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S1 Proof of Proposition 1

We show that
Q. = Q- QR (RTQR) RO

satisfies the four conditions of the Moore-Penrose inverse,

1) B2 =3

(2) QXL =Q;

(3) (A2 =X

(4) (B) =B
Since ¥, = GX¢G with G =1, - R(R"R)'R', we have

Q3. =309 =G,

which immediately verifies (3) and (4). Consequently,

$.0.5, = GE, = G(GZ,G) = G5,G = X,

(S1.1)
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and

chcﬂc = {QO — QOR (RTQOR)*l RTQO} {Ip . R(RTR)flRT} — Qc,

thereby establishing (1) and (2).
Property (a). This follows directly from (S1.1}).

Property (b). We have

GQ. =, —RRR)'R'Q+RRR)R'QR (RTQR)  R'Q

- Qm
and hence

QR=QGR=Q2{R-RR'R)"'R'R} =0.

1

Property (c). Since £y = ;" and €2, is the Moore-Penrose inverse

of ¥, the eigenvalue inequalities

)\min (QO) S >\+ (Qc) S )\max (Qc) S >\max (QO>

min
are equivalent to

Amax (20) > A () > A5 () > Ain () - (S1.2)

The first inequality in () follows from

Amax (Be) = max 8 (GEpG)s < Apax (Z0) max s GGs = A\yax (o)

l[sll2=1 lIsll2=1
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and the second inequality in () is immediate. The third inequality in

() follows from the Courant-Fischer min-max theorem,

Muin (Bc) = min - max sT(GEyG)s
sE
dim(U)=d+1 [|s|l2=1

> A (2 min max 8 Gs = Ay (2o) .
~ A\min ( 0) UCRP sell min ( 0)
dim(U)=d+1 ||s]l2=1

Property (d). By the Cauchy-Schwarz inequality,

: c c : T T
min (wi,os.) = min (e, .e.e, X .e
1§k§p( WkOE) 1§k§p(k c€k€y ck)

> min (e] 220 %,)”

1<k<p
2 1\?
= min (egGek) = <1 — —) .
1<k<p Pd

S2 Proof of Proposition 2

Part (a). Let tr(-) denote the trace operator. Then

92 = Q0ll = |[2R (RT2R) " RT|
tr (RTQOR (RTQR) ™ RTQOR) ~ tr (RTQR)
B Z?:l v Zf:l P
t RTR )\min Q d
> I‘( d) 5 ( 0) _ Z;:l p;/\mm (QO) > ﬁ
Zizl b; Zi:l p; Tpl

These inequalities use the block-diagonal structure R = diag(1,,,...,1,,).

In particular, the first inequality follows from

tr (RTAR) = ZlTAmlpl < ZI\Amen = IIAHmaXZpM
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where A;; denotes the (7,7)th block of A = QyR (RTQOR)_1 R'Q,. The
second inequality follows by expanding tr (RTQOR) and lower bounding it
by Amin (Qo)-

Since the largest-magnitude entry of a positive semidefinite matrix lies

on its diagonal, we also have

192 = Qolly0 = max el QR (RTQR) ™ R Qe
< Amax ((RTQOR)_1> max el QRR Qe
€20l7
~ i (RTQR)
Moreover,

Amin (RTQR) = min (s"R'QyRs)

l[slla=1

> Amin (£20) min (STRTRS) = PaAmin (o) -

lIsll2=1

Therefore, if Q¢ € U, (so(p), M,), we have

0} _ g
pd)\min (QO) o Pd

1€2 = Qo] s <

max —
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Part (b). Since |[R[|; = \/p1 and p < dp;, we obtain

92— 2ll, < 2R (RTQR) || R,

< VbR (RTQR) ™

190,

|
1

< VP[0l R,
< vV ppl)\max (QO)
= N (RTQHR)
\/Epl)\max (QO>
pd)\min (QO)

(RTQR)

1201l

2

192011,

120l -

Consequently,

[192:][1 < [[$2c — Qol[1 + [|€20]1

\/Epl)\max (QO)>
<(1+ Q
< pdAmin (QO> || 0”1

2
< <1+7” \/Elp1)Mp'

DPd

Part (c). This follows directly from Proposition 1(c). |

S3 Proof of Theorem 1 and theoretical properties un-

der weak tail conditions

The tail conditions imposed in the main text can be relaxed while main-
taining essentially the same theoretical guarantees. In this section, we first
state analogous results under weaker tail assumptions and then prove The-

orem 1 together with the corresponding error bounds under these relaxed
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conditions.
Condition S1.

(i) (Weak sub-Gaussian tails). There exist constants n > 0 and K > 1
such that

max F {exp (an)} <K.

1<j<p
(ii) (Weak polynomial-type tails). There exist constants 7 > 4 and K > 0
such that

max F (|Y;|") < K.

1<j<p
Condition @ is a weaker version of Condition 1. Under these relaxed
assumptions, one can still obtain an upper bound on the estimation error

of the Amcoda estimator by choosing an appropriate tuning parameter \.
Theorem S1. Suppose gy € Uy, (so(p), My,) and M, = o (/D).

(a) IfY satisfies Condition @(@), then for any 0 > 0, there exist constants

Cy >0, m >0 and 1y > 0 such that, if 2 < n, and

n

VP t1 [logp
A=|—"T——=<+14 Q
(pd)\min (QO) * n n H 0H1’

then the Amcoda estimator satisfies

O 1
12 = Qo e < C1 2 (1 [logp @)
n Dd

with probability as least 1 — O (p_(’).
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(b) If Y satisfies Condition @(m} and p < Cn™ for constants 0 < 15 <

7/4 =1 and C > 0, then for any 0 > 0, there exist constants Cy >

105;; < my and X is chosen as in part

O lo
19— s < clM;(, Jlogp @)
n Dd

with probability as least 1 — O (p‘e 4 /AT (Jog p)T/4>-

0, m > 0 and ny > 0 such that, if

(a), then

To prove Theorem 1 and Theorem @, we require several auxiliary lem-

mas.

Lemma S1. If random variables U and V are sub-Gaussian, U,V ~
subG(c?), then there exists a constant ng > 0 such that UV — E(UV)
is sub-exponential, UV — E(UV) ~ subE(nyo?), i.e.,
2
Blexp (s UV — BV < exp {5 (mer?}
for |s| < 1/(noc®).
Proof Since U,V ~ subG(c?), we have
+00 UZ
max {E ([V[**),E (JUI**)} < 2/ exp (—ﬁ> d(u")
0 o

—2(20%)" (K), k=1,2,...

By the Cauchy-Schwarz inequality;,

E(UVIF) < {E(UP) E (V™) < 2(202)" (&),
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Let g = 2+ 2V/17. For |s| < 1/(noo?) < 1/(40?),

802 802

VI 175~ 1 1im

2
= Too

A series expansion together with standard sub-Gaussian arguments yields

Eexp{s(UV — E(UV))} Z E[JUV — E(UV)|f]
k=2
= |s|* 1/k : o :
<1+ Z [{E (|UV| )} + E|UV|} (Minkowski’s inequality)
k=2
© 1k
<1+ Z |Z|| 2’“E|UV|]C (Jensen’s inequality)
k=2
— |s[* s 2\k s? 80° ’
<1 —2%2(2 Ey=1+—
< +Z ] (20%)" (k) +2 (1 — 402[s|)1/2
k=2
82 2 82 2\ 2
<1+ 5(7700 )* < exp b} (7700 )
|
Lemma S2. Assume Y1,...,Y, are mean-zero sub-Gaussian random vari-

ables with Y; ~ subG(o?) for j =1,...,p. Let Z = (Z]) =G(Yy,...,Y,)".

)P

Then Z; ~ subG(40?) for j=1,...,p.

Proof Let G = (G;;). For any v,...,7, > 1 such that 1/y; + --- +

1/v, = 1, Holder’s inequality and the moment generating function bound
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for sub-Gaussian random variables yield

B {osp ()} = {exp ( Zaﬂy> }

< inf H [E {exp ( ZSGJZY)}]T

Y1,-- "YP
2
. o?s? 5:1 'YIG]'Z
< inf exp
VsV 2

202 [P 2

where the last equality follows from

8 5= (Sl

2
Using [|G|>. = (2—2) <4, we obtain
o0 p1

N 2 2 2452
E{exp <st>} < exp ($20 ||G||io) < exp (S 20 ) :

which shows that Z; ~ subG(40?). |

Lemma S3. Assume Y1,...,Y, are mean-zero sub-Gaussian random vari-
ables with Y; ~ subG(c?) for 1 < j < p. Let 3y = (op;) be the covariance
matriz of Y = (Y,...,Y,)" where oYy = E(Y;Y)). For independent and

identical distributed observations Yy, ..., Y, of Y whereY s = (Ys1,..., Y.

)

fors=1,...,n, define the sample covariance matrix 20 = (0Y)) by

Ukl:_zyskysl YiY, Y= ZYsl» kl=1,....p

s=1
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Then, for any 6 > 0, there exist constants ny > 0 and 1y > 0, depending

only on o2 and 0, such that if (logp)/n < ny, then

S logp _
P (HEU - 2()Hmax > ™m T) S 4]? 0.

Proof By Lemma @, there exists 7y > 0 such that Y;Y; — o, ~

subE(ngo?). Let

2 Ao

. X =no0?, Cyp=—=.
I+ /1+4/0gor) 0™ 0

5 =
0 5
Then 6y < 1 and ¢2/(1 — &y) = Cz. For any ¢ > 0,

1

(i
n

Z YaYa =YY, — o
s=1

)

1< S
<P < max |— E YYa — oyl > 5075) + P ( max ‘Yle} > (1— (50)75)
n
s=1

1<k,l<p 1<k,I<p

> t) =P ( max
max 1<k,I<p

1 & - —
<P —) Y,V —o) YY) >t
< (max n; kYsi — O | + max‘ k l‘ >

1<k,l<p 1<ki<p

< p? max P (
1<k,I<p

1n
- YyYa—op
LY vava ol

s=1

> 5015) +p max P <|?k| > \/m> :

1<k,l<p

For the sub-exponential term, the Bernstein’s inequality yields

dot dot
P( > 60t> < 2exp{—7;TO0min (1,%)}.

For the sample mean, the Hoeffding’s inequality gives

1 n
0
- E YauYa — O
n
s=1

P (7] > V= 0)) gzexp{_M}.

202
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For t < min(1, Cy), we have dpt/Ag < 1, and hence

Ot Ot 1—6g)t
<2p% exp {—ZTOO min (1, )\L())} + 2pexp <—%)

2 _n
<2(p —|—p)exp{ 208}.

For any 6 > 0, let

m = CoV4 + 26, no = {min(1,Co)/m}?, t = m+/(logp)/n.

If 10% < 19, then

P (Hi}o 3,

]
> i/ Ofbp) < 2(p* + p)exp{—(2 + 6)log p}

<4p’.

Lemma S4. Suppose Y satisfies Condition 1(i) and Apax(20) < C for a
constant C' > 0. Then, for any 6 > 0, there exist constants n, > 0 and

12 > 0, depending only on n, K and C, such that if k’% <1y, then

P(l(E-=)al

Proof Under Condition 1(i), each Y] is sub-Gaussian with Y; ~ subG((2K+

max

lo
m _g;(p)) <d4p?.
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1)/n). Indeed,

E{exp(sY;)} =1+ 32/0 (1= t)E{Y} exp (stY;)} dt

2
S
<1+ B (e (sl %)}

2 s?/n+nY?

<14+ e () B fexp (1v2))
= - o nr;

s?’K 52
<1+ —exp (—) Condition 1(i
e (5] ()

(145 ) (3)
<14+ —)exp| —
n 2n
2
§exp{8—(2K+1>}.
2 n

Let Z = (I, Q) TGY = (Z;). By Lemma BJ, Z; ~ subG(4(2K + 1) /1) for

j=1,...,p. For j=p+1,...,2p, applying the same argument yields

g {exp (SZ].)} < exp {5; (2[(; 1)}

where 77 = n/(max;<j<, ||vi]|3). Moreover,

max [log]l; = max e; QGQoex < A (o) < C°.

Consequently,

2K 41
U

Zj ~ subG(5?), o° max (4,C%), j=1,...,2p.

Applying Lemma @, for any 6 > 0, there exist constants 77; > 0 and 77, > 0
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. [log(2

Let 71 = /21 and 7, = 1n2/2. Since [log(2p)]/n < 2(logp)/n and

such that if @ < 1o, then

~ i\]c - Ec (ic - Ec) QO
S, -3, = ,
QO (ic - Ec) QO <§c - Zc) QOa

it follows that

~ 1
Pl )], > my™22)
max n
. [log(2
> qu(l p)) < 4p_9.

Lemma S5. Suppose there exist constants K > 0 and 7 > 2 such that

<P (Hf}z -3,

E(|Uy|") < K for independently and identically distributed random variables
Ui,...,U,. Then, for any M > 0, if Cy > 16K M?>""/3 and 2K M~ <

t <3C,M~1/8, then

P (

Proof Decompose U; as U, = H; + ﬁ]Z where H; = U;I (|U;| < M) and
. t>

t 1

S R )

2> + < n

L3 U - B

t2
> t) < 2exp (_SK'Q/nT——l—CQ> +KnM™".

H; = U;I (|U;| > M). Then
P(
< p(

%Z {U; — E(Uy)}

n

(- B}

i=1

LS {H - B(H)
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For H;, note that |H; — E(H;)| < |H;| + |E(H;)| < 2M and
Var (H;) < B(U7) < {E (|U[)}7 < K.

If Cy > 8Mt/3, Bernstein’s inequality for bounded random variables yields
P (

For H;, we have

LS (- E()

> t <2e nt”
— X PR—
2 | =P 8Var (1)) + 8Mt/3

< nt?
=IO TRRT 1 Gy )

E(H;) < E{JUT U T([U;| > M)} < KM,

For t > 2K M'~7 Markov’s inequality implies
t 1 < =
P >— | <P||=) H;

<P (max \Ui| > M)
1<i<n

n

2 {f-p (@)

=1

t ~
S E(H)
2 ’ !

)

<nmax P(|U;| > M)

1<i<n

<nMTE(|U]") < KnM™".

Finally, the conditions Cy > 8Mt/3 and t > 2K M~ imply Cy > 16K M>7"/3

and 2K M <t < 3C,M~!/8. |

Lemma S6. Suppose Y satisfies Condition @(u) Let £ and £, denote

the population and sample covariance matriz of Y , respectively. Then, for
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any 6 > 0, there exist constants n, > 0, 1o > 0 and n3 > 0, depending only

on 7, K and 0, such that if (logp)/n < ne, then

~ lo _ —r T
P<”20—20) > My ip) < dp~® + ngn'p (log p)™*.

Proof Let

Co = max (1, (2K)Y7, K2 [max (4, (8K)—1)]1/(T—4))

and

C) = max(32K%™ 4 16K /3,16 K*/™ + 64K /3).
For any ¢ > 0 and M; > Cj, we have

P —=

nZYkaml Y., - E(V.Y)| >t

t t
> 5) P (m Yi¥i| > 2)

P < max 1 Z YoreYouid (|YirYou| > M7) — E{VYII (|V:Yi] > M}) }| >
=1

> t) =P ( max
max 1<k,I<p

1 n
P < max =Y VoY — E (YY)
m=1

IN

1<kl<p|n

IN

1<kl<p|n

g

T

1<k,I<p

n

a"'e

Ts

1<k, I<p

+ P ( max ’Yle‘ > ;)

(.

~~

T3
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Since
E{YYIIT (V] > M)} = E{ v vl 1 (il > M3) }
<EYYi[? M <{E (V) E Y} M T < KM

then for ¢ > 4KM12’T,

1<k,i<p 1<k,l<p

T, < P | max %Z Yok Yourd (1Yo You| > M7)| > i — max E{|V;Yi|I (|V,Y] > Mf)})

m=1

1<k,I<p

1 & t .
<P max |- > YorYou ([YokYout| > M7)| > i KM? >

m=1

< P | max |YuYm| > M7 | <np max P (Y| > M)
1<m<n 1<m<n
1<k,I<p 1<k,l<p

< np max M{TE Y| < npKM{T.
1<kI<p

1,...,n, then |H,,| < 2M} and

Var (H,,) < B{(VuYuy < {8 (1l vl ™)}

<A{E (Yo ) B (Yo D™ < K7,

Therefore, for ¢ < KM; 2, Bernstein’s inequality of bounded random vari-

ables yields

1
w2 M

m=1

1<E,<p

T §p2 max P (

t nt?
2] <9292 —
~ 4) =P eXp( 32Var(Hm)+16M12t/3)

< 2pexp | — nt* < 2p? ex _n_t2
=P Tory 1 16k/3) = P\ e )
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For 8K2M7?™%" <t < min(1,32K2M??"), Lemma @ yields

. " 1/2
< —
Ts < p oo P (‘Yk‘ - (3) )

nt
16K/ + 64K/3

nt?
16K + 64K/3

2

t
< 2pexp (—%) +npK M.
1

§2pexp( )—l—npKMl_T

§2pexp( ) +npKM; "

Combining bounds for T3, T,, T3 and

max(4K M2 7, 8K2M?™2") = AK M},
min(KM; % 1,32K*M;7™%") = KM, ?min(1, 32K),
for AK M?™7 <t < KM;?min(1,32K), we have

2

(-

t
> t) < 2(p* +p)exp (—g ) + 2np K M.

max 1

For 6 > 0, let
m = {C1(2+ 9)}1/2, N3 = 2(K771)1/2/{min(1,32K)}1/2, Ny = ZK/(con3)4

and

My = (2K /n)(n/logp)'/*, t = m{(log p) /n}"/>.
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Then, for (logp)/n < 1, we have

_ 1
P (Hzo _soll s in>

<2 (p* +p) p~ ) + 2npK = (log p)™* 03/ (2K)

<4p~ 4+ nsn'~p (log p)™*.

Lemma S7. Suppose Y satisfies Condition 1(ii), Anax(Q20) < Cp and p <
Cin™ for 0 < 19 < 7/4 — 1 and constants Cy > 0 and C; > 0. Then, for
any 0 > 0, there exist constants m; > 0, no > 0 and n3 > 0, depending only

onT, K, 0, Cy and C1, such that if (logp)/n < ny, then

A([CEE

Proof Define Z = (I,,Q2)TGY = (Z,) and write G = (G};). Since

lo -
§p> < 4p~" + nan! A (log p) /.

> M

max

Minkowski’s inequality yields

7_

maXE( Zj

1<j<p

p
max E(|Y)|") < K, Z |Gl <2(1—1/p1) <2
__{gﬁngj<’j£:(;ﬂ}/

1<i<p
=1
p

Z{EuGﬂm}”T] <K,

< max
1<i<p
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)]

< Kmax (27, A\, (o)) < K{max(2,Cp)}".

max

Similarly, for j =1,...,2p,

> < max {QTK, max {||'Uj||§E (
1<j<p

< fem (27 o o

v]Y

J
o]l

7

J

max F (
1<5<2p

Applying Lemma @, for any 6 > 0, there exist constants 7, > 0, 75 > 0

and 773 > 0, such that if [log(2p)/n| < 19, then

< 4p~? 4 2n*p {log(2p)} 4 .

Setting 7, = 2?7, and 73 = 2C17527/* yields

P(l(E-=)

lo
> &b

max n

) < 4p~0 4 e (log p) T/t
m

Lemma S8. For the Amcoda estimator ﬁ, if

1/2
p? 41 .
2> ([l — S — 30l
> | °H1pdAmin(Qo)+”( )|
or
1/2
p?+1 .
A> (T 4120 = Zolluae ) 19215
—(pdxmmmoﬁ 130 — 2o )H ol
then

A 1
192 — Q0| max < 2|11 (/\ + —).
Pda
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Proof First, note that

[12c(2 — Q20) |l = [|L, — R(R'R)'RNZR(R'R) 'R

max max

<[ -RR'R)"R)SRER'R) R[],

max

< (|ZREBR'R)T'RT||__+|RERR)R'ZRERR)R||_ )],

max

< (|IR®BR'R)'RT

120[[1 + Amax(Zo) [R(R'R)'RT

[1€2][4

max max )

S - (pl/Q)\max(EO> + >\max<20)) Hﬂo”l =

—|Ql5 .
Pd pd)\min (QO) H 0||1

Moreover,

H (ic - EC)QO

S ch - Ec

19200l < [0 - || IGIZIR0]

max max

<4 ”20 5ol 1190l

where basic inequalities of matrix norms are used.

Hence,
Hicno . G‘ — H(f} ~ )0 — B — QO)‘
< 1Bl = Q) + [ (B = ||
1/2
p/e+1 S
< — |2 —|—H(EC—EC)Q
pd>\min (QO) H OHl 0 max

< L), 4 So- s gl
< ey 1ol 4|20 = Sof| €],

Under either condition on A, €2 is feasible for the Amcoda constraints and
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therefore |||y < [|Q0]|:. Consequently,

QQ’

max

(G > QO> Q- (G 5 Qo> +R(R'R)'R'Q - QR(R'R)'R"

0
1

el (|06 +[RERTR)RT,,)

< (xe )@, + (v o) il <2, (A4 ).

Proof of Theorem 1. If Y satisfies Condition 1(i) (respectively,

max

IA

+ HR(RTR)*lRTHm)

(50

max

Condition 1(ii)), then Lemma @ (respectively, Lemma @) implies that

there exists a constant n; > 0 such that

log p

<m

max n

5-2)a,

with probability at least 1—4p~ (respectively, at least 1—{4p~0+nzn!~7/4+7(log p)/*}

for some constant 13 > 0). Define

1/2

p/e+1 logp

SR Sy Fo) Y -2
pd>\min (QO) || 0||1 +771 n

On the event [[(Z. — 2¢)Q0]|max < 1711/(l0g p)/n, Lemma @ implies

~ 1 VP +1 logp 1
Q “H < 2([2 <)\+—)——29 MV 190l 4/ '
H llmas Il Dd ISl PaAmin (£20) 1920]l; +m n Pd

Since Qo € Uy, (so(p), M,), we further obtain

1 3rM 1
< 2M, {771 Oiip i r P\/ﬁ} < maX(in,GT)Mp{ in —i—Mp@}.

Pa

Q- Q

HA
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|
Proof of Theorem Ell The argument is analogous to the proof of
Theorem 1, with the only difference being the choice of A in Lemma @

We omit the details for brevity. [ |

S4 Proof of Lemma 1

Let & ®y denote the Hadamard product of the column vectors  and y. For

any C > 0, note that

Hb@1<|ay > 5) —a‘

1—Hb®1(|a| gé)

1

> Jlall, - [o@ 1 (lal > C)| ~|e@1(lal < C)| = llal~lb]: = 0.
Therefore,

Ib—ali=[b@1(lal>C)+be1(jal<C)-a

1

<o (et0) ol o1 (o <)),
<2|po1(lal>C) -a|
~2|®-a)o1(lal>C)-awl(la<C)|

<2 (Ha@[ <]a| < 5)

‘1—1— H(b—a)@[(\a! > 5)

J



S5. PROOF OF THEOREM 2

Let C = C||b — @l|s. Then

«

oo 1 (o< )], < acr (o< )] "act (o <C)

«a
11—« a 11—«
SC ||a’||a||b_a’|oo )
and

[0}

H(b ~a)©1(|a| > C) ”1 < [Ib—af®

(b—a)@1(|a|>5)

[0}

< Callzllb - all "
Combining these bounds yields
16— ally <2(C™*+C"?) Jlall3]lb - af .
Taking C' = 1 gives the desired result,

16— all < 4llal3]lb - all5*.

S5 Proof of Theorem 2

By Lemma 1, for 0 < ¢ < 1,
19 — |1 = max [|&; — ||
1<i<p

< 4 max (|lwf 718 — P I7) < 4so(p) €2 — ol
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where @; and w? denote the Ith columns of Q and )y, respectively. By

Theorem 1, and letting Cy = 4C, % and C5 = 4C% 7, we have

12 — Qoll2 < VBl — Qoll < 450(p) /DI — QoL

and

P < . -
1—9HQ — Qo7 <12 — Qo112 — Qollmax < 450(p)[|Q2 — Qo[22

max-*

Therefore,

R 1 I=q
18- Qs < Cosalpary (222 + 21, Y0)
d

~ 1 1_q
Hn—mmsamm@ng 3¥+Mﬁ% |

1.~ B lo P\
— 1€ — Q|2 < Clyso(p) M? q(,/—gp 4 Mp—f) .
p n Pd

Finally, since M, = o(pa[(log p)/(np)]'/?), the rates simplify to

~ log p 1/2
1€ = Rolluws = 0 21, ( 22 ) ).

~ log p\ (=072
na—mmzo(%@M;(OW) |

n
- 1 (1-q)/2
na—mm_onme;{%?)
1 log p\ 2-0/2
ﬁﬂ—ﬂm%:o<ﬂme%:$ﬁ .



S6. PROOF OF COROLLARY 1

S6 Proof of Corollary 1

By Theorem 1, || — /max < Tnp With probability at least 1 —O(p~?) (or
1—O(p~? +n~"/4147 (log p)/*) under Condition 1(ii)). For k,1 =1,...,p,
if w), = 0, then

< Top,

max

Ghl < @ - 0

and hence @}, = 0 by the construction of X

If wy; # 0, then
W' — 187 < Jo] — 187 < [op - | <[R9 <y <wrs2
max
0

~ . ~ .
Therefore, |W],| > w*/2 > 7,,, and &}, has the same sign as wy),. |

S7 Choice of tuning parameters in Amcoda

In practice, we allow tuning parameters to be column-specific. Specifically,
we choose \; adaptively for the jth column (1 < j < p). The tuning
parameter \; is selected as follows.

First, we define the loss function,

1
L(w;, %) = §ijEc wj — g;wj,

where w; and g, denote the jth columns of €2 and G, respectively. The
gradient of L(w;, 3.) with respect to w; is X.w; — g;, which matches the

constraint in the optimization problem (2.4).
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Next, we randomly split the observations into a training set of size n;
and a test set of size no = n—mny, and repeat this sample-splitting procedure
K times. For the kth split, let G)Elk)(/\j) denote the estimator computed
from the training set with the tuning parameter \;, and let ﬁ)i%) denote
the sample covariance matrix computed from the test set. We then select

A; by minimizing the average test loss,



S7. CHOICE OF TUNING PARAMETERS IN AMCODA

Table S1: Running time (seconds) of Amcoda (parallel implementation using 20 threads)
and competing methods (gmcoda, glasso and SPIEC-EASI) for the band network with
p =100, 200, 300, 400, 500. A dash (“~”) indicates that the running time exceeded 30

minutes and the job was terminated. Results are averaged over 20 simulation replicates.

Method ~ p=100 p=200 p=300 p=400 p=500

Amcoda 8 36 83 146 199
gmcoda 1 6 8 20 44
glasso 98 903 - - -

SPIEC-EASI 39 184 o7 1360 -
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Table S2: Performance comparison of Amcoda and competing methods (gmcoda, glasso
and SPIEC-EASI) for p = 300 and d = 3,4,5. A dash (“-”) indicates that the running
time exceeded 30 minutes and the job was terminated. Results are averaged over 20

simulation replicates.

d Method 12—l 12—z Q-|lr FPR Recall Precision F1 Time (s)
Band
3 Amcoda 3.75 3.25 23.43 0.01 0.67 0.62 0.64 317
gmcoda 3.96 3.56 27.42  0.03 0.66 0.25 0.36 9
glasso - - - - - - - -
SPIEC-EASI 3.96 3.30 24.05 0.01 0.82 0.49 0.61 602
4 Amcoda 3.78 3.27 23.59 0.01 0.65 0.60 0.62 338
gmcoda 3.97 3.57 27.48 0.03 0.65 0.25 0.36 11
glasso - - - - - - - -
SPIEC-EASI 3.98 3.30 24.01 0.01 0.81 0.49 0.61 633
5 Amcoda 3.77 3.29 23.76  0.01 0.64 0.59 0.61 343
gmcoda 3.99 3.57 27.48 0.03 0.65 0.24 0.35 12
glasso 4.84 4.19 26.33  0.05 0.19 0.05 0.08 1448
SPIEC-EASI 4.00 3.30 23.99 0.01 0.81 0.49 0.61 590
Hub
3 Amcoda 4.99 2.28 13.60 0.01 0.86 0.51 0.64 285
gmcoda 6.71 3.26 23.05 0.01 0.59 0.41 0.48 7
glasso - - - - - - - -
SPIEC-EASI 6.30 3.45 28.75  0.01 0.91 0.33 0.49 765
4 Amcoda 4.83 2.26 13.63 0.01 0.85 0.50 0.63 328
gmcoda 6.71 3.26 23.03 0.01 0.58 0.41 0.48 7
glasso - - - - - - - -
SPIEC-EASI 6.35 3.47 28.78 0.01 0.90 0.34 0.49 743
5 Amcoda 4.92 2.30 13.79 0.01 0.85 0.50 0.63 306
gmcoda 6.58 3.21 22.65 0.01 0.61 0.41 0.49 8
glasso - - - - - - - -
SPIEC-EASI 6.58 3.54 29.46  0.01 0.85 0.37 0.52 817
Block
3 Amcoda 6.44 3.63 20.80 0.01 0.73 0.65 0.69 312
gmcoda 7.66 4.47 29.48 0.02 0.63 0.35 0.45 9
glasso - - - - - - - -
SPIEC-EASI 7.43 4.67 36.89  0.02 0.81 0.34 0.48 851
4 Amcoda 6.58 3.68 21.16  0.01 0.71 0.64 0.68 353
gmcoda 7.44 4.40 28.84 0.02 0.66 0.33 0.44 18
glasso - - - - - - - -
SPIEC-EASI 7.79 4.86 37.90 0.02 0.73 0.31 0.43 948
5 Amcoda 6.79 3.75 21.20 0.01 0.71 0.63 0.67 348

Continued on next page



S7. CHOICE OF TUNING PARAMETERS IN AMCODA

Table S2 (continued)

d Method 12—l 12-l2 [Q-|lr FPR Recall Precision F1 Time (s)
gmcoda 7.73 4.48 29.31  0.02 0.64 0.33 0.44 12
glasso 8.99 5.74 37.21 0.03 0.52 0.17  0.25 1298
SPIEC-EASI 7.40 4.66 36.78  0.02 0.82 0.34 0.48 869
Random
3 Amcoda 6.46 3.43 21.78 0.01 0.73 0.63 0.68 351
gmcoda 8.27 3.98 27.42  0.02 0.76 0.32  0.45 26
glasso
SPIEC-EASI - - - - - -
4 Amcoda 6.35 3.47 21.94 0.01 0.72 0.64 0.68 368
gmcoda 8.16 3.96 27.21  0.02 0.78 0.31 0.45 37
glasso
SPIEC-EASI - - - - - -
5 Amcoda 6.26 3.46 22.02 0.01 0.72 0.63 0.67 330
gmcoda 8.35 4.02 27.60 0.02 0.75 0.32 0.44 28
glasso - - - - - -
SPIEC-EASI - - - - - -




Shen Zhang, Huaying Fang AND Tao Hu

Table S3: Performance comparison of Amcoda and gmcoda for p = 1000 and d = 3.
Amcoda is implemented in parallel using 20 threads. Results are averaged over 20

simulation replicates.

Network Method || — Qolli | —Qoll2 [ — Qllr FPR Recall Precision F1 Time (s)
Band Amcoda 3.93 3.53 49.45  0.00 0.34 0.67 0.45 975
gmcoda 4.16 3.68 52.85 0.01 0.47 0.21 0.29 113

Hub Amcoda 7.69 3.04 30.05  0.00 0.71 0.65 0.68 981
gmcoda 8.46 3.41 43.45  0.00 0.45 0.36  0.40 45

Block Amcoda 9.06 4.23 46.08  0.00 0.46 0.60 0.52 981
gmcoda 16.34 5.27 62.68  0.00 0.11 0.25 0.15 39

Random  Amcoda 7.84 3.95 46.28  0.00 0.52 0.66 0.58 977
gmcoda 22.18 5.05 63.79  0.00 0.17 0.29 0.21 62




S7. CHOICE OF TUNING PARAMETERS IN AMCODA

Table S4: Performance comparison of Amcoda and competing methods (gmcoda, glasso

and SPIEC-EASI) for n = 200, p = 300 and p; : po = 2, 4, 8, 10. A dash (“-

”) indicates that the running time exceeded 30 minutes and the job was terminated.

Results are averaged over 20 simulation replicates.

p1 P2 Method 12—l 12—z Q-|lr FPR Recall Precision F1 Time (s)
Band
2 Amcoda 3.73 3.23 23.19 0.01 0.69 0.63 0.66 342
gmcoda 3.95 3.55 27.28 0.03 0.68 0.25 0.36 11
glasso — — — — — — - -
SPIEC-EASI 3.99 3.30 24.07  0.01 0.81 0.48 0.61 634
4 Amcoda 3.74 3.25 23.16  0.01 0.69 0.63 0.66 278
gmcoda 3.95 3.56 27.29  0.03 0.68 0.25 0.37 9
glasso — — — — — — - -
SPIEC-EASI 3.96 3.31 24.06  0.01 0.81 0.48 0.61 660
8 Amcoda 3.72 3.27 23.11  0.01 0.69 0.63 0.66 270
gmcoda 3.96 3.56 27.36  0.03 0.67 0.25 0.36 8
glasso - — - - - — - -
SPIEC-EASI 3.95 3.31 24.05 0.01 0.81 0.49 0.61 642
10 Amcoda 3.75 3.28 23.13  0.01 0.70 0.63 0.66 262
gmcoda 3.97 3.55 27.29  0.03 0.68 0.25 0.36 8
glasso - — - - - — - -
SPIEC-EASI 3.96 3.32 24.05 0.01 0.81 0.48 0.61 614
Hub
2 Amcoda 4.78 2.23 13.52  0.01 0.86 0.51 0.64 270
gmcoda 6.69 3.24 22.97 0.01 0.59 0.42 0.49 5
glasso - — — — — — — -
SPIEC-EASI 6.24 3.44 28.73  0.01 0.91 0.37 0.53 749
4 Amcoda 4.87 2.25 13.62 0.01 0.85 0.50 0.63 249
gmcoda 6.72 3.26 23.03 0.01 0.59 0.42 0.49 5
glasso — — — — — — - -
SPIEC-EASI 6.36 3.45 28.74  0.01 0.90 0.34 0.49 748
8 Amcoda 4.99 2.26 13.63 0.01 0.85 0.51 0.64 325
gmcoda 6.75 3.27 23.21  0.01 0.57 0.41 0.48 7
glasso — — — — — — - -
SPIEC-EASI 6.29 3.43 28.76  0.01 0.89 0.31 0.46 799
10 Amcoda 4.85 2.24 13.53 0.01 0.85 0.51 0.64 268
gmcoda 6.70 3.25 23.01 0.01 0.59 0.41 0.48 6
glasso - — - - - — - -
SPIEC-EASI 6.24 3.45 28.73  0.01 0.90 0.34 0.49 781
Block
2 Amcoda 6.52 3.66 20.61 0.01 0.74 0.66 0.70 261

Continued on next page
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Table S4 (continued)

P1: P2 Method 12—l 12-l2 [Q-|lr FPR Recall Precision F1 Time (s)

gmcoda 7.53 4.50 29.76  0.01 0.63 0.36 0.45 6

glasso - — - - - - - -

SPIEC-EASI 7.45 4.66 36.83 0.02 0.81 0.34 0.48 912

4 Amcoda 6.67 3.71 20.58 0.01 0.74 0.65 0.69 297

gmcoda 7.39 4.46 28.89 0.02 0.66 0.35 0.45 8

glasso - — - - - — - -

SPIEC-EASI 7.42 4.66 36.95 0.02 0.81 0.35 0.49 910

8 Amcoda 6.27 3.72 20.75 0.01 0.73 0.65 0.69 270

gmcoda 7.47 4.53 29.69 0.01 0.63 0.36  0.46 8

glasso - — - - - — - -

SPIEC-EASI 7.40 4.74 36.95 0.02 0.80 0.34 047 905

10 Amcoda 6.39 3.74 20.73  0.00 0.73 0.66 0.69 275

gmcoda 7.42 4.46 29.07 0.02 0.65 0.35 0.45 11

glasso - — - - - - - -

SPIEC-EASI 7.42 4.75 37.06 0.02 0.79 0.34 047 896

Random

2 Amcoda 6.26 3.43 21.78 0.01 0.73 0.64 0.68 326

gmcoda 8.26 3.97 27.35 0.02 0.77 0.32 045 21

glasso - — - - - - - -

SPIEC-EASI - - - - - - - -

4 Amcoda 6.31 3.42 21.74 0.01 0.72 0.64 0.68 302

gmcoda 8.33 3.96 27.31 0.02 0.77 0.32 045 15

glasso - — - - - - - -

SPIEC-EASI - - - - - - - -

8 Amcoda 6.17 3.43 21.74 0.01 0.73 0.64 0.68 290

gmcoda 8.24 3.94 27.10 0.02 0.78 0.32 045 15

glasso - — - - - — - -
SPIEC-EASI

10 Amcoda 6.37 3.44 21.76 0.01 0.73 0.64 0.68 337

gmcoda 8.37 3.99 27.52  0.02 0.76 0.32 045 14

glasso - — - - - — - -

SPIEC-EASI
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Table S5: Performance comparison of Amcoda and CARE in simulations with p =

100, 300. Results are averaged over 20 simulation replicates.

pr=ps Method [Q—-Q1 Q-2 [Q-Qlr FPR Recall Precision F1 Time (s)

Band
50 Amcoda 3.55 2.81 11.00  0.03 0.85 0.52 0.64 16
CARE 4.32 3.87 16.50  0.05 0.44 0.26 0.33 16
150 Amcoda 3.71 3.21 23.10  0.01 0.69 0.64 0.66 244
CARE 4.30 3.87 29.83  0.01 0.30 0.30 0.30 274

Hub
50 Amcoda 4.47 2.08 7.84 0.01 0.86 0.61 0.72 16
CARE 6.96 3.18 11.93  0.04 0.68 0.27 0.39 17
150 Amcoda 5.00 2.29 13.49 0.01 0.86 0.51 0.64 244
CARE 6.64 3.15 20.13  0.01 0.61 0.38 047 272

Block
50 Amcoda 4.80 2.98 10.09  0.02 0.76 0.60 0.67 17
CARE 8.06 4.73 16.93  0.05 0.39 0.21 0.28 17
150 Amcoda 6.51 3.64 20.71  0.00 0.73 0.66 0.69 248
CARE 8.59 5.22 29.55 0.01 0.29 0.26 0.27 271

Random

50 Amcoda 5.41 3.27 11.54 0.02 0.75 0.66 0.70 15
CARE 6.20 3.67 1297  0.04 0.69 0.38 0.49 18
150 Amcoda 6.27 3.42 21.69 0.01 0.73 0.64 0.68 243
CARE 7.30 3.82 24.05 0.01 0.66 0.53 0.59 272

Table S6: Performance of Amcoda under varying proportions of zero counts for the band
network with (n,p1,p2) = (200, 50,50) and (200, 150, 150). Results are averaged over 20

simulation replicates.

p1 =p2 Proportion of 0s Hﬁ — Qolh ||ﬁ — Q|2 Hﬁ — Qllr FPR Recall Precision F1 Time (s)
50 5% 4.01 3.51 13.38  0.03 0.70 0.46 0.55 24
25% 4.00 3.54 14.85  0.03 0.50 0.43 0.46 12

50% 3.93 3.44 14.43  0.02 0.30 0.37 0.33 21

150 5% 3.92 3.53 24.61  0.01 0.70 0.55 0.61 296
25% 3.94 3.51 25.69 0.01 0.52 042 0.46 280

50% 3.87 3.35 24.49 0.01 0.30 0.31 0.31 280
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Table S7: Performance comparison of Amcoda and competing methods (gmcoda, glasso
and SPIEC-EASI) for band, hub, block and random networks with p ~ Unif([0, 5]7).
A dash (“-”) indicates that the running time exceeded 30 minutes and the job was

terminated. Results are averaged over 20 simulation replicates.

p1 = P2 Method Hﬁ — Q1 H(A! — Q]2 Hﬁ —Qllr FPR Recall Precision F1 Time (s)

Band
50 Amcoda 3.52 2.82 10.94  0.03 0.86 0.51 0.64 14
gmcoda 3.81 3.40 14.89  0.07 0.80 0.32 045 1
glasso 4.15 3.82 17.36 0.01 0.01 0.03 0.01 97
SPIEC-EASI 3.84 3.35 14.40  0.03 0.76 0.54 0.63 37
150 Amcoda 3.74 3.20 23.14  0.01 0.69 0.63 0.66 269
gmcoda 3.95 3.56 2742 0.03 0.66 0.25 0.37 8

glasso

SPIEC-EASI 3.96 3.31 24.06  0.01 0.81 0.48 0.60 575

Hub
50 Amcoda 4.29 1.99 7.78  0.01 0.86 0.58 0.69 12
gmcoda 6.57 3.11 13.96  0.02 0.46 0.37 041 1
glasso 9.37 4.34 20.31  0.06 0.04 0.00 0.01 182
SPIEC-EASI 7.21 3.57 17.83  0.05 0.63 0.21 0.31 58
150 Amcoda 4.93 2.27 13.44  0.01 0.86 0.51 0.64 245
gmcoda 6.66 3.24 22.78  0.01 0.61 0.42  0.50 5
glasso - - - - - - - -
SPIEC-EASI 6.27 3.44 28.72  0.01 0.91 0.36 0.52 715

Block
50 Amcoda 4.98 3.02 10.12  0.02 0.77 0.60 0.67 13
gmcoda 6.19 4.16 15.92  0.03 0.56 0.38 0.45 1
glasso 7.61 4.89 21.16  0.13 0.18 0.04 0.06 114
SPIEC-EASI 6.33 4.09 17.69  0.04 0.80 0.39 0.53 52
150 Amcoda 6.46 3.63 20.71  0.01 0.73 0.65 0.69 295
gmcoda 7.44 4.37 28.88  0.02 0.67 0.34 0.45 10
glasso - - - - - - - -
SPIEC-EASI 7.74 4.87 37.88  0.02 0.74 0.34 047 906

Random
50 Amcoda 5.26 3.22 11.44  0.02 0.76 0.64 0.69 13
gmcoda 8.18 4.46 17.56  0.04 0.57 0.36 0.44 2
glasso 9.62 5.89 27.11  0.01 0.01 0.02 0.01 116
SPIEC-EASI 9.40 5.64 25.88  0.09 0.39 0.15 0.21 88
150 Amcoda 6.35 3.43 21.73  0.01 0.73 0.64 0.68 301
gmcoda 8.19 3.96 27.21  0.02 0.77 0.32 0.45 25
glasso - - - - - - - -
SPIEC-EASI - - - - - - - -
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Figure S1: Histogram of false discovery counts under the null network (no edges) with

(naplapQ) = (47,

33,15). The histogram is based on 100 replicates; the dashed line

indicates the mean across replicates.
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