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Section S1 presents Central Limit Theorems (CLTs) for linear spectral statistics (LSS) involving

matrix pairs under non-i.i.d. cases (Lemmas 1–2). Section S1.2 derives the cross-covariance

formula (S1.4), and Section S1.3 establishes the simplified covariance structure under the shared-

component dominance condition. Section S2 provides detailed calculations for Scenarios 1–3

of Example 1. For H(x) = 1
3
δ{3σ2} + 1

3
δ{2σ2} + 1

3
δ{σ2} and f0(x) = x, Section S3 derives the

limiting mean and variance of the empirical spectral process. Section S4 of the main manuscript

contains the proofs of Lemma 2 and Theorems 2–3. Section S5 provides Algorithms 1–2 for

estimating the shrinkage coefficient γr and scaling parameter ς2r (Corollary 1), with the proof of

Theorem 3 deferred to Section S6. Section S7 reports additional numerical results: Scenarios 1–

3 for Models 1–2 (Section S7.1) and Model 3 (Section S7.2). Section S8 details supplementary

facial database experiments: empirical support for multi-population heterogeneity (Section S8.1)

and further FERET dataset analysis (Section S8.2).
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S1 CLT for Linear Combinations of LSS under Non-

i.i.d. Cases

S1.1 Auxiliary Lemmas

For Case 1, consider sample covariance matrices S
(r)
j and S

(u)
i for any

r ̸= u ∈ [1 : τ ], j ∈ [1 : hr], and i ∈ [1 : hu]. Utilizing the contour in-

tegral representations in Jiang (2023), Lemma 1 establishes the Gaussian

convergence for linear combinations of their empirical processes {Q(r)
n (f)}j

and {Q(u)
n (g)}i. We first outline the required RMT regularity assumptions.

Assumption 1. For each r ∈ [1 : τ ] and j ∈ [1 : hr], the entries {x(r)jkt :

k ∈ [1 : p], t ∈ [1 : n]} of X(r)
j are i.i.d. with E(x(r)j11) = 0, E|x(r)j11|2 = 1, and

supn E|x
(r)
j11|4 <∞. For complex-valued variables, assume E{(x(r)j11)

2} = 0.

Assumption 2. For each r ∈ [1 : τ ], all ℓ,m ∈ [1 : hr], and all t ∈ [1 :

n], assume Ex(r)
0t = Eε(r)ℓt = 0, Ex(r)

0t (x
(r)
0t )

⊤ = ρrIp, Eε(r)ℓt (ε
(r)
mt)

⊤ = (1 −

ρr)Ip1{ℓ=m}, Ex(r)
0t (ε

(r)
ℓt )

⊤ = 0, where ρr ∈ [0, 1], and {(x(r)0kt, ε
(r)
1kt, . . . , ε

(r)
hrkt

) :

k ∈ [1 : p], t ∈ [1 : n]} are independent across the pairs (k, t).

Assumption 3. For each r ∈ [1 : τ ], Tr := (Σ(r))1/2 is deterministic with

supp ∥Tr∥ <∞, and the ESD H
(r)
n of Σ(r) converges weakly to a probability

distribution H(r).
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Lemma 1. Suppose Assumptions 1–3 hold and p/n = cn → c ∈ (0,∞).

Consider Case 1 for the analytic functions f, g ∈ A. Then the random

variables {Q(r)
n (f)}j and {Q(u)

n (g)}i both converge weakly to the Gaussian

distribution with means µ
(r)
f , µ

(u)
g and covariance functions ν

(r)
f , ν

(u)
g , respec-

tively. By the additivity of Gaussian variables,

{Q(r)
n (f)}j + {Q(u)

n (g)}i ⇒ N (µ
(r,u)
f,g , ν

(r,u)
f,g ),

where the symbol ⇒ denotes convergence in distribution,

µ
(r,u)
f,g := µ

(r)
f + µ(u)

g , ν
(r,u)
f,g := ν

(r)
f + ν(u)g ,

and the mean and covariance functions can be calculated by following:

µ
(r)
f =− q

2πi

∮
C
f(z)

c
∫
sr(z)3x2{1 + xsr(z)}−3dH(r)(x)

[1− c
∫
sr(z)2x2{1 + xsr(z)}−2dH(r)(x)]2

(dz) (S1.1)

− β(r)c

2πi

∮
C
f(z)

sr(z)3
∫
x{1 + xsr(z)}−1dH(r)(x)

∫
{1 + xsr(z)}−2dH(r)(x)

1− c
∫
sr(z)2x2{1 + xsr(z)}−2dH(r)(x)

(dz),

ν
(r)
f =− q + 1

4π2

∮
C1

∮
C2

f(z1)f(z2)

{sr(z1)− sr(z2)}2
dsr(z1)ds

r(z2) (S1.2)

− β(r)c

4π2

∮
C1

∮
C2
f(z1)f(z2)

∫
xdH(r)(x)

{1 + xsr(z1)}2
xdH(r)(x)

{1 + xsr(z2)}2
dsr(z1)ds

r(z2)

and µ
(u)
f , ν

(u)
f are the analogues of µ

(r)
f , ν

(r)
f . Here β(r) = E|x(r)jki|4 − q − 2,

where q = 1 for the real case and q = 0 for the complex case. Let sr(z) be

the stieltjes transform of F c,H(r)
, and sr ≡ s

F c,H(r) be the stieltjes transform

of F c,H(r) ≡ (1− c)I[0,∞) + cF c,H(r)
.
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We now focus on the theoretical results pertaining to Case 2. For the rth

row-population Σ(r), consider two sample covariance matrices S
(r)
j and S

(r)
i

for any i ̸= j ∈ [1 : hr]. To facilitate the covariance calculations between

{Q(r)
n (f)}j and {Q(r)

n (f)}i under this within-population dependence, we

impose Assumption 4, analogous to condition (5) in Bai et al. (2007), and

establish Lemma 2.

Assumption 4. For each r ∈ [1 : τ ], assume that max1≤k≤p supz

∣∣e⊤k {Ip +
s(r)(z)Σ(r)}−1ek −

∫
{1 + s(r)(z)x}−1 dH

(r)
n (x)

∣∣ → 0, where ek denotes the

kth standard basis vector for k ∈ [1 : p].

Lemma 2. Suppose Assumptions 1–4 hold and p/n = cn → c ∈ (0,∞).

Consider Case 2 and, based on the above Lemma 1, {Q(r)
n (f)}j and {Q(r)

n (f)}i

both converge weakly to the same Gaussian distribution with mean µ
(r)
f and

covariance function ν
(r)
f . By the additivity of Gaussian variables,

{Q(r)
n (f)}j + {Q(r)

n (f)}i ⇒ N (µ
(r)
fji
, ν

(r)
fji
),

where

µ
(r)
fji

:= 2µ
(r)
f , ν

(r)
fji

:= 2ν
(r)
f + 2ν

(r)
Cov fji

.

Here, µ
(r)
f and ν

(r)
f are the same as those defined in (S1.1) and (S1.2).

Moreover, the calculations of the covariance ν
(r)
Cov fji

fluctuate based on the
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specific correlation structure considered, where

ν
(r)
Cov fji

= Cov
(
{Q(r)

n (f)}j, {Q(r)
n (f)}i

)
(S1.3)

= − 1

4π2

∮
C1

∮
C2
f(z1)f(z2)∂z1∂z2 Cov

(
Ξ
(r)
n,j(z1),Ξ

(r)
n,i(z2)

)
dz1dz2,

where Ξ
(r)
n,j(z1) = tr(S

(r)
j − z1I)−1 − psr(z1), and Ξ

(r)
n,i(z2) is defined analo-

gously. By leveraging the correlation exhibited between sample matrices X
(r)
i

and X
(r)
j from the identical population, the covariance can be calculated by

ν
(r)
Cov fji

= ν
(r)
f,ρ + o(1), (S1.4)

where the cross-covariance in Case 2 is

ν
(r)
f,ρ = −

q + 1

4π2

∮
C1

∮
C2
f(z1)f(z2)

∂2

∂z1∂z2

[
− log

{
1− ρ2rc s(r)(z1)s(r)(z2)

×
∫

x2 dH(r)(x)

{1 + xs(r)(z1)}{1 + xs(r)(z2)}
}]

dz1dz2 (S1.5)

− β
(r)
ρ c

4π2

∮
C1

∮
C2
f(z1)f(z2)

∫
x dH(r)(x)

{1 + xs(r)(z1)}2

∫
x dH(r)(x)

{1 + xs(r)(z2)}2
ds(r)(z1) ds

(r)(z2).

Here β
(r)
ρ = E{(x(r)jkt)

2(x
(r)
ikt)

2} − 1− (q + 1)ρ2r for t ∈ [1 : n] and k ∈ [1 : p],

where q = 1 for the real case and q = 0 for the complex case. Moreover, the

detailed proof of (S1.4) is provided in Section S1.2. The explicit expression

of the limiting kernel obtained from the first logarithmic term in ν
(r)
f,ρ is given

in (S1.66).

Remark 1. Even without Assumption 4, explicit formulas can be derived

for special cases. Under diagonal loading, the first terms in (S1.2) and (S1.5)
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remain unchanged, while for finite β(r) and β
(r)
ρ , the contour integrals in the

second terms are replaced by∮
C1

∮
C2
f(z1)f(z2)

∫
x2 dH(r)(x)

{1 + xs(r)(z1)}2{1 + xs(r)(z2)}2
ds(r)(z1) ds

(r)(z2).

Remark 2. When reducing to the special case of shared-component dom-

inance, the cross-covariance term admits a simplified asymptotic represen-

tation: ν
(r)
Cov fji = ν

(r)
f + o(1). A derivation of this result is provided in

Section S1.3.

S1.2 Proof of the Cross-covariance Formula (S1.4)

Fix the rth row-population Σ(r) = TrT
⊤
r with Tr := (Σ(r))1/2, and take

two distinct row indices i ̸= j ∈ [1 : hr]. Let

X
(r)
j = (x

(r)
j1 , . . . ,x

(r)
jn ), X

(r)
i = (x

(r)
i1 , . . . ,x

(r)
in ),

where x
(r)
jt ,x

(r)
it ∈ Rp for all t ∈ [1 : n]. In Case 2, the two row-sample

matrices share the same marginal distribution but may be dependent within

the same row-population. Specifically, by Assumption 2, we have

E{x(r)
jt (x

(r)
jt )

∗} = E{x(r)
it (x

(r)
it )

∗} = Ip, E{x(r)
jt (x

(r)
it )

∗} = ρrIp.

where ∗ denotes transpose in the real case and conjugate transpose in the

complex case. Thus the within-population dependence enters the proof

through the cross-covariance coefficient ρr ∈ [0, 1]. Let q = 1 in the real case

6



and q = 0 in the complex case. For the complex case, we further assume

E{(x(r)jkt)
2} = 0, E{x(r)jktx

(r)
ikt} = 0. The diagonal cross fourth-cumulant is

defined by

β(r)
ρ =


E{(x(r)jkt)

2(x
(r)
ikt)

2} − 1− 2ρ2r, in the real case,

E{|x(r)jkt|
2|x(r)ikt|

2} − 1− ρ2r, in the complex case.

Here β
(r)
ρ is assumed to be common across all k ∈ [1 : p] and t ∈ [1 : n]

within the rth row-population.

This dependence enters the proof through the mixed covariance of the

corresponding quadratic forms. The proof proceeds with the uncentered

covariance representations

S
(r)
j =

1

n
TrX

(r)
j (X

(r)
j )⊤T⊤

r , S
(r)
i =

1

n
TrX

(r)
i (X

(r)
i )⊤T⊤

r . (S1.6)

For z = u+ iv ∈ C+ with v > 0, denote

D
(r)
j (z) = S

(r)
j − zIp, D

(r)
i (z) = S

(r)
i − zIp. (S1.7)

Since S
(r)
j and S

(r)
i are real symmetric, the spectral theorem gives

∥∥{D(r)
j (z)}−1

∥∥ = max
1≤k≤p

1

|λk(S(r)
j )− z|

≤ 1

|ℑz|
.

The same bound holds for {D(r)
i (z)}−1. And the corresponding resolvent

traces are

Ξ
(r)
n,j(z) = tr{D(r)

j (z)}−1 − ps(r)(z), Ξ(r)
n,i(z) = tr{D(r)

i (z)}−1 − ps(r)(z).

(S1.8)
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The proof follows the martingale decomposition of resolvent traces used by

Bai and Silverstein (2010) for linear spectral statistics. It is organized into

three steps: Step 1 establishes the mixed quadratic-form covariance identity,

Step 2 reduces the resolvent-trace covariance to martingale differences, and

Step 3 identifies the limiting covariance through deterministic equivalents

and Cauchy’s integral representation.

Step 1. Mixed quadratic-form covariance.

We derive the mixed quadratic-form identity under non-i.i.d. cases, serving

as the cross-sample analogue of the quadratic-form covariance identity in

Bai and Silverstein (2010, Equation (9.8.6)). Fix distinct indices i, j ∈

[1 : hr]. For the real case, let A = (Aab) and B = (Bcd) be deterministic

matrices with uniformly bounded spectral norms. Substituting the sum

expansions of the quadratic forms and traces directly into the covariance

yields

E
[
{(x(r)

jt )
⊤Ax

(r)
jt − trA}{(x(r)

it )
⊤Bx

(r)
it − trB}

]
= E

[{ p∑
a,b=1

Aabx
(r)
jatx

(r)
jbt −

p∑
a=1

Aaa

}{ p∑
c,d=1

Bcdx
(r)
ictx

(r)
idt −

p∑
c=1

Bcc

}]
=

p∑
a,b,c,d=1

AabBcdE{x(r)jatx
(r)
jbtx

(r)
ictx

(r)
idt} −

p∑
a,c=1

AaaBcc. (S1.9)

We then evaluate the mixed fourth moment based on the possible coin-

cidences among a, b, c, d. By the independence of coordinate triples across k
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and the zero-mean condition, non-vanishing terms require indices to appear

in pairs or as a quadruplet:

(a) If a = b, c = d, and a ̸= c, then E{(x(r)jat)
2}E{(x(r)ict )

2} = 1, contributing∑
a̸=cAaaBcc.

(b) If a = c, b = d, and a ̸= b, independence yields E{x(r)jatx
(r)
iat}E{x

(r)
jbtx

(r)
ibt} =

ρ2r, contributing ρ
2
r

∑
a̸=bAabBab.

(c) If a = d, b = c, and a ̸= b, similarly, the moment evaluates to ρ2r, con-

tributing ρ2r
∑

a̸=bAabBba.

(d) For the fully diagonal case a = b = c = d = k, the moment is

1 + 2ρ2r + β
(r)
ρ , which contributes

∑p
k=1AkkBkk{1 + 2ρ2r + β

(r)
ρ }.

All other configurations vanish. Then, summing these non-vanishing contri-

butions and subtracting the centering term
∑p

a,c=1AaaBcc =
∑

a̸=cAaaBcc+∑p
k=1AkkBkk, the (S1.9) simplifies to

ρ2r tr(AB⊤) + ρ2r tr(AB) + β(r)
ρ

p∑
k=1

AkkBkk.

In particular, ifA andB are symmetric, we have tr(AB⊤) = tr(AB), which

further reduces the identity to

2ρ2r tr(AB) + β(r)
ρ

p∑
k=1

AkkBkk.

For the complex case, expanding the covariance leads to analogous coinci-

dences among E{x(r)jatx
(r)
jbtx

(r)
ictx

(r)
idt}:
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(a) The configuration where a = b, c = d, and a ̸= c yields 1, which is

exactly cancelled by the centering term.

(b) The case a = d, b = c, and a ̸= b yields E{x(r)jatx
(r)
iat}E{x

(r)
jbtx

(r)
ibt} = ρ2r,

contributing ρ2r tr(AB).

(c) The case a = c, b = d, and a ̸= b involves pseudo-covariances (e.g.,

E{x(r)jatx
(r)
iat}) that vanish by the complex condition.

(d) The fully diagonal case a = b = c = d = k yields 1 + ρ2r + β
(r)
ρ , where

the 1 is again cancelled by the centering term.

Thus, the complex covariance is ρ2r tr(AB) + β
(r)
ρ

∑p
k=1AkkBkk.

Consequently, in the present application where the real case involves de-

terministic symmetric matrices and the complex case satisfies the vanishing

pseudo-covariance condition, the above two identities unify as

E
[{

(x
(r)
jt )

∗Ax
(r)
jt − trA

}{
(x

(r)
it )

∗Bx
(r)
it − trB

}]
= (q + 1)ρ2r tr(AB) + β(r)

ρ

p∑
k=1

AkkBkk.

(S1.10)

where q = 1 in the real case and q = 0 in the complex case.

Step 2. Martingale decomposition of resolvent traces.

Following the notation in the proof of Bai and Silverstein (2010, Theorem

9.10), define

r
(r,j)
t = n−1/2Trx

(r)
jt , r

(r,i)
t = n−1/2Trx

(r)
it . (S1.11)
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Then

S
(r)
j =

n∑
t=1

r
(r,j)
t (r

(r,j)
t )⊤, S

(r)
i =

n∑
t=1

r
(r,i)
t (r

(r,i)
t )⊤.

Let

D
(r)
j,t (z) = D

(r)
j (z)− r

(r,j)
t (r

(r,j)
t )⊤, D

(r)
i,t (z) = D

(r)
i (z)− r

(r,i)
t (r

(r,i)
t )⊤.

(S1.12)

Throughout the proof, K denotes a positive constant independent of n, t, z,

whose value may vary from line to line. Since the contours are bounded

away from the real axis, there exists v0 > 0 such that |ℑz| ≥ v0 for all

z ∈ C. Hence, by the spectral theorem,

∥∥{D(r)
j,t (z)}−1

∥∥+ ∥∥{D(r)
i,t (z)}−1

∥∥ ≤ K

uniformly in tand z ∈ C. By the Sherman–Morrison rank-one perturbation

formula, we obtain

{D(r)
j (z)}−1 = {D(r)

j,t (z)}−1 − ϑ(r,j)
t (z){D(r)

j,t (z)}−1r
(r,j)
t (r

(r,j)
t )⊤{D(r)

j,t (z)}−1,

where

ϑ
(r,j)
t (z) =

[
1 + (r

(r,j)
t )⊤{D(r)

j,t (z)}−1r
(r,j)
t

]−1
.

Taking traces and differentiating with respect to z, we obtain

tr{D(r)
j (z)}−1 − tr{D(r)

j,t (z)}−1 =
∂

∂z
log ϑ

(r,j)
t (z). (S1.13)
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The same identity holds with j replaced by i. Let

Ft = σ
{
(x

(r)
jℓ ,x

(r)
iℓ ) : 1 ≤ ℓ ≤ t

}
, Et(·) = E(· | Ft). (S1.14)

Since the column pairs are independent over t, and D
(r)
j,t (z) does not contain

the tth column-pair, we have

(Et − Et−1) tr{D(r)
j,t (z)}−1 = 0.

Therefore, by (S1.13),

(Et − Et−1) tr{D(r)
j (z)}−1 =

∂

∂z
(Et − Et−1) log ϑ

(r,j)
t (z). (S1.15)

Set

M
(r),1
n,j (z) = tr{D(r)

j (z)}−1 − E tr{D(r)
j (z)}−1.

The martingale decomposition gives

M
(r),1
n,j (z) =

n∑
t=1

(Et − Et−1) tr{D(r)
j (z)}−1.

Consequently, recall (S1.8). Since ps(r)(z) is deterministic, we have

Cov
(
Ξ
(r)
n,j(z1),Ξ

(r)
n,i(z2)

)
= Cov

(
tr{D(r)

j (z1)}−1, tr{D(r)
i (z2)}−1

)
= E

[{ n∑
t=1

(Et − Et−1) tr{D(r)
j (z1)}−1

}{ n∑
s=1

(Es − Es−1) tr{D(r)
i (z2)}−1

}]
=

n∑
t=1

n∑
s=1

E
[
(Et − Et−1) tr{D(r)

j (z1)}−1 (Es − Es−1) tr{D(r)
i (z2)}−1

]
=

n∑
t=1

E
[
(Et − Et−1) tr{D(r)

j (z1)}−1 (Et − Et−1) tr{D(r)
i (z2)}−1

]
. (S1.16)
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Define

b̃
(r,j)
t (z) =

[
1 +

1

n
tr
{
T⊤

r {D
(r)
j,t (z)}−1Tr

}]−1

(S1.17)

and

b
(r,j)
t (z) =

[
1 +

1

n
E tr

{
T⊤

r {D
(r)
j,t (z)}−1Tr

}]−1

. (S1.18)

Moreover, since S
(r)
j,t and Σ(r) are nonnegative definite, for z = u+iv ∈ C+,

each of ϑ
(r,j)
t (z), b̃

(r,j)
t (z), and b

(r,j)
t (z) is bounded in absolute value by|z|/v.

The same bounds hold with j replaced by i.

Since the two row samples have the same marginal distribution, recall

Bai and Silverstein (2010, Equation (9.9.20)),

b
(r,j)
t (z) = b

(r,i)
t (z) = −zs(r)(z) + o(1)

uniformly for z on the contours. Define

η
(r,j)
t (z) = (r

(r,j)
t )⊤{D(r)

j,t (z)}−1r
(r,j)
t − 1

n
tr
{
T⊤

r {D
(r)
j,t (z)}−1Tr

}
(S1.19)

=
1

n

[
(x

(r)
jt )

⊤T⊤
r {D

(r)
j,t (z)}−1Trx

(r)
jt − tr

{
T⊤

r {D
(r)
j,t (z)}−1Tr

}]
.

Define η
(r,i)
t (z) similarly. By the quadratic-form moment estimates used in

the proof of Bai and Silverstein (2010, Theorem 9.10), uniformly for z on

the contours,

E|η(r,j)t (z)|2 ≤ Kn−1, E|η(r,j)t (z)|4 ≤ Kn−2. (S1.20)

Moreover, since

∂

∂z
{D(r)

j,t (z)}−1 = {D(r)
j,t (z)}−2,
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the same argument gives

E
∣∣∣ ∂
∂z
η
(r,j)
t (z)

∣∣∣2 ≤ Kn−1, E
∣∣∣ ∂
∂z
η
(r,j)
t (z)

∣∣∣4 ≤ Kn−2. (S1.21)

The same bounds hold with j replaced by i. By the definitions of b̃
(r,j)
t (z)

in (S1.17) and η
(r,j)
t (z) in (S1.19),

ϑ
(r,j)
t (z) =

[
1 + (r

(r,j)
t )⊤{D(r)

j,t (z)}−1r
(r,j)
t

]−1

=
[
1 +

1

n
trT⊤

r {D
(r)
j,t (z)}−1Tr + η

(r,j)
t (z)

]−1

=
[{

1 +
1

n
trT⊤

r {D
(r)
j,t (z)}−1Tr

}{
1 + b̃

(r,j)
t (z)η

(r,j)
t (z)

}]−1

= b̃
(r,j)
t (z)

{
1 + b̃

(r,j)
t (z)η

(r,j)
t (z)

}−1
. (S1.22)

Hence

log ϑ
(r,j)
t (z) = log b̃

(r,j)
t (z)− b̃(r,j)t (z)η

(r,j)
t (z) +O

(
|b̃(r,j)t (z)η

(r,j)
t (z)|2

)
.

Since b̃
(r,j)
t (z) and its derivative are uniformly bounded, (S1.20) and (S1.21)

imply

n∑
t=1

E
∣∣∣ ∂
∂z

(Et − Et−1)O
(
|b̃(r,j)t (z)η

(r,j)
t (z)|2

)∣∣∣2 (S1.23)

≤ K
n∑

t=1

[
E|η(r,j)t (z)|4 + E

{
|η(r,j)t (z)|2

∣∣ ∂
∂z
η
(r,j)
t (z)

∣∣2}] = o(1).

Also,

(Et − Et−1) log b̃
(r,j)
t (z) = 0,

because b̃
(r,j)
t (z) is a function of the matrix obtained by removing the tth

14



rank-one term and does not depend on the current column-pair. Therefore,

(Et − Et−1) tr{D(r)
j (z)}−1 = − ∂

∂z
(Et − Et−1)

[
b̃
(r,j)
t (z)η

(r,j)
t (z)

]
+ ξ

(r,j)
nt,1 (z),

where, by (S1.23),

n∑
t=1

E|ξ(r,j)nt,1 (z)|2 = o(1). (S1.24)

Next we replace b̃
(r,j)
t (z) by b

(r,j)
t (z). The estimates in the proof of Bai and

Silverstein (2010, Theorem 9.10), in particular the estimates corresponding

to Bai and Silverstein (2010, Equations (9.9.11)–(9.9.16)), give

E
∣∣∣ 1
n
tr
{
T⊤

r {D
(r)
j,t (z)}−1Tr

}
− 1

n
E tr

{
T⊤

r {D
(r)
j,t (z)}−1Tr

}∣∣∣2 ≤ Kn−1,

(S1.25)

uniformly for z on the contours. Differentiating the trace and using the

same argument yields

E
∣∣∣∣ ∂∂z [ 1n tr

{
T⊤

r {D
(r)
j,t (z)}−1Tr

}
− 1

n
E tr

{
T⊤

r {D
(r)
j,t (z)}−1Tr

}]∣∣∣∣2 ≤ Kn−1.

(S1.26)

Since the denominators in the definitions of b̃
(r,j)
t (z) and b

(r,j)
t (z) are bounded

away from zero on the contours, (S1.25) and (S1.26) imply

E|b̃(r,j)t (z)− b(r,j)t (z)|2 ≤ Kn−1, E
∣∣∣ ∂
∂z
{b̃(r,j)t (z)− b(r,j)t (z)}

∣∣∣2 ≤ Kn−1.

(S1.27)

15



The fourth-moment versions of the same estimates give

E|b̃(r,j)t (z)− b(r,j)t (z)|4 ≤ Kn−2, E
∣∣∣ ∂
∂z
{b̃(r,j)t (z)− b(r,j)t (z)}

∣∣∣4 ≤ Kn−2.

(S1.28)

Combining (S1.20), (S1.21), (S1.27), and (S1.28), we have

n∑
t=1

E
∣∣∣ ∂
∂z

(Et − Et−1)
[
{b̃(r,j)t (z)− b(r,j)t (z)}η(r,j)t (z)

]∣∣∣2 (S1.29)

≤ K
n∑

t=1

[{
E|b̃(r,j)t (z)− b(r,j)t (z)|4

}1/2{E∣∣ ∂
∂z
η
(r,j)
t (z)

∣∣4}1/2

+
{
E
∣∣ ∂
∂z
{b̃(r,j)t (z)− b(r,j)t (z)}

∣∣4}1/2{
E|η(r,j)t (z)|4

}1/2]
= o(1).

It follows from (S1.24) and (S1.29) that

(Et − Et−1) tr{D(r)
j (z)}−1 = − ∂

∂z

[
b
(r,j)
t (z)(Et − Et−1)η

(r,j)
t (z)

]
+ ξ

(r,j)
nt (z),

(S1.30)

where
∑n

t=1 E|ξ
(r,j)
nt (z)|2 = o(1) uniformly for z on the contours. The same

expansion and bound hold with j replaced by i.

Substituting (S1.30) into (S1.16), the terms involving ξ
(r,j)
nt or ξ

(r,i)
nt are

negligible. Indeed,

n∑
t=1

E|ξ(r,j)nt (z1)ξ
(r,i)
nt (z2)| ≤

( n∑
t=1

E|ξ(r,j)nt (z1)|2
)1/2( n∑

t=1

E|ξ(r,i)nt (z2)|2
)1/2

= o(1),

and similarly, using

n∑
t=1

E
∣∣∣ ∂
∂z

[
b
(r,j)
t (z)(Et − Et−1)η

(r,j)
t (z)

]∣∣∣2 = O(1),

16



the mixed terms are also o(1). Hence

Cov
(
Ξ
(r)
n,j(z1),Ξ

(r)
n,i(z2)

)
(S1.31)

=
∂2

∂z1∂z2

n∑
t=1

E
[
b
(r,j)
t (z1)b

(r,i)
t (z2)

{
(Et − Et−1)η

(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]
+ o(1).

Step 3. Identification of the limiting covariance.

We next evaluate the covariance term in (S1.31). By the definition of

η
(r,j)
t (z) in (S1.19), taking conditional expectation with respect to Ft, and

using that x
(r)
jt is Ft-measurable, gives

Etη
(r,j)
t (z1) =

1

n

{
(x

(r)
jt )

⊤Et

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]
x
(r)
jt −trEt

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]}
.

Moreover, conditional on Ft−1, the current vector x
(r)
jt is independent of

D
(r)
j,t (z1) and has covariance Ip. Hence

Et−1η
(r,j)
t (z1) =

1

n
Et−1

[
(x

(r)
jt )

⊤T⊤
r {D

(r)
j,t (z1)}−1Trx

(r)
jt

]
− 1

n
Et−1 tr

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]
=

1

n
Et−1 tr

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]
− 1

n
Et−1 tr

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]
= 0.

Therefore,

(Et − Et−1)η
(r,j)
t (z1) (S1.32)

=
1

n

{
(x

(r)
jt )

⊤Et

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]
x
(r)
jt − trEt

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]}
.

Similarly,

(Et − Et−1)η
(r,i)
t (z2) (S1.33)
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=
1

n

{
(x

(r)
it )

⊤Et

[
T⊤

r {D
(r)
i,t (z2)}−1Tr

]
x
(r)
it − trEt

[
T⊤

r {D
(r)
i,t (z2)}−1Tr

]}
.

Combining (S1.32) and (S1.33), we have

E
[{

(Et − Et−1)η
(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]
(S1.34)

=
1

n2
E

[{
(x

(r)
jt )

⊤Et

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]
x
(r)
jt − trEt

[
T⊤

r {D
(r)
j,t (z1)}−1Tr

]}
×
{
(x

(r)
it )

⊤Et

[
T⊤

r {D
(r)
i,t (z2)}−1Tr

]
x
(r)
it − trEt

[
T⊤

r {D
(r)
i,t (z2)}−1Tr

]}]
.

Recall (S1.14). Since the column pairs are independent over ℓ, and since

D
(r)
j,t (z) and D

(r)
i,t (z) are obtained by deleting the tth rank-one terms, they

do not involve the current column-pair (x
(r)
jt ,x

(r)
it ). Hence, conditional on

Ft−1, the future column-pairs are independent of the current column-pair,

and

EtT
⊤
r {D

(r)
j,t (z)}−1Tr = Et−1T

⊤
r {D

(r)
j,t (z)}−1Tr.

The same identity holds with j replaced by i. Therefore, the matrices

At(z1) = EtT
⊤
r {D

(r)
j,t (z1)}−1Tr, Bt(z2) = EtT

⊤
r {D

(r)
i,t (z2)}−1Tr (S1.35)

are Ft−1-measurable. Thus, after conditioning on Ft−1, they may be treated

as deterministic matrices in applying the mixed quadratic-form covariance

formula (S1.10). For non-real z1, z2, these matrices are complex-valued.

The identity extends from real symmetric matrices to complex deterministic

matrices by bilinearity, after separating real and imaginary parts. Moreover,

18



by the resolvent bounds on the contours and the boundedness of ∥Σ(r)∥,

∥At(z1)∥+ ∥Bt(z2)∥ ≤ K uniformly in t, z1, z2.

Consequently, applying (S1.10) conditionally on Ft−1 gives

E
[{

(Et − Et−1)η
(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]
=

(q + 1)ρ2r
n2

E tr
[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
(S1.36)

+
β
(r)
ρ

n2
E

p∑
k=1

[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr

]
kk

[
EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
kk
,

uniformly in t and uniformly for z1, z2 on the contours. Combining (S1.31)

and (S1.36), we obtain

Cov
(
Ξ
(r)
n,j(z1),Ξ

(r)
n,i(z2)

)
=

∂2

∂z1∂z2

n∑
t=1

E
[
b
(r,j)
t (z1)b

(r,i)
t (z2)

{
(Et − Et−1)η

(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]
+ o(1)

=
∂2

∂z1∂z2

n∑
t=1

b
(r,j)
t (z1)b

(r,i)
t (z2)E

[{
(Et − Et−1)η

(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]
+ o(1)

=
∂2

∂z1∂z2

n∑
t=1

b
(r,j)
t (z1)b

(r,i)
t (z2)

[(q + 1)ρ2r
n2

E tr
[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
+
β
(r)
ρ

n2
E

p∑
k=1

[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr

]
kk

[
EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
kk

]
+ o(1)

= (q + 1)ρ2rK
(r)
1,n(z1, z2) + β(r)

ρ K
(r)
2,n(z1, z2) + o(1), (S1.37)

where

K(r)
1,n(z1, z2) =

∂2

∂z1∂z2

1

n2

n∑
t=1

b
(r,j)
t (z1)b

(r,i)
t (z2) (S1.38)

× E tr
[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
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and

K(r)
2,n(z1, z2) =

∂2

∂z1∂z2

1

n2

n∑
t=1

b
(r,j)
t (z1)b

(r,i)
t (z2) (S1.39)

× E
p∑

k=1

[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr

]
kk

[
EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
kk
.

Write s
(r)
ℓ = s(r)(zℓ), for ℓ = 1, 2. Let cn = p/n and H

(r)
n = 1/p

∑p
k=1 δdrk ,

where dr1, . . . , drp are the eigenvalues of Σ(r). Define

a(r)n (z1, z2) = cn s
(r)
1 s

(r)
2

∫
x2 dH

(r)
n (x)

{1 + xs
(r)
1 }{1 + xs

(r)
2 }

. (S1.40)

Then a
(r)
n (z1, z2)→ a(r)(z1, z2) uniformly on neighborhoods of the contours,

where

a(r)(z1, z2) = c s
(r)
1 s

(r)
2

∫
x2 dH(r)(x)

{1 + xs
(r)
1 }{1 + xs

(r)
2 }

. (S1.41)

For the first covariance component, define

L
(r)
n,t(z1, z2) =

1

n
b
(r,j)
t (z1)b

(r,i)
t (z2)E tr

[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
.

(S1.42)

Then, by the definition of K(r)
1,n(z1, z2) in (S1.38),

(q + 1)ρ2rK
(r)
1,n(z1, z2) = (q + 1)ρ2r

∂2

∂z1∂z2

{
1

n

n∑
t=1

L
(r)
n,t(z1, z2)

}
. (S1.43)

For later use, put

Φ
(r)
j,t (z) =

{
zIp−

n− 1

n
b
(r,j)
t (z)Σ(r)

}−1

, Φ
(r)
i,t (z) =

{
zIp−

n− 1

n
b
(r,i)
t (z)Σ(r)

}−1

.
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For a ∈ {i, j} and ℓ ̸= t, define

D
(r)
a,tℓ(z) = D

(r)
a,t(z)− r

(r,a)
ℓ (r

(r,a)
ℓ )⊤

and

ϑ
(r,a)
tℓ (z) =

[
1 + (r

(r,a)
ℓ )⊤{D(r)

a,tℓ(z)}
−1r

(r,a)
ℓ

]−1
.

Following (Bai and Silverstein, 2010, Formula (9.9.12)), for a ∈ {i, j},

{D(r)
a,t(z)}−1 = −Φ(r)

a,t(z) + b
(r,a)
t (z)A(r,a)

t (z) + B(r,a)
t (z) + C(r,a)t (z),

where

A(r,a)
t (z) =

∑
ℓ̸=t

Φ
(r)
a,t(z)

{
r
(r,a)
ℓ (r

(r,a)
ℓ )⊤ − 1

n
Σ(r)

}
{D(r)

a,tℓ(z)}
−1,

B(r,a)
t (z) =

∑
ℓ̸=t

{
ϑ
(r,a)
tℓ (z)− b(r,a)t (z)

}
Φ

(r)
a,t(z)r

(r,a)
ℓ (r

(r,a)
ℓ )⊤{D(r)

a,tℓ(z)}
−1,

C(r,a)t (z) =
1

n
b
(r,a)
t (z)Φ

(r)
a,t(z)Σ

(r)
∑
ℓ ̸=t

[
{D(r)

a,tℓ(z)}
−1 − {D(r)

a,t(z)}−1
]
.

(S1.44)

Thus, we have

EtT
⊤
r {D

(r)
a,t(z)}−1Tr (S1.45)

= b
(r,a)
t (z1)

∑
ℓ<t

EtT
⊤
r Φ

(r)
a,t(z)

{
r
(r,a)
ℓ (r

(r,a)
ℓ )⊤ − n−1Σ(r)

}
{D(r)

a,tℓ(z)}
−1Tr

−T⊤
r Φ

(r)
a,t(z)Tr +H

(r,a)
t (z),

where the remainderH
(r,a)
t (z) := EtT

⊤
r B

(r,a)
t (z)Tr+EtT

⊤
r C

(r,a)
t (z)Tr. Recall
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(S1.45), we first consider the form in (S1.42),

R(r)
0,1 = −

1

n
b
(r,j)
t (z1){b(r,i)t (z2)}2× (S1.46)∑

ℓ<t

E tr
[
T⊤

r Φ
(r)
j,t (z1)Tr × EtT

⊤
r Φ

(r)
i,t (z2)

{
r
(r,i)
ℓ (r

(r,i)
ℓ )⊤ − n−1Σ(r)

}
{D(r)

i,tℓ(z2)}
−1Tr

]
,

and

R(r)
1,0 = −

1

n
{b(r,j)t (z1)}2b(r,i)t (z2)× (S1.47)∑

ℓ<t

E tr
[
EtT

⊤
r Φ

(r)
j,t (z1)

{
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

}
{D(r)

j,tℓ(z1)}
−1Tr ×T⊤

r Φ
(r)
i,t (z2)Tr

]
.

For example, in the first display, {D(r)
i,tℓ(z2)}−1 does not contain the ℓ-th

rank-one term. Hence, conditional on the variables other than x
(r)
iℓ , and

E
{
r
(r,i)
ℓ (r

(r,i)
ℓ )⊤ − n−1Σ(r)

}
= 0. Therefore,

R(r)
0,1 = 0, and R(r)

1,0 = 0.

Then consider the form in (S1.42),

R(r)
̸= =

1

n
{b(r,j)t (z1)b

(r,i)
t (z2)}2× (S1.48)∑

ℓ,m<t
ℓ̸=m

E tr
[
EtT

⊤
r Φ

(r)
j,t (z1)

{
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

}
{D(r)

j,tℓ(z1)}
−1Tr

× EtT
⊤
r Φ

(r)
i,t (z2)

{
r(r,i)
m (r(r,i)

m )⊤ − n−1Σ(r)
}
{D(r)

i,tm(z2)}−1Tr

]
.

For ℓ ̸= m < t, define

D
(r)
j,tℓm(z) = D

(r)
j,t (z)− r

(r,j)
ℓ (r

(r,j)
ℓ )⊤ − r(r,j)

m (r(r,j)
m )⊤,
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and

D
(r)
i,tmℓ(z) = D

(r)
i,t (z)− r(r,i)

m (r(r,i)
m )⊤ − r

(r,i)
ℓ (r

(r,i)
ℓ )⊤.

By the rank-one perturbation formula, for ℓ ̸= m < t,

{D(r)
j,tℓ(z1)}

−1 = {D(r)
j,tℓm(z1)}

−1

− ϑ(r,j)
tℓm (z1){D(r)

j,tℓm(z1)}
−1r(r,j)

m (r(r,j)
m )⊤{D(r)

j,tℓm(z1)}
−1,

where

ϑ
(r,j)
tℓm (z1) =

[
1 + (r(r,j)

m )⊤{D(r)
j,tℓm(z1)}

−1r(r,j)
m

]−1
.

Similarly,

{D(r)
i,tm(z2)}−1 = {D(r)

i,tmℓ(z2)}
−1

− ϑ(r,i)
tmℓ (z2){D

(r)
i,tmℓ(z2)}

−1r
(r,i)
ℓ (r

(r,i)
ℓ )⊤{D(r)

i,tmℓ(z2)}
−1,

where

ϑ
(r,i)
tmℓ (z2) =

[
1 + (r

(r,i)
ℓ )⊤{D(r)

i,tmℓ(z2)}
−1r

(r,i)
ℓ

]−1
.

Substituting these two identities into R(r)
̸= , we get

R(r)
̸= = R(r)

̸=,0 +R
(r)
̸=,j +R

(r)
̸=,i +R

(r)
̸=,ji,

where

R(r)
̸=,0 =

1

n
{b(r,j)t (z1)b

(r,i)
t (z2)}2× (S1.49)∑

ℓ,m<t
ℓ̸=m

E tr
[
EtT

⊤
r Φ

(r)
j,t (z1)

{
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

}
{D(r)

j,tℓm(z1)}
−1Tr

× EtT
⊤
r Φ

(r)
i,t (z2)

{
r(r,i)
m (r(r,i)

m )⊤ − n−1Σ(r)
}
{D(r)

i,tmℓ(z2)}
−1Tr

]
,
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R(r)
̸=,j = −n

−1{b(r,j)t (z1)b
(r,i)
t (z2)}2× (S1.50)∑

ℓ,m<t
ℓ̸=m

E tr
[
EtT

⊤
r Φ

(r)
j,t (z1)

{
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

}

× ϑ(r,j)
tℓm (z1){D(r)

j,tℓm(z1)}
−1r(r,j)

m (r(r,j)
m )⊤{D(r)

j,tℓm(z1)}
−1Tr

× EtT
⊤
r Φ

(r)
i,t (z2)

{
r(r,i)
m (r(r,i)

m )⊤ − n−1Σ(r)
}
{D(r)

i,tmℓ(z2)}
−1Tr

]
,

R(r)
̸=,i = −n

−1{b(r,j)t (z1)b
(r,i)
t (z2)}2× (S1.51)∑

ℓ,m<t
ℓ̸=m

E tr
[
EtT

⊤
r Φ

(r)
j,t (z1)

{
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

}
{D(r)

j,tℓm(z1)}
−1Tr

× EtT
⊤
r Φ

(r)
i,t (z2)

{
r(r,i)
m (r(r,i)

m )⊤ − n−1Σ(r)
}

× ϑ(r,i)
tmℓ (z2){D

(r)
i,tmℓ(z2)}

−1r
(r,i)
ℓ (r

(r,i)
ℓ )⊤{D(r)

i,tmℓ(z2)}
−1Tr

]
,

and

R(r)
̸=,ji = n−1{b(r,j)t (z1)b

(r,i)
t (z2)}2× (S1.52)∑

ℓ,m<t
ℓ ̸=m

E tr
[
EtT

⊤
r Φ

(r)
j,t (z1)

{
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

}

× ϑ(r,j)
tℓm (z1){D(r)

j,tℓm(z1)}
−1r(r,j)

m (r(r,j)
m )⊤{D(r)

j,tℓm(z1)}
−1Tr

× EtT
⊤
r Φ

(r)
i,t (z2)

{
r(r,i)
m (r(r,i)

m )⊤ − n−1Σ(r)
}

× ϑ(r,i)
tmℓ (z2){D

(r)
i,tmℓ(z2)}

−1r
(r,i)
ℓ (r

(r,i)
ℓ )⊤{D(r)

i,tmℓ(z2)}
−1Tr

]
.

After the three-deleted replacement, the remaining matrix factors in R(r)
̸=,0
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are independent of the ℓ-th and m-th column-pairs. Since ℓ ̸= m and

E
{
r(r,a)
s (r(r,a)

s )⊤ − n−1Σ(r)
}
= 0, a ∈ {i, j}, and s ∈ {m, ℓ}

we have R(r)
̸=,0 = 0. Similarly, R(r)

̸=,j contains a single centered ℓ-th factor

independent of the remaining matrix factors, while R(r)
̸=,i contains a single

centered m-th factor. Therefore, R(r)
̸=,j = R

(r)
̸=,i = 0.

It remains to control the term containing the two rank-one perturbation

errors. For bounded matrix factors A1, . . . ,A5 independent of the ℓ-th and

m-th column-pairs, the mixed quadratic-form identity gives, uniformly for

ℓ ̸= m < t,∣∣∣E tr
[
A1

{
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

}
A2r

(r,j)
m (r(r,j)

m )⊤A3

×
{
r(r,i)
m (r(r,i)

m )⊤ − n−1Σ(r)
}
A4r

(r,i)
ℓ (r

(r,i)
ℓ )⊤A5

]∣∣∣ ≤ Kn−2.

Since the coefficients b
(r,j)
t (z1), b

(r,i)
t (z2), ϑ

(r,j)
tℓm (z1), and ϑ

(r,i)
tmℓ (z2) are uni-

formly bounded, this bound yields

|R(r)
̸=,ji| ≤

K

n

∑
ℓ,m<t
ℓ ̸=m

n−2 = O(n−1) = o(1).

Therefore,

R(r)
̸= = R(r)

̸=,0 +R
(r)
̸=,j +R

(r)
̸=,i +R

(r)
̸=,ji = o(1).

Moreover, by the estimates corresponding to (Bai and Silverstein, 2010,

Formulae (9.9.14)–(9.9.15)), for any matrix factor Mt(z
′) with uniformly
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bounded spectral norm,

1

n
E
∣∣∣ tr [H(r,a)

t (z)Mt(z
′)
]∣∣∣ = o(1), a ∈ {i, j}.

Therefore, all products containing one remainder factorH
(r,j)
t (z1) orH

(r,i)
t (z2)

and one bounded factor from the other expansion are negligible.

Combining the preceding decomposition with the negligibility of the

single centered terms, the different index centered products, and the re-

mainder terms containing H
(r,a)
t , we obtain

L
(r)
n,t(z1, z2) = I

(r)
n,t (z1, z2) + J

(r)
n,t (z1, z2) + o(1), (S1.53)

uniformly in t, z1, z2, where

I(r)n,t (z1, z2) =
1

n
b
(r,j)
t (z1)b

(r,i)
t (z2) tr

[
T⊤

r Φ
(r)
j,t (z1)Tr T

⊤
r Φ

(r)
i,t (z2)Tr

]
, (S1.54)

and the terms with the same index ℓ < t are collected in

J (r)
n,t (z1, z2) =

1

n
{b(r,j)t (z1)b

(r,i)
t (z2)}2

∑
ℓ<t

E tr
[
Et

[
T⊤

r Φ
(r)
j,t (z1){r

(r,j)
ℓ (r

(r,j)
ℓ )⊤ − 1

n
Σ(r)}

× {D(r)
j,tℓ(z1)}

−1Tr

]
Et

[
T⊤

r Φ
(r)
i,t (z2){r

(r,i)
ℓ (r

(r,i)
ℓ )⊤ − 1

n
Σ(r)}

× {D(r)
i,tℓ(z2)}

−1Tr

]]
. (S1.55)

We first evaluate I(r)n,t (z1, z2). By the standard deterministic-equivalent

estimate for the deleted resolvent traces, both b
(r,j)
t (z) and b

(r,i)
t (z) have the

same deterministic equivalent:

b
(r,j)
t (z), b

(r,i)
t (z) = −zs(r)(z) + o(1)
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uniformly on the contours. Hence, by the spectral decomposition of Σ(r),

I(r)n,t (z1, z2) =
1

n
b
(r,j)
t (z1)b

(r,i)
t (z2)

p∑
k=1

d2rk{
z1 − n−1

n
b
(r,j)
t (z1)drk

}{
z2 − n−1

n
b
(r,i)
t (z2)drk

}
= cns

(r)
1 s

(r)
2

∫
x2 dH

(r)
n (x)

{1 + xs
(r)
1 }{1 + xs

(r)
2 }

+ o(1)

= a(r)n (z1, z2) + o(1), (S1.56)

uniformly in t, z1, z2.

Next we evaluate J (r)
n,t (z1, z2). Fix ℓ < t, and let

Ft,ℓ = σ{(x(r)
jm,x

(r)
im) : 1 ≤ m ≤ t, m ̸= ℓ}.

After the ℓ-th rank-one term has been removed, the conditional expectations

of the deleted resolvents are Ft,ℓ-measurable. Thus they may be treated as

fixed matrices when conditioning on Ft,ℓ. Since

r
(r,a)
ℓ (r

(r,a)
ℓ )⊤ − n−1Σ(r) =

1

n
Tr

{
x
(r)
aℓ (x

(r)
aℓ )

∗ − Ip
}
T⊤

r , a ∈ {i, j},

the conditional fourth-order contraction gives, uniformly in t, ℓ, z1, z2,

E tr
[
Et

{
T⊤

r Φ
(r)
j,t (z1)

(
r
(r,j)
ℓ (r

(r,j)
ℓ )⊤ − n−1Σ(r)

)
{D(r)

j,tℓ(z1)}
−1Tr

}
× Et

{
T⊤

r Φ
(r)
i,t (z2)

(
r
(r,i)
ℓ (r

(r,i)
ℓ )⊤ − n−1Σ(r)

)
{D(r)

i,tℓ(z2)}
−1Tr

}]
=
ρ2r
n2

tr
[
Φ

(r)
j,t (z1)Σ

(r)Φ
(r)
i,t (z2)Σ

(r)
]

(S1.57)

× E tr
[
EtT

⊤
r {D

(r)
j,tℓ(z1)}

−1Tr EtT
⊤
r {D

(r)
i,tℓ(z2)}

−1Tr

]
+O(n−1).

Here the retained cross-pairing yields a product of two traces, each of order

O(p) by the resolvent bounds and the boundedness of Σ(r) and Φ
(r)
a,t(z).

27



Hence this term is n−2O(p2) = O(1). The remaining contractions contain

at most one such trace, or a diagonal fourth-cumulant sum bounded by O(p)

via the Cauchy–Schwarz inequality, and are therefore n−2O(p) = O(n−1)

uniformly in t, ℓ, z1, z2. Thus we have 1/n
∑

ℓ<tO(n
−1) = o(1).

By the rank-one perturbation formula and the uniform resolvent bounds,

replacing D−1
·,tℓ by D−1

·,t inside the conditional normalized trace changes the

expression by o(1). More precisely,

1

n
E tr

[
EtT

⊤
r {D

(r)
j,tℓ(z1)}

−1Tr EtT
⊤
r {D

(r)
i,tℓ(z2)}

−1Tr

]
(S1.58)

=
1

n
E tr

[
EtT

⊤
r {D

(r)
j,t (z1)}−1Tr EtT

⊤
r {D

(r)
i,t (z2)}−1Tr

]
+ o(1),

uniformly in t, ℓ, z1, z2. Therefore, by the definition of L
(r)
n,t(z1, z2) in (S1.42),

E tr
[
EtT

⊤
r {D

(r)
j,tℓ(z1)}

−1Tr EtT
⊤
r {D

(r)
i,tℓ(z2)}

−1Tr

]
=

n

b
(r,j)
t (z1)b

(r,i)
t (z2)

L
(r)
n,t(z1, z2) + o(n). (S1.59)

The division by b
(r,j)
t (z1)b

(r,i)
t (z2) is valid since b

(r,j)
t (z), b

(r,i)
t (z) = −zs(r)(z)+

o(1) uniformly on the contours and the contours are chosen away from the

singularities. Moreover, by the cyclic property of the trace and the same

spectral decomposition as in (S1.56),

1

n
b
(r,j)
t (z1)b

(r,i)
t (z2) tr

[
Φ

(r)
j,t (z1)Σ

(r)Φ
(r)
i,t (z2)Σ

(r)
]
= a(r)n (z1, z2) + o(1).

(S1.60)
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Combining (S1.57), (S1.59), and (S1.60), and multiplying by the outer fac-

tor n−1 in (S1.55), the contribution of a fixed ℓ < t to J (r)
n,t (z1, z2) is

ρ2r
n
a(r)n (z1, z2)L

(r)
n,t(z1, z2) + o(n−1).

Summing over ℓ ∈ [1 : t− 1], we obtain

J (r)
n,t (z1, z2) =

t− 1

n
ρ2ra

(r)
n (z1, z2)L

(r)
n,t(z1, z2) + o(1), (S1.61)

uniformly in t, z1, z2.

Combining (S1.53), (S1.56), and (S1.61), we have

L
(r)
n,t(z1, z2) = a(r)n (z1, z2) +

t− 1

n
ρ2ra

(r)
n (z1, z2)L

(r)
n,t(z1, z2) + o(1), (S1.62)

uniformly in t, z1, z2. The contours are selected so that

inf
0≤u≤1, z1∈C1, z2∈C2

∣∣1− uρ2ra(r)(z1, z2)∣∣ > 0.

Together with the uniform convergence of a
(r)
n , this implies that

1− t− 1

n
ρ2ra

(r)
n (z1, z2)

is bounded away from zero uniformly in t, z1, z2 for all sufficiently large n.

Hence

L
(r)
n,t(z1, z2) =

a
(r)
n (z1, z2)

1− t−1
n
ρ2ra

(r)
n (z1, z2)

+ o(1). (S1.63)

Consequently,

(q + 1)ρ2r
1

n

n∑
t=1

L
(r)
n,t(z1, z2) = (q + 1)ρ2r

1

n

n∑
t=1

a
(r)
n (z1, z2)

1− t−1
n
ρ2ra

(r)
n (z1, z2)

+ o(1)
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−→ (q + 1)ρ2r

∫ 1

0

a(r)(z1, z2)

1− uρ2ra(r)(z1, z2)
du

= −(q + 1) log
{
1− ρ2ra(r)(z1, z2)

}
. (S1.64)

The convergence above is uniform on neighborhoods of C1 × C2, and the

functions involved are analytic in z1 and z2. Therefore, by Cauchy’s dif-

ferentiation formula, the derivatives also converge uniformly. From (S1.43)

and (S1.64), we obtain

(q + 1)ρ2rK
(r)
1,n(z1, z2)

−→ (q + 1)
∂2

∂z1∂z2

[
− log

{
1− ρ2rc s(r)(z1)s(r)(z2)

∫
x2 dH(r)(x)

{1 + xs(r)(z1)}{1 + xs(r)(z2)}

}]
.

(S1.65)

Equivalently, the limiting kernel in (S1.65) is

(q + 1)ρ2rc(s
(r))′(z1)(s

(r))′(z2)[
1− ρ2rc s

(r)
1 s

(r)
2

∫
x2{1 + xs

(r)
1 }−1{1 + xs

(r)
2 }−1 dH(r)(x)

]2 (S1.66)

×
[{∫ x2 dH(r)(x)

{1 + xs
(r)
1 }2{1 + xs

(r)
2 }2

}{
1− ρ2rc s

(r)
1 s

(r)
2

∫
x2 dH(r)(x)

{1 + xs
(r)
1 }{1 + xs

(r)
2 }

}
+ ρ2rc s

(r)
1 s

(r)
2

{∫ x2 dH(r)(x)

{1 + xs
(r)
1 }2{1 + xs

(r)
2 }

}{∫ x2 dH(r)(x)

{1 + xs
(r)
1 }{1 + xs

(r)
2 }2

}]
.

For the fourth-cumulant term, we give the detailed diagonal calculation.

Let s
(r)
n (z) denote the companion Stieltjes transform associated with cn =

p/n and H
(r)
n , determined by

z = − 1

s
(r)
n (z)

+ cn

∫
x

1 + xs
(r)
n (z)

dH(r)
n (x). (S1.67)
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Since cn → c, H
(r)
n ⇒ H(r), and supp ∥Σ(r)∥ <∞, we have

s(r)n (z)− s(r)(z) −→ 0, (S1.68)

uniformly for z on a fixed neighborhood of the contours. Recall (S1.39).

For k ∈ [1 : p], define

b
(r)
n,k(z) =

[
s(r)n (z)T⊤

r {Ip + s(r)n (z)Σ(r)}−1Tr

]
kk
,

b
(r)
k (z) =

[
s(r)(z)T⊤

r {Ip + s(r)(z)Σ(r)}−1Tr

]
kk
,

b
(r,j)
t,k (z) =

[
b
(r,j)
t (z)EtT

⊤
r {D

(r)
j,t (z)}−1Tr

]
kk
.

We first compare the conditional leave-one-out resolvent term with

b
(r)
n,k(z). Following the proof of Najim and Yao (2016, Proposition 5.4),

we first replace the conditional expectation by the corresponding expecta-

tion, then use the rank-one resolvent identity to pass from the leave-one-out

resolvent to the full resolvent, and finally apply Najim and Yao (2016, Equa-

tion (5.17)). For k ∈ [1 : p], consider the deterministic vector Trek, where

ek denotes the kth standard basis vector. By Assumption 3,

∥Trek∥2 = e⊤k Σ
(r)ek ≤ ∥Σ(r)∥,

and hence these vectors have uniformly bounded norms. Since Et is a

conditional expectation, Jensen’s inequality gives

E
∣∣∣[(Et − E)T⊤

r {D
(r)
j,t (z)}−1Tr

]
kk

∣∣∣2
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= E
∣∣∣Et

[
T⊤

r

{
{D(r)

j,t (z)}−1 − E{D(r)
j,t (z)}−1

}
Tr

]
kk

∣∣∣2
≤ E

∣∣∣[T⊤
r

{
{D(r)

j,t (z)}−1 − E{D(r)
j,t (z)}−1

}
Tr

]
kk

∣∣∣2. (S1.69)

For each fixed j, the columns {x(r)
jt : t ∈ [1 : n]} are independent, and

their entries are i.i.d. with zero mean, unit variance, and finite fourth mo-

ment. Therefore, the argument of Najim and Yao (2016, Proposition 5.3),

applied with un = Trek, also applies after deleting the tth column and

gives

sup
1≤t≤n
1≤k≤p

E
∣∣∣[T⊤

r

{
{D(r)

j,t (z)}−1 − E{D(r)
j,t (z)}−1

}
Tr

]
kk

∣∣∣2 = O(n−1), (S1.70)

uniformly for z on a fixed neighborhood of the contours. Let D
(r)
j (z) denote

the corresponding matrix before deleting the tth rank-one term. By the

rank-one resolvent identity

{D(r)
j (z)}−1 − {D(r)

j,t (z)}−1 = −ϑ(r,j)
t (z){D(r)

j,t (z)}−1r
(r,j)
t (r

(r,j)
t )⊤{D(r)

j,t (z)}−1.

Moreover,

E
∣∣∣(r(r,j)

t )⊤{D(r)
j,t (z)}−1Trek

∣∣∣2
=

1

n
E
[
e⊤k T

⊤
r {D

(r)
j,t (z)}−1Σ(r){D(r)

j,t (z)}−1Trek

]
= O(n−1), (S1.71)

and hence

sup
1≤t≤n
1≤k≤p

∣∣∣[T⊤
r

{
E{D(r)

j,t (z)}−1 − E{D(r)
j (z)}−1

}
Tr

]
kk

∣∣∣ = O(n−1), (S1.72)
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uniformly for z on a fixed neighborhood of the contours. Under the iden-

tification Rn = Σ(r) and t̃n(z) = s
(r)
n (z), the deterministic matrix Tn(z)

in Najim and Yao (2016) is −1/z{Ip + s
(r)
n (z)Σ(r)}−1. Applying Najim and

Yao (2016, Equation (5.17)) with u = v = Trek, we obtain

sup
1≤k≤p

∣∣∣[ET⊤
r {D

(r)
j (z)}−1Tr +

1

z
T⊤

r {Ip + s(r)n (z)Σ(r)}−1Tr

]
kk

∣∣∣ = O(n−1/2),

(S1.73)

uniformly for z on a fixed neighborhood of the contours. Combining (S1.72)

and (S1.73) gives

sup
1≤t≤n
1≤k≤p

∣∣∣[ET⊤
r {D

(r)
j,t (z)}−1Tr +

1

z
T⊤

r {Ip + s(r)n (z)Σ(r)}−1Tr

]
kk

∣∣∣ = O(n−1/2).

(S1.74)

It follows from (S1.69), (S1.70), and (S1.74) that

sup
1≤t≤n
1≤k≤p

E
∣∣∣[EtT

⊤
r {D

(r)
j,t (z)}−1Tr +

1

z
T⊤

r {Ip + s(r)n (z)Σ(r)}−1Tr

]
kk

∣∣∣2 = O(n−1),

(S1.75)

uniformly for z on a fixed neighborhood of the contours. By adding and

subtracting −zs(r)n (z)
[
EtT

⊤
r {D

(r)
j,t (z)}−1Tr

]
kk
, we have

b
(r,j)
t,k (z)− b

(r)
n,k(z)

=
{
b
(r,j)
t (z) + zs(r)n (z)

}[
EtT

⊤
r {D

(r)
j,t (z)}−1Tr

]
kk

(S1.76)

− zs(r)n (z)
[
EtT

⊤
r {D

(r)
j,t (z)}−1Tr +

1

z
T⊤

r {Ip + s(r)n (z)Σ(r)}−1Tr

]
kk
.
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The resolvent bounds and the boundedness of ∥Σ(r)∥ imply

sup
1≤t≤n
1≤k≤p

∣∣∣[EtT
⊤
r {D

(r)
j,t (z)}−1Tr

]
kk

∣∣∣ ≤ K.

Moreover, by the argument leading to Bai and Silverstein (2010, Equa-

tion (9.9.20)),

sup
1≤t≤n

∣∣b(r,j)t (z) + zs(r)n (z)
∣∣ = o(1), (S1.77)

uniformly for z on a fixed neighborhood of the contours. Hence, using

(S1.75), we obtain

1

n2

n∑
t=1

p∑
k=1

E
∣∣b(r,j)t,k (z)− b

(r)
n,k(z)

∣∣2
≤ K

p

n
sup

1≤t≤n

∣∣b(r,j)t (z) + zs(r)n (z)
∣∣2 +K

p

n2
= o(1). (S1.78)

Since Tr = (Σ(r))1/2,

b
(r)
n,k(z) =

[
s(r)n (z)Σ(r){Ip+ s(r)n (z)Σ(r)}−1

]
kk

= 1− e⊤k {Ip+ s(r)n (z)Σ(r)}−1ek,

(S1.79)

and similarly,

b
(r)
k (z) = 1− e⊤k {Ip + s(r)(z)Σ(r)}−1ek. (S1.80)

On the fixed neighborhood under consideration, the two deterministic ma-

trix inverses above are uniformly bounded. By the resolvent identity,

max
1≤k≤p

∣∣b(r)n,k(z)− b
(r)
k (z)

∣∣ ≤ ∥∥{Ip + s(r)n (z)Σ(r)}−1 − {Ip + s(r)(z)Σ(r)}−1
∥∥
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≤ K
∣∣s(r)n (z)− s(r)(z)

∣∣ = o(1), (S1.81)

uniformly for z on a fixed neighborhood of the contours, where the last

equality follows from (S1.68). Consequently,

1

n2

n∑
t=1

p∑
k=1

∣∣b(r)n,k(z)− b
(r)
k (z)

∣∣2 ≤ p

n
max
1≤k≤p

∣∣b(r)n,k(z)− b
(r)
k (z)

∣∣2 = o(1).

(S1.82)

Using |x+y|2 ≤ 2|x|2+2|y|2, and combining (S1.78) with (S1.82), we obtain

1

n2

n∑
t=1

p∑
k=1

E
∣∣b(r,j)t,k (z)− b

(r)
k (z)

∣∣2 = o(1). (S1.83)

The same argument gives

1

n2

n∑
t=1

p∑
k=1

E
∣∣b(r,i)t,k (z)− b

(r)
k (z)

∣∣2 = o(1). (S1.84)

For every t ∈ [1 : n] and k ∈ [1 : p],

b
(r,j)
t,k (z1)b

(r,i)
t,k (z2)− b

(r)
k (z1)b

(r)
k (z2)

=
{
b
(r,j)
t,k (z1)− b

(r)
k (z1)

}{
b
(r,i)
t,k (z2)− b

(r)
k (z2)

}
+ b

(r)
k (z1)

{
b
(r,i)
t,k (z2)− b

(r)
k (z2)

}
+ b

(r)
k (z2)

{
b
(r,j)
t,k (z1)− b

(r)
k (z1)

}
. (S1.85)

By the Cauchy–Schwarz inequality and (S1.83)– (S1.84),

1

n2

n∑
t=1

p∑
k=1

E
∣∣b(r,j)t,k (z1)− b

(r)
k (z1)

∣∣∣∣b(r,i)t,k (z2)− b
(r)
k (z2)

∣∣
≤
{ 1

n2

n∑
t=1

p∑
k=1

E
∣∣b(r,j)t,k (z1)− b

(r)
k (z1)

∣∣2}1/2

×
{ 1

n2

n∑
t=1

p∑
k=1

E
∣∣b(r,i)t,k (z2)− b

(r)
k (z2)

∣∣2}1/2
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= o(1). (S1.86)

Moreover, the uniform resolvent bounds imply sup1≤k≤p |b
(r)
k (z)| ≤ K. Con-

sequently,

1

n2

n∑
t=1

p∑
k=1

|b(r)k (z1)|E
∣∣b(r,i)t,k (z2)− b

(r)
k (z2)

∣∣
≤ K

(p
n

)1/2{ 1

n2

n∑
t=1

p∑
k=1

E
∣∣b(r,i)t,k (z2)− b

(r)
k (z2)

∣∣2}1/2

= o(1), (S1.87)

and the same estimate holds after interchanging i and j. Therefore, (S1.85)

yields

1

n2

n∑
t=1

p∑
k=1

E
[
b
(r,j)
t,k (z1)b

(r,i)
t,k (z2)

]
=

1

n

p∑
k=1

b
(r)
k (z1)b

(r)
k (z2) + o(1), (S1.88)

uniformly for z1 and z2 on fixed neighborhoods of C1 and C2, respectively.

By (S1.80), Assumption 4 implies

max
1≤k≤p

∣∣∣b(r)k (z)−
∫

s(r)(z)x

1 + s(r)(z)x
dH(r)

n (x)
∣∣∣ −→ 0, (S1.89)

uniformly for z on a fixed neighborhood of the contours. Hence,

1

n

p∑
k=1

b
(r)
k (z1)b

(r)
k (z2)

= cn

[ ∫
s(r)(z1)x

1 + s(r)(z1)x
dH(r)

n (x)

][ ∫
s(r)(z2)x

1 + s(r)(z2)x
dH(r)

n (x)

]
+ o(1)

−→ c

[ ∫
s(r)(z1)x

1 + s(r)(z1)x
dH(r)(x)

][ ∫
s(r)(z2)x

1 + s(r)(z2)x
dH(r)(x)

]
. (S1.90)

Combining (S1.88) and (S1.90), we obtain

1

n2

n∑
t=1

p∑
k=1

E
[
b
(r,j)
t,k (z1)b

(r,i)
t,k (z2)

]
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−→ c

[ ∫
s(r)(z1)x

1 + s(r)(z1)x
dH(r)(x)

][ ∫
s(r)(z2)x

1 + s(r)(z2)x
dH(r)(x)

]
, (S1.91)

where the convergence is uniform on neighborhoods of C1 × C2. Since the

functions involved are analytic, Cauchy’s differentiation formula yields

K(r)
2,n(z1, z2) −→ c(s(r))′(z1)(s

(r))′(z2)

∫
x dH(r)(x)

{1 + xs(r)(z1)}2
×
∫

x dH(r)(x)

{1 + xs(r)(z2)}2
.

(S1.92)

Even without Assumption 4, explicit formulas can be derived for special

cases. When Σ(r) is diagonal, its deterministic diagonal average can be

evaluated directly in terms of H
(r)
n . Indeed,

1

n

p∑
k=1

b
(r)
k (z1)b

(r)
k (z2)

=
1

n
tr
[
s(r)(z1)Σ

(r){Ip + s(r)(z1)Σ
(r)}−1s(r)(z2)Σ

(r){Ip + s(r)(z2)Σ
(r)}−1

]
= cn

∫
s(r)(z1)s

(r)(z2)x
2

{1 + xs(r)(z1)}{1 + xs(r)(z2)}
dH(r)

n (x)

−→ c

∫
s(r)(z1)s

(r)(z2)x
2

{1 + xs(r)(z1)}{1 + xs(r)(z2)}
dH(r)(x), (S1.93)

uniformly for z1 and z2 on fixed neighborhoods of C1 and C2, respectively.

Combining (S1.88) and (S1.93), and then applying Cauchy’s differentiation

formula, we obtain

K(r)
2,n(z1, z2) −→ c(s(r))′(z1)(s

(r))′(z2)×
∫

x2 dH(r)(x)

{1 + xs(r)(z1)}2{1 + xs(r)(z2)}2
.

(S1.94)

It remains to verify the finite-dimensional convergence and tightness of

37



the resolvent processes. As in Bai and Silverstein (2010, Theorem 9.10), the

truncation, centralization and rescaling argument may be applied first. This

reduction does not change the limiting distribution of the linear spectral

statistics. After this reduction, the above moment bounds hold uniformly.

Decompose Ξ
(r)
n,j(z) =M

(r),1
n,j (z) +M

(r),2
n,j (z), where

M
(r),1
n,j (z) = tr{D(r)

j (z)}−1 − E tr{D(r)
j (z)}−1

and

M
(r),2
n,j (z) = E tr{D(r)

j (z)}−1 − ps(r)(z).

For the random part,

M
(r),1
n,j (z) =

n∑
t=1

(Et − Et−1) tr{D(r)
j (z)}−1.

By (S1.30),

M
(r),1
n,j (z) =

n∑
t=1

(Et − Et−1) tr{D(r)
j (z)}−1

= −
n∑

t=1

∂

∂z

[
b
(r,j)
t (z)(Et − Et−1)η

(r,j)
t (z)

]
+

n∑
t=1

ξ
(r,j)
nt (z). (S1.95)

The error term is negligible in the covariance calculation, since

n∑
t=1

E|ξ(r,j)nt (z)|2 = o(1),

uniformly for z on the contours.

For any fixed z1, . . . , zm, the Cramér–Wold device and the martin-

gale central limit theorem apply. The conditional covariance converges by
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(S1.37)–(S1.92). The Lindeberg condition follows from

n∑
t=1

E
∣∣∣ ∂
∂z

[
b
(r,j)
t (z)(Et − Et−1)η

(r,j)
t (z)

]∣∣∣4
≤ K

n∑
t=1

E
[
|η(r,j)t (z)|4 +

∣∣ ∂
∂z
η
(r,j)
t (z)

∣∣4] = O(n−1).

Therefore the finite-dimensional distributions converge to those of a Gaus-

sian process. For tightness, the resolvent identity gives

{D(r)
j (z1)}−1 − {D(r)

j (z2)}−1 = (z1 − z2){D(r)
j (z1)}−1{D(r)

j (z2)}−1.

Thus

M
(r),1
n,j (z1)−M (r),1

n,j (z2)

= (z1 − z2)
[
tr{D(r)

j (z1)}−1{D(r)
j (z2)}−1 − E tr{D(r)

j (z1)}−1{D(r)
j (z2)}−1

]
.

Using the martingale moment estimate in the proof of Bai and Silverstein

(2010, Theorem 9.10), together with the uniform resolvent bound on the

contours, gives

E
∣∣M (r),1

n,j (z1)−M (r),1
n,j (z2)

∣∣2 ≤ K|z1 − z2|2

and

E
∣∣M (r),1

n,j (z1)−M (r),1
n,j (z2)

∣∣4 ≤ K|z1 − z2|2.

These estimates imply tightness of M
(r),1
n,j (z) on the contour. The same

argument applies to M
(r),1
n,i (z). For the non-random term, the treatment in
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Bai and Silverstein (2010, Theorem 9.10) gives

M
(r),2
n,j (z) −→M (r),2(z)

uniformly on the contours, where M (r),2(z) is deterministic and analytic.

The same convergence holds for M
(r),2
n,i (z). Since this term is non-random,

it contributes to the limiting mean but not to the cross-covariance.

The preceding covariance calculation has been carried out for z1, z2 ∈

C+. For points on the remaining parts of the closed contours, the same argu-

ment applies. Indeed, if S denotes any of S
(r)
j ,S

(r)
i ,S

(r)
j −r

(r,j)
t (r

(r,j)
t )⊤,S

(r)
i −

r
(r,i)
t (r

(r,i)
t )⊤, then S is real symmetric. Hence, for z ∈ C\R, ∥(S−zIp)−1∥ ≤

1/|ℑz|. Therefore all rank-one perturbation identities, martingale decom-

positions and quadratic-form estimates used above remain valid with |ℑz|

in place of ℑz. Consequently, the covariance kernel obtained above ex-

tends to the full contours used in the Cauchy integral representation, in the

same passage from the stieltjes transform process to the LSS as in Bai and

Silverstein (2010).

Finally, by the Cauchy integral representation,

{Q(r)
n (f)}j = −

1

2πi

∮
C1
f(z1)Ξ

(r)
n,j(z1) dz1. (S1.96)

The empirical process {Q(r)
n (f)}i is defined analogously, with j, z1, C1 re-

placed by i, z2, C2, respectively. Substituting (S1.37), (S1.65), and (S1.92)
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gives

Cov
(
{Q(r)

n (f)}j, {Q(r)
n (f)}i

)
−→ ν

(r)
f,ρ,

where

ν
(r)
f,ρ = −

q + 1

4π2

∮
C1

∮
C2
f(z1)f(z2)

∂2

∂z1∂z2

[
− log

{
1− ρ2rc s(r)(z1)s(r)(z2)

×
∫

x2 dH(r)(x)

{1 + xs(r)(z1)}{1 + xs(r)(z2)}
}]

dz1dz2

− β
(r)
ρ c

4π2

∮
C1

∮
C2
f(z1)f(z2)

∫
x dH(r)(x)

{1 + xs(r)(z1)}2

∫
x dH(r)(x)

{1 + xs(r)(z2)}2
ds(r)(z1) ds

(r)(z2).

This proves the claimed cross-covariance formula.

S1.3 Proof of the Cross-covariance under Shared-component Dom-

inance

We next show that the simplified covariance formula used in the main text

is recovered under the shared-component dominance condition for two rows

in the same row-population. Fix r ∈ [1 : τ ] and take two distinct row

indices i ̸= j ∈ [1 : hr]. we formulate the shared-component dominance

condition through the smallness of the difference between two dependent

row samples. Specifically, assume that, uniformly for t ∈ [1 : n],

1

p
E∥x(r)

jt − x
(r)
it ∥2 = o(n−1), E∥x(r)

jt − x
(r)
it ∥4 = O

[{
E∥x(r)

jt − x
(r)
it ∥2

}2]
.

(S1.97)
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The first condition means that the row-specific discrepancy is negligible

relative to the p-dimensional signal size, while the second condition con-

trols its fourth moment. This is the sense in which the shared component

dominates the difference between the two row samples. Then, define the

perturbation between the two sample covariance matrices by

∆(r,ji) := S
(r)
j − S

(r)
i . (S1.98)

Since (S1.6), (S1.98) can be further deduced

∆(r,ji) =
1

n
Tr

{
X

(r)
j (X

(r)
j )⊤ −X

(r)
i (X

(r)
i )⊤

}
T⊤

r

=
1

n
Tr

[
X

(r)
i {X

(r)
j −X

(r)
i }⊤ + {X(r)

j −X
(r)
i }(X

(r)
i )⊤

+ {X(r)
j −X

(r)
i }{X

(r)
j −X

(r)
i }⊤

]
T⊤

r . (S1.99)

Throughout this proof, K denotes a positive constant independent of n, p, t,

and z, whose value may change from line to line. By the uniform bound-

edness of ∥Tr∥, we have ∥TrAT⊤
r ∥F ≤ ∥Tr∥2∥A∥F ≤ K∥A∥F for every

conformable matrix A. Together with ∥AB⊤∥F ≤ ∥A∥ ∥B∥F and Cauchy’s

inequality, this gives

E
∥∥∆(r,ji)

∥∥2
F
= E

∥∥∥ 1
n
Tr

[
X

(r)
i {X

(r)
j −X

(r)
i }⊤ + {X(r)

j −X
(r)
i }(X

(r)
i )⊤

+ {X(r)
j −X

(r)
i }{X

(r)
j −X

(r)
i }⊤

]
T⊤

r

∥∥∥2
F

≤ K

n2
E
[∥∥X(r)

i {X
(r)
j −X

(r)
i }⊤

∥∥2
F
+
∥∥{X(r)

j −X
(r)
i }(X

(r)
i )⊤

∥∥2
F
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+
∥∥{X(r)

j −X
(r)
i }{X

(r)
j −X

(r)
i }⊤

∥∥2
F

]
≤ K

n2
E
[
∥X(r)

i ∥2∥X
(r)
j −X

(r)
i ∥2F + ∥X(r)

j −X
(r)
i ∥4F

]
(S1.100)

≤ K

n2

{
E∥X(r)

i ∥4
}1/2{E∥X(r)

j −X
(r)
i ∥4F

}1/2
+
K

n2
E∥X(r)

j −X
(r)
i ∥4F .

Moreover, since the column pairs are independent over t,

E∥X(r)
j −X

(r)
i ∥2F =

n∑
t=1

E∥x(r)
jt −x

(r)
it ∥2 = n ·o

(p
n

)
= o(p) = o(n), (S1.101)

where p/n→ c ∈ (0,∞). Also, combining (S1.97) and (S1.101),

E∥X(r)
j −X

(r)
i ∥4F = E

[ n∑
t=1

∥x(r)
jt − x

(r)
it ∥2

]2
=

n∑
t=1

E∥x(r)
jt − x

(r)
it ∥4 + 2

∑
1≤s<t≤n

E∥x(r)
js − x

(r)
is ∥2E∥x

(r)
jt − x

(r)
it ∥2

≤ Kn
[
sup

1≤t≤n
E∥x(r)

jt − x
(r)
it ∥2

]2
+Kn2

[
sup

1≤t≤n
E∥x(r)

jt − x
(r)
it ∥2

]2
= O

[
n2
{

sup
1≤t≤n

E∥x(r)
jt − x

(r)
it ∥2

}2]
= o(n2). (S1.102)

Under the standard spectral-norm bound for the sample matrix, we have

E∥X(r)
i ∥4 = O(n2). Substituting (S1.102) into (S1.100), we get

E
∥∥∆(r,ji)

∥∥2
F
≤ K

n2

{
O(n2)

}1/2{
o(n2)

}1/2
+
K

n2
o(n2) = o(1). (S1.103)

Therefore, we have
∥∥∆(r,ji)

∥∥
F
= op(1) and

∥∥∆(r,ji)
∥∥ = op(1). Recall (S1.11),

for t ∈ [1 : n], define

∆
(r,ji)
t := r

(r,j)
t (r

(r,j)
t )⊤ − r

(r,i)
t (r

(r,i)
t )⊤. (S1.104)
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Then, recall the definition of D
(r)
j,t (z) in (S1.12),

∆(r,ji) −∆
(r,ji)
t = S

(r)
j − r

(r,j)
t (r

(r,j)
t )⊤ −

{
S
(r)
i − r

(r,i)
t (r

(r,i)
t )⊤

}
= D

(r)
j,t (z)−D

(r)
i,t (z). (S1.105)

The right-hand side does not depend on z. Repeating the argument leading

to (S1.103), but with the tth column removed, gives

sup
1≤t≤n

E
∥∥∆(r,ji) −∆

(r,ji)
t

∥∥2
F
= o(1). (S1.106)

We now compare the two rank-one perturbation formula. From (S1.105),

D
(r)
j,t (z) = D

(r)
i,t (z) + ∆(r,ji) −∆

(r,ji)
t . Therefore, by the resolvent identity,

{D(r)
j,t (z)}−1 = {D(r)

i,t (z)}−1 − {D(r)
i,t (z)}−1(∆(r,ji) −∆

(r,ji)
t ){D(r)

j,t (z)}−1.

(S1.107)

Multiplying (S1.107) by T⊤
r and Tr, and then taking conditional expecta-

tion Et(·), defined in (S1.14), yields

Et

[
T⊤

r {D
(r)
j,t (z)}−1Tr

]
(S1.108)

= Et

[
T⊤

r {D
(r)
i,t (z)}−1Tr

]
− Et

[
T⊤

r {D
(r)
i,t (z)}−1(∆(r,ji) −∆

(r,ji)
t ){D(r)

j,t (z)}−1Tr

]
.

On the contours used in the Cauchy integral representation, the resolvents

are uniformly bounded, that is,
∥∥{D(r)

i,t (z)}−1
∥∥ ≤ K, and

∥∥{D(r)
j,t (z)}−1

∥∥ ≤
K. Therefore, by Jensen’s inequality and the boundedness of ∥Tr∥, com-
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bining (S1.106),

E
∥∥∥Et

[
T⊤

r {D
(r)
i,t (z)}−1(∆(r,ji) −∆

(r,ji)
t ){D(r)

j,t (z)}−1Tr

]∥∥∥
F

≤ EEt

∥∥∥T⊤
r {D

(r)
i,t (z)}−1(∆(r,ji) −∆

(r,ji)
t ){D(r)

j,t (z)}−1Tr

∥∥∥
F

≤ KEEt

∥∥∆(r,ji) −∆
(r,ji)
t

∥∥
F
= KE

∥∥∆(r,ji) −∆
(r,ji)
t

∥∥
F

≤ K
{
E
∥∥∆(r,ji) −∆

(r,ji)
t

∥∥2
F

}1/2

= o(1), (S1.109)

uniformly in t and z on the contours. Following the leading covariance

representation (S1.31) already obtained in Section S1.2,

Cov
(
Ξ
(r)
n,j(z1),Ξ

(r)
n,i(z2)

)
(S1.110)

=
∂2

∂z1∂z2

n∑
t=1

E
[
b
(r,j)
t (z1)b

(r,i)
t (z2)

{
(Et − Et−1)η

(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]
+ o(1),

where η
(r,j)
t (z1) and η

(r,i)
t (z2) are given by (S1.19), and the deterministic

coefficients b
(r,j)
t (z1) and b

(r,i)
t (z2) are defined as in (S1.18).

We shall show that, under the shared-component dominance condition,

the first martingale increment (Et − Et−1)η
(r,j)
t (z1) in (S1.110) may be re-

placed by the corresponding i-sample martingale increment. By adding and

subtracting n−1(x
(r)
jt )

⊤T⊤
r {D

(r)
i,t (z)}−1Trx

(r)
jt , we have

η
(r,j)
t (z)− η(r,i)t (z)

=
1

n

[
(x

(r)
jt )

⊤T⊤
r

[
{D(r)

j,t (z)}−1 − {D(r)
i,t (z)}−1

]
Trx

(r)
jt

− tr
{
T⊤

r

[
{D(r)

j,t (z)}−1 − {D(r)
i,t (z)}−1

]
Tr

}]
(S1.111)
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+
1

n

[
(x

(r)
jt )

⊤T⊤
r {D

(r)
i,t (z)}−1Trx

(r)
jt − (x

(r)
it )

⊤T⊤
r {D

(r)
i,t (z)}−1Trx

(r)
it

]
.

We control the two terms on the right-hand side of (S1.111) separately. For

the first term, set

Mt(z) = T⊤
r

[
{D(r)

j,t (z)}−1 − {D(r)
i,t (z)}−1

]
Tr := (akl)p×p.

Conditional on the rank-one perturbation formula, Mt(z) is fixed and is

independent of the current vector x
(r)
jt := (x

(r)
jkt) ∈ Rp. Recall that, for

entries from the rth row-population,

E
[
(x

(r)
jktx

(r)
jlt − δkl)(x

(r)
jatx

(r)
jbt − δab)

]
= δkaδlb + qδkbδla + β(r)1{k=l=a=b},

where Kronecker delta function δab = 1{a=b}, q = 1 in the real case and

q = 0 in the complex case, and β(r) = E{(x(r)jkt)
4} − q − 2 is common over k

and t within the rth row-population. Therefore,

E
[∣∣(x(r)

jt )
⊤Mt(z)x

(r)
jt − trMt(z)

∣∣2 ∣∣∣Mt(z)
]
= E

[∣∣ p∑
k,l=1

akl(x
(r)
jktx

(r)
jlt − δkl)

∣∣2 ∣∣∣Mt(z)
]

=

p∑
k,l,a,b=1

aklaab E
[
(x

(r)
jktx

(r)
jlt − δkl)(x

(r)
jatx

(r)
jbt − δab)

]
=

p∑
k,l=1

|akl|2 + q

p∑
k,l=1

aklalk + β(r)

p∑
k=1

|akk|2

≤
p∑

k,l=1

|akl|2 + q
∣∣ p∑
k,l=1

aklalk
∣∣+ |β(r)|

p∑
k=1

|akk|2 (S1.112)

≤ ∥Mt(z)∥2F + q
( p∑
k,l=1

|akl|2
)1/2( p∑

k,l=1

|alk|2
)1/2

+K∥Mt(z)∥2F ≤ K∥Mt(z)∥2F .
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where alk denotes the complex conjugate of alk. Hence, combining (S1.112)

and (S1.106), the first term of (S1.111) can be controlled,

E
∣∣∣ 1
n

[
(x

(r)
jt )

⊤Mt(z)x
(r)
jt − trMt(z)

]∣∣∣2
≤ K

n2
E∥Mt(z)∥2F

=
K

n2
E
∥∥∥T⊤

r

{
{D(r)

j,t (z)}−1 − {D(r)
i,t (z)}−1

}
Tr

∥∥∥2
F

=
K

n2
E
∥∥∥T⊤

r {D
(r)
i,t (z)}−1(∆(r,ji) −∆

(r,ji)
t ){D(r)

j,t (z)}−1Tr

∥∥∥2
F

≤ K

n2
E
[
∥Tr∥4

∥∥{D(r)
i,t (z)}−1

∥∥2∥∥{D(r)
j,t (z)}−1

∥∥2∥∥∆(r,ji) −∆
(r,ji)
t

∥∥2
F

]
≤ K

n2
E
∥∥∆(r,ji) −∆

(r,ji)
t

∥∥2
F
= o(n−2). (S1.113)

Second, we control the remaining quadratic-form difference. Using the

identity a⊤Aa − b⊤Ab = (a − b)⊤A(a + b), with a = x
(r)
jt , b = x

(r)
it ,

and A = T⊤
r {D

(r)
i,t (z)}−1Tr, together with Cauchy’s inequality, the shared-

component dominance condition (S1.97), and the marginal moment bound

E∥x(r)
jt + x

(r)
it ∥4 = O(p2), we obtain

E
∣∣∣ 1
n

[
(x

(r)
jt )

⊤T⊤
r {D

(r)
i,t (z)}−1Trx

(r)
jt − (x

(r)
it )

⊤T⊤
r {D

(r)
i,t (z)}−1Trx

(r)
it

]∣∣∣2
=

1

n2
E
∣∣∣(x(r)

jt − x
(r)
it )

⊤T⊤
r {D

(r)
i,t (z)}−1Tr(x

(r)
jt + x

(r)
it )
∣∣∣2

≤ K

n2
E
[∥∥x(r)

jt − x
(r)
it

∥∥2∥∥x(r)
jt + x

(r)
it

∥∥2]
≤ K

n2

{
E
∥∥x(r)

jt − x
(r)
it

∥∥4}1/2{
E
∥∥x(r)

jt + x
(r)
it

∥∥4}1/2

=
K

n2
O
[
E
∥∥x(r)

jt − x
(r)
it

∥∥2]O(p) = K

n2
o
(p
n

)
O(p) = o(n−1). (S1.114)
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Combining (S1.111), (S1.113), and (S1.114), we obtain

E
∣∣∣(Et − Et−1)

{
η
(r,j)
t (z)− η(r,i)t (z)

}∣∣∣2
≤ KE

∣∣η(r,j)t (z)− η(r,i)t (z)
∣∣2

≤ KE
∣∣∣∣ 1n[(x(r)

jt )
⊤T⊤

r

[
{D(r)

j,t (z)}−1 − {D(r)
i,t (z)}−1

]
Trx

(r)
jt

− tr
{
T⊤

r

[
{D(r)

j,t (z)}−1 − {D(r)
i,t (z)}−1

]
Tr

}]∣∣∣∣2
+KE

∣∣∣∣ 1n[(x(r)
jt )

⊤T⊤
r {D

(r)
i,t (z)}−1Trx

(r)
jt − (x

(r)
it )

⊤T⊤
r {D

(r)
i,t (z)}−1Trx

(r)
it

]∣∣∣∣2
= o(n−2) + o(n−1) = o(n−1), (S1.115)

uniformly in t and z on the contours. Next, we compare b
(r,j)
t (z) and b

(r,i)
t (z).

Recall (S1.18) and the same definition holds for b
(r,i)
t (z). Since the denom-

inators are bounded away from zero on the contours, we have

∣∣b(r,j)t (z)− b(r,i)t (z)
∣∣

=
∣∣∣b(r,j)t (z)b

(r,i)
t (z)

1

n
E tr

[
T⊤

r

[
{D(r)

i,t (z)}−1 − {D(r)
j,t (z)}−1

]
Tr

]∣∣∣
≤ K

n
E
∣∣∣ tr [T⊤

r

[
{D(r)

i,t (z)}−1 − {D(r)
j,t (z)}−1

]
Tr

]∣∣∣
=
K

n
E
∣∣∣ tr [T⊤

r {D
(r)
i,t (z)}−1(∆(r,ji) −∆

(r,ji)
t ){D(r)

j,t (z)}−1Tr

]∣∣∣
=
K

n
E
∣∣∣ tr [{D(r)

j,t (z)}−1TrT
⊤
r {D

(r)
i,t (z)}−1(∆(r,ji) −∆

(r,ji)
t )

]∣∣∣
≤ K

n
E
[∥∥{D(r)

j,t (z)}−1TrT
⊤
r {D

(r)
i,t (z)}−1

∥∥
F

∥∥∆(r,ji) −∆
(r,ji)
t

∥∥
F

]
≤ K

√
p

n

{
E
∥∥∆(r,ji) −∆

(r,ji)
t

∥∥2
F

}1/2

= o(1), (S1.116)

uniformly in t and z on the contours. Here the last inequality uses | tr(AB)| ≤
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∥A∥F∥B∥F , and ∥{D(r)
j,t (z)}−1TrT

⊤
r {D

(r)
i,t (z)}−1∥F = O(

√
p).

We now substitute these two replacements into (S1.110), and it remains

to control the two replacement errors. Indeed, we have

E
∣∣(Et − Et−1)η

(r,j)
t (z)

∣∣2 ≤ 2E
∣∣Etη

(r,j)
t (z)

∣∣2 + 2E
∣∣Et−1η

(r,j)
t (z)

∣∣2 ≤ 4E
∣∣η(r,j)t (z)

∣∣2
= 4E

∣∣∣ 1
n

[
(x

(r)
jt )

⊤T⊤
r {D

(r)
j,t (z)}−1Trx

(r)
jt − tr

{
T⊤

r {D
(r)
j,t (z)}−1Tr

}]∣∣∣2
≤ K

n2
E
∥∥T⊤

r {D
(r)
j,t (z)}−1Tr

∥∥2
F
≤ K

n2
E
[
∥Tr∥4

∥∥{D(r)
j,t (z)}−1

∥∥2
F

]
≤ Kp

n2
= O(n−1), (S1.117)

where the last equality follows from p/n→ c ∈ (0,∞). Since b
(r,j)
t (z1) and

b
(r,i)
t (z1) are deterministic coefficients, (S1.116) gives

sup
1≤t≤n

∣∣∣b(r,j)t (z1)− b(r,i)t (z1)
∣∣∣ = o(1).

Using the boundedness of b
(r,i)
t (z2), Cauchy’s inequality, and (S1.117) to-

gether with its analogue with j replaced by i, we obtain∣∣∣∣∣
n∑

t=1

E
[{
b
(r,j)
t (z1)− b(r,i)t (z1)

}
b
(r,i)
t (z2)

{
(Et − Et−1)η

(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]∣∣∣∣∣
≤ K sup

1≤t≤n

∣∣b(r,j)t (z1)− b(r,i)t (z1)
∣∣ n∑
t=1

E
∣∣∣{(Et − Et−1)η

(r,j)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}∣∣∣
≤ K sup

1≤t≤n

∣∣b(r,j)t (z1)− b(r,i)t (z1)
∣∣{ n∑

t=1

E
∣∣(Et − Et−1)η

(r,j)
t (z1)

∣∣2}1/2

×
{ n∑

t=1

E
∣∣(Et − Et−1)η

(r,i)
t (z2)

∣∣2}1/2

= o(1) ·O(1) ·O(1) = o(1). (S1.118)
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Then, by the boundedness of b
(r,i)
t (z1) and b

(r,i)
t (z2), Cauchy’s inequality,

(S1.115), and the analogue of (S1.117) with j replaced by i, we have

∣∣∣∣ n∑
t=1

E
[
b
(r,i)
t (z1)b

(r,i)
t (z2)

{
(Et − Et−1)[η

(r,j)
t (z1)− η(r,i)t (z1)]

}{
(Et − Et−1)η

(r,i)
t (z2)

}]∣∣∣∣
≤ K

{ n∑
t=1

E
∣∣(Et − Et−1)[η

(r,j)
t (z1)− η(r,i)t (z1)]

∣∣2}1/2

×
{ n∑

t=1

E
∣∣∣(Et − Et−1)η

(r,i)
t (z2)

∣∣2}1/2

= o(1) ·O(1) = o(1). (S1.119)

Combining (S1.110), (S1.118), and (S1.119), we obtain

Cov
(
Ξ
(r)
n,j(z1),Ξ

(r)
n,i(z2)

)
=

∂2

∂z1∂z2

n∑
t=1

E
[
b
(r,i)
t (z1)b

(r,i)
t (z2)

{
(Et − Et−1)η

(r,i)
t (z1)

}{
(Et − Et−1)η

(r,i)
t (z2)

}]
+ o(1)

= Cov
(
Ξ
(r)
n,i(z1),Ξ

(r)
n,i(z2)

)
+ o(1), (S1.120)

uniformly for z1, z2 on the contours. The same conclusion remains valid after

differentiating with respect to z1 and z2, since the derivatives only replace

resolvent factors by higher powers of resolvents, which are still uniformly

bounded on the contours.

Finally, using the Cauchy integral representation in (S1.96) and its

analogue for the ith row sample, and integrating (S1.120) over the two

50



contours, we obtain

Cov
(
{Q(r)

n (f)}j, {Q(r)
n (f)}i

)
= Var

(
{Q(r)

n (f)}i
)
+ o(1).

Hence, under the shared-component dominance condition,

ν
(r)
Cov fji = ν

(r)
f + o(1).

The proof is completed.

S2 Detailed Calculations of Example 1

Let f0(x) = x. We define the first two moments of the population spectral

distributions H(r) as

m
(r)
1 =

∫
x dH(r)(x), m

(r)
2 =

∫
x2 dH(r)(x), for r = 1, 2, 3.

In the fourth-cumulant term, the coefficient multiplying β(r) or β
(r)
ρ depends

on the setting under consideration. We denote this coefficient by κ
(r)
x , where

κ
(r)
x = {m(r)

1 }2 under Assumption 4, and κ
(r)
x = m

(r)
2 in the diagonal case.

Recall the three population spectral distributions introduced in Exam-

ple 1: H(1) = δ{1}, H
(2) = δ{2}/2+δ{1}/2, andH

(3) = δ{3}/3+δ{2}/3+δ{1}/3.

Direct integration yields their respective moments as

(
m

(1)
1 ,m

(2)
1 ,m

(3)
1

)
= (1, 3/2, 2),

(
m

(1)
2 ,m

(2)
2 ,m

(3)
2

)
= (1, 5/2, 14/3).
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Consequently, κ
(1)
x = 1 in both settings. For the second and third popula-

tions, Assumption 4 gives κ
(2)
x = 9/4 and κ

(3)
x = 4, whereas in the diagonal

case one obtains κ
(2)
x = 5/2 and κ

(3)
x = 14/3. Note that

∫
x dF c,H(r)

(x) =

m
(r)
1 , meaning the mean correction identically vanishes, i.e., µ

(r)
x = 0 for all

r. For the jth sample drawn from the rth population, we have

{Q(r)
n (f0)}j =

p∑
i=1

λi(S
(r)
j )−m(r)

1 p.

We first list the variance ν
(r)
x and the Case II cross-covariance ν

(r)
x,ρ for each

population. The calculation for H(1) follows Example 1 in Jiang (2023), and

that for H(2) follows Example 1 in Wang and Jiang (2025). The detailed

calculation for H(3) is provided in Section S3.

H(1) : ν(1)x = c{(q + 1) + β(1)}, ν(1)x,ρ = c{(q + 1)ρ21 + β(1)
ρ }.

H(2) : ν(2)x = c
{
(5/2)(q + 1) + β(2)κ(2)x

}
, ν(2)x,ρ = c

{
(5/2)(q + 1)ρ22 + β(2)

ρ κ(2)x

}
.

H(3) : ν(3)x = c
{
(14/3)(q + 1) + β(3)κ(3)x

}
, ν(3)x,ρ = c

{
(14/3)(q + 1)ρ23 + β(3)

ρ κ(3)x

}
.

We now evaluate the limiting variance νx of Gn(f0) under the three

row-population configurations in Example 1. By the independence of row

samples from different row-populations in Case I, the only nonzero cross-

covariance contribution comes from the two dependent row samples within

the same row-population.

Scenario 1: (h1, h2, h3) = (2, 1, 1). The centering term is bx = p{2m(1)
1 +
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m
(2)
1 +m

(3)
1 } = (11/2)p. Gn(f0) admits the decomposition

Gn(f0) =
2∑

j=1

{Q(1)
n (f0)}j + {Q(2)

n (f0)}1 + {Q(3)
n (f0)}1.

Accounting for the covariance within the first population, we sum the com-

ponents to obtain

νx = 2ν(1)x + ν(2)x + ν(3)x + 2Cov
(
{Q(1)

n (f0)}1, {Q(1)
n (f0)}2

)
.

Substituting the respective values yields the explicit variances under As-

sumption 4 and the diagonal case:

νA4
x,S1

= c
{
(q + 1)(55/6 + 2ρ21) + 2β(1) + (9/4)β(2) + 4β(3) + 2β(1)

ρ

}
,

νdiagx,S1
= c
{
(q + 1)(55/6 + 2ρ21) + 2β(1) + (5/2)β(2) + (14/3)β(3) + 2β(1)

ρ

}
.

The same covariance decomposition gives the following two cases.

Scenario 2: (h1, h2, h3) = (1, 2, 1). The centering term is bx = p{m(1)
1 +

2m
(2)
1 +m

(3)
1 } = 6p and summing ν

(1)
x + 2ν

(2)
x + ν

(3)
x + 2ν

(2)
x,ρ yields

νA4
x,S2

= c
{
(q + 1)(32/3 + 5ρ22) + β(1) + (9/2)β(2) + 4β(3) + (9/2)β(2)

ρ

}
,

νdiagx,S2
= c
{
(q + 1)(32/3 + 5ρ22) + β(1) + 5β(2) + (14/3)β(3) + 5β(2)

ρ

}
.

Scenario 3: (h1, h2, h3) = (1, 1, 2). The centering term is bx = p{m(1)
1 +

m
(2)
1 + 2m

(3)
1 } = (13/2)p and summing ν

(1)
x + ν

(2)
x + 2ν

(3)
x + 2ν

(3)
x,ρ provides

νA4
x,S3

= c
{
(q + 1)

(
77/6 + (28/3)ρ23

)
+ β(1) + (9/4)β(2) + 8β(3) + 8β(3)

ρ

}
,

νdiagx,S3
= c
{
(q + 1)

(
77/6 + (28/3)ρ23

)
+ β(1) + (5/2)β(2) + (28/3)β(3) + (28/3)β(3)

ρ

}
.
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Consequently, the standardized statistic is

Tx = ν−1/2
x

[ p∑
i=1

hλi − bx
]
⇒ N (0, 1),

where the mean correction is µx = 0, and νx is taken from the expression

corresponding to the specified row-population configuration and setting.

S3 Calculations of the Population H(3) in Example 1

S3.1 Calculations of µ
(3)
x

We primarily derive the computation procedure for µ
(3)
x and ν

(3)
x . It is

straightforward to ascertain that the mean µ̃x when H(x) = δ{3σ2}/3 +

δ{2σ2}/3 + δ{σ2}/3 is identical to σ2 multiplied by the mean µ
(3)
x when

H(3)(x) = δ{3}/3 + δ{2}/3 + δ{1}/3. Consequently, we initially concentrate

on the computation of µ
(3)
x .

Let s(z) be represented as s for the sake of simplicity. Refer to (3.1) as

presented in Bai and Yao (2012a) as H(3) = δ{3}/3 + δ{2}/3 + δ{1}/3 for

z ∈ C+,

z = −1

s
+

∫
cx

1 + xs
dH(3)(x) = −1

s
+

c

3{1 + s}
+

2c

3{1 + 2s}
+

c

{1 + 3s}
.
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The first part of µ
(3)
x is

µ(3)
x1

= − q

2πi

∮
czs3

∫
x2{1 + xs}−3dH(x)

[1− cs2
∫
x2{1 + xs}−2dH(x)]2

dz

= − q

2πi

∮ [
− 1

s
+

c

3{1 + s}
+

2c

3{1 + 2s}
+

c

{1 + 3s}

]
×

cs3
[
{1 + s}−3 + 4{1 + 2s}−3 + 9{1 + 3s}−3

]
3− cs2

[
{1 + s}−2 + 4{1 + 2s}−2 + 9{1 + 3s}−2

]
×
[ 1
s2
− c

3{1 + s}2
− 4c

3{1 + 2s}2
− 3c

{1 + 3s}2
]

= − q

2πi

∮
c2sN1[s]N2[s]

3{1 + s}2{1 + 2s}2{1 + 3s}2D[s]
ds,

where

N1[s] =
[
{1 + 2s}{1 + 3s}+ 2{1 + s}{1 + 3s}+ 3{1 + s}{1 + 2s}

]
− 3{1 + s}{1 + 2s}{1 + 3s},

N2[s] ={1 + 2s}3{1 + 3s}3 + 4{1 + s}3{1 + 3s}3 + 9{1 + s}3{1 + 2s}3,

D[s] =3{1 + s}2{1 + 2s}2{1 + 3s}2

− cs2
[
{1 + 2s}2{1 + 3s}2 + 4{1 + s}2{1 + 3s}2 + 9{1 + s}2{1 + 2s}2

]
.

The contour of s encloses the points −1, −1/2, and −1/3 for 0 < c ≤ 1, but

it encloses no poles when c > 1. Thus µ
(3)
x1 in both cases can be calculated

as

µ(3)
x1

= − q

2πi
× 0 = 0.
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Similarly, the second part of µ
(3)
x can be computed as

µ(3)
x2

= − βc

2πi

∮
zs3
∫
x{1 + xs}−1dH(x)

∫
{1 + xs}−2dH(x)

1− cs2
∫
x2{1 + xs}−2dH(x)

dz

= − βc

2πi

∮ [
− 1

s
+

c

3{1 + s}
+

2c

3{1 + 2s}
+

c

{1 + 3s}

]
×

s3
[
{1 + s}−1 + 2{1 + 2s}−1 + 3{1 + 3s}−1

]
9− 3cs2

[
{1 + s}−2 + 4{1 + 2s}−2 + 9{1 + 3s}−2

]
×
[ 1

{1 + s}2
+

1

{1 + 2s}2
+

1

{1 + 3s}2
]

×
[ 1
s2
− c

3{1 + s}2
− 4c

3{1 + 2s}2
− 3c

{1 + 3s}2
]

= − βc

2πi
× 2πi× 0

= 0.

Thus,

µ̃x = µ(3)
x = 0.

S3.2 Calculations of ν
(3)
x

Now, consider the calculation of ν̃x. When H(x) = δ{3σ2}/3 + δ{2σ2}/3 +

δ{σ2}/3, for z ∈ C+, we have

z = −1

s
+

∫
cx

1 + xs
dH(x) = −1

s
+

cσ2

3{1 + σ2s}
+

2cσ2

3{1 + 2σ2s}
+

cσ2

1 + 3σ2s
.

The first part of ν̃x is

ν̃x1 = −
q + 1

4π2

∮ ∮
z1z2{

s(z1 − s(z2)
}2ds(z1)ds(z2).
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Let si represent s(zi) for i = 1, 2 for the sake of simplicity. For a fixed

s2, the contour of s1 encircles −1/σ2, −1/(2σ2), and −1/(3σ2), whereas it

encircles 0 if c > 1. Thus, we have∮
z1

{s1 − s2}2
ds1

=

∮
− 1

s1{s1 − s2}2
+

cσ2

3{1 + σ2s1}{s1 − s2}2
+

2cσ2

3{1 + 2σ2s1}{s1 − s2}2

+
cσ2

{1 + 3σ2s1}{s1 − s2}2
ds1

=


2πi
[ cσ4

3{1 + σ2s2}2
+

4cσ4

3{1 + 2σ2s2}2
+

3cσ4

{1 + 3σ2s2}2
]
, for 0 < c ≤ 1,

− 2πi
1

s22
, for 1 < c.

When 0 < c ≤ 1, we have

ν̃x1 =−
(q + 1)2πi

4π2

∮ [ cσ4

3{1 + σ2s2}2
+

4cσ4

3{1 + 2σ2s2}2
+

3cσ4

{1 + 3σ2s2}2
]

×
[
− 1

s2
+

cσ2

3{1 + σ2s2}
+

2cσ2

3{1 + 2σ2s2}
+

cσ2

1 + 3σ2s2

]
ds2

=− (q + 1)2πi

4π2
× 2πi×

(cσ4

3
+

4cσ4

3
+ 3cσ4

)
=
14

3
(q + 1)cσ4.

On the other hand, analogous computations are performed for the scenario

when c > 1 with the pole at 0. The value of ν̃x1 can be determined as

ν̃x1 =
(q + 1)2πi

4π2

∮
1

s22

[
− 1

s2
+

cσ2

3{1 + σ2s2}
+

2cσ2

3{1 + 2σ2s2}
+

cσ2

1 + 3σ2s2

]
ds2

=
(q + 1)2πi

4π2
× 2πi×

(
− 14

3
cσ4
)

=
14

3
(q + 1)cσ4.
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The results are consistent across all instances of c. Under Assumption 4,

and the second part of ν̃x is

ν̃x2,A4 =−
βc

4π2

∮ ∮
z1z2

[ σ2

3{1 + σ2s1}2
+

2σ2

3{1 + 2σ2s1}2
+

σ2

{1 + 3σ2s1}2
]

×
[ σ2

3{1 + σ2s2}2
+

2σ2

3{1 + 2σ2s2}2
+

σ2

{1 + 3σ2s2}2
]
ds1ds2.

The contour encompasses residues of −1/σ2, −1/(2σ2), and −1/(3σ2) when

0 < c ≤ 1, whereas it encloses 0 in the alternative scenario where c > 1.

Simple calculations for all scenarios reveal that the conclusions are identical,

albeit with different poles,

∮
z1

[ σ2

3{1 + σ2s1}2
+

2σ2

3{1 + 2σ2s1}2
+

σ2

{1 + 3σ2s1}2
]
ds1

=

∮ [
− 1

s1
+

cσ2

3{1 + σ2s1}
+

2cσ2

3{1 + 2σ2s1}
+

cσ2

1 + 3σ2s1

]
×
[ σ2

3{1 + σ2s1}2
+

2σ2

3{1 + 2σ2s1}2
+

σ2

{1 + 3σ2s1}2
]
ds1

= 2πi× 2σ2

= −4πiσ2.

Therefore, ν̃x2 can be calculated as

ν̃x2,A4 = −
βc

4π2
× (4πiσ2)2 = 4βcσ4.

In the diagonal case, the second part of ν̃x is different. By Remark 1, the

product of two marginal integrals in the fourth-cumulant term is replaced
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by the diagonal spectral average. Hence,

ν̃x2,diag =−
βc

4π2

∮ ∮
z1z2

[
σ4

3{1 + σ2s1}2{1 + σ2s2}2

+
4σ4

3{1 + 2σ2s1}2{1 + 2σ2s2}2
+

3σ4

{1 + 3σ2s1}2{1 + 3σ2s2}2

]
ds1ds2.

For a = 1, 2, 3, write

Ia =

∮
z(s)

{1 + aσ2s}2
ds,

where

z(s) = −1

s
+

cσ2

3{1 + σ2s}
+

2cσ2

3{1 + 2σ2s}
+

cσ2

1 + 3σ2s
.

When 0 < c ≤ 1, the contour of s encloses −1/σ2, −1/(2σ2), and −1/(3σ2).

Therefore, we have

I1 = 2πi
{
1− 25c

12
+

4c

3
+

3c

4

}
= 2πi,

I2 = 2πi
{ c
3
+ 1− 10c

3
+ 3c

}
= 2πi,

I3 = 2πi
{ c

12
+

4c

3
+ 1− 17c

12

}
= 2πi.

Thus, when 0 < c ≤ 1,

ν̃x2,diag = −
βc

4π2

{σ4

3
I21 +

4σ4

3
I22 + 3σ4I23

}
= − βc

4π2

{σ4

3
+

4σ4

3
+ 3σ4

}
(2πi)2

=
14

3
βcσ4.

When c > 1, the contour encloses the pole at 0. Since

Res
s=0

z(s)

{1 + aσ2s}2
= −1, a = 1, 2, 3,

we have Ia = −2πi for a = 1, 2, 3. Hence the same value is obtained:

ν̃x2,diag = −
βc

4π2

{σ4

3
+

4σ4

3
+ 3σ4

}
(−2πi)2 = 14

3
βcσ4.
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Finally, combining this with the first part ν̃x1 = (14/3)(q+1)cσ4, we obtain,

ν̃x,A4 =
{14

3
(q + 1) + 4β

}
cσ4, ν̃x,diag =

{14
3
(q + 1) +

14

3
β)
}
cσ4.

S4 Proofs of Lemma 2 and Theorems 2–3

Following the structure in (2.4), the spectral behavior of G is inherently

determined by the heterogeneous covariance matrices {Σ(r)}τr=1, which are

characterized by generalized spiked models (Bai and Yao, 2012b). Under

the homogeneous non-spiked baseline, these covariance matrices share a

common orthogonal eigenbasis U = (u1, . . . ,up) and take the form

Σ(r) = U(D0 +Λr)U
⊤ = U diag(σ

(r)
1 , . . . , σ(r)

p )U⊤, for each r ∈ [1 : τ ].

Here, D0 = diag(d1, . . . , dp) is the non-spiked diagonal matrix, and Λr =

diag(λ
(r)
1 , . . . , λ

(r)
κr , 0, . . . , 0) is the spiked diagonal matrix with its non-zero

entries sorted in descending order, where κr denotes the number of the

rth population spiked eigenvalues. Then, we define the joint support of

the spiked components across all populations as M = {1, . . . ,M}, where

M := max1≤r≤τ κr. Therefore, for r ∈ [1 : τ ], the rth row-population

eigenvalue σ
(r)
m is

σ(r)
m =

dm + λ(r)m , m ∈ [1 :M ],

dm, m ∈ [M + 1 : p].
(S4.121)
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We concatenate the sample matrices from (2.5) along the sample dimension,

and denote the resulting matrix by W̆ =
(
W

(1)
1 , . . . ,W

(1)
h1
, . . . ,W

(τ)
1 , . . . ,W

(τ)
hτ

)
∈

Rp×N with N = nh. Accordingly, (2.5) admits the equivalent form G =

N−1W̆W̆⊤. Due to the spectral invariance of G under orthogonal transfor-

mations, its extreme eigenvalues are identical to those of N−1W̌W̌⊤, where

W̌ := U⊤W̆. Define

Ǧ :=
1

N
W̌W̌⊤ = U⊤( 1

N
W̆W̆⊤)U = U⊤GU.

Since U is orthogonal and is a permutation matrix, Ǧ and G are orthog-

onally similar. Hence

λj(Ǧ) = λj(G), for any j = [1 : p].

Therefore, it is sufficient to study Ǧ. Then, Assumption 2 is imposed on

the rotated innovations U⊤x
(r)
jt in this common eigenbasis. More precisely,

we have

U⊤w
(r)
jt = diag

(
{σ(r)

1 }1/2, . . . , {σ(r)
p }1/2

)
U⊤x

(r)
jt .

Consequently, the joint spiked components and the non-spiked components

in W̌ can be decoupled into separate submatrices, and we partition W̌ as

follows:

W̌ =

(
Y1

Y0

)
∈ Rp×N , Y1 =

(
y1
...

yM

)
∈ RM×N , Y0 =

(
yM+1

...
yp

)
∈ Rp0×N .
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where the submatrix Y1 corresponds to the index setM, and Y0 contains

the remaining p0 = p−M noise components, whose corresponding sample

covariance matrices will be examined separately in our subsequent analysis.

To tackle the within-population dependence structure specified in As-

sumption 2 we shall use the following notation based on the non-spiked

components. For any m ∈ [M +1 : p], let ym denote the corresponding row

of the non-spiked block Y0. Define

ym = (y(1)
m ,y(2)

m , . . . ,y(τ)
m ) ∈ R1×N ,

the entry y
(r)
jmt of y

(r)
m ∈ R1×nhr is therefore

y
(r)
jmt = {σ(r)

m }1/2x
(r)
jmt = {σ(r)

m }1/2
(
x
(r)
0mt + ε

(r)
jmt

)
, j ∈ [1 : hr], t ∈ [1 : n].

Then, for i, j ∈ [1 : hr], s, t ∈ [1 : n], under Assumption 2, we obtain

E
{
y
(r)
jmty

(r)
ims

}
= dmE

[(
x
(r)
0mt + ε

(r)
jmt

)(
x
(r)
0ms + ε

(r)
ims

)]
= dm

[
(1− ρr)1{i=j} + ρr

]
1{t=s}.

Hence, we have E
{
(y

(r)
m )⊤y

(r)
m

}
= dmRhr(ρr)⊗ In ∈ Rnhr×nhr , where ⊗ de-

notes the Kronecker product, and Rhr(ρr) = (1− ρr)Ihr + ρr1hr1
⊤
hr
. Thus,

the covariance matrix of y⊤
m evaluates to E(y⊤

mym) = dmB0, where the ma-

trix B0 characterizes the within-population sample dependence structure,

given by

B0 := diag
(
Rh1(ρ1)⊗ In, . . . ,Rhτ (ρτ )⊗ In

)
∈ RN×N . (S4.122)

62



Defining the diagonal matrix A0 = diag(dM+1, . . . , dp), we can express the

non-spiked block via the separable representation Y0 = A
1/2
0 Z0B

1/2
0 , where

Z0 = (zit)p0×N is a matrix of standardized innovations. We assume that

there exists a deterministic sequence N−1/2 ≤ ϕN ≤ N−cϕ for some cϕ > 0,

such that

max
1≤i≤p0, 1≤t≤N

|zit| ≤ N1/2ϕN . (S4.123)

Next, we consider the analogy with the spiked block Y1. Let ym denote

its corresponding row for any m ∈ [1 :M ]. The covariance matrix of y⊤
m is

then given by

E(y⊤
mym) = ΓmB0 = diag

(
σ(1)
m Rh1(ρ1)⊗ In, . . . , σ

(τ)
m Rhτ (ρτ )⊗ In

)
,

where the diagonal matrix Γm incorporates the heterogeneous perturbation

strengths across populations:

Γm := diag
(
σ(1)
m Inh1 , . . . , σ

(τ)
m Inhτ

)
∈ RN×N . (S4.124)

Thus, the multi-population heterogeneity affects the phase transition of G

through the matrices ΓmB0 for m ∈ [1 :M ].

Since outlier eigenvalues are separated from the spectral bulk, we first

characterize the rightmost edge of the non-spiked reference matrix. Define

Q0 =
1

N
Y0Y

⊤
0 =

1

N
A

1/2
0 Z0B0Z

⊤
0 A

1/2
0 . (S4.125)
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We also introduce its dual matrix

Q̃0 =
1

N
Y⊤

0 Y0 =
1

N
B

1/2
0 Z⊤

0 A0Z0B
1/2
0 . (S4.126)

The matrices Q0 and Q̃0 have the same nonzero eigenvalues. Thus Q̃0 is

the dual separable sample covariance matrix associated with the non-spiked

reference model. We denote the empirical spectral distributions (ESD) of

A0 and B0 by FA0
p0

and FB0
N , respectively, and set cN = p0/N . We assume

that there exists a constant c0 ∈ (0, 1) such that c0 ≤ cN ≤ c−1
0 and

max{∥A0∥, ∥B0∥} ≤ c−1
0 , FA0

p0
([0, c0]) ∨ FB0

N ([0, c0]) ≤ 1− c0. (S4.127)

For any z ∈ C+, we define s1,N(z) and s2,N(z) be the unique solutions in

C+ to the following system of self-consistent equations
s1,N(z) = −cN

∫
t

z{1 + ts2,N(z)}
dFA0

p0
(t),

s2,N(z) = −
∫

t

z{1 + ts1,N(z)}
dFB0

N (t).

(S4.128)

Define

scN (z) = −
1

z

∫
1

1 + ts2,N(z)
dFA0

p0
(t), z ∈ C+. (S4.129)

Then scN is the stieltjes transform of a deterministic probability mea-

sure, denoted by FcN , supported on [0,∞). By Ding and Yang (2021,

Lemma 2.5), its support on (0,∞) can be written as a finite union of inter-
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vals, i.e.

supp(FcN ) ∩ (0,∞) =

LN⋃
k=1

[e2k,N , e2k−1,N ] ∩ (0,∞).

The endpoints ek,N are called the spectral edges. In particular, we focus on

the rightmost edge

λ+,N := e1,N = sup{supp(FcN ) ∩ (0,∞)}. (S4.130)

We assume that the rightmost edge λ+,N is strictly regular. Specifically,

there exists a constant c0 ∈ (0, 1) such that,

1 + s1,N(λ+,N)λmax(B0) ≥ c0, 1 + s2,N(λ+,N)λmax(A0) ≥ c0. (S4.131)

Under the preliminary assumption of the common eigenbasis U and the

characterization of the bulk edge λ+,N of the non-spiked reference matrix

Q0, the proof of Theorem 3 is organized as follows. Step 1 reduces the

eigenvalue equation of G, outside the spectrum of Q0, to an exact finite-

dimensional determinant equation. Step 2 proves the uniform concentration

of the spiked row quadratic forms around their trace counterparts. Step 3

replaces the random trace terms by deterministic equivalents and derives

the threshold function in Theorem 2. Step 4 applies Rouché’s theorem to

count the zeros near each deterministic root and proves the almost sure con-

vergence of the separated sample outliers. Step 5 proves that the remaining

sample eigenvalues after the separated outliers stick to the bulk edge λ+,N .
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Step 1. Exact finite-dimensional determinant equation.

For z /∈ spec(Q0) ∪ {0}, we partition

Ǧ− zIp =

N−1Y1Y
⊤
1 − zIM N−1Y1Y

⊤
0

N−1Y0Y
⊤
1 Q0 − zIp0

 .

By the Schur complement formula,

det(Ǧ− zIp) = det(Q0 − zIp0) (S4.132)

× det
[
N−1Y1Y

⊤
1 − zIM −N−2Y1Y

⊤
0 (Q0 − zIp0)−1Y0Y

⊤
1

]
.

Recall (S4.126), define the resolvent P0(z) := (Q̃0 − zIN)−1. Observe that

N−1Y⊤
0 (Q0 − zIp0)−1Y0 = Q̃0(Q̃0 − zIN)−1. (S4.133)

Indeed,

(Q0−zIp0)Y0 =
(
N−1Y0Y

⊤
0 −zIp0

)
Y0 = Y0

(
N−1Y⊤

0 Y0−zIN
)
= Y0(Q̃0−zIN).

Since Q0 and Q̃0 share the same nonzero eigenvalues with z ̸= 0, the in-

vertibility of Q0 − zIp0 implies the invertibility of Q̃0 − zIN . Hence

(Q0 − zIp0)−1Y0 = Y0(Q̃0 − zIN)−1.

Multiplying from the left by N−1Y⊤
0 yields

N−1Y⊤
0 (Q0 − zIp0)−1Y0 = N−1Y⊤

0 Y0(Q̃0 − zIN)−1 = Q̃0(Q̃0 − zIN)−1,

which proves (S4.133). Moreover,

Q̃0(Q̃0 − zIN)−1 = IN + z(Q̃0 − zIN)−1 = IN + zP0(z). (S4.134)
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Combining (S4.133) and (S4.134), we obtain

N−1Y1Y
⊤
1 − zIM −N−2Y1Y

⊤
0 (Q0 − zIp0)−1Y0Y

⊤
1

= N−1Y1Y
⊤
1 − zIM −N−1Y1{IN + zP0(z)}Y⊤

1

= −z
{
IM +N−1Y1P0(z)Y

⊤
1

}
. (S4.135)

Substituting this into (S4.132), we obtain

det(Ǧ− zIp) = det(Q0 − zIp0)(−z)MDN(z),

where

DN(z) := det{IM +N−1Y1P0(z)Y
⊤
1 }. (S4.136)

Since G and Ǧ share the same spectrum, the secular equation reduces to

DN(z) = 0, i.e.

det{IM +N−1Y1P0(z)Y
⊤
1 } = 0.

Step 2. Quadratic-form concentration of the spiked rows.

Let D be a deterministic compact subset of C \ {0} separated from the

non-spiked bulk support. That is, for some constant cD > 0,

dist
(
D, supp(FcN )

)
≥ cD, inf

z∈D
|z| ≥ cD. (S4.137)

Then, define

Bmk := E(y⊤
k ym) = 1{m=k}ΓmB0 for anym, k ∈M. (S4.138)
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We first prove a high-moment bound for deterministic test matrices. Specif-

ically, for any deterministic matrix A ∈ CN×N satisfying ∥A∥ ≤ C and for

any fixed integer q ≥ 1, we show that

E
∣∣N−1

{
ymAy⊤

k − tr(BmkA)
}∣∣2q ≤ Cq

(
N−1/2 + ϕ2

N

)q
. (S4.139)

This bound suffices to establish almost sure convergence. By the indepen-

dence of the spiked rows and Y0, the resolvent P0(z) = (Q̃0 − zIN)
−1 is

conditionally deterministic givenY0. SubstitutingA = P0(z) into (S4.139),

invoking the uniform boundedness of P0(z) on D, and applying a finite-net

argument over D, we shall obtain

sup
z∈D

∣∣N−1
{
ymP0(z)y

⊤
k − tr{BmkP0(z)}

}∣∣ = oa.s.(1), m, k ∈M.

(S4.140)

First, we add the following assumption.

Assumption 5. There exists a deterministic sequence N−1/2 ≤ ϕN ≤ N−cϕ

for some cϕ > 0, such that max1≤m≤M, 1≤r≤τ, 1≤j≤hr, 1≤t≤n |x(r)jmt| ≤ N1/2ϕN .

For each m ∈ [1 :M ], write

ym = (y(1)
m ,y(2)

m , . . . ,y(τ)
m ) ∈ R1×N ,

where y
(r)
m = (y

(r)
1m1, . . . , y

(r)
1mn, . . . , y

(r)
hrm1, . . . , y

(r)
hrmn) ∈ R1×nhr .

To use the independence with respect to the sample index t, we regroup

the entries by a deterministic permutation. Specifically, for t ∈ [1 : n],
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define

ζ
(r)
mt = (y

(r)
1mt, . . . , y

(r)
hrmt)

⊤ ∈ Rhr , r ∈ [1 : τ ],

and

ζmt :=
(
(ζ

(1)
mt)

⊤, . . . , (ζ
(τ)
mt)

⊤)⊤ ∈ Rh.

Thus we have

(ζ⊤
m1, . . . , ζ

⊤
mn)

=
(
y
(1)
1m1, . . . , y

(1)
h1m1, . . . , y

(τ)
1m1, . . . , y

(τ)
hτm1, . . . , y

(1)
1mn, . . . , y

(1)
h1mn, . . . , y

(τ)
1mn, . . . , y

(τ)
hτmn

)
.

This vector is obtained from the original ym by a deterministic permutation

of its coordinates. Since the same permutation is applied to ym, yk, A, and

Bmk, the quantities ymAy⊤
k and tr{BmkA} are unchanged. Hence, after

this relabeling, we keep the same notation and write

ym = (ζ⊤
m1, . . . , ζ

⊤
mn) ∈ R1×N .

Moreover, by the definition of y
(r)
jmt,

ζ
(r)
mt = {σ(r)

m }1/2
(
x
(r)
0mt + ε

(r)
1mt, . . . , x

(r)
0mt + ε

(r)
hrmt

)⊤
.

By construction, for m, k ∈M, in the original ordering, recall (S4.138)

Bmk = E(y⊤
k ym) = 1{m=k}ΓmB0.

After relabeling the coordinates by the sample index t, we use the same
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symbol Bmk for the corresponding permuted covariance matrix. Then

E
(
ζktζ

⊤
mt

)
= 1{m=k} diag

(
σ(1)
m Rh1(ρ1), . . . , σ

(τ)
m Rhτ (ρτ )

)
.

We partition A ∈ CN×N according to the same grouping:

A = (Aµν)
n
µ,ν=1 =


A11 A12 · · · A1n

A21 A22 · · · A2n
...

...
. . .

...
An1 An2 · · · Ann

 , Aµν ∈ Ch×h.

Therefore, we have

N−1
{
ymAy⊤

k − tr(BmkA)
}

= N−1
[ n∑

µ=1

n∑
ν=1

ζ⊤
mµAµνζkν −

n∑
µ=1

tr
{
E(ζkµζ

⊤
mµ)Aµµ

}]
=

n∑
µ=1

n∑
ν=1

N−1ζ⊤
mµAµνζkν −

n∑
µ=1

N−1 tr
{
E(ζkµζ

⊤
mµ)Aµµ

}
=

n∑
µ=1

n∑
ν=1

[
(N−1/2ζmµ)

⊤Aµν(N
−1/2ζkν)− 1{µ=ν} tr

{
E{(N−1/2ζkµ)(N

−1/2ζmµ)
⊤}Aµµ

}]
.

Under Assumptions 1–2, 5 and (S4.123), assuming max1≤m≤M,1≤r≤τ σ
(r)
m =

O(1), we have uniformly over m ∈ [1 :M ] and t ∈ [1 : n],

∥N−1/2ζmt∥ ≤ CϕN , E∥N−1/2ζmt∥2 ≤ CN−1, E∥N−1/2ζmt∥4 ≤ CN−2.

(S4.141)

For 2 ≤ s ≤ 4, Hölder’s inequality yields

E∥N−1/2ζmt∥s ≤
(
E∥N−1/2ζmt∥4

)(s−2)/2 (E∥N−1/2ζmt∥2
)(4−s)/2 ≤ CsN

−s/2.
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For s ≥ 4, we have

E∥N−1/2ζmt∥s = E
[
∥N−1/2ζmt∥s−4∥N−1/2ζmt∥4

]
≤ (CϕN)

s−4E∥N−1/2ζmt∥4

≤ CsN
−2ϕs−4

N .

Thus, for every fixed s ≥ 2,

E∥N−1/2ζmt∥s ≤ Cs

N−s/2, 2 ≤ s ≤ 4,

N−2ϕs−4
N , s ≥ 4.

(S4.142)

We now prove the high-moment bound for the centered quadratic form.

Fix an integer q ≥ 1. Expanding the 2q-th absolute moment gives

E
∣∣N−1{ymAy⊤

k − tr(BmkA)}
∣∣2q

=
n∑

µ1,ν1,...,µ2q ,ν2q=1

E
2q∏
ℓ=1

[
(N−1/2ζmµℓ

)⊤Aµℓνℓ(N
−1/2ζkνℓ

) (S4.143)

− 1{µℓ=νℓ} tr
{
E{(N−1/2ζkµℓ

)(N−1/2ζmµℓ
)⊤}Aµℓµℓ

}]
,

where, in the complex case, the same argument applies to the conjugated

factors. For an index configuration π = (µ1, ν1, . . . , µ2q, ν2q), define the

index multiplicity

dπ(t) := #{ℓ : µℓ = t}+#{ℓ : νℓ = t}, t ∈ [1 : n],

along with the set of appearing indices and its cardinality:

V (π) := {t ∈ [1 : n] : dπ(t) > 0}, v(π) := |V (π)|.
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For notational simplicity, we denote the centered summand by

H(mk)
µν := (N−1/2ζmµ)

⊤Aµν(N
−1/2ζkν)−1{µ=ν} tr

[
E{(N−1/2ζkµ)(N

−1/2ζmµ)
⊤}Aµµ

]
.

Then a typical term in the 2q-th moment expansion is

E
2q∏
ℓ=1

H(mk)
µℓνℓ

.

Suppose that dπ(t) = 1 for some index t, meaning t appears exactly once

among the 4q indices µ1, ν1, . . . , µ2q, ν2q. Consequently, there exists a unique

ℓ0 such that either µℓ0 = t (with νℓ0 ̸= t) or νℓ0 = t (with µℓ0 ̸= t).

If µℓ0 = t and νℓ0 ̸= t, we have 1{µℓ0
=νℓ0} = 0, which simplifies the factor to

H(mk)
µℓ0

νℓ0
= (N−1/2ζmt)

⊤Atνℓ0
(N−1/2ζkνℓ0

).

Observe that all factors in
∏

ℓ̸=ℓ0
H

(mk)
µℓνℓ as well as the vector ζkνℓ0

involve

only sample indices strictly different from t. They are therefore entirely

independent of ζmt. Using the centeredness Eζmt = 0, we naturally obtain

E
2q∏
ℓ=1

H(mk)
µℓνℓ

= E
[ ∏
ℓ ̸=ℓ0

H(mk)
µℓνℓ

(N−1/2ζmt)
⊤Atνℓ0

(N−1/2ζkνℓ0
)
]

= E
[ ∏
ℓ ̸=ℓ0

H(mk)
µℓνℓ

{
E(N−1/2ζmt)

}⊤
Atνℓ0

(N−1/2ζkνℓ0
)
]

= 0.

By symmetry, the case where νℓ0 = t and µℓ0 ̸= t follows an identical

rationale. Indeed, the factor becomes

H(mk)
µℓ0

νℓ0
= (N−1/2ζmµℓ0

)⊤Aµℓ0
t(N

−1/2ζkt),
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where all remaining random vectors are independent of ζkt. Since Eζkt = 0,

the expectation similarly vanishes, i.e. E
∏2q

ℓ=1H
(mk)
µℓνℓ = 0.

Consequently, a non-vanishing term requires dπ(t) ≥ 2 for all t ∈ V (π).

Furthermore, because each of the 2q factors supplies two index positions,

the total degree satisfies
∑

t∈V (π) dπ(t) = 4q. Combining this identity with

the constraint dπ(t) ≥ 2, we deduce that

2v(π) ≤
∑

t∈V (π)

dπ(t) = 4q, (S4.144)

yielding the upper bound v(π) ≤ 2q for the number of distinct sample

indices. Moreover, factors involving disjoint sets of sample indices are inde-

pendent. Thus, if a maximal group of factors linked through common sam-

ple indices contains only one factor, then the corresponding expectation is

zero because H
(mk)
µν is centered. Therefore, for a contributing configuration,

each such maximal group contains at least two factors. Let κ(π) be the

number of these maximal groups. Since there are 2q factors in total, we

have κ(π) ≤ q.

We first establish the bounds for the individual components of H
(mk)
µν .

By the Cauchy–Schwarz inequality, the random bilinear part is bounded by

∣∣(N−1/2ζmµ)
⊤Aµν(N

−1/2ζkν)
∣∣ ≤ ∥Aµν∥F∥N−1/2ζmµ∥∥N−1/2ζkν∥.

(S4.145)
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For the deterministic trace part, the Cauchy–Schwarz inequality gives

∣∣∣ tr [E{(N−1/2ζkµ)(N
−1/2ζmµ)

⊤}Aµµ

]∣∣∣ ≤ ∥∥∥E{(N−1/2ζkµ)(N
−1/2ζmµ)

⊤}∥∥∥
F
∥Aµµ∥F

≤ E
{
∥N−1/2ζkµ∥∥N−1/2ζmµ∥

}
∥Aµµ∥F ≤

(
E∥N−1/2ζkµ∥2

)1/2(E∥N−1/2ζmµ∥2
)1/2∥Aµµ∥F

≤ CN−1∥Aµµ∥F . (S4.146)

For each t ∈ V (π), let b1, . . . , bdπ(t) ∈ {m, k} denote the labels of the block

variables carrying the sample index t. For an integer s ≥ 0, define ω(0) :=

1, ω(1) := N−1/2, and, for s ≥ 2,

ω(s) :=

N−s/2, 2 ≤ s ≤ 4,

N−2ϕs−4
N , s ≥ 5.

(S4.147)

Then, by Hölder’s inequality and (S4.141), we have E
∏dπ(t)

i=1 ∥N−1/2ζbit
∥ ≤

Cqω(dπ(t)). Indeed, if 2 ≤ dπ(t) ≤ 4, then

E
dπ(t)∏
i=1

∥N−1/2ζbit
∥ ≤

dπ(t)∏
i=1

(
E∥N−1/2ζbit

∥dπ(t)
)1/dπ(t) ≤ CqN

−dπ(t)/2 = Cqω(dπ(t)).

If dπ(t) ≥ 5, then

E
dπ(t)∏
i=1

∥N−1/2ζbit
∥ ≤

dπ(t)∏
i=1

(
E∥N−1/2ζbit

∥dπ(t)
)1/dπ(t) ≤ CqN

−2ϕ
dπ(t)−4
N = Cqω(dπ(t)).

We now bound the product
∏2q

ℓ=1H
(mk)
µℓνℓ for a fixed contributing config-

uration. Expanding each H
(mk)
µℓνℓ , every factor contributes either a random

bilinear term or a deterministic trace term. For each t ∈ V (π), let eπ(t) be

the number of random block variables with sample index t, and let pπ(t) be
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the number of deterministic trace factors associated with the diagonal block

t. Since each trace factor corresponds to the case µ = ν = t, it accounts for

two occurrences of the index t. Hence

dπ(t) = eπ(t) + 2pπ(t).

The pπ(t) trace factors contribute at most CN−pπ(t), while the eπ(t) random

block variables contribute at most Cqω(eπ(t)). By the definition of ω(dπ(t))

and the lower bound N−1/2 ≤ ϕN , we have N−pπ(t)ω(eπ(t)) ≤ Cω(dπ(t)).

Therefore,∣∣∣E 2q∏
ℓ=1

H(mk)
µℓνℓ

∣∣∣ ≤ Cq

2q∏
ℓ=1

∥Aµℓνℓ∥F
∏

t∈V (π)

ω(dπ(t)). (S4.148)

where ω(·) is defined in (S4.147).

We now sum over the contributing configurations. We partition the

index configurations into equivalence classes based on their equality re-

lations. Let p represent a fixed contributing partition of the 4q index

positions, and let C(p) be the equivalence class of all configurations π =

(µ1, ν1, . . . , µ2q, ν2q) that induce this partition. For all π ∈ C(p), the num-

ber v(π) and the multiplicities {dπ(t) : t ∈ V (π)} are fixed up to a relabeling

of the sample indices. Then, put aµν := ∥Aµν∥F . Since ∥A∥ ≤ C and h is

fixed, we have

max
µ,ν

aµν ≤ C,
n∑

µ,ν=1

a2µν = tr(AA∗) ≤ N∥A∥2 ≤ CN.
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Let κ(π) denote the number of maximal groups of factors linked through

common sample indices. Since each contributing maximal group contains

at least two factors, we have κ(π) ≤ q. For a fixed pattern p, the summa-

tion over π ∈ C(p) factorizes across these independent groups. Within each

maximal group, successive applications of the Cauchy–Schwarz inequality,

together with the bounds ∥A∥ ≤ C and
∑

µ,ν a
2
µν ≤ CN , control the cor-

responding sub-sum by CqN . Multiplying the contributions from all κ(π)

groups yields ∑
π∈C(p)

2q∏
ℓ=1

aµℓνℓ ≤ CqN
κ(π). (S4.149)

Next, define

r(π) :=
∑

t∈V (π): dπ(t)≥5

{dπ(t)− 4}.

The quantity r(π) records the excess multiplicity beyond four among the

sample indices with multiplicity at least five. By the definition of ω(dπ(t))

in (S4.147) and combining (S4.144),∏
t∈V (π)

ω(dπ(t)) =
∏

t∈V (π): 2≤dπ(t)≤4

N−dπ(t)/2
∏

t∈V (π): dπ(t)≥5

N−2ϕ
dπ(t)−4
N

= N−2q+r(π)/2ϕ
r(π)
N .

(S4.150)

Combining (S4.149) and (S4.150), we obtain

∑
π∈C(p)

2q∏
ℓ=1

∥Aµℓνℓ∥F
∏

t∈V (π)

ω(dπ(t)) ≤ CqN
κ(π)N−2q+r(π)/2ϕ

r(π)
N (S4.151)
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= Cq(N
−1/2)4q−2κ(π)−r(π)(ϕ2

N)
r(π)/2.

Since each contributing configuration satisfies dπ(t) ≥ 2 for all t ∈ V (π),

the excess multiplicity satisfies

r(π) ≤
∑

t∈V (π)

{dπ(t)− 2} = 4q − 2v(π).

Moreover, each maximal group of factors linked through common sample

indices contains at least one appearing sample index, so v(π) ≥ κ(π). Since

each contributing maximal group contains at least two factors and there

are 2q factors in total, we also have κ(π) ≤ q. Hence

4q − 2κ(π)− r(π)

2
≥ 2q − κ(π) ≥ q.

Therefore, since N−1/2 + ϕ2
N < 1 for all sufficiently large N ,

(N−1/2)4q−2κ(π)−r(π)(ϕ2
N)

r(π)/2 ≤
(
N−1/2 + ϕ2

N

)4q−2κ(π)−r(π)/2

≤
(
N−1/2 + ϕ2

N

)q
. (S4.152)

Since the number of index-equality patterns of µ1, ν1, . . . , µ2q, ν2q depends

only on q, combining (S4.151) and (S4.152), summing over all contributing

patterns yields

E
∣∣∣N−1

{
ymAy⊤

k − tr(BmkA)
}∣∣∣2q ≤ Cq

(
N−1/2 + ϕ2

N

)q
. (S4.153)

We now substitute A = P0(z). By the spectral confinement of the

non-spiked part and the separation of D from the non-spiked bulk support,
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there exists a constant C0 > 0 such that, with

EN :=
{
sup
z∈D
∥P0(z)∥ ≤ C0

}
,

we have
∑∞

N=1 P(EcN) < ∞. Conditioning on Y0, the resolvent P0(z) is

deterministic with respect to the spiked rows. Hence, on the event EN ,

applying (S4.153) with A = P0(z) gives, for each fixed z ∈ D,

E
[∣∣N−1

{
ymP0(z)y

⊤
k − tr{BmkP0(z)}

}∣∣2q∣∣∣Y0

]
≤ Cq

(
N−1/2 + ϕ2

N

)q
.

Since ϕN ≤ N−cϕ , we have

N−1/2 + ϕ2
N ≤ 2N−α, α := min{1/2, 2cϕ} > 0.

Therefore, by Markov’s inequality, for any fixed η > 0,

P
(∣∣∣N−1

[
ymP0(z)y

⊤
k−tr{BmkP0(z)}

]∣∣∣ > η, EN
)
≤ Cq,η

(
N−1/2+ϕ2

N

)q ≤ Cq,ηN
−αq.

To obtain a uniform bound over D, let Nδ ⊂ D be a finite δ-net with

|Nδ| ≤ Cδ−2. Take δ = N−L for a fixed large constant L > 0. Then

|Nδ| ≤ CN2L, and hence

P
(

max
z0∈Nδ

∣∣∣N−1
[
ymP0(z0)y

⊤
k − tr{BmkP0(z0)}

]∣∣∣ > η, EN
)
≤ Cq,ηN

2L−αq.

Choose q sufficiently large such that αq > 2L+ 2. Then

∞∑
N=1

P
(

max
z0∈Nδ

∣∣∣N−1
[
ymP0(z0)y

⊤
k − tr{BmkP0(z0)}

]∣∣∣ > η, EN
)
<∞.

(S4.154)
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It remains to control the discretization error. By the same high-moment

argument, applying (S4.141) to
∑n

t=1 ∥N−1/2ζmt∥2 = N−1∥ym∥2,

N−1∥ym∥2 = Oa.s.(1), N−1∥yk∥2 = Oa.s.(1),

uniformly over the finite setM. Moreover,

N−1∥Bmk∥∗ ≤ N−1rank(Bmk)∥Bmk∥ ≤ ∥Bmk∥ ≤ C,

where ∥ · ∥∗ denotes the nuclear norm. Thus, on an almost sure event and

on EN , combining the resolvent identity

P0(z)−P0(z0) = (z − z0)P0(z)P0(z0),

for any z ∈ D, choose z0 ∈ Nδ such that |z − z0| ≤ δ = N−L,∣∣∣N−1
[
ymP0(z)y

⊤
k − tr{BmkP0(z)}

]
−N−1

[
ymP0(z0)y

⊤
k − tr{BmkP0(z0)}

]∣∣∣
≤ |z − z0|N−1∥P0(z)∥∥P0(z0)∥ (∥ym∥∥yk∥+ ∥Bmk∥∗)

≤ C|z − z0| ≤ CN−L = o(1). (S4.155)

Combining (S4.154), (S4.155), and
∑

N P(EcN) < ∞, the Borel–Cantelli

lemma implies that, for every fixed η > 0,

lim sup
N→∞

sup
z∈D

∣∣∣N−1
[
ymP0(z)y

⊤
k − tr{BmkP0(z)}

]∣∣∣ ≤ η a.s.

Since η > 0 is arbitrary, taking a countable sequence of rational η ↓ 0 gives,

for fixed m, k ∈M,

sup
z∈D

∣∣∣N−1
[
ymP0(z)y

⊤
k − tr{BmkP0(z)}

]∣∣∣ = oa.s.(1).
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Since M = |M| is fixed, taking a finite union over m, k ∈M preserves the

almost sure convergence. Hence

max
m,k∈M

sup
z∈D

∣∣∣N−1
[
ymP0(z)y

⊤
k − tr{BmkP0(z)}

]∣∣∣ = oa.s.(1).

Step 3. Weighted dual-resolvent deterministic equivalent and the

threshold function.

Recall that

P0(z) = (Q̃0 − zIN)−1.

A deterministic equivalent for P0(z) is given by

P0(z) = {−z(IN + s1,N(z)B0)}−1, (S4.156)

where s1,N(z) and s2,N(z) solve the self-consistent equations, defined in

(S4.128). Let D be a deterministic compact subset of C \ {0} separated

from the non-spiked bulk support, defined in (S4.137). By the separable

representation of Y0, Q̃0 is the dual sample covariance matrix in the sep-

arable covariance model with left covariance A0, right covariance B0, and

aspect ratio cN = p0/N . Hence the anisotropic local law for separable co-

variance matrices (Ding and Yang, 2021, Theorem S.3.9) applies to Q̃0.

Therefore, for any deterministic unit vectors u,v ∈ CN , the estimate

∣∣u∗{P0(z)− P0(z)}v
∣∣ ≺ ϕN +ΨN(z) (S4.157)
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holds uniformly for z ∈ D, where ϕN is the bounded-support sequence in

Assumption 5, and ΨN(z) denotes the control parameter in the anisotropic

local law. Here and below, for two sequences of nonnegative random vari-

ables XN and YN , the notation XN ≺ YN means stochastic domination

(Ding and Yang, 2021, Definition 3.4), namely, for any ε > 0 and D > 0,

there exists N0 = N0(ε,D) such that

P (XN > N εYN) ≤ N−D, N ≥ N0. (S4.158)

Since D is separated from the deterministic bulk support, the control pa-

rameter in the anisotropic local law is uniformly of polynomial order on D.

Together with ϕN ≤ N−cϕ , there exists a constant c∗ > 0 such that

ϵN := sup
z∈D
{ϕN +ΨN(z)} ≤ N−c∗

for all sufficiently large N . Fix 0 < ε < c∗/2. Then N
εϵN = o(1). Moreover,

for every D > 0,

P
(
sup
z∈D

∣∣u∗{P0(z)− P0(z)}v
∣∣ > N εϵN

)
≤ N−D (S4.159)

for deterministic unit vectors u,v ∈ CN , uniformly in their choices.

For each m ∈ [1 :M ], recall the definitions of B0 in (S4.122) and Γm in

(S4.124). Both matrices are block diagonal with respect to the same pop-

ulation partition. Hence they commute, and ΓmB0 is a deterministic sym-

metric nonnegative definite matrix. Moreover, and max1≤m≤M,1≤r≤τ σ
(r)
m =
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O(1),

∥ΓmB0∥ ≤ C, N−1∥ΓmB0∥∗ = N−1 tr(ΓmB0) ≤ C, m ∈ [1 :M ].

(S4.160)

Denote the spectral decomposition of ΓmB0 by

ΓmB0 =
N∑
ℓ=1

bmℓξmℓξ
∗
mℓ, bmℓ ≥ 0, ∥ξmℓ∥ = 1. (S4.161)

Since M = |M| is fixed, the deterministic family

VN = {ξmℓ : 1 ≤ m ≤M, 1 ≤ ℓ ≤ N}

has cardinality at most MN = O(N). Applying (S4.159) to all vectors in

VN , and choosing the probability exponent D > 3, the union bound gives

∞∑
N=1

P
(

max
1≤m≤M

max
1≤ℓ≤N

sup
z∈D

∣∣ξ∗mℓ{P0(z)− P0(z)}ξmℓ

∣∣ > N εϵN

)
<∞.

Therefore, by the Borel–Cantelli lemma,

max
1≤m≤M

max
1≤ℓ≤N

sup
z∈D

∣∣ξ∗mℓ{P0(z)− P0(z)}ξmℓ

∣∣ = oa.s.(1). (S4.162)

Consequently, for each m ∈ [1 :M ],

sup
z∈D

∣∣∣N−1 tr
[
ΓmB0{P0(z)− P0(z)}

]∣∣∣
= sup

z∈D

∣∣∣N−1

N∑
ℓ=1

bmℓξ
∗
mℓ{P0(z)− P0(z)}ξmℓ

∣∣∣
≤ N−1

N∑
ℓ=1

bmℓ max
1≤ℓ≤N

sup
z∈D

∣∣ξ∗mℓ{P0(z)− P0(z)}ξmℓ

∣∣
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≤ N−1∥ΓmB0∥∗ max
1≤ℓ≤N

sup
z∈D

∣∣ξ∗mℓ{P0(z)− P0(z)}ξmℓ

∣∣ = oa.s.(1),

where the last step follows from (S4.160) and (S4.162). Since M is fixed,

this gives

max
1≤m≤M

sup
z∈D

∣∣∣N−1 tr{ΓmB0P0(z)} −N−1 tr{ΓmB0P0(z)}
∣∣∣ = oa.s.(1).

(S4.163)

Combining (S4.163) with Step 2, namely

sup
z∈D

∥∥∥N−1Y1P0(z)Y
⊤
1 −

[
N−1 tr{BmkP0(z)}

]
m,k∈M

∥∥∥ = oa.s.(1), (S4.164)

and using Bmk = 1{m=k}ΓmB0, we obtain

sup
z∈D

∥∥∥N−1Y1P0(z)Y
⊤
1 − diag

[
N−1 tr{ΓmB0P0(z)}

]
1≤m≤M

∥∥∥ = oa.s.(1).

(S4.165)

Define, for any z ∈ D,

ψm,N(z) := −N−1 tr{ΓmB0P0(z)}, m ∈ [1 :M ]. (S4.166)

It follows from (S4.165) that, in terms of the matrix norm,

sup
z∈D

∥∥∥N−1Y1P0(z)Y
⊤
1 + diag

(
ψm,N(z)

)
m∈[1:M ]

∥∥∥ = oa.s.(1). (S4.167)

Therefore, for DN(z) = det
{
IM +N−1Y1P0(z)Y

⊤
1

}
defined in (S4.136), its

deterministic approximation is given by

D0
N(z) := det

[
diag

(
1− ψm,N(z)

)
m∈[1:M ]

]
=

∏
1≤m≤M

{1− ψm,N(z)}.

(S4.168)
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Since the functions ψm,N(z) are uniformly bounded on D, the convergence

in (S4.167) implies that N−1Y1P0(z)Y
⊤
1 is also uniformly bounded on D

almost surely. Because M is fixed, the determinant is locally Lipschitz

on bounded subsets of CM×M . Applying this continuity property to the

bounded matrices yields

sup
z∈D
|DN(z)−D0

N(z)| = oa.s.(1). (S4.169)

We now turn to the proof of the threshold criterion, which entails

restricting the deterministic function to the real axis strictly beyond the

bulk edge, namely (λ+,N ,∞). For x > λ+,N defined in (S4.130), the self-

consistent equations admit real continuations outside the support of FcN .

On the physical branch,

s1,N(x) < 0, s2,N(x) < 0.

Since Γm and B0 commute, they can be diagonalized simultaneously. Let

b01, . . . , b0N be the eigenvalues of B0, and let γm1, . . . , γmN be the corre-

sponding diagonal entries of Γm in the same eigenbasis. Then, for i ∈ [1 :

N ], we have b0i ≥ 0 and γmi ≥ 0. Moreover, by the regularity of the right

edge in (S4.131) and since x > λ+,N lies in the rightmost component of the

complement of the support, we have

1 + s1,N(x)b0i > 0, i ∈ [1 : N ]. (S4.170)
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By the definition of P0(x) in (S4.156),

P0(x) = −
1

x
(IN + s1,N(x)B0)

−1.

Therefore, (S4.166) can be written as

ψm,N(x) = −
1

N
tr
[
ΓmB0

{
− 1

x
(IN + s1,N(x)B0)

−1
}]

=
1

N

N∑
i=1

γmib0i
x{1 + s1,N(x)b0i}

. (S4.171)

By (S4.170), every summand in (S4.171) is nonnegative. Since m ∈ [1 :M ],

the corresponding spiked component is nondegenerate, and thus ΓmB0 ̸= 0.

Hence at least one summand is positive, and

ψm,N(x) > 0, x > λ+,N . (S4.172)

The continuity of ψm,N on (λ+,N ,∞) follows from the continuity of s1,N(x)

and the positivity of the denominators in (S4.171).

It remains to prove strict monotonicity. Recall the self-consistent equa-

tions in (S4.128), on the real branch,
s1,N(x) = −

cN
x

∫
t

1 + ts2,N(x)
dFA0

p0
(t),

s2,N(x) = −
1

x

∫
t

1 + ts1,N(x)
dFB0

N (t).

(S4.173)

Define

αN(x) = cN

∫
t2

{1 + ts2,N(x)}2
dFA0

p0
(t), βN(x) =

∫
t2

{1 + ts1,N(x)}2
dFB0

N (t).

(S4.174)
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Differentiating (S4.173) with respect to x givess
′
1,N(x) = −

s1,N(x)

x
+
αN(x)

x
s′2,N(x),

s′2,N(x) = −
s2,N(x)

x
+
βN(x)

x
s′1,N(x).

(S4.175)

Equivalently, 1 −αN(x)/x

−βN(x)/x 1

s′1,N(x)
s′2,N(x)

 =

−s1,N(x)/x
−s2,N(x)/x

 .

For x > λ+,N , the real solution of the self-consistent equations is regular

outside the support of FcN . In particular, the Jacobian of the self-consistent

system is non-singular, or equivalently,

∆N(x) := 1− αN(x)βN(x)

x2
> 0, x > λ+,N . (S4.176)

Indeed, for the finite-N self-consistent system, zeros of ∆N(x) characterize

the spectral edges of FcN . Since λ+,N is the rightmost edge, no such zero

occurs on (λ+,N ,∞). Solving (S4.175), we obtain

s′1,N(x) =
−s1,N(x)/x− αN(x)s2,N(x)/x

2

∆N(x)
. (S4.177)

Since

s1,N(x) < 0, s2,N(x) < 0, αN(x) ≥ 0, ∆N(x) > 0,

we have

s′1,N(x) > 0, x > λ+,N . (S4.178)
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Differentiating (S4.171), we get

ψ′
m,N(x) = −

1

N

N∑
i=1

γmib0i{1 + s1,N(x)b0i + xb0is
′
1,N(x)}

x2{1 + s1,N(x)b0i}2
. (S4.179)

For each i ∈ [1 : N ], (S4.170) and (S4.178) imply 1+s1,N(x)b0i+xb0is
′
1,N(x) >

0. Together with γmib0i ≥ 0, this shows that every nonzero summand in

(S4.179) is strictly negative. Since ΓmB0 ̸= 0, at least one summand is

nonzero. Therefore,

ψ′
m,N(x) < 0, x > λ+,N . (S4.180)

Thus ψm,N is strictly decreasing on (λ+,N ,∞).

Finally, as x→∞, the self-consistent equations imply

s1,N(x) = O(x−1), s2,N(x) = O(x−1).

Hence, for all sufficiently large x,

1 + s1,N(x)b0i ≥
1

2
, i ∈ [1 : N ].

Using (S4.171) and (S4.160), we obtain

0 < ψm,N(x) ≤
2

xN

N∑
i=1

γmib0i =
2

xN
tr(ΓmB0) ≤

C

x
→ 0.

Therefore, we obtain

lim
x→∞

ψm,N(x) = 0. (S4.181)
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Since ψm,N is positive, continuous and strictly decreasing on (λ+,N ,∞),

together with (S4.181), the equation

ψm,N(x) = 1

has at most one solution on (λ+,N ,∞). If limx↓λ+,N
ψm,N(x) > 1, then the

intermediate value theorem yields a unique solution θm,N > λ+,N such that

ψm,N(θm,N) = 1. Conversely, if such a solution θm,N exists, then strict

monotonicity gives

lim
x↓λ+,N

ψm,N(x) > ψm,N(θm,N) = 1.

Therefore, the equation ψm,N(x) = 1 admits a unique solution θm,N >

λ+,N if and only if limx↓λ+,N
ψm,N(x) > 1. Accordingly, define the set of

supercritical indices withinM as

M+ =
{
1 ≤ m ≤M : lim

x↓λ+,N

ψm,N(x) > 1
}
, (S4.182)

and define subcritical set

M0 =M\M+. (S4.183)

This proves Theorem 2.

Step 4. Rouché localization of outlier eigenvalues.

Recall from (S4.169) and (S4.168) that

sup
z∈D
|DN(z)−D0

N(z)| = oa.s.(1), D0
N(z) =

∏
1≤m≤M

{1− ψm,N(z)}.
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We utilize this deterministic approximation to localize the zeros of DN(z)

within a compact set D, separated from the non-spiked bulk support. Let

θ1,N > · · · > θL,N > λ+,N be the distinct deterministic roots of the equations

ψm,N(x) = 1, m ∈M+,

whereM+ is defined in (S4.182). For each ℓ ∈ [1 : L], define

Mℓ = {m ∈M+ : θm,N = θℓ,N}, qℓ = |Mℓ|,
L⋃

ℓ=1

Mℓ =M+.

By definition, 1− ψm,N(θℓ,N) = 0 for m ∈ Mℓ, and 1− ψm,N(θℓ,N) ̸= 0 for

m /∈Mℓ. Consequently, D
0
N vanishes at θℓ,N .

We next demonstrate the nondegeneracy of the corresponding factors,

which establishes that the algebraic multiplicity of this zero is exactly qℓ.

We assume that there exists a constant c0 > 0 such that,

min
1≤ℓ≤L

(θℓ,N − λ+,N) ≥ c0, min
ℓ̸=k
|θℓ,N − θk,N | ≥ c0, (S4.184)

for all sufficiently large N . Choose a fixed ε ∈ (0, c0/3), then,

0 < ε <
1

3
min

{
min
1≤ℓ≤L

(θℓ,N − λ+,N), min
ℓ ̸=k
|θℓ,N − θk,N |

}
,

for all sufficiently large N . For each ℓ ∈ [1 : L], define the open disk and

its boundary by

Dℓ,N(ε) = {z : |z − θℓ,N | < ε}, Υℓ,N(ε) = ∂Dℓ,N(ε).
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By (S4.184) and the uniform boundedness of the roots θℓ,N , the closed disks

Dℓ,N(ε) are mutually disjoint and contained in a fixed compact set that is

uniformly separated from the non-spiked bulk support, for all sufficiently

large N . Therefore, the uniform estimates established in Steps 2–3 apply

on these contours.

For any m ∈ Mℓ, ψm,N(θℓ,N) = 1. Applying the derivative formula

(S4.179) obtained in Step 3, in conjunction with (S4.170) and (S4.178),

yields for x > λ+,N ,

|ψ′
m,N(x)| ≥

1

N

N∑
i=1

γmib0i
x2{1 + s1,N(x)b0i}

=
ψm,N(x)

x
.

Evaluating this inequality at x = θℓ,N yields

|ψ′
m,N(θℓ,N)| ≥

1

θℓ,N
.

Furthermore, the roots θℓ,N are uniformly bounded from above. Moreover,

by (S4.160) and the definition of ψm,N , the roots θℓ,N are uniformly bounded

above. Since ψm,N(θℓ,N) = 1, for all ℓ ∈ [1 : L] and all sufficiently large

N , there exists a constant C > 0 such that θℓ,N ≤ C. Thus, there exists a

constant c1 > 0, independent of m, ℓ, and N , such that

|ψ′
m,N(θℓ,N)| ≥ c1, m ∈Mℓ, ℓ ∈ [1 : L], (S4.185)

for all sufficiently large N . Therefore, each factor 1−ψm,N(z) with m ∈Mℓ

possesses a simple zero at z = θℓ,N . Because exactly qℓ such factors vanish
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at θℓ,N , the function D0
N has a zero at θℓ,N with algebraic multiplicity qℓ.

Moreover, by the analyticity of the factors 1− ψm,N(z) on D, the root

separation assumption (S4.184), the nondegeneracy (S4.185), and the fact

that M is fixed, D0
N has no zero on the boundaries Υℓ,N(ε). Hence, after

possibly decreasing ε, there exists a constant cε > 0 such that, for all

sufficiently large N ,

min
1≤ℓ≤L

inf
z∈Υℓ,N (ε)

|D0
N(z)| ≥ cε. (S4.186)

Combining (S4.169) and (S4.186), we obtain, almost surely for all suffi-

ciently large N and any ℓ ∈ [1 : L],

sup
z∈Υℓ,N (ε)

|DN(z)−D0
N(z)| < inf

z∈Υℓ,N (ε)
|D0

N(z)|.

By Rouché’s theorem, DN and D0
N share the same number of zeros in

Dℓ,N(ε), counting multiplicities. Hence, almost surely for all sufficiently

large N ,

NDℓ,N (ε)(DN) = NDℓ,N (ε)(D
0
N) = qℓ, ℓ ∈ [1 : L], (S4.187)

where ND(f) denotes the number of zeros of f in D, counted with algebraic

multiplicity. By the spectral norm bound for separable covariance matrices

and the bounded spiked strengths, there exists a constant R > 0 such

that, almost surely for all sufficiently large N , we have ∥G∥ ≤ R and
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λ+,N , θ1,N , . . . , θL,N ∈ [0, R]. In addition, define the complement interval

JN(ε) =
(
[λ+,N + ε, R] \

L⋃
ℓ=1

(θℓ,N − ε, θℓ,N + ε)
)
, (S4.188)

where R > 0 is chosen such that all eigenvalues under consideration are

contained in [0, R] almost surely for all sufficiently large N . By the root

separation assumption and the established nondegeneracy, D0
N has no zeros

on JN(ε). Thus, there exists a constant c′ε > 0 such that, for all sufficiently

large N ,

inf
x∈JN (ε)

|D0
N(x)| ≥ c′ε.

Coupled with (S4.169), this implies that, almost surely for all sufficiently

large N , DN has no real zero in JN(ε). Consequently, all real zeros of DN

in the outlier region [λ+,N +ε, R] are contained in the disjoint disks Dℓ,N(ε),

for any ℓ ∈ [1 : L].

It remains to link these zeros with the eigenvalues of G. According to

the determinant equation derived in Step 1, for any z ∈ D,

det(Ǧ− zIp) = det(Q0 − zIp0)(−z)MDN(z).

Since D is separated from zero and from the non-spiked spectrum almost

surely for all sufficiently large N , we have

det(Q0 − zIp0) ̸= 0, (−z)M ̸= 0, for any z ∈ D.
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Thus, the zeros of DN in D precisely coincide with the eigenvalues of Ǧ

located in D, counting multiplicities.

Since G and Ǧ share the same spectrum, the same conclusion holds

for G. Therefore, almost surely, for all sufficiently large N , the matrix G

has exactly qℓ eigenvalues in Dℓ,N(ε), for each ℓ ∈ [1 : L]. The preceding

exclusion of real zeros outside the disks shows that there are no additional

eigenvalues of G in [λ+,N + ε, R]. Since θ1,N > · · · > θL,N > λ+,N and

the disks are mutually disjoint, these eigenvalues are ordered according to

the deterministic roots. Hence the eigenvalues in Dℓ,N(ε) correspond to the

sample ranks

Iℓ = {ωℓ−1 + 1, . . . , ωℓ}, ω0 = 0, ωℓ =
ℓ∑

t=1

qt.

We conclude that, almost surely for all sufficiently large N ,

max
i∈Iℓ
|λi(G)− θℓ,N | ≤ ε, ℓ ∈ [1 : L].

Taking a sequence of rational values ε ↓ 0 yields the final result:

max
i∈Iℓ
|λi(G)− θℓ,N |

a.s.−−→ 0, ℓ ∈ [1 : L]. (S4.189)

This completes the proof of the outlier component (i) of Theorem 3.

Step 5. Edge sticking of non-outlier eigenvalues.

It remains to prove that the eigenvalues of G which are not contained in

the separated outlier clusters stick to the right edge λ+,N .
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We first control the right edge of the non-spiked reference matrix Q0 =

N−1Y0Y
⊤
0 . Let FcN be the deterministic spectral distribution associated

with Q0, whose rightmost edge is λ+,N . For j ≥ 1, define the classical

location χj,N , counted from the right edge, by

1− FcN (χj,N) =
j

p0
. (S4.190)

By the eigenvalue rigidity theorem for non-spiked separable covariance ma-

trices (Ding and Yang, 2021, Theorem S.3.11), applied to theQ0, the follow-

ing high-probability estimate holds: for every fixed integer ϖ, there exists

a deterministic sequence δN ↓ 0 such that, for every D > 0,

P
(

max
1≤j≤ϖ

|λj(Q0)− χj,N | > δN

)
≤ N−D (S4.191)

for all sufficiently large N .

We now extend this high-probability estimate to almost sure conver-

gence. Given any D > 2, the summability
∑∞

N=1N
−D <∞, combined with

(S4.191) and the Borel–Cantelli lemma, ensures that the event max1≤j≤ϖ |λj(Q0)−

χj,N | > δN occurs only finitely many times. Consequently, max1≤j≤ϖ |λj(Q0)−

χj,N | ≤ δN holds almost surely for all sufficiently large N . Since δN ↓ 0, we

obtain

max
1≤j≤ϖ

|λj(Q0)− χj,N | = oa.s.(1). (S4.192)

Denote by ρcN the density of FcN on the rightmost component of its support.
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By the square-root behavior of the deterministic density at the regular

rightmost edge (Ding and Yang, 2021, Lemma S.3.4), there exist constants

C1, C2, δ > 0 such that

C1

√
λ+,N − x ≤ ρcN (x) ≤ C2

√
λ+,N − x, x ∈ [λ+,N − δ, λ+,N ],

for all sufficiently large N . For fixed j, we have

j

p0
=

∫ λ+,N

χj,N

ρcN (x) dx ≍ (λ+,N − χj,N)
3/2.

Therefore, there exists a constant C > 0 such that

max
1≤j≤ϖ

|χj,N − λ+,N | ≤ C
(ϖ
p0

)2/3
= o(1), (S4.193)

where p0 ≍ N . Combining (S4.192) and (S4.193) gives

max
1≤j≤ϖ

|λj(Q0)− λ+,N | = oa.s.(1). (S4.194)

We next prove the upper bound for the non-outlier eigenvalues of G.

Let η > 0 be fixed. Choose the radius ε > 0 in Step 4 so that 0 < ε <

min{η, c0/3}. By Step 4, almost surely for all sufficiently large N , all real

zeros of DN in [λ+,N + ε, R] are contained in the disjoint disks Dℓ,N(ε) for

any ℓ ∈ [1 : L], and the total number of eigenvalues of G in these disks is

K =
∑L

ℓ=1 qℓ. Since

[λ+,N + η,R] ⊂ [λ+,N + ε, R],
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there are no additional eigenvalues of G above λ+,N + η outside the K

separated outlier eigenvalues. Therefore, almost surely for all sufficiently

large N , there are at most K eigenvalues of G larger than λ+,N + η. Hence

λK+1(G) ≤ λ+,N + η (S4.195)

almost surely for all sufficiently large N . It remains to obtain the lower

bound. Since Q0 is a principal submatrix of Ǧ, Cauchy’s interlacing theo-

rem gives

λj(Ǧ) ≥ λj(Q0), 1 ≤ j ≤ p0.

Since G and Ǧ have the same eigenvalues, we have

λj(G) ≥ λj(Q0), 1 ≤ j ≤ p0.

By (S4.194), let ϱN = max1≤j≤ϖ |λj(Q0) − λ+,N |, we obtain ϱN = oa.s.(1).

Therefore, for j ∈ {K + 1, . . . , ϖ},

λj(G) ≥ λj(Q0) ≥ λ+,N − ϱN = λ+,N − oa.s.(1).

Together with (S4.195), we have, for j ∈ {K + 1, . . . , ϖ},

λ+,N − oa.s.(1) ≤ λj(G) ≤ λ+,N + η

almost surely for all sufficiently large N . Since η > 0 is arbitrary, taking a

sequence of rational values η ↓ 0 gives

max
K+1≤j≤ϖ

|λj(G)− λ+,N |
a.s.−−→ 0. (S4.196)
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This proves the edge sticking part (ii) of Theorem 3.

S5 Preprocessing Strategies for G

In practice, the assumptions of the baseline model often fail to hold due to

heterogeneous non-spiked components, i.e., Dr ̸= Du for all r ̸= u ∈ [1 : τ ].

To address this more general setting, inspired by Ledoit and Wolf (2020),

we adopt two preprocessing strategies depending on the value of c and

formalized in Corollary 1. After preprocessing, G̃ conforms to the baseline

structure, and the theoretical results remain consistent with Theorem 3.

Corollary 1. Given the rth row-population, define the regularized sample

covariance matrix S̃
(r)
j by

S̃
(r)
j =


(1− γr)S

(r)
j + γrIp, for c < 1,

ς−2
r S

(r)
j = Ur

diag
(
λ1(S

(r)
j ), λ2(S

(r)
j ), . . . , λp(S

(r)
j )

)
ς2r

U⊤
r , for c ≥ 1,

(S5.197)

where shrinkage coefficient 0 < γr < 1, scaling parameter ς2r > 0, and the

symbol diag(·) denotes the diagonal matrix.

Remark 3. When the baseline assumptions are violated and G̃ is regu-

larized as in (S5.197), the mean and covariance terms
(
µ
(r)
f0
, ν

(r)
f0

)
in (2.13)
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should be adjusted accordingly:

(
µ̃
(r)
f0
, ν̃

(r)
f0

)
=


(
(1− γr)µ(r)

f0
+ γr, (1− γr)2ν(r)f0

)
, for c < 1,(

ς̂−2
r µ

(r)
f0
, ς̂−4

r ν
(r)
f0

)
, for c ≥ 1.

The above regularization stabilizes the sample spectrum and improves

the bulk fitting to the M-P law. Specifically, when c < 1, linear shrinkage

contracts S
(r)
j toward Ip, thereby damping estimation noise in the eigenval-

ues. When c ≥ 1, global scaling calibrates the non-spiked bulk to follow

the M-P law while preserving the relative magnitudes of the spiked ones.

In finite samples, however, close spikes may cluster near the bulk edge and

thus be practically indistinguishable from the noise spectrum. This section

Algorithm 1 Linear shrinkage for c < 1

Require: Sample covariance matrices {S(r)
j } for r = 1 . . . , τ, j = 1 . . . , hr; number of

folds Kf ; grid step size dγ .

Ensure: Shrinking covariance matrix G̃; shrinkage coefficient {γ̂r}τr=1.

1: Θ← {dγ , 2dγ , . . . , 1− dγ}
2: for r = 1 to τ do

3: Partition samples {S(r)
j } into K disjoint folds

4: Select optimal parameter via cross-validation:

γ̂r ← argmax
γ∈Θ

1

Kf

Kf∑
k=1

Lk(γ)

5: for j = 1 to hr do

6: Shrinking covariance matrix: S̃
(r)
j ← (1− γ̂r)S

(r)
j + γ̂rIp

7: end for

8: end for

9: Calculate shrinking image covariance matrix: G̃← 1
h

∑τ
r=1

∑hr

j=1 S̃
(r)
j

10: return G̃ and {γ̂r}
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describes the computational procedures for the shrinkage coefficient γr and

the scaling parameter ς2r introduced in Corollary 1 for situations where the

assumptions of the baseline model are violated. First, the shrinkage coef-

ficient γ̂r ∈ (0, 1) is determined via K-fold cross-validation by maximizing

the log-likelihood function

logL(γr) = −
n

2

{
p log(2π) + log det(S̃

(r)
j )
}
− 1

2

n∑
i=1

(w
(r)
i )⊤(S̃

(r)
j )−1w

(r)
i .

The complete estimation procedure is summarized in the Algorithm 1. Sec-

ond, leveraging the robustness of the sample median against extreme eigen-

Algorithm 2 Global scaling for c ≥ 1

Require: Sample covariance matrices {S(r)
j } for r = 1 . . . , τ, j = 1 . . . , hr; truncation

parameter d; M-P bulk edges λ±; the M-P median m(c).

Ensure: Scaled image covariance matrix G̃; scaling parameters {ς̂2r }τr=1.

1: Set empirical spiked threshold: λthr ← dλ+

2: for r = 1 to τ do

3: for j = 1 to hr do

4: Obtain eigenvalues λ
(r)
ji ← λi(S

(r)
j ), sorted in descending order;

5: Identify empirical spiked indices: I(r)emp ← {i | λ(r)
ji > λthr}

6: if bulk eigenvalues exist then

7: Extract bulk eigenvalues: λbulk ← {λi | i /∈ I(r)emp}
8: Estimate empirical median: memp ← median(λbulk)

9: Estimate scaling factor: ς̂2r ← memp/m(c)

10: end if

11: Scaled covariance matrix: S̃
(r)
j ← S

(r)
j /ς̂2r

12: end for

13: end for

14: Calculate scaled image covariance matrix: G̃← 1/h
∑τ

r=1

∑hr

j=1 S̃
(r)
j

15: return G̃, {ς̂2r }
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values, we estimate ς2r by the ratio of the empirical median of the non-spiked

eigenvalues to its theoretical counterpart under the Marčenko-Pastur (M-P)

law:

ς̂2r =
median{λ(r)bulk}

m(c)
,

where m(c) denotes the theoretical median of the M-P law, defined as the

solution to the equation∫ m(c)

(1−
√
c)2

1

2πcx

√
(λ+ − x)(x− λ−) dx = 0.5−max(0, 1− 1/c),

with λ± being the lower and upper spectral edges of the M-P law, λ± =

(1±
√
c)2.

To further robustify the estimator ς̂2r , we introduce a truncation pa-

rameter d to establish a threshold λthr. This strategy mitigates potential

bias by excluding distant spikes while retaining those proximal to the bulk

to stabilize the scale calibration. The complete procedure is formalized in

Algorithm 2.

S6 Proof of Theorem 4

Recall the empirical process Gn(f0) associated with G, defined in (2.7)

under the linear function f0(x) = x. For the first term in (4.20), we have

p∑
i=1

λi(G) =
1

h
Gn(f0)−

p

h

τ∑
r=1

hr

∫
xF c,H(r)

(dx). (S6.198)
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By Theorem 1, we have

Gn(f0) = h

p∑
i=1

λi(G)− p
τ∑

r=1

hr

∫
xF c,H(r)

(dx)⇒ N (µG
x , ν

G
x ), (S6.199)

where µG
x and νGx are given by (2.13). By the first-order limits in Theorem 3,∑L

ℓ=1

∑
i∈Iℓ λi(G)∑L

ℓ=1 qℓθℓ,N
− 1 −→ 0 a.s. (S6.200)

Finally, under the homogeneous non-spiked baseline, we combine the equa-

tions (S6.199) and (S6.200) and use Slutsky’s theorem to obtain

Tx,H = ν
− 1

2
x,H

[
p∑

i=1

λi(G)−
L∑

ℓ=1

∑
i∈Iℓ

λi(G)− bx,H − µx,H

]
⇒ N (0, 1),

where

bx,H = p

∫
x dF c,HΣ0 (x)−

L∑
ℓ=1

qℓθℓ,N . (S6.201)

For the hypothesis (4.19) and under H0, the outlier equations

ψm,N(x) = 1, for x > λ+,N with m = [1 : K0]

yield K0 deterministic outlier locations, denoted by θ1,N , . . . , θK0,N , where

repeated roots are counted according to their occurrences. If some of these

roots coincide, they are grouped into L0 distinct values {θℓ}ℓ=1
L0

, with corre-

sponding multiplicities {qℓ}ℓ=1
L0

, where
∑L0

ℓ=1 qℓ = K0. Hence the determin-

istic outlier contribution can be written as
∑L0

ℓ=1 qℓθℓ,N . Since the present

statistic uses f0(x) = x, this grouped expression is equivalently

L0∑
ℓ=1

qℓθℓ,N =

K0∑
m=1

θm,N .
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Therefore, explicit form for the centering term in (S6.201), and we have the

test statistic

Tx,H(K0) = ν
− 1

2
x,H

[ p∑
i=1

λi(G)−
K0∑
m=1

λm(G)− bx,H(K0)− µx,H

]
, (S6.202)

where

bx,H(K0) = p

∫
x dF c,HΣ0 (x)−

K0∑
m=1

θm,N .

Proof is completed.

Remark 4. In implementation, the spiked strengths σ
(r)
m are estimated by

nonlinear shrinkage methods (Ledoit and Wolf, 2020). The dependence pa-

rameter ρr is generally unknown in practice, and we estimate it by normal-

izing the averaged pairwise trace covariance within the rth row-population:

ρ̂r =

2
hr(hr−1)

∑
1≤i<j≤hr

tr{n−1W
(r)
j (W

(r)
i )⊤}

1
hr

∑hr

j=1 tr{n−1W
(r)
j (W

(r)
j )⊤}

. (S6.203)

In computation, we use ρ̂ c
r = min{1,max{0, ρ̂r}}. The plug-in values are

used in the threshold equations.

S7 Simulation Study

S7.1 Various Scenarios in Example 1

Table 1 reports the empirical sizes for Models 1 and 2 with ρ = 0.9 across

Scenarios 1–3 in Example 1. Under the null hypothesis K0 = 0, the em-
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pirical sizes of the proposed test statistic in (2.15) remain generally well-

calibrated to the significance level α = 0.05 across the experimental con-

ditions, for different structural configurations (h1, h2, h3) of the image co-

variance matrix G. Complementing these results, Figure 1 displays the

empirical histograms of the standardized test statistic for Gamma popula-

tions in Model 2 with c = 1. The empirical distributions closely approxi-

mate the standard normal distribution N (0, 1), as indicated by the overlaid

red dashed curves. Collectively, these results show that the proposed test

maintains accurate empirical sizes across different structural configurations

of the image covariance matrix G in the non-i.i.d. setting, providing further

numerical evidence for Theorem 1.

Table 1: Empirical size with ρ = 0.9 for different scenarios in Example 1.

Gaussian population Gamma population

Model 1 Model 2 Model 1 Model 2

n c p Scen. 1 Scen. 2 Scen. 3 Scen. 1 Scen. 2 Scen. 3 Scen. 1 Scen. 2 Scen. 3 Scen. 1 Scen. 2 Scen. 3

300

0.5 150 0.046 0.044 0.048 0.047 0.061 0.037 0.047 0.051 0.052 0.047 0.043 0.052

1.0 300 0.062 0.053 0.050 0.057 0.051 0.059 0.057 0.051 0.051 0.051 0.044 0.050

1.5 450 0.047 0.049 0.055 0.046 0.049 0.049 0.056 0.058 0.049 0.038 0.047 0.061

600

0.5 300 0.041 0.050 0.056 0.047 0.047 0.046 0.048 0.055 0.042 0.051 0.049 0.051

1.0 600 0.045 0.055 0.050 0.045 0.039 0.055 0.062 0.050 0.052 0.050 0.039 0.050

1.5 900 0.057 0.056 0.050 0.039 0.051 0.063 0.060 0.054 0.042 0.046 0.047 0.062

900

0.5 450 0.053 0.043 0.047 0.057 0.046 0.049 0.046 0.063 0.043 0.060 0.050 0.051

1.0 900 0.039 0.055 0.044 0.046 0.053 0.039 0.051 0.047 0.049 0.057 0.050 0.050

1.5 1350 0.059 0.056 0.054 0.047 0.046 0.059 0.043 0.047 0.060 0.052 0.051 0.038
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Figure 1: Empirical distributions of Tx in Model 2 under Gamma.

S7.2 Performance of the Test Statistics for PC Number Detec-

tion on Model 3

Table 2 summarizes the empirical sizes for the sequential testing procedure

under Model 3, calculated at the significance level α = 0.05 over 1,000

Monte Carlo replications. Across varying (n, p, c) configurations, we ob-

serve that the empirical size consistently reaches its minimum at the true

K0 = 6 (bold). Complementing this, the Kolmogorov-Smirnov (KS) dis-

tance serves as an auxiliary diagnostic, which similarly attains its minimum

at this specific K0, thereby corroborating the asymptotic validity of the test
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Table 2: Empirical sizes for Model 3 under varying (n, c, p) and K0

n c p K0 = 1 K0 = 2 K0 = 3 K0 = 4 K0 = 5 K0 = 6 K0 = 7

600

0.5 300
0.565 0.449 0.351 0.244 0.116 0.050 0.927

(0.337) (0.273) (0.214) (0.170) (0.080) (0.030) (0.908)

1.0 600
0.435 0.357 0.221 0.141 0.076 0.042 0.593

(0.242) (0.187) (0.144) (0.120) (0.054) (0.035) (0.737)

1.5 900
0.373 0.269 0.176 0.130 0.079 0.067 0.411

(0.214) (0.148) (0.105) (0.075) (0.028) (0.026) (0.623)

1200

0.5 600
0.440 0.316 0.250 0.153 0.085 0.046 0.925

(0.251) (0.192) (0.141) (0.111) (0.040) (0.019) (0.919)

1.0 1200
0.316 0.224 0.151 0.095 0.073 0.057 0.597

(0.172) (0.119) (0.088) (0.067) (0.035) (0.031) (0.751)

1.5 1800
0.240 0.167 0.111 0.068 0.063 0.054 0.367

(0.146) (0.120) (0.083) (0.046) (0.036) (0.029) (0.620)

1800

0.5 900
0.367 0.252 0.168 0.118 0.072 0.042 0.920

(0.217) (0.161) (0.128) (0.088) (0.045) (0.039) (0.910)

1.0 1800
0.254 0.177 0.131 0.086 0.068 0.051 0.583

(0.159) (0.108) (0.088) (0.070) (0.039) (0.020) (0.739)

1.5 2700
0.187 0.135 0.100 0.072 0.061 0.056 0.363

(0.117) (0.078) (0.061) (0.049) (0.038) (0.036) (0.593)

Note: Empirical size (KS-distance in parentheses).

statistic.

Furthermore, Figure 2 illustrates that standard heuristics, such as the

scree plot, the Kaiser criterion, and the 85% cumulative variance threshold,

fail under strong dependence. As the dimension grows, the accumulation of

bulk eigenvalues near the spectral edge blurs the separation between spikes

and the bulk and shifts the apparent elbow to later components, causing

visually based rules to erroneously absorb close spikes and overestimate K0.

These results demonstrate that the test is well-calibrated, a finding fur-
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Figure 2: Scree plots and cumulative variance in Model 3.
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Figure 3: Empirical distributions of Tx,1 under the null in Model 3.
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ther corroborated by the empirical density histograms in Figure 3. Specif-

ically, under the null hypothesis K = K0, the standardized test statistic

closely follows the standard normal distribution N (0, 1), aligning with the

stable size properties reported in Table 2. Overall, these numerical results

indicate that the true value K0 corresponds to a stabilization point in the

empirical size curve, thereby substantiating the accuracy and robustness of

the proposed methodology in multi-population settings.

S8 Supplementary Experiments on the Facial Databases

S8.1 Empirical Support for Multi-population Heterogeneity

To empirically examine the heterogeneity of row covariance structures, for

each j ∈ [1 : h], let wjt ∈ Rp denote the jth row vector of the t-th image

sample matrix and w̄j = 1/n
∑n

i=1wji. For any i, j = [1 : h] we compute

the pairwise distance matrix D = (d(i, j))1≤i,j≤h, where the normalized

covariance distance defined as

d(i, j) =
∥∥∥ Si

tr(Si)
− Sj

tr(Sj)

∥∥∥
F
, with Sj =

1

n− 1

n∑
t=1

(wjt − w̄j)
⊤(wjt − w̄j).

Here, d(i, j) provides an empirical diagnostic, after trace normalization,

for the heterogeneity among covariance structures associated with different

image rows.
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Figure 4: Heatmap of D in the original and clustered row order (ORL).

As an illustration using the ORL facial image database (400 images

sized 92 × 112 pixels), we computed matrix D based on covariance dis-

crepancies. As shown in Figure 4(a), the original-order heatmap exhibits

clear block and bright band patterns rather than a homogeneous structure,

indicating that covariance structures across image rows are spatially hetero-

geneous. Following hierarchical reordering (Figure 4(b)), the global pattern

remains largely consistent, implying that contiguous rows naturally aggre-

gate into distinct row-populations. The annotated diagonal blocks (C1)–

(C5) confirm small intra-cluster distances alongside varying inter-cluster

heterogeneity. Furthermore, discernible variations in the empirical spectral

densities across these five clusters provide supplementary evidence that the

empirically derived row-populations possess heterogeneous covariance struc-
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tures. Applying this diagnostic to the FERET dataset as shown in Figure 5,

Figure 5: Heatmap of D in the original and clustered row order (FERET).

the clustered row order partially reverses the original spatial sequence, indi-

cating that intrinsic covariance similarities do not strictly follow the physi-

cal top-to-bottom arrangement. Nonetheless, the reordered heatmap clearly

delineates 6 distinct clusters (C1)–(C6) with distinct diagonal block struc-

tures. For the Extended Yale B dataset in Figure 6, hierarchical reordering

partitions the fine-grained original heatmap into 11 smaller diagonal blocks

(C1)–(C11), revealing a more granular row-population structure than in the

ORL and FERET datasets.

Across all examined datasets, variations in the empirical spectral den-

sities among these labeled clusters consistently validate the presence of het-

erogeneous row-population covariance structures as shown in Figure 7.
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Figure 6: Heatmap of D in the original and clustered row order (Yale B).

Figure 7: Empirical spectral densities of row-population covariance estimates.

S8.2 Experiment on the FERET Database

To evaluate performance under broader class diversity and varying facial

expressions, we utilize a subset of the FERET database containing 1,400
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images of 200 individuals. Unlike the ORL dataset, these images are resized

to 80 × 80 pixels and feature minimal background clutter and significant

variations in expression and lighting. In the experimental setup, the image

covariance matrix G for the FERET database is constructed using a train-

ing set consisting of one image randomly chosen from the first five images

of each subject, with the remainder used for testing.

Table 3: Empirical size and KS-distance for (4.24) in the FERET database.

K0 = 1 K0 = 2 K0 = 3 K0 = 4 K0 = 5

Empirical size 1.000 1.000 0.045 1.000 1.000

KS-distance metric (1.000) (1.000) (0.025) (0.898) (0.936)

Table 3 reports the empirical sizes of rejecting the null hypothesis (4.24)

together with the corresponding KS-distance metric, based on 300 replica-

tions at a significance level α = 0.05 along the sequential testing procedure.

Following Flowchart 1, the number of principal components K0 for G is

selected according to the elbow pattern of the empirical size curve, with

the KS distance serving as an auxiliary diagnostic for the adequacy of the

null approximation. Under this criterion, we obtain K0 = 3 for the FERET

database. Figure 8 further compares the test-set classification accuracies

of the competing methods. As indicated by the red solid curve, our se-

quential testing procedure yields stable principal component selection and
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consistently competitive classification performance.
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