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Some Necessary Notations

T: a continuous random variable representing the survival time.

Z = {V(t),0 <t < oo}: a time dependent covariate process, where V (¢) is a scalar, either continuous
or discrete.

C' the censoring time.

X = min(7T, C): the observed survival time.

0 = I(T < C): the event status.

T = {tx}2£ ,: the landmark time points of interest with K < ooc.
Qv (t,): the support of V(ty) for any tx € T

At each landmark time t;, we define

— T7(tr) = T — ti: the residual survival time.
V(tx): the covariate.

C"(ty) = C — ty: the residual censoring time.
X" (tr) = min(T"(tx), C" (tx)): the observed residual survival time.

q1,4, (1) = Qrr (1)) x>t, (T1): the T1th quantile of T"(tx) conditional on X > t;.

Qi (1) = @Tr(tk)‘x>tk (11): the 7th quantile of the empirical cumulative distribution function of
T"(t) conditional on X > tj

Q1w (t)|V (t2), X >t,, (T1): the T1th quantile of T"(t) conditional on V'(t;) and X > .

Fi(s;ty) = P(T"(tr) < s | X > t): the cumulative distribution function of T"(¢;) conditional on
X > t. The estimator of F(s;tx) is noted as F,, 1(s;tx).

J1(85tk) = frr) x>t (8): the density function of T7 () conditional on X > .

Fy(vity) = P(V(tr) < v | X > t): the cumulative distribution function of V(¢;) conditional on
X > ti. The estimator of Fy(v;t;) is noted as F, 2(v; k).

S12(q1,4, (11),v) = P(T"(tr) > g1t (11), V(tr) <wv | X > t) and Sy, 12(q1,¢, (1), v) denotes its estima-
tor.

Fia(q1,t,(11),v) = P(T" (k) < q1.4,(11), V(tk) < v | X > tg) and Fy 12(q1 4, (71),v) denotes its estima-
tor.



o c(11,v;tr) = Cov{I(F1(T"(tr);tr) < 1), I(V(t) <wv) | X > t;}: the conditional covariance between
I(F (T (tg); t) < 711) and I(V(t;) < v) conditional on X > t.

e ~: asymptotic equivalence uniformly with difference sup, g | R (7)| = 0p(1), where © is the prespecified
support.

We state the following necessary regularity condition.

Condition S1. m, is bounded below by zero, i.e. mins, c7 7, > 0; and above by some positive constant
Cryyy s € MAXy T Ty, < Cry, -

Condition S2. The survival distribution G¢., {q1,t,(7)} is uniformly bounded below by 0 for T € A, i.e.
infrea GGy, {914, (7)} > 0; and above by some positive constant cgr, o7 1€ SUDen Go a6, (T)} <car, o

S2 Propositions S1 and S2

Proposition S1. For any 7 € A, we have
(a) Qrr(t)|V (1), 51, (T) = Qrr(t)|V (1), X >4, (T);
() Qrr (1)1, (T) = Qrr (1)) x>, (T)-

Proof. For P(T"(ty) > s,V (ty) =v | T > ty), we can write

P(Tr(tk) > S,V(tk) =0 | T > tk) = P(Tr(tk) > S,V(tk) =0 | T > tk)
P(Tr(tk) > S,V(tk) =0 | T > tk)P(C >ty | T > tk)P(T > tk)
P(C>tk|T>tk)P(T>tk)
P(Tr(tk) > S7V(tk) = ’U,X > tk)
P(X > ty)
= P(Tr(tk) > S,V(tk) = | X > tg).

The second line multiplies both the numerator and denominator by P(C > ¢ | T > t;)P(T > ti). The third
line holds under the assumption that (T"(tx), V(tg)) L C | T > ti for any t;, € T and s > 0.

As (T"(tg),V(tg)) L C | T >ty implies T"(ty,) L C | T >t and V(tx) L C | T > ty, for any t, € T, we
can similarly derive that

P(Tr(tk) > s | T > tk) :P(Tr(tk) > S | X > tk),
P(V(tk):U|T>tk):P(V(tk):v|X>tk).

From the above, we have

P(Tr(tk) > S,V(tk) = | T > tg)
P(V(ty) =v|T > tx)
P(Tr(tk) > s, V(tk) = | X > tk)
P(V(tk) =0 | X > tk)
=1 —P(Tr(tk) > S | V(tk) = ’U,X > tk)
= Fr@ow)=v.x>t(5)
Freggirse,(s) = 1=PT"(tg) >s|T > ty)
= 1- P(Tr(tk) > s | X > tk) = FT"‘(tk)\X>tk (S)

Fre@ovitn=v,r>t,(8) = 1=P(T"(tx) >s|V(ty) =0, T > tx)

= 1-—

Then from the definition of quantile function and the fact that 7" (¢x) is continuous, we have

Qrr (1) V (1), T>1 (T) = Qrr (1) |V (1), X >, (T),
Qrr ) >4, (T) = Qrr (1) x>, (T)-

This completes the proof. O



Proposition S2. For any 7 € A, we have

(7, v;ty)
. = Qrpr & e d =0
Qe (t0) |V (t1), x>, (T1) = Qe (1) X >4, (T) e, T Va0 ) (1 — Falwi 1)) p2(v) = 0,

where c(T,v;ty) = Cov{I(F1(T" (t);tr) < 1), I(V(tr) <v) | X >t}

Proof. From the definition of quantile function and the fact that 77 (¢z) is continuous, we have for any 7 € A,

QTT(tk)‘V(tk),X>tk (1) = QTT(tk)\X>tk (1)
& E{IT"(tr) < Qrrag) x>t (T)] | V(te), X >t} =7
& Cov {I[T"(tr) < Qrr(t) x>t (ML IV (k) <0) | X >t} =0 Vv € Quy
Cov? {I[T7(tk) < Qrr(tyy x>t (T IV (t) <v) | X > ti}

& dus(v) =0
@ (1~ 1) Fa(vs )1~ Fa(v; 1)) alv)
Cov? {I(Fy (T (tg);tr) < 7), I(V(tr) <v) | X >t
- ov™ {I(Fi (T (tk); k)._T), ( (k)._'U)‘ > k}duz(v)zo.
Qv (1) T(l - T)FQ(Uv tk)[l - FQ(Ua tk)]
This completes the proof. O

S3 Some Lemmas and the proofs

S3.1 Lemmas S1, S2, S3 and the proofs
We first introduce the stochastic equicontinuity Lemma S1.

Lemma S1. Suppose Conditions S1 and S2 hold. Assume that the first derivative of fi(q1 .4, (7)) with respect
to T is bounded away from zero and infinity for 7 € A. Then we have

sup sup |Fot () = Foa(y) — Fi(x) + Fi(y)] = O(n=**log™* n)
2€[q1,¢5, (TL),q1,¢;, (TU)] |z —y|=0O(n=1/2 log!/? n)

almost surely.

Proof. The lines closely resemble the proof of Lemma 1 in Peng and Fine (2007). Specifically, following the
lines in Lo and Singh (1986), to justify the results in Lemma S1, we only need to show that the two following
results hold:

(i) B{Jt1 () — 1 (9)[} = O(n~Y/2 log"/? n);

(i) Var{Jur (2) — 61 (3)]} = O(n~" logn).

As mentioned in the proof of Lemma $2, for any 7, < 71 < 7] < 7¢ and q1 4, (7})—qu.¢,. (11) = O(n""/2log"/? n),
we have from the definition

I[Xlr(tk) >(J1,tk.(71),X1 >tk] 7(177_1) B
GTC,tk {Q17tk (71)}7e,,

¢1{Q1,tk (71)} = {

1-n 1
Gr, g, ()} - I1X: > t] —
GTC,tk{QLtk (7_1)} wG,l{Ql,tk(Tl)} T, { [ 1 k} 7'rtk}
and
I[XT(t) > qu, (1), X1 > tg]
k T/ 1 Uk 1 — 1 - T/ —
VYi{q,6,(m1)} { G o DI ( "
T g (7)) = AT X > 4] — )
G Aqe (1)} G196 \T1 Ton 1>t b} -

From the boundedness of f1, we have

=7 = Fi{a, (1)} — Flae (m)} = Alane () Ha (1) — are (1)} = O(n ™2 log"? n).



Also, from Conditions S1 and S2, we have the boundedness below by zero and above by some constant of
Go A, (1)} and m,. As X" is continuous, we can conclude that the integrand in the above defined
Ya1{q1t, (1)} is uniformly bounded by a constant. This implies |9g 1{q1.+,(7])} —Ya1{q1,t. (1)} < L(7] —
71) for some constant L.

For (i), applying the above findings, we can write

E{l¥1{q10,(m1)} = ¥1{qu.e, (11)}}

I 4 X7(t X t
< E [ql,tk(Tl) >T 1( k) > qllytk(Tl)7 1> k] +E{|T1 _7_“}
Gc,tk {QLtk (1)},
(1 B TI)L /
+E{ | ——"+—"—— 1) — T for some constant L
{ Gg,tk{ql,tk(T{)} {QLtk( 1) thk( 1)} ( )
_ !
+E{ BT >ty — 7m0, ) }
7Ttk
< Plgg, (1) > X7 (k) > que, (11) | X1 > ti] + B{er(n~/21og /2 n)}

G67tk {ql;tk (T{)}ﬂ-tk
LT —1/27,.,1/2 —1/27,.,1/2
= = +ci(n log'/“n) = ca(n log™/“n)
(;C,t;C {ql,tk (T{)}ﬂ-tk

for some positive constant ¢; and cs.
Next, for (ii), we can write

Var{|t1{q1,t, (1)} — Y1{qu.¢, (1) }|}

2
< E Iqu e, (1) > X7 (tk) > q14,(11), X1 > 1]
B Gg,tk{q17tk (T{)}ﬂ-tk
I 1 X7 (t Xy >t
+cl(n*1/2 10g1/2 n)E [thk (1) >T T(tk) > qll,tk (11), X1 > tg]
GC,tk{ql,tk (Tl)}ﬂ-tk
+c3(n"logn)
/! /
N —1/27 . 1/2 T] —Ti 5, _1
< - +ci(n log™/“n) - — + ci(n” " logn)
{GC Aqn (7)) b, 32 Gopdarn (m,
= 03(11_1 logn)
for some positive constant cs. This completes the proof of Lemma S1. O

Utilizing the results in Lemma S1, we can then introduce Lemma S2 for the asymptotic equivalence
between fi{q1,¢, (T1) Ha@1,6. (1) — qr,.(71)} and 71 = Fy 1 {qr e, (1)}

Lemma S2. Suppose Conditions S1 and S2 hold. Assume that the first derivative of f1(qi1 ¢, (11)) with respect
to 11 is bounded away from zero and infinity for 1 € A. Then we have with probability one

. ~ 71— nl{q1 tk 7'1 )} _1/2
lim su ) — 1) —
n_wop thk( 1) Q1,tk( 1) fl{Ql N T1 ‘

Proof of Lemma S2. From Pepe (1991), we have

N n thk( ) ar .
WG a0} - Goadann ()~ -0 S G} [ ) P )
=1

= p71/2 Z Ya,i{qie, (1)},

i=1

ar
where y(t) = P(X" >t) and M; “'*(-) is the martingale process. Then from the definition, we can write

Fodany, (m)} — Fi{ai(n)} = n_1/22'(/)i{q1,tk(71)}+Rn{q1,tk(71)}a

=1



where sup,. ca |Rn{q1e, (1)} = 0,(n1/2) and

wi{QLtk(Tl)} _ {I[er(tk) > ql,tk(T1)7Xi > tk} _ (1 B 7_1)} B

Ge,tk {ql,tk (Tl)}ﬂ-tk
1-7n 1—-7n

m i (1)} — o

Applying the functional law of the iterated logarithm (LIL) in Goodman et al. (1981), we have

{I1X > t] = me )}

SUIA |Fn,1{f11,t;c (1)} — Fl{thk(Tl)H = O(Tfl/Z 10g1/2 n),a.s.
T1E€

By Taylor expansion, we can write

Fu{@u, (1)} — Fir{au, (1)} = fi{dd o, (T) M@ (1) — @, (1)}

for some ¢ ,, (1) between 14, (1) and q1,¢, (71).
Since f; is bounded away from zero and infinity on A, by Lemma S1 and utilizing the fact that
Froi{qit. (1)} = Fi{qu e, (1)} = 71, we have

N Fi{que, (1)} — Fi{que, (1)}
sup [qie, (71) — qu.4, (T = / -
sup le () —aua(n)l = sup Frlas, ()

Cfl sup |Fn,1{a\1,tk (7'1)} - Fn,l{ql,tk (71)}|
7'1€A

IN

= ' s [ Fu{an ()} = Flauu ()} = O(n~"?1log!/? n)
T1E

almost surely for some positive constant ¢;. The inequality in the second line is due to the fact that by

Lemma S1, F1{q1,¢,(m1)} — Fi{qus, (1)} = Fu1{@,0. (1)} — Fua{qus,(11)}, and fi is bounded away from

zero and infinity on A. The equivalence in the third line utilizes F, 1{¢1,+,(71)} = Fi{q1,,(11)} = 7.
Following Lemma S1, note that we can write

Fi{gi, (1)} = Fi{are. ()} = —[Faid{an (m)} = Fi{ae(m1)}]
= ([Fn, @16, (1)} = Fi{@ue, (1)} — [Foi{q1,6. (1)} — Fi{g,e, (1) }) -

Using Lemma S1 and by Taylor expansion, we have

sup [[Fo,1{G1.e, (1)} — Fi{@ue, (1)} = [Faa{aie, (1)} = Fi{ave, (m)}] = o(n™'/?), aus.

T1EA
This completes the proof of Lemma S2. O
Next, we introduce Lemma S3, which establishes the uniform consistency of ¢1 ¢, (7) to g1, (7) for 7 € A.

Lemma S3. Suppose Conditions S1 and S2 hold. Assume that the first derivative of f1(qi1 ¢, (11)) with respect
to T is bounded away from zero and infinity for 7 € A. Then for any ¢ > 0 and 0 < ¢ < 1/2, there exists
positive constant ¢y such that for sufficiently large n,

P{sup [G11, (7) = qu, (7)| > en®™/2} < Ofexp[—c1n® —log(n®~'/?)]}.
TEA

Proof. From the condition, the first derivative of f; with respect to 7 are bounded away from zero and infinity
on A. Then there exist wy > 0, such that |q1 ¢, (Ta) — q1.¢,, (76)| < wo|7a —7|. Given 0 < § < min{1, 2%}

(u—72)
|~6w0('rg77'L)JU -

we can define a grid partition for [r,7y] as 7, = 70 < 71 < -+ < TN, = Ty with N5 = , where

|z] denotes the largest integer smaller than x. With this partition, the grid would be |7 — 71| < ﬁ.
Then we have |q1,, (75) — q1,¢, (Th—1)| < 2.

We learn from the definition for @1 4, (7) and g1 4, (7%) that they are non-decreasing. Suppose |¢1,¢, (75) —
Gt ()| < % and [q1,¢, (Te—1) — @14, (Te—1)| < %, then for 7,1 <z < 7, we have

- N 26
Tt () = qr,, () < Qe (Th) — quty (Th) + @ (Th) — qup, () < 3 <6



The other direction can be shown by the same arguments. Then we have [g1 4, (z) — ¢1,4, (z)| < 0 for any
-1 < * < 7. Thus if sup,epr, 7,1191,6,(7) — q1,6,(7)] > 6, there exist some 0 < k < N; such that
1@ (k) — @10, (T8)| > %. Let § = cnS~1/2. Then we have

—~ _ ~ C _
P < sup Gt (1) — que, (7)] > en® 1/2> < NsP (|q1,tk(7k) — 1t ()| > g”g W)

TE€[TL,TU]

From Breslow and Crowley (1974), we have the consistency and weak convergence of @TC;tk () to Gy, ().
By WLLN and CLT, we have 7;, —, ¢, and \/n(@, —m, ) = Op(1). From the above and Condition S1 and

82, VnlGELy, ()7, — Gy, (8)T1,) & VI{Gly, (8)(Fe, — 1) + [Gly (8) — Gy, (8)]me, } = Op(1).

Write
Ly(1) =7 = Fup{qie (1)} = %Z {T o {1 - I[X{(Ek) =D (T)’i(i > i }}

i=1 GTC,tk {QI,tk (T)}ﬂ-tk
RS ;o 1_I[X( k) > que, (1), Xi > ty]
ni= C e {‘h tr (T)}ﬂtk

1—7 AT r
*m {Gc,tk{(h,tk (1)} — Gy {QLtk(T)}} + -

1 ) > que (1), Xs >t . Gou e (T)im,
Z { G& fk{(h 1 ()}, a )} {égtk {q1,4, (7))}, 1}
= Ln,l(’r) + Ln,Q(T) =+ Ln,3(7_) =+ op(nfl/Q)

Q
\

1-—7

{%tk — Ty, }

From Lemma S2, we have

Qe (i) = qr () = {f1(q100 (7))} " L (7)) + R (70)

where R, (7x) = 0,(n~'/2). Then we have for sufficient large n,

<|‘J1 tr (Th) — qut, (TR)] > 3nC 1/2)

< (IL ()| > 2hrelrin gl{‘“’t’“(T)}cn<—1/2> (Let ¢ = relrm) gl{m’tkm}c)
c* c* c*
< P (|Ln,1(7k)| > 6”C1/2) +P <|Ln,2(Tk)| > 6”C1/2) + P <Ln,3(7k)| > 671(1/2)

Since I(X > t;) L X" (tx), by Hoeffding’s inequality and conditions S1 and S2, we have

P (Ln,l(Tk)| > 06n<—1/2>
— p lz I[X](t) > @i (1), Xi > ] | d—m)l > ey
ni4 Go o, ()}, 6
o Mt o1y
6(1 - Tk)n )

= O[exp(—cl,ln%)]

o
P<|Ln73(7'k)| > €n< 1/2) ({ ZI (X >ty } ),

= O[exp(—chn C)]

and

for some positive constant c¢;,; and ¢; 3 as n is sufficiently large.
From Pepe (1991), we have

~ n q1,t,, () ar,
n |G A (1)} = GEy (N} = —”_1/QZGTc,tk{Q1,tk(T)}/k y(s)~HdM; <™ (s),

=1



G’V‘
where y(t) = pr(X" > t) and M, “"*(-) is the martingale process. Then we have from Azuma-Hoeffding
inequality

P (1Enatml > Gue?)

C*Ge,tk {QI,tk (T)} n41/2>

- P (’érc,tk {16, (1)} — Grcqtk{q17tk(7—)}‘ > 6(1— %)

|

- r a0 (7) —1 Go e
S Gl L (1)} /k y(5) 1AM () — 0
=1

= O[GXP(—01,2n2<)]

>

C*Gg,tk {thk (T)} nc_l/g
12(1 — )

for some positive constant c; o as n is sufficiently large.
These lead to

P ( sup (G116, (7) = que (7)| > cnc‘“)

T€[TL,TU]

< NgO(exp(fcanC)) = O{exp[fclnzc — log(ngfl/z)]}.

for a positive constant ¢; = min{ci 1,¢1.2,¢1,3}.

S3.2 Lemma S4 and the proof

Lemma S4. Suppose Conditions S1 and S2 hold. Assume that the first derivative of fi(q1 v, (1)) with respect
to T is bounded away from zero and infinity for T € A. Under the null hypothesis Hy 7, we have

sup sup |Sn,12($7 v) — Sn,lQ(ya v) — Sia(w,v) + S12(y, )|
x€[q1,t, (TL),q1,1, (TU)] |z—y|=0(n=1/2 log!/2 n)

= O(n=3*1og¥*n)
almost surely.

Proof. This lemma can be derived following the similar idea as in the proof of Lemma S1. Specifically, we
can first write from the definition

Spaa{are, (r1,0)} = Si2{qra, (r1,0)} = 072> wi{are (m)} + Ri{que (n)},

i=1

where sup,, ca [ R, {q1,, (T1)}| = op(n~/?) and

vi{g1.1, (1)} {I(Xf(tk) > g1, (11), Vilty) < v, X; > tg)

Gg,tk (thk (Tl ) )Wtk

Go o dae(m)} va,i{aie, (1)} -

I(Xf(tk) > q1,tk(7'1),‘/i(tk) <uv,X;> tk) . . B
{ GTC,tk (ql,tk (Tl))ﬂ-tk (1 1)F2( atk)}

6,tk{q1,tk(7—1)} wG?l{quk( 1)} Tty

— Si2{q1,1, (7'1)’”}} -

M{I[Xl > tk] 77Ttk}

{I[X; > tg] — 7, }-

The second equivalence holds as we have S12(q1,4, (71),v) = (1 —71)F>(v; ) under the null hypothesis. Then
we can follow similar lines as in the proof of Lemma S1 to show that

() B{lor{g1 00 (7)) — 01 {01 0 ()} ]} = O(n~ 2 10g"2 n);

(i) Var{Jvi{gre (71} — vi{aie,(m1)}} = O(n~'logn)

forany 7, <7 <7 <7y and q14, (1)) — @14, (1) = O(n’l/2 logl/2 n). This completes the proof of Lemma
S4. O



S4 Proof of Theorem 1

We first establish the distribution of

nl/QE(Tl,v;tk)
VT (A=71)Fp 2 (vits) (1= Fp 2 (vity))

for any 7 and v assuming the null hy-

pothesis holds.
Denote ~
(1, v; tr)

\/'rl(l —71)Fp2(vite) (1 — F 2(v; tr)) ’

Whi2(71, v5ti) =

and

v Fia(qug, (m),v) = miFa (v ty)
Wialmvth) = e Rt (1 = Fa(wi )

From the definition of ¢(7y, v;t;) and the fact that F,, 1(q1,¢,(71)) = 71, we have

(71,05 ty)

\/71(1 —71)Ep2(v;tk) (1 — By 2(vsty))
Fo12(que,,(11),0) — Fn1(que,, (11)) - Fr o (v; )
\/7'1(1 — 1) Fy (v te) (1 — Fiyo(v; tg))
Fo12(Qut, (11),0) — 71 Fp 2 (03 ty)
V(L= 71)Fpo(vity) (1 — Foa(vite))

Wyae(m,v5t) =

We can write

nl/? {Wh12(m1, 05 t) — Waa(mi,v;5t,) }
/2 {Fn,12(a\1,tk (11),v) — Fi2(q1,4,(11),v) B T1[Fn,2(vs ty) — Fa(v; tg)]
\/Tl(l - Tl)FQ(U;tk)(l — FQ('U;tk;)) \/Tl(l — Tl)FQ(’U;tk)(l — FQ(U;tk))

B V(1= 71)[F12(q1,6,(11),v) — 71 Fo(v; t1,)] {\/an(v;tk)(l — Fya(v;ty)) — \/Fg(v; tr) (1 — FQ(U;tk))] }

Q

T1(1 — 1) Fa(v; tg) (1 — Fa(v;tg))
2 Fr2(q,6,(11),v) — Fia(que, (11),0) 71 [Fn2(vite) — Fa(vity)] .
\/7'1(1 — Tl)FQ(’U;tk)(]. — FQ(’U;tk)) \/Tl(]. — Tl)FQ(’U; tk)(l — FQ('U,tk))
The second equivalence holds since we have Fia(qi 4, (71),v) = 71 F2(v;tg) for any 71 and v under the null

hypothesis.
For Fp, 12(q1.4,(71),v) — F12(q1,t, (T1),v), we can express it as

Fo12(qut, (11),v) — Fia(qu,e, (11),v)
= Fpa(vitk) — Sn12(Q1t, (11),0) — [F2(vit) — S12(q1,t, (1), 0)]
[Fn2(vity) — Fa(vste)] — [Sn12(@1,e, (71),v) — S12(q1,6,, (1), v)]
= [Faz2(vite) = Fa(vite)] — [Sn,12(q1,6, (71),v) — Sn12(q1,t, (11),0)] = [Sna2(q1,6,, (11),0) — S12(q1,2, (11), v)]

This leads to

n2 {W,, 19(71, 05 ) — Wia(71,v; )}

172 {Fn,IQ(E]\Ltk (11),v) = Fia(qu,e, (1), v) 71[Fn2(vite) — Fa(v;te)] }
\/7'1(1 —11)Fa(v; t) (1 — Fa(v; tr)) \/7'1(1 — 1) Fa(v; t) (1 — Fa(v; tg))

_ #p{<17nmmmm>1wwm1}Mﬁ{&ﬂ@ﬂmxw&ﬂ@%vmw}

V(L= 71)Fa(v; ) (1 — Fy(v; 1)) V(1= 1) Fa(v; ty) (1 — Fa(vs t))
_nl/g { Sn,12(q1,tk (71),1)) - SlZ(Ql,tk (Tl),v) }

V(1= 1) Fo(v; ty) (1 — Fa(vs ty))

L — I, — I3

V(L= 1) Fa(v; ) (1 = Fa(v; tr))

Q




where

L = n'?2{(1—m)[Fa2(vity) — Fa(vits)]},
Iy = nY2{S,12(q1.t,(11),v) — Sn12(q1.e, (11),0)},
Iy = n'?{Sn12(q1e,(71),v) — S12(qe, (71),v)} -

From the definition, we have

L = n /2 ia—n){l(wt’“) < v X > t) —Fz(v;tk)}

T
i=1 tk

NN Z I(X; > t) {I(Vi(tx) < v) — Fa(v;ty)}

7Ttk

- n_l/QZ (1 —7m)I(X; > 1) {I(Vi(ty) < v) — Fa(vit)}

n 2 (R, — ) Z S Tl)frgXi > t) {I(Vi(te) < v) — Fa(vste)}
i=1 23
~ i Z 5> ) (i) < v) — Falos )}

where the second equivalence holds since 7;, = % Yo I(X; > ti), and the fourth asymptotically equivalence
holds from the definition of Fy(v;t;). From the condition, we learn that the derivative of f1(g1,, (1))
is finite and bounded below by 0. Notably, the null hypothesis implies the first derivative of Sia(s,v),

Sg)(s, v) = f1(8)Fa2(v;t). By Lemma S2, Lemma S3, Lemma S4, and Taylor expansion, we have
I, = nt/? {512((/1\1,% (11),v) — 512(91,t;c (m1),v)}
0285 (@10 (1) 0) {@a (1) = @1 (1)}
= 1/2F2<U' t) f1(qu,e, (7)) {@1,6, (1) — @1, (71) }
n 2 Fy(vitk) {1 — Fua(gue, (1)}

*Tfl/QZFz(v;tk) { (XP () > qre (1), Xi > te) (1 71)}

Q

%

)
GTC tk.(QI,tk (11))7e,
N ROt > ) {I()g(m) > pa(n) g }
zz; Tt Gty (a1, (1)) ( :
12y B0t (X > 1) {wg(twa,tk(n)) 171}
; Ttw Gty (1,6, (1)) ( :

We also have from the definition that
" 1(Xrty) > T ty) <v,X; >t
Lo n”QZ{ (X5 (1) > 010, (0) Vill) ’@’—slxqm(n),v)}
i=1 GCtk(ql w (T1))Te,,
_ n1/2i{I<X;<tk>>qm<n> Vilt) < v, Xi > t)

—(1- Tl)Fz(U§tk)}

< (01,0 (M))7,

vy I(Xi>tk){ IX7 (1) > au () Vi) <o) }
g 7o, Cropy (01,0 (11)) o)

~ n71/2 - I(Xl > tk) {I(X;(tk)/\> ql,tk(Tl)am(tk) < U) — (1 =7)Fy(v; }
g o, Crpy (01,0 (11)) ot

where the second equivalence holds under the null hypothesis.



From the above, combining I and I3, we have
" I(X; I(XT <

n71/2z (X; > tg) (X7 (t) > qut, (1), Vilty) < v) — (1= 11)Fy(v; tr)
= Ty, GTC the (Q1 th (7-1))

Y Z Fy(v; t) [(X; > ty) {MX;(tk) > (1) _ ) _ ﬁ)}

Tt Gy (a1, (11))

=1 k
"I(X; > b, XU (¢

= ey M e M) 2 0 0)) (1) < 0) - Fa(ust)}
i=1 GTCtk((h 1, (T1)) 71,

- 71/22 X > tg, X ( ) > ql,tk(Tl)) {I(W(tk) < v) —Fg(v;tk)}

Ctk (fh . (T1)) 78,

I+ I3

Q

All the above leads to

tx)
n'PW s (r1,vit) & _1/22 §i(m, vite)

Vil —m)

holds uniformly for any (71, v), where
I(X; > ty) y
T/ Fo (i te) (1 — Fo(v;ty))
{I1X7 (tr) > quo ()T (Vi(te) < v) = Fo(v3tk)]/ Gt (01,4, (11))
—(1 = m)[(Vi(tr) < v) — Fa(vs te)]}.
Define F = {M 11 € A,v € Quy,), tk € T}. The function class F is Donsker and thus Glivenko-

\/7'1(1—7'1)7

Cantelli (van der Vaart et al., 1996) since the class of indicator functions is Donsker and 71, Fa(v;tx), 1/,
and 1/Gg 4, (q1,4, (1)) are uniformly bounded. As a result of Donsker theorem,

&i(m,usty) =

nl/QWn,IQ(Th v tk) — X(Th U3 tk?)7

where x(71,v;tx) for any t;, € T is a separable Gaussian process depending on (71, v) for (71,v) € A® Qy,)
with E{x(m1,v;tx)} = 0 and covariance matrix

{min(r1, 77) — 717 H{min(Fa(v; tr), Fa(v';t)) — Fa(v; ty) Fa(v'str)}
\/7'1(1 —71)Fa (v tg)[1 — Fa(v; tg)]] (1 — 7)) Fa(v'; t)[1 — Fa(v; tk)]

Then, by the extended continuous mapping theorem (Theorem 1.11.1 in van der Vaart et al. (1996)), under
the null hypothesis, we have

ne?(ry,v;ty) / /
L dpq(m1)d, ) — X2 (1, v; tr)dpn (71) dpa (v).
/A/Q 0= ) P (01— Fua(os ) 120 =0 [ 1% )i (1) dpia(0)

V(tk)

E{x(m1,v;te)x(m1,v"s t) } =

Since 7T is a finite set, by continuous mapping theorem, we establish the limiting null distribution as

NGmaz (T, Z; A, T) =4 gggg/ /Q (1, vs ) dpa (11)dpa (v);
V(fk)

nQSum(T Z A, T _>d Z / / T1,U;tk)d,u1(7'1)dp,2(’l)).

theT Qvuk)

This completes the proof of Theorem 1.

S5 Proof of Theorem 2

We first investigate the asymptotic limit of ngmaz (7, Z; A, T) under the alternative hypothesis Hy ymaz. Let
Y0 = @maz(Ts Z; A, T). Under the alternative hypothesis Hy maz, we have 79 > 0. Since an™! = 0,(1), we
have P(cm_1 > 70/2) — 0 as n — co. Under the alternative hypothesis Hy maz, we have 79 > 0 and thus

P((/J\mar(Tv 27 AaT) > 7()/2) — P(’YO > 70/2) =1.
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This suggests that for any a,

P(nGmaz (T, Z; A, T) > a) = P(Gumax(T, Z; A, T) > an™ )
> P(Z]\mam(T7Z§A,T) >70/2)—P(an_1 >’)/0/2)

It then follows that P(ngmae(T, Z; A, T) > a) — 1 as n — oo under Hg maz- Denote Ciax o as the a-level
critical value determined upon the limit null distribution of nGyq. (T, Z; A, T), which is greater than 0. Then
we have

P(nquax(T7 Z’ A7T) > Cmax,a) — 1
as n — 00 given H, ;mae holds. This implies that ngmaz (7, Z;A,T) is a consistent test against Hy maq-
Follow similar lines, we can show that ngsum (T, Z; A, T) is a consistent test against Hg sym. This com-
pletes the proof of Theorem 2.

S6 Justification of the Resampling Procedure

Firstly, as justified in the Proof of Theorem 1, there is weak convergence of n'/ 2W,,,12 to a mean zero Gaussian
process with covariance process

~ Amin(ry, 7)) — 7oy H{min(Fa (v; tr), Fo(v'ste)) — Fo(vs te) Fo(v'str) }

E{x(m1,v; tk)X(T{,u/;tk)} = \/71(1 N (e Fg(v;tk)]T{(l = T{)Fg(v';tk)[l R0 tk)]'

Next, given that {12} | are i.i.d. random variables following a standard normal distribution. Conditional
on the observed data {(X](tx),Vi(tk),d:, I(X; > i)}, we have the asymptotic covariance matrix of
M2y Eilmvite)ld

I as

E n V25 &(r, vt . n 230 (v te)ed
m(1—1) T1(l—m7)
S (s )& (1, s )
VA=)l - ) ’
which converges in probability to E{x (71, v;tx)x (7, v';tk)}.
Following the arguments in Lin et al. (1993), conditional on {(X7 (tx), Vi(tk), 6;, I(X; > t))}', we can

—1/2x\n £ . b

n E L (11,05t )L, . . . . . . ..

show that fl(f( 1)’ ity is zero-mean Gaussian with covariance function converging to the same limit
T1 —T1

(X5 (), Vi), 03, 1(XG > tk))}?_l}

as Wy 12. Applying the extended continuous mapping theorem as in the proof of Theorem 1, we have that
under the null hypothesis, the conditional distribution of nGmaz.b(T, Z; A, T) (or nqsums(T, Z; A, T)) given
the observed data is asymptotically equivalent to the unconditional distributions of ngmae(T, Z; A, T) (or
nqsum (T, Z; A, T)). This completes the justification for the resampling procedure in Section 2.

S7 Additional Table and Figure

Table S1: Sensitivity analysis of the FIRST data with p values from the proposed GIQC(MAX)
and GIQC(SUM) tests under alternative landmark time grids, 7 = {1.5,2,3,4,5,6,7,9,11,13}, T; =
{1.5,2,3,4,5,6,7}, and T = {2,4,6,9,13}. The quantile level interval is fixed at A = [0.1,0.4].

GIQC(MAX) GIQC(SUM)
Landmark set  Description P(B) P(F) P{P) PB) PF) PP
T Primary grid 0.097 0.391 0.329 0.170 0.479 0.404
Th Truncated grid 0.092 0.365 0.270 0.158 0.380 0.325
T2 Coarser grid 0.082 0.412 0.247 0.180 0.457 0.342
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Table S2: Sensitivity analysis of the FIRST data with p values from the proposed GIQC(MAX)
and GIQC(SUM) tests under alternative landmark time grids, 7 = {1.5,2,3,4,5,6,7,9,11,13}, 71 =
{1.5,2,3,4,5,6,7}, and To = {2,4,6,9,13}. The quantile interval is fixed at Ay = [0.1,0.3].

GIQC(MAX) GIQC(SUM)
Landmark set  Description P(B) PF) PP) PB) PF) PP
T Primary grid 0.109 0.523 0.223 0.131 0.560 0.318
T Truncated grid 0.106 0.487 0.188 0.127 0.467 0.253
T2 Coarser grid 0.092 0475 0.182 0.141 0.542 0.286

Set-up Il Set-up IV

True Intermediate Function
0
|

True Intermediate Function
0
|

0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8

Tau Tau

Figure S1: The true intermediate function 7(7) used for simulation set-ups III and IV.

References

Breslow, N. and J. Crowley (1974). A large sample study of the life table and product limit estimates under
random censorship. The Annals of statistics, 437-453.

Goodman, V., J. Kuelbs, and J. Zinn (1981). Some results on the lil in banach space with applications to
weighted empirical processes. The Annals of Probability, 713-752.

Lin, D. Y., L.-J. Wei, and Z. Ying (1993). Checking the cox model with cumulative sums of martingale-based
residuals. Biometrika 80(3), 557-572.

Lo, S.-H. and K. Singh (1986). The product-limit estimator and the bootstrap: some asymptotic represen-
tations. Probability Theory and Related Fields 71(3), 455-465.

Peng, L. and J. Fine (2007). Nonparametric quantile inference with competing-risks data. Biometrika 94 (3),
735-744.

Pepe, M. S. (1991). Inference for events with dependent risks in multiple endpoint studies. Journal of the
American Statistical Association 86(415), 770-778.

van der Vaart, A., A. van der Vaart, A. van der Vaart, and J. Wellner (1996). Weak Convergence and
Empirical Processes: With Applications to Statistics. Springer Series in Statistics. Springer.

12



