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Supplementary Material

This supplementary file is organized into six sections. Section [SI] provides proofs of auxiliary
lemmas for Theorem 1. Section presents the proof of Theorem 1. Section presents
solutions to the subproblems in the PALM algorithm, where the computational complexity of
PALM is also given. Section [S4] presents the proof of Theorem 2. Section [S5] reports additional
numerical experiments on synthetic data, traffic flow datasets, comprehensive climate dataset,
and macroeconomic dataset. Section @ gives more discussions about the STDGR models,
including parameters analysis, choice of lag order, different initialization, different choices of

Tucker rank, construction of graphs, ablation analysis, and the extensions to uniform noise.

S1 Auxiliary Lemmas

For any two tensors & € R™*"2*" and Y € R™*"5*" their tensor

outer product, denoted by X oY € R™m*m2xnsxnaxnsxne g defined as (X o

ivinis Vigisig, where 1 <1; <mnj;,j =1,...,6. For any matrix



A € Cm*m2 B e C"*™  their Kronecker product (Golub and Van Loan)

2013) is defined as

anB  a;pB .-+ ay,,B

ang a22B ce G,QHQB
A®B=

anllB an12B e an1n2B

Proposition 1. For any matrices A € C"*™ and B € C™*" the follow-
ing assertions hold:

(1) (A®B) = A’®@ B’ (Golub and Van Loan, |2015).

(2) Given matrices D € C"*™ E € C**" (A®B)(D®E) = (AD)®
(BE) (Golub and Van Loan, |2013).

(3) ||A ® Bl = ||A||||B]| (Gueridi and Kittaneh, 2022).

(4) |A @ Bl|r = ||A||r||B||r (Gueridi and Kittanehl, |2022).

Proposition 2. For any matriv A € C"*"2 with A’A =1,,, B € C"s*™

with B'B =1,,,, it holds that
|A®B| <1.

Proof. For any matrix A satisfying A’A = 1,,,, it follows from Theorem 3.9
of Stewart and Sun| (1990) that ||A|| < 1. Taking this together with Propo-
sition [I[(3) yields

A @Bl = [AllIB] <1,
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which completes the proof. O]
Proposition 3. For any vector a € R™ and matriz X € R"*" one has
(aoX)(g) :X®a’, (aoX)(3) =X'®a

Proof. For vector a = (ay,...,a,,) € R™ and matrix X € R">*" with
the (j,1)-th element z; (1 < j < ny,1 <1 < ng), the outer product of a
and X, denoted by 7 = aoX, is a third-order tensor with size n; X ny X ng,

and its each entry is given by
Tiji = a;zji.

For the mode-2 unfolding of 7", denoted 7Ty € R"2*™"3 the corresponding

element-wise representation is given by

(T@)j-1ns+i = Tiji = aixj. (S1.1)
Let B = X ® a’ € R™*™"_ Then the (j,(l — 1)ns + i)-th element of B,
denoted by By 1—1)n;+4, i given by
Bj (-1)ns+i = Tjua,

which combined with (S1.1)) yields that 75y = (a0 X)) = X®a'. Similarly,

we can deduce that (a0 X)g =X ®@a'. O

Proposition 4. For any vector a € R™ and matriz X € R"*"3 one has

lao X][r = [[all[|X]]£-



Proof. Combining Proposition [3] with Proposition [1], we have
laoX[|r = [(acX)@llr=X®a|r=[X[rlal: = [IX]r|al-
The proof is completed. O

Consider the weighted and undirected graph G; = (V;, E;, WZ), i =
1,2, 3, where Vj is the finite set of vertices based on the row of A; and E; the
finite set of edges, and Wz denotes the weighted adjacency matrix. Assume
that the graph G; is connected. Then we have the following inequality with

respect to the graph regularization term.

Lemma 1. Denote Ay, = f&l — A;. Suppose that Assumption 5 holds and
the graph G; is connected. Then the matriz A; € R™*" i =1,2, A3 € RP*"3
satisfy the following inequality:

2

I

o
where \y(L;) > 0 denotes the second smallest eigenvalue of L;,i = 1,2,3.

Proof. Let the eigenvalue decomposition of L; € R™*™ be L; = QAQ'.
Define the matrix M := Q'Ax, € R™*. Then the [-th column of M is
given by M.; = Q'(Aa, )., where (Aa,).; denotes the [-th column of A, .
Note that L; is a symmetric semi-positive definite matrix with real and

non-negative eigenvalues. Let \;(L;) be the j-th smallest eigenvalue of L,
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with A;(Ly) < Ap(Ly) < -+ < Ap(Ly). It can be easily demonstrated that

T1

tr (AglLlAAJ = Z(AA1):/,IL1<AA1)¢,Z

N (S1.2)
- Z(AAl):IJQAQI(AAJ:J = Z Z )‘j(L1>M?l>
I=1 =1 j=1

where M;; denotes the (j,1)-th entry of M. By Section 3.1 of [Yang et al.
(2019) and Theorem 5 of |Hirn (2021), we can conclude that A\;(L;) = 0 and

A2(Ly) > 0. Then, we have

= i M(L)MZ = M (L)MZ,  (S13)

A2(Li) [(Aay)all; = Ao(Ly)M3,.

Substituting (S1.3]) into (S1.2) yields
T1

tr (A, LiAA) =) (ML) [I(Aa)all; = Ao(Ln)MF)
= (S1.4)

= Ao (L)[[ A, 17 = Ae(L) [[(Qu1) A, ;.

where the last equality follows from the fact M = Q'A4,. Note that the

first column of Q satisfies Q.; = (1/y/m,1/y/m,...,1/y/m)" (Hirn, 2021).

2
Consequently, we get that [|(Q.;)'Aa, |2 = 3L, — (Z;.”:l(AAl )jl> . Com-
bining [|Aa, |7 = >0/, Z?:1(AA1 )321 with " yields

m 1 m
1

tr (A3, Lida,) = Aa(Ln) 30D (An)i = Aa(L) D — (D (Aa)i)

=1 j=1 =1 j=1



By Assumption 5, we can conclude that Y%, (377 (Aa,)j)? < 5 D0

> e 1(A4,)3. Hence, we obtain

/ rm o (L . m
(A4 Lidn) > ML) 3D (A5 - 2 S S a2
=1 j=1 =1 j=1
)\ Mo (L
)y 12 = 200)R, - A

By Assumption 5, using similar arguments leads to

>/

(Lz

~—

tr<AJX2L2AA2> > HA2 AQH%W

(S1.5)

>~
[\
—

L3

~—

(A4, LsAa,) > 185 — AslE.
where A\y(Ls), Ao(L3) > 0 represent the second smallest eigenvalues of Ly

and Lz, respectively. This completes the proof. O

Lemma 2. Let A be defined in , Z and e be defined in .

Suppose that Assumptions 1 and 2 hold, and the sample size satisfies T >
aylog(m?p). Then the following inequality holds with probability at least
1 — 6exp(—alog(m?p)):

1, ~ ~
T<ZA’8> < 2mdagy/log(m?p) /T || A1,

where ¥ := Apax(2e) (1 + z“’a"((vvg))) and the constants a > 0, ay,a, > 1.

Proof. By Holder’s inequality, we have that

LizAe) = 2

1 P 1 , —~
A) < — Allr. .
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By a simple calculation, we can deduce

1Zelloc = [X'Ellc = _ max _|e/X'Eel,

1<i<mp,1<j<m

where e; denotes the standard basis vector with the i-th entry being 1 and
other entries being 0. According to Proposition 2.4 of |Basu and Michailidis
(2015) with Assumptions 1 and 2, for any vectors u and v with |lulls <

L|[vll2 <1 and any 7 > 0, there exists a constant a, > 0 such that

P |0 (X'E/T)v| > 2r (Amax (%) (1 + %)) ’7}

< 6 exp(—ayT min(n, n?)).
Denote ¥ := Apax (Ze) [1 + ptmax(W)/ttmin(W)]. By using a union bound,

we get that

P [ max  |e;X'Ee;/T| > 2nin

1<i<mp,1<j<m

< > Plle/X'Ee;/T| > 2rin (S1.7)

1<i<mp,1<j<m
< 6m*pexp(—asT min(n, n*)).
Suppose that a; > 1, and let n = /(log(m?p))/T, where T > log(m?p).
Then, it is straightforward to obtain that min(n,n?) = (log(m?p))/T. As a

consequence, we get

6m°p exp(—asT min(n, n*)) = 6 exp(log(m’p)) exp(—as log(m?p))
(S1.8)

— G exp(—(as — 1) log(m?p)).



Suppose that a4 € (0,1] and T > a_24 log(m2p). Let n = /5_4 /10g(;n2p)7

where n < 1. Then, we have

6m?p exp(—a4T min(n, %)) = 6m°p exp(—Q%T min(7, n*))
= 6m?*p exp(—QT%of)
2 (S1.9)
= 6m*pexp(—2log (m2p))
= 6 exp(— log (m*p)).

By combining (S1.8), (S1.9), and the condition T' > a; log(m?p), the fol-

lowing inequality holds:
P .. le/X'Ee;/T| > 2mdaz+/log (m?p) /T | < 6 exp(—alog(m?p)),
where a1, a3 > 1 and a > 0. This taken together with (S1.6) indicates that
1, ~ (I o
(24, e) < Zl|Z'e||w[|Allr < 2mdaz/log(m?p) /T Allx

with probability at least 1 — 6 exp(—alog(m?p)). O

Lemma 3. Let A and X be defined in and , respectively.

Suppose that Assumptions 1, 2 and 3 hold, and the sample size T' > Sfﬁmin

a

(log(mp),log(2lemp/p)), where ¢ := ;:;&i?/ﬁ;:zgg;, as > 0 is a constant

and p depends on 7. Then

T*l

—~ 12 —~
(T ©X) A|| > w|A3/2
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holds with probability at least 1—2 exp(—p min(log mp, log(21lemp/p))), where
@ = Amin (26) /ﬂmax(w)-

Proof. For A in (1S2.42)), we partition it into m parts, namely A= (3’1, .

ﬁ;ﬂ)’ , where A; € R™. Then we get

2 m N
S

Denote I' = X’X/T and T = ET'. It can be seen that

H(ImcaX)E

2
) .

A'(I,®T)A = A'(1,, @ ET) A

A (L, @ E(X'X/T))A

NE(T, ® (X'X/T) )&

—E(&(L, @ (XX/T))A)  (S1.10)
=1 E((T, © (X'X))4)

= 77'E (|1, @ X)A3)

Additionally,

I

>)
o))
>

T7Y (L, ® X) A2 = AL, ®T)

B'(1m®r)£+&(1m®(f—r))£

NI, ®T)A+ Y A/T -T)A

=1

~

=T7E (||, @ X)AJ3) + Y A/T - DA,
i=1
(S1.11)
where the last equality follows from (S1.10|). Specifically, it follows from the

proof of Proposition 4.2 in Basu and Michailidis (2015) and Assumptions



1, 2 that

)\min(F) Z /\min (Zs) /,umax(W>- (8112)
Then, we have

T (|1 @ X)A3) = & (I @ T) A > Ain (D) A3

> Amin (Ze) / fimax(W)[| A[2

= @[ Al

(S1.13)
where the first inequality follows from Theorem 4.2.2 of [Horn and Johnson
(2013)) and Apin (T') = Apmin (L, ® T'), the equality follows from w := f;:;“x—((%,;
By Lemma |§|, for any i = 1,2,...,m, we have HﬁzHO < g;mp, where ¢; €
[0,1] is related to 7. Let p = max{gmp, g2mp,...,qgnmp}. We define

K(p) :={v € R™ : ||v]|p < p, ||v]2 < 1} as the set of p-sparse vectors. Note

that
T (L, ® X) Al3

> T (|(Ln @ X)A3) = swp |77 Ly @ X) A3 = T7'E (|1 @ X)AJ3)|
A €K(p)

= 77'E (|1, @ X)A3) = sup
AiGK(ﬁ) 1

i 3z’,(f‘ - F)El

i=1

> w| A3~ sup
AiE/C(ﬁ)

)

where the equality comes from (S1.11) and the second inequality comes
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from (S1.13). Then, we have

B ~ w -~ @, -~
T (1, 9 X) A3 - ZIAR = YA - sup
A EK(P)

i=1
which readily implies that

. S
P T (T @ X) Allz = I A]5 > 0

I -~
>P | ZJAE - sw

| S

| = 0] (S1.14)

w ~
=P |5 > A3~ sup

For stable VAR(p) processes, as stated in Section 4 of Basu and Michai-
lidis (2015), the spectral density function fx () is defined as fx(0) :=

L (W (e7)) B, (W' (e7))  for 0 € [, 7]. We then define M (fx) :

27

= esSSUPAmax (fx(0)) (Basu and Michailidis, 2015). According to Propo-

oe[—m,x]
sition 2.4 of Basu and Michailidis| (2015)), for any n > 0, ||ul|s < 1, there

exists a constant as > 0 such that

P|

— Amin(ze)/ de(W)
Let n := 4WM(’}X)

u'(T - I‘)u‘ > 21 M (fx) 77] < 2exp (—azT min(n, %)) . (S1.15)

. Therefore, we get that

u'(T — I‘)u‘ > %] < 2exp (—azT min(n, n%)). (S1.16)

By Proposition 2.3 of Basu and Michailidis| (2015), we have 27 M (fx) >

Amin(T). This combined with (S1.12) yields 22M (fx) > Awin(T) > 3225,




As a consequence, 7 < 1/2. It can be shown that (S1.14) together with

(S1.15)) implies

p |71 H(Im®X)A

>P| sup z&;(l" — DA,

LAiek(®) | i=1
NS N IR 2
>P| sup |AjT-T)A; S;HAinz
LAk (p)
[ Al o~ A,
=P | sup (I - T)— <w]
|Asexp) | [1A]l2 [Aill2| — 2

w? . _
>1-—2exp (—CL;),T(47HM(fX))2 + pmin(log(mp), log(21emp/p))>

wQ

4(Amax (26) /Hmin(w

DE +Pmin(log(mp),log(21emp/p))> ,

>1—2exp (—agT
(S1.17)

where the third inequality follows from Lemma F.2 of [Basu and Michailidis

(2015) with n = )‘mi“ﬁj\/t)/(’}r;“)"(w) = /\/T( ) and the last inequality follows

from 27 M (fx) < Amax (Ze) /ptmin(W) (Basu and Michailidis|, 2015)). Sup-

pose that 7' > Smax(Be)/imin (W) 51y (log(mp), log(21emp/p)), then

aszw

LTJ2

4(Amax (Es) /Mmin(w))2

1—2exp <—a3T + pmin(log(mp), log(216mp/ﬁ))>

> 1 —2exp (—pmin(log(mp), log(21emp/p))) .

This combined with (S1.17)) yields
~ 12 ~
P [Tl ([CH=D 9P = ’juAHS] > 1 — 2exp(—pmin(log mp, log(2Lemp/p))).

This completes the proof. O
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Lemma 4. Let A be defined in . Then
18113 < 2]l vee(Gfyy) — vee(Gf) I + 6c*rirars (1A — Agl?
+ 118 — Aol + [|1As — A} )
where G,G € R™*2X7s with ||Glle < ¢ ||Glloo < ¢, ¢ is defined in (2.4),

A A R and AIA; =1, A/A; =1, i=1,23.

Proof. From the definitions of ;‘;, A, QA , G, it can be easily seen that

~

0< A, = H(Al % Ay @A) vee(Gly) — (A1 ® As ® Ay) veo(Gl))

‘ 2

~

- H (A ® Ay @ Ay) vee(Gly) — (Ay @ Ay @ Ay) vee(Gy)

+ (A18 Ag® Ag) vee(Gly) — (A1 ® Ay ® As) vee(G)) |

<A1 @ Ay @ Ao vee(Gly) — (A1 @ Ag @ Az) vee(G)

2

~

+[[(Ar® Ay © Ag) vee(Gh) — (A1 ® Ay © Ag) vee(G)|| -
Then, we deduce
A2 < (H(Al @ Ay @ As)vee(G))) — (A1 ® Ay ® As) vec vec(g@))H2
~ 2
+ | (A1 ® As® Ag)vee(Gl) — (A1 ® As® As)vee(Gly)]| )
2

S 2 H (;&1 & ;&3 & ;&2) VGC(Q\(/I)) — (A1 ® A3 ® AQ) VeC(G\(ll))

2

~ 2
+ 2 H (A1 ® A3 ® Ag) VGC(g(ll)) — (Al ® A3 ® A2) VeC(g(/l))

where the last inequality follows from the fact that “TH’ < “2—;“’72



a,b > 0. Note that

~

H (Al ®A3® Az) VeC(g(/l)) - (Al ®A3® A?) Vec(g(/l)) H2

~

— H(A1 ® Az ® Ag)(vec(g(’l)) — vec(g(’l)))H

2

< (A1 ® Ag® &)l |vec(Gly) — vee(Gy) (S1.19)

2

— | Asll 1Az ] 1Al ||vec(Ghy) - vee(G)

.

~

< VeC(g(/l)) — VeC(g(II))

I

2

where the first inequality follows from Lemma 2.1 of Chen et al| (2021)),
the second equality follows from Proposition (1] and the second inequality
follows from Proposition

On the other hand, observe that

H (;&1 (059 ;&3 (029 ;&.2) VeC(é(/1)> - (Al ® A3 @ A2> VeC(A(/l))

2

-~

_ H (A ® Ay @ Ay) vee(Gly) — (Ay @ Ay @ Ay) vec(Gy)

~

+ (;‘;1 ® Az ® As) Vec((j('l)) — (;&1 ® Az ® Ay) VeC(A(/1))

+ (;&1 ® A3 ® A.Q) VeC<§(/1)> - (A.l ® A_3 ® A2) VeC(A(/l)) (812())

2

o~

< H (Al ® Ay ® Ag) vec(Glyy) — (1&1 ® Az Ay) Vec(é(ll))

2

+ H(Kl ® Az ® Ag) vec(Gy) — (A1 ® Az ® Ay) veC(gA(’l))H2

+ H (1&1 (24 A3 X Ag) VeC(A(/l)) — (A1 X A3 & AQ) VGC(G\(II))

‘2‘

For the first term on the right-hand side of the above inequality, it can be
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seen that

(;&1 X ;&3 X 2&2) VeC(G\(/l)> - (Kl & ;&3 & AZ) Vec(/\(/l))

2

=[(A1® A3 @ (Ay — Ay)) vec(Gfy)

2

<||Ar A @ (s — As)| I vee(Giy)ll
= ALl As[l[|[Az — Aqll[| vec(G (1)l
(S1.21)
< [|Az — Ag|l| vec(G(y) Il
= [|As — Asl[|G]|F
< C\/7”17”27“3H-K2 — Ay

< C\/T17”27"3H1&2 — As|F,

where the first inequality comes from Lemma 2.1 of |Chen et al.| (2021)), the
second equality comes from Proposition[I], the second inequality comes from
Proposition , the third inequality comes from |G|y < V/T1T2T3 1G]lse <
\/T1irarsc, and the last inequality comes from [|A|| < ||A|p for any matrix

A. Similarly,

H (;&1 ® ;&3 ® AQ) vec(é'l)) — (;&1 ® A3 ® Ag) VGC(G\(II)> H

< e/rirars| As — As| p,

o~

H (;&1 ® Az ® AQ) VeC(g(/l)) - (Al ® A3 ® AZ) Vec(é\(ll)) H2

2

(S1.22)

< C\/T17”27“3||-/A\11 —Ayp.



Substituting (S1.21)), (S1.22)) into (S1.20)), we obtain

-~ o~

0< H(;&l ® :&3 & 1&2) Vec(g(ll)) — (AL ®A3® Ay) Vec(g(’l))

2
< cyrirars(|As — Asllr + Ay — Azl + | A — Ay|r).
Further, we have

~ ~ ~ ~ ~ 2
|(A1 @ Ry @ Ra)vee(G)) — (A1 ® Ag @ As) vee(@))|

~ ~ ~ 2
< Prirory (HA3 — Azl + ||A2 — Az + ||A1 — Al”F)
= Prirory (| Ag — Agl} + A2 — Asl[} + | As — Auf[f + 20|As - Agllr

A2 — Asllr +2|As — Asllr|AL — Aullr + 2| A1~ Aulr]A2 — Aslr).
(S1.23)

For any non-negative numbers a,b,c, it is known that a® + b 4 ¢* >

ab + ac + be. Therefore, we can conclude that
|As = Asllrl Az — Acllr + [ As — Asllr]Ar — Al

AL~ Adllr]| Az — Agllr < [|[As — As|d + [[As — A%+ | AL — A2,

which taken collectively with (S1.23|) gives

2

-~

| By @ Ay @ Ry vee(Ghy) — (As @ As @ Ay) vee(Gy)

2 (S1.24)
< rirary (31 As = Agl[}+3l|A — Aslly + 31 A1 — Auf:)

Substituting (S1.24), (S1.19) into (S1.18)) yields

IANI5 < 2| vee(Gfhy) — vee(Gh)II5 + 6027’17“27“3(”33 — AslE

+ Hz&z — AQH?: + HK1 - A1H%:>

This completes the proof. O
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Lemma 5. Let W = [G; A1, Ay, As] and W = [G; Ay, Ay, As] be the
HOSVD of W € R™™*P and W € R™™*0 with the same multilinear
ranks (ri,72,73), Tespectively. Suppose that Assumption 4 holds for W.

Furthermore, assume that ||G||e < ¢ and ||G|le < ¢. Then, we have
IG Gl < bW = W|r.

and

- s .
[A: = Aillr <22 (ni/p) [W = W[,

3
T4 2201 (W, ?: i
where n; = (301(Wy)) + ¢y/T1727T3) | /D5 m; b=14 22 (2)2 L

and p is defined in Assumption 4.

Proof. By Theorem 3 of [Yu et al.| (2015), under Assumption 4, for the j-th

singular vector of W),

I < 28 (201Wia) + Wiy = Wooll) Wi = Weo e

12 = min [U?A(VV(@-)) — UJZ(W@), O’?(W(i)) — 0’]2.+1<W(i))}

_ 23 (20’1<W(i)) + HW@) - W(Z‘)“) HVNV(z') —Wyllr

- po; (W) ’
(S1.25)

where (A;).; denotes the j-th left singular vector of the singular value
decomposition of W , (;&1)] denotes the j-th left singular vector of the
singular value decomposition of W(i) and 01(Wg,)) = [[We)l|- Additionally,

let the SVD of 5(1) be 5(1) = I_J'lgl\_fl’, where U; € R "™ and V,; €



R"273X72"3 are orthogonal matrices, S; € R™*"™" ig a diagonal matrix. It

follows from Proposition [I] that
(As® A,) (A3 @ Ag) = (Af @ AJ) (A3 ® As) = (AJA4) ® (AJA,)
— I, oL, =1

T2T3 9

which implies that Ag ® AQ has orthogonal columns. Further, note that

W(l) - Klg(l) (;&3 ® :&2)/ - _f&lﬁlg V{(Ag ® ;&2)/
(S1.26)
— (Alﬁl)gl((Ag ® Ag)vl>/.
Here, A, U, and (;‘;3 ®;‘;2)\_/’1 have orthogonal columns, and (S1.26) is the
SVD of W(l). This consequently implies that ||W(1)|| = ||§(1)||. Similarly,
we can obtain that HW@)H = ||§(2)|| and HW(;;)H = ||§(3)||. Then, for any

1=1,2,3, we have
IWa) =W ll < Wl +1IWall = 1196 | +o1(Wae)) < ey/rirars+o1(We),

where the last inequality follows from HgN(Z)H < ||§(Z)||F = ||G|lr < e\/riTars.

Combining the above inequality with (S1.25)) immediately yields

< 2% (30'1(W(Z)) + C\/T17’27”3) ||W(z) - W(z)HF

Sl T po; (W)
Consequently,
~ 2 " ~ 2
s

Z 2% 30y W) + C\/T’1T27“3) Wiy — We %
B proi (W)
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Then, we can further demonstrate that

A

LS 28/ [W =W, (51.27)

where 7, = (301 (W(i)) +cy 7“17“27"3) ,/Z?:l T‘/I\’(z))

On the other hand, we make the observation that

IG =Gl
:wall‘;{ xo Ay X3 Ay =W 1 Af xo Aj x5 Ag F
:HWXIZ&; xo Ay x5 AL — W x1 Al xy A x5 Al
+ W x1 Al Xy AL x5 AL — W x1 Al x5 A x5 A}
W X1 A X9 Af x5 A — W x1 Al x5 Aj x5 A}
+ W Xy Al xo AL xs AL —W x1 Al x5 Al ><3A3CHF

<[ Wi Ao A g Af =W xi Al x; A x A .

+ leg&{ XQKQXg_Ké—leA{XQKéXgAé
F

+ W x1 Al xo AL x5 AL —W x1 Al x5 Al x5 A
F

+ W x1 Al o AL xs AL —W xq Al x5 Al x5 A ;

< W—W|\F+HWX1A; X2 &g x Aj =W x1 Af 2 Af xs Afl|

+HWX1A{ ng’&é X3Aé—WX1AII XgAé X3Aé

F

+HWX1A{ XgAé X3;&§—WX1A{ XgAé X3Aé
F

(S1.28)



Similar to (S1.21)), we have

WXlA{ ><2A2, XgAé—leA{ XgAé ><3Aé »

= A{W(l)(gg & .:&2) — A{W(l)(gg, &® AQ)HF

= |(A{ = ADW)(As @ Az)HF
< [|A] — A{[[p[[Wa)(As @ Ay)||
< |A] = A{l[FIWllll Az © As|
< IA{ = A{[lp[Woll

= o1 (Wa) | Al — A{l|r.

The above inequality combined with (S1.27)) yields

HWXIA{ XgAé X3A§—WX1A{ XgAé X3A3, h

o (W) (S1.29)
2 —_—
< MO0 1y W,
Similarly,
HW X1 A Xo :&é X3 Aé — W x1 A X3 Aj X3 Aé
F
25 W) —
< 20 55w,
P (S1.30)
HW X1 All X9 Aé X3 Aé - W X1 All X9 Aé X3 Aé
F

< 2%77301(W(1))

W —W|r.

Substituting (S1.29)), (S1.30)) into (S1.28)) then gives

3

G W 2310 (W
16— Gllr < W —W]p+ 3 287 W)
=1

W = W|le = bW = W],

3
2201 (W) Xby mi
p

where b := 1+ > 0. ]



S1. AUXILIARY LEMMAS

Lemma 6. Suppose that Assumption 3 holds. Then ||Agllo < sym*p, where
A and g are defined in , and s1 € [0,1] is the sparsity threshold

related to T.

Proof. Recall that g = vec(G()) € R™"™"™. The ratio of zero entries in a
vector or matrix is denoted as z(-) (Wang et al. 2024). It follows from the
fact that G € R"*"2*"3 helongs to the set U that the sparsity of the vector
g is equal to 7, i.e., Z(g) = 7. The matrix G € R"™2"3X™*? ig constructed
such that G.; = g for each j = 1,2,...,m?p, where G.; denotes the j-th
column of G. The sparsity of each row of G is denoted as z(G;.), where
G, . represents the i-th row of G and z(G;.) € {0,1} fori = 1,2,...,rirors.
Similarly, the sparsity of the i-th column of A € R™P*7172rs ig defined as

Z(A.;). By Proposition 1 in Wang et al.| (2024), we deduce that

Z(AG) > max {0,1+ r§3 (2(Gip) + 2 (Asy) — 2(Gi)Z (AL)) — rirers ) == 21

- (S1.31)
It can be easily verified that Z(Ag) = Z(AG) > z;. Consequently, we have
|Agllo < (1 — z1)m?®p := sym?p. Note that Y 7" 2(G;.)/(rirars) = T,

which implies that s; depends on 7. O

Throughout this paper, we assume that the core tensor in model (2.4)

also satisfies the constraint U := {G : ||G||p < s}. By using similar tech-



niques, it follows from the fact that G € Rrixr2xrs belongs to the set U that

|Ag|lo < som?p, where s, € [0,1] related to 7.

S2 Proof of Theorem 1

The VAR model in (1.1) can be expressed equivalently as

yi Yo vl oo ¥l |[WH el
yo| | YT Yo - Y| |W . &
(S2.32)
yr| | Yro1 Yr—e - Yr—p | (Wo| |e7]
—— —— =
Y X Wi, E

Notice that W = G x; A; X5 Ay x3 A3 represents the HOSVD of W
and Wy = A1G1)(As ® Ay)" (Kolda and Bader, [2009). Based on the
formulation in (52.32)), we can rewrite (1.1) as Y = X(A3® As)G()) A|+E.
Which is equivalent to

y = vec(Y) = vec (X(A; ® AQ)Q(’DA{) + vec(E)
= vec (X(As ® A2)GH AL, + vec(E)
= (Iqln ® X) vec ((Ag ® Ag)g(/l)A{) + V€C<E> (S233)

= (I, ® X) (A1 ® (A3 ® Ay)) vec(G(y)) + vec(E)

= (I, ®X) (A1 ® A3 ® Ay) vec(G(y)) + vec(E),
~ ? - =~ N— e’ S——

A g e
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where the third and fourth equalities follow from Equation 12.3.9 of |Golub

and Van Loan| (2013). Note that W = G X1 1&1 X9 KQ X3 ;‘:3. Denote

~

A=A ®A; @A, &=vec(G). (S2.34)
Then, it can be easily verified that

‘= Ly zag

y: — (g X1 Ay X9 Ay X3 A3)(1) Xt

- (52.35)
o ZAg|3
g , = 37y — ZAgl:.

Due to the optimality of W in (2.4), we have

3|
<32l

Using m ) further leads to

g X1 A1 X9 Ag X3 A3)

-~

+5Hg|h + Zaztr iLiA;)

=1

+ﬁ||g\|1 +Zo¢ztr (A/L;A,).

y: — Q X1 Al X2 A2 X3 Az)( X

y: — g><1 A X9 Ay ><3A3) Xt

3
1 - R .
=y = ZAGIE + Blglh + > i (tr(A/LA) — tr(A/LA,))
2T p ($2.36)

< olly — ZAglE + Bl

Denote Ap, = ;‘;Z —A;,i=1,2,3. Then we get
tr(A L A,) — tr(A/L A;)
= tr((A; + Aax,)Li(A; + Ayp,)) — tr(A]L;Ay)
= tr(AJLiA; + A[LiAx, + AQ LA + AQ LiA,,) — tr(A]LiAy)

=2 tI‘(A{LlAAl) + tr(AAlLlAA1)7
(S2.37)



where the last equality follows from the fact that L; is symmetric. Note

that

> —||LiA1||p||Aa, lF, (S2.38)

tr(AL1As,) = (L1A, Ag,)

where the inequality holds by Cauchy-Schwarz inequality. Combining the

above inequality with Lemma (1| and (S2.37)) yields

Ao(Ly)

tr(A{L,A,) — tr(A{LA;) > AL — Ay|2 = 2|[Li Ay p[|Aa, |-

(S2.39)

By using similar techniques, we can easily obtain

Ao (Lo

~—

tr(AsLoAs) — tr(AsLoA,) > |A2 — Ag|% — 2| LoAs| ¢ [|Aas ]| £,

Ao (L

~—

A5 — Aslly — 2[|LsAs| pl|Aa, || F-
(52.40)

tr(;&éLg;&g) - tr(AéLgAg) Z

Substituting ((S2.39)), (S2.40)) into (S2.36)) yields

1 ~_ ~
o lly — ZAgI3 + Blgh +Zaz (25 b~ 2LiAslelAn, )

1
7!\y ZAg|3 + gl

(S2.41)

Denote

A:=Ag — Ag, (S2.42)

where A, g and K,/g\ are defined in (S52.33) and ([S2.34)), respectively. We
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can easily get that
oy~ ZAI3 = olly — Z(A + Ag)l3 = 5l — ZA + el
2Ty g2_2Ty g2_2T 2
1 -~ 1 1~
= ——||ZA|3 + == lel3 — =(ZA
where the second equality follows from ([S2.33). Combining the above result

with (S2.33) and (S2.41]) immediately yields

1~
Sl ZAlZ + 2TH el - —<ZA e) + Blgl:
1
+ Z (2 r) < gpllell + Sl
which is equivalent to
az)\Q )
|IZA||2+6||gII1+Z 1A — A%

< Bliglh + 7 <ZA e +22%HL AillpllAa e

=1

Then, by Lemma [2| and the assumption 8 > 27wdagy/log(m?p)/T, with

probability at least 1 — 6 exp(—alog(m?p)), the following inequality holds:

Oéz)\Z

= IZAI + Bl +Z ade(lo) 20 A2

(52.43)
< Bllglh + BIAlL + ZQaz‘||Lz‘Az‘||F||AAi||F'

i=1

Let Ag := g — g. Denote the nonzero index set of vec(G’) by S,, and

let Sy represent its complementary set. Then, we have

I8l = 11Es, |, + s, = (& + 28, | + &5,

> g5, 1y = [1(Ag)s, [, + [8s,e



which taken collectively with (S2.43|) gives

A — Al

2 ada(Ly) « 9
9

— B ||(Ag)s

i=1
3

< Bliglhi + BIAIL + ) 20i| LiAil| | Aa, -
=1

The above inequality can be rewritten as

3

Z |A Aills

=1

L~ A
IZAI+ 5 s,

3
< BIANL 4+ 20l LiAs| pl| Aa e + 8[| (Ags, |, -

=1

> (0 that

It follows from £ ||gs,. 1

3
L ox e aido(Li) |~ 9
ﬁHZAHngZTHAi—AiHF

=1

4B [(Ag)s, -

3
< BIAIL+ ) 200 |LiAi| p[| Aa,

i=1
Note that T > %ﬁ min(log(mp),log(21lemp/p)). Lemmaimplies that the

following inequality holds
CYZ)\Q
—HA||2+Z |A A%
(S2.44)
< BllA[lL + ZQaz‘||Lz‘Az‘||F||AAi||F + 8 |(Ag)s, |,

i=1
with probability at least 1 — 2 exp(—p min(log mp,log(2lemp/p))), where p

is related to 7.
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/s log(m? 1
Note that a; > 6‘3 5 Og(m 60 ’”“”2’"3 s log(m?p) Then, we have
(r1ir2rs)?T”

3
1
> A A+ %nm(%) vec(Giy)|

slog(m ~ ~
> 3¢2ryryrg | 108 p)<”A3 Aﬂ%+HAT—Aﬂ%+HA1—Aﬂ@>
(ri7or3)?T
s log(m?p) ~ )
(rirors)?T I Vec(g('l)) o Vec(g(ll)) I3
1 [slog(m?p)
S e T
2\ (ryrers)?T

where the last inequality follows from Lemma . This combined with ((S2.44])

leads to
@, ~o 1 [slog(m?p)
ZHAH2 3 WHAHQ < BlIAl: + ZQ%HL Aillrl|Aallr+8](A )
=1
slog(m?2p =
OB vec(Gy) — vee(G I

(S2.45)
with probability at least 1 — 2 exp(—p min(log mp, log(2lemp/p))).

Recall that 7 = 1—s/(r179r3) € [0,1]. Since both G and G belong to the

set U, it follows from Lemma@that |Agllo < sym?p and ||.X/g\||0 < som?p,

where s1, s € [0, 1] are the sparsity thresholds related to 7. Then, we have

[Allo = A8 — Agllo < [|Ag]lo + Ao
(S2.46)

2 2
< Som p 4 $1M°P 1= Saux.



As a consequence, we get

[INERvs=N (82.47)
In addition,
[(Ag)s, |, < Vsl Agllz < bVs|A], (52.48)

where the last inequality follows from Lemmal[5] By Hoélder’s inequality, we

have

| VeC(A@)) - VeC@(ﬁ))H% < VeC(A(/U) - Vec<g(/1))||oo|| VeC(gA(ﬁ)) - Vec(g(’n)“l
< 2| VeC@(’l)) —vee(G(1) I
= 2¢[|Agllh
< 2eV2s || A,

< 2bev/2s]| A,
(S2.49)

where the third inequality follows from the fact that both G and G belong

to the set U and the last inequality follows from Lemma 5} Substituting

(152.47)), (S2.48) and (S2.49)) into (S2.45)) then gives
@ 1 [slog(m?p) ) <2
(4 + 2 (7“17“27’3)2T HAH2

3
< BVEalBll + 3 200 LAl FII A, |7 + b8V Allz + 2v/2he

=1

s2log(m?2p)  ~
5 1Al
(r1rar3)?T

3
~ ~ log(m?2p)  ~
< BEael Bl + 3" 20l[LiAl #ll An, i + b8VEI Al + 2vhe| B A
=1

1=
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with probability at least 1 — 2 exp(—p min(log mp, log(2lemp/p))), where

the last inequality follows from s < ry79r3. Note that
20| LiAi||Fl[AallF < 204 Lil [ p[|Aill[| Aa [P < 205l][ Al P,
where [; := ||L;||r. Using Lemma [5| further leads to

3
2

22m;  ~ ]
1Al i =1,2,3.
P

QOCzZZHAAZ

F < 2045
Taken the above inequality together with (S2.50) demonstrates that

w 1 [slog(m?p)\ ,~2
—+ o | 1A
< 4 + 2 (T1T27’3)2T H ”2

3 5
~ 227~ ~ log(m?2p)  ~
< vEalBla + 3l A + 05181 + 2v3hey I &),
=1

with probability at least 1 — 2 exp(—pmin(log mp,log(21lemp/p))). Conse-

quently, we obtain

AB/Saux + Xy 2%aili% + 4bB+/5 + 8v/2bcy/ (log(m?2p)) /T
@ +2/(slog(m?p))/((r1rars)*T)
_ 45( v/ Saux + b\/§> + ak + Co Z?:l azlznz

w + 2k4/8/(r17273)?

1Al <

(S2.51)

with probability at least 1 — 2exp(—pmin(logmp,log(2lemp/p))), where
9
2

a = 8v2bc, k = +/(log(m?p))/T and ¢y = 27.



Furthermore, with probability at least 1—2exp(—pmin(log mp, log( 2leﬁm‘”))),

T
T Z ||W(1)Xt — W(l)Xt”g
t=1

= T_1”XW(/1) - XW@)H%
=T VeC<XW\(,1)) — vec(XWi) |3
=T (I, © X) Ag — (L, © X) Agll3

T (I, © X) A2

A (1, ® (X'X/T)) A

< Auax(X'X/T) A3

S )\max (EE) /leﬂ<W>HAH%

Amax (2e) (48(\/Saux + b\/s) + ak + o Z?:1 ailin;)?

<
B Umin(W) (20 + 26+/5/ (r17973)%)2

Y

where the first equality follows from , the third equality follows
from ([S2.33)), the fourth equality follows from A = A@ — Ag, the first
inequality follows from Theorem 4.2.2 of Horn and Johnson (2013) and
Amax (I ® (X'X/T)) = Anax((X'X/T')), the second inequality follows from
the equation (6) of [Masini et al.| (2022) and the third inequality follows

from (52.51)). This completes the proof.
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S3 PALM Algorithm

We recall the definition of subgradient of a general function, which is given

as follows.

Definition 1. Rockafellar and Wets| (1998)) Consider a function f : R™ —
R U {400} and any x € dom(f). For a vector v € R", one says

(a) v is a regular subgradient of f at x, written as df(x), if

o 1
hglf};f %=yl f(y) = f(x) = {v,y =x)] > 0.

(b) v is a subgradient of f at x, written as 0f(x), if there exist sequences
xF = x, f(xF) = f(x),vF € df (x*) with vF — v.

Before proceeding, for simplicity, we denote

2
F(G,A1,A2,A3,U1,Uy, Us) := oT Z HYt (G X1 A1 x2 Az X3 Ag)y) XtH

3 3
+ 8191 + > ay tr (U/L;U;) Z%HU 'y HF+Z5% J) + 6p(G)
=1 =1 =1
(S3.52)

and

2

T
1
QIG; A1, Az, Aj]) = —TZ‘ = (G X1 A1 X2 Ag X3 Ag)g) Xy

(83.53)



Then, by the definition of ¥, we get that

\I](gaA17A27A37U17U27U3) = Q(HQ;A17A2>A3]]) + % HUl - Al”%’
i=1

(S3.54)

and
F(G,A1,A, A3, U ,U,,U3) =VU(G, A1, Az, A3, Uy, Uy, Us) + 3G

3
+Zaitr U/L;U; +Z5% i) +6p(G).

=1

It follows from Section D.2 of [Wang et al| (2022) that the gradient of the
loss function ) with respect to the coefficient tensor W is given by
1 « 1 «
VQ([G; Ar, Az, Aj]) = ; Wayx: — yi) o Xy = TZ<_€t) o Xy,

t=1

(S3.55)
where Xy = (yi-1,¥t-2,- -, Yi-p) € R™*P.
It follows from Lemma 2.1 of Han et al.| (2022)) that the partial gradients

of @) are given as follows:

(

VeQ([G; A1, Az, As]) = VO([G; A1, Az, As])) x1 A{ X2 Ag’ X3 A§7
Va,Q[G; A1, Az, Aj]) = (VQ([G; Ay, Ao, A3]]))(1) (As ® As) g(/1)7

Va,Q([G; A1, Az, As]) = (VQ([G; Ar, Az, As])) 2) (A1 ® A3) Gy,

kVA?,Q([[Q; Ay Ay Ag]) = (VQ([G; A, As, Ag]))3) (Az @ Ag) Gy,
(53.56)

Next, we can deduce the gradient of ¥ (defined in (S3.54])) with respect to



S3. PALM ALGORITHM

G, A;,U; as follows:

Vg¥(G,A1,As, A3, U, Uy, Us) = VgQ([G; A1, Ag, As]),
Va,V(G,A1,A2, A3, U, Us, Us) = Va,Q([G; A1, Az, As]) — 71(Ur — Ay),
Va,V(G,A1,A2,A3, U1, Uz, Us) = Va,Q([G; A1, Ag, As]) — 72(Uz — Ag),
Va,¥(G, A1, Az, A3, Uy, Uz, Us) = Vu,Q([0; A1, Az, As]) — 13(Us — Asg),
Vu,¥(G, A1, Az, A3, U1, Us, Us) = 11 (Ur — Ay),

Vu,¥(G, A1, Ag, A3, Uy, Uy, Us) = 12(Uz — Ag),

Vanj(ga A17A27 A3a U17U2,U3) == '73(U3 — Ag)

(S3.57)

We now provide detailed solutions for G, A;, and U; for ¢ = 1,2, 3.

The subproblem about G in (3.13) can be expressed as
gk—‘rl

= argmin 3Gl + (Vo¥(0", AT, AF, A3, UL UL US).6 - %) + 5116 - 0"l
Gllc<c
2

= argmin 3|}, +

&
1G] <c 2

1
g - gk + EVQ\II(gk7AIf7Ak7 Akalvaé:u Ug)

F

. P1
= argmin 8|G]1 + £16 - £II3-
1G]loc <c

where £ = GF — pilVg‘Il(gk, AY AL AR UY UL UEY). By Example 6.34 of

Beck (2017), simple calculations show that the closed form solution with



respect to G can be given by

G sign (Lij) max {|Liji| — B/p1, 0}, if |Lij| <c+ B/pa,
ijl -

sign (Li;1) ¢, if [Lij| > c+ B/p1,
(S3.58)

where sign(-) denotes the signum function.

The subproblem with respect to A; can be equivalently expressed as
A’erl

— argmindn, (A1) + (Va, W(G", A}, AL, A%, UL, US, US), Ay - A))
Ay

po 5
+ 5”A1 — Af%

2
= argmindgy, (A1) + 2
A, 2

1
Ay — (A’f - 5VA1\Ij(gk+lvA]valgvA’?faUlfaUnglg))

F
It follows from Theorem 4 of |Zou et al.| (2006]) that the optimal solution of

the above problem is easily computed as
A =T, V], (S3.59)

Here A} — LV, W(G+, A}, Ak, AL, U, UL, UK) = U3, V.
Similar techniques are employed to solve the subproblems with re-
spect to Ay and As. By performing SVDs on the two matrices A§ —

k+1 k k k LAY
A.2 7A.3’U17U27U3)7 1.e.,

X o
AL = VA W(GH AT AL AS UYL U5, U5) = Do,V
3
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and
, o
Aj = VA (G AT AT AS UYL US, US) = UaZa Vi,

we get that the closed form solutions with respect to Ay and Aj in (3.13)

are given by
AN =T,V,, AF =0,V (S3.60)
The subproblem about Uj in (3.13) can be rewritten equivalently as

U = argmin oy tr(U{L;Uy)
U,

P5 2
T3

1
U, - Uf + gvm\l’(g’“*l, AR ARFL AR Uk Uk Uk

F
(S3.61)
By the optimality condition of (S3.61)), the closed form solution with re-

spect to U; can be given by

U™ = (201Ly + psLn) " (ps UF — Vi, B (G, AR ASHL ALY UF, US, UY)).

(S3.62)

Similar to the calculation of U’f“, the optimal solution with respect to U,

and Ujs are given explicitly by
U/2€+1

=(205Ly + peIym) M (psUs — Vu, ®(GFH, AR AST AL U U, U5)),
(S3.63)



k+1
U3

(2033 + prL) " (prUf — Vu, W(GH, AR AKTL ARTL UM TS, UR)).
(S3.64)

Now we summarize the PALM algorithm for solving problem (3.12) in

Algorithm [T}

Algorithm 1 A PALM Algorithm for Solving Problem (3.12)

1: Input: {y;},G° A9, A, A, U, UJ, UY, parameters 3, a1, az, as, V1,72, 73, Pisi =
1,...,7.

2: repeat

3: Step 1. Compute GF¥+1 by .

4: Step 2. Compute Af“ by and .

5: Step 3. Compute UF™ by (S3.62)), (S3.63), and (S3.64).

6: until A stopping condition is satisfied.

7. Qutput: GFH1 x; ARy ABTE g AN

The computational complexity of Algorithm [1]is given as follows. The
main computational complexity of G¥! is that of computing Vg¥, which
is on the order of O(m?pT). The computational cost of A¥™ is O(m?*pT +
rim?p 4+ rirorsmp). And the computational costs of AT and A5 are
O(m2pT+rom®*p+rirarsmp) and O(m2pT +rsm?p+rirersm?), respectively.

The computational complexities of Us*! and U5™ are both O(m?), and the
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computational complexity of U5™ is O(p*). Therefore, the computational
complexity of Algorithm [1|is O((r1 + 7o + r5 + T)m?p + rirarsm(m + p) +

m3 + p3) at each iteration.

S4 Proof of Theorem 2

S4.1 Some lemmas used for the proof of Theorem 2

Lemma 7. Let f(X) : Rm*™X" — R be a differentiable function, and

[(Xqy) « R — R be a differentiable function with respect to the

mode-1 unfolding of X, where f(X) = f()((l)) for any X. Then, one has

(VX)) = V(X))

Proof. For any third-order tensor X € R™"*"2%" we get that the (i,n)-th

element of &{y) is given by
(X@))in = Xiji, where n = (I —1na+j, i€ [ml,j € [na],l € [na].

Note that (V (X)) = 6?(—’;1, and (Vf(X))@))in = (Vf(X))iji, where n =
(I—1)na+j. For the gradient of f with respect to X(1), denoted as V f(X{1)) €

R™M*m2m3 - one has



Since (X1))in = Xijt with n = (I — 1)ng + j and f(X) = f(Xq)), we get

of of
_ — (VF(X))s.
a(X(D)Zm‘ a%jl ( f( )) ]l
Therefore, we obtain that (Vf(X))1) = V(X)) O

Remark 1. Let Q(W(l)) = % Zthl HYt — W(l)Xt”; be a function with re-
spect to W(1y. Denote the gradient of () with respect to Wy by VQ(W@)).

By Lemma m and (S3.53|), we have

M:

W(1) = (VQ([G; A1, Az, Agl)) (1), (54.65)

t:l

where VQ([G; A1, Az, As]) is defined in (S3.55).

Lemma 8. Suppose that A; € R™*" with A; € B;, where n; = ny =
m,n3g = p. Consequently, VoW (G, Ay, Ay, A3, Uy, Uy, Us) is Lipschitz con-
tinuous with Lipschitz constant Ly := %Zthl |Ix¢||3, that is, there exists a
constant Ly > 0 such that for any G*,G* € R™*"2X7s the following inequal-

ity holds:
va‘lj(glaA17A27A37U17U27U3) - VQ'\II(g2,A17A27A3,U1,U2,U3)||F
< Li|¢' -G

Proof. Suppose that G',G? € R">*™2x73 A, € B, i = 1,2,3, denote W' =

Gix1 A1 x9Ayx3A35,1 = 1,2. Combining with (S3.55)) and (S3.56)) together,
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we obtain

V@ ([G'; A1, Az, As]) — VgQ ([G7 A1, As, As]) ||

=l

T
H( > Whyxi —yi)o Xt> X Al x A} x A}

t=

1
T

(7

1

1
T

(W(21)Xt —yi)o Xt> X Al x A x A}
=1

7 N\
-

F

M=

<(W(11)Xt —yi)o X; - (W(21)Xt —yt)o Xt) > X A{ x Al x A}

~
I
—

F
T | T
1 2
;(W(l)xt —y)oXe— & ;(WQ)X]& —yi)o Xy
L
T

—_

F

T
1
(Wiyxe — i) o Xt)( | - (T > Whyxi —yi) o Xt>( |
1 1

t=1

[M]=

il
I

F
(S4.66)

where the third equality holds since the Frobenius norm is unitarily invari-

ant.

IN

<

By (S4.65) and ([S3.55)), we have
1< 1 &
<T Z(W(11)Xt —yi)o Xt) - (T Z(W(21)Xt —¥yi)o Xt>
t=1 1) t=1 Dl
1 & 1 &
T Z(W(lnxt —Vi)X; — T Z(W(21)Xt —yi)x/
t=1 t=1 F
L I
T Z(W(ll) - W(Ql))xtxt/
=1 F (S4.67)

Wi = W<21)HF

1 T

/
— E XXt
Tt:l

F

T
1
W) —WEUHFTzluxtx;HF
t=

= I [why -9ty

where the first inequality follows from the Cauchy-Schwarz inequality and



the last equality follows from L, := %ZtT:l |x:||3 = %Zle |x¢x/||p. Ob-
serve that
Ve = Walle = IWH=W?|p
= Hgl X1 Ay X3 Ay X3 Ay — G X1 Ay X3 Ay X3 Asllr
= [(G" = G*) x1 Ay X3 Ay x5 Aglp

= Ig" — G*llr.
Combining the above results and (S4.67)), (S4.66)), we have

IVgQ(IG" A, Az, As]) — VgQ([G% Ar, Az, As])||r < Li||GT — G2l -

From (S3.57)), we further obtain
||Vg\11(g1’ Ala A27 A37 U17 U2a U3) - Vglll(g27 Ala A2a A37 Ula U2a U3) ||F
< Li||G" - G|

This completes the proof. O

Lemma 9. Suppose that G € R"*"2*"3 with G € D, and A; € R"*"i § =
2,3 with A; € B;, where no = m,n3 = p. Then VA, V(G, A1, Az, A, Uy,
U,, Us) is Lipschitz continuous with Lipschitz constant Ly = v?c; + 71,
where v == \/rTar3c and ¢y 1= %Zle |x:||5, that is, there exists a constant
Ly > 0 such that for any Al, A2 € R™ " the following inequality holds:

HVA1\IJ(Q7 A%a AQa A37 Ul> U2a Ud) - VA1\I’(ga A%? A27 A37 Ula U27 U3)HF

< Lo||A] — AY|r.
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Proof. Suppose that G € D, A; € B;,7 = 2,3. By (S3.55)) and (S3.56|), for

any Al A? € R™*" we have

||VA1 [[g A A2>A3]]) - vAlQ([[g;AiA%A?']])HF

T
(_ (A%g(l) (As ® Ag) x; — Yt) o Xt) (A3 ® Ay) Q'('l)
t= (1)

1
T
1
1 T
( Z (A2Gn) (A3 ® Ag) %, — y1) OXt> (As ® Ag) G
(1
1

—1 F
T
< Z (A1G0) (A3 @ Ag)'x, — y1) OXt)
po 1)
1 T
( Z A3®A2) Xy — Yt) OXt> H(A3®A2)Q('1)HF
— M| g
1 T
= |7 2_ (A6 (A3 © As)' x = y1) 0 X,
t=1
1 T
T Z (ATG0) (As @ Ao)' 3 —yi) o Xyl [[(As ® Ag) g(ll)HF
t=1
" (94.68)

where the first inequality follows from the Cauchy-Schwarz inequality. Propo-

sition 2 together with Lemma 2.1 of (Chen et al.| (2021)) gives

(A3 © A2) Gyl < A @ Aall |66l (54.69)

<190l = 1Swllr = 1Gllr < v,

where the last inequality follows from ||G||r < /T17273|G |0 < \/T1T2T3C =



v for any G € D. In addition,

L T
Z ) (As ® Ay)'x Yt) o Xy

t=

1

T
Z A g(l (A3 ® AQ) Yt) o Xy

=1

F

I
el
Mﬂ

(A%gu) (A ® As)' x; — Aigu) (As® A2>/Xt) o Xy

t=1

F

I
Nl
]~

(A1 = A7) Gy (A3 ® Ag) x) 0 Xy

t=1

g (S4.70)
H ((A% - A%) g(l) (As® Ag)lxt) o XtHF

IN
Nl =
]~

t=1

I
Sl
(]~

1(AL = A2) Gy (As @ As) x|, %ol

t=1

S

1
SfZHAl Alllr (|G (As @ As)'|| - IIxlla]1 X 7
t=1
T
< —Z AT — ATl pllxello ) Xe]l s

where the last equality holds by Proposition [d] the second inequality holds
by the Cauchy-Schwarz inequality and the last inequality holds by ([54.69))
and the fact that |Gy (As ® Az) ||lr = || (As ® Ay) G/yllF. From the defi-

nitions of x; and X, it is easily seen that

[1x%ell2 = Xl - (54.71)
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Combining (S4.68), (S4.69) and (S4.70|), we can easily obtain that

||VA1Q([[ga A%? A27 A3]]) - VAlQ(Hg, Ai A27 A3]])||F

IN

T
1 2
ng Z [ |A} — A?HF
t=1

= v'a]| Ay — Afllr,
where ¢; := %23:1 |1x¢]|5- This taken collectively with yields
VA, (G, AL, As, A3, Uy, Uy, Us) — VA, (G, A2 Ay, A3, U, Uy, Us) ||
= [Va,Q([G: A, Az, Az]) — Va,Q([G: AT, Ag, Ag]) + (AL — Ak
< [IVa, QG5 AL, As, Ag]) — Va,QIG; AT, Ao, Ag]) [l + AL — Afllr
< ve||Ar — Allr + AT - Al|lr

= (VPcr + )| Al = Alllr = La||A] — Al|lF,
(S4.72)

where Ly := v%¢; + ;. This completes the proof. O

Lemma 10. Suppose that G € R"*™*"3 with G € D, A; € R™*" with A; €
B;,i = 1,3, where ny = m,n3 = p. Then Va,V(G, Ay, Ay, A3, Uy, Uy, Us)
is Lipschitz continuous with Lipschitz constant Ls := v?cy + 72, where v 1=
VTirarse and ¢; = %ZtT:l |x:||3, that is, there exists a constant Lz > 0
such that for any AL, A2 € R™*"2  the following inequality holds:

VA, ¥(G, A1, Aj A3, Uy, Uy, Us) — Va, U (G, Ay, A3 A3, UL Uy, Uy |,

< LA} - A3,



Proof. Similar to the analysis of V5, @, we have
|Va,Q([G; A1, A, As]) — VA, Q([G; A1, A3, As]) ||,

1
= H <T Z (Alg(l) (A3 ® A%)/Xt - Yt) ° Xt) (A1 ® A3) g(/Z)
P )

F

IN

1
T
1
- ( <A1Q(1) (As @ A3) x; — yt) o Xt) (A1 ® A3) Gy
=1 2)
T
1

H < Z (A (As @A) x, - yt> o Xt> (S4.73)

t= (2)
1

Z (Alg (As® A3) % — Yt) ° Xt>

t:l

v
F

A

(2)

T
! th ® (A1g(1) (As®A}) x; — Yt>,

V7
F
where v := ,/riror3c and the last equality follows from Proposition . Note

B fZXt ® (Alg(l) (A3 ®A%)lxt —Yt>/

that

T
1 !
T E Xt & (Alg(l) (A3 & A%)/Xt — yt)
t=1

T
B %th ® (Alg(l) (A; ®Ag)’xt - Yt>/

F

/
= T ZXt & ( 19(1) A3 X A2) Xt — Alg(l) (AS & A%)/Xt)

- o (S4.74)

1 /

= |7 ZXt ® (Alg(l) (Az® (A; - Ag))lxt)
t=1

L
T

F

]~

/
X ® <A1g(1) (As® (A — A%))/Xt>

F

t=1

1
T

I

B

Xl | A1G0) (A5 @ (A) - AD) x|

t

1
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where the third equality holds by Proposition [I} It follows from Example

5.6.6 of [Horn and Johnson| (2013) that

HA1Q(1) (Az® (A5 - A%))/XtH2

VAN

< ||A4]] HQ(1) (As® (A5 — A%))/XtHQ

IA

Hg(l) (A3 ® (A% — A%))/XtH2

(S4.75)

IN

Hg(1) (A3 ® (A — A3))

il

IN

160 || (A5 © (A3~ A3 1],

= Gllr | Asll [|(Az — AZ)'|[ [l

IN

vilAs| [[(Az = A3Y [ lIxell, < v[[(Az = A || Ixells s

where the second inequality holds by A; € B, with ||A]] < 1, the third
inequality holds by the Cauchy-Schwarz inequality, the fourth inequality
holds by Lemma 2.1 of (Chen et al,| (2021), the fifth inequality holds by

G € D with ||G||r < v and the last inequality holds by ||As|| < 1 and any

matrix X satisfies || X|| < ||X]|r. Combining (S4.75)) and (S4.74)), we have

T
1 /
T g Xt ® (A1g(1) (Az® A%)/Xt - Yt)
=1

T

1 /

_ T g Xt &® <A1g(1) (A3 &® A%)/Xt — yt)
t=1

F (S4.76)

IN

T

1

=D IXellpv [[(A3 = A3 il
=1

t
. I
= 72 Ixilov Az — A3 = ver [|Az - A3,
t=1



where the first equality follows from (S4.71) and ¢; := £ S lIx¢||3. Then

together with ([S4.73)), one can obtain that

IV4.Q([G: A1, Az, As]) — Va,Q([G: Ar, AS, As]) | < v2er|Ag — Ad|r.

Similar to (S4.72)), we have

VA, U (G, A1, Aj, As, Uy, Uy, Us) — Va, U (G, Ay, A3 A3, UL Uy, Us) | e

< Ls||Aj — A3l r,

where L3 := 1v%¢; + ¥5. The proof is completed. O

Lemma 11. Suppose that G € R"*™*"3 with G € D, A; € R™*" with A; €
B;,i = 1,2, where ny = nyg = m. Then Va,V (G, Ay, A, A3, Uy, Uy, Us;)
is Lipschitz continuous with Lipschitz constant Ly := v?cy + 73, where v 1=
VTirarse and ¢; = %ZtT:l |x¢||3, that is, there exists a constant Ly > 0

such that for any A}, A3 € RP*"s_ the following inequality holds:

VA, ¥ (G, A1, Ay, AL, U, Uy, Us) — VA, U(G, AL, Ay, A2, Uy, Uy, Us) ||

< Laf|A; — Aflr-
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Proof. Similar to the analysis of VA, @, by (S3.56)), we have
‘VA3Q([[Q, A, Ao, Afli]]) - VASQ([[Q7 Ay, Ay, A%H) HF

|
1 o X , ,
= (T Z <A1g(1) (A3 @A) x; — yt) o Xt> o (A2 ® A1) G5
t=1

T
1
- <T Z (Alg(l) (A:%, ® A2)/Xt = Yt> o Xt) (A2 ® Ay) g(/3)
t=1 (3) F
1
< (T Z (Alg(l) (As® A2),Xt - Yt> o Xt)( ) (54.77)
t=1 3
1 T 2 !/
|7 <A1g(1) (A3 ® Az) Xt — Yt> o Xt> v
t=1 (3) F
1 r / 1 / !
=7 th X (Alg(l) (Ag ® A2) Xt — Yt)
t=1
]. £l / 2 / !
- % ZXt ® (A1g(1) (A3® Ag) x; — Yt> v
t=1 F

where v := /riror3c and the last equality follows from Proposition .

Similar to ((54.76)), we have
1 d / 1 / !
=3 X/ (MG (A} As)'xi —vi)
t=1
d / 2 ! !
Z X; ® <A1g(1) (A ®Ay) x; — Yt>

t=1

1
=3Il

t=1

1
T

F (54.78)

(Algm ((A; - A ® A2)/Xt>/

IN

F

< VClHA:l’, - A?’,HFv

where ¢; 1= %ZL |1x¢]|3. Combining (S4.77) and (S4.78)), we get that

IVA,Q[G: A, Ao, A3]) — VA, Q([G5 Ar, Ag, AZ])[r < VPer | Az — Aflp.



Furthermore, similar to (S4.72|), we have

VA, P(G, A1, Az, A}, Uy, Uy, Us) — Va, ¥ (G, A1, Ag, A3, Uy, Uy, Us)||

S L4 HA}S - AgHF)

where L, := v%¢; + v3. This completes the proof. O

It can be easily verified from (S3.57)) that

VU, (G, A1, As, A3, UL, Uy, Us) — Vu, ¥(G, Ay, Ay, A3, UL, Uy, Us) ||
<m0} - Ui|lr,
IVu,¥(G, A1, Az, A3, Uy, Uj, Us) — Vi, U(G, A1, Az, A3, Uy, U3, Us) ||
< 79|[U5 — Ul F,
VU, (G, A1, A2, A3, U1, Uy, U3) — Vy, ¥(G, Ay, Ay, A3, Uy, Uy, U3) || »

< 3||U3 — U3l p.
(S4.79)

Lemma 12. (Sufficient decrease) Let the sequence {(GF, AY, Ak AL U¥
UL U} be generated by Algorithm[i]. Suppose that py > Ly, ps > La, p3 >

L3, py > Ly, ps > Y1,p6 > Y2, p7 > 7v3. Then there exists a constant p > 0
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(Ig"" = G*|I%

N

such that the following inequality holds

k+1 k+1 k+1 k+1 k+1 k+1 k+1
F(GFY AV AR ARTL UFT URT USRS +

(S4.80)

+ [|ATT = AT[E + AT — A+ AT - A7+ ([UTT - U
+ ”U§+1 - USH% + HU};+1 - Ul?f”%‘) S F (gk7A11€7A]2€7A§7U]f7U12€7U§) 5

where F' is defined in and p := min{p; — Ly, po — Lo, p3 — L3, ps —

L4, ps — 1, p6 — V2, P1 — V3 }-

Proof. 1t can be seen from (3.13) that
BIGE s+ p(G5H") + (VoW (G", AT, A3, A5, UY, Uy, Us), G — G*)
(S4.81)

+ 211G = G¥II% < BIIGH 1 + 00(G")
In addition, applying Lemma |8 and Lemma 1 of Bolte et al.| (2014]), we

(S4.82)

have
G (gk+1,AT,A§,A§,UT,U§,U§) S \ (gk7A]1€7A§,A§7U’f7U§7U§)
L
+ 21 Hngrl — ng%. + <VglIl(gk7A§7A§7A§7U§7U§7U§)’gk+1 gk>

Combining (54.81)) and (S4.82)), we obtain
W (G AL AL, AL UL US,US) + 81 s + 00(GH)
+(VoU(G" A}, AL, AL UL UL US), 64— 6Y) + 6" — G
< W (G4, AY, Af, AL U, US UB) 4+ +21G5 = G+ BIGH ], + o(G¥)

+(VoU(GF, Ak AL AL, UT, UL UY), GF1 — g |



which yields
- L
W(GH, AL, AL, AL UL UL U) 4+ B+ () + g - gM

< v (gk’AlvagvAnglvangg) + IBHQkHl + 6D(gk)
(S4.83)

By repeating the similar ideas and techniques, and combining Lemma (9|

with (S4.79)) and (3.13), we can obtain

— L,
2

O, (L) + W (1, ALY, AL, AL US, UL, US) + 2222 AL — AL
< 0w, (AF) + W (¢"!, A}, AL, AL, UE, UL, UY),

—L
B (A5 4+ W (G AT ALY AL UL, UL US) + 2 AL - A

< 0, (A5) + W (M AT, AL AL U, U, UY)
i, (AS™) + W (G, ALY AET, ASUE U5, U8) + 2 Ak A
< b, (AS) + W (G, ALY ALY AL UL UL, UY),
on tr (UYL URY) 4 W (GF4), AR ARH AR UM S, UB)
+ B U - v
< oy tr ((UEYL,UY) + 0 (G4, A, A5 ALY UL UL, U).
oy tr (USTY L, USY) 4 (GFL) AR ALT AR+ Ukt Ukt Ut
+ RSB - v
< autr ((U)LaUY) + 0 (61 AT AL ALY, U, U5, U3)
astr (USTYLyUSTY) 4+ W (GFF A AST ARYL U Ut Ub ™)
+ P UE - Ul
< aztr ((U5)'LsUS) + @ (G5 AT AT AT Ut Ust UY) .
(S4.84)
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This together with (S4.83)) leads to

BHgk—HHl + 5D(gk+1) + ] (gk-ﬁ-l?AllH-l’Al2€+17A§+1’U11€+17U12€+1’U1§’+1)

— Ly
2

— L — L
+ES G — GME + B2 ART — AR+ B AR - AS
ps— Ly P5— M Pe — V2
+ B AR — AfJl + B U - U+ B ug - Ul

3 3
P =3
S US = OB+ Dot (UF)LaUE) + ) o (AFH)

i=1 i=1

3
< BIIGH (| + 0p(GF) + W (GF, A¥, A5, AL U US UE) +) oy, (AF)
=1

3
+ Z a; tr ((UF)'L;UY) .

=1

Denote p := min{p; — L1, po — Lo, p3 — L3, ps — L4, p5 — 71, p6 — V2, P7 — Y3},

then one has
BHQkJrlHI + 5D(gk+1) + i} (gk+1’Alf+1’A12€+1’A§+17ul1€+1’Ug+l7U§+1)

+2 (197 = GHIE + AT — ASIE + A5 — ASIE + |AS — ASJE

+ U = U7 + JUST — US|15 + ([UST — US|13)

3 3
+3 aptr (UFF)YLUM) +) 6y, (AR
i=1 i=1
3
< BIIGH1 + 0p(GF) + T (G, A, A5, AL, UY, US US) + ) 6, (AD)
i=1
3
+) ot ((UF)LUY) .
i=1

Recalling the definition of F'in (S3.52)) and the definition of W in (S3.54]),



the above inequality is equivalent to

F (ngrl’Alchrl’AI§+1’AI§+1’U116+1’UI§+1’UI§+1) + g (Hgszrl _ gk,le
+ AT — ATIE AT — AGJE + AT — AS[IE + [UTT - U
+ U5 = Us |3 + [[US™ — Us)13)

< F(G" Af, A5 AL, U UL UY) .
(S4.85)

This completes the proof.

Lemma 13. (Relative error condition) Let the sequence {(G*, A% AL A%
U, UL, UK} be generated by Algorithm|[il Then there exist N¥+1 € OF(G*+,

AR AR AR U Ukt UETY) and a constant 6 > 0 such that

IV p < 8 (1G4 = G lp + AT = Aflle + | A5 — Afllr
+ A5 = Al + U = Ufllp + US - Ul (54:56)

+ U5 - Usllr) -

Proof. Firstly, we provide the first-order optimality conditions for the PALM
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algorithm in (3.13):
(0 € O(BIG 1 + n(G"+) + Vou(g", AL, A5 A%, U US, U)
+ pl(ng - gk)>
0 € Dby, (AMH1) + Vo, U(GH, AL, AL AL UL, US, US)
+ po(AFFE — AT,
0 € D0, (ALH) + VA, U(GH!, AN AL AL UF UL, UE)
+ p3(AST — AS),
0 € Do, (AL + Vo, T(GH, AL AL AL U UL UY)
+ pa(A5T - AY),
0 =20, LU 4 Vi, U(GM, ATH ALY AST UYL UG, UY)
+ ps(UYH = UY),
0 — 2042L2U§+1 + VUZ\If(g’““,A’f“,A’;H,A’;“,U’f“,U’;,U’;)
+ ps(U5T = UY),
= 2a3Ls U™ 4 Vi, W(GH AT ASTH AL UL UG U)

+ pr(USTE —Uh).

\

(54.87)
Denote

Nl _ Vgll,(gk:-i—l’Allﬁ-l’A/zH-l’A7§+1’U/{7+1’U12€+17U§+1)
(54.88)

- Vg\I/(gk, Alf? Ag: Alg» UIf) Ug: Ug) - pl(gk—H - gk))



and
Ny = Va, U(GHH, AR AT AKFL gkt ktl kel

— Va, WG AT A3 A5, UYL Uy, Us) — oA — AY),
Ny = Va, U(GHHT, ARTL ARTL AKFL kel kel kel

— Va, (G AT AL AG UYL UG, Uy) — (AT — A,
Ny = Vo, U(GETE, AR AR ARHL kel kst Ukt

— Va, (G AT AT AG UYL U3, US) — pa(Ag™ — AY),
N5 = Vi, U(GF1, AR+ AR+ AR Ukl ksl Ut

= Vu, B(G" AT AL AT UYL UG, Uy) — s (U = UY),
N = Vi, U(GHT, AR ABTL AL ksl kel gkt

= Vo, (G AT AT AT UL U, Uy) — (U = U),
Ny = Vi, U(GHT, AR+ ABTT AL ksl ksl ksl

- nglp(gk-l—l’ Alf+17 AI;—H’ A§+17 Ullﬁ_lv U];—H? Ul?f) - p7(U’§+1 - Ulg)
(S4.89)

Then we get
Ny € OgF(GF Y, AL AR AKSL Ukt Ukttt Ukt
Ny € 9a, F(GFH, AR AR ARFL ksl htl Uhtly)
Ny € 9p, F(GFT, ARHL ARFL ARFL gkttt htl yhtly)

k+1 k+1 k+1 k+1 k+1 k+1 k+1
N4 S 8A3F(g + >A1+ aA2+ 7A3+ 7U1+ 7U2+ 7U3+ )7



S4. PROOF OF THEOREM 2

k+1 k+1 k+1 k+1 k+1 k+1 k+1
N5 € 8U1F<g * 7A1+ 7A2+ 7A3+ 7U1+ 7U2+ 7U3+ )7
k+1 k+1 k+1 k+1 k+1 k+1 k+1

N7 c aUSF(gk+17A11€+1,Al2€+1,A/§+1’U/1€+1’U12€+17U/§+1).
By Proposition 2.1 of |Attouch et al.| (2010)), we obtain that

N*+1:= (Ny, Ny, N3, Ny, N5, Ng, N7)

c aF(ngrl Ak+1 Ak+1 Ak+1 Uk+1 Uk+1 UI§+1).

Note that
N[ = vaqj(glﬁ-l,AllH—l’A]2€+17A1§+17U]1€+17U12€+1’U/§+1)

~Vgu (G, Af, A, AL UF, UL, US) — i (65 - 0|

< vaqj(gk’-ﬁ-l,AIf-Iﬂ’A:’2€+17A1§+17U11€+17U12€+1’U1§+1)
VUG, AL, A%, AL UL US U+ pulgt - 6

= | VoQuigt s Al AR AL - VoQ(Igh AT, AL AL
+p||GM = G|

= H(VQQ([[Q'““;A’fH,A’SHaAgH]])(U — (VgQ(IG"; AT, A5, AS])) )

I

+p1[|GMF = GFl,
(54.90)

where the second equality follows from ((S3.57)). Notice that (S3.53|) can be

rewritten as

Q([G: A1, Az, Ag]) = QTZHyt (A3 @ Ay)x|[. (S4.91)



Combining (S4.91)) with Lemma , simple calculation gives

H [[gk—H Ak+1 Ak+1 Ak+1]])) (VgQ([[gk; Alf? A]2€7 Alg]])) (1) HF

T
Z (ALY <A]{3+1gé€1—i)-1(A§+l © A)x, — yt> ((Al§+1 ® AISH)'xt)'

1 T
— 7> (Al (AL ® AbYx, — y1) ((Af @ Ab)x,)’
t=1 F
T
73 (G151 (AF™ @ ASx - (AF7Yye) (A1 © A5 )
1 r /

Z (AL @ AbYx, — (AY)'y,) (A% © Ab)'x,)
t=1 F

T

1
— Z géﬁl—i)-l Ak+1 ® Ak+1) X Xt (Ak+1 ® Ak—i—l)

til

1 < 1 <
Z Ak:+1 th Ak+1 A/2€+1 +TZ Ak ytxt Ak®Ak)
t—l t=1

1

T
- > GGy (Af @ Ab)xx/(Af ® Af)
t=1

F

T

1
Zg A +1 Ak—i—l ® Ak+1) tht (Ak+1 ® Ak—i—l)
t=1

T
1
-7 Z k1 (A} ® A5)xx/(A5 @ Aj)
t=1 F
1 — 1 —
? Ak tht Ak ®Ak Z AkJrl y Xt Ak+1 ®Ak+1>
t=1 t:l F

1
< L5~ ot (At o A yxx(As & A5
=1
— Gy (A5 ® Aj)xx{(A3 ® Ay,

T
1
T Z [(AD)yex/(A5 @ A5) — (A7) yix/(A5T @ ASHY)]| .,
t=1

(54.92)
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where the second equality results from (A%™) A =1, . Next, we start

by analyzing the second term on the right side of (54.92)). Note that

[(AT)yx/ (A5 @ A3) — (ATH) yix/ (AT @ AT,

< [[(AD)yix/ (A5 ® AS) — (AT yix/(Af @ A3)

+ (A yix/ (A ® AS) — (AT yix/(Af ® A5

+ (AT yex/ (A © AT — (AT yx( (A @ AT [,

< [[(AD)yix/(A5 @ AS) — (AT yx((Ag @ AS) |

+||(AF Yy x (A @ AE) — (AF1Yy,x/(Ak @ AT

e

+ ([ (AT yix/(Ag @ ASTY) — (AT yix( (A5H @ AT,

By the Cauchy-Schwarz inequality, one can get that

[(AD)yix/(Ag @ A3) — (ATT)yex/ (A5 ® A7),
= [[(AY = AT yx/(Ag @ AY) |
< [[(AY = AT lyexi (A5 @ A,
< AT = AT ellyex/||rll A5 @ Ag]l

< [|AF = AT pllyex! | p,

(S4.93)

(S4.94)

where the second inequality holds by Lemma 2.1 of |(Chen et al.| (2021 and



the last inequality holds by Proposition [2] One can similarly obtain that

[(AT)yexi (Ag ® Ag) — (ATH) yex( (A5 @ AS™H]|,
< llysx/llFllA; — AZF,
[(ATH) yix) (A5 © AT — (A7) yix) (AT @ ASH||,

< lyex/llpll Az — A5 r.

Taking this together with (54.93)) and (S4.94)), we can deduce

[(A})yex/ (A5 ® Aj) — (AT yex/ (AT © A5
(S4.95)
< llyx/llr (AT — AT p + |AS — AS* e+ |AS — A5 p) .

Summing up the above inequality over t = 1,...,7T, we get that

T
Z [(AD)yix/(Af ® AS) — (AT yixi (A5T @ AT,

| /\

T
Z lyex/llr (IAT — AT |r + |A3 — AZ7 [p + [AS — A5 F)
=1

=c (|AY = AT+ A5 — ASTH[p + [[A5 — A5T[E)
(S4.96)

where

T
1
=7 > lyixillr. (54.97)
t=1

Now we analyze the first term on the right side of (S4.92)). It is easily
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seen that

ot cabt @ AbHyxoxd (A @ AL
- ghy (Al @ Abyxix/(Af @ Ab)||
= [ots Akt @ Al (Al @ A
— Gl (AS o AL/ (A5 @ AR

+ G (A5 © AT xx{ (A5 @ AT

(S4.98)
- g5y (Af @ Abyxix/(Af @ Ab)||
< [lgkst Al o AF e (Al @ AL
~ Gl (AL @ AT xox/(AFT © AKTY |
+ |6k A%+ & AF (AL © ALH)
- ghy(Af @ Abyxix/(Af @ Ab)| -
Applying the Cauchy-Schwarz inequality to yields
gt ab @ AL xxi (A5 @ A5
- G (AfT @ AFY /(A5 @ AFTY |
= |Gl - byl o A xixi(AF @ AF||
<G5S — by le [ (A5 @ AF Y xex/(A5 0 AFTY| (84.99)

2
= 165 — G| (A5 © AET x|
2
<5 = GHle (A5 © A5 [xil,)
< 1G5 = GF(le el
where the second inequality follows from Example 5.6.6 of Horn and John-

son (2013).

On the other hand, for the second term of the right hand inequality in



(154.98)), we obtain that

|Gt (AL @ AL xx/ (AST @ AL - Gf (Af @ AD)xx/ (AL @ AL |

< 166 l1r [(AT @ A ) xx/(A5T @ A3™) — (AF @ Ag)'x.x/ (A @ A3,

= 1G5 le (A5 @ ALY xix/(A5H @ AL — (A5 @ AF)xx/ (A5 @ AS)
+ (AT @ AT xx/ (A5 @ AG) — (AFT @ AT x,x/ (A5 @ A3)
+ (AFT @ AT xx/ (A3 © Aj) — (AT @ A3)'xix/ (A5 ® A3)

+ (AT @ Af)xx/(Af ® Af) — (AL ® Af)'xx/(Af ® AS)]| .

IN

v[[(AST @ AT x,x/ (A5 @ ASTY) — (ASTT @ AST xx/[ (A5 @ AD)|| .
+ v (A5 @ AL xx/ (AL @ AS) — (AL @ ALY x,x/(Af @ AS)]| .
+v ||(A'§+1 @ AT xx/(AF @ AF) — (AST @ Ab)xx/ (AL ® A’;)HF

+v|[(A5T @ ALY xx/ (A% @ A%) — (Af @ Af)'xx/(As @ AY)| ..
(S4.100)

where the second inequality follows from the triangle inequality and HQ(’“I) |lr <

v = /rirerzc. Similar to (S4.75|), we have

(A5 & ALY (AL © L) = (A" 0 AL (AL @ AL
— (A5 & ALY, (A7 o (A5~ AD) |,
<AL & AL ] (A5 ® (A"~ AY)

I

< |lxexi (A5 @ (A5 — A)) |,

< lxex/llp A5 @ (AT = AS)|

=[x/l A5 AL — AS| < [/l [ A" — ASlp.

(S4.101)
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Similarly, we can get that

[(A5™ @ AST) %X/ (A5 @ AS) — (A5 @ AT xx/(A5 @ A,
<[lxx/[| o | A5 — Afllr,

[(ASH @ A5 xx/(Af © Aj) — (A5 @ AD)'xix/(A5 @ AS)||,.
<|[lxx/[| o | A5 — Af]|r,

[(A5T @ A5)'xx/(A] @ AF) — (A5 @ AS)'xx/(A] @ A,

< lxex{l|p |A5 — Al

(54.102)

Substituting (S4.101)) and (S4.102) into (S4.100)), we immediately establish

G (A5" @ AT xix)(AF @ AL
— Gy (Af @ Ab)xx/(A5 @ AS)||, (S4.103)

< 2v |/ ||p (1AST" = Aglle + AT — AgllF) .
Plugging ((S4.103) and (S4.99)) into (S4.98)), we have

[ot Ak @ Ab oAl @ A5
- g(k1)(A§ ® AS)xx/ (A} ® AS)HF

< NGH = GH(lp lIxlls + 2v pex{ ]| o (| A5 — AS|lr + [|[AS — AS|lF) .
(S4.104)



Summing up the above inequality over t = 1,...,T, one can obtain that
1 7
L3 [t Ak @ Ast (At @ )
t=1

— Giy(A5 @ Af)xx{(A5 @ AS)]|,

IN

T T
1 1
72 NG = G lpllxl3 + 20 > Il BIAST — Ajllp (S4.105)
t=1 t=1
1 T
+2v > [xl3I A5 — Al
t=1

= c1]|G" = GFllr + 2vei | AZT — Ajllp + 2ver [ AT — Ag]lp,

where

T
1
¢ = :FZ %2 (S4.106)
t=1

Substituting (S4.105|) and (S4.96) into (S4.92) establishes

|(VoQuig™ AL+, AL ASTD) ) — (VoQUIGH AS, AL ASD) ||
< e (AT = AT e + |AS — A5 p + |AS — ASTYp) + |G = GFle
+2ver | AT — Af|lp + 2ve[|ASTT — ALlp.
This taken together with leads to
INi[[F < ca(| AT — AT | + A5 — A5 | + A% — A5 |R) + 1| 6" — GF|lr
+ 2ver A5 — A5+ 2ver |AS — ASllF + p1[IGFT - GF[lR

= (p+e)lG" = GFlp + ol AT — AT P

+ (c2 4 2vey)[|ASTT — AS||p + (c2 + 2vcr)[| AT — Af|p.
(54.107)
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Similar to the above analysis about the upper bound of N;, we can

easily obtain that

IN2|
_ HVAl‘I’ (g’“*l,A’f“,A’;H,A’g“,U’f“,U’g“,U’g“)
—Va, U (GF, AL, AL AL U, US, US) — po(AYT — AD)|,
< HVAl‘I’ (ngrl’Allﬂ+17A12€+17A§+1’U11€+17U126+1’Ul§+1)
—Va, W (GH, AL, AL AL UY, US US|+ pal AT — Afllr
= |V, QUG AR, AL AETY]) — 40 (UF — AT
—Va,Q(IG"; AY, AL, AR]) + 1 (UF — AD)|, + pal| AT — Al
<[[Va, QG AT AT ASTY]) — Va, QG AT, AL AZ] |

+ || U = Ui |lr + (1 + po)[[AFT — AY|p.
(S4.108)

where the second equality follows from (S3.57)) and the last inequality fol-

lows from the triangle inequality. Taking ((S3.56)) and (S4.65)) together yields

|90, QUIGH AF, AE, AL]) - Va, QUG AL, AL, AL,
= [[(VartgH s AL AET AT (AF @ AS(GhY

— (VQUIG"; AT, AL, ARD))y (Af @ AD) (G

» .



By Lemma [7], we obtain
|(Varlg* s Al ALY AT )0 (A5 © AF(GEY

— (VQUG*; AT, Az, ALD)) oy (A5 ® A3) (G

T
Z (Ak+1gk+l (AR @ AR+ )x, — Yt) x!/(AE1 A’;Jrl)(g(kf)rl)/

F

T
1
72 (Alfggfgl(Aéf @ ALY, - yi) x/(A @ AL) (Gl

F

o L At o A 0 G

- yex{(A5T @ ATT)(GET) + vexi (A © Ag)(GRSY

— ATGLT(AS ® A)xix{(Af @ AY)(GRTY |

T
Z Ak g Al @ ALY X (AL @ AL)(GEY

1AL @ ALY xx/(Af © AL (G

yix! (A5 @ AF(GE) - (A @ADL

‘ F

Z HAk-i-lgk—i—l (AR @ AR g x/ (AR @ Ak-&-l)(géﬁ)-l)
_ Akgk—&—l(Ak@Ak)tht(Ak ®Ak)(gk+1)
tr 3 [yt (A & A5 — (A5 o AY)
t=1
+ (A5 @ AL) - (A @ AL) )Gl
(S4.109)

First, let us consider the second term on the right-hand side of the above
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inequality. Note that

[voxt (A5 @ A5 — (AL @ AL + (A5 @ AD)

k
- (Afeab))afy|

< [lvexd (A5 @ A5 — (Af* o AB)) G

F (S4.110)

+ [vexs (A5 @ A5) - (AF @A) g

F

= [lvext (A5 @ (A - AD) (@l

F

+ vt (a5 - A @ A%) @G5

.

By using the same discussion in (S4.75]), we can obtain that

v/ (A5+1 o (A5 - AD)) (Gf5Y

vyt A5 - AS,

v/ (a5t - A% AY) @Y

<ol A5 - A

(S4.111)
Substituting (S4.111)) into (S4.110|) establishes
vexi (A5 @ AFY (@YY - (af @ ADGEY )|
<v Htht/HF H‘AIQ€+1 - A]2€HF +v Htht/HF ||A§+1 - A§||F’
which indicates that
1 T
T2 |lexd (A5 @ ALl - (ab e A G|
t=1
RS 1 ¢ S4.112
< v vl A5 = ASlle o+ 7 Do vy A5 — Al (54112
t=1 t=1

= cov|| A5 — Al p + cov || AST! — Af|p,

where c5 is defined in ((S4.97)).



For the first term on the right-hand side of (S4.109)), a similar technique

as that of (S4.98) yields
| Al g AL © AL xx/(AL T @ AFT(GY

- AlGh (S @ Abfexi(a s ABGHY

< |ATT — ATl p? [xex | p + 02 ||xex | (211 A5 — ASllp + 2| AST — Af]lp).

Summing up the above inequality over t = 1,...,T, one can easily obtain

that
1 T
S|k Al AL R (A5 @ AF(GEY
t=1

— ATGH AL @ AL)'xx/(Af @ A5) (G

F

IN

T T
1 1
OIS =AY ol D 2% el [ ASY — A
t=1

t=1

T
1
D2 ] A5 - ALl
t=1
e AR = At + 2% A5 — A+ 20| AL - A,

(84.113)

where ¢; is defined in (S4.106]). Plugging ((S4.113]) and (S4.112)) into (54.109)),

we conclude that
| VA, QUG AT ASTH ALT]) — Va, QUIGH; AT, AL, ALD)| |
< veo|[ASTY — Af||p + v | ASTH — Aflp + el ||[ATT — Al|lp

+ 2% | AT — Ajlp + 207 A5 — Al
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Combining the above inequality and (S4.108|), we arrive at

[ N2l 7
_ ||VA1\II(Qk+1,Alfﬂ,AIQ“H,AgH,U’fH,UgH,U’gH)
—Va, W(G" AT, AL A5, UY, U3, US) — (AT — AT,
< ve|| A5 — AS|lp + veo | AT — Afllp + e |ATT — Aflp
+ 2021 | AT — AS||p + 207, [|AST — A5l + 7 |[UFT - UYlp
+(p2 +m)|AT — ATl
= (VPer+ p2+ 1) [[ATT — Allle + (vep + 20%¢1) |[ASH — Alp

+ (vey + 20%cy) | A5 — Ak||p + 0 ||UTT — U5
(S4.114)

Similar to the analysis of N,, we have

| N3
_ ||VA2‘;[](gk+17A11€+1’A12€+17A§+1’U/1€+17U§+1,U§+1)

_vAzlp(gk—i_la A]f+l> Aga Ag» U]f, Ugv U]?f) - pB(AIQC—H - Ag) HF

IN

VA, QUG AT ASTL AST]) — Va, QUG AT AL AS])|

+ 7 Us™ = Us|lr + (72 + p3) [A5 T — A]|e.
(S4.115)



Note that (S3.56|) together with ((S3.55)) yields

HvAz@wg’f“; AT AL AEH]) - Va,Q(IOM T AT AL AR

= H So(AFTGR AL @ A%, — yi) o Xt) (AT @ ATT(GG )
t 1 (2)

T
1
- (pdriatiat e Al —yex) (oAbl
t=1 2

F

(2)

T
1 !/
=3 X (AFTGE (AL @ ALYk — i) (AT @ ALY (Gl
.

1
T
1 /
- 7X@ (AFGE (AL ALYx —y.) (A} @ AD)(GE)
t=1

F

IN

/
X, (AFGE (AE © A Yx — 30 (AF @ AFT(GE )

1 T
T2
t=1
/
- X, @ (AFGH (AL © ALYx - yi) (AF 0 AR)(GH Y

2)
|
=7 Z
t=1

F

/
‘Xt ® (A’f“gfﬁl(A’““ ® A5t %, — Yt> AT e ATTY(GEY

/
- X; @ (AFTGET (AN © A — i) (AT @ ALY (Y

/
X, (A +1gk+1 ARt g Abyx, — t) (AR ®A1§+1)(géf;)-1)/

(2)

/
+Xoo (AGl (AL e AbYx -y ) (AT AL

(
(

- X, o (AFTIGET(AL © AB)x — yi) (AFT @ AET(GlY
( ©)

(

/
- Xoo (AFO AL 0 ALY - ) (A1 & Abot Y|
F

(S4.116)
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where the second equality holds by Proposition [3] Then we have

||VA2 [[ng Ak+1 Ak+1 AkJrl]]) VAQQ([[ng,AIfH,A’Q“,A’;]])HF
1
=T 5™ e (AFIGE AL & A5 x, — v A AE)(G Y
t=1

- Xi @ (ATTGHH(AST @ Aj)x — y) (AT @ AT (G )

T
1
+ = 20| ® (AFGE AR © AYx, — i) (AFT @ AFT(GL)
t=1

— X, @ (AFIGEIN (AL @ Ab)x, — yi) (AT @ ASH (G

F
T
1
Fp 2| Xe® (AT (Af @ AL)x — v (AT @ A(GE) )
t=1
- X ® (A’f+1ga1(A’§ & Ag)lxt ) (Ak-i-l ® Ak)(gk—i—l)
1 T
<= >
t=1
/
- Xeo (AFIGHIAL  Alyx, ) (A5 @ AL (GHY

2)
T
g

/
- X @ (AFG AL @ ADYx — vi) (AT @ AFT)(GH)

X, ® (A]fHQéCSI(A];H © Abtlyx, ) Al g Ak+1)(gk+1)

/
(AF1GE; (AL @ Afyx — i) (AF @ AL (Gl

F

/
(Allf—i-lg(kl—i)-l(Ak © Ab)'x, — Yt> (AF g Al§+1>(gg51)/

- X, @ (AFIgE (AL @ ALx —y) (A @ ADGEY

F
(S4.117)

Now we focus on the first term on the right-hand side of the above inequal-



/
'xt o (APFIGET (AT © AE Y —y) (AT @ AT (GhS)

/
_ Xt ® (Allc+lg(li)rl(Ak+1 ® Ag)lxt o Yt> (Allc+l ® AI§+1)(g(kQ+)l)/

/
< Xt ® <Ak‘+1gk‘+1(Ak+l ® A§+1)'xt B yt)
!
- Xoo (APGE AL @ Al - )| [[Al e ARG
/
< |IXi® <A]f+lgé€1J)rl(A§+l ® A5 )%, — Yt>

/
X, ® <Ak+lgk+1(Ak+1 ® A’;)’Xt _ Yt> u
F

= v [ (x(AF o (AF - AR @h Y (Al

I

.
where the second inequality follows from (S4.69)). Using (S4.75)) further

leads to

v||xe @ (x (A5 @ (A5 - AD) (@) (AFY)

’F

=Xl [ (AR ® Ak — AR @A)

2
< v Xellp [Ixell VI AST = AZllp = 02 [Ixill; [|AST — A3llp,

where the first equality holds by Proposition [1| and the second equality
follows from the fact that ||x;||2 = || Xy||». Summing the aforementioned

inequality from ¢ + 1 to T yields

P (s (a5 o (a5 - a) Y AE)

T
Z v xl; 1ASH — Aglr = vie|AST — Aglp,

=1

(54.118)
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where ¢; is defined in (S4.106[). Similarly, we can get that

/
X, ® (A’f“g(k;l(A’g“ ® Ak)x, — yt) (AT @ ASTH(GEY

1
T2
t=1

/
- X (AIGH AL @ AL - v.) (A AL@Y

F

< vl A} — ASlr,
T

1

T2
t=1

/!
- X, @ (AL (AL @ Abx — ) (AFT @ AD) (G

/
X, ® (A’f*lgﬁ*)l(A’; ® Ab)x, — yt) (AT @ ASTH(GEY

F

< Vel A5 - Agllp.

(54.119)

Plugging (S4.119)) and (S4.118)) into (S4.117)) yields

VA, QUG AT AT AST]) = Va, QUG AT AL AS]|

< Vial|AST — Ajlle + 207 A5 — Al
(54.120)

Combining (S4.120)) and (S4.115)), we obtain that

INs||p < vPcr|| A5 — AL||p + 207t |AST — Af[|p + 7| UST — US||#
+ (92 + ps) || A5 — AS||p
= (V%c1 + 72 + p3) |AST — AS||F 4 207 || AT — AflF

+[[U5 T = US| .
(S4.121)



IN

Regarding N, defined in ([S4.88]), we have

| Nall 7

_ "VAg‘l’(ngrl,A]f+1,A]§+1,AI§+17UIfH,UISH,U’;H)

VA WG AT AL AL UL US UB) - pu(AS - A
|Va.QUGH ;AL AL ALY - VA, QUG AT AL AR

+73[|USH = US|l + (33 + pa) | A5 — Al p.
(S4.122)

By (S3.56), (S3.55)) and Proposition [3| we can get

IN

IN

IN

VAQUGM T AN AL AL - VAL QUG AT AL AR

T

1

( DA AR @ AB X -y o X, ) (A e APl
— 3

T

Z AkHQkH A5 AST)x —yi) o Xt)( )(A]§+1 ® AIfH)(gg)rl)/

t:l 3

F

T
/
th/ 2 <Ak+1gk+1(Ak+1 ® Aklyx, — yt> (AEHT g ARHLy gty

1
T (1) )
t=1 -
1 /
— X[ (AT (AL 0 ALY X — v, ) (AST o AV (Gl
t=1 F
T
1 /
73 |xie (ARG AL o AL X - ) (A5 0 AL @Y
t=1

!/
Lo (AT (AL o ASYx —y) (AT @ AT (Gl

- X
1 o /
3t (ar gk a5 o L - )
/
- X/ @ (Afg (AL @ ALY x - 1)
T
1
T2

/
- X/ o (ALTIGH (AL @ AL X — )

@) 7 p

i H(Aé?-‘rl ® A]1€+1)(gk+1)/

/
(S5 (A5 & A5 - i)

v,
F

(S4.123)
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where the last equality holds by ((S4.69). Using similar techniques as those

of (S4.75)) to obtain

X @ (AFHGE AL @ ASYYx, - o)’

X, ® (AllcﬂgéclJ)rl(Aé ® A5 % —y)

F

— X/ @ argg Al - Ah e AF x|

<beell; vl A5 — Al

Combining the above inequality with ((S4.123)) to get

[V, QUG AT ASHL AST]) — Va, QUG AT AT AL

IN

1 T
2
7 2 Il AT — Afl
t=1

— e A5 — A

(S4.124)

Substituting ((S4.124)) into (S4.122)) yields

[Nsll 7 < vPcr|| A5 — Afllp 4+ 75| US™ — Ub|lr + (5 + pa) |AST — Af|l£

= (VPer + 75 + pa) [[AST — A5 + 5[ U5 — US|l 5.
(84.125)



For Ny in (54.88)), it follows from ((S3.57]) that

N5 = HVUlllJ(QkH,A’fH,ASH,A’§+1,Ulf+1,U’§H,UI§H)
—Vu, W(GF AT AT AT UY, UG, UY)
—ps(UTT =0y ||,
= [[m(UF = AP — 3 (U7 — AT — ps (U =TT,
= || (UFT = U}) — ps (U5 = UY) ||

< [y (UF = U5) ||l p + [lps (U5 = UY) ||

= (m + ps) U = Ul
(S4.126)

Similarly, we can easily obtain that

INo|l» = “VUQ\I!(gk+1,Alf+1,AI§+1,A’;H,UlfH,UgH,U’;H)
—Vu, W(GE AT AT ASTL UYL U, UY) — (U5 = U5) ||
< (2 4 po) U5 = US|,
Nyl p = ||V, WG, AR AR AR Uk Ukt Ukt
_VU3\I](gk+1, A]f-‘r‘l’ Aé“i‘l’ A’§+l, U]f-i‘l’ U§+1, U’g‘)
—pr(Us™ = U3,

< (93 +pr)|[UST! = Ui .
(S4.127)



S4. PROOF OF THEOREM 2

Observe that
||Nk+1||F = || (NlaN27N37N47N57N6’N7) ||F

< A[Mille + [ Valle + [ Nsl[ 7 + I Nl + INs ][ 2 + | N6l 2 + [| V7]l -

By taking (S4.107) collectively with (S4.114), (S4.121)), (S4.125), (S4.126)

and (S4.127)), we get

N < G+ )G = G¥l + (e 2en + o+ )| A — AE

+ (c1 4+ 2vey +veg + 31/201 + v + pg)HAéC — AISHHF

+ (02 + 2ver + ey + 50t + 3 + pa) | Af — AL |p

+ (27 + ps) [UTH = U lp + (292 + ) [U5 = Ug

+ (273 + pr) U = Ui
<O (IG5 = GFlle + AT — Af|lp + |AST — ASl»

+ [|AF — Af|lp + [[UTT = Ufl|p + U™ = Us|lp + U5 — Us]lr)
where 0 := max{p; + ¢, ¢y + V3¢ + pa + Y1, ¢1 + 2ve; +vey + Ve + v, +

Ps3,Co + veo + 2vey + 5v%¢; + Y3 + p4, 271 + ps, 272 + pes, 273 + p7}. This

completes the proof. n

S4.2 Proof of Theorem 2

Now, by combining Lemmas [12] and [I3] we establish the global convergence

of Algorithm [I]in the following theorem.



Proof. It can be easily seen from (2.5) that tr(U/L;U;) > 0 for i = 1,2, 3,
which in conjunction with the definition of F'(G, A, Ay, A3, Uy, Uy, Us) in
(S3.52) immediately establishes F' > 0. In addition, note that F(G, A1, As,
A3, Uy, Uy, U;y) tends to infinity as ||G||r, ||Aillr or ||Us||r tends to in-
finity, where ¢« = 1,2,3. Therefore, we obtain that F' is coercive. Note
that F' is the monotonically decreasing by Lemma [I2] we can get that
the sequence {(G*, AY, Ak A% U¥ UL U} is bounded. Then there exists
ki AR AR AR prRi R 1ot

a subsequence {(G%, A}?, Ay, Ay, Uy’ Uy, Uy’ )} such that the sequence

k; k; k; kj k; k; k; * * * * * *
{(g J7A1 7A2 ’A3 aUl 7U2 7U3 )} converges to {(g 7A17 A27 A37 Ula U27
U3)} as j tends to infinity. It is worth noting that dm,(A;),7 = 1,2,3, and
dp(G) in F are discontinuous, whereas all other functions in F' are contin-
uous. Moreover, A¥ and G" satisfy (AFYAF =1,.,i=1,2,3, and ||G*|| <
¢ in each iteration, which result in (Af)'Al = 1,.,i = 1,2,3,]|G" ]| <
c. Hence, 5%1.(Afj) tends to dm,(A}) and dp(G*) tends to dp(G*) as j

e ki AR AR AR TTRi TR TR

tends to infinity. As a result, F(G%, A7, Ay, A7, U7, Uy’ Uy?) tends to
F(G*, A1, AS, AL, Ut U, Uj) as j tends to infinity.

Notice that U(G, A1, Ag, A3, Uy, Uy, Us) defined in (S3.54) and dp(G)
are Kurdyka-Lojasiewicz (KL) function (Bolte et al., 2014). For any i =
1,2,3, 0%,(A;) is a KL function since ®B; is a semi-algebra set (Qiu et al.,

2024). In addition, it follows from Example 2 of |[Bolte et al.| (2014)) that the
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function tr(U/L;U,) is also a KL function since it is a real analytic function.
Then one can deduce that F(G, Ay, Ay, Az, Uy, Uy, Us) is a KL function.
Combining with Lemma [12] Lemma [13] and Theorem 3.9 of [Attouch et al.
(2013)), we can establish that {G* A% AL AL U% UL UL} converges to a
critical point of F(G, Ay, Ay, A3, Uy, Uy, Usz). This completes the proof.

]

S5 Additional Numerical Experiments

S5.1 Synthetic Data

Next we compare STDGR with Lasso, NNM, LRTLT, TVART, and SHORR
for synthetic data. For the noise term, we set & <& N(0,0.251,,). Ad-
ditionally, the factor matrices A; are constructed as follows (Belkin and
Niyogi, [2001): we randomly generate weight matrices Z; and get the corre-
sponding Laplacian matrices based on (2.6). Then the first r; eigenvectors
associated with the smallest eigenvalues are used to obtain A;. In spectral
clustering, the entries of A; measure the similarities between data samples
and clusters, as they indicate how likely data samples belong to specific
clusters (Wang et al., 2014). Therefore, this construction of A; can reflect

the similarity of the rows of A;. Two cases are considered, where G is a



diagonal cube with superdiagonal elements being nonzero. Case a: (m,p) =
(70,12), Tucker rank (ry,ro,73) = (5,5,5), and (G111, Goo2, G333, Gaaa, Gs55) =
(0.2,0.2,0.2,0.1,0.1). Case b: (m,p) = (100, 20), Tucker rank (ry,ry,r3) =
(7,7,7), and (Gu11, G2, G333, Gaaa, Iss3, Gee6, Grrr) = (0.1,0.1,0.1,0.05, 0.05,
0.05,0.05). For each simulation experiment, the reported estimation er-
ror is averaged over K = 10 independent replications. We also report
the standard error (SE) of the mean estimation error for each method.
Let E® = WY — W)|p denote the estimation error in the i-th inde-
pendent replication, where 17\/\3) is the estimator of the coefficient ten-
sor in the i-th independent replication and W is the ground truth coef-
ficient tensor. The mean estimation error and its SE are defined as follows:
B = kX0, 10,58 = \ gty S, (B0~ B

In Figure (I, we show the estimation error ||)7V\ — W||r and SE ver-

sus different sample sizes T" of different methods for synthetic data under
the above two settings of (m,p). It can be observed from the first row of
Figure [I] that the estimation errors of different methods decrease as the
size T increases. Moreover, the errors obtained by STDGR are lower than
those obtained by other methods, where the similarity of A; is exploited
in STDGR. Additionally, the SHORR outperforms Lasso, NNM, LRTLT,

TVART in terms of estimation errors, which shows the Tucker decomposi-
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Figure 1: The estimation error |[W — W||z and SE versus different sample size T of
different methods for synthetic data under two settings of (m, p). First row: Estimation

error versus 7. Second row: SE versus 7. (a) Case a. (b) Case b.

tion based method performs better than the matrix or CP based methods.
Moreover, it can be observed from the second row of Figure[I] that the SE of
different methods generally decrease as T' increases. Moreover, the SE ob-
tained by STDGR are lower than those obtained by other methods in both
settings. Additionally, SHORR has lower SE than Lasso, NNM, LRTLT,

and TVART in the testing experiments.

S5.2 Traffic Flow Dataset

In Figure we show the MSE (x1072) versus number of training samples of

different methods for the Hangzhou and PeMS04 datasets, where the num-
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Figure 2: MSE versus number of training samples of different methods for the two traffic

flow datasets.

ber of training samples varies from 300 to 2100 with step size 300 and the
number of testing samples is 300. As can be seen that the MSE of all meth-
ods generally decreases as the number of the training samples increases.
And the STDGR consistently achieves the lowest MSE for all testing cases
and exhibits great improvement when the number of training samples in-
creases. Moreover, the SHORR performs better than Lasso, NNM, LRTLT,
and TVART for most cases, especially for large number of training samples.
These results demonstrate that the STDGR obtains higher forecasting ac-
curacy compared with the competition approaches, even when the number
of training samples is relatively small.

In Figures[3|and [4, we show the traffic flow prediction of different meth-
ods at different time points for the Hangzhou and PeMS04 datasets, respec-
tively, where the 74th and 79th metro stations of the Hangzhou dataset are

shown in Figure 3| and the 71st and 74th sensors of the PeMS04 dataset
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Figure 3: Traffic flow prediction of different methods at different time points for the 74th

and 79th metro stations of the Hangzhou dataset, respectively.
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Figure 4: Traffic flow prediction of different methods at different time points for the 71st

and 74th sensors of the PeMS04 dataset, respectively.

are shown in Figure [l Here 80% samples are used for training and the
remaining 20% samples are used for testing for the two datasets. It can
be observed that the STDGR can fit the original traffic low better com-
pared with other methods for different sensors or stations. Furthermore, the
STDGR can predict the trends of traffic flows better for the two datasets,

which exhibits the superior performance of STDGR for prediction.



S5.3 Comprehensive Climate Dataset

In this subsection, we test the performance of STDGR for the climate
dataset. The comprehensive climate dataset (CCD) contains 17 climate
variables of North America from 1990 to 2002. The data are collected
and preprocessed by five federal agencies and interpolated on a 2.5 x 2.5
degree grid, which results in 125 observation locations for each variable.
For each location, 156 time points (12 months per year x 13 years) are
recorded. The dataset is publicly available at https://viterbi-web.usc.
edu/~1iu32/data/NA-1990-2002-Monthly.csv. All series are performed
de-seasonalization by removing seasonal averages and then standardized to
zero mean and unit variance. For the CCD, we choose eight variables in
the experiments, including Carbon dioxide (CO2), methane (CH4), Carbon
monoxide (CO), hydrogen (H2), wet day, temperature minimum (TMN),
temperature mean (TMP), and global horizontal radiation (GLO).

For the VAR(p) model, the order is simply set to p = 2 for all methods,
except for TVART, for which p = 1 is employed. We set y; = 75 = 73 in each
case and choose them from the set {50,80, 90,100, 140, 150, 180, 300, 350,
1000, 2000, 3000} to get the best forecasting performance. By the condition
in Theorem 2, we set p; = aL; for ¢ = 1,2,3,4 and pjpa = aGo7; for

j = 1,2,3 to guarantee the convergence of PALM Algorithm, where a; is
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Table 1: MSE of different methods for CCD with eight variables.

Variable Lasso NNM LRTLT TVART SHORR STDGR

CO2 0.9787 0.9775 1.0161 1.1477 0.9774  0.9614

CH4 1.1942 1.1977 1.1619 1.2653 1.1655 1.1107

CO 0.8832 1.0420 0.8972  0.9267 0.8374  0.7986

H2 0.5687 0.5652  0.5575 0.6191 0.5299  0.4730

Wet 0.8850 0.8788  1.1835 1.0781 0.8747  0.8645

TMN  0.7620 0.7741 0.9386  0.8626 0.7416  0.7332

T™MP 0.7720 0.7711  0.9829 0.8553 0.7584  0.7388

GLO 0.9603 0.9424 1.1006 0.9956 0.9236 0.9005

chosen from the set {1.001, 1.1} and ay is chosen from the set {10,50}. The
parameter ¢ defined in (2.4) is set to 1 and /3 is set to 0.001. For simplicity,
we set a1 = as = a3 = a in all experiments, where & is selected from
the set {0.001,0.4,1,2,4,5,6,10,12,14,100} to obtain the best forecasting
performance in our experiments.

In Table [I, we report the MSE of different methods for the variables
CO2, CH4, CO, H2, wet day, TMN, TMP, and GLO, where the first 60%
time series of each variable are used for training and the resting 40% time
series are used for testing. The best results are highlighted in bold. It can

be seen from this table that the STDGR achieves lower MSE than other
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Figure 5: MSE versus number of training samples of different methods for the CCD.
methods. Furthermore, the SHORR outperforms Lasso, NNM, LRTLT, and
TVART in terms of MSE. The improvement of STDGR is very impressive
compared with SHORR for CH4, CO, H2.

In Figure [p] we show the MSE of different methods versus the number
of training samples for CO2, CH4, and H2, where the number of testing
samples are 20 for CO2 and 10 for CH4, H2, respectively. We can observe
that the MSE of different methods decreases as the number of training
samples increase for the three variables, which demonstrates that larger
number of training samples can improve the forecasting accuracy for VAR.
Moreover, the MSE obtained by STDGR is lower than those obtained by
other methods, which indicates the superior performance of STDGR for

forecasting.

S5.4 Macroeconomic Dataset

In this subsection, we test the performance of STDGR for the macroe-

conomic dataset, which contains 40 quarterly macroeconomic variables of
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the United States from 1959 to 2007 with 194 time points for each vari-
able (Koop|, 2013). The dataset is publicly available at https://www.
stlouisfed.org/research/economists/mccracken/fred-databases. The
variables are seasonally adjusted except for the financial series, and trans-
formed to stationary with zero mean and unit variance (Wang et al., 2022).
For the macroeconomic dataset, the graph regularization term incorporates
the structural relationships among economic variables. Since macroeco-
nomic indicators are often interconnected through economic mechanisms,
variables with similar economic characteristics are encouraged to have sim-
ilar latent representations. Therefore, the graph regularization reduces es-
timation variability and improves the model’s ability to capture meaningful
dynamic dependencies among macroeconomic variables.

We set p = 4 in the VAR(p) model and v, = 75 = 3 = 0.001 for
simplicity. As suggested in Theorem 2, the penalty parameters are simply
set to p; = a1L; for e =1,...,4 and p; 4 = Goy; for j = 1,2,3, where a; =
1.001 and a, = 10. Besides, c is set to 1 for simplicity. For the parameters
B, a; in the STDGR model, we set 8 = 0.001, oy = as = a3 = 0.01.
Moreover, the Tucker ranks of SHORR and STDGR are chosen as the same
for this dataset.

Table |2 reports the MSE, running time (in seconds), and iteration
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counts of Lasso, NNM, LRTLT, TVART, SHORR, and STDGR, where we
use 80% and 90% samples for training and the remaining samples for test-
ing, respectively. It can be seen from this table that the MSE achieved by
STDGR is lower than those achieved by other methods for the testing two
cases, which shows that the forecasting accuracy of STDGR is better than
other comparison methods. Furthermore, SHORR achieves the second-
lowest MSE in both settings, but requires more running time than Lasso,
NNM, LRTLT, and STDGR. Although the STDGR takes more running
time than Lasso, NNM, LRTLT, TVART, the MSE obtained by STDGR is

lower than these methods.

Table 2: Comparisons of MSE, running time (in seconds) and iteration counts of different

methods for the macroeconomic dataset.

Index Training size  Lasso NNM LRTLT TVART SHORR STDGR

80% 1.5911 1.3897  1.5675 1.5123 0.8259 0.6805
MSE

90% 0.9973 0.8642  0.8005 1.0742 0.6707 0.5951

80% 0.05 0.08 0.68 4.98 2.78 0.99
Time

90% 0.03 0.06 0.64 6.85 5.67 1.17

80% 104/200 78/100 46/100 185/500  46/100 30/200

Iteration

90% 75/200 52/100 45/100 252/500 82/100  35/200
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S6 Discussions

S6.1 Parameters Analysis

In order to guarantee the consistency of Tucker rank selection in (4.14) (see

details in Section 4.1), we need ¢ = o,(rymp/T") (Wang et al.,[2022, Theorem

3). Therefore, we recommend ¢ = /mplog(T)/(qT), where gy > 0 is a
given constant. Now we give the sensitive analysis of different choices of
qo for the CH, variable and Hangzhou dataset, where 65% samples are
used for training and the remaining 35% samples are used for validation
in the two datasets. Here ¢ varies from 30 to 130 with step size 20. In
Figure [0, we show the MSE of STDGR versus different ¢ for the CH,
variable and Hangzhou dataset. It can be seen from this figure that the
MSE of STDGR remains stable when ¢y varies from 30 to 70, while the
MSE increases when qq is larger than 70 for the CH4 variable. For the
Hangzhou dataset, the MSE obtained by STDGR decrease when gy < 50,

and then increases when ¢g > 50. For simplicity, we set gy = 50 in all

experiments, i.e., ¢ = y/mplog(T)/(507) .
Next we analyze the influence of parameters v, 75, and 3 for STDGR.
We test the performance of STDGR with different parameters for the CHy

variable of the CCD dataset in Figure [7], where two parameters are varied
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Figure 6: MSE of STDGR versus different g in ¢ = \/mplog(T)/(qoT) for the CHy

variable in the CCD dataset and Hangzhou dataset. (a) CHy. (b) Hangzhou.

from 50 to 450 with step size 100, while the remaining parameter is set
to 150. Here 65% samples are used for training and the remaining 35%
samples are used for validation. It can be seen from Figures (7] (a) and (c)
that the MSE varies greatly when v, increases from 50 to 150 but remains
stable when 75 > 150. Figure [7[b) shows that the MSE varies slightly for
different values of 7, and 3. Since the MSE of STDGR remains stable for
v, > 150,72 = 1,2,3, we simply set 73 = 75 = 73 in all experiments. The
detailed ranges of v; for each dataset will be given in the revised manuscript

According to Theorem 2 in the main file, we need p; > L1, ps > Lo, p3 >
L3, pys > Ly, ps > V1, p¢ > 72, P7 > 73 to guarantee the convergence of PALM
algorithm, where Ly = £ 31 [Ix/||3, L; = rirorsc®Li+7;-1,j = 2,3,4. For
the sake of simplicity, we set p; = a1 L; for i = 1,2,3,4 and pj;4 = Goy; for

J = 1,2,3, where a;,as > 1. Therefore, instead of directly tuning p;, we
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Figure 7: MSE versus different parameter pairs of STDGR for the CH,4 variable in the
CCD dataset. (a) MSE versus (v1,7v2) with 43 = 150. (b) MSE versus (v1,7s) with

~v2 = 150. (c) MSE versus (72, 73) with y1 = 150.

tune @, and as by grid search. In Figure[8, we show the MSE of STDGR for
different parameter pairs (a;, as) for the CHy variable in the CCD dataset,
where 65% samples are used for training and the remaining samples are
used for validation. Here a; € {1.0001,1.001,1.01,1.1,10}, and ay varies
from 10 to 90 with step size 20. As shown in Figure [§ the MSE varies
slightly with a;, whereas it varies greatly for different a,. Therefore, we
will set a; to be fixed except for the traffic dataset, and ay will be chosen
from a candidate set. The detailed ranges of a;, ay for each dataset will be
given in the revised manuscript

Now we give the sensitive analysis of parameters 3, @, e for the CHy
variable from the CCD dataset and the Hangzhou traffic dataset. For each
dataset, 65% samples are used for training and the remaining 35% samples

are used for validation. In Figures [9] and we show the MSE versus



Figure 8: MSE of STDGR versus different parameter pairs (a1, a) for the CHy variable

in the CCD dataset.

different parameters pairs for the CH, variable from the CCD and Hangzhou
datasets, where (§ varies from 0.0006 to 0.003 with step size 0.0002, and €
varies from 0.1 to 1 with step size 0.1. For @, it varies from 2 to 20 with step
size 2 for CCD and from 0.0006 to 0.003 with step size 0.0002 for Hangzhou
dataset. It can be seen from Figures [9f(a), (b) and [L0|(b) that, the MSE
of STDGR are stable for different 5 in both datasets. For simplicity, we
set /= 0.001 in all experiments. Moreover, we can see from Figures El(c)
and [10a) that the MSE obtained by STDGR varies slightly for different e,
which shows that € is not too sensitive for STDGR. In the experiments, we
simply set € = 0.2. However, for parameter &, the MSE of STDGR varies
greatly for different values, which can be seen from Figures [Jb), (c) and
10|(c). Therefore, we will choose @ from some ranges to get the best results
of STDGR, where the detailed ranges will be given for each dataset.

For parameters aq, as, and ag, we test different choices of two param-



S6. DISCUSSIONS

Figure 9: MSE versus different parameters pairs of STDGR for the CH,4 variable in the

CCD dataset. (a) MSE versus (8,¢€). (b) MSE versus (&, 5). (¢) MSE versus (&, €).
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Figure 10: MSE versus different parameters pairs of STDGR, for the Hangzhou dataset.

(a) MSE versus (3,¢). (b) MSE versus (&, 8). (¢) MSE versus (& ¢).

Figure 11: MSE versus different parameters pairs of STDGR, for the CHy variable in
the CCD dataset. (a) MSE versus (a1, ae) with ag = 10. (b) MSE versus (a1, as) with

ag = 10. (¢) MSE versus (az, a3) with a; = 10.



eters from 2 to 20 with step size 2, where the other parameter is set to
10. In Figure [11] we show the MSE of STDGR versus different parameters
pairs for the CH, variable from the CCD dataset. As shown in Figure [L1],
the MSE is low when a; = as = a3z = 10 for the three cases. Further-
more, when we choose the three parameters to be the same, the MSE will
be small. These results support the use of the common parameter choice
a1 = ap = a3 = @. This restriction reduces computational cost of parame-
ter tuning while retaining competitive forecasting performance. Therefore,

we set a; = ap = a3 = & in the experiments for the sake of simplicity.

S6.2 Choice of Lag Order p

In the experiments, the lag order is determined through a preliminary sen-
sitivity analysis before conducting the subsequent prediction experiments.
Specifically, we test the prediction MSE and computational time (in sec-
onds) over a range of candidate lag orders and select the suitable lag order
based on both prediction error and computational time.

We compare the MSE and computational time of STDGR by varying
p from 1 to 14 with step size 1 for the macroeconomic, PeMS04, and CCD
datasets. For each dataset, three cases are tested, i.e., the first 60%, (70%,

or 80%) samples are used for training, and the remaining samples are used
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Figure 12: MSE and computational time of STDGR with different lag orders p for the
macroeconomic dataset. (a) 60% training samples. (b) 70% training samples. (¢) 80%

training samples.

to evaluate the prediction performance. The MSE and computational time
versus lag orders for different datasets are presented in Figures 15|

In Figure [12] we show the MSE and computational time of STDGR
with different lag orders for the macroeconomic dataset, where 60%, 70%,
and 80% samples are used for training, respectively. It can be seen from
this figure that STDGR achieves the lowest prediction MSE when p = 4
for the two cases with 60% and 80% training samples. Moreover, STDGR
achieves the lowest MSE when p = 7 for the case with 70% training samples.
In fact, the performance of STDGR is close to each other for 70% training
samples when p = 4 and p = 7, while more computation time is required for
p = 7. For the three cases, the computational time increases as p increases.

In order to balance the computational time and prediction accuracy, we
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Figure 13: MSE and computational time of STDGR with different lag orders p for the
PeMS04 dataset. (a) 60% training samples. (b) 70% training samples. (c¢) 80% training

samples.

simply choose p = 4 for the macroeconomic dataset.

In Figure [13| we show the MSE and computational time of STDGR
with different lag orders for the PeMS04 dataset, where 60%, 70%, and
80% samples are used for training, respectively. We can see that STDGR
achieves the lowest prediction MSE when p = 7 for the two cases with 60%
and 70% training samples. For 80% training samples, STDGR achieves the
lowest prediction MSE when p = 11, which is slightly smaller than that
when p = 7. However, the computational time required by STDGR with
p = 11is approximately twice that of STDGR with p = 7. For simplicity, we
choose p = 7 for the PeMS04 dataset in order to balance the computational
time and prediction accuracy.

In Figures and [I5, we show the MSE and computational time of
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Figure 14: MSE and computational time of STDGR with different lag orders p for the
CO variable in the CCD dataset. (a) 60% training samples. (b) 70% training samples.

(c) 80% training samples.
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Figure 15: MSE and computational time of STDGR with different lag orders p for the
Wet variable in the CCD dataset. (a) 60% training samples. (b) 70% training samples.

(c¢) 80% training samples.

STDGR with different lag orders for the CCD dataset (CO and Wet vari-
ables), where 60%, 70%, and 80% samples are used for training, respectively.
For the CO variable, STDGR obtains the lowest prediction MSE when p = 2
for 60% and 80% training samples, and obtains the lowest MSE when p = 3

for 70% training samples. For the Wet variable, STDGR obtains the lowest



MSE when p = 2 for 60% and 70% training samples, and obtains the lowest
MSE when p = 3 for 80% training samples. However, the computational
time increases as the lag order p increases for different number of training
samples. Therefore, we simply select p = 2 for the CCD dataset in order to

balance the prediction accuracy and computational time.

S6.3 Performance of Different Initialization

To assess the sensitivity of STDGR to the initial estimator, we compare
the nuclear norm minimization (NNM) initialization with two alternatives:
Lasso initialization and random initialization. For random initialization,

we construct a random tensor with Tucker form as follows:
WRand = g(O) X1 Ag()) X9 Aéo) X3 Aéo),

where the entries of the core tensor G(¥ are independently generated from
N(0,1), and each factor matrix AEO) is a random matrix with orthogo-
nal columns. For the Lasso initialization, we use the model in Basu and
Michailidis| (2015)) to get an initial estimator WLaSSO.

Table |3| reports the forecasting MSEs obtained by STDGR with three
different initialization strategies for four variables in the CCD dataset,
where the Tucker rank is prespecified as r(® = (10, 10,2) for the random

strategy. For each variable, 80% samples are used for training and the re-
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Table 3: Forecasting performance of STDGR under different initialization strategies for

four variables in the CCD dataset.

Variable Random Lasso NNM

CH4 1.2879  1.1674 0.8459
TMN 1.0860  0.9689 0.6943
TMP 1.0005  1.0251 0.7089
GLO 1.2381  1.0945 0.8607

maining 20% samples are used for testing. It can be seen from Table [3| that
the MSEs obtained by STDGR with NNM based initialization are lower
than those obtained with the Lasso and random tensor initializations for
the four variables in the CCD dataset. Meanwhile, the Lasso initialization
achieves better forecasting performance than the random initialization in

most cases.

S6.4 Performance of Different Choices of Tucker Rank

We further test the performance of STDGR for different choices of Tucker
rank. We compare the ridge-type ratio estimator (the method used in
the manuscript) with the following alternative: a truncation-based rank-

selection rule based on singular value thresholding |Wang et al.| (2024) (de-



noted by Truncation). Specifically, we first obtain the initial estimate W\NN
based on nuclear norm minimization method and the estimate the rank
according to the unfolding matrices of WNN, ie.,

T = ZH {Uj ((WNN)@)> > 7} ;7= Aw/2,

J

where I{-} denotes the 0-1 indicator function, and Any is the regularization
parameter in the nuclear norm minimization model.

Now we conduct numerical experiments in Table 4| for the above choices
of Tucker rank by using the PeMS04 dataset and the CO variable from the
CCD dataset. For each dataset, 80% samples are used for training, and
the remaining 20% samples are used for testing. As shown in Table [4] the
ridge-type ratio estimator achieves slightly smaller forecasting MSE for both
datasets than the truncation method. Note that the Tucker rank selection
of ridge-type ratio estimator is rank consistent. This experiment indicates

that STDGR is effective by using a rank-consistent selection procedure.

S6.5 Different Construction of Graphs

Now we compare the performance of STDGR under different constructions
of graphs. Except for the construction based on an initial estimator of
NNM, we also construct a graph Laplacian matrix based on traffic-network

distances for the PeMS04 dataset or geographical distances for the CCD
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Table 4: Performance of STDGR with different choices of Tucker rank.

CO PeMS04
Method Rank MSE Rank MSE
Truncation (11,16,2) 0.4789 (7,8,2) 0.002111

Ridge-type ratio  (3,6,1)  0.4433 (32,13,4) 0.001830

dataset.

For PeMS04, the graph Laplacian matrices L; and Ly, corresponding to
the factor matrices A; and As, respectively, are constructed using the traffic
network dataset. Specifically, the distance r;; between sensors ¢ and j has al-
ready been calculated, which is available at https://ieee-dataport.org/

documents/pems03-and-pems04. The weighted adjacency matrix Z = (z;;)

2
is constructed as z;; = exp(—;zg), where € = 0.2 in the experiments. The

degree of sensor i is computed by d; = > ; Zij» and the corresponding diago-
nal matrix is defined as D = diag(dy, . . ., d,,), where m denotes the number
of sensors in PeMS04. The factor matrices A; and Ay can be interpreted
as the loadings of the response and predictor factors, respectively. Both
the response and predictor factors are related to the m sensors in PeMS04.
Therefore, the same weighted adjacency matrix Z is used to construct the

graph Laplacian matrices for A; and Ay, ie., Ly =Ly, =D — Z.


https://ieee-dataport.org/documents/pems03-and-pems04
https://ieee-dataport.org/documents/pems03-and-pems04

For the CCD dataset, the distance r;; between locations ¢ and j is
computed from their latitude and longitude coordinates using the Haversine
formula, which follows from Bahadori et al.| (2014)). The weighted adjacency
matrix Z = (z;) is constructed as z;; = exp(—;’—zé), where ¢ = 0.2 in
the experiments. The degree of location i is computed by d; = > ; Zijs
and the corresponding degree matrix is defined as Do, = diag(dy, ..., dn),
where m denotes the number of locations in the CCD dataset. Then the
corresponding graph Laplacian matrix is constructed as Lgeo = Dgeo — Z.
Similarly to PeMS04, the response and predictor factors are related to the
m locations in the CCD dataset. Therefore, the same weighted adjacency
matrix Z is used to construct the graph Laplacian matrices for A; and As,
i.e., Li = Ly = Lye,.

For both CCD and PeMS04, the factor matrix Az corresponds to the lag
dimension. Following Belkin and Niyogi (2001)), we construct an adjacency

matrix, where the weight between two lag orders is set to one if and only if

they are adjacent, and zero otherwise. Specifically,

1, if |i—j| =1,

Y

(Zlag)ij -

0, otherwise.

The degree of lag order i is computed by d; = }_; (Zg),; , and the corre-

ij

sponding diagonal degree matrix is defined as Dy,, = diag(dy, . ..,d,). Then
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Table 5: MSE of STDGR with different constructions of graphs for the CCD (Wet and

TMN variables) and PeMS04 datasets.

Dataset  Distance-based Initialization-based

Wet 0.8550 0.8238
TMN 0.7401 0.7209
PeMS04 0.002105 0.002221

the lag-order graph Laplacian matrix is constructed as Ljug = Diag — Zijag.

In Table [5] we report the prediction MSE of STDGR with different
constructions of graphs, where the constructions are based on an initial
estimator of NNM for both CCD (Wet and TMN variables) and PeMS04
datasets, and traffic-network distances for the PeMS04 dataset or geograph-
ical distances for the CCD dataset (Wet and TMN variables). Here 65%
samples are used for training and the remaining 35% samples are used for
testing. It can be seen from this table that the MSEs obtained by STDGR
with the initialization-based graph Laplacian matrices are lower than those
obtained by STDGR with the distance-based graph Laplacian matrices for
Wet and TMN variables, which shows that the construction of graph based
on an initial estimator of NNM is effective for STDGR. More importantly,

the distance information of many real-world datasets is not available, such



as the Hangzhou dataset. In order to unify the construction of graph Lapla-
cian matrices for different datasets, we use the initial estimator of NNM in

the experiments.

S6.6 Ablation Analysis

In this subsection, we show the effectiveness of STDGR for both the sparse
Tucker decomposition and graph regularization. Specifically, we compare
with the Tucker decomposition model with sparse core tensor (called TDSC
for short), which uses the sparsity constraint on the core tensor rather
than on the factor matrices compared with Wang et al.| (2022) and does
not impose the graph regularization. Moreover, we also compare with the
Tucker decomposition and graph regularization without sparse core tensor
constraint (called TDGR for short). And the SHORR is also compared to
show the effectiveness of the sparsity constraint on the core tensor rather
than on the factor matrices in Tucker decomposition.

Table 6: Comparisons of MSE (x10~3) of SHORR, TDSC, TDGR, STDGR for the

Hangzhou dataset.

Training size SHORR TDSC TDGR STDGR

75% 0.4475 0.3941 04782  0.3532

85% 0.3714  0.3370 0.3921  0.2743
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In Table[6] we report the MSE (x107?) of SHORR, TDSC, TDGR, and
STDGR for the Hangzhou dataset, where 75% and 85% samples are used for
training and the remaining samples are used for testing, respectively. It can
be seen from this table that the MSE of TDSC is lower than that of SHORR,
which shows the superiority of imposing sparsity on the core tensor rather
than on the factor matrices. Moreover, the SHORR and TDSC perform
better than TDGR for the testing cases, which implies that the sparsity
constraints on the core tensor or factor matrices are more effective than the
graph regularization. Besides, the STDGR substantially outperforms other
three methods. This demonstrates that the sparsity constraint on the core
tensor and graph regularization on the factor matrices are both effective for

VAR modeling.

S6.7 Performance of STDGR With Uniform Noise

To further assess the practical robustness of the proposed STDGR method,

we add additional numerical experiments under non-Gaussian noise set-

tings. Specifically, for the noise term, we set €, = (e/,...,m) , where

each element of €; is independent and follows a uniform distribution on
Lid

[—1,1], ie., &; ~ Uniform(—1,1), j = 1,...,m. Additionally, the fac-

tor matrices A; are constructed as follows (Belkin and Niyogi, 2001)): we



first generate the weight matrices Z; randomly and construct the corre-
sponding Laplacian matrices as L, = D; — Z;, where D, is the corre-
sponding degree matrix. Then the columns of A; are chosen as the r;
eigenvectors of L; associated with its r; smallest eigenvalues. In spec-
tral clustering, the entries of A; measure the similarities between data
samples and clusters, as they indicate how likely data samples belong to
specific clusters (Wang et al) 2014). Therefore, this construction of A;
can reflect the similarity of the rows of A;. The sample size T is set
to 1000. Four cases are considered: Case c. (m,p) = (50,10). Case
d. (m,p) = (150,10). Case e. (m,p) = (50,15). Case f. (m,p) =
(150,15). In each case, we set the Tucker rank as (ry,79,73) = (9,9,9)
and specify the core tensor as a diagonal tensor, where the nonzero super-
diagonal entries are set as (G111, G222, G333, Gaaa, sss, Ge6, Grr7, Isss, Gogo) =
(0.5,1,0.1,0.5,1,0.1,0.5,1,0.1). Due to the randomness, all experiments are
performed 10 times and we take the average estimation error as the last re-
sult. The estimation errors (i.e., |[W — W||p) of Lasso, NNM, LRTLT,
TVART, SHORR, and STDGR for the four cases are reported in Table [7]

As shown in Table [7, STDGR achieves the lowest estimation error for
each case, while SHORR achieves the second lowest estimation error. In

most cases, the Lasso and NNM yield lower estimation errors than LRTLT
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Table 7: Estimation errors of different methods under the noise with uniform distribu-

tion.

(m,p) Lasso NNM LRTLT TVART SHORR STDGR

(50,10)  0.8200 0.8097 1.1254 0.8160 0.7265 0.6491

(150,10) 1.6049 1.5431 1.8799 1.8770 1.1388  0.8522

(50,15) 0.8037 0.9902 2.2396 1.0030 0.7333  0.6598

(150,15) 1.8401 1.7900  3.4170 1.9364 1.2043 0.9713

and TVART. This experiment provides a preliminary empirical evidence

that STDGR performs well under the uniform noise setting.
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