1T T T
4 2 0 2 4

Theoretical Quantiles

Glasso Debiased (Signal)

Theoretical Quantiles

Figure S14: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S15: Empirical distributions of debiased statistics for null edges.
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Figure S16: Quantile-quantile plots of debiased statistics for null edges.

p=100, Model III
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Figure S17: Empirical distributions of debiased statistics for signal edges.
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Figure S18: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S19: Empirical distributions of debiased statistics for null edges.
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Figure S20: Quantile-quantile plots of debiased statistics for null edges.

S3.6 p=200, Model I
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Figure S21: Empirical distributions of debiased statistics for signal edges.
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Figure S22: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S23: Empirical distributions of debiased statistics for null edges.
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Figure S24: Quantile-quantile plots of debiased statistics for null edges.

S3.7 p=200, Model II
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Figure S25: Empirical distributions of debiased statistics for signal edges.
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Figure S26: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S27: Empirical distributions of debiased statistics for null edges.
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Figure S28: Quantile-quantile plots of debiased statistics for null edges.

S3.8 p=200, Model III
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Figure S29: Empirical distributions of debiased statistics for signal edges.
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Figure S30: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S31: Empirical distributions of debiased statistics for null edges.
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Figure S32: Quantile-quantile plots of debiased statistics for null edges.

S3.9 p=400, Model I
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Figure S33: Empirical distributions of debiased statistics for signal edges.
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Figure S34: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S35: Empirical distributions of debiased statistics for null edges.
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Figure S36: Quantile-quantile plots of debiased statistics for null edges.

S3.10 p=400, Model II
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Figure S37: Empirical distributions of debiased statistics for signal edges.
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Figure S38: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S39: Empirical distributions of debiased statistics for null edges.
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Figure S40: Quantile-quantile plots of debiased statistics for null edges.

S3.11 p=400, Model III
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Figure S41: Empirical distributions of debiased statistics for signal edges.
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Figure S42: Quantile-quantile plots of debiased statistics for signal edges.
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Figure S43: Empirical distributions of debiased statistics for null edges.
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Figure S44: Quantile-quantile plots of debiased statistics for null edges.
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S4 Additional Real-Data Results
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Figure S45: Visualization of WebKB data: Debiased edge discoveries with FDR control at level ¢ = 0.1

under p = 100.

k k k k k
Category k i q ES 1B By B, | Bl
Student 1625 0.1 400 474 192 208 282
Faculty 1116 0.1 605 217 152 453 65
Course 926 0.1 687 128 115 572 13
Project 501 0.1 516 72 69 447 3

Table S1: Summary of WebKB data: Debiased edge inference with FDR control at level ¢ = 0.1 under

p = 100.
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