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S1 Unbalanced cluster-size scenario

To adapt the proposed method to unbalanced data, we apply a transformation ma-
trix to each cluster (Zhou and Qu, 2012). Specifically, we define the largest cluster
with size m, representing the maximum number of possible observation time points,
and assume that fully observed clusters contain m measurements. For the i-th clus-
ter, we define Ag; as the diagonal matrix of order m; whose j-th diagonal entry is
{(BFxi;)}/2. In addition, we construct a m x m; transformation matrix T} by
removing from the m x m identity matrix the columns corresponding to time points

that are not observed in the i-th cluster. Given consistent estimators {A;}", of

{A}™, and a working correlation matrix R, the response-free weighted cluster
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subsample estimator can be solved from:

S1(8:R) = - 37 AT XAV PR TV - i (B)) =0,

ezt
where Af = T A*T;". Since the zero values specified in and ensure that contribu-
tions from unobserved time points do not affect the estimating equation, we can set
the corresponding variance components in Aj to zero for convenience.

For the initial estimators in step (i), denote the j-th diagonal element of AP as
(AP);; and it can be estimated by the sample variance of the residuals {03 Yiez; for
t =1,...,n, where Z; denotes the set of clusters with available observations at time
4. Under the IND working correlation structure, R® = I,,; under the CS and AR
working correlation structures, all diagonal elements of RP are equal to 1, while the

(4, 7/)-th off-diagonal elements of RP are equal to

1 Z 1 3 oD ( 1 Z 1 3 M )j—j’l
oS O ) SR (AR R VS A (A
respectively.

Under the unbalanced scenario, our proposed two-step subsampling estimator

B{f is the solution to

LS (TPXPAP(B)) R AP(B)) TP Y P P (8)) = .

~xD
T A
i€lp



S2 Technical proofs

Proof of Theorem 1. (i) For consistency, the first step is to show that ||Bw - Bl =

op(1). For any B € RP, denote
Su(6:R) =~ S LXTAV(BIRAB)Y: - (B}
i=1 " *
Su(8:R) = > XT AV (B R AT B, - (B}
=1

where R = the limit of R, 7; is the indicator function taking value 1 if the i-th

cluster (X;,Y;) is selected and 0 otherwise. By the law of iterated expectation,

E[S,(8; R)] = E{E[S,(B; R)|F.]}

_p[2 > % XI AV (BR AT (B)Y, - w(B))]

- 5[ Z XA (B RATBY - w())]
= E[S.(8; B)].
By the variance decomposition formula,
Var[Si,(8: R)) = B{VarS}(8; R)|F.]} + Var{E[S}(8; RIF]} = 0™")
due to the fact that

E{Var[S,(B; R)|Fn]}

_E [% ; %g’m[fog/Q(ﬂ)R_lAim(ﬁ){ﬁ — ()1’



n

<B[ > %[XEA;/Q(ﬂ)R—lA;” *(B{Y; - mil(B))]]

<B[(max ) LS XTA(BR AT )Y, - )

1<i<n nm;/ n <
=1

=0(r™"),
where the last equality holds under assumption (A.3), and
Var{E[S,(8; R)|F.]}

—var[} > X! A (@R AT B - ()]

<E[5 S IXTAVBR AT B)Y: - pma(B))]]
i=1
=0(n™).
Thus, by Chebyshev’s inequality;,
S, (B; R) = E[Su(8; R)] + 0p(1).
By the consistency of R to R,

S.(8: R) = S.,(8: R) + op(1),

and therefore §*(8; R) = E[S,(8; R)] + op(1). Applying Theorem 5.9 of van der
Vaart (1998), we obtain |3, — Bo|| = or(1).

In the second step, using Taylor’s expansion,

0 = S;,(Bu; Bu, R)



= 5% (B0; Bu, R) + V352 (Bo; Bu, R)(Bw — Bo) + Op([|Bw — Boll?),

where
S%(8:Bu. R) ZnZXTAl/Q(Bw) AT BY - wi(B)),
VsS5(8: B, R) Z”ZXTAW(ﬂw) RA72(8,) Ad(B) X
=1 i

To obtain |3, — Bol = Op(r~/2), we will show S%(8o; Buw, R) = Op(r—/2) and
VS (Bo; B, R) — ® = 0p(1) in the following proof, respectively.

(a) To show S%(Bo; Bu, R) = Op(r~1/2), denote

S%(Bo; Bo, R Z T XT AN (Bo) R AT (Bo) (Y — pa(Bo) }-

i=1 Z

It is simple to obtain that

E[S;(ﬁmﬁo,R)] :E{E[SZ(IBo;ﬁo,RHFn]} =
Var[S;,(Bo; Bo, R)] =E{Var[S; (Bo; Bo, R)|Fn] + Var{E[S;,(Bo; Bo, R)| F,]}

(

-5[% > % XT A ()R AT (Bo){Y: — i B)}?|

<E [( max %) % Z[XEA§/2(ﬁO)R—lA;1/2(60>{K - Mz'(ﬂo)}]®2]
:O(ril).

Thus || S%(Bo; Bo, R)|| = Op(r~/2). Next, notice that

SZ)(/BO; Bw, R) - S;Z(Bo, ,@0, R)



—% > EXT{AB)RT AT (B.) — A (B)RT AT (B HY: - (o))}
i=1 "
:0p(r_1/2).
Therefore,

15,803 Bus R)|| = 1155, (B0; Bo, R) + S (Bo; Bu, R) — S, (Bo; Bo, R
< |185(Bo; Bo, R)I| + 1|5, (Bo; Bu» R) — S35(Bo; Bo, R)|
= Op(?”_l/2).
(b) To show V387 (Bo; Bu, R) — ® = 0p(1), denote
* 1 < i T 1/2 —1 41/2
. —_— XA A X;.
VeSu(Bui o B) =2 3 T XIAS GBI R A (B X,
It is simple to obtain
E[V S, (8o Bo, R)] = EIX[ A (Bo) R A (80) X = @.
Denote [V S} (Bo; Bo, R)]i, 1, and [®];, 4, as the ({1, l5)-th component of VS (Bo; Bo, R)

and ® for any 1 < [; <y < p, respectively, then

Var{[VaS;,(Bo; Bo, R)]i, 1, }

=E(Var{[VsS5,,(8o; Bo, R)li 1| Fn}) + Var(E{[VsS, (Bo; Bo, B)]i, 1| Fn})
1

n2

n

1
> XA ()R A B X,

i=1

<B|

=0(r™).



By Chebyshev’s inequality, [V 5S% (8o; Bo, R)]iy.1, — (@111, = Op(r~/?), and it holds
for any pair of (I1,l3) for 1 <1I; <y <p. Thus, we conclude that VgS; (Bo; B, R) —
® = Op(r~1/?). Next, notice that
VﬁSZ(IBmb, R) — VS, (Bo; Bo, R)
1~ Y\l A—1/2, .-
=Y EXA (BB AT (B - AP(B)R AT (B0)} A(Bo) X
i=1 "
ZOP(]_).
Therefore,
IV55;,(Bo; Bu, R) — @
<||VS;,(Bo; Bu: R) — VS, (Bo; Bo, R)|| + [ V5S:,(80; B, R) — @
:Op<1).

Hence, ||S;,(80; Bu, R)I| = Op(r=?), [V 55:,(Bo; Bur B)(Bu — Bo)ll = Op(l|Bu —
Bol)), and we conclude [|B, — Bo|| = Op(r~1/2) from the Taylor’s expansion.

(ii) Now we prove the asymptotic normality. Denote
* . - i T 41/2 —1 4—1/2 ) .
= —X, A, A, Y, — p; =: ;.
S..(Bo: Bo, R) Z e XA (B RTAT (B Y - i(Bo)) Zz
Below we check the conditions of Lindeberg-Feller central limit theorem. For Ve > 0,
> EN&IPI(I&] = €]
i=1

1 n
<> E(l&l)
=1



:—ZE (1&11°170)]
== Z E[ng ; | X7 AL (B0) R A (Bo) Y — i Bo)} ]

1

<= L T 1/2 —1 4-1/2 - 3]

< B[ (max )L Z |x; A A7 (BOY, — wa(B)}]
=o(1).

Thus the condition of Lindeberg-Feller central limit theorem is satisfied. Note that

> B&) = Z E[E(&|F,)] = EIX A (Bo)R™ A (Bo){Yi — mi(Bo)}] =

Z Var(&)

—ZVaT (& Fn)] —|—ZEVar£,|J—")]

n

=£ [ni Z ; XT A (B RAT (Bo){Y: — (B 2|

- E(E [% il %[X?Ai/Q(go)RlAﬂ *(Bo){Y: — 1i(Bo) }1** {Xi}?zl})

:E(é Z %XEAE% VR E{A; (B — (B XV LR AV (80) X )
:E[% Y %XZ-TAZW(ﬂO)R_lﬂoR_lA}/z(ﬂo)Xi}

By the Lindeberg-Feller central limit theorem, we obtain

=.1/28% (Bo; Bo, R) 5 N(0,1,).



According to the Taylor’s expansion,
Bu — Bo = ~[V5S,(B0; Bus R)]) 'S}, (Bo: Bus R) + Op((|Bu — Bol®)-
Note that
—[VS;,(Bo; Bu, R)) ' = @' — [VS;,(Bo; B, R) ' — @7,
S.,(Bo: B R) = S,,(Bo: B, R) — 5.,(Bo; Bo, R) + S,(Bo; Bo, R),
and we have shown that
@' — (VS5 (B0 Bus R)] ™' = 0p(1), S5,(Bo; Bus R) — S,(Bo; Bo, R) = op(r™'7?).

Therefore, By, — By = —® 8% (Bo; Bo, R) + op(1). Finally,

(812,81 (B, Bo) = —(8 12,8 ) 2B IELE 1S, (B By, R) + (1),

and

(@12, @) V2B, — Bo) = N(0,I,).

O

Proof of Theorem 2. The problem that minimizing tr(D®'Z,®~!DT), where D €
RP*P is a fixed and known nonsingular matrix, is to solve the following optimization

problem:

min H =) tr{l[D<I>’1XZ.TAZ.1/2(ﬁo)R’lﬂoR’lAil/Q(ﬁO)XicIJ’lDT]}
T
=1

n
s.t Zm:r, 0<m <1forie[n],
i=1



where [n] ={1,2,...,n}. Recall that
hP = [te{D® ' X A}*(B)) R'TL,R ' A}*(By) X, &' DT}]'/2,

Without loss of generality, assume that 0 < th < h2D <. < hf? and h,’?ﬂ = +00.

From the Cauchy-Schwarz inequality,

a=1yn s Lores Ly
j=1 =1 " i=1

where the equality holds if and only if ; o< hP. We consider the following two cases:

Case 1: If all AP />°" AP < 1, then m; = rhP/S°"  hP for i € [n] gives the

j=1"% J=1""7

optimal solution.

Case 2: Assume that there exists some i such that rhP/ > i1 hP > 1. By the

definition of w, it satisfies (r — w + )AL ., > ST AL and (r — w)hP <
n—w+1 7=1 j n—w

Z;L;f th , and the number of such 7 is w. Therefore, the original optimization turns
into the following optimization problem:
n—w 1
min Y tr{—[D®' X A/*(B) R'TL, R A;*(8y) X, &' D"}
T
i=1
s.t Zﬂi:r—w, 0<m<1forié€ln—uw.
i=1

7Tn—w+1:"':7rn:1~

Similar to the calculation of the optimal 7;’s in Case 1, from the Cauchy-Schwarz



inequality,

Ztr{%[D‘P‘lX? A%(Bo) R, R A} (B,) X, @' D]}

S Lo

where the equality holds if and only if m; oc BP, i.e., m; = (r—w)hP /377 P, i € [n—

w]. Then the optimal solution is min H = (r — w) (321 hP)? + > w1 (BP)2

Assume that MP exists such that

r(hP A MP)
max -
1<isn 300 (hP A MP) ’
and AP, < MP < hP ., then > " “hP = (r — w)MP holds. Therefore it

can be rewritten that min H = (r — w)(MP)> + Y0 . (hP)% Taking m =

r(hP A MP)/ 375 (hP A MP) into H, the following equation holds:

fI:nZu)Zyl(h”D/\MD)(h.D)Q+ i Z}Ll(thAMD)(hD)Q
— r(hP A MP) ! Mt r(hP A MP) !
n—w nwhD—f—(UMD n Zn whD+WMD
] 1 D\2 Jj=1 D\2
> Py + Y (kD)
i=n—w-+1
= ZMDhD+ Z (hP)?
i=n—w-+1
= (r —w)(MP)* + Z (hP)? = min H.
1=n—w-+1

It can be seen that the above result echoes the minimum of the optimal problem and
then m; = r(h? A MP)/ 37" (hP A MP) satisfies the optimal solution.

Below we prove the existence of MP and it satisfies b2 < MP < hP .. Note



that w satisfies

(r—w-+ 1)h‘7?—w+1 (r— w)hf_w

Sl VI 5 i T
By taking M{? =hP ., and MP =hrP |
(r—w4+ )P .+ (w—1)MP o 1 and (r —w)h?  +wMP -1
ST 4w —1MP YL hP +wMP
which implies the fact that
(h A MP) >1andr (h A M) < 1.

r n n

2 i (P A MTP) 2 i (P A M)
Thus, the existence of MP is proved, following the facts that max;<;<,{r(hP A
MD)/Zngl(h]D A MP)} is continuous on MP conditional on hP, ... hP. On the
other hand, for any AP > M'P > MP it can be verified that (M'P A hP) > (MP A

hP), and simple analysis leads to M'P/>"" (RP A M'P) > MP/3" (WP A MP).

Thus, (hRP AMP) /S0 (hP A MP) is nondecreasing on MP € (hP, hP). Therefore

19'%n

r(hP A MP) ]
max —s =
1<i<n ijl(hjp A MD)
indicates that h? < MP < hP . . The proof of Theorem 2 is complete. ]

Proof of Theorem 3. 1t is easy to verify that the approximated optimal probabilities
{7P}n | still satisfies Assumption (A.3). Therefore, by the consistency of the pilot

estimators Bp, ﬁp, flp and @p, one can apply the proof of Theorem 1 directly

and thus the consistency and asymptotic normality still holds. We only prove the



derivation of P from 2, by inserting {7 };ejn). Since

- T
B[ 3 S5 XT AV (80 R R A (5) X
=1

1 15 }NLZD _ _
= [EZ"Z}%—;X?AW(%)R TR A} (60) X |
i=1 i

1 1 1/2 . 1 41/2
~mP B[y XA (B)RTLR A (8) X,

the desired results for 32 hold. O

Proof of Theorem /. (i) For consistency, the first step is to show that ||B£U — Boll =
op(1). For any B € RP, denote

=1
SunlB5 R) = - 5" XFAV(BIR AT B)Y: — (B}

=1

S1u(8: R) = - S aPXT AV (B) R AT B, — u(B)).

where 7P is the indicator function taking value 1 if the i-th cluster (X;,Y;) is se-
lected and 0 otherwise. Similar to the proof of Theorem 1, we obtain S} (3; R) =
E[S.,(8; R)]+0p(1). Due to the consistency of R, to R, S%,,(8; R,) = S, (8; R)+

op(1), and thus S’ (B; R,) = E[S..(B8;R)] + op(1). Applying Theorem 5.9 of

van der Vaart (1998), it yields |32, — Bo|| = op(1). Next, applying Taylor expan-
sion,

0=5;,(80: B0, Ry)



= 8;.,(Bo; B By) + V555, (Bo: Be Ro) (B, — Bo) + Op(1B2, — Boll®),

where
S:.(B: 80, R, ZnDXTAW DIRVAT(BENY - m(B)},
VoS:.(8: B0, Ry) = Z P XA BL)R AT (BY,) ANB) X
Following the same proof of Theorem 1, we obtain [|S%,(80; B2,, R,)|| = Op(r~1/2),

IV6S;.,(80; B2 Ro)ll = Op(I1BR, = Boll), and we conclude |82, = Bol| = Op(r~'/?)

from the Taylor’s expansion.

(ii) Below we prove the asymptotic normality. Let

Dar 1a. o N=~mPnP o1 14172 - _N\"yD
mP 8., (Bo R) = ) ——=XT A (B) R AT (Bo){Yi — mi(Bo)} =) &7
=1

i=1

Now, we check the conditions of Lindeberg-Feller central limit theorem. For Ve > 0,
n 1 n

D ElEPIP1(I&] > e)] < EZE(II&DII?’)

i=1 i

= —ZE (I€P11P1F)]

D\3 ™
S E[%||XiTA;ﬂ(ﬂO)R‘lAi_I/Q(ﬂo){YE — wi(Bo)}?

i=1

=o(1).

Thus the condition of Lindeberg-Feller central limit theorem is satisfied. Note that

E[mP® S, (Bo; R)] =E{E[m" S, (8o; R)|F.]}



_ E[i @xm;ﬂ(gm—mgw(ﬁom - (B}
= {E[i ﬁXiTAiﬂ(Bo)RflAflﬂ(ﬁo){Y; - /"'i(/B(J)}‘{Xi}zn:l] }

- n
=1

=0,
and

Varlm®S;,,(Bo; R)]

=E{Varlm®S;,,(Bo: R)|Fu]} + Var{ E[m® S}, (Bo; R)|Fu]}
D)Q n

ZE{ o =N wP - 7P XA (BRI A P (Bo){Y - ui([so)}]@?}

n X
=1

n

D
V[T ST AP XE AL B R AT B0V, — (B0))].
=1

To proceed, by using the iterated expectation and iterated variance formula again,

B S AP P XA B R AT B Y- )

AP - D)X AL (B0 R AT (Bo) (¥ — (B} (XY )

> 7P —7P)XI AV (BRI R A (B0) X,

var [mTD S AP XA (B R AT (Bo) (Y - pa(B0)} ]

=1

= {Var [mTD i 7~TiDXiTA§/2(Bo)RflAi_lﬂ(ﬁo){Yi - Hi(ﬁO)}‘{Xi}?zl] }

+Var{ B[ Z AP XA (B0) R AT (B (Y — (B} (X |}



=B Y (7P XA (By) RTLRT A (80X

i=1
Consequently,
Dy2 ™
: Zﬁil)Xz‘TA;/Q(BO)R_lnoR_lAi/Q(ﬁo)Xi]

=1

Var[mPS:, (Bo; R)] = E[(mT
— mPAP.
By the Lindeberg-Feller central limit theorem,
(mP AP) " 2[mP S5, (Bo; R)] 5 N(0,I,).
According to the Taylor’s expansion,
A1€U —Bo = —[Vﬁszw(ﬁo;ﬁﬁw Rp)]‘l[SZw(ﬂo; Aﬁm Rp) + OP(“BgU - ﬂo”z)]-

Note that

~[mPVpS;.,(Bo: B, By) ™ = (DP) 7! = [mP V8., (Bo; B, Ry) ' — (TP) 7,

mPS:, (Bo; BE, Ry) = mP S}, (Bo: B2, R,) — mP 8%, (Bo; R) + mP S}, (Bo; R).

uw? uw?

Following the similar argument to the proof of Theorem 1,

(PP) " =[mP VS, (Bo: By Ry) ™ = 0p(1), mPS;, (Bo: Br, Rp)—mP S, (Bo; R) = op(r™?).

Therefore, B2, — By = —(TP)"'mPS* (Bo: R) + op(1). Finally,

[mP(@P) AP TP) (B, — Bo)



= — [P (@) AP TP) T ATP) T (P AP) 2 (P AP) T2 mP 8], (Bo; R)] + 0p(1),
and
[mP(@P) ' APE@P) (B, — Bo) + N(0, 1),
(iii) Finally, we prove that when R = Il, the inequality (I'P)"*AP(T'P)~! <
& 'EP P! holds under the Loewner ordering. A key observation is that (I'?)1AP(I'P)~1 =
(T'P)~! when R = II,. Since XZ»TAg/Q(BO)RflAil/Q(BO)Xi =V is a real symmetric
positive-definite matrix, Cholesky decomposition gives V; = v;v} for some v; € RP*?.

We then only need to prove

E(h»DVZ'VT)_l < E(Viv;r)_IE(VZ'VZ-T/hZ»D)E(VZ'V?)_l.

7 7
Denote

1
f; .= \/hPE(hPv v 'vi — ——=E(v;v]) v,

Since £ > 0, we have
0 < B(ff") = BE(viv})) 'E(viv /RP)YE(vivi)™ — BE(hPv v~
Therefore the proof of Theorem 4 is completed. ]

Before we prove Theorems 5-7, some lemmas are provided as follows.

Lemma 1. Under Assumptions (A.4)-(A.8),

()17, = Yol = Opr(sg\/1ogp/r?), 17, = Yol = Op(y/ sglogp/r?),



(i0)| Ry — RI| = Op(y/sglogp/rP),

(7i1) max ||(VUVp —Wh)illi = Op((sw V sg)\/logp/rP),

1<j<d

(iv) max (W — WP);ll1 = Op((swo V s5)V/log p/r?),

1<j<d

where (A); denotes the jth column of a matriz A.

Proof of Lemma 1. For (i), see Lemma 2 in Gao et al. (2025). (ii) follows from (i).
For (iii), see Lemma S.1.6 in Fang et al. (2020). The proof of (iv) is similar to
(ii). O
Proof of Theorem 5. (i) The first step is to show that ||, — 8[| = op(1). Let

Q'Z}(ﬂu P?pa Wpa RP)

n

1 l v o Vo _ o o
=S 2 )T A (9,5) By A (9, 4) (Y, - s (9,4,))
i=1 "

qu(ﬂa Yo, WOa R)

n

1 ; 1
=2 ;— (Z; — UW)" A2 (9, 70) R A (9, 40) {Ys — (9, 70)}
i=1 !
Qw(,ﬂa’yoa WOaR)

n

1 _
=— Z (Z; — UWy)" A2 (9, 7)) R AT (9,70) {Y; — pa(9,70)}-
i=1

n-

It can be seen that

E[QZ}(’&,’)’O, W07 R)] = E{E[QTU(I"??’YO? W(J?R)“Fn]} = E[Qw(ﬁ>70> W0>R)]>

Var(Q,(9,v, Wy, R)]



:E{V(ZT[QZ}(’B,’YO, WO7 R)‘-Fn]} + VCLT{E[QZ;<197 Yo, WO; R)|‘Fn]}

n

1 1 PR
SE[ L3 (2~ UWo)" 40,750 R AT70,50) 1Y — a9, 730)}]
i=1 "
=0(r ™).

Then we have

Q% (9,70, Wo, R) — E[Qu(9, 70, Wo, R)]|| = Op (r/?).

By the consistency of 4, Wp, Rp to vo, Wy, R in Lemma 1, respectively, we have

Hqu(ﬁvﬁ/p? vaﬁzp) - Q;(’l?,’)’g, WOaR)H = OP(l)'

Combining the above results, we obtain

HQTu(ﬂv '\?pv Wp? Rp) - E[Qw(ﬂ, Yo, W07 R)] ” = OP(1)7
which indicates that ||, — 6| = op(1).
In the second step, using Taylor’s theorem,
0= qu(éwf?m Wp? Iépyéw/yYP)
= QZJ(007 o0, Wpa Rp|éwa ﬁ’p) + v’ﬁQZ}(OOa Yo, Wpa Rp|éw7;yp)(éw - 00)

+ VQOQ:U(O& Yo, Wp7 Rp‘éwa ﬁp)(ﬁp - 70) + ’ii”



where R = Op(||6., — 8o||> + |5 — Y0||?) and
QZ(ﬁa@aWp’Rp‘éw”uyp)

1< n;i o S e o
== —(Zi - UW,)" A (00, %) By A (0w 4){Y: — 9. 0)}
i=1 °

vﬁqu(’ﬂu P, Wpu Rp’élw ;)//p)

1 7 5 e
== (2 - UW)T A (0,5, By AT (0,,%,) A9, 9) 2,
i=1

v‘Piju<07 P, va Rp‘éwa '3’10)

1 - n; o . o v B . .
T Z g(zl B UiWP)TA;/z(ewa’YQRplAi 1/2<9w7 o) Ai(9, )U;
i=1

To show [|6,,—8o|| = Op(r~'/2), we need to discuss the order of Q% (6o, o, Wi, Rp|0u, ¥p),
VoQr (00,70, Wy, R[0.,,%,) and V@, (60,70, W,, R,10.,%,) (% — Y0), respec-
tively.
(2) 1Q7(60. 70, Wy, By |0, )|l = Op(r/2).
To prove the above result, let
Q.. (Y, ¢, Wy, R|0),0)

1 o= 7 o
0 > %(Zi — UW)TAY2(60,v0) R A;?(00,70){Y; — (9, )}
i=1 ¢

By the law of iterated expectation and variance,
E[Q;, (80,70, Wo, R[6y,70)]
=E{E[Q;, (00,70, Wy, R|60,0)|Fn]} = O,

VCLT’[QZ](O(), Yo, WO, R|00a 70)]



=Var{E[Q;,(80,70, Wy, R|00,Y0)| Fn]} + E{Var(Q;,(60,v0, Wo, R|6, 70)|Fn]}

1 & B
=B = > @ (2~ UWo) Al (B) R ILE T A} (o) (Z: — UiWh)|
=1

SE[( max _)% i Zi — UW,)T AV (BRI, R A2 (B,)(Z: — UW,)]

1<i<n Mo

=0(r ™).

By Chebyshev’s inequality, ||Q% (60,70, Wo, R|00,70)|| = Op(r~/?). Similar to the

proof of Lemma S.1.10 of Fang et al. (2020),

V. R0, 5 x sw V sg)lo
||QTU(007707WP7RP‘01U7PYP) _Qw(007707W07R|00170)|| :Op{( W '8) gp}

rPr

Thus, we have
1Q:, (60, 0. Wy, Ry [0, %)

<1|1Qz, (80,70, Wo, R|00, v0) || + |Q% (80,70, Wy, Ry |0, %) — Ql (80, Y0, Wo, R|65,70)||

B (sw V sg)logp 12y _ ~1/2
_op{ NG } + Op(r=7%) = Op(r—'7),

under the assumption in (A.7) that (r?)~2(sw V sg)logp = o(1).

(0)[| Vo Q% (00, Yo, Wp, Iv%p|9vw,'“yp) — A|| = op(1). To show the above result, let

VaQ., (9, ¢, Wy, R|0y, o)
1 < 7 B
=—= Z Wz, — UW,)TAY? (00, 70) R™A; (80, v0) Ai(9, ) Z

n < To;
=1

It is easy to see that

E[VﬂQZ(00a707 W07 R|00a70)] = E{E[vﬂQZ(00a707 WOa R|00a70)|fn]} = A.



For the (ll, lg)-th component of VgQ:U(eg,’)/g, W(), R‘eo,’)/0> with 1 < ll < lg < d,

V@T{[VﬂQZJ(GO, Yo, Who, Rwo, ’70)]11,12}

=E(Var{[VsQ;,(60.70, Wo, B[00, 70))1,.1,|Fn}) + Var(E{[VeQ;, (60, Y0, Wo, R|60,70)]11,1,| Fn })

1 1 _
SE[@ > E{(Zz‘ — UW,)L A (80, 70) R A (8, ’Yo)(Zz‘)zz}Q]
1=1

n

n

1 \1 1 _
<B|(uax )30 (2~ UW)LA (00,30 R A (00.70)(Z0)1 |

=0(r ).
Thus, we have
IV Q% (80, 70, Wo, R|6o,v0) — Al = Op(r~'/?),

Similar to the proof of Lemmas S.1.7 of Fang et al. (2020),

IVeQ:,(80, Yo, Wpa Rp|éw,’7p) — V@, (00,70, Wo, R|0y, o)l

:OP{ [(SW Vsg) 10%19] 1/2}.

rP

Thus, we have

||V0va(00,’70, Wp? Rp|éwa ﬁp) - AH
§HV19QZ(907'70: Wm Rp’éwa’ﬁ’p) - VﬂQ:u(eof‘/o, W, Rwo,’?’o)H
+ ||v19Q'Z;(007 Yo, W07 R|007 70) - AH

:Op{ |:(SW V 85) 1ng} 1/2} n OP(T_1/2) _ OP(1)7

rpP

under the assumption in (A.7) that (r?)~Y2(sw V sg)logp = o(1).



()1 V Q2 (60, 70, Wi, Ry |0, %) (%5 — 70) | = 0p(r~72).
To show the above result, let
VLPQZ)(ﬂa @, WO) R|007 ’70)

- Z %(Zz - UiWO>TA§/2(007 ’Yo)RflA;l/z(ooj ¥0)Ai (P, p)U;
i=1 °

Similar to the proof of Lemma S.1.5 of Fang et al. (2020),

||V¢Q:L(907’707 W, Rleoy’Yo)(’i’p - ’70)”

<Vd||V Q% (80, 70, Wo, R|06,70) |lso|1 5o — Yolln

0r(42)"" < n(252) "} - or(2222)

and

| [V Qi (60,30, Wi Byl %,) = Vo Qi(80. 70, Wo. RI60. 70) | (5 — )|
:OP{(SW vV 5g) logp}‘

rp

Thus, we conclude that

IV @, (80, Y0, Wi, Ry |00, %) (5 — ¥0)||

sglo sw Vsg)lo
:Op{ﬁ gp+(w 8) gp}

\V rPr TP

:0P<T_1/2),

under the assumptions in (A.7) that (r®)~1/2(swVsg) logp = o(1) and r'/2(rP) = sy V
sg)logp = o(1). Combining the results of (a), (b) and (c), we have ||@, — 6| =

Op(’l“il/2).



ii) Now we prove the asymptotic normality. Denote
Yy

Q* (007 Yo, W07 R’00a 70)

_ Z (2~ UW) A (Bo) R AT (B0 (Y lB)} =1 Y6

nwl

Below we check the conditions of Lindeberg-Feller central limit theorem. For Ve > 0,
S E&IPIIE] > e
i=1
1 — 5
< S B(el)
=- ZE (&1 F)]
== Z B (2= U A (B0 R A (B0 Y - N
1 1 \21 & L
<o 2| (max n—w) n 2N~ UWo) AL (B0) R A (B — a(Bo) ]
=o(1).
Thus the condition of Lindeberg-Feller central limit theorem is satisfied. Note that
Z E(&)
= Z E[E(&|F,)] = E[(Z; — UWy) A (Bo) R A (Bo){Y: — pi(Bo)}] =
Z Var(&)

—ZVar (&|Fn)] —i—ZEVar&]}")]

=1



(Z: — UsWo)" AL (80) R A (B0) 1Y — 1i(B0) )]

(Zi — U;Wo)T A2 (Bo) R A2 (Bo) (Y — wi(Bo) }]™2

X))

Uy

(Z, — U;Wy)"A?(B) R 'TI,R A (Bo)(Z; — UZ-WO)}

n? 4 Ur

By the Lindeberg-Feller central limit theorem, we obtain
Y2'2Q%, (80,70, Wo, R|6o, 70) % N(0, I,).

According to the Taylor’s expansion,

0, — 0
= — [V Q3 (00,70, Wy, Ry |00, %)) (@500, 0, Wi, Ry |6, %)
+ Vo Q3 (00, 70, Wi, Ry 0., %) (Y — Y0) + R].
Note that
~[VoQ (00,70, Wy, R0, %,)] " = A" — [VoQ5(00, Y0, Wy, R0, %,)] 1 — A7,
Q;, (60,70, Wy, Ry |00, %) = Q3 (60, %0, Wy, Ry|6u, %) — Q:(60, 70, Wi, R|6o, o)

+ qu<007707 WO7 R‘B(]?P)/O)?

and we have shown that

A_l - [vﬂQ;(007707 Wpa Rq3|éw7ﬁ/p)]_1 = OP(l)v



1Q:, (60, 70, Wiy, Ry |0, %,) — @3,(60, 70, Wi, R80,70)|| = op(r™"/?),
1V Q2 (B0 70, Wi, By [0, %) (%o — 0)[| = 0 (%),
Therefore, 8, — 6y = —A~'Q%, (80, Y0, Wy, R|60, 7o) + 0p(1). Finally,
(Ao AT)72(0,—60) = —(A' YA 2ATIY 2T 12 Q) (60, 70, Wo, R0, Y0)+op(1),
and
(A YL A28, — 6,) > N(0, ).
O]

Proof of Theorem 6. The problem that minimizing tr(DA™'Y A~ DT), where D €
R%*4 is a fixed and known nonsingular matrix, is to solve the following optimization

problem:

min W = Z tr{%[DAl(Zi ~ UW,) A (B) R, R A% (B,)(Z: — U;Wy)A~' D"}
i=1 ’

s.t sz':?“, 0<m<1foricé€ln].
i=1
It is clear that the only difference between Theorem 6 and Theorem 2 is that X
and 7; in Theorem 2 are replaced by Z; — U; W, and w; in Theorem 6, respectively.

Therefore, the proof of Theorem 6 is completed by directly applying the proof of

Theorem 2. O]

Proof of Theorem 7. 1t is easy to verify that the approximated optimal probabilities

{ewP}n_ | still satisfies Assumption (A.8). Therefore, by the consistency of the pilot

i



estimators Bp, Rp, ﬁp, Wp and qup, one can apply the proof of Theorem 5 directly
and thus the consistency and asymptotic normality still holds. We only prove the

derivation of YP from Y, by inserting {0 };c}n). Since

1
E[ﬁ L (Zi - UW)TAY(B)) R, R A*(3,)(Z UWO)}
=1 wz
Ly % LlﬁlD T A1/2 1 1 41/2
:E[EZ 5 (Zi— UiWo)" A, (Bo) R TL R A (Bo) (Z UWO)]
=1 ()
1 1
—>ZDE[E (2, — UiWy) " A} (80) R TR A}(8y) (2 UWO)]
=1 7
PxP
the desired results for 2 hold. O

Before we prove Theorem 8, we present the following lemma.

Lemma 2. Under Assumptions (A.2), (A.4)-(A.6) and (A.9)-(A.10),

(i)l|sz(00’70’ WPD u |0uw77p)|| = OP(T_l/Q)a
(Z2)||ZDV19QZw(007707 WPD |0uw77p) \I’D“ — OP(]->,

(i10) |17V o QB0 30, WP By 02, 40) (3 = 0) | = 0p(r72)

where

Quw(e()?’yo’ W RP|0uwa7p)

:‘Zm Z; — UWP)TAYX (6P, 5, R; A6, 5,){Y; — (9, 0)},

uw? P uw? p



Vﬂsz(e()?’YU? WpD’ R |0uw77p)

:__an (Z: — UWP)TA(0F,, 5, )R, A V2(02,,4,) Ai(B0) Z

uw? p uw p

¢Quw(00a70a W Rp|0uwa7p)

uw? P

=——Zm (Z; — U;WP)TAY2(00 5, )R ATV2(62, 4,) Ai(Bo)U,

Proof of Lemma 2. The proof of (i), (ii) and (iii) are similar to the proof of (a), (b)

and (c) in Theorem 5, respectively. O
Proof of Theorem 8. (i) For consistency, the first step is to show that |2 — 6| =
Op(l). Let

Qu (9, 5o, W, By

=—Zm (Z: - UiWP)T A (9,5, Ry AV (0,%,)} Y — (9. 5,)}

=1

sz("-97707w0DvR>
1 ¢ D D\T 41/2 -1 1/2 1
== 1P (Zi — UWP)TAL (0, 7) RTHAT(0,70)} {Y: — (9, 0)},
i=1
Quw(ﬁ7’707W0D>R>
RS D\T A41/2 —11 41/2 1
== (Zi = UWP)T A (9, 90) RTHAT (@0, 70)} H{Y: — (9, 70)}-
Similar to the proof of Theorem 5, we obtain Q% (9,0, WP, R) = E[Quu (9,70, WP, R)]+

op(1). Due to the consistency of 7, WPD, Rp to 70, WP, R in Lemma 1, respectively,

we have Q%,, (9,50, WP, R,) = Q% (9,70, WP, R)+op(1), and thus Q. (9,50, WP, R,) =



FQuw(Y,7, WP, R)] + op(1). Applying Theorem 5.9 of van der Vaart (1998), it

yields ||02, — 6| = op(1). Next, using Taylor’s theorem,

0= QL. (60, % W, R, |07, %)
= Q. (00,70, WP, R,|00 . 4,) + Vo Qi (00,70, WP, R,|02, . 5,) (05, — 6,)
+ Vo Qi (00,70, WP, Ry |02, %) (%5 — 70) + R
where R = Op(||62, — 6> + ||¥» — Yoll?). According to Lemma 2, we conclude
16, — 6oll = Op(r='72).

(ii) Below we prove the asymptotic normality. Let
lDQZw(Om o, W0D7 R)
—Z D (7 U WP AV (B R A (B (Y~ (B} = 6P,
i=1

Now, we check the conditions of Lindeberg-Feller central limit theorem. For Ve > 0,

> ElIEPIPLIEN = o]

i=1

<> BEP )

:—ZE (1€P11P1Fa)]

n

[ (Zi — UWPL)TA(By)R A (Bo)Y: — pi((Bo) I



Thus the condition of Lindeberg-Feller central limit theorem is satisfied. Note that

E[ZDQZw<00; Yo, WOD: R)}

=E{E[1°Q;,(00; 7, WP, R)|F,]}

" PP

:E[E Z (2, - UWP)T AL (B R A (B0) (Y~ pa(Bo)}

:E{E[é CEL 7 U AL B R AT B (Y~ B X )
o,

and

VCLT[[DQZw(QO; Yo, W0D7 R)]

=E{Var[l”Q,.,(00;70, Wy, R)| Fu]} + Var{E[I° Q,,(60; v0, Wy, R)| Ful}

—p{ELS P - 2P)l(2, - UWP) AV ()R AT PO, w017}

D n
+Var [% Z wP(Z; — UiWoD)TAg/Q(BO)R_lAfl/Q(Bo){Yi — ui(ﬁo)}].
=1

To proceed, by using the iterated expectation and iterated variance formula again,

E{ (I7) Z@f’(l - @P)(Zi - Uz‘WoD)TAim(:80>R_1Az‘_1/2(50){Yz‘ - Mi(ﬂo)}]®2}

(2~ UWP) AP (B) R A (B0 (Y - ma(B) Y2 [{ XY })

[V S P Pz - WP A R TR A (B0 7, - WD),
=1



P&

Var|— " &P (2~ UWP) A (Bo) R A (B0) (Y — (B0}

n
=1

{Var[ Z (Z; - U; WD)TA1/2(5 )RflAflm(ﬁo){Y; - ,L"i(/BO)}‘{Xi}?:l] }

s var{E[E Z (2~ UWP) A (Bo) R AT (B — i Bo) (X |}

:E[(ZD2)2 zn:(?vﬂsz(Zl _ UiW()D)TAZ‘l/Q(ﬁO)R_IHOR_lAil/Q(B())(ZZ' _ UiWOD)]

-
Consequently,
Varl?Q;,,(80;v0, Wy, R)]
ZE[U:—JQ i P(Z, - UWP) A% (Bo) RV TLR™ A%(8y)(Z: — UiWP)
i=1
—1PQP.
By the Lindeberg-Feller central limit theorem,
((PQP) P Q,, (00 v, Wi, R)] 5 N(0, L.
According to the Taylor’s expansion,
O — 00
- [Vﬂsz(eo,%,WpD:Rpwuwa’)’p)] [sz(eo,ﬁ’o,WIPaRpwuwa’Yp)

+ chQZw(em Yo, WpDa Rp‘euwv &p)(’y 70) + k]?

Note that

- [leﬁsz(e& Yo, WpDa Rp|0uw7 7?)] !



:<\IID>71 - [lDVﬂQZw<007’707 WpDaR ‘guw7’7p>] (lIlD)il
lDQuw(O()?’YO’ W R |0uw”yp)

_lDQuw(O()v Yo, W Rp|0uw7 713) - lDQZw(OOa o, W0D7 R) + ZDQZU)(90; Yo, W(]D7 R)u

and we have shown that

(BP)~ = 1PV @Q;, (80,70, WP, Ry |62, %)) " = op(1),
1PQ1 (60,70, W, By 07, %) — 1P Q1 (00; 50, W, R) = op(17'7).
Therefore, 82 — 0y = —(TP)1IP Q" (00; 70, WP, R) + op(1). Finally,
1P ()71 QP(®P) 1720, — 6o)
= — [IP(¥P)71QP (P) 2 (@) 1P QP) 2 (1P QP) 2P QL (80 w0, Wi, R)] + 0p(1),
and
(1P(@P)7 QP ()0, — 60) 5 N (0, L),
(iii) Finally, we prove that when R = Iy, the inequality (¥P)~1QP (®¥P)~!

A'YP A~ holds under the Loewner ordering. A key observation is that (¥P)~1QP (¥P)~1 =
(®P) ! when R = . Since (Z,—U;Wo)" A} (B0) R~ A (B0) (Zi-UiWh) = Vi
and (Z; — UWP)TAY*(Bo)RAY?(80)(Z; — UWP) := Vi, are both real sym-
metric positive-definite matrices, Cholesky decomposition gives Vi; = v;vi, and

Vai = voiva. for some vy;, vy € R4 . We then only need to prove

E(hvaivy:) ™t < E(vivy)  E(vivy /B2 ) E(vivy) ™



Denote

1
fi = h-DE(FLiDVQZ'VgZ-)_IVQZ‘ — —E(Vh‘VlTi)_IVh‘.

) /—h ZD

Since f;f* > 0, we have
0< E(££7) =E(vivh) " E(vivE /APYE(vivE) ™ + E(hPvavE) ™!
—2B(viivh) T E(vigvy) E(RPvyiva) Tt
Note that
E(viviy) T E(viva) E(hPvaivsy;) ™
=E(viivi) P E(vuvy) E(hPvovy) ™t 4 BE(vivi) P E(vii(va — vi) D) E(APvaivy,) 7!
—=E(hPvovE) ' + E(vivEh) ' E[(Z: — UWy) T A2 (B) R A U(Wy — WP E(hPvavE) ™

=E(hPvaivy) ™"

Therefore the proof of Theorem 8 is completed. O]

S3 Additional simulation results

S3.1 Simulation results under HD-scenario

Tables S1 and S2 summarizes the bias, standard deviation (SD), estimated standard
error (SE) and average coverage probability (ACP) of 95% confidence intervals with
respect to the true parameter for both linear regression and logistic regression under

HD-scenario based on 500 replications.



S3.1 Simulation results under HD-scenario

Table S1: Bias (x100), SE, SD, and ACP for linear regression under the HD-scenario.
Model  r oY 03 0% 04 oL 0, 0L,
IND 400 Bias 2.078 3.652 4.454 2.468 2.324 2.177 2.352
SE 0244 0.176 0.187 0.202 0.212 0.198 0.205
SD 0.242 0.168 0.172 0.201 0.211 0.211 0.225
ACP 0.960 0.955 0.970 0.935 0.960 0.935 0.920
600 Bias 2.463 2464 2.706 2.200 2.308 2.424 2.308
SE  0.199 0.143 0.152 0.164 0.173 0.161 0.167
SD  0.200 0.139 0.151 0.162 0.166 0.167 0.167
ACP 0.940 0.955 0.940 0.960 0.960 0.945 0.960
800 Bias 2.581 3.214 2477 2.714 2373 2981 2.114
SE 0.173 0.123 0.131 0.142 0.149 0.139 0.144
SD 0.163 0.117 0.128 0.142 0.143 0.148 0.144
ACP 0.965 0.965 0.935 0.955 0.940 0.945 0.950
1000 Bias 2.125 3.573 1.998 2.071 2.310 1.934 2.122
SE  0.154 0.110 0.117 0.127 0.133 0.125 0.129
SD  0.145 0.101 0.113 0.128 0.134 0.134 0.140
ACP 0.970 0.950 0.950 0.960 0.950 0.935 0.910
AR 400 Bias 1.131 1.030 1.284 0.815 0.900 0.622 0.597
SE  0.145 0.105 0.112 0.120 0.126 0.108 0.115
SD 0.141 0.101 0.106 0.118 0.128 0.104 0.116
ACP 0.950 0.960 0.965 0.965 0.940 0.965 0.945
600 Bias 1.478 1.364 1.037 0.905 1.143 1.074 0.736
SE  0.118 0.086 0.091 0.098 0.103 0.088 0.094
SD  0.117 0.083 0.090 0.099 0.101 0.089 0.096
ACP 0.960 0.960 0.940 0.960 0.950 0.940 0.940
800 Bias 1.510 0.909 0.860 1.164 1.165 1.274 0.642
SE  0.103 0.074 0.079 0.085 0.089 0.076 0.081
SD  0.097 0.074 0.076 0.088 0.088 0.077 0.084
ACP 0.955 0.945 0.975 0.940 0.945 0.945 0.935
1000 Bias 0.942 0.940 0.945 1.226 1.226 1.232 0.691
SE  0.091 0.066 0.070 0.076 0.080 0.068 0.073
SD  0.089 0.065 0.070 0.078 0.080 0.071 0.075
ACP 0.945 0.940 0.955 0.950 0.965 0.940 0.935
CS 400 Bias 0.875 0.885 1.427 0.929 0.693 0.646 0.177
SE 0.132 0.100 0.106 0.113 0.118 0.100 0.104
SD  0.132 0.094 0.100 0.112 0.118 0.100 0.108
ACP 0.945 0.965 0.960 0.960 0.945 0.940 0.935
600 Bias 1.135 0.927 1.010 0.827 0.774 0.376 0.414
SE  0.108 0.081 0.087 0.092 0.096 0.081 0.085
SD  0.108 0.080 0.080 0.094 0.096 0.086 0.089
ACP 0.945 0.950 0.975 0.940 0.940 0.940 0.935
800 Bias 1.130 0.556 0.718 0.732 0.833 0.754 0.359
SE  0.094 0.070 0.075 0.079 0.083 0.070 0.073
SD  0.087 0.067 0.070 0.085 0.084 0.077 0.080
ACP 0.960 0.955 0.980 0.945 0.940 0.915 0.930
1000 Bias 0.559 0.555 0.488 0.855 0.793 0.802 0.198
SE  0.084 0.063 0.067 0.071 0.074 0.063 0.065
SD  0.081 0.057 0.061 0.070 0.073 0.065 0.069
ACP 0.950 0.970 0.960 0.955 0.945 0.945 0.935




S3.1 Simulation results under HD-scenario

Table S2: Bias (x100), SE, SD, and ACP for logistic regression under the HD-scenario.
Model  r oY 03 0% 04 oL 0, 0L,
IND 400 Bias 0.922 0.736 1.494 1.585 1.480 1.920 1.473
SE 0.195 0.172 0.182 0.182 0.187 0.176 0.179
SD  0.18 0.162 0.168 0.177 0.191 0.171 0.174
ACP 0.960 0.955 0.960 0.955 0.955 0.965 0.965
600 Bias 1.766 1.043 1.521 1.658 1.900 1.813 2.270
SE  0.160 0.140 0.148 0.148 0.153 0.143 0.146
SD  0.156 0.137 0.141 0.146 0.157 0.140 0.148
ACP 0.950 0.965 0.965 0.955 0.950 0.945 0.940
800 Bias 2.107 1.357 1.956 1.516 1.843 1.699 2.130
SE 0.138 0.121 0.127 0.128 0.132 0.124 0.127
SD  0.129 0.123 0.124 0.126 0.126 0.122 0.121
ACP 0.955 0.950 0.960 0.965 0.955 0.960 0.960
1000 Bias 1.613 1.814 2.035 1.247 2.045 1.358 2.232
SE  0.124 0.108 0.114 0.114 0.118 0.111 0.113
SD  0.120 0.105 0.117 0.111 0.109 0.111 0.106
ACP 0.975 0.960 0.950 0.955 0.965 0.960 0.985
AR 400 Bias 1.099 1.299 1.527 1.415 1.688 1.526 2.608
SE  0.177 0.150 0.158 0.170 0.176 0.161 0.165
SD  0.163 0.143 0.152 0.152 0.172 0.143 0.155
ACP 0.970 0.975 0.955 0.965 0.955 0.970 0.965
600 Bias 2.205 1.831 2.009 1.823 1.845 1.867 2.564
SE  0.144 0.122 0.128 0.138 0.143 0.131 0.134
SD 0.140 0.123 0.123 0.131 0.134 0.122 0.126
ACP 0.955 0.965 0.955 0.960 0.960 0.955 0.955
800 Bias 2463 1.848 1.960 1.783 2.013 1.629 2.634
SE 0.125 0.105 0.111 0.120 0.124 0.114 0.116
SD  0.118 0.105 0.114 0.110 0.112 0.108 0.107
ACP 0.955 0.955 0.925 0.970 0.980 0.965 0.970
1000 Bias 1.851 1.837 1.898 1.752 1.845 1.652 2.571
SE  0.112 0.094 0.099 0.107 0.111 0.102 0.104
SD  0.110 0.096 0.097 0.102 0.105 0.097 0.101
ACP 0.965 0.965 0.955 0.965 0.945 0.960 0.950
CS 400 Bias 1.214 0.779 1.816 1.598 1.991 1.943 2.332
SE 0.172 0.145 0.153 0.167 0.172 0.158 0.162
SD 0.161 0.140 0.147 0.151 0.169 0.142 0.153
ACP 0.960 0.970 0.975 0.960 0.955 0.965 0.960
600 Bias 2306 1.774 1.943 1.778 1.506 2.104 1.763
SE  0.141 0.118 0.124 0.136 0.141 0.128 0.132
SD 0.137 0.116 0.124 0.127 0.133 0.117 0.124
ACP 0.945 0.950 0.960 0.955 0.965 0.965 0.955
800 Bias 2.541 1.911 1.915 1.741 1.976 1.809 2.112
SE 0.122 0.102 0.107 0.118 0.122 0.111 0.115
SD  0.114 0.099 0.108 0.109 0.111 0.106 0.103
ACP 0.965 0.975 0.950 0.970 0.960 0.970 0.965
1000 Bias 1.983 1.936 1.634 1.728 1.972 1.742 2.089
SE  0.109 0.091 0.096 0.105 0.109 0.099 0.102
SD  0.106 0.093 0.092 0.099 0.104 0.095 0.100
ACP 0.965 0.935 0.965 0.975 0.960 0.960 0.955
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S3.2 Effects of the allocation between 7P and r

We also provide an empirical guideline to choose r? by minimizing the MSEs with
respect to p = P /(r? 4+ r) when r? + r is fixed. Figure S1 shows the MSEs of our
proposed L-optimal subsample estimators versus p with a fixed r? + r = 100 under
LD-scenario and 7P + r = 500 under HD-scenario for logistic regression, while the
other settings remain the same as in Section 4.2. It can be seen that the two-step
algorithm has the smallest MES when p is around 0.2. As p keeps increasing, the
performance of all methods deteriorate severely. This behavior can be explained by
two key factors: when rP is too small, the initial estimate is inaccurate; conversely,
when 7P becomes too large, the second-step subsample r becomes too small, reducing
overall accuracy. Intuitively, the performance of our proposed estimator mainly
depends on the more informative subsample drawn in the second step, while 7P
contributes to an estimate of the population parameter. Based on our simulation
results, in practice we may set r? & 0.2(rP + r), and the rest is used to guarantee a

satisfactory final estimator.

S3.3 Computation time

Table S3 records the average computational time (in seconds) based on 100 samplings
under the LD-scenario of linear regression and CS structure described in Section 4.1,

where T}, Ty and T3 denote the computational time of calculating pilot estimators
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Figure S1: MSEs versus p under LD- and HD-scenarios for logistic regression.
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based on F*P estimated optimal subsampling probability, and final estimators based
on F*P | respectively. The programming language and platform is R (version 4.1.0)
based on Intel(R) Xeon(R) Gold 5118 CPU @ 2.30GHz with memory 125 GB. Note
that the computational time for the full dataset is 99.211s and 864.255s under n = 10°
and n = 107, respectively. Table S3 reveals that the computational cost is dominated
by T5, while T7 and T3 contribute marginally. As expected, as T5 involves computing
subsampling probabilities for all n observations, Ty approximately scales linearly
with n. In contrast, T} and T3 only involve calculations based on subsamples of
expected size rP and r, which are typically small in practice. Additionally, because L-
optimal estimates do not require estimation of ®~!, their computational cost during
T, is substantially lower than that of A-optimal estimates. Compared to the full-
data estimates, our proposed subsampling methods achieve dramatic computational
savings: for n = 107, the runtime is approximately 10 seconds, versus nearly 15

minutes for the full-data analysis.

Table S3: The average computational time (in seconds) based on 100 samplings.
n B e By i
r 400 1000 400 1000 400 1000 400 1000
10 7y 0.080 0.080 0.080 0.080 0.076 0.076 0.076 0.076
To 1.384 1424 1384 1424 1.048 1.075 1.048 1.075
75 0.112 0.135 0.112 0.136 0.092 0.136 0.092 0.137
107 Ty 0575 0595 0575 0.595 0.570 0.591 0.570 0.591
Ty 12.088 12.693 12.088 12.693 9.732 9.210 9.732 9.210
T3 0.844 0909 0.845 0.907 0.676 0.727 0.679 0.725
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