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The supplementary material consists of the following parts:

Section S1: Proofs of key lemmas.

Section S2: Proof of Theorem 1.

Section S3: Additional simulation studies.

Section S4: Additional details for the real-data analysis.

S1 Proofs of key lemmas

Throughout the proofs, unless otherwise specified, we use the same notation
as in the main text. In addition, B,; denotes the (7, j)-th element of a matrix
B, and K denotes a generic positive constant independent of (p,n), whose

value may vary from line to line. Without loss of generality, we assume that
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p = 0, since U, (1) and U,(2) remain unchanged if each observation x; is
replaced by x; + p, for an arbitrary fixed vector p,.
In the following lemmas, we suppose that z; and zs are two i.i.d. m-

dimensional random vectors satisfying Assumption 1.

Lemma 1. (Bai and Silverstein (2010), (9.8.6)) For any m xm non-random

matrices B1 and By, we have
E{(z/lBlzl)(z/lBgzl)} =tr (Bl) tr (Bg) + tr (B1B2) + tr (BlB/Q) + Atr (Bl @) Bz) .
Lemma 2. For any m x m non-random matrices B and C, we have

E {(z\Bz,)*(z,Cz,)*} = 2 {tr (BC)}* + tr (BB') tr (CC') + 2tr (BCBC)
4+ 2tr (BCC'B) + 2tr (BB'CC') + 2Atr (BC 0 BC)

+2Atr (BB' 0 CC') + 2Atr (CBo CB) + A > "B?,C.

J

i
Specifically, we have
E {(zgr'wrz2)4} = 3{r(WE)))}* + 6 (WE)") + A7 Y (I'WT)},
ik=1

+ 6Atr (I"'WIT'WT o I'WTIT'WT) .

Proof. The first equality can be verified directly by using Lemma 1. The
details are omitted. The second equality is a special case of the first one by

taking B = C = I"WT. O
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Lemma 3. For any m X m non-random matriz B, there exists a constant

K such that
E [z Bz, — tr (B)]" < K {tr (BB')}".

Proof. This lemma is a direct consequence of Lemma B.26 in Bai and Sil-

verstein (2010). O

Lemma 4. We have
> (C'WED);, < tr (WEWs?)).
ik

Proof. This lemma follows from the inequality

Y BL<Y (Z B?k) =Y (BB, = tr(BB'oBB) < t&r <(BB’)2> .

(2

O]

Lemma 5. For any p X p nonnegative definite matrices B and C, if

Amaz (B) = o (tr (B)), then
tr (BC) = o (tr (B) tr (C)) . (S1.1)

Proof. Denote the spectral decomposition of B by B = UAU™!, where

A = diag(A\(B), ..., A,(B)). Then we have

tr(BC) =Y M(B)[U'CUJix < Anaa(B) ) _[U'CUJ

k=1 k=1

bS]
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= Anaz(B)tr[U'CU] = A0, (B)tr[C] = o (tr (B) tr (C)),

where the first inequality follows from the non-negativity of C. The proof

is complete. Il

Lemma 6. We have

1 2 t
EU,) = ]—Qtr (Wx?) — ];tr (WX) + - (;7\7)’ Var (pU,) = o3, (1 + 0(1)).
Proof. Recall that
1 2
v, = Lu.@ - 2o,y + V)
p p p

where U, (1) = U}l — U2 and U, (2) = U? — 2U* + U? with

1
2 — 2: "W 3 _ 2: "W
n XXJX Xj, Un_A ) X; WX,
2 i s
4 5 _
U, = g XX]XJWXk, U, E XX Xj, WX,
n TL
™ 4,95,k .0,k

The first conclusion can be verified by taking the expectation of U!, i =

1,...,5. For the variance of pU,, we get

Var (pU, ) Uy) + Var (U?) + 4Var (UY) + 4Var (Uy) + Var (U))
>) —8Cov (U, U2) + 8Cov (Up,Uy) — 4Cov (U, Uy,)

U,
+4Cov (U2, U2) — 4Cov (U2, U,y) + 2Cov (U2, UZ) — 8Cov (U2, Uy)

Var (
— 4Cov (U,),
(Uz,
+4Cov (U2, U;) — 4Cov (U, U,) .
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Using Lemmas 1-4, we have

Var (U2) = E (U? - EU?)*

2
1

=k n(n —1)

Z (xx;x;Wx; — tr(WX?))
i#
2
T R2n-1) Y E [xixx W — tr (W?)]°
i

4 *
+ —nQ(n — 1y ; E [Xfixjx;-Wxi —tr (WE2)]

[xix;x)Wx; — tr (WE?)]

2
=D E |:X/1X2X/2WX1X/1WX2X/2X1 — 2tr (WX?) x| xox, Wx;
n(n —

4(n —2)
n(n —1)

+ {or (W) 1] +

E [x’lxgx’Qlex’lxgngXl

+ {tr (WX?) }2 — x| xx, Wx tr (WE?) — tr (WE?) X,1X3XéWX1}

= %tr (W=)?) tr (2%) + % {tr (W)} + %tr (WE=WX?)

1 1
A (wWe2) + 20 (AW 0 AT'WT)
n n

+0 %tr (W)?) tr (%) + % {or (W)}

+ %mﬂ (WEWE?) + L (Wx2)?) |, (S1.2)

n2
where A = I'T". Similarly, it can be shown that
1 2 2 A ! /

Var (U}) =—tr (WX)?) + —tr (I'WT o I'WT), (S1.3)

Var (U})) =

n<n2_ 1>tr ((WE)Q) =0 (Var (Ué)) , (81.4)
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Var (U;!) —%tr (WZW=?) + % {tr (WE)}* + %tr (Wx)?) tr (2?)

0 ({“ (W)} | (W2 <22>> o (Var (1),

(S1.5)
8 16
Var (U)) =—tr (Z?) tr (W=)?) + St (WEWX?)
0 (“" () (W) | = (WEW Eg)) o (Var (02)
(S1.6)
Cov (Us,UY) =E (U, U3) —E (UY) E (U2) =0, (S1.7)

and

n n n’ n

Cov (U3, UZ) =E (Uy, UZ) — E (U) E (U2)

4 2A
=—tr (WEWX?) + ——tr (I'WIL o I'SWT').  (S1.8)
n

n

Collecting the results above, we obtain that Var (pU,) = of, (1 + o(1)).

The proof is complete. [

S2 Proof of theorem 1

Rewrite pU,, as follows:

pU, = Z, — 22U+ U5 — 2U2 + tr(W),
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where Z,, = U? — 2U!. From the expectations and variances of U!, i =

1,...,5 as demonstrated in the proof of Lemma 6, it can be concluded that

E(Z, +tr(W)] = tr [W (X -L,)*], Var(Z,) =oi,(1+0(1)),
Uy » n P " P

=0, — =0 and =0
O1.n O1,n O1,n

Therefore, it suffices to prove

Z,—EZ
Ln 22 4 N(0,1). (S2.9)
Var (Z,,)

as p,n — 0o.
Let Ey(+) denote expectation and Ei(-) denote conditional expectation
with respect to the o-field generated by xy,...,xx, k = 1,2,...,n. Then

we have the martingale decomposition
Zy = FBZy =) Dypp with Dyy= (B —Ep1)Zn.
k=1

By the martingale central limit theorem (Billingsley (1995)), it is sufficient

to show that

" B4 (D?
Zk:l k 1( n,k) £> 1 and -
Var(Zn) Var (Zn)

" R(D
2=t E(D,) 2. (S2.10)

S2.1 Proof of the first part of (52.10)

Define

k—1

Unx, = (Ej, — EIH)U,? Vng = (Bx — Ekfl)Ui7 Q-1 = Z(XZ-XQW - XW),

=1
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k-1
M =T'Qeal, & =) {XWEWEx; — tr (WEWE?)},
i=1
k—1
E3p = D ({XWEWE; — tr (WEWE?)},
=1
k-1
€hp=> {(XWEWIx; — tr (WE*WX?)} .
1=1

Then, we have

=1
E. — Ex_ E. — Ep ;1 —
——k Tkl 1X§€WXk+—k kol Zx;WXi
n n poyy

/ Ex] 1
XWX Ex W (x, Wx, — tr (WX)),

n n n

1

Un, k :(Ek - Ek—l)[]n2 = (Ek: — Ekil)A ZX;XJ‘XQWX]'
2 i
S (BEx — Ex—1) foxkxfka
n(n —1) g ik
2 , 2 )
=D [, Qu1xk — 11 (2Qe)] + = [x, W, — tr (WP)].

Using the expansions above, we get
Er— (Dik) = Ep i [Ung — 20ns)
B | o (6 Quoage — i (Qu)]
=B | /= [x,Qr_1Xr — tr _

+ % (X, WEx, — tr (WE?)] — 2% (x, Wx;, — tr (WX))

=E;_1 [m [X;Qk—lxk —tr (EQk—l)]
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2

2 [ (WS = W) x o (WS~ WE)]

n
2Ep 1 [A1+ A = By (AD) + Bpor (42) + 2B, (A14y),

where

ey Qe — 1 (2Qi)]

and

Ay = 2 [x, (WS - W)x,, — tr (WS? — WS)].

3

Therefore, to prove the first part of (S2.10), we only need to verify

Yoo B A1Ay
= 2.11
Var (Z,) =0 (52.11)

and

ZZ—I Ek—lA% + 22—1 Ek—lAg D,
— — 1. 2.12
Var (Z,) ” (52.12)

Proof of (52.11).

This can be shown by demonstrating that

E (37 Br1AiAy)°
(Zk=12’“ ) 1y (S2.13)
Var® (Z,)

For the numerator part, we have

Ek—l (A1A2>
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4

:mEk—l [ (X} Qr_1xk — t1 (XQk_1)]
[x}, (WE - W)x; — tr (WE? - WE)] }

4

:—nQ(n =y [tr Qi Z(WE - W) S] + tr [Q,_1 = (WX — W) 3]
+ Atr[['Qu T oI (WE — W) T]

4

“2(n—1) [E3p + &5y — 260, + Atr[I'Q T o T (WX — W) T7] .

This implies that
E <Z Ep 14, A2>
2
=B [ = [537,“ + &5y — 28y, + Atr [I'Qp T o I (WX — W) 1“]]]
<nz Wi(n — 1) E (&35 — &on) + (&5 — E2,k)]2
2
+n 2:: mE {Atr I'Qy T'oI" (WX — W) I‘]} . (52.14)

By direct calculations, one can show that

53,1c - £2,k

k-1 k-1

=) [XWEWSx; — tr (WEWE?)] - )~ [x] WEWEx; — tr (WEWX?)]
i=1 i=1

k—1
Z (WEWE? - WEWE) x; — tr (WEWE’ - WEWX?)]

kz_: (T'WEWE (S -D)T)z — tr ( WEWE (S - 1) X)),

=1
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E (53,k &, k)
k—1 2
=E |} [Z P'WEWE (2 -D)T)z — tr ( WEWE (= - 1) %)
=1
k—1

=N E[Z,(I'WEWE (S - 1)T)z — tr (WEWE (S —T) 2)]?
<K Ztr WEWE(Z -2 (S -1) SWEWY]

3 o (WP () W (2 - 1) 2(2 - W)
o
where the last equality follows from Lemma 5. Therefore, we obtain
"Z nt(n — 1 E (€31~ o)’
<anmz (tr (W)?) tr (22) tr [W (S - ) 5 (S — I)WE])
gKn’?’o(tr (W)?) tr (22) tr [W (2 - ) (S - I) W] ) (52.15)
Similarly, we have

nzn4n—1 €3k €Q,k)2

gKnZ ﬁ '_ 0<tr (WP tr (B tr[W(E-D)Z(Z-I) WX )
gKn—%(tr (WE)2) tr (22) 2 [W (2 - ) (2 — I) W3] ) (92.16)

On the other hand, one can show that

tr [['Qu1 L o IV (WE — W) T
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= ' [z; Zszi —tr <Z Mj>] £ Z [2;Mz; — tr (M)],

M; £ T'WTle;e/T' (WE — W) Te;e,I'T and M2 ZM

7=1
Then, by using Lemma 5 and the notations
D=T'WE-I)T, F=I'YI' and G=T'WXWT,

we have

E[Atr[I'Qu T oIV (WS — W) I

k—1 k—1 m m
<A tr(MM) =K tr [Z > Mjmg]
i=1 j=1 I=1

i=1

E—1 2

Z [z;Mz; — tr (M)]

=1

k=1 m m
—K Y>> tx[T'Wre;e)I" (WS — W) Te;e) 'TT Te

i=1 j=1 I=1

eI’ (EW — W) relegr’wr]

E

-1 m m
K ZZ[eF’WE W) Te; x ¢/ T'STe,

=1 j=1 I=1

x eI (EW — W) Te, x egr’wzwrej]
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. k=1 m zm:Dijquszl < KkZiJ [zm: D% F? ZD2G2]
i=1 j=1 I=1 i=1 j L
SK%ZI\ zm:D ZFJZFU ZD ZGU i
gKki\ i D2 F?; iDﬁGfl] gKi Vtr (DDY) tr (F2) tr (DDY) tr (G2)
i=1 Lj=1 =1 i=1
=K kzi tr (DD’) y/tr (F2?) tr (G2)
=1
-1

=KY 0 [W(E-DE(S-DWS],/tr (89 tr (WE)?)

—K ki oftr (W)?) tr () b [W (S~ D (T - ) W] ).

=1

This gives that

ZZ e E[Atr [I'Q;_T o I' (WX — W) I')?

k=1 k=1
gKnZ n4(n1(i o '_ 0<tr (W) tr (22) tr [W(Z -1) 2(Z - 1) W] )
gKn—%(tr (WE)2) tr (22) 2 [W (2 - ) (2 — I) W3] ) (92.17)

Combining (52.14)-(52.17), we get

E (Zn: Ek1A1A2> - Kn’30(tr (W) tr (32) & [W (2 - 1) S (S — ) W )

(S2.18)
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Next, we deal with the denominator of (S2.13), which can be rewritten as
n n 2
Var’ (Z,) = |EY By AT+ E) EpaA43| .
k=1 k=1

We consider the lower bound of EY")_ E, 1A and EY ) | E;_1 A3 sepa-

rately. For the latter, it can be demonstrate that

S [ (WE - W)t (W W

77,2
k=1
4 n
> [tr [T (WS — W)IT' (WS — W) T
n
k=1

+ [T (WS - W)TT (SW — W)’ 1“]]

:%Z [tr[(wz —W) S (WS - W) 3]

+ [ (WS- W) 3 (SW - W) 3|

_4 [tr[W(E—I)EW(E—I)E] +tr[W(2—I)2(2—I)W2]]

n2

k=1
(52.19)
For EY ) | E;_1A%, we have
i Ep 1A} = i Eir—1 2 2 (X}, Qr_1x) — tr (EQkfl)]Q
P —~ n(n—1)n(n —1)

- 4 / / / / /
> ’; 2 TE [tr (T'Qpo1 IT'QpiT) + tr (I'Qui IT'Q),_ 1) ]
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n

4
1 [ (QerZQea D)+ (Qus=Q) . B)]

k=1

(S2.20)

Applying Lemma 1 and the expansion

tr (Qr-12XQi—1X)

[k—1 -1
=tr | ) (xx[W — EW)E (x;x;W — ZW)X
Li=1 1

[k—1

=tr | ) _(xx[W — TW)Z(x;x;W — W)

i=j

N

o,
I

k—1
D (xx[W - TW)E(x;x;W — TW)S
1#]

+ tr

=) [XWExxWEx; — 2X;WE*WEx; + tr (WE*WE?)]
i=j

k—1
+ 37 [ WEx X WEx; - ;WS WX,

7]

~ X WEIWEx; + tr (WE2WS?) |,
we obtain that

E [t (Qr-13Qk-13)] >Z {tr (W)} 4 o (WEWS?)|

i=j
Similarly, we get

E [tr (Q12Q),_,X)] > % [tr (WX)?) tr (2?) 4 tr (WEWX?)].

1=j
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From the above two inequalities and (52.20), we have

. é n2(n4_ - {kz_; [ {tr (W)} 4t (WE)2) b (22) + 21 (WEWS?) H
- ;:1 n(ni 7 {tr (W)} + 0 (WE)?) tr (52) + 20 (WEWS?) |
_ (S2.21)

Combining (52.19) and (S2.21), it yields that

Var® (Z,,)
=|E i E, AT+ E i Ej_1 A2 2
> { knl TP {tr (W)} (WE)?) tr (52) + 2r (WEWS?) |

+% s W (S-DEW (2 - D)3 +tr[W(2—I)2(2—I)WE]H2

n n

- s [{tr(WEQ)}Z+tr((W2>2)tr(22)+2U"(VVEVVE$)}2

+% )3 [tr[W(E—I)EW(E—I)E] —i—tr[W(E_I)E(E_I)WE]]
+ ng(n?’i 7 Y [{tr (W22)}2 +tr (WE)?) tr (32) + 2tr (WEWZ?’)]

k=1 k=1

[tr[W(Z—I)EW(Z—I)E]+tr[W(E—I)E(E—I)WE]]
=K [{tr (W)} 4t (WE)2) tr () + 260 (WEWE?)| i

—I—Kn‘z[tr[W(E—I)EW(E—I)E]—I—tr[W(E—I)E(E—I)WE]r



S52. PROOF OF THEOREM 1

+ Kn~® [ (tr (WE2)} 12 [W (S — ) SW (£ — 1) 3]

+{r (W) tr[W(Z-DZ(T-1) W3]

+tr (WX)?) tr (2?) tr ~)EW (= -1)3]

+ tr (WX)?) tr (¥?) tr -2 (T -I) WX

+2tr (WEWE?) tr [W (- I) W (2 — 1) 3]

+ 2tr (WEWE?) tr [W D(Z-1)WX]|. (5222

This, together with (S2.18), shows that

B (S By Ay Ag)? <o(tr (WE)2) tr (32) tr [W (E-T) 2 (S — 1) WE])

Var® (Z,) S (W) (B uWE-DZ(E-1) W]

—o(1). (S2.23)

The proof of (S2.11) is thus complete.
Proof of (52.12).

Since

E (3 Ex1 AT+ 370 Ex1AY)
Var (Z,)

=1,

it suffices to prove

Var (ZZ:1 Ek—lA% + Zzzl Ek—lA%) _ Var (ZL Ek—lA%)

P
Var? (Z,,) B Var? (Z,,) =0 (52.24)

The lower bound of the denominator is given in (S2.22). We next calculate
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the upper bound of the numerator:

ar (Z Ek1A3>
k=1

n

4
=Var [m ; [tr (F/Qk—lrr/Qk—lr) + tr (I‘/Qk—lrI‘,QZ—lF)
+ Atr (I'Q; 1T 0 T'Q;_T) H
4 = ,
:Var[nQ DD [tr (Qr1 ZQusE) + tr (Qu_1 2Q, ,X)
+ Atr (I‘/Qk_lI‘ e} I"Qk_lI‘
16 a -
Sm Var (;tr (leﬁleE)> + Var <k21 tr Qk 12Q 4 )>
+ Var (Z Atr (I"Qk_lI‘ 9] I"Qk_lI‘ ) ] (S225)
k=1

For the term Var (3", _, tr (Q—12XQ_1X)), define
L = (x\WEx;x;W3x; - x, WE*WIx; - X, WS*WZx;) .

Then we have

ar (Z tr (Qk_lek_12)> <n Z Var (tr (Qr12Qi1 X))

n k—1 k-1
=n Y Var [} ) (X;WEx;x;WEx; - X, WE’Wx; — x;, WE’W5x;)
k=1 =1 j=1
n k
—nZVar (Z > < QnZ Var <Z L“> + Var (Z LU>
k=1 (2] 1#£]

(S2.26)
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Employing Lemmas 1-5, we obtain

k—1 k—1 k—1
Var <Z L) =3 Var(Li) < 30 B (X WExxWEx; — 2 WEWEx;)”
=J =) 1=j

<Kk -1) [ExWSx)' +E (X;WE2W2XZ-)2]
—K(k~ 1) [E (AT'WETz; — tr (WS?) + tr (WE?))* 4+ B (2T WS W3I'z,)’|
<K(k=1) [{tr(WSWS)} 4 {tr (WE2)} + tr (PWS*WETT' SWEWT) |

=K (k= 1) [{tr (W)} 4o ({or (W)} {1 (39)}7)]

This implies that

<k [{or (W)} 4o ({or (W)} {or (22)}7)] . (s227)

Now consider

k—1 k—1 k-1
Var <Z Lij> =Y ) Cov(Liy, Liy,) - (S2.28)

i#]j 1751 i2# ]2

We will divide these terms into three cases for discussion.
Case 1: iy # iy # j1 # Jjo. It is straightforward to verify that Cov (L;, j,, Li,jp,) =
0;
Case 2: i1 =iy =1 # j1 = Jjo = j. We have
COV (Lij7 L”)

:Cov[ (X WEx;x WEx; — X WE?WSx, — x,WE*WSx;)
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(X WEx;x WEx; — X WEWEx; — X, WS W) |
<E (x,WEx;x,WEx; - X, WE*WEx, — x, WE*WEx;)’
<K [E (xWExx;WEx)” + 2B (X WE?WEx;)’|
<K[E (xWSWEx;)” + 2 (X, WE*WEx;)’
+ B (X, WE W, x| SWSWEx; ) |
<k[{ur((w=?)?) }2 +tr ('WE?WETT'SWSWT)
+2{ur ((w=?)*) }2 +2tr (WEWETT' SWE2WT)
+ {or (WEWS?) |
<K[4{tr (WEWS?)}* + 30 (WE WS W W) |
=o[{tr (=)} {er (WE))}'].
Case 3: iy =iy = i # ji # jo. We have
Cov (Lij,, Liz,)
—Cov| (X{WEx;, X, WEx; — X\ WE*WEx; - x|, WE?W3x;,)

(X WEx;,x, WEx; — X WEWE2; — X/, WIW’x),) }

=Cov (x;WEx; x; WEx;, x; WEx,;,x; Wx;) (52.29)
— Cov (X;WEx;, X} WEx;, x, WE*WEx;) (S2.30)
— Cov (x; WE*WEx;, x; WEx,x; WEx;) (S2.31)

+ Cov (X, WE’WZx,;, x, WE*WXx;) . (S2.32)
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The terms (S52.29)-(52.32) can be further expanded by
(S52.29) =E (x;WEx;,x;, WEx;x;WEx;,x; WEx;)
— E (x{WZx; x; WEx;) E (x;WXx;,x, Wx;)
—E (xWZ*WExx,WE?W3x,) — {tr <(W22)2> }2
(52.30) =E (x;WEx;,x; WEx;x,WX*WIx;)
- E (x{W3x; x; WEx;) E (x, WX*Wx;)
B ({WEWExx W' WEx,) — {ir (W?)*) )
(52.31) =E (x;WEx;,x;, WEx;x, WX’ WXx;)
— E (x{W3x;,x, WEx;) E (x, WX*Wx;)
—E (X, WS WEx,x, WE?WSx;,) — {tr <(W22)2) }2
(52.32) =E (X, WE*WEx;x, WX’ WIx;)
- E (xiWZ*WXx;) E (x; WE*WXx;)
—E (X WE'WExix WS WEx;) - {ir (Wx?)*) }2 .

Thus, Cov (L;j,, Lij,) = 0. Collecting the three cases above, we get

ﬁnivar (i Lij) —n4x%xo [{tr (22)}2 {tr ((WE)2)}Q] )

i#]
(52.33)
Combining (52.22), (52.26), (52.27) and (S2.33), we obtain
2 Var (37 tr (Qr1XQp1 =
T VO (2o T (Qe1 B Qi) 0. (S2.34)

Var® (Z,,)



Locally most powerful naive test for the identity of the covariance matrix

For the term Var (3)_, tr (Qr—12Q),_, X)), define
Gy = (X{WEWx;x,3x; — x, WEWX’x; — X, WEWX?x;) .
Then we have

ar <Z tr (Qk_12Q2_12)> <n Z Var (tr (Qr-12Q),_ X))

k=1 k=1

n
:ng Var
k=1

n k—1
:nZVar (Z Gw) < QnZ
k=1 1,

k—1 k-1
D) FKWEWx X, Ex; - X, WEWEx; — x wzwz?xj)]

=1 j=1

Var (Z G“) + Var (Z GU>

i#]

(S2.35)

On the one hand, for Var (Ek ! G’“>, employing Lemmas 1-5, we obtain

k—1 k—1
ar (Z G”> = Z Var (Gzz)
=7 =]

k—1
<Y E (X WEWxx/Zx; — 2x;WEW ;)"

i=j

<K(k—1) [E (X WEWx;xEx;)? + E (xngwz?xi)?]

1/2
<K(k-1) HE (X, WEZWx;)'E (xgzxiﬂ +E (xngwﬁxﬂ

—K(k—1)

[E (AT'WEWTz; - tx (WE)?) + tr (WE)?))'| -

x |B (2T'STz; - tr (22) + tr (2%))’] Y LE (z;r’wzwz%zi)zl

1/2

K (k- [[{tr(WE 137 e (w2 ] [ (293 4 e (22))]
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+E (ZI'WEWTz,)’

<K(k—1)| {er (WE))} {ir (82)} 1+ 0 (1) + {&r (WEWE?) )

i (WEWS'WEWS) |
<K(k—1) [{er (W)} {or (52} 1+ 0 (1) +0 ({r (WE)2)} {1r (22)}7)
<K(k=1) [{tr (WD)} {&r (52)}]

This implies that

%2712\/8& (kic:) < K7 [{er (W)} {or (52) )],

(52.36)

On the other hand, we consider

k—1 k—1 k-1
ar <Z G”) = Z Z Cov (Gilju Gi2j2> (8237)

i#] 11771 12772
We will divide these terms into three cases for discussion.
Case 1: iy # iy # j1 # jo. It is straightforward to verify that Cov (G, j,, Giyjy) =
0;
Case 2: i1 =iy =1 # j; = jo = j. We have
Cov (G, Gij)
—Cov| (X;WEWx;x|x; - X, WEWE?; - x| WEWSx;)

(WEWx;x) Bx; — X WEWE; — X, WEWE)) |
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<E (X, WEWx;x,Ex, - X, WEW %, — x,WEW?x;)”
<K [E({WEWxx3x,)" + 28 (X, WEWSx,)’|
<K[E {tr ("'WEWx;x;5T) }* + 2B (X WEWEx,)’
+ Btr (I'WEWs,x ST Sx;x; WEWT) |
<K[E(xZ*WEWx;)” + 2E (X WEWE?x,)’
+ B (X%, X WEWSWEWx;) |
<K [ {tr (WEWE?)} + tr (IS?WEWIT'WEWSEDT) + 2 {tr (WEWS?)
+2tr (CWEWSTT'S*WEWT) + tr () tr (WE)') |
<K[3{tr (WEWS?)}* + 30 (WEWSWEWS?) + tr () tr (WE)*) |
=Ko |{tr ()} {ur (WD) )]
Case 3: iy = iy = i # j # jo. We have
Cov (Gijy, Gija)
—Cov| (X{WEWx;, X, x; — X WEWS; - x), WEWS;,)

(XWIWx,;,x,, Ix; — X WEW S, — X, WIW’x;,) }

=Cov (x,WEWx;, x’ 3x,;, x; WEWx,,x/ ¥x;) (52.38)
— Cov (X, WEWx; x|, WEx;, x, WEWX’x;) (S2.39)
— Cov (X, WEWXx,;, x, WEWx;,x}, ¥x;) (S2.40)

+ Cov (X, WEWX?x;, X, WEWX’x;) . (S2.41)
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We calculate separately (S2.38)-(S2.41):
(52.38) =E (x,WEWx;,x; Ix;x;WEWx,,x), £x;)
— E (x{WEWx,,x} Ix;) B (x; W Wx;,x), 3x,)
—E (X,WEWEx, X, WEWSx,) — {tr (WEWZ?)}?
(52.39) =E (x,WEWx;, x| WEx,x, WEW X’x;)
— B (x]WEWx;,x; WEx;) E (x, WEW’x;)
_E (X,WEWZx, X, WEWS,) — {tr (WEWZ?) }?
(52.40) =E (X, WEWx;,x, ¥x;x, WEWE’x; )
— E (x{,WEWx;,x, 5x;) E (x; WEWXx;)
_E (X,WEWZx, X, WEWS,) — {tr (WEWZ?) }?
(S2.41) =E (x, WEWX’x;, X, WEWX’x,)
- E (X;WEWX?x;) E (x; WEWX?x;)
—E (X WEWEx,x, WEWS?x,) — {tr (WESWX?)}?,

Thus,we have Cov (G, , Gij,) = 0. Collecting the three cases above, we get

. -
T @ G) = o [{ur (=) {ur (W)}
(52.42)
Combining (52.22), (52.35), (S2.36) and (S2.42), we obtain
ey var (g tr (Qra 2Q; X)) 2. (52.43)

Var® (Z,,)
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For the term Var (3_,_, Atr (I'Qg_1T o I'Qy_1T")), define
Hij =x;WTeeI'x;x;WTIe,e)I'x; — x;WI'e,e,I'SWTee/I'"x;
— x;WTe,eI'SWTeeI'x;.
Then we have
tr (I'Qp_1T o I"Qy_1T")

k—1 k—1
—=tr <r’ > (xxW —SW)ToI' ) (x;x;W — EW)F)

i=1 j=1

el (x;x;W — XW)Te eIV (x;x;W — XW)Te;

Mgp”qw

Z[ [WTeeI"x;x;WIee[I'x; — x;WTeeI'SWTeeI'x;

— x;WTe e I'SWTee)I'x; + eI'SWTIee)I'XWTe

R‘
H

and

Var

k—1 m
ZAtr (I'Q)_1T o I'Q,— 11“] _nZAQVar (ZZ}Q)
k—1 p k—1 m A
<2nZA2 Var ( ZH”> + Var (ZZ )] . (52.44)
=1
For Var (Z fsm “), we have

=3 i#£j 1=1
k—1 m k—1 m k—1 m 2
=] =1 i=j

i=j l=1 =1
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k—1 m 2
= Z E [Z (x;WTeeI"x;x,WTleeI'x; — 2X;WFele;F'2WI‘ele§F'Xi)]

=7 =1
where

2
(xgwrelegr’xixgwrelegr'xi)} ,

NE

Hi = E[

=1

NE

2
Hisy = E[ (xgwrelegr’zwrelegr’xi)} .

=1

It can be shown that

m
/ / / / / / / / / / / /
H;; = E Ex;WT'e, e, I"'x;x;WT'e, € I'x;x;WI'e, e, I'x;x; WT'e, e, I'x;
Ly

< Z E!/? (x;WI‘elleglI"Xi)4 Z El/? (xéWI‘elQe;ZI"Xi)4

I1=1 lo=1

< [Z [(621FIEF/elleEIF/WEWFeh)2 + (821I‘/EWI‘€11)4] 1/2

l1=1

<|K Zm: (e, T'ST"e;,)” (¢}, 'WEWTey,)’| " + K Xm: (e}, I’SWTe;,)” |

=1 =1

1/2 2

1/2

< [K [tr (Z*) tr (WE)*)]

o ({tr (=)} {tr (W))}). (S2.46)

2
+ Ktr (F’ZWFF’WZF)}

where the second inequality follows from

E (xWTe;e) I'x;)"
4
=B lz;I"WI‘elleglI‘Tzi —tr (I"'WTe, e I'T) + tr (I'WTe, €;, I'T)
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<K |E (zI'WTe, ¢ I'Tz — tr (['WTeye, I'T))" + {tr (['WTe,e| I'T) }4]

<K | {tr (I'WTe, e, I'TTT e, e, I'WT) }* + {tr (['WTee| I'T) }4]

—|(e},T'STey, )’ (¢}, "WEWTe;,)” + (¢}, 'EWTey, )|
by employing Lemma 3. Similarly, we have

Hijo = Z Ex;WTe, e I"SWTe, e I'x;x;WI'e, e, 'S WTee) I'x;
l1lo
<3 E'? (x;WTe, e I'SWTe, e, I'x;)’

I
m

> E'2 (x;WTe,e], I'SWrey,e}, I'x;)’

la

m 1/2
[Z [ (€}, 'SWTe,)’ (eglr'zreheglr’wzwrell)]
=

+3 (e, 'SWTe,,)” ]2
Iy

| —

3
1
DN | —

1/2
( e, T'SWTe, )" + (eQIF'ZI‘eheEIF'WEWI‘eh)2)}

m D 2
Z e, I'SWTe,, ) g Z (eglI"ZI‘elleglI"WEWI‘ell)]
1

=1

N

—o ({r (=3} {tr (WE)")}) (S2.47)



S2. PROOF OF THEOREM 1

From (52.45)-(52.47), we get

oy aar (ZZH) < Ko ({ir (29} i (W) ')

k=1

(52.48)
Following the same procedures used to address (52.28), it can be verified

that

i#j =1 117£J1 12772 =1 =1
k—1 m m
-3 (a3 )
i#j =1 =1

For i # j, similar to (52.45)-(52.47), we have

=1 =1

<E [ [x;WI‘ele;F'XjX;WI‘eleEI"xi — xX;WTe e I"'SWTee]l"x;
=1

2
- XQWFeleEF'ZWI‘ele;F’Xj} }

m 2
<K [E (Z x;WI‘elezI"ij;WI’ele;F'xi)

=1

=1

m 2
+2F <Z x;WFele;I‘/EWI‘ele;I"xi> ]

o ({tr (=)} {tr (W) }).
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The above two results imply that

16A? r S L o\ 12 o2
k=1 i#j =1
(52.49)
This, together with (52.22), (S2.44) and (52.48), gives that
%V&I‘ n? Atr F,Q I OF/Q I
n(n—1) (Zkfl 2( k-1 1)) 2. (52.50)
Var® (Z,)
Combining (52.25), (52.34), (52.43) and (S2.50), we arrive at
n 2
Var (i Bes)) 7 (S2.51)

Var® (Z,,)

The proof of (52.12) is complete.

S2.2 Proof of the second part of (52.10)

By recalling the definition of A; and A, and applying Lemma 3, we have
Y E(D)y) =) E[A + 4
k=1 k=1
<K [EA{+ EA]]
k=1

:Kg [E (ﬁ [ Qr—1%y, — tr (Ele)])4

+E (% [X§C (WX — W)x;, —tr (W22 - WE)})

<K Z [ﬁ]ﬂ {tr (Qe12Q;_ %) }2
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+ 7173 {tr[(WE - W) (EW - W) Z]}* |

(S2.52)

To establish the second part of (5S2.10), we need only verify two conditions:

first, that
Sy B {tr (Qre 2Q_, 2) )
k=1 ni(n—1)" {2( =Q )} =0, (S2.53)
Var*(Z,)
and second, that
" [(WE - W)X (EW — W) X))
D ke it 0T [( R 22 0. (S2.54)

Var®(Z,)
Proof of (52.53).

Fori,j7 =1,...,n, define
R = (X,WEWx,;x,Zx; - x, WEWX’x; - X, WEWE?x; + tr ( WEWX?)) .

We then obtain
k-1

>R

1/7]'

E{tr (Q:12Q,_,%)}° =E

2 k—1 2 k—1 2
<2|E (Z Ru‘) +E (Z Rij)
1=j

i#]

Similar to the proof of (S2.35)-(52.43), one can also verify

E (ki Ru) +E (g RZ-]) < K(k— 1) {tr (WS)?)} {tr (3%)}°.

i#]
(S2.55)

Thus we get
K g (i (QuaBQi )Y < s (i (29 fur (W)}

(S2.56)
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Combining (52.22) and (52.56), we have
K S e {0 (@ ZQ D) P K {ir (32)} {0 (W)}
Var*(Z,) T Knt{m (WE)P)V

~0 (1> | (82.57)

n

The proof of (52.53) is thus complete.
Proof of (52.54).

Note that
{tr[(WE-W)Z (W -W) I = {r[W(ZT-D)Z (T -1) WX]}*.
This implies that

Ki % {tr[([WE - W)X (EW — W) 3]}

k=1

<EKn 3 {r[W((EZ-DZ(Z-I)WX]}>. (S2.58)

Combining (52.22) and (S2.58),we arrive at

KYp B {tr[(WE-W)Z (W -W) 3]} o (1)
Var?(Z,) B '

The proof of (52.54) is complete.

S3 Additional Simulation Studies

In this section, we collect additional numerical results for the oracle simu-
lations in Scenarios 1-4 and for the plug-in implementation in Scenario 5

below.
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S3.1 Empirical sizes for oracle implementations in Scenarios 14

The empirical sizes of the seven competing tests under the oracle imple-
mentations in Scenarios 1-4, for z; ~ N(0,1) and z;; ~ ['(4,2) — 2, are

summarized in Tables S.1-S.8.

S3.2 Empirical powers for Scenarios 1-2

Figures S.1-S.2 display the empirical powers of the seven tests under Sce-
narios 1-2 and reveal two salient features.

First, under local alternatives with ¢; = O(1/p) as in Scenario 1, the
proposed Tryvpnt consistently achieves the highest power among all com-
petitors across the considered (n, p) combinations. A clear gain over Ty is
observed, in agreement with the LMPNT theory in the main paper, which
predicts that Tiypnt is locally most powerful within the operator-indexed
optional naive family under suitably structured local alternatives.

Second, in Scenario 2 the covariance structure violates Assumption 3, so
the oracle operator Wy, opt cannot be attained exactly (the corresponding
regularized choice of W is specified in Remark 6 of the main paper). Never-
theless, the operator-based test remains noticeably more powerful than Tz
and the other competitors, especially in the moderate- and high-dimensional

regimes (p = n and p = 1.5n), indicating practical robustness when the or-



Locally most powerful naive test for the identity of the covariance matrix

Table S.1: Empirical sizes of seven tests at 5% significance in Scenario 1 with z;; ~ N (0, 1).

n
P Method 50 100 150 200 250 300
p=0.5n Timpent 0.0704 0.0548 0.0542 0.0594 0.0490 0.0506
Tczz 0.0666 0.0528 0.0530 0.0568 0.0490 0.0482
Trishera  0.0524 0.0536 0.0628 0.0578 0.0600 0.0538
Tvisherb  0.0616 0.0598 0.0636 0.0560 0.0510 0.0576
Txw 0.3028 0.1750 0.1270 0.0960 0.0818 0.0680
TcurT 0.0610 0.0516 0.0550 0.0520 0.0428 0.0534
Tow 0.0612 0.0500 0.0516 0.0570 0.0484 0.0496
p=n Trvmpent  0.0594 0.0602 0.0574 0.0510 0.0556 0.0586
Tczz 0.0578 0.0610 0.0550 0.0546 0.0552 0.0540
Tvishera  0.0524 0.0514 0.0572 0.0508 0.0586 0.0512
Trisherb  0.0626 0.0662 0.0554 0.0526 0.0596 0.0564
Txw 0.3834 0.2002 0.1414 0.0970 0.0778 0.0682
TcLrT NA NA NA NA NA NA
Tow 0.0562 0.0550 0.0546 0.0472 0.0510 0.0532
p=15n Tivext 0.0568 0.0538 0.0574 0.0510 0.0556 0.0472
Tczz 0.0566 0.0490 0.0508 0.0548 0.0544 0.0478
Tvishera  0.0480 0.0508 0.0548 0.0568 0.0562 0.0484
T¥isherb  0.0606 0.0574 0.0594 0.0536 0.0540 0.0460
Txw 0.4444 0.2244 0.1376 0.1088 0.0776 0.0686
TcLrT NA NA NA NA NA NA

Tow 0.0488 0.0518 0.0516 0.0542 0.0502 0.0524
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Table S.2: Empirical sizes of seven tests at 5% significance in Scenario 1 with z;; ~ I'(4,2) — 2.

n
P Method 50 100 150 200 250 300
p=0.5n Timpent 0.0760 0.0664 0.0632 0.0588 0.0526 0.0564
Tczz 0.0700 0.0656 0.0614 0.0566 0.0570 0.0568
Trishera  0.0888 0.0832 0.0768 0.0678 0.0708 0.0600
Tvisherb  0.1772 0.1650 0.1634 0.1632 0.1610 0.1490
Txw 0.5900 0.4484 0.3410 0.2740 0.2224 0.2066
TcurT 0.0534 0.0572 0.0530 0.0564 0.0544 0.0516
Tow 0.0944 0.0754 0.0624 0.0604 0.0578 0.0556
p=n Trmpent  0.0712 0.0574 0.0580 0.0550 0.0520 0.0526
Tczz 0.0732 0.0592 0.0542 0.0554 0.0532 0.0566
Tvishera  0.0830 0.0724 0.0620 0.0612 0.0632 0.0486
Trisherb  0.1640 0.1546 0.1282 0.1338 0.1382 0.1298
Txw 0.7472 0.5586 0.4326 0.3378 0.2882 0.2308
TcLrT NA NA NA NA NA NA
Tow 0.0888 0.0656 0.0632 0.0546 0.0528 0.0564
p=151 Timext 0.0700 0.0586 0.0564 0.0536 0.0500 0.0530
Tczz 0.0642 0.0546 0.0560 0.0602 0.0552 0.0526
Tvishera  0.0722 0.0658 0.0582 0.0562 0.0588 0.0498
Trisherb  0.1378 0.1250 0.1202 0.1202 0.1142 0.1084
Txw 0.8192 0.6362 0.4846 0.3862 0.3158 0.2508
TcLrT NA NA NA NA NA NA

Tow 0.0780 0.0606 0.0572 0.0604 0.0556 0.0514
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Table S.3: Empirical sizes of seven tests at 5% significance in Scenario 2 with z;; ~ N (0, 1).

n
P Method 50 100 150 200 250 300
p=0.5n Timpnt 0.0716 0.0548 0.0544 0.0572 0.0500 0.0498
Tczz 0.0666 0.0528 0.0530 0.0568 0.0490 0.0482
Trishera  0.0524 0.0536 0.0628 0.0578 0.0600 0.0538
Tvisherb  0.0616 0.0598 0.0636 0.0560 0.0510 0.0576
Txw 0.3028 0.1750 0.1270 0.0960 0.0818 0.0680
TcurT 0.0610 0.0516 0.0550 0.0520 0.0428 0.0534
Tow 0.0612 0.0500 0.0516 0.0570 0.0484 0.0496
p=n Trmpent  0.0596 0.0606 0.0586 0.0516 0.0556 0.0576
Tczz 0.0578 0.0610 0.0550 0.0546 0.0552 0.0540
Tvishera  0.0524 0.0514 0.0572 0.0508 0.0586 0.0512
Trisherb  0.0626 0.0662 0.0554 0.0526 0.0596 0.0564
Txw 0.3834 0.2002 0.1414 0.0970 0.0778 0.0682
TcLrT NA NA NA NA NA NA
Tow 0.0562 0.0550 0.0546 0.0472 0.0510 0.0532
p=15n Tivext 0.0566 0.0550 0.0548 0.0508 0.0498 0.0494
Tczz 0.0566 0.0490 0.0508 0.0548 0.0544 0.0478
Tvishera  0.0480 0.0508 0.0548 0.0568 0.0562 0.0484
T¥isherb  0.0606 0.0574 0.0594 0.0536 0.0540 0.0460
Txw 0.4444 0.2244 0.1376 0.1088 0.0776 0.0686
TcLrT NA NA NA NA NA NA

Tow 0.0488 0.0518 0.0516 0.0542 0.0502 0.0524
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Table S.4: Empirical sizes of seven tests at 5% significance in Scenario 2 with z;; ~ I'(4,2) — 2.

n
P Method 50 100 150 200 250 300
p=0.5n Timpnt 0.0776 0.0660 0.0630 0.0584 0.0520 0.0574
Tczz 0.0700 0.0656 0.0614 0.0566 0.0570 0.0568
Trishera  0.0888 0.0832 0.0768 0.0678 0.0708 0.0600
Tvisherb  0.1772 0.1650 0.1634 0.1632 0.1610 0.1490
Txw 0.5900 0.4484 0.3410 0.2740 0.2224 0.2066
TcurT 0.0534 0.0572 0.0530 0.0564 0.0544 0.0516
Tow 0.0944 0.0754 0.0624 0.0604 0.0578 0.0556
p=n Trmpent  0.0706 0.0578 0.0584 0.0542 0.0532 0.0524
Tczz 0.0732 0.0592 0.0542 0.0554 0.0532 0.0566
Tvishera  0.0830 0.0724 0.0620 0.0612 0.0632 0.0486
Trisherb  0.1640 0.1546 0.1282 0.1338 0.1382 0.1298
Txw 0.7472 0.5586 0.4326 0.3378 0.2882 0.2308
TcLrT NA NA NA NA NA NA
Tow 0.0888 0.0656 0.0632 0.0546 0.0528 0.0564
p=15n Tivpext 0.0702 0.0594 0.0554 0.0532 0.0504 0.0530
Tczz 0.0642 0.0546 0.0560 0.0602 0.0552 0.0526
Tvishera  0.0722 0.0658 0.0582 0.0562 0.0588 0.0498
Trisherb  0.1378 0.1250 0.1202 0.1202 0.1142 0.1084
Txw 0.8192 0.6362 0.4846 0.3862 0.3158 0.2508
TcLrT NA NA NA NA NA NA

Tow 0.0780 0.0606 0.0572 0.0604 0.0556 0.0514
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Table S.5: Empirical sizes of seven tests at 5% significance in Scenario 3 with z;; ~ N (0, 1).

n
P Method 50 100 150 200 250 300
p=0.5n Timpent 0.0694 0.0608 0.0588 0.0562 0.0564 0.0576
Tczz 0.0666 0.0528 0.0530 0.0568 0.0490 0.0482
Trishera  0.0524 0.0536 0.0628 0.0578 0.0600 0.0538
Tvisherb  0.0616 0.0598 0.0636 0.0560 0.0510 0.0576
Txw 0.3028 0.1750 0.1270 0.0960 0.0818 0.0680
TcurT 0.0610 0.0516 0.0550 0.0520 0.0428 0.0534
Tow 0.0612 0.0500 0.0516 0.0570 0.0484 0.0496
p=n Trvmpent  0.0672 0.0646 0.0602 0.0568 0.0576 0.0530
Tczz 0.0578 0.0610 0.0550 0.0546 0.0552 0.0540
Tvishera  0.0524 0.0514 0.0572 0.0508 0.0586 0.0512
Trisherb  0.0626 0.0662 0.0554 0.0526 0.0596 0.0564
Txw 0.3834 0.2002 0.1414 0.0970 0.0778 0.0682
TcLrT NA NA NA NA NA NA
Tow 0.0562 0.0550 0.0546 0.0472 0.0510 0.0532
p=151 Timent 0.0614 0.0536 0.0512 0.0492 0.0536 0.0574
Tczz 0.0566 0.0490 0.0508 0.0548 0.0544 0.0478
Tvishera  0.0480 0.0508 0.0548 0.0568 0.0562 0.0484
T¥isherb  0.0606 0.0574 0.0594 0.0536 0.0540 0.0460
Txw 0.4444 0.2244 0.1376 0.1088 0.0776 0.0686
TcLrT NA NA NA NA NA NA

Tow 0.0488 0.0518 0.0516 0.0542 0.0502 0.0524
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Table S.6: Empirical sizes of seven tests at 5% significance in Scenario 3 with z;; ~ I'(4,2) — 2.

n
P Method 50 100 150 200 250 300
p=0.5n Tiympent 0.0710 0.0672 0.0610 0.0612 0.0560 0.0620
Tczz 0.0700 0.0656 0.0614 0.0566 0.0570 0.0568
Trishera  0.0888 0.0832 0.0768 0.0678 0.0708 0.0600
Tvisherb  0.1772 0.1650 0.1634 0.1632 0.1610 0.1490
Txw 0.5900 0.4484 0.3410 0.2740 0.2224 0.2066
TcurT 0.0534 0.0572 0.0530 0.0564 0.0544 0.0516
Tow 0.0944 0.0754 0.0624 0.0604 0.0578 0.0556
p=n Trvmpent  0.0696 0.0646 0.0602 0.0600 0.0530 0.0606
Tczz 0.0732 0.0592 0.0542 0.0554 0.0532 0.0566
Tvishera  0.0830 0.0724 0.0620 0.0612 0.0632 0.0486
Trisherb  0.1640 0.1546 0.1282 0.1338 0.1382 0.1298
Txw 0.7472 0.5586 0.4326 0.3378 0.2882 0.2308
TcLrT NA NA NA NA NA NA
Tow 0.0888 0.0656 0.0632 0.0546 0.0528 0.0564
p=15n Timenr 0.0714 0.0596 0.0608 0.0604 0.0548 0.0522
Tczz 0.0642 0.0546 0.0560 0.0602 0.0552 0.0526
Tvishera  0.0722 0.0658 0.0582 0.0562 0.0588 0.0498
Trisherb  0.1378 0.1250 0.1202 0.1202 0.1142 0.1084
Txw 0.8192 0.6362 0.4846 0.3862 0.3158 0.2508
TcLrT NA NA NA NA NA NA

Tow 0.0780 0.0606 0.0572 0.0604 0.0556 0.0514
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Table S.7: Empirical sizes of seven tests at 5% significance in Scenario 4 with z;; ~ N (0, 1).

n
P Method 50 100 150 200 250 300
p=0.5n Timpnt 0.0648 0.0546 0.0568 0.0564 0.0532 0.0538
Tczz 0.0666 0.0528 0.0530 0.0568 0.0490 0.0482
Trishera  0.0524 0.0536 0.0628 0.0578 0.0600 0.0538
Tvisherb  0.0616 0.0598 0.0636 0.0560 0.0510 0.0576
Txw 0.3028 0.1750 0.1270 0.0960 0.0818 0.0680
TcurT 0.0610 0.0516 0.0550 0.0520 0.0428 0.0534
Tow 0.0612 0.0500 0.0516 0.0570 0.0484 0.0496
p=n Trmpent  0.0576 0.0636 0.0570 0.0516 0.0564 0.0552
Tczz 0.0578 0.0610 0.0550 0.0546 0.0552 0.0540
Tvishera  0.0524 0.0514 0.0572 0.0508 0.0586 0.0512
Trisherb  0.0626 0.0662 0.0554 0.0526 0.0596 0.0564
Txw 0.3834 0.2002 0.1414 0.0970 0.0778 0.0682
TcLrT NA NA NA NA NA NA
Tow 0.0562 0.0550 0.0546 0.0472 0.0510 0.0532
p=151 Timent 0.0550 0.0558 0.0556 0.0506 0.0504 0.0554
Tczz 0.0566 0.0490 0.0508 0.0548 0.0544 0.0478
Tvishera  0.0480 0.0508 0.0548 0.0568 0.0562 0.0484
T¥isherb  0.0606 0.0574 0.0594 0.0536 0.0540 0.0460
Txw 0.4444 0.2244 0.1376 0.1088 0.0776 0.0686
TcLrT NA NA NA NA NA NA

Tow 0.0488 0.0518 0.0516 0.0542 0.0502 0.0524
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Table S.8: Empirical sizes of seven tests at 5% significance in Scenario 4 with z;; ~ I'(4,2) — 2.

n
P Method 50 100 150 200 250 300
p=0.5n Timpnt 0.0766 0.0686 0.0596 0.0654 0.0630 0.0632
Tczz 0.0700 0.0656 0.0614 0.0566 0.0570 0.0568
Trishera  0.0888 0.0832 0.0768 0.0678 0.0708 0.0600
Tvisherb  0.1772 0.1650 0.1634 0.1632 0.1610 0.1490
Txw 0.5900 0.4484 0.3410 0.2740 0.2224 0.2066
TcurT 0.0534 0.0572 0.0530 0.0564 0.0544 0.0516
Tow 0.0944 0.0754 0.0624 0.0604 0.0578 0.0556
p=n Trvmpent  0.0764 0.0672 0.0628 0.0604 0.0554 0.0612
Tczz 0.0732 0.0592 0.0542 0.0554 0.0532 0.0566
Tvishera  0.0830 0.0724 0.0620 0.0612 0.0632 0.0486
Trisherb  0.1640 0.1546 0.1282 0.1338 0.1382 0.1298
Txw 0.7472 0.5586 0.4326 0.3378 0.2882 0.2308
TcLrT NA NA NA NA NA NA
Tow 0.0888 0.0656 0.0632 0.0546 0.0528 0.0564
p=15n Tivpxt 0.0668 0.0654 0.0574 0.0572 0.0502 0.0532
Tczz 0.0642 0.0546 0.0560 0.0602 0.0552 0.0526
Tvishera  0.0722 0.0658 0.0582 0.0562 0.0588 0.0498
Trisherb  0.1378 0.1250 0.1202 0.1202 0.1142 0.1084
Txw 0.8192 0.6362 0.4846 0.3862 0.3158 0.2508
TcLrT NA NA NA NA NA NA

Tow 0.0780 0.0606 0.0572 0.0604 0.0556 0.0514
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acle conditions are not met.
These findings complement the main-paper results for Scenarios 3—4
reported in Section 5 and further corroborate the advantage of spectral

alignment in enhancing power under heterogeneous alternatives.

S3.3 Details and numerical results for the plug-in implementa-

tion in Scenario 5

This subsection provides the detailed simulation setting and numerical
results for the sample-splitting plug-in implementation discussed in Sec-
tion 5.2 of the main paper. The purpose is to examine the practical im-
plementability of the proposed operator-indexed procedure when the oracle
operator Wy, ot is unavailable.

Let ny, and ny denote the sizes of the training and testing samples, re-
spectively. In each Monte Carlo replication, the observations are randomly
divided into two independent parts, with ny, = [0.3n] observations used
for training and ny = n — ny, observations used for testing. Based on the
training sample, we compute the Ledoit—Wolf shrinkage covariance estima-
tor f]shrink (Ledoit and Wolf, 2004). We then apply Algorithm 1 of the main
paper to (ishrink —1,)? to obtain a plug-in operator W. When Algorithm 1

yields nonpositive eigenvalues, the eigenvalue truncation rule in Remark 6
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of the main paper is applied. The testing sample is used only to evalu-
ate 1), (\/7\\7) We denote the resulting sample-splitting plug-in test based
on T, (\/7\\7) by Tsiapnt. Conditional on the training sample, W is fixed
with respect to the testing sample. Hence, the fixed-W null calibration in

Theorem 1 of the main paper applies conditionally. We next consider the

following scenario for the data-driven implementation.

Scenario 5 (Diagonal local perturbation). Let r, =r_ = [0.03p]. For
i=1,...,ry,set G =36/pand m; =1+ /g fori=r, +1,...,ry +71_,
set ¢ = 24/pand m; =1 —/q; fori =ry +7r_+1,...,p, set ¢ =0
and m; = 1. The values {m;}_, are then arranged in decreasing order as
mi; > mg > --- > m,y, and the covariance matrix under the alternative is
set to be 3y = diag(my, ..., m,). This construction yields a diagonal local
deviation from I,, in which approximately 3% of the eigenvalues are shifted
upward, another 3% are shifted downward, and the remaining eigenvalues

are equal to one.

The simulations are conducted under z;; ~ N(0, 1) and z;; ~ U(—+/3,/3),
using the same (n,p) combinations as in the oracle implementation study.
The significance level is 5%, and the results are based on 5,000 Monte Carlo
replications.

Tables S.9-S.10 report the empirical sizes of the seven competing tests
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for the plug-in implementation in Scenario 5. The results show that TspvpnT
maintains reasonable size control across the considered distributions.

The corresponding empirical powers are displayed in Figure S.3. Un-
der Scenario 5, TsvpnT Often improves over Teyz and several competing
methods, especially when p = 0.5n and p = n. Along the considered (n, p)
regimes, the empirical power of TspvpnT tends to increase with n. A possi-
ble explanation is that, as the training sample size increases, the estimated
operator W may identify the relatively informative departure directions
more stably, although the shrinkage estimator ishrink itself need not be-
come close to the true high-dimensional covariance matrix.

The maximum-type test Txw exhibits high empirical power in this di-
agonal setting. This is expected, since the present alternative contains a
small fraction of perturbed eigendirections and is therefore favorable to
maximum-type procedures. However, its empirical size is noticeably liberal
in several finite-sample settings, particularly for small n. Accordingly, its
empirical power should be interpreted together with the corresponding size
results.

Overall, these additional simulations suggest that the proposed operator-
indexed framework remains practically implementable when the oracle op-

erator is unavailable.
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Table S.9: Empirical sizes of seven tests at 5% significance in Scenario 5 with z;; ~ N (0, 1).

n
P Method 50 100 150 200 250 300
p=0.5n Tspmpnt 0.0676 0.0580 0.0566 0.0534 0.0534 0.0566
Tczz 0.0666 0.0528 0.0530 0.0568 0.0490 0.0482
TFrishera 0.0524 0.0536 0.0628 0.0578 0.0600 0.0538
T¥isherb 0.0616 0.0598 0.0636 0.0560 0.0510 0.0576
Txw 0.3028 0.1750 0.1270 0.0960 0.0818 0.0680
TcurT 0.0610 0.0516 0.0550 0.0520 0.0428 0.0534
Tow 0.0612 0.0500 0.0516 0.0570 0.0484 0.0496
p=n TspmpnT  0.0652 0.0640 0.0616 0.0532 0.0572 0.0568
Tczz 0.0578 0.0610 0.0550 0.0546 0.0552 0.0540
T¥ishera 0.0524 0.0514 0.0572 0.0508 0.0586 0.0512
Trisherb 0.0626 0.0662 0.0554 0.0526 0.0596 0.0564
Txw 0.3834 0.2002 0.1414 0.0970 0.0778 0.0682
TcLrT NA NA NA NA NA NA
Tow 0.0562 0.0550 0.0546 0.0472 0.0510 0.0532
p=15n Tsument 0.0654 0.0598 0.0556 0.0522 0.0496 0.0504
Tczz 0.0566 0.0490 0.0508 0.0548 0.0544 0.0478
Trishera 0.0480 0.0508 0.0548 0.0568 0.0562 0.0484
T¥isherb 0.0606 0.0574 0.0594 0.0536 0.0540 0.0460
Txw 0.4444 0.2244 0.1376 0.1088 0.0776 0.0686
TcLrT NA NA NA NA NA NA

Tow 0.0488 0.0518 0.0516 0.0542 0.0502 0.0524
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Table S.10: Empirical sizes of seven tests at 5% significance in Scenario 5 with z;; ~

U(=V3,V3).
n

p Method 50 100 150 200 250 300

p=05n Tsoment  0.0654 0.0606 0.0598 0.0542 0.0504 0.0558
Tezz 0.0674 0.0584 0.0554 0.0546 0.0502 0.0474
Trishera  0.0398 0.0516 0.0510 0.0492 0.0500 0.0534
Trishers  0.0290 0.0268 0.0258 0.0232 0.0202 0.0208
Txw 0.1694 0.1186 0.0880 0.0778 0.0794 0.0734
Torrr  0.0604 0.0578 0.0522 0.0562 0.0486 0.0454
Tow 0.0480 0.0482 0.0500 0.0518 0.0482 0.0452

p=n  Tsument 0.0624 0.0540 0.0570 0.0514 0.0464 0.0498
Tozz 0.0598 0.0578 0.0522 0.0532 0.0466 0.0512
Trishera  0.0402 0.0482 0.0532 0.0464 0.0512 0.0540
Trishers  0.0306 0.0292 0.0276 0.0234 0.0198 0.0234
Txw 0.2142 0.1304 0.0994 0.1052 0.0898 0.0812
Torrr  NA NA NA NA NA NA
Tow 0.0478 0.0494 0.0488 0.0514 0.0502 0.0514

p=15n Tsumpnt 0.0608 0.0598 0.0492 0.0524 0.0516 0.0496
Tozz 0.0528 0.0588 0.0538 0.0516 0.0552 0.0484
Trishera  0.0370 0.0442 0.0516 0.0494 0.0536 0.0484
Trisherb  0.0282 0.0308 0.0270 0.0280 0.0288 0.0274
Txw 0.2530 0.1454 0.1124 0.1008 0.0888 0.0820
Terrr  NA NA NA NA NA NA

Tow 0.0444 0.0452 0.0530 0.0460 0.0564 0.0470
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Figure S.3: Empirical powers of seven tests at 5% significance in Scenario 5 for the plug-

in implementation with estimated W.

S4 Additional details for the real-data analysis

This section provides the data-acquisition, feature-screening, preprocessing,
and operator-construction details for the real-data analysis in Section 6 of
the main paper. The TRANSBIG cohort (GSE7390; n = 198) is used as
the external cohort for feature screening and construction of the operator
W, whereas the NKI cohort (GSE2034; n = 286) is used as the target

cohort for hypothesis testing. Both cohorts were profiled on the Affymetrix
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Human Genome U133A Array and contain the same 22,283 probe sets.
The expression matrices were obtained from the NCBI Gene Expression
Omnibus through the Bioconductor package GEOquery (Davis and Meltzer,

2007). The data were processed according to the following steps.

1. Probe-set alignment. We first aligned the probe sets shared by the
TRANSBIG and NKI cohorts and placed them in the same order in

the two expression matrices.

2. External feature screening. Feature screening was performed using
the original TRANSBIG expression matrix only. For each probe set,
we computed its sample mean expression level across the TRANSBIG
samples and retained the p = 2000 probe sets with the largest sample
means. The NKI cohort was then restricted to exactly the same probe-

set indices.

3. Within-cohort centering. After feature screening, each retained
probe set was centered separately within each cohort by subtracting

its cohort-specific sample mean. This produced the centered matrices

Xrranspig and Xygr.

4. Covariance estimation and operator construction. Using the

centered TRANSBIG matrix, we computed the Ledoit—Wolf shrinkage
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covariance estimator Sy (Ledoit and Wolf, 2004). Algorithm 1 of the
main paper was then applied to ng to construct the operator W.
The resulting operator was kept fixed when the covariance identity

tests were applied to the centered NKI data.

Both the selected probe-set subset and the operator W are determined
entirely from the external TRANSBIG cohort, whereas the NKI cohort is
used only for the final hypothesis test. Accordingly, conditional on the
external TRANSBIG cohort, both the selected probe-set subset and the
operator W are fixed with respect to the NKI testing sample, and the NKI
testing step falls within the fixed-W framework of Theorem 1 of the main
paper. This design avoids target-cohort-dependent feature selection and
operator construction and allows the null calibration in Theorem 1 to be

applied conditionally.
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