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S1 Proof of Theorem 1

Proof. The following result is Lemma 1 in |Gao et al. (2019) and forms the

cornerstone of the proof of Theorem 1.
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Lemma S1 (Gao et al. (2019)). Let W be a set of weight vectors. Define

w = argmin (R(w) + a,(w)) .

wew
If
|an(w)| P R(w) P
— 0, — 1| — 0,
wery R (w) wow | R (w)

and there exists a constant k3 such that

: . S
Jrel)ng (w) > k3 > 0,

then

R (w) P
W ry
oy Rw)

For simplicity, we assume n = K J, i.e., each fold has the same num-
ber of units J. For i € J4, denote the expectation-adjusted transformed

outcome as
rl(a) = Yi(a) — |(1 - m)E{Y:(1)| X, B} + 7 E{Y:(0)| X;, Bi} .

Let CV(w) = CVig(w) — 6%, where the second term is unrelated to w.
Then

w = arg min CVi (w) = arg min CV,} (w).
weW weWw

Then, by Lemma [ST| Theorem 1 holds if

g F ey =) S




S1. PROOF OF THEOREM 1

and

sup b LA L7 op(1). (S1.2)
Denote
i = [(1 — D E{Y;(1)| X, B = s} + 7 E{Y;(0)|X;, B = s}],

ACH = b0 H (X a) — by (X, a),

m[s}a m[s]

~ > (—=k *

Am[s]a = Z l{lelk}hfn[s]) (X’M CL) h (XZ, a)
k=1

For Equation (S1.1), we observe that for any fixed treatment a, fold k,

weight w and stratum s,

2
{( Z wimya AL (X a)) | Bi = s, {Yj»Xj,Aijj}jeIg}

k k
Z Z WimyaWmna B(AL LAY | Bi = 5,{Y;, X, Ay, Bj}jerr)

m=1m'=1

M M
Z Z W(m)aW(m’ya *

<
m=1m/=1
\/ [{Afns]a} |B =S, {YJvXJ:AJ»B }]EIC] ‘E[{Ain/kz]a} |B =S {YJaXJvAJvB }JEIC]
12
S SUPE[{AE,I[I:])Q} | Bl = 57{)/]'7Xj7Aj7Bj}j€Ig:| . Z Z w(m)aw(m/)a

m=1m/=1
M 2
= bupE[{A( 5 } | Bi = 5,{Y;, X, A;, B; }JGIC] ’ (Zw(m)a)
m=1
_ ARV g =
= SupE[{Am[S]a} | B; = Sa{Y'j?vaAJWB]'}jEIg]

= or(1),

which does not depend on w. Let D_ = {Y;, X, A;, B; : j € I{} and

M 2
st = 84 (S b ) 1=
m=1
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Because the weights are nonnegative and sum to one,

0< sup Zpsalw) < max E[{AGM Y| B =D ]

wEW 1<m<M

Assumption 5 gives the right-hand side op(1), and the added uniform inte-
grability condition plus the fixed number of candidate models gives uniform

integrability of the finite maximum. Hence, by Vitali’s theorem,

E { sup Znksa(w) | B; = 5} =o(1).
wew

The tower property then yields

sup E( malpa| | Bi = 8) = o(1)
weWw
Since the fold number K is fixed, it further holds that
Y 2
supE< wmaﬁmsa Bi:s)zol.
sup le (maLBmisla| | (1)
So we have

sup |[R(w, s) — R"(w, 5)|

wew
M K 2
= e E(H(l =) D2 womn Y Lperg by (Xi, 1) + Z wonmzﬂ e g X“O)} - ”}
wew m=1 k=1
M M 2
- [{(1 =) D Wyt hings (Xa 1) +7 ) w(m)th@m(XuO)} - u} | B: = 8)
m=1 m=1
M K M
+ sup —E’2 [{(1—71’) ZIU(m)lz]llejk]h(_ Xl,l +7Tzw(m)02]1[161k hgr:[I:])(X“O)} — Mis | Bi28:|
wew m=1 k=1 m=1 k=1
M
E2 |:{(177T) Zw(m)lhjn +ﬂ—zw(m)0h X’Lyo)} — Mis | B’L:S:|
M
S Sua} E { 1 - Z w(7YL)1ATTL[S 1 + 7 Z w(m)OA‘"L ]0}
we m=1
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m=1 m=1 m=1

M
{ 1 - Z w(m>1Am[5]1 4+ Z w<m)0A s]0 =+ 2 1—m Z w(m)lhm[s (XZ, 1)

M
+27T Z w(m)oh:n[s](XhO) — Q/Lis} ‘ Bi =8

m=1

M M
E{(l —7) D W A + 7 > WempoAmigo | Bi = 5}

m=1 m=1

+ sup
wew

M M
XE{ Q- Z w(m)lAm[s 1+ Z w(m)OA sjo +2(1 —m Z w(m)lh 5(Xi, 1)

m=1 m=1 m=1

M
+27T Z w(m)oh;[s](Xi, 0) — 2/A¢S Bi = S}

m=1

= o(1).

where the last equality follows from the Cauchy—Schwarz inequality: the
second moment of ) w(m)aﬁm[s]a vanishes uniformly, whereas the second
moments of the oracle adjustment and pu;s are uniformly bounded under
Assumption 4.

Together with Assumption 6, the fact that Zle ps = 1 implies that

Equation (S1.1)) holds.

For Equation (S1.2)), define the limiting transformed outcome by

ri(w,a) =Y;(a)— { (1—7 Zw(mlhms](X,,l +7rZw(m0h (Xi,O)}.
m=1

Then, in fold &, we have

ri(w, a) —ri"(w a)

= —(1-n) Zw(ml{h (Xz,l) e (X 1)} — Zw(m)o{h;[§]>(x 0) — hiyg(X:,0)}

= ]_ — T Z W(m) 1Am[5] XZ, ]_ - T Z W(m OAm[s] )
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gf(w)k -2 (wykl» We focus on the following term within

1
Nislka

2
2 jegignn Ha=ayTs(w, a)} :

Because of the linearity of expectation, it is sufficient to bound the

. 1 2
stratum s: —— Ziej[s]mlk lig,=a) {Ti(wa a)—

[s]ka

following term.

2 1 2
sup £ {ﬁ-(w, 1) — L A7 (w, 1)} - {rf(w, 1) — Ajri (w, 1)} | B; = s
wEW N[s]k1 Jedmnis N[s]k1 jedmnii

= sup B [fi(w, 1) — 77 (w,1) - LY aiw,1) - r(w, |-
wew N[s)k1

JE][ ]f‘llk
* 1
[Fi(w, 1) + 7 (w0, 1) - S Addiw, 1) 5w, )} | Bi=s
Ms)k1 JET N,
* 1

= swpE [fi('w,l)—m (w,1) — ST AR (w, 1) - ) (w, 1)}]

weW N[s)k1
j€._7[ ]ﬂlk
A * 1 *
-[ri('w,l) —riw,1) - ST AR (w, 1) — 7 (w, 1)}
[s]k1 ]GJ ]mlk

* 1 *

+2{r] (w, 1) — Agrs(w, D} | Bi = s
n[s]kl jEJ[ ]ﬂIk
1 (—k)
= sup E [177r Zw(m)l{AmS] (X;,1) — Z Aj Am (X5, 1)}
wEW oo} Tslk1 JET e NI,
M
~ 1 _
+7 Z w(m)O{AEn[f])(Xiao) n Z Aj Amk (X5, 0)}]
m=1 [s]k1 i€T1e)N I

Ja-m Zw(m)l{A (X 1) - —— 3 A,ACN (1)

Nis]k1

jGJ[ ]ﬁ[k
M 1
A (—k (—k)
+7 > wmo{ AL L (X:,0) — - S AALN (X500}
m=1 [s]k1 JE€T NIk
72{1":(11;,1)7”1 Z Arjwl}]|Bi:s.
[s]k1 ]EJ nIk

By simple algebra, we have two main terms to treat:

M

1 A(—k
sup E Z w(nL)a{A X’H a Z l{Aj:a}AEn[s]) (X]7 (1)} | Bi=s ’
wew Nislka JET NI,
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and
sup F Zw(m {A [S] (X;,a) — - Z 14, 7a}Am[S] (Xj,a)}
weWw [s]ka JET NIk
{ri(w,1) — ZA?" (w,1)} | B; = s|.
sl JET )Nk

From the linearity of expectation, it is sufficient to show F [{ Af;[’;]) (X;,1)—

N[s]k1

k 2 .
. ZjeJ[smlk Aj Afn[s])()( 1)} | B = 5] = o(1) and sup,eyy E{r{*(w, 1) |
B; = s} = O(1). The latter can be checked by simple algebra. We verify

the former as follows.

Conditional on B; = s and the training data outside fold I, we have

2
2 (— 1
£ {AS”[LC])(X“D - Z Aj Ain[lec] (X 1 } ‘ Bi = s, {YJmXJmAJovBJo}jOGIg]

N[slk1 JET NIk

A(—k
<2E [A;[Sf(Xi, 1)? ‘ Bi =s, {on»on,Ajo,Bjo}joelg]

r 2
1
+2F { Z A; Ain[l:])(x 1) } ‘ B; =s, {YJmXJmAJoijo}joEIﬁ]

Ts]k1 JET )Nk

A(—k
<2E [Ain[sf(Xi, 1)? ‘ Bi =s, {on,on,Ajo,Bjo}joelz]

1 k
+2E n Z AAfn )(X 1) i = Jos <X jos “ljos Jo}joelg
L [s]k1 JET )Nk

~ 2
< 4supE |:{h< k) X 1) hM[S](Xi’l)} ‘ B; = Sv{Y}ijnaA]'mBjo}joEIg]

=op(1).
The first inequality follows from (z — y)? < 22? + 2y?, and the second
follows from the Cauchy—Schwarz inequality. The final bound follows from

the tower property, Assumptions 1, 2, and 5, and the independence of the
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fold partition.
Then, because the relevant functions are uniformly integrable and finitely

many integrable functions are involved, we obtain

> AAL )}2|Bi:s}:0(1).

jeﬁ ﬁlk

n[s]kl

o k A
Similarly, we have E{A( )(X 0) — m Zjej[s]mk(l — AJ)A( H)(XJ’O) |

m[s]

2
B;=s {Y}oaXJovAJo’BJo}JOEIC} = OP(1> and

2
ACH(X;,0) — (1—ANACH(X;0)¢ | By =s| = o(1).
o Mslk0 5 7oA o
[s]' Yk

Hence we obtain

Z Ajri(w, 1)} | B; = s

JEJ[ NI

ST Ay (w, 1)} { *(w, 1)—

JjeJs) Nl

sup F
weWw

{ﬁ-(w, 1)—

N[s)k1 N[s)k1

By the same argument applied to the transformed outcomes of the

control group, we have supwew\g}z(w) k—éf*(w) .| = op(1). Here the treatment-

selected fold cells are justified as follows. The fold split is independent of
the trial data; within each stratum and fold, conditioning on the realized
CAR treatment counts lets us use the usual coupling argument as in |Bugni
et al. (2018)) for selected treated and control validation cells. Thus the
fold-stratum-treatment empirical means above obey the same LLN bounds
needed for the displayed mean-square control.

2

Next, we show supwewkf*(w)k — Se(wyrl = op(1). Notice the variance

estimator in the fold k, ¢ (w)k> contains the two potential outcome parts,
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each of which is a finite sum of sample variances in stratum s,

Z 1{Az—a}{ ;(w Z Lia,=ay7( )}2

Z€L7[ N1 Jeﬁ]ﬂfk

Nslka

It is sufficient to show its uniform convergence with respect to w.

Observe that this sample variance could be expressed as the differ-
ence between the sample mean of {rf(w,a)}? and the square of the sample
mean of 7f(w,a). Conditional on the fold partition, strata, assignments,
and realized cell counts, the CAR coupling argument applies to each fold—
stratum-arm average, with ng, 2 0 and n/nisgre = Op(1). Moreover,
because 7} (w, a) is affine in the fixed-dimensional vector w, each cell vari-
ance is a quadratic polynomial in w. Its coefficients are finitely many
cell averages of oracle products. Lemmas and applied to these
coefficients after the CAR coupling, therefore give uniform convergence
of m Ziej[s]mlk 1{Ai:a}{7n? (w,a)— ﬁ Zjej[s]mlk Lia;—ayrj (w, a)}2 Over
the compact set WW. Since both the stratum number and fold number are

fixed, we obtain

sup |§ - §3*(w)k| = op(1).
wew

As a consequence,

sup [CVH(w) = (6 () — )|
weWw

K
1 .
< sup It E ’gf*(w)k: - §3*(w)k|

weW 1
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Combining the results above gives sup,cw|CVi(w) — R*(w)| = op(1).
Together with Assumption 6, Equation (S1.2)) holds. This completes the

proof of optimality. O]

S2 Proof of Theorem 2

Proof. From the proof of Theorem 1, we have

igvpvm(w) — R (w)] = o(1),

and

EE%ICV}(W) — R (w)| = op(1).

Furthermore, we have

jlelgv!CV}(w) — R(w)| = op(1).

Since u%rel‘ng (w) = 0, we have ul)gév CVi(w) = op(1).

Recall that @ = argmin CVi(w) = argmin CV, (w). We obtain the
wew wew

result

CV(w) = op(1).
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Combining with the previous result sup |CV;i(w) — R(w)| = op(1),
weWw

R(w) = op(1).

Moreover, let Wy = {w € W : R*(w) = 0}. Since R*(w) is a finite-
dimensional quadratic form in w, it is continuous on the compact set W,

and W) is nonempty under the present zero-risk case. For any ¢ > 0,

Ce = inf R*(w) > 0.
{w:dist(w,Wp)>€}

Together with sup,,cy |R(w) — R*(w)| = o(1), this gives

R(w) < R(w) + sup |R(w) — B (w)] = op(1).

P{dist(w, Wo) > €} < P{R"(w) > ¢.} — 0.

Hence dist(w, Wy) = op(1), which is used in Theorem 3. O

S3 Proof of Theorem 3

Proof. For the i-th observation in fold £ and stratum s, let

hig (X, ) = (1 —7) Zw(m hy ) (X3, 1) +7r2w ohCH(X;,0),

m[s m[s]

1

— A hig (X, ).
ns]o

Z Ay (X, 1), and by =
1€J4]

[8] 1 Z'e\j[s]

S B 1 M
T o= an[s]H s~ D (As = g wanhm[s (Xul)}

1 e, m=1
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M
_ 1
= Vi + > (A =g Z myohyuis) (X, 0)
0 e 7,
s B A M
ST LIRS ol SR <xul>}
ieg, M)l o=

> Al — Tn[s) M “
oot 3 AT S 0
S M
Pnls] {AiY:L Ai — Tnlg) o R (x
- - S m 1y 1
z; n Z Tols] w;u« )1 ] ( )

- - m h leo
1= ) 1—7Tn[s Zw( bl )}

s
Pnls] A 2 o 1-A; 7 ~
= > Ny [wn[sJ = i (X, @)} = 1—7%[5]{% - h[s](Xi’w)}}

S
ZP Ai Z E
" TZL[[S]] , Lrn[s] Tnls] ~ { B! (X 1) = w(m)oh X“O)}

1— A
B —— (Tngs) — { Zw<m>1h )X, 1) — Zw<m)oh Xl,O)H

M M
{Zw(m>1hm[s (X, 1) = > m>0h XZ,O)}
m=1

ZEJ m=1
S M M
~ T (—k - 7(—k
= Pals) (g =) Y (1= Ai){ D b (X, 1) = 3 dbmohi (X, 0)}
s=1 (10 5e 7, m=1 m=1
+an[sl [ a1 = by = {Fiago — [s]o}]~ (53.3)

Let F; be the fold containing observation ¢. In the full-stratum sums in
(S3.3)), the notation h (Xl,a) is interpreted as h (Xz,a) when the
sum is later restricted to ¢ € Jjq M Iy, this reduces to the usual fold-specific
notation.

Next, we show that the last term is the leading term and is asymptot-

ically normal in each case, whereas the first two terms are asymptotically
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negligible.

Let njgis = Ziej[s]ﬁlk 1 and npgee = Ziej[s]ﬁlk 1{4,—a) denote the num-
bers of units in stratum s and fold k, overall and in treatment arm a,
respectively. Since K is fixed and the fold partition is independent of the

trial data, for a = 0,1,

Nslka 1 ~1/2 n
—— =—=—+40 = Op(1).
Nisla K * P(n ) Nslka P( )
For i € J[g, let
M M
5 . S (—F) (—F;
higg = > Wy hly (Xi,1) = > ok, (X3, 0).

m=1 m=1

For each fixed m, a, and k, conditional on the training data outside fold Iy,
the function ﬁ%’;})( -,a) is fixed on the validation fold. Hence Proposition 1

of [Liu et al. (2023)) gives

S A (Xa-—— 3 (AKX a) = Op(nY2).

n
i€k [s]kO ;

[S]kl 1€J[s)Nk

Because 0 < W) < 1 and M is fixed, the same order holds for the
corresponding foldwise contrast of iLi[S].
Splitting the full-stratum averages over the K folds gives

LS Ay — —— 7 (1 - Ay

1€ 1€J4

ZAB]—

16\7[3 ﬁlk

s

sl

> (1= Ahyy

n[s] 1 [s]kl ZEJ[S] Al

N[s]ko
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K
N[y s 1 -
+§ ( o Hko) n E (1 — Ay)hi)-

k=

1 Nisn Nnisjo s]k0 i€ TNl

The first sum is Op(n~'/?). In the second sum,

Nislk1 . N [s]k0 _ Op(n_l/Q)
N Mo ’

whereas each foldwise mean is Op(1) under the second-moment conditions.

Since K is fixed,

1 - 1 A -
Z Aihi[s] - Z (1 - Ai)hi[s] = Op(n 1/2).

st 1€ Nsjo €T

Together with 7, —m = op(1), this shows that the first two terms in (S3.3))
are op(n=1/?).

We present a lemma based on Assumption 5 in the main text. The first
conclusion gives the root-n replacement that transfers the CLT from the
oracle transformed outcome to the plug-in estimator, while the second gives
the mean-square replacement that transfers the plug-in variance estimator

to the oracle variance estimator.

Lemma S2 (Tu et al., 2024). Under Assumptions 1-3 and 5 and the inde-

pendent fold partition, fors=1,....8, k=1,.... K, m=1,..., M, and
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>4 { (X, a) - hfn[s](Xz‘aa)}

[ MYslk1 i€ Nk

DY (1= A) { ) (Xi0) - hm[sﬁX“a)}]:oP(l),

Mslko i€ T} N

: Z {hin[s])(Xha) hy, (Xl,a)}onp(l).

n[s]k’* iEJ[S] AL,

Here the subscripts k1 and kO correspond to the treated and control val-
idation units in fold k and stratum s; the argument a remains the fixed
potential-outcome arm being evaluated.

Case 1. £ is positive.

. R(w P
In this case, we have that m — 1. Recall that R(w) = {n(1 —

7")}_1 25:1 psR(w, s), and

M M
R*(w, S) = ({ 1 - T Z w m)lhm[s] .XZ, 1) + 7 Z w(m)oh;kn[s}(X“ 0)}
m=1 m=1

[0 EIX B, = s} + REO)X. B = 3] )
oh

M M
— ({ 1 —7T Zwm)lhm[s] Xl,l)—’— w

m=1 m=

mis) (X 0)}

[1—7r Zwm)lE{Y )| X, B; —s}—i-wa 0 E{Y;(0 )|Xi;Bi:3}i|>

m=1

= Var{wTh’:ent( )} wTvar{hcent< )}w7

where h*,_(s) = ((1 — ) [y (X0 1) — B{Y;()|X,, B, = s}],...,(1 —

) By (X 1) — E{Yi()| X0, B = s}],m [k} y(X.,0) — E{Y,(0)|X,, B, =
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o[ (X.0) — BY(0)X,. B, = 5}])
Let

W, = arglrvne%R (w), R, = Jreluf/vR (w).

Theorem 1 and the uniform replacement R(w) — R*(w) = o(1) imply
R*(w) — R, = op(1).

Since R*(w) is continuous on the compact set W,
dist(w, W,) = op(1).

Let w® = Iy, (w), so that ||w — w°|| = op(1l). Here w° is the possibly

random projection; a fixed reference minimizer is denoted by w™* below.

We have the following contrast-level replacement:

1
\/ﬁ|:n A { Z w(m)a m[ Xzya/ Z w(m)a ms] X7«7a’)}
[s]k1 ZEJ[ ]ﬁ]k
) M
_n Z (1 — Al){ Z m)ah( Z w(m)a m|s] iy @ )}:|
[s1k0 e 7. NI, m=1
. M
SRG oD SRR S A IEED SR
(11 e 7N Ik m=1
1
3 A 3 b Ke) 3t )
[s]kO i€ ]ﬁfk
1
+\/ﬁ " A { Z lU(m)a m[S Xua Z w(m)a ms] lea)}
[s]k1 ZGJ[ e
. M
“n > -4 Z Wimyalynie) (Xi:0) = 37 wlmyahing (X“a)}}
[s]k0 = ]mk m=1
Ao 1
= Z{Wm)a w(m)a}f{ D A (X a) (1= A, [f])(X“a)]
oo’ Ns]k1 €T N, Ts]k 1€ Ny
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1

T [s]k1

1

Z (1- Ai){fzirj[:})(Xi,a) — hps) (X, a)}
T [s1k0

€T N,

S ARG E (X a) = b (X, a)} —

i€ TN,

M
+ mZ:jl WinyaV/1

= op(1)-Op(1) + op(1) = op(1).
The last equality follows because ||w —w°|| = op(1), each fixed-component
CAR contrast in the first bracket is Op(1) after multiplication by /n, and
the second bracketed term is exactly the contrast replacement in Lemmal[S2]

In addition,

- 2
n S i (X0}
[s]k €N, m=1 1
2 M M ,
Domyal o (k)
< sk D myaliyp (Xiya) = Y wl b (X, a)}
ZEJ[S]ﬂIk m=1 m=1
2 M M ,
o (—k) o
i { 2 WPy (Xis @) = 3 wiyahig (X a)}
sk je gnne ~ m=1 —

5]k iEj[s]ﬂIk

2 - . 2
+ sup > (X 0) = by (X))

me{l,...,M} Ts|kx i€ TNl

. 0 2 £ (—k £ (—k)T . 0
= (wa—wa)T{m Z h[(s] )(Xiaa)hfs] : (Xi>a)}(wa—wa)+0p(1)
SRS e g1 N
< [lwe — wil* - Op(1) + op(1)

= Op(l) . Op(l) + Op(l) = 0p<1),
where the third-to-last equality holds under Assumption 5, the second-

to-last inequality holds under Assumption 4, and the last equality holds

because || — w?||> 5 0.
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It remains to show that the oracle conclusion does not depend on which
element of W, is selected. For any wy, wy € W,, the midpoint (w; + ws)/2

also belongs to W. Since R*(w, s) = Var{w™h,

¥t (8)}, quadratic expansion

gives

L [ W +w 1, 1,

s
1 Ty %
T ;ps\/ar{('wl —wy) R (s) | Bi=s}.
The first two terms on the right equal R,, whereas the left-hand side cannot

be smaller than R,. Since p; > 0 and every variance is nonnegative,

Var{(w; — wy) "k}

cent

(s)| Bi=s} =0, s=1,...,5.

The treatment-arm weights and the control-arm weights each sum to one,
so their differences each sum to zero.

Consequently, the oracle adjustments induced by w; and ws differ only
by a stratum-specific constant. Such a common constant cancels from the
stratified difference-in-means estimator, leaves the within-stratum variances
unchanged, and leaves the stratum-specific treatment effects unchanged.
Hence all elements of W, induce the same oracle ATE estimator and the
same asymptotic variance.

Fix any w* € W,. The projected weight w° and this fixed reference

minimizer therefore differ only through stratum-specific constants in their
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induced oracle adjustments.

Define the oracle transformed outcomes

ri(w’, a) = Yi(a) { (1—m) Zw P (X, 1) +7TZw(m0h* (Xi,())}.

m=1

Applying the same fold-to-full decomposition to the selected-to-oracle dif-

ference, the preceding foldwise contrast and mean-square bounds give

Vi{#(w) — #(r(w°))} = op(1).

The oracle estimators based on w® and the fixed minimizer w* are iden-
tical because their adjustments differ only by stratum-specific constants.
Applying Proposition 1 in the main text, which follows from Theorem 1 in
Tu et al. (2024), to the fixed transformed outcomes r}(w*, a) and Slutsky’s
theorem therefore yield asymptotic normality with mean 7 and variance
Pty (1) SHrpe ()

Then, for each stratum and treatment arm,
Var(z) — Var(y)| < E{(x — y)’} + 2B{(x — y*} "E(y")"*

Taking x = 7;(w, a) and y = rf(w°, a), the preceding mean-square replace-

ment and ngk/ngke = Op(1) give
Eia [{ﬁ(w, a) —rf(w°, a)}z] = op(1),

and the oracle empirical second moments are Op(1) under Assumption 4.
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Consequently, the displayed inequality controls the within-stratum vari-
ances; |E(z —y)| < E{(z —y)2}/? controls the arm means in the between-
stratum component. Since the numbers of strata and arms are fixed, the
plug-in variance estimator differs by op(1) from the variance estimator com-
puted from the oracle transformed outcomes r;(w°, a).

o

Finally, the oracle adjustments evaluated at w® and at the fixed min-
imizer w* differ only by stratum-specific constants. These constants leave
the limiting variance unchanged, and the two corresponding empirical vari-

ance estimators differ by op(1) under CAR balance. Proposition 1 applied

to rf(w*, a) therefore yields

. R P
9?(@) (m) + Clzqr(ﬁ;) — Cf*(w*)(ﬂ) + §12qr*(w*)-

Case 2. There exists a convex combination of candidate models that
achieves zero population risk.

In this case, we have inf,epy R*(w) = 0. Define the set Wy = {w €
W R*(w) = 0}. By the proof of Theorem 2, it follows that R(w) = op(1)
and dist(w, Wy) = op(1).

Since W is compact and R*(w) is continuous, W, is nonempty and

compact. Let

w® =Ty, (w),  [lw —w°[| = op(1).
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For this projected oracle weight, R*(w®) = 0 implies

R*(w°,s) =0, s=1,...,85,

because R*(w®) = {m(1 —m)} 1>, psR*(w®, s), ps > 0, and every stratum
risk is nonnegative. Thus the oracle adjustment h[ ](XZ-, w®) is optimal in
the same Lj/variance sense needed in Case 1. Repeating the two replace-

ment bounds already verified in Case 1, with w* replaced by w°, gives

M
\/ﬁ|: 1 Z Ai{Zﬁ)(m)a ml Xl,a Zw<ma ls] X“a)}

Ns]k1 i€ TN

n
[s]kO ; m=1

1
e 3 a3 a0 - 3 s (i) ] = orth)
ZEJ[S]ﬁlk m=1

and

M 2
! Z { Z w(m)a X’ua Z w?m)ah:n[s](xia a’)} = OP(l)'

sl i€Jps N \m=1 m=1
Hence the same fixed-oracle CLT and the same plug-in variance-estimator

argument established in Case 1 apply, and Case 2 follows. n

S4 Auxiliary Results

Lemma S3. Let M be fivzed. For j = 1,...,M, suppose that {X,; :
n > 1} is uniformly integrable. Let wy 1, ..., wy p be nonnegative weights,

deterministic or random, with Zj\il Wy ; = 1 almost surely. Then

M
{Z W i Xnjin>1, (Wpa,..., won) € AM}
=1
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is uniformly integrable. The fixed-random-variable version follows as the

special case in which X, ; does not depend on n.

Proof. Let S, = Zj\il Wy ;X,; and set w = ¢t/M. Since the weights are

nonnegative and sum to one,

M
’Sn| < Z ’Xn,j"
j=1

Hence

M M
|Snl 18,51 < ZZ g | L{1 X0 >0}
: /=1

For nonnegative a, b,
a']-{b>u} < a]-{a>u} + U1{b>u}7

and uP (| Xpe| > u) < E{|Xn|1{x, > }- Therefore

sup E{‘S ’1{|5n\>t}} < 2MZSUPE{’X ,]‘1{|an\>t/M}}

j=1 "

The right-hand side tends to zero by the assumed uniform integrability of

each sequence and fixed M. O

Lemma S4. For each n > 1, let X,,1,..., X, be i.i.d. with mean p, =

EX, 1. Assume the family {X,1:n > 1} is uniformly integrable, i.e.

lim SUPE“Xn 1‘1{|Xn 1‘>M}} 0.

M—0o0 p>1
Then

sup E Yn,k — Uy m) 0.

n>1
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Consequently, for every e > 0,

SUp P ([ X = fial > €) 70,

i.e. Xpg — Wy tn probability uniformly in n.

Proof. Fix M > 0 and define the truncation Y,,; := X, ;1{x, ,j<m}, Ynr =

k=t Zle Y, and p, r = EY,, 1. As usual,
E[ Xk — pin]l SE[X k= Yorl + EY ok — ponr| + [pnnr — ).
By identical distribution and the triangle inequality,
E[Xnk— Yok SE[Xn1 — Yoil = E[| X1 |1{x,.>03]

and similarly [pn,n — pn| < E[|Xn1|1(x,,5an]- For the middle term,

Yo1] < M so

_ — o M
ElY ngi — tin| < 4/ Var(Yo ) = \/%4 < ﬁ’

where 02 ;, = Var(Y,;) < M?. Combine these three bounds to obtain the

uniform estimate

_ M
supE| X,k — pn| < 28upE[|Xn71|1{‘Xn,1‘>M}] + —.
1

n>1 n> VEk

Now fix ¢ > 0. Choose M so large that the first term is < £/2 (which is pos-
sible by uniform integrability), and then choose K so large that M/ VK <
/2. For all k > K the right-hand side is < e. Thus sup,, E| X, 1 — ttn| — 0

as k — o0o.
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Finally, we apply Markov’s inequality:

_ 1 _
sup P(| X i — ftn| > €) < gsup]E|Xn7/1€ — nl,

n

which yields uniform convergence in probability. O]

S5 Detailed Simulation Settings and Results

Here, we present the detailed simulation settings and results. For a € {0, 1}

and 1 <17 < n, the potential outcomes are generated according to
Y;(G) = ga<Xz) + €a,is

where g,(X;) is specified below for @ = 0,1. In each model, the vectors
(Xi,€04,€14),1 < i < n are iid. For all models except Model 2, the
error terms are generated as go; ~ N(0,1),e1; ~ N(0,9). For Model 2,
we instead generate heavier-tailed and skewed errors, with ey, following
a noncentral ¢ distribution with 3 degrees of freedom and noncentrality
parameter 2, and &1, ~ t(5).

Model 1: X is a four-dimensional vector,
ga(Xi) = Mo + ﬁgxb a = 07 1

where g = 1, u; = 4, X3 ~ Beta(3,4), X2 ~ Unif[—2, 2], X3 takes values
in {—1, 1} with equal probability, X;4 takes values in {3,5} with probabili-

ties 0.6, 0.4, and they are mutually independent. By = (75, 35,125,80)%, 3; =
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(100, 80, 60, 40)T. The stratum used for randomization is an additional co-
variate taking values in {1,2,3,4} with probabilities 0.2,0.3,0.3,0.2 and is
independent of X;. All the covariates are used in the working models.

Model 2: X, is a two-dimensional vector,
90(X;) = po + 60sin(3X;2) + 80/(1 + exp(—5(X;1 — 2))),

where po = —3, 11 = 0, X7 ~ Beta(3,4), Xi;o ~ Unif[—2,2], and they are
mutually independent. The stratum used for randomization is an additional
covariate taking values in {1,2, 3,4} with probabilities 0.2,0.3,0.3,0.2 and
is independent of X;. All the covariates are used in the working models.

Model 3: X, is a four-dimensional vector,
9o(Xi) = 6(Xi1 — 15)27

g1(X;) = (10sin( X, 7)) Lx,, <o) + 4 exp(Xis + Xia) L x>0

where X;; ~ 0.8 - Unif[10, 20] + 0.13 - Unif[0, 10] + 0.07 - Unif]20, 30], X;2 ~
Unif[—1, 3], Xi3 ~ Unif[0, 3], X;4 ~ Unif[1, 5], and they are mutually inde-
pendent. The stratum used for randomization is an additional covariate
taking values in {1, 2} with equal probability and is independent of X;. All

the covariates are used in the working models.
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Model 4: X, is a three-dimensional vector,
go(Xl) =100 Sin(Xil) + 10 eXp(Xig),

a1 (Xz) = 75X@1 Sin(Xz‘g) + 30/ []_ + exp{—Q(Xﬂ + ng)}},

where the latent covariates U;; ~ Beta(3,4),U;p ~ Unif[—2,2|,U;z ~
Gamma(2,3). Xy = Uy, X = 3U% + 0.5Uj9, and X3 = Uy Uss. Uy, Uy,
and U;3 are mutually independent, so the observed covariates X; are corre-
lated with each other. The stratum used for randomization is an additional
covariate taking values in {1,2,3,4} with probabilities 0.2,0.3,0.3,0.2 and
is independent of X;. X;; and X5 are used for spline fitting, while X;; and
X3 are used for other models.

In addition, the block size used in stratified block randomization is
6, equal weights are used in Pocock and Simon’s minimization, and the
overall, marginal, and within-stratum weights are set to be 0.3, 0.2 and
0.5, respectively, for Hu and Hu’s randomization. The empirical ratio is

calculated as SE/SD.
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S5.1 Simulation Results with Different Numbers of Folds

Table S1: Monte Carlo results for each estimator under different randomization

methods with K = 2 and n = 500.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu's Rand.

Model Estimator
RB SD SE ERCP RB SD SE ERCP RB SD SE ER CP RB SD SE ER CP
1 Tma <0.06% 413 411 1.000.95 -0.02% 4.19 411 098095 0.10% 4.10 4.11 1.000.95 -0.09% 421 411 0.980.96
Tinear 0.06% 414 410 099095 -0.03% 4.15 410 099095 0.10% 4.09 4.10 1.000.95 -0.08% 4.19 410 0.980.96
Thernel <0.06% 414 410 099095 -0.03% 4.15 410 099095 0.10% 4.09 4.10 1.000.94 -0.08% 4.19 410 0.980.96
Tuspline 0.05% 10.56 10.84 1.030.95  0.02% 10.94 10.83 0.990.94  0.24% 10.76 10.82 1.01 0.95 0.10% 10.60 1082 1.020.96
i 0.00% 6.03 6.10 1.010.95 0.05% 6.33 6.08 0.960.94 023% 6.16 6.09 0.990.95 0.06% 5.98 6.09  1.020.96
Tins <0.06% 414 410 099095 -0.03% 415 410 099095 0.10% 4.09 410 1.000.94 -0.08% 4.19 410 0.980.96
2 fua -0.05% 210 215 102096 -0.02% 2.16 2.15 1.000.95 0.02% 2.11 215 1.020.95 0.00% 2.13 215 1.010.95
Thinear -0.12% 280 283 1.010.95 -0.10% 2.87 2.83 0.990.94 -0.03% 2.75 283 1.030.95 0.03% 2.82 283 1.000.94
Thernel -0.07% 208 214 103096 -0.03% 2.12 214 1.010.95 0.00% 2.11 214 1.020.96 0.00% 2.12 214 101095
Taspline S0.11% 212 219 103096 -0.01% 220 219 100095 -0.01% 2.16 2.19 1.020.96 -0.02% 215 219 1.020.96
i <0.09% 221 226 102096 -0.05% 227 226 100094 -0.01% 219 226 1.030.95 0.01% 224 226 1.010.95
s -0.06% 208 214 103096 -0.03% 213 214 101095 0.00% 210 214 1.020.96 0.00% 2.12 214 1.010.95
3 Tma -0.67% 63.93 65.17 1.020.94 -0.08% 67.55 65.07 0.960.94 -0.29% 66.77 65.17 0.980.93 -0.30% 64.06 65.27  1.020.95
Tlincar -0.33% 72.33 75.37 1.040.94 -0.02% 77.98 75.63 0.970.93 -0.02% 76.13 75.11 0.990.94 0.31% 74.84 7555 1.010.94
Thernel 548% 501.79162.520.320.97  8.55% 798.08 180.95 0.23 0.95  -1.79% 556.01 169.68 0.31 0.95 747 x 10'2% 1.23 x 101 3.91 x 10 0.03 0.97
Tuspline -0.63% 81.03 8341 1.030.94 0.16% 85.27 83.70 0.980.94 -0.41% 84.50 83.14 0.980.93 0.41% 83.65 83.71  1.000.95
Tif -0.51% 6810 70.87 1.040.94  0.13% 73.16 71.16 0.970.94 -0.23% 71.65 70.62 0.99 0.94 0.39% 70.28 71.04  1.010.95
Tins -0.90% 66.13 68.30 1.030.94 -0.06% 71.25 68.49 0.960.94 -0.32% 69.87 68.10 0.97 0.94 0.13% 68.80 68.55  1.000.95
4 Tima -029% 132 132 1.000.94 -026% 1.34 1.32 0.980.94 -0.24% 1.34 132 0.980.95 -0.07% 1.38 132 0.960.94
Tlinear -0.04% 157 155 099094 -0.10% 1.53 1.54 1.010.94 0.05% 154 154 1.000.95 0.06% 1.59 1.54 097094
Tkernel 22.44%237.02 1048 0.040.95 -1.65% 7.95 2.55 0.320.94 2.71% 29.82 3.40 0.110.95 0.21% 3.18 221 0.700.95
Tuspline -0.06% 135 135 1.010.95 0.01% 138 135 098094 -0.10% 1.37 135 0.980.95 0.09% 1.39 1.35  0.980.95
Tt 0.01% 1.60 156 097094 -0.07% 154 155 1.010.94 0.01% 155 1.55 1.000.94 0.10% 1.60 1.56  0.970.94
Tins <0.19% 139 135 098095 -0.10% 140 135 096093 -0.19% 1.38 135 0.970.94 -0.02% 141 135 096094

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;
CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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Table S2: Monte Carlo results for each estimator under different randomization

methods with K = 5 and n = 500.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu's Rand.

Model Estimator
RB  SD SE ER CP RB  SD SE ER CP RB SD SE ER CP RB SD SE ER CP

1 Tima 0.09% 440 411 093094 0.09% 4.09 411 1.010.96 0.09% 4.03 411 1.020.96 -0.12% 4.14 4.11 0.990.96
Tlinear 0.11% 4.35 410 094094 0.11% 4.06 410 1.010.96 0.09% 4.03 410 1.020.95 -0.13% 4.09 4.10 1.000.95
Tkernel 0.11% 4.35 410 094093 0.11% 4.06 4.10 1.010.96  0.09% 404 410 1.020.95 -0.13% 4.09 4.10 1.000.95
Tspline 0.13% 10.93 10.75 0.980.94 -0.15% 10.42 10.74 1.030.95  0.27% 10.66 10.73 1.010.96 -0.18% 11.30 10.73 0.950.94
T 0.02% 6.22 592 095094 -0.05% 6.03 5.92 0.980.95 023% 601 592 098095 -0.13% 6.06 5.92 0.980.95
Ting 0.11% 4.36 410 094093 0.11% 4.06 4.10 1.010.96  0.09% 4.04 410 1.020.95 -0.13% 4.09 4.10 1.000.95

2 Tma 007% 217 215 099095 -0.16% 218 215 099095 0.07% 208 215 103096 0.06% 213 215 1.010.95
Tlinear 0.00% 2.86 2.82 0.990.94 0.06% 287 282 098095 0.16% 273 2.82 1.030.96 0.00% 2.83 2.82 1.000.95
Tkernel 0.05% 217 215 099094 -0.18% 2.16 2.14 0.990.95  0.04% 207 214 103096 0.05% 2.11 2.14 1.020.95
Taspline 0.02% 220 218 0.990.94 -0.19% 2.20 218 0.990.95 0.01% 211 218 1.040.96 0.06% 2.15 2.18 1.010.95
Tif 0.02% 223 222 1.00095 -0.13% 225 222 098095 0.07% 213 221 1.04096 0.03% 220 222 1.010.95
Tins 0.03% 215 214 099094 -0.18% 2.16 2.14 0.990.95 0.04% 207 214 103096 0.05% 2.11 2.14 1.020.95

3 Tma -0.45% 65.39 63.84 0.980.93  0.07% 64.13 63.72 0.990.94  -0.08% 66.00 63.97 0.970.94 -0.81% 63.92 63.43 0.990.94
Thinear 0.04% 75.69 75.10 0.990.93  0.63% 75.85 75.44 0.990.95  049% 76.14 7543 0.990.94 -0.56% 72.58 74.72 1.030.95
Tkernel -2.00% 303.89 110.45 0.36 0.95  -0.91% 322.10 122.08 0.38 0.96  -26.56% 7056.73 383.97 0.05 0.95  5.24% 590.94 134.76 0.23 0.96
Tspline <0.09% 8310 82.77 1.000.94  0.73% 83.76 83.08 0.990.94  0.44% 82.80 83.14 1.000.95 -0.59% 82.63 82.26 1.000.94
T 0.05% 68.93 68.79 1.000.93  0.61% 67.98 69.16 1.020.95  0.43% 69.74 69.13 0.990.95 -0.44% 68.16 68.50 1.00 0.94
ins -0.37% 65.21 65.41 1.000.94  0.30% 65.19 65.67 1.010.94  0.13% 6825 65.72 0.960.94 -0.76% 66.26 65.04 0.980.94

4 Tina -0.09% 142 132 093093 -0.09% 1.34 131 098095 -0.17% 133 132 099095 -0.21% 1.32 1.32 1.000.95
Tlinear 0.16% 1.63 154 095093 0.16% 154 153 099094 016% 153 154 1.010.95 0.06% 153 1.54 1.010.96
Tkernel -141% 1170 2.85 024094  -0.64% 944 260 027095 0.07% 458 232 051096 9.33% 53.37 4.88 0.090.96
Tuspline 0.11% 143 135 095094 0.12% 136 134 099094 012% 136 135 099095 0.03% 134 1.35 1.000.96
T 0.22% 1.63 155 095094 022% 155 154 099095 021% 153 155 1.010.95 0.08% 153 1.54 1.010.97
Tims <0.01% 146 135 093094 0.02% 138 134 097094 0.02% 138 135 0.980.95 -0.08% 1.36 1.35 0.990.95

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;
CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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Table S3: Monte Carlo results for each estimator under different randomization

methods with K = 10 and n = 500.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu'’s Rand.

Model Estimator
RB SD SE ER CP RB SD SE ER CP RB SD SE ER CP RB SD SE ER CP
1 Tma <0.15% 3.96 4.11 1.040.96 0.07% 4.35 411 094094 0.02% 4.07 411 1.010.95 0.28% 4.36 4.11 0.940.94
Tlinear -0.14% 3.95 4.10 1.040.95 0.08% 4.32 410 095094 0.03% 4.04 410 1.010.95 0.31% 434 4.10 0.940.94
Ternel 0.14% 3.95 4.10 1.040.95 0.08% 4.32 410 095094 0.03% 4.04 410 1.010.95 031% 434 4.10 0.940.94
Tspline -0.43% 10.36 10.721.040.96  0.31% 11.06 10.72 0.970.94  0.10% 10.86 10.70 0.980.95 -0.01% 10.69 10.73 1.00 0.95
Tuf -0.15% 5.58 5.89 1.060.96 0.15% 6.12 589 096094 0.11% 5.95 589 0.990.95 0.06% 6.04 5388 0.970.95
Tms -0.14% 3.95 410 1.040.95 0.08% 4.32 410 095094 0.03% 4.04 410 1.010.95 0.31% 434 4.10 0.940.94
2 Tma 0.02% 216 215 1.000.96 -0.11% 212 215 101096 0.01% 2.17 215 0.990.95 -0.16% 2.17 215 0.990.95
Tlinear -0.03% 2.90 2.82 0970.95 -0.22% 2.76 2.82 1.020.95 0.04% 2.83 2.82 1.000.96 -0.30% 2.84 2.82 0.990.94
Ternel <0.02% 213 2.14 1.000.95 -0.13% 2.10 2.14 1.02096 0.00% 214 214 1.000.95 -0.20% 215 2.14 0.990.94
Thspline -0.01% 217 218 1.010.96 -0.12% 2.14 2.18 1.02096 -0.03% 2.20 2.18 0.990.95 -0.19% 220 2.18 0.990.95
Tof 0.01% 2.23 221 099095 -0.18% 217 221 1.02096 0.01% 219 221 1.010.95 -0.23% 221 221 1.000.95
Tms -0.02% 213 214 1.010.95 -013% 210 2.14 1.02096 0.00% 2.14 214 1.000.95 -0.20% 2.16 2.14 0.990.94
3 Tina. -0.81% 62.79 63.211.010.94 -0.61% 63.69 63.31 0.990.93 -0.95% 64.41 63.16 0.980.93 -0.86% 63.08 63.43 1.010.94
Tlinear 0.19% 75.48 74.860.990.94 -0.45% 76.25 T74.81 0.980.94 -0.36% 75.63 75.01 0.990.93 -0.24% 73.16 75.24 1.030.95
Frornel 1.06% 204.7994.30 0.46 0.96  2.38% 409.78 113.94 0.28 0.95  -2.20% 629.36 118.36 0.19 0.95  -1.10% 241.26 102.56 0.43 0.96
Taspline -0.88% 81.74 82.401.010.94 -0.30% 84.12 82.30 0.980.93 -0.40% 84.42 82.49 0.980.93 -0.33% 79.78 82.82 1.040.95
T -0.33% 67.36 68.251.010.94 -0.33% 67.97 68.08 1.000.93 -0.31% 68.57 68.33 1.000.94 -0.27% 66.46 68.45 1.03 0.96
Tms -0.60% 65.46 64.740.990.94 -0.69% 65.21 64.55 0.990.93 -0.89% 66.05 64.52 0.980.93 -0.68% 64.20 64.55 1.010.95
4 Tma -0.08% 138 132 0960.93 -040% 1.31 131 1.000.95 -0.28% 1.34 1.32 098094 -0.10% 1.33 132 1.000.95
Tlinear 0.06% 1.56 154 0.990.94 -0.17% 154 1.52 099094 0.06% 1.50 1.53 1.020.95 0.10% 1.55 155 1.000.95
Tkernel -0.04% 12.57 2.85 0230.94 -0.30% 6.82 254 037094 131% 745 273 037094 -057% 651 242 0.370.95
Taspline 0.12% 1.36 135 0.990.94 -0.13% 1.33 1.34 1.000.95 0.00% 1.33 134 1.010.95 0.18% 1.37 136 0.990.95
T 0.15% 1.58 1.54 0.980.95 -0.17% 153 153 1.000.94 -0.03% 1.52 154 1.01094 0.14% 1.57 1.55 0.990.96
Tms 0.02% 140 135 0.960.94 -0.28% 1.36 1.34 098095 -0.12% 1.34 134 1.000.95 0.04% 139 135 0.980.95

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;
CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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S5.2 Simulation Results with Different Numbers of Units

Table S4: Monte Carlo results for each estimator under different randomization

methods with K = 5 and n = 200.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu's Rand.

Model Estimator
RB SD SE ERCP RB SD SE ERCP RB SD SE ERCP RB SD SE ERCP
1 Tma 0.0% 6.84 647 095092 -0.15% 6.36 647 1.020.95 0.17% 6.70 647 097094 -0.08% 6.83 649 0.950.94
Tinear 0.2% 6.74 642 095093 -0.13% 626 643 1.030.95 0.15% 6.62 644 097093 -0.09% 6.71 644 0.960.94
Trernel 0.12% 6.75 642 095093 -0.13% 6.26 643 1.030.95 0.14% 6.63 644 097093 -0.09% 6.71 644 0.960.94
Taspline 046% 1825 17.25 095093  0.05% 17.30 17.30 1.000.95 0.48% 17.01 1727 102096 0.19% 17.71 17.32 0.980.95
it 0.18% 1030 9.93 0.960.94 0.06% 9.88 9.92 1.000.95 0.37% 9.73 993 102095 0.08% 1027 9.92 0.970.94
s 0.12% 6.75 642 095093 -0.14% 627 642 1.030.95 0.14% 6.63 643 097093 -0.09% 6.71 644 0.960.94
2 fma 0.17% 349 340 097094 -0.33% 344 340 0.990.94 0.01% 3.66 340 093092 0.10% 348 340 0.980.93
Tlinear 0.14% 443 444 100094 -040% 441 445 1.010.96 -0.07% 471 445 095094  0.19% 452 445 0990.95
Trernel 0.16% 338 337 100095 -0.29% 337 3.37 1.000.94 0.02% 3.57 337 094093 0.05% 337 337 1.000.94
Taspline 0.15% 353 347 098095 -0.37% 347 347 1.000.95 0.01% 3.70 347 094092 0.04% 345 347 1.010.94
Tif 0.19% 364 3.63 100094 -0.28% 364 3.64 1.000.94 -0.08% 3.87 364 094093 0.14% 364 3.64 1.000.94
Tns 0.16% 342 337 098095 -0.30% 339 3.37 0.990.94 0.02% 3.59 337 094093 0.06% 340 337 0.990.94
3 e 0.42% 11274 105.410.930.93  -1.73% 108.25 103.890.96 0.93 -1.13% 10608 10370 098093 -1.12% 110.46 104.210.940.93
Tlinear 0.65% 122.60 118.920.970.92 -0.73% 117.93 117.86 1.00 0.93 -0.49% 118.93 11740 0.990.92  -0.38% 120.15 118.270.98 0.94
Tkernel 12.94% 1326.07 266.96 0.20 0.96  34.73% 5522.72 480.84 0.09 0.95  —4.43 x 10°% 7.33 x 1017 2.33 x 101 0.030.96  6.72% 1383.20 308.66 0.22 0.95
Taspline 0.79% 14049 132.700.940.92  -0.54% 128.93 131.35 1.020.94 -1.67% 130.82 13077 1.000.92  0.43% 138.21 132.190.96 0.92
Tuf 0.49% 11824 114.330.970.93  -0.45% 114.08 113.29 0.99 0.94 -0.94% 114.17 11292 0.990.93  0.30% 118.07 113.76 0.96 0.92
Tims -0.20% 115.40 109.36 0.950.93  -1.13% 111.66 108.79 0.97 0.93 -1.53% 111.38 10853 0.970.92  -0.44% 116.06 109.00 0.94 0.92
4 Tma 0.33% 217 210 097093 -042% 212 2.09 0.990.94 -0.36% 2.16 206 095093 -0.31% 210 2.09 0.990.94
Tinear 0.08% 247 243 098093 -0.09% 245 243 0.990.93 0.24% 2.56 240 094093  0.19% 242 242 1.000.94
Ternel 0.43% 1087 3.60 0.330.94 1.12% 1978 3.86 0.200.94 -0.04% 4.71 309 066094 021% 655 3.34 0.510.96
Taspline 021% 215 214 100094  017% 216 215 0.990.94 0.25% 221 212096093 0.12% 208 214 1.030.94
T 0.10% 2.5 248 097093 -0.02% 244 248 1.010.94 0.10% 2.56 245 096093 0.26% 247 247 1.000.94
Tms 043% 221 213 096092 -041% 226 2.13 0.940.92 0.21% 228 211 092092 -045% 216 213 0.990.93

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;
CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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Table S5: Monte Carlo results for each estimator under different randomization

methods with K = 5 and n = 400.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu's Rand.

Model Estimator
RB SD SE ER CP RB  SD SE ER CP RB SD SE ERCP RB SD SE ER CP
I T 0.04% 4.63 460 099094 0.11% 466 4.60 099095 -0.05% 445 459 1.030.96 0.08% 476 4.60 0.960.94
Tinear 0.06% 4.61 459 099095 0.10% 462 458 099095 -0.05% 441 457 1.040.96 0.07% 471 4.58 0.970.94
Trernel 0.06% 4.61 459 099095 0.11% 461 458 099095 -0.05% 441 458 1.040.96 0.07% 471 458 0.970.94
Taspline 0.17% 1258 12.03 0.960.94  0.20% 1213 1204 099095 0.21% 1190 12.03 1.010.95 0.43% 12.09 12.03 0.990.94
Tt 0.05% 686 670 0.980.94 0.02% 685 6.69 0980.95 0.04% 652 6.68 102095 0.25% 6.88 6.69 0.970.94
s 0.06% 4.62 459 099095 0.10% 4.62 458 099095 -0.05% 441 457 1.040.96 0.07% 471 4.58 0.970.94
2 Tma 007% 252 241 096094  0.16% 238 240 1.010.96 -0.06% 249 240 096094 0.23% 244 240 0.990.94
Tlinear 0.0% 320 315 098095 0.06% 306 315 1.030.95 -0.03% 323 315 098094 019% 3.23 315 0.970.94
Thernel 0.09% 248 240 097094  0.14% 234 239 1.02096 -0.09% 245 239 097094 0.20% 2.39 239 1.000.94
Tuspline 0.09% 252 245 097094 0.12% 240 244 1.02096 -0.09% 251 244 097095 019% 244 244 1.000.94
Tuf 0.12% 259 250 096095 0.18% 246 249 1.01096 -0.07% 258 249 097094 0.24% 2.53 249 0.980.94
Tns 0.08% 248 240 096094  0.14% 234 239 1.02096 -0.08% 247 239 097094 0.19% 2.39 239 1.000.94
3 Tma 0.43% 76.11 7231 095094 -0.35% 7376 72.14 0.980.94 -052% 7219 7221 1.000.93 -0.57% 70.90 71.76 1.010.95
Tinear 0.18% 8454 84.37 1.000.94  0.18% 83.15 8404 101096 0.27% 82.42 83.88 1.020.95 0.13% 8260 83.97 1.020.95
Thernel 3.02% 414.09 144.42 035 0.94  -22.07% 4346.41 295.96 0.07 0.96  -38.08% 6331.68 333.93 0.050.96  -0.91% 285.57 130.53 0.46 0.95
Taspline 1.09% 9440 93.17 0.990.94  022% 95.00 92.68 0.980.94  0.14% 93.30 92.62 0.990.93 -0.40% 88.81 92.66 1.040.95
Tt 0.52% 78.71 78.26 0.990.94  0.20% 78.62 77.89 0.990.95 0.33% 77.89 77.86 1.000.94 -0.11% 75.75 77.92 1.030.95
Tms 0.49% 77.25 7436 0.960.93  -0.19% 76.32 74.55 0.980.94 -0.10% 76.11 74.46 0.980.94 -0.48% 73.80 74.36 1.010.94
4 T 044% 149 147 098094 -033% 157 146 093093 -046% 150 147 098094 -0.28% 151 148 0.980.94
Tlinear 0.01% 178 170 096093 -0.23% 181 171 094093 -0.29% 172 171 099094 0.00% 172 172 1.000.94
Thernel 0.07% 473 253 054094 1.59% 2121 3.08 015094  235% 2551 392 015094 -0.80% 842 281 0.330.94
Taspline 0.14% 149 150 101095  0.00% 159 150 095093 -0.19% 152 150 099094 0.04% 154 151 0.980.93
Tuf 0.00% 179 172 096093 -0.30% 18 171 095093 -0.24% 175 172 0.980.94 0.09% 173 173 1.000.94
Tins 0.35% 153 150 0.980.94 -0.18% 161 150 093093 -041% 155 150 097093 -0.13% 156 1.51 0.960.93

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;

CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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Table S6: Monte Carlo results for each estimator under different randomization

methods with K = 5 and n = 600.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu's Rand.

Model Estimator
RB SD SE ERCP RB SD SE ER CP RB SD SE ERCP RB SD SE ER CP
1 fia 0.01% 382 3.76 0.980.95 -0.04% 386 3.76 0.970.93  0.03% 379 3.75 0.99094 0.04% 377 3.76 1.000.94
Tlinear 0.02% 380 375099095 -0.04% 385 3.75 097093 0.03% 3.77 375 099094 0.05% 3.74 3.75 1.000.94
Thernel 0.02% 380 3.75 099095 -0.04% 385 3.75 097093  0.03% 377 3.75 099094 0.05% 374 3.75 1.000.94
Tagpline 0.17% 9.74 9.78 1.000.95 -0.30% 9.87 9.79 0.990.95  0.08% 9.65 9.78 1.010.95 0.33% 9.93 9.79 0.990.95
i 010% 540 537099095 -0.06% 537 5.37 100095 0.07% 525 536 1.02095 0.12% 542 5.37 0.990.95
Tms 0.02% 380 3.75 099095 -0.04% 385 3.75 097093  0.03% 377 375 099094 0.05% 374 3.75 1.000.94
2 Tma 0.03% 1.95 1.96 1.010.96 -0.08% 1.96 1.96 1.000.96 -0.08% 205 1.96 0.960.93 0.08% 1.95 1.96 1.010.95
Tlinear 0.02% 261 257 0.990.95 -0.01% 256 258 101095 -0.11% 270 258 095093 0.05% 255 2.58 1.010.95
Ternel 0.02% 1.92 1.96 1.020.96 -0.08% 1.95 1.96 1.010.95 -0.12% 2.03 196 096093 0.07% 1.93 1.96 1.010.96
Taspline 0.02% 1.98 1.99 1.010.96 -0.10% 198 1.99 1.010.96 -0.09% 2.09 199 095093 0.07% 197 1.99 1.010.95
i 0.00% 2.01 2.01 1.000.96 -0.08% 2.00 201 1.010.96 -0.11% 212 201 095093 0.05% 2.00 2.01 1.010.95
Tms 0.02% 1.92 1.96 1.020.96 -0.08% 1.94 196 1.010.95 -0.12% 203 196 096093 0.07% 1.94 1.96 1.010.96
3 Tma 0.27% 56.67 57.841.020.95 -0.62% 58.01 57.590.990.94  -0.75% 58.63 57.76 0.990.93 -0.67% 56.26 57.55 1.020.96
Tlinear 0.29% 67.23 68.96 1.030.95 -0.07% 69.42 68.530.990.94  0.01% 69.94 68.60 0.980.93 -0.45% 67.51 68.47 1.010.95
Trernel 1.66% 229.70 87.090.380.96  1.53% 317.7998.31 0.31 0.94  -13.80% 1854.03 161.71 0.09 0.94  -4.01% 525.68 111.47 0.21 0.96
Taspline 0.36% 74.61 75.90 1.020.94  0.17% 76.88 75.450.980.94  -0.27% 77.37 75.43 0.970.94 -0.66% 73.87 75.28 1.020.94
i 0.13% 60.92 62.511.030.95 -0.05% 62.48 62.100.990.94  -0.18% 63.02 62.14 0.990.94 -0.43% 60.72 62.15 1.02 0.95
Tns 0.26% 57.95 59.141.020.95 -0.51% 59.26 58.720.990.93  -0.57% 60.51 58.82 0.970.93 -0.65% 58.21 58.81 1.010.95
4 Tima 0.19% 123 1.20 098094 -023% 1.21 120 0.990.94 -0.24% 124 120 097094 -0.13% 119 1.20 1.010.94
Tlinear 0.02% 138 141102096 0.03% 142 140 0.990.93 -0.04% 147 141 096094 0.09% 137 140 1.030.95
Ternel 743% 75.01 4.45 006095 057% 431 219051095  1.00% 7.84 237 030096 -0.39% 555 231 0.420.95
Tuspline 0.03% 124 1.23 099094 -0.04% 123 123 1.000.94 0.00% 126 123 098094 0.12% 123 123 1.000.95
Taf 0.05% 140 141 1.010.95 -0.07% 142 140 0.990.94 -0.03% 146 141 096093 0.15% 138 141 102094
Tins 0.03% 126 1.23 098094 -0.11% 1.24 123 0.990.94 -0.06% 127 1.23 096094 0.08% 123 1.23 1.000.95

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;
CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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Table S7: Monte Carlo results for each estimator under different randomization

methods with K = 5 and n = 800.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu's Rand.

Model Estimator
RB SD SE ERCP RB SD SE ERCP RB SD SE ERCP RB SD SE ER CP
1 fia 0.00% 3.25 3.25 100095 0.06% 325 326 1.000.95 0.03% 320 326 1.020.95 0.10% 3.36 325 0.970.95
Tlinear 0.00% 323 3.251.00095 0.06% 325 325 100095 0.04% 319 3.25 102096 0.10% 3.35 3.25 0.970.95
Trernel 0.00% 3.23 325 1.000.95 0.06% 325 325 1.000.95 0.04% 319 325 102096 0.10% 3.35 325 0.970.95
Taspline 0.02% 846 846 1.000.94 0.27% 823 845 1.030.96 -0.30% 843 846 1.000.95 0.16% 842 8.45 1.000.95
Tof 0.04% 4.61 460 1.000.96 0.14% 444 460 1.04096 -0.15% 458 460 1.000.95 0.13% 473 460 0.970.9
s 0.00% 324 325100095 0.06% 325 325 1.000.95 0.04% 319 325 102096 0.10% 3.35 325 097095
2 Tma 0.03% 172 1.70 0.990.95 -017% 176 1.70 0.960.94 -0.06% 171 170 1.000.95 0.13% 174 1.70 0.980.94
Tlinear 0.03% 220 223 101095 -023% 231 223 097094 -0.06% 227 223 098095 0.18% 225 223099095
Thernel 0.05% 170 1.70 0.990.95 -0.16% 175 170 0.970.95 -0.07% 1.69 169 1.000.95 0.11% 172 1.70 0.990.94
Taspline 0.03% 174 172099095 -0.18% 178 173 097095 -0.07% 170 172 101096 011% L74 1.72 0.990.95
T 0.02% 175 173099095 -0.19% 179 173 097095 -0.07% 173 173 1.000.96 0.09% L76 1.73 0.990.94
Tms 0.05% 170 1.69 0.990.95 -017% 175 170 0.970.95 -0.07% 169 169 1.000.95 0.12% 172 1.70 0.990.94
3 Tma 057% 49.94 49510.990.95  0.13% 50.07 49.75 0.990.94 -0.87% 50.01 49.25 0.980.94 -0.48% 51.08 49.440.970.94
Tlinear -0.22% 58.64 59.441.010.95  0.34% 59.84 59.78 1.000.95 -0.41% 59.09 59.21 1.000.94 -0.10% 60.36 59.46 0.99 0.94
Trernel 0.30% 235.98 67.970.290.95  11.81% 1691.81121.820.070.95  7.13% 1344.34 119.670.09 0.94  0.02% 128.33 61.39 0.48 0.95
Taspline -0.15% 65.43 65.261.000.94  0.35% 65.82 65.71 1.000.94 -0.45% 6548 65.03 0.990.94 0.11% 66.12 65.350.99 0.95
i -0.14% 53.25 53.021.000.95  0.50% 53.15 53.33 1.000.95 -0.55% 53.61 52.78 0.980.94 -0.01% 54.04 53.050.98 0.94
s -0.43% 50.99 49.990.980.94  024% 5041 50.27 1.000.95 -0.73% 5041 49.78 0.990.94 -0.39% 51.88 50.010.96 0.94
O 027% 109 104 096093 -0.10% 107 104 097095 -0.02% 103 104 1.010.95 -024% 105 1.03 0.980.94
Tlinear 0.14% 126 1.22 097093  0.01% 124 121 098094 0.11% 118 122 1.030.96 -0.05% 1.19 1.21 1.020.95
Thernel 0.18% 3.03 1.92 0.630.94 0.63% 559 206 0.370.95 1.30% 7.83 238 030096 -0.32% 3.38 1.86 0.550.94
Tuspline 0.12% 1.07 1.07 099095 0.08% 107 107 100095 0.21% 105 1.07 1.020.95 -0.07% 108 1.06 0.990.95
Tuf 017% 126 121097094 0.01% 124 121 098094 0.14% 119 122 1.030.95 -0.04% 1.20 1.21 1.010.95
s -0.13% 107 107099095 0.07% 107 107 1.00095 0.8% 106 107 1.010.95 -0.13% 109 1.06 0.980.94

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;
CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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Table S8: Monte Carlo results for each estimator under different randomization

methods with K = 5 and n = 1000.

Complete Rand. Stratified Block Rand. Minimization Hu & Hu’s Rand.

Model Estimator
RB SD SE ERCP RB SD SE ERCP RB SD SE ERCP RB SD SE ER CP
1 0.04% 3.03 2.91 0.960.93  0.07% 282 2.91 1.030.96 0.02% 292 291 0.990.94 0.03% 2.78 2.91 1.050.96
Tlinear -0.04% 3.04 2.90 0.960.93 0.08% 2.82 2.91 1.030.96 0.01% 292 2.91 0.990.95 0.04% 2.7 2.91 1.050.96
Thernel 0.04% 3.03 2.90 0.960.93  0.08% 282 2.91 1.030.96 0.01% 292 291 0.990.95 0.04% 2.77 2.91 1.050.96
Taspline -0.05% 7.78 754 0.970.94 -0.06% 7.46 7.55 1.010.96 0.16% 7.51 7.55 1.010.95 0.04% 7.52 7.55 1.000.95
Tof 0.00% 4.18 4.09 0.980.94 0.03% 4.07 4.09 1.000.95 0.04% 4.06 4.09 1.010.95 0.05% 3.94 4.09 1.040.95
s 0.04% 3.04 2.90 0.960.93  0.08% 282 2.91 1.030.96 0.01% 292 291 0.990.95 0.04% 2.77 2.91 1.050.96
2 Tma 0.01% 1.55 1.52 0.980.94 0.01% 154 1.52 0.990.95 -0.21% 1.54 1.52 0.990.94 -0.08% 1.53 1.52 0.99 0.94
Alinear -0.08% 1.97 2.00 1.020.95 -0.01% 2.03 2.00 0.980.94 -0.18% 1.98 1.99 1.010.95 -0.12% 2.02 2.00 0.99 0.96
Tkernel 0.00% 1.53 1.52 0.990.94 0.01% 153 1.52 0.990.95 -0.22% 1.53 1.52 0.990.95 -0.08% 1.52 1.52 1.00 0.94
Tuspline 0.00% 1.58 1.54 0.980.95 -0.02% 157 1.54 0.980.95 -0.21% 1.56 1.54 0.990.94 -0.07% 1.53 1.54 1.010.95
Tuf 0.00% 1.56 1.55 0.990.95 0.00% 157 1.54 0.990.95 -0.20% 1.57 1.54 0.990.95 -0.10% 1.56 1.54 0.99 0.94
Tms 0.00% 1.53 152 0.990.94 0.01% 153 1.52 0.990.95 -0.22% 1.53 1.52 0.990.95 -0.08% 1.52 1.52 1.00 0.94
3 Tma 0.33%43.5943.78 1.00 0.95  -0.70% 43.14 43.841.020.95 -0.33% 44.86 44.000.98 0.95  0.11% 44.39 43.98 0.9 0.94
Tlinear 0.33% 53.8953.210.99 0.95 -0.16% 52.77 53.101.010.95  -0.13% 53.57 53.24 0.99 0.95  0.58% 53.33 53.36 1.00 0.94
Trernel 0.53% 97.23 53.06 0.55 0.95  0.60% 132.77 52.90 0.40 0.96  -0.40% 90.93 50.67 0.56 0.95  0.39% 48.52 46.80 0.96 0.95
Taspline 0.26% 58.25 58.45 1.00 0.95  -0.46% 59.26 58.29 0.98 0.94  -0.18% 58.48 58.43 1.00 0.95  0.44% 59.41 58.62 0.99 0.95
Tuf 0.13% 45.9346.811.020.95  -0.34% 45.99 46.80 1.020.95  -0.06% 47.3146.890.990.96  0.46% 47.04 46.97 1.00 0.95
ins -0.19% 43.68 4413 1.01 0.95  -0.63% 43.60 44.171.010.95  -0.16% 45.1944.190.98 0.95  0.17% 45.39 44.25 0.97 0.94
N -0.16% 0.93 0.93 1.000.95 -0.13% 0.92 0.94 1.020.96 -0.05% 0.94 0.93 0.980.95 -0.19% 0.96 0.93 0.97 0.94
Flinear 0.03% 1.07 1.09 1.020.95 0.02% 1.07 1.09 1.020.95 0.13% 112 1.09 0.970.94 -0.05% 1.12 1.09 0.97 0.94
Tkernel -2.14%23.23 272 0.120.94  0.87% 569 2.11 037096 -0.13% 4.14 1.95 047094  0.89% 5.65 1.88 0.330.94
Tuspline 0.02% 0.95 0.96 1.010.95 0.02% 092 0.95 1.040.96 0.13% 0.96 0.95 1.000.96 -0.03% 0.9 0.95 0.96 0.94
Tof 0.00% 1.07 1.09 1.020.95 0.04% 1.06 1.09 1.020.94 0.18% 1.12 1.09 0.970.94 -0.06% 1.11 1.08 0.98 0.94

Tms

-0.03% 0.95 0.96 1.000.95

0.00% 0.92 0.95 1.040.96

0.11% 0.97 0.95 0.9 0.96

-0.04% 0.99 0.95 0.96 0.94

Abbreviations: RB, relative bias; SD, standard deviation; SE, standard error; ER, empirical ratio;
CP, coverage probability; Rand.: randomization; ma: model averaging; nspline: natural spline; rf:

random forest; ms: model selection.
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S5.3 Summaries

of the selected weights
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Figure S2: Standard deviation of the selected weights for the adjustment methods

under different models.
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Figures 51| and [52| summarize the mean selected weights and their standard
deviations across simulation scenarios. The results show that the proposed
cross-validation procedure assigns weights adaptively according to the un-
derlying outcome structure, and the selected weights are consistent with
the patterns in the dominance counts reported in the main text.

The standard deviations of the selected weights provide additional evi-
dence on the stability of the weighting procedure. In settings where one or
two methods clearly dominate, such as the control group of Model 4, the
corresponding weights tend to be relatively stable. In contrast, when sev-
eral candidate models have comparable predictive performance, the selected
weights show larger variability, as seen in the treatment group of Model 2
and the control group of Model 3. Overall, these patterns indicate that
the model averaging procedure does not simply select a fixed adjustment
method across all scenarios, but instead adapts to treatment-arm-specific

and model-specific covariate-outcome relationships.
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Table S9: Summaries of the selected weights under Model 1 with 1000 replications.

Linear Kernel Spline RF

Number of Units Group
Mean SD Mean SD Mean SD Mean SD

treatment 047 046 043 045 0.04 0.09 0.06 0.11

200
control 0.49 049 048 049 002 0.04 0.02 0.07
treatment 049 046 043 046 0.03 0.06 0.05 0.09

400
control 047 049 050 049 0.01 0.03 0.01 0.05
treatment 045 047 048 047 0.02 0.05 0.04 0.07

600
control 049 049 049 049 001 0.02 001 0.04
treatment  0.47 047 047 047 0.02 0.05 0.04 0.07

800
control 0.51 049 048 049 0.01 0.02 001 0.03
treatment 0.50 047 045 047 0.02 0.04 0.03 0.06

1000

control 051 049 047 049 0.01 002 0.01 0.03
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Table S10: Summaries of the selected weights under Model 2 with 1000 replications.

Linear Kernel Spline RF

Number of Units Group
Mean SD Mean SD Mean SD Mean SD

treatment 0.18 031 024 039 036 044 0.21 0.36

200
control 0.03 0.06 069 035 020 031 008 018
treatment 0.14 0.23 028 040 036 043 0.22 0.36

400
control 001 004 070 032 019 029 010 0.18
treatment 0.11 020 029 041 034 043 026 0.39

600
control 001 003 07 031 015 024 010 0.20
treatment 0.12 020 031 041 032 041 025 037

800
control 0.01 003 07 030 015 025 010 0.19
treatment 0.10 0.16 034 042 030 041 026 0.38

1000

control 0.01 002 074 029 012 021 012 0.21
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Table S11: Summaries of the selected weights under Model 3 with 1000 replications.

Linear Kernel Spline RF

Number of Units Group
Mean SD Mean SD Mean SD Mean SD

treatment 0.07 014 071 031 005 010 017 0.24

200
control 012 024 013 025 058 039 0.17 0.30
treatment 0.04 0.09 0.75 028 0.04 0.08 0.17 023

400
control 0.08 0.16 019 031 055 040 0.18 0.31
treatment 0.02 0.06 079 024 0.03 0.07 0.16 0.22

600
control 0.07 014 026 037 053 041 015 0.28
treatment 0.02 0.05 080 0.23 0.02 0.06 016 0.22

800
control 0.06 012 034 041 042 042 018 0.30
treatment 0.01 0.04 080 023 0.02 0.05 016 022

1000

control 0.06 011 041 044 038 042 0.15 0.27
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Table S12: Summaries of the selected weights under Model 4 with 1000 replications.

Linear Kernel Spline RF

Number of Units Group
Mean SD Mean SD Mean SD Mean SD

treatment 0.23 037 034 043 020 031 023 0.37

200
control 0.10 021 0.05 014 075 030 010 0.21
treatment 0.25 037 037 043 0.16 0.26 023 0.37

400
control 0.09 019 005 013 079 025 0.07 0.15
treatment 0.25 0.37 040 044 0.12 021 0.23 0.36

600
control 0.10 019 0.05 0.11 081 023 004 0.11
treatment 0.25 036 039 043 013 0.23 023 0.36

800
control 0.09 017 0.04 010 082 021 005 0.11
treatment 024 035 039 043 0.11 0.18 026 0.38

1000

control 0.08 015 0.04 010 084 019 0.04 0.10
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S5.4 Dominance counts for the adjustment methods

Table S13: Dominance counts for each method under Model 1 with 1000 replications.

Number of Units Group Linear Kernel Spline RF

treatment 515 476 0 9
200
control 499 495 0 6
treatment 532 466 0 2
400
control 485 515 0 0
treatment 483 517 0 0
600
control 502 498 0 0
treatment 498 502 0 0
800
control 518 482 0 0
treatment 528 472 0 0
1000
control 518 482 0 0

Table S14: Dominance counts for each method under Model 2 with 1000 replications.

Number of Units Group Linear Kernel Spline RF

treatment 168 243 378 211
200
control 0 734 202 64
treatment 97 296 371 236
400
control 0 749 181 70
treatment 64 305 351 280
600
control 0 795 125 80
treatment 65 326 344 265
800
control 0 793 135 72
treatment 32 354 335 279
1000

control 0 822 83 95
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Table S15: Dominance counts for each method under Model 3 with 1000 replications.

Number of Units Group Linear Kernel Spline RF

treatment 44 794 8 154
200
control 106 98 624 172
treatment 15 831 5 149
400
control 41 175 600 184
treatment 4 883 1 112
600
control 33 259 570 138
treatment 1 893 0 106
800
control 19 339 457 185
treatment 0 887 0 113
1000
control 10 432 412 146

Table S16: Dominance counts of each method under Model 4 with 1000 replications.

Number of Units Group Linear Kernel Spline RF

treatment 233 340 186 241
200
control 81 36 793 90
treatment 262 384 125 229
400
control 78 22 859 41
treatment 272 416 78 234
600
control 70 15 892 23
treatment 257 402 92 249
800
control 44 5 935 16
treatment 263 414 57 266
1000

control 40 10 940 10
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S6 Detailed Description of Clinical Trial Example

Table S17: Description of selected covariates in the Nefazodone CBASP trial.

Variable Description

Mstatus Marital status, 1 if married or living with someone and 0 otherwise
TreatPD Previous treatment for depression, 1 yes and 0 no

AGE Age of patients in years

HAMA_SOMATI

HAMD_COGNID

HAMD17

HAMD24

NDE

HAMA Somatic Anxiety Score
HAMD cognitive disturbance score
Total HAMD-17 score

Total HAMD-24 score

Number of depressive episodes

Abbreviation: HAMA, Hamilton Anxiety Scale; HAMD, Hamilton Rating Scale for Depression.

Table S18: Covariates used for treatment effect adjustment in each model.

Adjusting Model Used Covariates

Linear Mstatus, TreatPD, AGE, NDE
Kernel Mstatus, AGE

Natural Spline Mstatus, AGE, TreatPD

Random Forest AGE, NDE
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