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Supplementary Material

The supplementary material is organized as follows. In Section[S1] we construct consistent
variance estimators for all four proposed estimators. In Section[S2] we provide additional details
on the generation of the semi-synthetic clinical trial data described in Section[7] Sections

and present proofs of the main results and auxiliary lemmas.

S1 Consistent variance estimator

In this section, we construct consistent variance estimators for valid infer-
ence. Specifically, we consider the difference in the potential outcomes for
any two treatments b and c. Let e,. be an A-dimensional vector, such that
all elements are zero, except for the bth element, which is 1, and the cth
element, which is -1. Let 7. = E{Y(b) =Y (¢)} =7 — 7, b,c € A, be the

real difference in potential outcomes. To simplify our notations, we use the
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following expressions of 7, and 7y, which is
g )

Analve Nkla A naive
an[k] Z (I(Ai =a)— ﬂ) 4 (X )ﬁ[k] (a)

kek M [k]

[k]a

2k ) Bl (X035 (0) ] ,

N[k]
where Bf}jive( ) = B[I,ﬁwe( a) = e,. Let 77, be the estimator for 7, generated
from the estimators above, for t = glm, tl, * = naive, proj. Based on simple

calculations, we have

V(e (T e — Toe) KN N(0,1), T = glm,tl, x = naive, proj,
where

(Ugﬁxebc)Z = egc‘/glmebc = ‘/glm(b7 b) - 2Vglm(b7 C) + Vg1m<C, C)7

(0710, )% = el VESie,, = VBRI (b,) — 2VEI (b, ¢) + VESI(c, c).

glm,bc glm glm glm glm

Here, for any matrix V', V (i, j) denotes the element in the ith row and jth
column. By using 7;(a) as the transformed outcomes again and 7;(a) as an
estimator of r5(a), 7; = Y, 4, [(Ai = a)Pi(a). Let fgq = 1/npga >opy I(A; =
a, B; = k)7;. For the estimators above, we use 7/, = Y; — \il[k],T(Xi)TﬁAfkk](a),
where T = glm, tl, * = naive, proj, respectively, for A; = a, B; = k. We

define

~92 o pn[k] Nk . A Tk 2
07",’[‘((1) - Z { ZI = a, B’L - k)(rz,f - T[k]a,f) }7

kex Mkl
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where T = glm, tl, * = naive, proj, and

2
&EC,HY = an[k]{ (Yv[k]b - Z pn[kr]Y[kqb) — (Yv[k]c — Z pn[k’}Yv[k’]c) } .

kel kel kel

Let

A

1 n ~ = = T
Stiww = T > 1(Bi=k) {‘I’[kMXi) - ‘If’m,T(Xi)} {‘I’[km(Xz-) - \I//[k],’((Xi>}

denote the sample covariance matrix for Wy ;(X). Also, let

1 n ~ = _
St kwy (a) = i 2 I(A;=a,B; = k) {‘I’[kl,T(Xi) - \Ij/[k]a,T(Xi)} (Yi—Yija)

denote the sample stratum-specific covariance vector between Wy, +(X;) and

Yi(a). Let (6737°)* be the estimator of o}

am e and (67 12 be the estimator

proj

of (opalye)? for = glm, tl, respectively.

Theorem S1. 1. Under Assumptions@ if Tirgim (@) € Ra, E{r} g (a)} <

oo for a € Ay, the variance estimator

&glm,bc = ‘Ajznﬁ;ve( b) + &%ﬁye(c) + 6l§c,HY
_ Z pn[k} [{B&?ive(b) nalve } Sglm o {B 6[1;5“}6( )}
ke

naive 1. IV T
—2{B5(b) — B ()} (Serm,wwy ) — Sglm,[k:}\ﬂY(c))i|

is a consistent estimator for o> and

glm be’

~ Proj 2 _ A2 ~2
(Cgimpe)” =0 pproi gy o veroiy + Obe Y
’ glm glm ’



Yujia Gu, Hanzhong Liu and Wei Ma

S P {AE0) — AR} Suampn {BE0) — AEFIE))
kex

proj )2

is a consistent estimator for (ngm’bc

2. Under conditions in Theorem[3, the variance estimator

~2 a2 ~92 ~9
O-tl bec — O-rillaive(b) + O-T?laive(c) + JbC,HY

= b [ {8 0) = B3(0)} Sumwa{ B 0) - Bi(0)}

ke

2{5nalve B[r;gz]wive<c)} (Stl (K WY (b) Stl \DY(C)>:|

is a consistent estimator for o> and

glm,bce’

proj\2 _ A2 ) A2 ~2
(Otipe)” = 0 proi () T Tpproi oy T e,y

+ an[k]{ﬁ[%oj( [IZ]OJ } Stk \w{ﬁ[k] Bﬁgoj(c)}

kek

proj )2

is a consistent estimator for (aglmbc

S2 Details of semi-synthetic clinical trial data

In this section, we provide more details in generating the semi-synthetic
trial data in Section [7] Recall that we analyze a semi-synthetic clinical
trial dataset constructed based on a trial using nefazodone and the Cogni-
tive Behavioral-Analysis System of Psychotherapy (CBASP) (Keller et al.|

2000). The aim of the trial is to compare the performance of nefazodone,
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CBASP, and their combination in chronic depression. We use the CBASP
group as the treatment group, indexed by A; = 1, and the combination
group as the control group, indexed by A; = 0. The binary outcome of in-
terest is FinalHAMD, the final score on the 24-item Hamilton Rating Scale
for Depression. The continuous score is dichotomized at a threshold of 18
to obtain a binary outcome. The treatment effect is evaluated by the risk
difference. The semi-synthetic data for the binary outcome are generated
by fitting a logistic regression model with nonparametric spline terms, using
the function bigssg from the R package bigsplines. We stratify the data
by GENDER and select eight additional covariates as baseline variables for
the spline terms, including AGE, HAMD17, HAMD24, HAMD_CONGID,
HAMA_SOMATI, Mstatus2, NDE, and TreatPD. We define the target pop-
ulation as individuals with HAMD17 < 20 and the source population as
those with HAMD17 > 20. In each iteration, we generate semi-synthetic
data by sampling 200 units from the target population and 1200 units from
the source population. Additional covariates included in the estimators are
constructed using linear, quadratic, cubic, and interaction terms for con-
tinuous covariates; linear and interaction terms for binary covariates; and
interactions between continuous and binary covariates, resulting in a total

of p = 135 covariates. We perform stratified block randomization in each
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dataset, with GENDER as the stratification variable and a 1:1 allocation

ratio between treatment and control groups.

S3 Proof of main theorems

S3.1 Proof of Proposition 1

Recall that Ty, a is
K —
Tolma = an[k}{ [ Ha = {0 (X Bt (@) — iy (X B[k]glm(a))}] -
k=1

[ 10 — {00 (X7 Birggim (0)) — i (X7 B[k}glm(o))}]}

for a € A. Then we have

i = (2 o | { ¥t = oo (X7 Bigam (@) = 0y (X Bigaam(0)))

~{Fiuo = o Brgan () = By (X Brum(O)} ] 2 € 4)
= (D pot [{¥ig0 = o (X7 Bpgeam (@) = B (X By (@)) | B = 1))}

kek
—{Yio — (Ggo( X Bt (0)) = B (X Buagm (0))|Bi = k))}] s a € A)

(83.1)

(2 Pt d e (X Bt (@) = D (X B (0)))

kel
— (B¢ (X Bpggn(@))| Bi = k) — B(W' (X' Biggn (0))|Bi = k))} s a € A)

(93.2)
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- (an[k] {00 (X3 Bigeim (@) — i (X Bigemn (@)}

kek

— {1 (X Birigm (@) — Vg (X Bigeim (a))}]
— [{0(X Birtgn (0)) — iy (X, Biggn(0))}
— {0 ( X Bigern(0)) — Uiy (X7 B (0)}] @ € A). (53.3)

We first analyze the (S3.3). By Lemmas [S1] and [S2] we have

~ Mn k logp
1Bk (@) — Bigam (@)1 = O, <S[k1 —Hes )

and

n

_ _ logp
[ X0 — Ximlloo = Op ( & ) ,

for any a € Ay and k € K. By Taylor expansion, for some ¢; € (0,1), we

have

V(X Bgggm (@) = ¥'(X, Bigam (@)
= (X" Bgamm (@) + X { B (@) = Bgern (@) )X (Bigaim (@) — Bigjgm (@)
Denote
v = X Bpgam (@) + X {Bpggn (@) — Bpgam (@)},

then we have

Vi {03 B (@) = P (X7 B (0))} = (o (X Bieam (@) = g (X, B (@))}]|
Vi 3 @)X (Bgin(@)  Bian(@)) — - 3 000X {Bin(a) = Bian (@)

ic(a,k) [k] i€[k]

1
Mk]a
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< Vil S 0O B (@)X (B (@)~ B ()}
@ ie(a,k)
- —[ . > (X Bigam (@) X; { Bieim (@) — Birjgm (@)} (S3.4)
1€[k]

Z {0 (03) = 0" (X By (@)} X, {Bigeim (@) = Bpgam (@)}

n[k]a .

(93.5)

Vil ;200 = O B DX Bt (4) - B (@)}

(S3.6)
For (S3.4), by Assumptions[3{and 4} ¢” and X; are uniformly bounded, then
we can retreat X; = ¢ (X, Bjpam(a))X; as a uniformly bounded random

variable. Then by Lemmas [S1] and [S2] we have

Z (X, Birgeim () X, { Brggim (@) — Bjen (@)}
ak)

ST KT B (@) X {Bipein(@) — Biam(a)}

‘n[k]a

"] 1€[k]
= ‘ Z X {Bijam(@) = Bijam (@)} — — ZXT {Bieim(@) = Bijgim (@)}
"kla i€(a,k) "k i€[k]

<V Xiga — X llool | Bikgetm (@) — Birggim (@) |11
M)
p| St log p\/ — =
= 0,(1).

Then we analyze (S3.5)). By Assumption , 1" satisfies a Lipschitz condi-
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tion, then we have

Z {0 (0) = " (X Birgam (0)) X, {Bpgim (@) _B[k}glm<a)}‘

‘ Mkla i€(a,k)

0 (08) = 9" (X B (@) | X (g (@) = Bigan(@)} |

Nikla i

€(a,k)
<vilL ¥ 0 Aapnio)]]
% ie(ak)

< \/EL{B[k}glm(a) - 5[k]glm( ( Z XiX; >{5 k]glm( a) — Bk ]glm(a>}'

"kl i€(a,k)

Using similar arguments in Lemma [S4 we can show that the restricted
largest eigenvalue of the sample covariance matrix can be upper bounded
by a constant cy, provided that Apax(Qpxx) < Ky < 400 in Assumption

Bl Therefore, we have

Vi e S ) X B (@)} X {Bitan0) — (@)

i€(a,k)

< \/EL{B[k}glm(a) - ﬁ[k]glm<a

N{kla

Z XX ) {Bpgem (@) = Bgem(a)}

"kl i€(a,k)

< \/ELCUHB[k]glm(a) - ﬂ[k]glm(a)”g

log pM 1)
= 0y(sm— =)

= 0,(1).

We can apply the same procedure for (S3.6|) to derive that

\/_‘ Z‘W’ ”(XzT Biijgim (a )X {ﬁ[k]glm< ) = Bigim (@) }| = 0p(1).

ic[k]
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Then we can obtain that
‘\/ﬁ[{l/_’fk}a(XzTB[k}glm(a» - &fk](X;B[k]glm(a))}
(DX Bian (@) = Gy (X7 Brzam())}]| = 0p(1).

Then we deal with (S3.1) and (S3.2). Simple calculations show that

n

PO anl B =) = ﬁ S 1B, = KB (X] Bggm(@))|B: = k)
i=1
B n[; ' I(A; = d, B; = k) E({/' (X, Bgamn(a))| B; = k).

Recall that
ri(a) = ri(a) — E{ri(a)| B; = k},
where r;(a) is a transformed outcome, which can be Y;(a), ¢¥'(X; Bjxjam(a))

OT 7 [kgim(@). Define

(1) _ L
Lobyrimt) = ;
1
n

o
Lo =

2
LEL[L] = \/ﬁ(p[k] - pn[k]>'

Some calculation for the first two parts of 74, leads to

L
Tglm B { Z n Tz,glm(a) o W[k]OLn[k]vTi,glm(o))’ aec A}
ke | [kla
) )
+{ Z Lofiota) — Lafiw) @ € A}
kex

+ {3 L {mi(a) — m ()} a € A} +0,(1)

kek
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where myy(a) = E[Yi(a) | B = k] — E[Y;(a)]. By Lemma [S3 and some

additional calculations, we have

{ 2 Gt o) ~ T Lt () @ € A} of (22 o o
v {k;’cl‘;l[;c],w(a)_LS[L],w(o)vaeA} SN{ ol ] o Ia O ;
{ 2 Loy {moa(@) = m(0)},a € A} o/ \o 0 I
where
V’:glm ‘/;:glm'lZaO 0
V= Viie Vi O |
0 0 Vg
and

v =Y pu (mpg(a) = mp(0) - a € A) x (mgy(a’) — my(0) : d’ € A

kex
_ Dk Dk
Vfglm - Z k10 O-[k]rgl (0)1‘41‘4 + dlag {Z T U[k]rglm( rac A} ’
ek | kIO kek | [Kla

bao {ZP[’“]COVW(X; Birlgn(@)) — &' (X5 Birign(0)), ¥ (X5 Birjgin(a’))

kel

— ' (X] Bigam(0)} : (a,d') € A x A},
Ve gmtiao = { > pCov[{Yi(a) = Yi(0)} — {¢' (X, Biggm(a)) = ¢/ (X Bigeim(0))}

ke

V(X Biggim (@) — ' (X, Bggim (0))] : (a,a’) € A X A}.

Let Vi = Vg + Vi + Viio + Vindo T V3! we have

7
glm T‘glmqpao

Vi Vo (g — 7) 5 N(0, L)
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S3.2 Proof of Theorem 1

Transfer Step: Analog to ﬁ[k]a(ﬁ[k}glm(a)) defined in the proof of Lemma

, we define

n(s)

7 (s (s) s s)T s s)T
Li. (Brgm (@) 0, BY = k) {p(x773) - v, x5},

azl

By the definition of ﬁA[(,:ﬁglm(a), we have

A ~

L (B (@) + N B (@)l < L (B (@) + A 1Bl (@) 1.

Let A®) = Bf;])glm(a) — B[(,:])glm(a). Similar to the proof for Lemma , we

define,

OLG(A) = L (B (@) +AD) =L (B0 (@) —{ VL (B ()} T A

where VL (ﬁ[k]glm(a)) is the gradient of L[k]a(ﬁ[k]glm( a)) with respect to
B[k]glm( a). Then we can go through the proof until we have

7 (s s 3 S s S S
SEL(A®) < A 1AW, It 2N 5@l 5 Nl 1A s 1

Then we compare the first term and the second term on the RHS.

Case 1 :

3

MDAl = 2250 B (@] s

¢ -

Then we have ||[A(S)]S[% 1 < 6||[A(S)]S[k] |- By Lemma , we have

col AWN3 < BAGLINAD s, 11 < 3y/BmAGLIIA] s, 12,
] A
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which leads to

s (5
1AWy < Cry/5p Akl

and
1A% < THAD syl < 73/l A sy ll2 < CaspgA(,
Case 2 :
A IA sl < 20N @]sg I
Then
SEL(A®) < 4 T8 @5t I — N IA]sg 1o

A direct bound for ||[A®)]|; is

1A < 1A ]s, I+ 1A [l < OB m@lsg |1 < 9N (@)]sg I < 9.

The third inequality holds as

15 (@Nsg Il < NBiseim (@)l I + 1676 @]t I = 167 (@) 1

Here we can also drive a direct bound for ||A®)]|
IA®|z < [|A®], < 9h.

Therefore, we have
1Al < CospgAl), + Cih.
and

IA® ], < Cr /SN, + Cih.
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Debiasing Step:

Recall that in the proof of Lemma [ST], we define

n

1

n[k‘}a i

I(Ai = a, B = k){v(X]' B) - YiX; B}.

=1

Liga(B) =

~

By the definition of S[k](a) and B[k]tl(a) = ﬁ[(,:ﬁglm(a) + 5[@(1, we have

Ligga(Bpgn(a))+Amal 101 (@)t < Lisga(Bagatmn (@) + Apga | Bgaten (@)= B yn (@) 1

(S3.7)

Let A = B[k]t](a) — Bikjgim(a) and
0 Lia(D) = Liga (B (@) — Ligga(Bgin(@)) — VL(Biygaim (@) A
Also, let
2 A kla
B = {7 L Buamla)l < 22 | 0 1
where Ef) is analog to E; defined in the proof of Lemma , which is
EyY {HVL(S (B[k]glm( a))lleo < 2)‘@?]@}
By Lemma [S5 we have

Under Es,, we have
O Liga(D) < Apga(| Bietm (@) = Bien (@l = [0 (@)l]1) = 7 L(Birggm (@) " A

< a1 Bz (@) = B @l = 161 (@) 11) + 19 L(Biggatm (@) oo | A
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< /\ka
< Attt (@) = B (@l = 1836 (@) 1) + =5 A .

By the triangle inequality, we have

1Al < 1| Bpgetmn(@) = B (@l + 19751 (@)]l1,

~

Bgim (@) = B (@l = 0 (a) + A9l < 15 (@)1 + 1A 1.

Then we have

7 A(s R )\ka
0 Lya(A) SA[Hauwmgm(a)—ﬁfkfglmm)nl—||6m<a>||1>+ SelAlL

el 80 (@)l — SAwalFu @l + Sl A9 (538)

l\DIOJ

By Taylor expansion and ¢ > 0, 5ﬁ[k]a(A) > 0, we have
16p(@)llx < 3l16w (@)l + 3[AP 1 < 3+ 3| A,

Therefore,

ANl = 11351 (@) = B (@) + O3 (@) — Sy (a) [
< AD Ny + 10w (@)l + 1|8 (@)
< 4|AD |, + 4R

Méf])g] log p

< C5S[k] —+ )

+ Csh.

By Assumption [5|and Proposition 2 in Negahban et al. (2012) and using

the same coupling argument in the proof of Lemma [S4] with probability
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1 — ¢q exp(—can), there exist positive constants k; and kg such that

. log K1k logp
0Lpga(A) = w1l All3 = Kty IIAII [A[l2 = _“AHQ 5 ||AH1
The last inequality is derived by basic inequality

log < Al | 3 logp
HAH 1Al < 7572 + 2 —=[IAl%.
2 2 N[kla

Then in (S3.8]), we have
,logp 1 - 3
Rl Al =Ry —= e —=||Allf < A[k}a|\5[k}(a)H1—§>\[k1a|\5[ w(@)ll+5Aum ollAD]1.

Because A, has the order of O{(M, logp/n)'/?} and ||Al; has the same

order with ||A®)||, we have

logp 3 3 s
ra[|All; < i A + 5 Aall O (@)l + Al A

( | 08P v T Y ) (93.9)
nns

S3.3 Proof of Theorem 2

Like the Proof of Proposition , we can decompose Ty as we did for Tgim,.

We only need to show that

V{0l (X B (@) — ¥y (X3 Buga(a)}
— {1 (X Birigim (@) — Vg (X B (@) }] = 0p(1)
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for each a € Ay and k € K to finish the proof. Denote

4 = X Bgam (@) + t:X, {Bpga(a) — Bugam (@)},

then similar to the proof of Proposition [I, we have

‘\/ﬁ[{@sz]a(XiTB[k]tl(a)) — Uy (X Bala)} — {V410 (X3 Bigeim (@) — Ui (X, Brggin (@) }] ‘
Z V(1) X { By (a) — Bgeim(a)} — %ZW(%)X;{B[HH(G) - 5[k]glm(a)}‘

ze (a,k) k iclk]
<Vn Nkla Z W XTﬂ Jgim (@ ))XiT{B[k]tl(a> — Biijeim(a) }
i€(a,k)
- T D (X Bigam (@) X3 { Bga(a) — ﬁ[k}glm(CZ)}‘ (S3.10)
i€[k]
Vi \nma Z {0(a0) = 0O Bgam (@)} XT {Bigal@) — Bisgam(@)}

(S3.11)
. .
+ \/ﬁ‘% > (") — (X Brgam (@)} X {Ba(a) - 5[k1glm(“)}"
i€[k]

(53.12)
Formula ([S3.10)) is similar with (S3.4)), which has the order of O,{h(log p)'/?+

(s[4 logp)(MT(j,)f]/n(s))l/Z}. Then we analyze (S3.11f). By Assumption , "

satisfies a Lipschitz condition, then we have

Vi ‘ - Z {0" (@) — ¥ (X Bagun ()} X, { Bpgu (@) —B[k]glm(a)}‘
@ ie(a,k)
<vn [n[k]a V' (g) — " (X7 5[k]glm(a))HXiT {Bugn(a) - 6[k]glm(a)}H

i€(a,k)
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(@) = Bimem(a) }

]

Z XiXZ‘T> {B[k}tl(a) — Biugim (@)}

€(a,k)

sﬁL[

[azeak

1

Nikla i

< \/EL{B[k}ﬂ(a) — 5[k]glm(a)}T<

< \/_LCUHB[k]tl [k]glm (@

a)ll3
n[k]M
= Oy | spylogp + hy/ My log p

Here the second-to-last equation is derived from equation (S3.9) in the
proof of Theorem . Then, as n® > n and Méf,)g] has the same diverging
function form as M,p), e.g., Méf}l} = loglogn® and M, = loglogn, we

have Mé‘?,)c] > M. Therefore, by Assumption |§|, we have

Mgy M M,
sy log p o S < Spk ]logpm o(1).

Combining the condition h./M, logp = o(1), we have

D (@) =" (X[ Brgam (@)} X {B[km(a)—ﬁ[k]glm(a)}’ = op(1).

[kaze a,k)

Then we can apply the same procedure to (S3.12) to have

VAo S @)~ 0 X B @)X (F(0) — )

zE[k]

= Op(l).
Then we have

Vi [{0ia (X7 Bga(@)) = 9 (X7 Byga(a))}
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— { Pk (X5 Brgeim (@) — ¥iig (X5 Bggim(a))}] = 0p(1)

for each a € Ay and k € K. Therefore, we can follow the proof of Proposi-

tion 1 and obtain

Vi Va2 (7 — 1) 4 N(0, Ly).

S3.4 Proof of Theorem 3

We only prove that /n(72% — 7) 5 A N(0, VP*)) The proof of the asymp-

glm > Vglm

totic normality for 77" is the same as we can use Theorem [2] instead of

Proposition [1f for B[k]ﬂ(a). We first write %g’ﬁi as

~Proj } :
glm a p n[k

kel

| { ¥ = {0a (%) = B (X0} 35 (a) }

~{ Vo = {¥pwo(Xs) — Ty (X0} B (0 >}]

Then we have

7 = (3 o[ { Vo — 10a(X0) — By (X0} A7)}

ke
— {Fiuto — {Fol(X) — T (X} A O0)} | - € 4)
= (2 P [{Fi10 = HPal(X) = B{W (X0 B = K} TR @)

kel

— (Vo — [{Bpo(X:) = B{e(X)|Bi = KT AL (0)}] - a € A)

(3 P [B(X5) = E{W (X1 By = kY] {85 (@) = B (0)} 2 a € A)

kel
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= (2 P {0100 = g (YT FE @) = {Tal(X0) = Ty (X} 57 (0)

~

— {0p0(X2) — Dy (X))} TBEN0) — {go(Xs) — g ()} TBEI(0)]} 2 a € A)-
We first consider the last part, which we aim to show that it is 0,(1/y/n).
Let 6¥(Xi, a) = ¢'{X; B (@)} — ¥'{X Bjgm(a)} and
8 (X;) = (6¥(X;,0),6% (X3, 1), ..., 0% (X, A) T
For any treatment a € A, the last part can be written as
LP = [ {3(X) = 6 (X} (3 (@) = 85 ()
{00 () — B (X} {BT0 @) — B3 (a)} + {00, (Xs) — S (X0} 87 (a)].

(S3.13)

By Proposition [I] and Lemma [S6, we have already obtained that
Bri(a) 5 gi(a),
VO (Xi) = 0 (Xi)} = 0,(1),
for each k € IC and a € Ay. Therefore, we have
Vi [{01852(X5) = (XYL () = B (@)} ] = 0,(1),
Vi [{8,(X) = (X0} B3 (@)| = 0p(1).

Because treatments are finite, we can deal with each term element-wise to

obtain the first and third parts of (S3.13) are o0,(1/y/n). For the second
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term in (S3.13)), we take W{X;}I(B; = k) as the transformed outcome. By

Lemma B.1 in Bugni (2019), we have

\/ﬁ{@[k}a()(l) — \I/[k} (XZ)} = Op(l), for a € A,

and hence

Vi{Wia(X) = g (X0)} {65 (@) = BR (a)} = op(1).

Then we deal with the first two parts in 7))

g . Using similar arguments in

the proof of Proposition [T, we define

(1) RN pro
Ln[k] FProi (a) - % Z ‘[( = a, B - k) fgli]n( )7
i=1

' g,glm
1 n
Liww = —= 2 1(Bi = k)¥ (X)) 85 (a),
nl}], 0 (a) \/EZZI
Loty = V(P — Pais)
nlk] Dik) — Pnlk])-

Some calculation for the first two parts of %;fﬁj leads to

1
4PTOj _ Lo '
(7gim ={ Z n[k] @) T T, (0))’ a€ A}

+ { ZLS[k] U(a n[L] w(0) @ € A}

kel
+{ > LS {mu(a) — mu(0)},a € A} +0,(1)
kel

where myy(a) = E[Yi(a) | B = k] — E[Y;(a)]. By Lemma [S7] and some

additional calculations, we have
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{k%;c (kla nlkJ Pi(@) ﬂ[;oﬂ‘s[i],ri;‘ii,,<0))’“EA} 0] (fa 0 ©
Vp;c}j/Q { Z L(lk] (a) ]L(I[L],\I,(O),a S A} 4N ol.lo 1. o 7
{ E L;Q[L] (@) —mp(0)},a € A} 0 0 0 1Ia
where
Foroj 0 0
Voroj = 0 Vi 0 |
0 0 Vi
and

Viey = > by (mipg (@) = migg(0) @ € A) x (mygg(a’) —myp(0) - a' € A) "

ke
_ p[k} 2 T . p[k] 2 .
‘/Fproj - Z W_U[k}fpmj(())lAlA + dlag {Z T U[k},,:pmj(a) a e A} s
kel [k]0 kEkC [k]a
Vi = { D i (0) = B3 (00} Siagan {85 (@) = BEFI0)} : (a,0') € A x A},
kex
Let Vglfrr;fj Viros T Virwoy + Vay. Then we have

Vi (VR T2 (zhel 7y 4 N(0, 1y).

glm

S3.5 Proof of Corollary 1

The proof is similar to that of Corollary 1 in |Gu et al. (2023). We can
replace X; with U(X;) and S(a) with B[I;r]oj( a) in each stratum k, then we

can go through the proof and reach our conclusion. Therefore, we omit the

proof.
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S3.6 Proof of Theorem S1

and (62 )2 As for the

Here we only prove the consistency of 62 O glm.be

glm,bc
transfer learning estimator for variance 63 and its corresponding projection

proj )

variance estimator (a7, )%, we can replace B[k]glm(a) with B[km(a) and com-

proj )2

plete the proof using the same strategy below. We first show that (& O gl be

is consistent for (aglrﬁibc)? First, by Lemma , we have

Selm, [k] v W 5 Xikww, B[k]z;lm( a) 5 ﬁﬁf‘;im( a).

Also, we have py it Pli]s Mkla/ M) it Tkla- Therefore, we only need to

show that

52es ) > O e
roroi(p) 7 Tpproig);

~2 5 2
Obe, HY Obe,HY -

For the second result, the proof is the same as Lemma 3 in |Gu et al.| (2023)),

so we omit the proof. Then we focus on 62 “oroi - 1t IS equivalent to showing

Toim (B)
that

n

> = a, By = ), = 7,07 5 var {rt (0) By = k|

elm T[k]a,glm i,glm

where PP =Y, — \IJT( )613””( ). Recall that r;(a) = Y;— ‘I’[E](Xi) %O‘j(a)-

i,glm —

Also, we define

Wiy (Xi) = Wiy (X3) — Uppga(X)
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as the centered vector and \i!fk} (X;) as its estimator. Then we have

nma;f = R = P’
_ n;a i I(A; = a, B; = K)(rP5), — 70003 )2
) n;a > 104 = 5= 1075 = i) [{BECO 0} - {30000}
it 4 ZI =0 B, = k) [{5 0@}~ el xosri@])]

By Cauchy-Schwarz inequality, we have

1 roj —_proj TO ro,
) DN AL A [{ XA @} - {wE () @)}] <
(Kl i€(a,k)
1 . . . 2
proj =PTO] CT proj cT proj
™ (Z)m,glm—qk]a,glm . Z o xaspr @} - {eg xosri@}]
i€(a,k i€

where i € (a, k) indicates unit ¢ in stratum k and treatment a. As

1 TOj _proj
\/ > (P~ Thiag)® = O(1),

"kla i€(a,k)

we only need to show that

n

1A =0, B = b [{ B (057 @)} — {ei x0sr @ }] = 000,

so that the last two terms vanish under our conditions. By Lemma [S6|, we

have shown that
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and
Bh(a a) = b (a). (S3.15)

Then we have

LS 1= s =0 (i odpi@) - {seas@)]

= Z[(Ai =a,B; = k)H\Iffk](Xi) — \Iffk}(Xi)}T {B%OJ( ) — 5[;:]0J( a)}
P {5 @) — i) b+ {00 - w00} a)]

By Cauchy-Schwarz inequality, we only need to deal with three squared

terms, and they are 0,(1) due to (S3.14) and (S3.15)). Therefore, we have

" Z I(A: = o, B = K) (g, — PR )’
1 S 10 140)
= o DT = B = BT — )+ op (1),

we can replace both 77 (a) and A7 (a) with

For the consistency of &2 (K] (k]

glm,be?

€q, and then follow the procedure above to reach the conclusion.

S4 Lemmas with proof

Lemma S1. Under Assumptions[1H6, we have

3 Mn k 1ng
Hﬁ[k]glm(a) - 6[k]glm(a)’|1 = Op <5[k] \/?) .
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Proof. We first define

Lia(B) = — > I(A;i = a, B; = k){v(X] B) — VX[ B}.

By the definition of B[k]glm(a), we have

Liga (B (@) + Mgall Brgaim (@)1 < Ligga (B (@) + Mgall Brggim (@)1
(S4.16)

Let

0La(A) = Liga(Brgim (@) + A) — Liga(Brgin (@) — {VL(Bgm (@)} A,

where Vﬁ(ﬁ[k]glm(a)) is the gradient of ﬁ[k]a(ﬁ[k}glm(a)) with respect to Bjxgim(a)

and A = B[k}glm(a) — Biigim(a). Then we have

S Li1a(D) < Mgl Bigeim (@) |11 — At | Bigatm (@) |1 — {V L(Bggm (@) } T A.

Let
- 1
Br = {119 L(Biegm (@)l < 5A00 }-

By Lemma , Pr(E;) — 1. Meanwhile, as Sy is the union of the support

of Bgim(a) for a € Ay, we have

|| [ﬁ[k]glm(a)]s[% || 1 =0.

Therefore, we split the £; norm into the parts in Sy and S[(,i], and by the
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triangle inequality:

Bt (sl = 1 Bigan(@)]s 1 < 1ALy
[ Bggm(@lsg 1> 1) sg Il = 1 Bistgm (@] 1

[K]

Then under E;, we can write (S4.16)) as

0 Likga(A) < Ntgall Brtam (@)1 = Aggal Bpgam (@) [ = {7 L(Bggm (@)} A
A[k}aHﬁ[k]glm(a)Hl - )‘[k]aHB[k]glm(a)Hl + |{Vﬁ(6[k}glm(a))}TA|
Aiga (1 1Bwigtm (@)] s, 1 = 1| [Birgetm (@) sy 1)

A 1
+ A[k]a(\l[5[k]glm(&)]sc = Bpgim(@)]sg 1) + SAwiall Al
3
< 5)\[k]a||[ sl = 5Amall[A]sg l11-

By Taylor expansion, for some ¢ € (0, 1), by Assumptions 4| and , we have

0Lpga(A) = Liga(Bggm(a) + A) = Liga(Bugm(a)) — {VL(Bgm(a)} A

= AT{V2L(Bpggm(a) + tA) A

Mkla 5=

>0

Y

where Vzi(ﬁ[k]glm(a)) is the Hessian matrix of i[k]a(ﬁ[k]glm(a)) with respect
t0 Skjeim(a). Therefore, we have %)\[k]aH [Alsy, Hl_%)\[k]a” [A]S[% |1 > 0, which

leads to ||[A]S[%H1 < 3H[A]SWH1- Let

= {A € V. (Si[k]a(A) 2 I{,HA”%},
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where V = {u € RP: HUS[% 1 < 3llus,ll1}- By Lemma ,
PI'(Eg) — 1.

Under F3, we have

3 3 3
Rl A7 < SAMwallAsyylh < 5 vBiAmall Asy llz = 5 v/SimAwiall All2-
That is
3
1Az < o= VSR Awa:
Then
6
1Al = 1 Asylh + 1Ase Il < 4l Asyyll < 4v/EuillAllz < = spgApa.
Therefore, as Ao = Op(\/ My logp/n), we have
. My log p
[ Bkjgim (@) = Birjgim(a)|lL = Oy <8[k1 —HEEE )

Lemma S2. Under Assumptions[1H3, we have

_ _ log p 1/2
1 X1 — Xigglloo = Op - :

foralla e Ay, ke K.

Proof. The proof is similar to that of Lemma S4 in |Liu et al.| (2023). We can
replace A; = 1 with A; = a for all a € Aj to show our results. Therefore,

we omit the proof. O
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Lemma S3. Let LY = {]Lv(f[?c}’ ke K}, and

_ 1 o )
Ln - ({ Z Ln[k]ﬂ“i,glm(a)’ a E AO}) { ZLn[k]ﬂlﬁ(a)’ a 6 AO ’Ln .

kek Tkla kek

Under Assumptions [1-{{, we have

0 1 Y12 O

where

. p
21 = dlag{ Z _[k] O-[Qk]Fglm(a)7 a € ./4.0},

rex "kl

Yo = { ZP[k]COV{Yi<a) - ¢/(X¢T5[k]g1m(a))a wl(XiTﬁ[k]glm(a/>)}> (a,a") € Ag x »Ao}7

kel

Xp = { > o Cov{¥ (X, Buygm (@), ¥/ (X, Brgam (@)}, (a, a') € Ag x AO},

kek
23 = diag{pp : k € K} — {pppiy, (k, k') € K x K}

Proof. Recall that

Vi (Xi) = (@b’{XZ-TB[k]glm(O)},@b’{Xfﬂ[k]glm(l)}, e 7¢'{X;5[k}glm(A)}>T‘

Without loss of generality, we assume that Ypjew = var{Wp(X;)|B; = k} is
positive definite. Also, we denote e, € R4*! is a vector whose ath element

is 1 and others are 0. Then we have

\I/[Tk] (Xi)e, = wl(XiTB[k]glm(a)), i in treatment group a.
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Therefore we can write the transformed outcome 74y, 5 as
Tgima = Y;(a) — \IIE,;} (Xi)eq.
First, by CLT, we have
L® —L5 N(0, =3). (S4.17)

Let Z;(a) = (Yi(a), X;)". The proof can follow that of Lemma 5 in |Gu et al.

(2023) until we obtain

N

LY —%5 N(0,25),

S
N

where L) = {(1/y/n) S0, I(A; = a, Bi = k)Zi(a), (a, k) € Ag x K} is a
(p+1) x {K(A+1)} vector, as we vectorize a (p+ 1) x { K(A+ 1)} matrix
column-wise and stack its columns first by treatment a € Ay and then by
stratum k € KC. Here, ¥z = diag{muapm Xk z()2@), (a,k) € Ay x K} is a
covariance matrix where

2 T
5 | Ymve ZIXY (a)
[k]Z(a)Z(a) —

YXY(a)  MKXX
Then, we can replace X; by ¥py(X;) in Z;(a), which we denote as Z}’(a) =

(Yi(a), Upy(X;))". By the delta method, we can obtain
d
L, - N(0,5v),

where LU = {(1/y/n) Y0, I(A; = a, B; = k) Z(a), (a, k) € Ag x K} is a

(A+2) X {K(A+ 1)} vector and EZ\IJ = diag{ﬂ-[k}ap[k]Z[k]Z‘I’(a)Z‘I’(a)7 (a, k) €
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Ay x K} is a covariance matrix with

2 T
> | Wy X ey (a)
(k]1Z2¥(a)Z¥ (a) —

Ykuy(a) 2w
As defined in the proof of Proposition [}

1 1 [ 1 i
> L@ = > [ﬁ > I(Ai=aB; = ’f>7“i,[k}g1m(a)] :

e TIk(a) rere TFl(a)

(1 & 3
ZLS{]LL\I’(@ = 7n Z; I(B; = k)yy' (X /B[k}glm(a))]

ke ke

= > {% ZI(Az' —d, B = k)iﬁ’(XiTﬁmglm(a))}]

kel La’eAg
1 < .
3|3 e - e
kek La’eAq { \/ﬁ =1

. L 1
are linear combinations of ]L,q(1 Z) »- Therefore,

L - (1)
({ Z Lk g (@) @ € AO}v { Z]Ln[k},\l'(a)’ ac A

Mkla kek

is jointly asymptotic normal and the asymptotic covariance matrix is

Z1 E12
, (S4.18)

where

. p
Y= dlag{ Z ﬂa[zk]fglm(a), a € Ao},

kex Tkl

212 = { Zp[k]e;—,zpl;]q,rglm(a), (CL, a/) € AO X ./40},

kek
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Y = { Zp[k]eIZ[k]\p\pea/, (a,a’) € Ay x Ao}-

kel

Then we reach our conclusion by combining (54.17)) and (S4.18)).

[]

Lemma S4. Under Assumptionsﬁ foranyu eV ={u e RP: HUS[CM I, <
3lusy, ll1}, we have

0Liwa(u) = kllull3

with probability 1 — ¢y exp(—can), for some positive constants c1, co, K inde-

pendent of n.

Proof. The proof is similar to that of Lemma 4 in |Gu et al.| (2024). Here,
we need to deal with 5ﬁ[k]a(u) with Proposition 2 in Negahban et al.| (2012).
As {Yi(0),...,Y;(A), B;, X;} are i.i.d. data and A® is independent with
{Y;(0),...,Y;(A), X;} conditional on B™. Therefore, given the A™ and
B™ | the distribution of 6f/[k]a(u) is the same if we order the units first
by strata and then by treatments within each strata. Then, independently
with k = 1,2,..., K and (A™, B™) let {Y}(0),...,YF(A), XF} has the
same distribution with {¥;(0),...,Y;(A), X;} given B; = k. Conditional on

{AM) B} 5ﬁ[k]a(u) has same marginal distribution with

0Ly () = Ly (Bugim(a) + ) — Ly (Bpgim(@)) = {V Ly (Brgm (@)} ',
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where
Nkla
Lh(8) = o S XA 8) V@)Xt ]

and {XF YF(0),...,YF(A)} has the same marginal distribution with {X;, Y;(0),
..., Yi(A)}|B; = k. As X is uniformly bounded by M and X} has the same
distribution with X; conditional on B; = k, XF is a sub-Gaussian vector.
Therefore, by Proposition 2 in Negahban et al.| (2012)), for any N > 1, we

have

lo
5L (u) > rallullz (HUHz — k2 ]%,p|IUI|1> , lull <1 (54.19)

with probability 1 — ¢; exp(—caN). By Assumption [3| and [i] using Taylor

expansion on feim(a), we have

L (w) = u” (% > X (X {Bngam(a) + tu}){Xf}T) u

for some t € (0,1). Then, we can divide ||u||s on both sides of (S4.19) to

ignore the condition |lu|lz <1 to have

logp
SLY () > kallull2 (IIUII2 — k2| IIU||1> :

Then, we can follow the steps in the proof of Lemma 4 in (Gu et al.| (2024])

such that

1 1
wallull (||u||2 — Oﬁpnunl) > (1 - 4@\/3““]—]5”) .
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Under the assumption Mg[k]s[zk] log? p/n — 0, we have

1 1
1 — dpyy [HO8D 2
n[k] 2

when n — oco. Therefore,

Pr (5L’;V<u) > %mHqu) Y (84.20)

when N — oo. Using the almost sure representation theorem, we can
construct fy), (independent of {Y/(0),...,Y*(A), XF}) such that nip),/n
has the same distribution with n, /n and Nikla /n— T[kaPk] almost surely.

Therefore, for any u € V',

Nkla
Pr (uT { ! > XF" (X {Brgaim(a) + tu}){Xf}T} u > %mHqu

A, B
Nkla =5

"[kla
1 = 1
—Pr | § e S X (XY Bggn(a) + ) {XEYT bu = Swflull} | A, B
= =1
Kl
1 - 1
=E|Pr (uT o 2 XX B (@) + tud) {X}T u> haully
== =1

‘A(n),B(n),%>] L,
n

where the convergence follows from the dominant convergence theorem,
n(fq/n) — oo a.s., independence of fy,/n and {Y*(0),...,Y*(A), XF}

and (S4.19)). Therefore,

. 1
pr (520 2 gl
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Nkla

N[k]a
P (( 1 ZXfw”({Xf}T{ﬁ[mglm(a)+tu}){Xf}T>uz%mllull%)
=1

— 1.

O
Lemma S5. Under Assumptions[1H{6, we have
- Alk]a
IRV L(Btgim (@) oo = =5
with probability tending to one.
Proof. Let
6i,glm(a’) = Y;((Z) - z[)/(‘sz—rﬁ[k]ghn@l))
Recall that
. 1 —
VLBwam(a) = 2o 2 (A = o, B = k)Xi(Yi - V(X Bgim(a)))
@ =1
1 n
= D (A = a, B = k)Xi(Yi(a) = V(X Bgjgm(a)))
@ =1
1 n
= ](Az = a, Bz = k’)XiEi’g]m(a,).
Mkla 5=

Similar to the arguments in the proof of Lemma, conditional on {A™ BM}

A

V L(Bijgim(a)) has same distribution with

"[kla

1
Z Xikei?,glm(a’)v

Mkla 2
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where { X[, el . (a)} are i.i.d. with marginal distribution being equal to the
distribution of {X;, €; gm(a)}|B; = k, independent of {A®™ B(™}. Then by

Nemirovski’s inequality, for any integer m > 1, there exists a constant c

independent of n, such that

[n—fo b (@) = B{X (@)} 2]

clogp
ZE [1X7 €l gm(@) — E{XF el (a)lI3]

i zglm

4clogp
<o ZEHW (@]

i “i,glm
4M?clogp 2
T;E{ e (@) }

1
< C) ng

where ¢y = 4M?cmaxgeq, E{ez i ( a)}2 is independent of n. The third
inequality is because || Xi|lsc < M and E{€],,,(a) < oo}. Therefore, by

Markov inequality, for any sequence M, tending to infinity, we have

log p
(ll—ZXf Eom(a) = B{XF L (@)} loo > 1/ ex Mo )

< - - Xkek _ BLXFEk 2 }
o C)\Mn[k]logp [| Z ( lglm { i zglm( )}Hoo
1
< :
M

Then following similar argument in the proof of Lemma [S3], we have

Nk)a

A A log p 1
r (HvL(Bmglm(a)) — E{V L(Birigim (@) Hloo > 4| XMy > Y o
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As Bjygim (@) is derived by minimizing the population-level loss function, we

have
E{V L(Bijgim(a))} = 0.

Therefore, we have

. Aikla 1
Pr (0L ()} < 252) > 1= gL o1

]

Lemma S6. Under conditions for B[k]glm(a) n Proposz'tz'on or conditions

for B[k]tl(@) in Theorem |1, for their corresponding Bﬁcﬁoj(a), we have

i P

aroia) 5 g a),
Proof. We only show that this lemma is true for szrfj(a) derived by GLM
projection coefficient B[k]glm(a). The results for B[km(a) can be derived sim-

ilarly by replacing the result in Proposition [I] with the one in Theorem [I]

As B[%Oj(a) = S[;]lwlS[k]\py(a), we only need to show that

P
Sikww — 2jww,

P
Swy (@) = L)y (a)-
We first show that S[k]\py(a) 5) E[k}\yy(a). As

Sty (a)
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n

1 A = _
" > 1B =k, A = a)[¥y(X:) — Upga(X)] (Vi = Viga)
@ =1
1 — _
= n[k} I Bz - k7Az - (l) [\D[k] (Xz) - \Ij[k}a<Xz)] (Y; Yv[k]a)

For the first term, By Lemma 1 in|Gu et al. (2023)), for f; = f(Y;(0),...,Yi(A4), B;, X,),

we have

1
o ZfiI(Ai =a,B; =k) 5 P E(f|Bi = k). (S4.21)

1 —
@ =1
n 1 )
a =1
5 Sy @-

For the second term, let 5% (Xi,a) = w’{XiTB[k]glm(a)} — Y{ X, Bgaim () }-

As we have shown in the proof of Proposition [I} by Taylor expansion, we

have
1 n
Nikla ; I(Bi =k, 4; = a){é[ﬁ] (X;,a)}?
1 — A )
< ME[—— 3" 1(B: = b, A = ) { X (Bgam(@) — Bpam(@)} |

Mkla 5=

< MEIIXGl| 2 Bggaan (@) — B (@) 17
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< MyM?||Bpggim(a) — Bgima ()11
= 0,(1).
The last line is derived from the results of Proposition I We can use the

same technique to show that even if unit ¢« does not belong to treatment a,

the conclusion is true, which we can write as

> I(B; =k, A = a)(0%(X;,a))* = 0,(1), for (a,d') € Ag x Ay

As we have finite treatments, we can obtain that

Z[ =k, A = a)||6”(X3) |3

Nkja 57
I(B =a) ((W(Xi,al))Q
SN Py
= 0,(1).

Therefore, by the Cauchy-Schwarz inequality, we have

1

Nk]a

> (Vi = Yiga) (6% (X5) = 8, (X))

i€(a,k)

1
< n Z (Y; Yv[k]a Z ”(WJ [k]a( )H%
[K]a 1€(a,k) kla 1€(a k)

= {omy @) + 0p(1)} - 0,(1)
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£o.

The first convergence is due to (S4.21)).

Then we can deal with Sjjwy. We have

3 g (X5) = Wga(X0)] [T (X2) — Fpaga(X0)]

=1

1

N{k]a

Sikww =

Similarly, as we have finite treatments, we can only focus on each element
in Spyww. Let Sju(e,e) denote the (a,a’)th element in Sy, which is

1

Nikla

Y WX Buigm(@)}) = G X Biggm (a)}]

1€(a,k)

< (WX Bigein (@) }) — Vlga{ X7 Biggim (@) }]

Shkw(a,a) =

T

Then we have

STk w(aa)
1 _ _
= > WX Biggm(@) = Olgad X Brgaim (@)X Biggim (@) — $iigo X0 Bigem (@)

Nkla i€(a,k)

1 . , .
+ [6%(Xi, @) = 63 (Xi )] X Brgam (') = Yig{ X Bisgam (@)
Ko i (a k)
" ] > WX B (@) = Vo {X Bitgm (@][6Y(Xi,a') = 8y, (Xi, a)]
a i€(a,k)
1 N / N /
+ " > 16Y(Xi, a) = 0, (X, a)][6Y(Xs, a) — 65, (Xs, a).
@ ic(a,k)

By (S4.21)), Cauchy-Schwarz inequality and similar argument for the second
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part of Spjwy(a), We have

P
Sk w(aa) — TwU(a,a’)-

Then we have

P
Sikww — 2 ww-

Lemma S7. Let L\ = {L{), .k € K}, and

roj __ 1 (1) LT (2)
LE - ({ Z @Ln[k],ﬂ’roi (a)’ @< A0}7 { ZH"n[k:]v‘l’(a)’ a € Ay L )

kek belm kek
Under conditions for Bpjgm(a) in Proposz'tz’on or conditions for Ty in

Theorem 3, we have

0 Pl g

roj d |
]LTpL ] — N 01, 0 EgrOJ 0 |
0 0 0 5
where
roj . p[k} )
yprol — g B
1 lag{ keZIC e WG @) ¢ < AO},

5, = { S P A (@)} S A (@), (a, ) € Ay x Ao},

ke
dig = diag{p[k] ke /C} - {p[k]p[kq, (k‘, k/) e x IC}

Proof. The proof is similar to that of Lemma[S3] We can replace e, in the
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proof of Lemma [S3| with ﬂﬁéoj( a) and go through the proof until we obtain

L )
{ Z W_L”[k}»rigﬂn( ,a € Ao} { ZL ,a € ./40
kek | [Kla

ke

is jointly asymptotically normal, and the asymptotic covariance matrix is

proj proj
21 Z12

7 (84.22)
{ZPYOJ T ngj
where
roi . p[k] 2
Zp o) _ d e
1 lag{ k:eZIC a5 S AO}’

Pl = { S P (@)} g o (050 € Ao X AO},

kek

n5 = {ZP {8 (@)} Zpwe B (@), (0, ) € Ao «40}-

kel

We notice that B%Oj(a) is derived by

B (@) = Zplyu Zrey (@),
so we have
E[k]\DrprOJ(a) = Cov (‘I’[k}(X) Yi(a) — 0 E@(&)ﬁfﬁ}“(@l& =a,B; = k?)
= Sguvio — B {0 (X5 (X0) 1B, = b, As = a} 5 (0)

= Sy (@) — Swwely (@)

=0.
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The third equality is because X; is independent with A; conditional on B;.

Therefore, we have

L - (1)
({ ;C o Cpgg e (o @ € “40}’ { > Lo @ € Ao

m T glm
[k]a 8l ek

is jointly asymptotically normal and the asymptotic covariance matrix is

spoi
| (S4.23)
0 xb

Then we combine (S4.17)) and (S4.23|) to reach our conclusion. [

S5 Additional simulation results

S5.1 Additional illustration under weak similarity case

In this section, we evaluate the performance of our proposed estimators
under a weak similarity regime, explicitly defined as the scenario where the
1 estimation error of the transfer learning coefficient B[k]ﬂ(a) exceeds that
of the target-only GLM coefficient B[k]glm(a).

We consider a stratified block randomization design with three treat-
ment groups and two strata (with a sample size ratio of 4:6), where units
are assigned with an allocation ratio of 1:1:1 and a block size of 6. The

potential outcomes in both the target and source datasets are generated
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from the following logistic model:

Pr(Y;(a) = 1|X;) = expit{ ZX”B]}, a=0,1,2.

j=1
Here, the covariate vector (X;,...,X;)" consists of independent entries
drawn from a Uniform[—5, 5] distribution, with the true signal dimension
s € {2,4,6}. For the high-dimensional working model, we append p — s
independent noise covariates generated from a normal distribution A(0, 2)
to reach a total dimension of p = 100.

We set the sample sizes to n = 300 for the target data and n'®) =
2700 for the source data. The target parameters are set to 5; = 2/s for
j = 1,...,s, producing an ¢;-norm of [|5||; = 2. For the source data,
we set ,3](-8) = (2 + h)/s, which results in a parameter distance of ||f —
B, = h. The parameter h is chosen from a sequence ranging from 0 to
2, which explicitly controls the discrepancy between the source and target
populations.

To identify the weak similarity regime, we first evaluate the average

ratio of the ¢;-norm errors over R = 1000 replicates, defined as:

2 2 N
1 _

Ratio = — E H?[kLﬂ(a> Bl 7
6 a=0 k=1 || Brigim (@) — 51

The weak similarity case can be illustrated as the settings where Ratio >

1. Subsequently, we evaluate the estimation performance of our proposed
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transfer learning estimators in terms of relative bias, sampling standard
deviation, and empirical coverage probability. The results are as follows.

Figure [S1] plots the empirical ¢;-norm error ratio across varying levels
of the discrepancy parameter h. In this figure, the solid red horizontal
line at 1.0 represents the target-only baseline, while the green dashed line
illustrates the empirical error ratio of the transfer learning coefficient. The
blue dash-dotted line denotes the ideal baseline ratio if the source data
were perfectly compatible (h = 0). As expected, the error ratio of the
transfer learning estimator monotonically increases as h grows, reflecting
the impact of incorporating highly dissimilar source data. Notably, the
critical intersection point where the transfer learning error surpasses the
target-only error (Ratio > 1) increases with the true signal dimension s
increases. Therefore, when h increases, the weak similarity will degrade the
performance on ¢; error.

Under the same settings, the inference performance of our proposed
estimators are presented in Figures and [S4] First, we observe the ro-
bustness of the base transfer learning estimator (7)) under weak similarity.
Even when the transfer learning coefficient estimation is less accurate than
the target-only GLM coefficient, 7y, consistently outperforms the baseline

estimator 7g,. When s = 2, 74y exhibits slight under-coverage but still im-
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Figure S1: ¢; norm ratio between each estimators.

proves upon 7gm. As s increases, 7y successfully reaches the nominal 95%
coverage probability while maintaining superior efficiency compared to Tgim.

Second, we evaluate the projection method under the extreme con-
dition of a highly limited target sample size (n = 300). Theoretically,
the projection step will guarantee efficiency improvements over the stan-
dard benchmark estimator 7j,e,, which is also shown in Figures (B) and
. However, because 74, and 7y already incorporate the generative work-
ing model, achieving further efficiency gains over these specific estimators
via projection requires estimating the projection coefficients with sufficient
precision on the target data. When the target sample size is exceptionally
small, this estimation becomes noisy. Consequently, this finite-sample noise

can occasionally render the projection estimator slightly less efficient than

the unprojected estimator.
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Finally, a noticeable fluctuation occurs in the empirical standard de-
viation for the target-only estimators (7hen, Teim, and %g’ﬁﬁj) in the s = 2
scenario when h > 1.7. Because these benchmark estimators are theoreti-
cally independent of the source data and the parameter h, this fluctuation
is a computational artifact rather than a theoretical breakdown. Specifi-
cally, the severely limited target units per treatment arm can lead to occa-
sional complete separation in the logistic regression across the Monte Carlo
replicates, causing extreme coefficient estimates that inflate the empirical
variance. This artifact does not affect our overall conclusions; rather, it
highlights that the proposed transfer learning estimators (7 and 72) ef-
fectively mitigate this computational instability through the regularizing
effect of the source data, ensuring valid inference even at these boundary

conditions.

S5.2 Decomposition of estimation performance between transfer

learning and projection

To more clearly illustrate the individual contributions of transfer learning
and the projection method, we provide a separated pairwise comparison of
the estimators evaluated in the simulation study in Section 6 of the main

text. Specifically, Figures [S5| and [S6] present detailed pairwise comparisons
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corresponding to Figure 1, while Figures and provide the detailed
breakdowns for Figure 2. These figures isolate the incremental changes in
sampling standard deviation and coverage probability, allowing the distinct
effects of each methodological step to be evaluated directly. In Figures
and [S7] the independent effect of the projection step is illustrated by
comparing the GLM adjusted and the transfer learning estimators to their

J

" and 7y versus 7.

projected counterparts, namely 7y, versus %;iﬁ In
both scenarios, the application of the projection method leads to a reduc-
tion in the sampling standard deviation, confirming the theoretical result in
Corollary 1. Furthermore, the theoretical contribution of transfer learning
is demonstrated in the separated coverage probability plots in Figures [S|
and . While 7, and %g;gj may suffer from severe under-coverage as the
dimension of covariates s increases, the estimators incorporating transfer
learning (7 and 75") successfully maintain coverage probabilities near the
nominal 95% level across all evaluated settings. Ultimately, these separated
comparisons clarify that the projection method serves as the primary driver
for efficiency gains, whereas transfer learning plays the crucial role of guar-

anteeing valid inference and achieving nominal coverage in high-dimensional

settings with small target sample sizes.
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S5.3 Additional illustration under misspecified data generation

model

In this section, we evaluate the performance of our proposed estimators
under a misspecified data generation model. We compare our methods with
the benchmark estimator 7., to demonstrate the robustness of the transfer
learning and projection steps. The potential outcomes in both target and

source data are generated via the following models:

‘ S 1 S )
Pr(Yi(a) = 1|1X;) = eXplt{,ua + Xafi(a) + ]Z; XijBj(a) + Yag 1 ; Xij}a a=0,1
Pr(Y;(2) = 1|X;) = expit{,ug +XaBi(2) + > Xﬂxl-jﬁj(a)}.
j=2

In both the target and source data, the common parameters are set as
o = 0.7, uy = po = 0.2, and vy = —0.5, 13 = 0. Let X; be a s-dimensional
covariate such that Xj; is a stratified random variable and {Xj;}3_, are
regarded as additional baseline covariates. X;; take values in {1,2} with
probabilities {0.4,0.6} respectively. In addition, (Xj,...,X;)" is a co-
variate vector with independent entries, each drawn from a Uniform[—5, 5]
distribution. We apply high-dimensional logistic regression as the work-
ing model. Specifically, in the working model, we use a covariate vector

Xi= (X, -, Xisy- .., Xsp) " with a total dimension of p = 100, where the
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additional p — s covariates follow a standard normal distribution indepen-
dently. Due to the unmodeled quadratic term, the data generation model
for Y;(0) is severely misspecified for both the target and source data, while
the functional forms for Y;(1) and Y;(2) remain correctly specified.

We set n = 600 units in the target data and n{®) = 2400 units in the
source data. The units are assigned to each treatment group by strat-
ified block randomization with ratio 1 : 1 : 1. Let s = [n"], where
r € {0.16,0.20,...,0.48,0.52}. In the target data, we set (;(0) = 0.5
and f;(1) = B;(2) = 0.3. For the source data, the parameters are gen-
erated as 5?(@) = Bj(a) + hj/s for j = 1,2,...,s, and a = 0,1,2. The
parameter h € {0.1,0.3,0.5} explicitly controls the source-target similarity,
leading to a parameter distance of ||3(a) — 5 (a)||; = h(s + 1)/2. Larger
values of h represent weaker similarity between the source and target pop-
ulations. Our primary interest is to estimate the treatment effect between
treatment groups 1 and 0. To this end, we evaluate the relative bias, sam-
pling standard deviation, and nominal 95% coverage probabilities based on
R = 1000 replicates for five estimators: the benchmark estimator 7y,,, the
GLM-adjusted estimator 74, the transfer learning estimator 7y, and their

APIOj

roodand 777 The overall results are

corresponding projection estimators Talm

presented in Figure [S9, with separate pairwise comparisons for standard
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deviation and coverage probability detailed in Figures and [ST1]

The simulation results show behaviors consistent with the well-specified
cases in Section 6 of the main text, while highlighting the robustness of our
approach under model misspecification.

Regarding the relative bias, as shown in Figure (A), model misspec-
ification introduces relative bias for the GLM-based estimators (g, and
~ proj

7

elm ) Which deviates further from zero as the dimension s increases. In

contrast, the transfer learning estimators (7; and %ﬁroj) remain unbiased,
demonstrating that the transfer learning procedure effectively leverages
source data even when the working model is misspecified.

The results in Figures[S9(B) and allow us to separate the effects of
transfer learning and the projection step on efficiency. First, 72' consis-
tently achieves the smallest sampling standard deviation across all settings,
including less favorable scenarios with weaker similarity (h = 0.5). Second,
the projection step provides consistent refinement regardless of the base es-

timator: 75°) achieves efficiency gains over 7g, and Then, and 77 further

glm

improves upon 7y. This indicates that the projection refinement (Corollary
1) is robust against model misspecification.

Finally, concerning the coverage probability, Figures [S9(C) and

demonstrate that 74y and 75" maintain coverage probabilities near the nom-
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inal 95% level. Conversely, 7q, and %grmoj suffer from severe under-coverage
as s grows. This confirms that the theoretical guarantees for valid inference

hold under model misspecification.
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Figure S10: Detail comparison for sampling standard deviation between each two estimators

under misspecified model. Each column represents different h in the simulation settings.
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Figure S11: Detail comparison for the nominal 95% coverage probability between each two
estimators under misspecified model. Each column represents different h in the simulation

settings.
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