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In this supplement, we provide derivation of the subgroup ATE estimators and variance expres-
sions in Section S1, approximate null distributions of the test statistics in Section S2, additional

numerical results in Section S3, and additional real data results in Section S4.

S1 Derivation of the Subgroup ATE Estimators and

Variance Expressions

Consider Model (2.3) in Section 2.1:

yi = 2] B9 + tjay; + e i 69 =1,

7 A

where el(j )~ N (O,O'(j)2) are independent errors with unknown variance
o? and 51@ = I(g(x;) > ¢;). For subjects satisfying &(j) =1, let TU) =

(t1, - tn,) " Y9 = (yy, ... ,Yn;) ", and €) = (egj), o ,e,(fj))T, and let ZW
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denote the design matrices for prognostic covariates. Similarly, for the
remaining subjects satisfying 31@ = 0, define TG, y(=9) =9 and Z9).

The model can be expressed in matrix form as
) . . N\ T .
yo) — (Tm Zm) (oq,j 5(3)) 4,

To estimate o ;, we solve the following equation:

7O TO Z0) ) [y, T Ty
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For my x my and m; X mg3 matrices U and V,
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UTu UtV (UTU) + Uy (VINGV)WUL —Up (VTN V)L
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(S1.1)

where Uy = (UTU)'U'V, Ny =1 — Py and P, =U(UTU)"*'UT, I is an
identity matrix of suitable dimension. To simplify the notations, we first

treat 70 and ZY) as U and V, and based on Equation (S1.1)), we can

obtain
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ar; = [(UTU) '+ Up(VINGV) UG U TyD — Uy (VING V)V Ty0)
=[UTu)y"'uT+UTO)'UTVVINGYV) T VTUUTO) T
—(UTU)TUTV(VINGV) TV Ty
=TT+ UTO)TTUTVVINGYV) VT (UUTU)TTUT - 1))y
=[(UTU)UT - (UTU)TUTVIVINGV) TV TNy
=UTU)UT [I=V(VINGV) VT NG| yY.
(S1.2)
Then, based on Equation , the variance of & ;, denoted as UC%M,
is given by
ob =01, (UU)UT [I-V(VINyV)'VTNy]
[I—NgV(VINgV) 'VTUU )™
=01, (UU)'UT[I = NyV(V NyV)"'V'T

—VWVINGV) VN + VI(VINGVY WV TUWUTU)

In summary, we obtain
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Similarly, we obtain

-1

by = (T TTC) T { 1- 29 (29 Ny, 209)

Z(—N} 7(=3) (T(,j)TT(,j))—
(S1.4)

where Np(jy = I — P and P, = TC)(T) !

TED)TENT ) 5 0)?
denotes the unknown variance of independent errors in the Model for the
complement subgroup.

To simplify the notations, we define DY) = (y) TG ZW X0 P
Nyy) and DU = (4= 760 Z2CD XD Py Nycy). In Stage 1,
after selecting the optimal subgroup rule, we obtain 52* = I(g(x;) > ¢*). For
subjects satisfying 0* = 1, we define DV = (y1) 76D Z6D X6 po)
Nyey) for Stage 1, and D2 = (y2 762 Z62 XD P Npsy) for
Stage 2, analogously. In , substituting DY) with DY for Stage 1 or
D6 for Stage 2, and substituting o’ with o' yields the subgroup ATE

l(l

estimators &, " ) and (34/1(32) for Stages 1 and 2, respectively, together with

their estimated variances.
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S2 Approximate Null Distributions of the Test Statis-
tics

Following the work of [Stallard| (2023)), we first introduce the notations used
in the computation of approximate null distributions of the test statistics.
For j =1,... k, let Agj,l be a k x k matrix whose diagonal elements are
1, whose jth column has entries -1 except for the (7, j) element, and whose
remaining entries are 0. For 1 < i < [ < k, define Az(:jz) as the submatrix
of Agj,)g obtained by extracting rows i to 1 and columns i to 1. For a vector
v=(vy,...,0) ", let viy = (v,...,0)" for 1 <i <<k, andlet v7! =
(vyt, ..., v )T, Define ¥(v) as the k x k matrix with entries X(v),;; =
Umax{ij}- Finally, define C(v) as a (k — 1) x k matrix with C(v);; =
vi(vp — v)7, C(w)i, = —C(v);;, and all other entries equal to 0 for
i=1,...  k—1.

For testing Hy ;i : ay jo» < 0, where ay ;) denotes the average treat-
ment effect within J®th subgroup based on Selection Rule r for r =
1,2, let 2 = 07/1(81)/&%,(31) be the test statistic for Selection Rule 1, and

31
2@ = (6 — &MY (var(a Y — a,"V))71/2 be the test statistic for Selec-
tion Rule 2. The approximate null distributions of the test statistics, for

i=1,...,J under Selection Rule r for r = 1,2, are proposed by [Stallard
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(2023):

(1) Z ki) ( —1/2Al(:j,21,O,AEQZ(n;,ﬁ)AEQU :

F(z) Z(D(k i) (an(nk —ny)” 1n_1/2A£k 1,0,C9 (n.y) (S2.5)

J
Jj=t

3(n;, k)C(])(nl B (g — nj)_QAgfgflllTAg?}le) )
where Fi(r)(z) corresponds to test statistic under Selection Rule 7, z = 2!
or z = 2 U (ng) = Al(':jk)AC(ni;k), and n = (ny,...,ng)", n; is the

sample size within the jth subgroup.

S3 Additional Numerical Results

S3.1 Comparison of Subgroup Identification Methods

In this subsection, we assess more subgroup selection methods, including
MOB (Zeileis et al., 2008) and GUIDE (Loh| 2002) in the comparison of
subgroup ATE estimates, to evaluate different subgroup identification meth-
ods in adaptive enrichment designs when subgroups are defined by multiple
biomarkers.

Following Section 4.2, we focus on M5 and M6, and report the results
in Figure[I] based on 200 simulations. We set a; = 10, ag = 0, N1; = Njp =

250, and Nogyp, = 100. For a fair comparison, the prognostic variables
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Figure 1: Comparison of subgroup ATE estimates obtained from six methods, where

(3/1(81) and &/1(82) denote the subgroup ATE estimates in Stage 1 and Stage 2, respectively.

are determined using BVSA (Zhang et al., 2025)) and kept identical across

all methods. Results from four predictive variable selection approaches
show satisfactory performance in setting M5, with ATE estimates close

to the true value. In contrast, the methods relying on a single predictive

variable (Stallard} 2023)) yield substantially biased estimates, with median
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values falling below 70% of the true effect. For M6, where the subgroup
structure becomes more complex with three biomarkers, BVSA, GUIDE
and MOB achieve the best estimation performance. PRIM (Chen et al.|
2015) performs slightly worse, with lower estimates and larger variance,
but remains satisfactory, while the single predictive variable methods again
perform poorly, with median estimates not exceeding 65% of the true effect.
Overall, across these two settings, variable selection approaches consistently
outperform single predictive variable methods. Table [1| further provides
numerical summaries of the subgroup ATE estimates, including empirical

mean, bias, MSE, and standard error.

S3.2 Oracle Comparison and Robustness to Data Splitting

To assess the efficiency loss due to data splitting and the robustness of
the proposed procedure to different splits, we conduct additional numerical
experiments under Settings M1-M3 with a; = 0.9 and ay = —0.5, based on
200 simulations at the 5% significance level.

We consider two oracle benchmarks: (i) an oracle assuming the true
subgroup membership scores are known, and (ii) an oracle assuming the
true predictive variables are known. Table [2| reports the statistical power

and average Stage 2 sample size for the proposed method and the two
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Table 1: Numerical summaries of subgroup ATE estimates in Stages 1 and 2 for Models
M5 and M6, including mean, bias, MSE, and standard error, based on 200 simulations

under «; = 10 and as = 0.

Bias Bias Mean Mean Bias Bias Mean Mean

in Stage 1  in Stage 2 in Stage 1 in Stage 2 in Stage 1  in Stage 2 in Stage 1  in Stage 2

(MSE) (MSE) (SE) (SE) (MSE) (MSE) (SE) (SE)
-0.01 -0.16 9.99 9.84 -0.17 -0.44 9.83 9.56
BVSA
(0.098) (0.144) (0.022) (0.024) (0.290) (0.493) (0.036) (0.039)
-0.05 -0.04 9.95 9.96 -0.21 -0.28 9.79 9.72
GUIDE
(0.041) (0.024) (0.014) (0.011) (0.230) (0.423) (0.031) (0.042)
-0.22 -0.20 9.78 9.80 -1.40 -1.34 8.60 8.66
PRIM
(0.143) (0.142) (0.022) (0.022) (3.535) (3.378) (0.089) (0.089)
-0.01 -0.02 9.99 9.98 -0.25 -0.33 9.75 9.67
MOB
(0.006) (0.010) (0.006) (0.007) (0.200) (0.291) (0.026) (0.030)
-3.25 -3.67 6.75 6.33 -3.60 -4.22 6.40 5.78
X1
(11.178) (14.007) (0.054) (0.053) (13.778) (18.537) (0.065) (0.060)
-4.70 -4.74 5.30 5.26 -4.59 -4.71 5.41 5.29
Xyq
(22.275) (22.950) (0.033) (0.051) (21.285) (22.722) (0.033) (0.054)

oracle benchmarks. As expected, the oracle with known true subgroup
membership scores achieves the highest power and requires the smallest
Stage 2 sample size. The oracle based on known true predictive variables
performs closer to the proposed method. The proposed method shows some
efficiency loss relative to the oracle benchmarks, but maintains high power
across all settings.

To evaluate robustness to the choice of data split in Stage 1, we repeat

the splitting procedure 10 times under different random splits and report the
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resulting combined p-values in Table|3| The results show that the combined
p-values are significant for most random splits across most scenarios, with
some variability present due to the randomness of data splitting, indicating
that the proposed procedure is reasonably robust to the choice of split.

Table 2: Statistical power and average sample size in Stage 2, based on 200 simulations,

with sample size determination for Stage 2 targeting 90% power and early futility stop-

ping at the 5% significance level under o; = 0.9 and as = —0.5.

Statistical Power Average Stage 2 Sample Size
Known True Known True Known True Known True
Proposed Subgroup Predictive Proposed Subgroup Predictive

Membership Scores Variables Membership Scores Variables
MI1_Rulel 97.69% 98.50% 96.30% 49 26 42
M1_Rule2 94.97% 98.98% 96.65% 60 35 66
M2_Rulel 96.36% 98.98% 96.39% 41 28 43
M2_Rule2 93.59% 100.00% 94.25% 56 29 59
M3_Rulel 94.33% 99.00% 96.70% 51 26 49
M3_Rule2 96.92% 98.96% 95.65% 60 33 57

S3.3 Comparison with Alternative Testing Procedures

To investigate the potential conservativeness of the global testing step in

Stage 1, we compare the proposed method with two alternative procedures:



S53. ADDITIONAL NUMERICAL RESULTS11

Table 3: Combined p-value based on different random data splits in stage 1, with sample
size determination for Stage 2 targeting 90% power and early futility stopping at the 5%
significance level under ay = 0.9 and oy = —0.5. Values less than 0.001 are reported as

“<0.0017; otherwise, p-values are reported as decimals rounded to three decimal places.

Combined P-value

Split 1 Split 2 Split 3 Split 4 Split 5 Split 6 Split 7 Split 8 Split 9 Split 10

M1_Rulel 0.001 <0.001 0.463 <0.001 <0.001 <0.001 <0.001 0.002 0.022 <0.001
M1_-Rule2 0.055 0.106 0.001 0.002 0.003 0.017 <0.001 0.003 <0.001 0.002
M2_Rulel 0.001 <0.001 0.012 <0.001 0.044 <0.001 <0.001 0.002 <0.001 <0.001
M2_Rule2 0.025 0.002 <0.001 0.040 <0.001 0.002 <0.001 <0.001 <0.001 <0.001
M3-Rulel <0.001 0.004 <0.001 0.007 0.065 <0.001 <0.001 <0.001 <0.001 <0.001
M3_Rule2 0.133 <0.001 0.121 0.005 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001
M4_Rulel <0.001 <0.001 0.001 <0.001 <0.001 0.002 <0.001 <0.001 <0.001 <0.001

M4_Rule2 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

M5_Rulel 0.003 0.005 0.005 0.001 <0.001 <0.001 <0.001 <0.001 0.001 0.004

M5_Rule2 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001 <0.001

M6-Rulel <0.001 0.002 <0.001 <0.001 0.003 0.004 0.001 <0.001 <0.001 0.018

M6_Rule2 <0.001 <0.001 <0.001 <0.001 0.001 <0.001 0.002 <0.001 <0.001 <0.001

(i) an approach relying solely on the Stage 2 p-value, and (ii) the method
proposed by |Guo et al| (2025). The results are summarized in Table ,
based on 200 simulations under a; = 0.9 and as = —0.5. For the proposed
method, both Stage 2 sample size determination and early futility stopping
are incorporated. For the other two approaches, the Stage 2 sample size is
fixed at 100, without early futility stopping.

The results show that relying solely on the Stage 2 p-value yields sub-
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stantially lower power than the proposed method across all settings. For
the method of |Guo et al.| (2025)), in correctly specified settings M1-M3, the
proposed method achieves higher power, whereas in misspecified settings
M4-M6, the method of |Guo et al. (2025) achieves slightly higher power.
This suggests that the method of |Guo et al.| (2025) may serve as a useful
alternative when applicable, though its direct application is limited to set-
tings corresponding to Selection Rule 1. Overall, the power advantage of
the proposed method is largely attributable to the adaptive Stage 2 sample
size determination, which compensates for the conservativeness introduced

by the global testing step.

S3.4 Sensitivity Analysis under Model Misspecification

To further assess the robustness of the proposed method to model misspec-
ification, we conduct sensitivity analyses under three additional scenarios
for Settings M1-M3:

(i) replacing the normal error ¢; ~ N(0,1) with heavier-tailed ¢(3) noise;
(ii) adding an interaction term X; X, to the outcome model;

(iii) adding a quadratic term X3 to the outcome model.

These scenarios introduce deviations from the logistic-normal mixture model

assumed in Stage 1.
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Table 4: Comparison of statistical power based on 200 simulations under a; = 0.9 and
ag = —0.5. For the proposed method, both Stage 2 sample size determination and early
futility stopping are incorporated. For the other two approaches, the Stage 2 sample size

is fixed at 100, without early futility stopping.

Statistical Power

Proposed Relying Solely on The Method Proposed
the Stage 2 P-value by |Guo et al.| (2025)

M1-Rulel 97.69% 74.50% 91.50%
M1_Rule2 94.97% 66.00%

M2_Rulel 96.36% 68.50% 90.50%
M2_Rule2 93.59% 62.00% -

M3_-Rulel 94.33% 57.00% 86.00%
M3_Rule2 96.92% 53.00% -
M4_Rulel 97.95% 93.50% 99.00%
M4_Rule2 98.40% 89.50% -

M5_Rulel 95.31% 86.50% 97.00%
M5_Rule2 98.34% 77.50% -
M6_Rulel 99.49% 93.00% 99.50%
M6-Rule2 99.47% 87.00% -

The results are reported in Table |5, based on 200 simulations under
a1 = 0.9 and ay = —0.5. Across all settings and selection rules, the pro-
posed method maintains statistical power at or above 80% under model
misspecification, though some power loss is observed relative to the cor-
rectly specified case, particularly when interaction or quadratic terms are

present. The required Stage 2 sample sizes increase accordingly, reflect-
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ing the greater difficulty of subgroup identification under misspecification.
These results confirm that the testing procedure, which depends on the
working model only through the estimated subgroup membership scores
used for thresholding, is reasonably robust to moderate deviations from the
working model.

Table 5: Sensitivity analysis of statistical power and average Stage 2 sample size, based
on 200 simulations, with Stage 2 sample size determination targeting 90% power and

early futility stopping at the 5% significance level under ai; = 0.9 and as = —0.5.

Statistical Power Average Stage 2 Sample Size
Interaction Term Quadratic Term Interaction Term Quadratic Term
Baseline t(3) Noise Baseline t(3) Noise
X1 Xo Added X2 Added X1 Xo Added X2 Added
M1_Rulel 97.69% 89.39% 93.27% 87.39% 49 86 73 64
M1_Rule2 94.97% 90.63% 87.37% 83.15% 60 94 90 79
M2_Rulel 96.36% 95.45% 85.86% 84.17% 41 89 69 67
M2_Rule2 93.59% 92.06% 91.21% 85.00% 56 104 87 81
M3_Rulel 94.33% 94.83% 93.33% 90.91% 51 97 80 81
M3_Rule2 96.92% 96.30% 96.51% 89.47% 60 96 83 88

S3.5 FWER Control Beyond the Global Null

We note that under the nested subgroup structure, constructing a beyond-
global-null configuration necessarily violates the assumption in Stallard

(2023)) that the outcome is positively associated with a biomarker. Con-
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sequently, in our correctly specified model, it is not possible to establish
a configuration that extends beyond the global null hypothesis. To assess

FWER control beyond the global null, we consider the following setting:
Y=14X1+Xo0+ Xy +I1(Xs=2)+ X7+ ait x I(—1.5 < X7 <0.5) + ¢,

where a; = 1.5. The data are generated following the same procedure as
described in Section 4.1, except for the outcome model specified above. This
setting violates the positive association assumption in [Stallard (2023) as the
treatment effect is nonzero only within the interior region —1.5 < X; < 0.5.

We evaluate the Type I error as the proportion of simulations in which
the optimal threshold c¢* exceeds 0.5, among those in which only X is
selected as the predictive variable. In this case, the threshold set C is
simply constructed as the deciles of X; rather than the estimated subgroup
membership score §(x;). A threshold exceeding 0.5 would correspond to
incorrectly selecting a subgroup that excludes part of the truly beneficial
region defined by —1.5 < X; < 0.5.

The results are summarized in Table [f} When a; = 1.5, among the
200 simulations, 138 simulations select only X; as the predictive variable,
among which 2 simulations select a threshold exceeding 0.5 under Selection
Rule 1, yielding an empirical Type I error of 1.45%, while no simulation

exceeds the threshold under Selection Rule 2. The results are well below
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the nominal level of 5%, providing empirical evidence that the proposed

procedure controls the Type I error beyond the global null.

Table 6: Empirical Type I error rates beyond the global null among simulations in
which only X; is selected as the predictive variable, based on 200 simulations at the
5% significance level, where the true subgroup is defined by I(—1.5 < X; < 0.5) with

a1 = 1.5 and as = 0.

Type I Error

Rulel 1.45%
Rule2 0%

S4 Additional Real Data Results

In this section, we apply our proposed adaptive enrichment design approach
to the AIDS Clinical Trials Group (ACTG) 320 study data. These 852 pa-
tients are randomly allocated to one of the two treatment regimens. In
the experimental group, patients are administered the new drug in combi-
nation with the placebo, i.e., t = 1, whereas the control group indicates
the patients only receive the placebo, i.e., t = 0. Following Shen and He
(2015) and [Zhang et al.| (2025), CD4 count change at 24th week is used as

the response, and we include sex, age, weight, race (categories: White =
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Figure 2: Posterior inclusion probabilities for ACTG 320 study data. The left panel
displays the probabilities of predictive variables, and the right panel displays those of

prognostic variables.

1, African = 2, Hispanic = 3), injection-drug use (IVDRUG), hemophilia
(HEMOPHIL), Karnofsky score (KARNOF), months of prior zidovudine
therapy (PRIORZDV), baseline CD4 counts and baseline RNA concentra-
tion on the logarithm scale (denoted as logCd40 and logRna0, respectively)
as the possible predictive and prognostic variables. Standardization is ap-
plied to all continuous covariates. We aim to investigate whether the new
drug has a beneficial effect on the progression of AIDS.

Given a total of N = 852 patients, we assume that we have N; = 450

patients in Stage 1, with N;; = 150 and N2 = 300, and Ny g1, is determined
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based on results in Stage 1. For illustration, we randomly draw Ny gy,
patients from the remaining 402 patients and evaluate the performance.
Firstly, we apply BVSA (Zhang et al. 2025) to N;; = 150 patients and
obtain the estimated subgroup membership score. Figure [2| presents the
posterior inclusion probabilities of predictive and prognostic variables. For
predictive variables, we select logCd40 and logRna0 since their probabilities
exceed 0.5, while the probabilities of other variables are less than 0.4. These
two predictive variables are also selected by |Cai et al.| (2010) and |Zhang
et al. (2025)). Similarly, for prognostic variables, we select logCd40 and
logRna0 since their probabilities are larger than 0.5, while others are no
more than 0.25.

Given the active predictive and prognostic variables, and the subgroup
membership score, the threshold ¢* is determined using N5 = 300 patients.
The results of the proposed adaptive enrichment design are shown in Figure
and Table [7] based on 100 simulations, incorporating sample size calcu-
lation for Stage 2 and futility stopping. We set the minimal sample size in
Stage 2 to be 20. We conduct a comparison between BVSA (Zhang et al.|
2025) and the single predictive variable approach (Stallard, 2023), using
the same set of prognostic variables in both approaches. For the single

predictive variable, we use logCd40 or logRna0.
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Figure 3: Comparison of ATE estimates from three methods under two selection rules for
the ACTG dataset, based on 100 simulations, where (3/1(81) and (3/1(82) denote the Stage
1 and Stage 2 ATE estimates, respectively.

Figure [3| shows that, under both selection rules, the BVSA-based ap-
proach produces ATE estimates similar to those from the single predictive
variable approach, with both methods demonstrating good performance.
Table [7] indicates that these two methods attain 100% statistical power at

a significant level of 5%, and the average sample sizes in Stage 2 required
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Table 7: Comparison of statistical power, average sample size in Stage 2, mean subgroup

ATE estimates in Stage 1 and 2, and their standard errors (SEs) for ACTG 320 study

data between the predictive variables selection method and the single-variable selection

method at a significant level of 5%, based on 100 simulations with sample size calculation

for Stage 2 and futility stopping.

Predictive Variable Using Using
Selection “logCd40” “logRna0”
Selection Rule Rule 1 Rule 2 Rule 1 Rule 2 Rule 1 Rule 2
Statistical Power 100% 100% 100% 100% 100% 100%
Average Sample Size
20(0) 20(0) 20(0) 20(0) 23(0.41) 21

in Stage 2

Mean of ATE Estimates

90.62(0.73) 82.73(0.88)

in Stage 1 (SE)

Mean of ATE Estimates

82.44(4.06) 74.78(4.32)

in Stage 2 (SE)

78.08(0.79) 76.24(0.72) 111.43(2.52) 101.24(2.76)

76.08(4.11) 73.04(3.89) 95.61(4.10) 85.46(4.53)

by selecting variables and using “logCd40” are both equal to 20, which are

slightly smaller than that required by using “logRna0”. BVSA yields mean

estimate higher than that from using “logCd40” but with greater variabil-

ity, and lower than that from “logRna0” while being more precise. Overall,

these results suggest that, for the ACTG 320 data, using variable selection

in adaptive enrichment design is comparable to, and not inferior to, the

method of [Stallard| (2023]).
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