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Supplementary Appendix

Regularity conditions

Denote by €2 the parameter space common to the m-dimensional parameter
vector 6.

(C1) For a given K € {Kie,---, Kmax} and for each k = 1,... K, the
observations V; are independent and identically distributed with prob-
ability density f,iK)(V; QI(CK)) with respect to some measure p. The
density f,gK)(V; H,EK)) has a common support and the model is identi-
fiable. Furthermore, the first and second logarithmic derivatives of f

satisfy
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(C2)

(C3)

(C57)

For a given K € {Kiue, -, Knax} and for each £ = 1,... K, the

(K)

Fisher information matrix I, ’ is finite and positive definite at the

true parameter G,E:K)

For a given K € {Kiwe,- -, Kmax} and for each &k = 1,..., K, there
exists an open subset w C (2 that contains the true parameter point
GIEK) such that, for almost all V', the density f,EK)(V;G,(CK)) admits all
third derivatives 9 £ (V;0.")) /00900615, for all 6" € w. Fur-

thermore, there exist funct10ns M n such that

9° log f,§K>(v- 0,")
06\ 96."; ae,fj?,

< Mjjijn(V),

for all 0, € w, where m;jjn = E[M;;;#(V)] < oo for any j,j’,j" €

{1,...,m}.

Foreach K € {1,..., Kiax}, there exist £, (K) such that * Zf ) (0 Yo, Xep) —

((K) and 74, € (0 1) such that &£ — 7, as n — oo. Furthermore for
any K < Kiue, N{lx(Kirue) — ( )} — oo.

Foreach K € {1,..., Kyax}, there exist £,(K) such that X Zle E(é\k; Ye,, Xcp) =

(,(K) and 7 € (0,1) such that ** — 7, as n — oco. Furthermore, for
any K < Kipe, &{&(Kme) — Ll (K)} = 00 as n — 0.

For a given K € {1,..., Ky}, as n — oo, for each k € {1,..., K},
there exist {;,(9) such that 2 2l ye,, Xey) — 1,(0) and 73, € (0,1) such
that “* — 7, where ny, = |Ck\ Furthermore, for any K > K., there
exists at least one pair (k,l) with k& # [ such that O,gK) # GI(K) and

5 (K
s 0 (6,) = (6"} = oo
For a given K € {1,..., Kyax}, as n — oo, for each k € {1,..., K},
there exist ¢4 (f) such that iﬁ(@; Ye,, Xc,) — Uk(0) and 7, € (0, 1) such
that “= — 7, where nj, = |C;|. Furthermore, for any K > K., there
exists at least one pair (k l) with k # l such that Q,E:K) # HI(K), and

min[ 2 {0, (00°)) — u(07)}, (2 {0 — 6(6))}] — oo

The conditions (C1)—(C3) apply only to the true and overfitted models
and are analogous to Conditions (A)—(C) of [1], applied separately to each K-
cluster model. Conditions (C4a) and (C4b) distinguish the true model from
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underfitted models for AIC and BIC, respectively, with the BIC condition be-
ing stronger. Condition (C5) requires that, in any model with K > Ky, at

least one cluster parameter HI(CK) is adequately separated from the parameter

of a different cluster GI(K). Condition (C5’) strengthens (C5) by requiring mu-
tual separation: both the kth cluster and the [th cluster must be adequately
separated from each other.

Lemmas

Here, we provide some lemmas needed to prove Theorem 2. The first claim
in Theorem 1 shows that AIC avoids selecting underfitted models with prob-
ability approaching 1. In contrast, the second claim indicates that the AIC
at K = Kj e 1s not necessarily minimized, even as n — oo. To address this
issue, we introduce the following lemma concerning the exclusion procedures

AlCex1 and AlICex2.

Overfitted models with a pair (k,/) such that Q,EK) = QZ(K): The

following lemma addresses the case 9,(:{)

i.e., in overfitted models.

— QZ(K ) which arises when K > Kirue,

Lemma 1. Suppose the likelihood function satisfies conditions (C1)-(C3).
For a given K > Kie and a pair (k,1) with k #1€ {1,..., K} and HIEK) =

QI(K), we have

P {_26(@:K);XCk7ka) + mlognk > _Zg(é\l(K);XCkvka)} - 1’

where ny, = |Cy|.

This result shows that condition (2.1) is satisfied, and thus the exclusion
procedure removes overfitted models containing at least one pair (k,[) with

Q,EK) = QZ(K) and k # [ (corresponding to different clusters), with probability
tending to 1 as n; increases.

Models with a pair (k,[) such that 6\ £ 6"):  The following lemma
addresses the case where O,E;K) # HZ(K).



Lemma 2. Suppose that the likelihood function satisfies conditions (C1)-
(C3) and (C5). For a given K > Kie and any pair k,l € {1,..., K} with
k1 and 6 £ 6% it holds that

P{—%@K);Xck,yck) +mlogn, < —ZK(Q(K);Xck,yck)} — 1,

where ny = |Cg|.

From the above lemma, condition (2.1) is not satisfied for the pair (k,1)

such that H,SK) #+ QZ(K), with probability tending to 1. We assume that the

true model consists of K., clusters, with Q,EK““) + Ql(K““e) for any distinct

pair (k,1), k,l € {1,..., Kiue}. Therefore, the exclusion procedure does not
eliminate the true model.

Exclusion procedures: Let Ei(K) and E5(K) denote the events that
the exclusion procedures (2.1) and (2.2), respectively, remove the Kth model
from the sequence {1, ..., Kyax}. We obtain the following result.

Lemma 3. Suppose that conditions (C1)-(C3) and (C5) hold. Then,
P | Nicea, By (K) N {Ey(Kipue)}] — 1.
Furthermore, if condition (C5’°) in the Appendix holds, then
P | Nicen, Ba(K) 0 { B3 (Kie) )| = 1

In words, the lemma shows that the exclusion procedures discard over-
fitted models while retaining the true model with high probability. Conse-
quently, after applying the exclusion procedures, the candidate set for AIC
asymptotically excludes all overfitted models €2, while preserving €2y and €2_.
Now, by the first claim of Theorem 1, P {minKGQ_ AIC(K) > AIC’(Ktrue)} —
1, which implies that AIC(Kiye) attains the minimum and the true model is
selected; that is, model selection consistency holds. In summary, we obtain
the following theorem.

Remark 2. Note that, from Lemma 3, the exclusion procedures remove the
overfitted models €2, from the candidate set and retain both the true model
)y and the underfitted models €2_, with probability tending to 1. Therefore,
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after the exclusion procedures, any method that selects 2y from QU2 with
probability tending to 1 achieves model selection consistency. This situation
arises, for example, when the evaluation criterion of €y (e.g., the maximized
log-likelihood) is consistently better than that of . While Lemma 3 holds
in the large-sample setting, for finite samples the overfitted models may not
be fully removed from the candidate set. Thus, we recommend combining
the exclusion procedure with AIC to improve practical performance.

Proof of Theorem 1
For the first claim, for any K € Q_,

P{ min AIC(K) > AIC(Ktrue)}

KeQ_
— A(K) —_ A(Ktrue)
_ P{ o UO9) £ mE —0(0) § mEe 0}
KeQ_ n n
A Kirue)\ _ p(9(K)
> P{ min 6(9 ) 6(9 ) — MK > O}
KeQ_ n n

= P{ min n{l,(Kirue) — l(K) + 0p(1)} — mEKirpe > 0}

KeQ_
— 1,

as n — 0o, because condition (C4a) holds and m Ky, is finite. Thus, the

first claim follows.
For the second claim, for any K € €2, , we have K > K. Then,

P{ min AIC(K) > AIC(Ktrue)}

KeQ,
=P {I?égi{ 20(07)) + 2mK} > —20(f%ree)) 4 QmKtme}

< P {20050 4 2m( Ko + 1) > =20(05)) 4+ 2m K e |
— P {om > 20(@FetD) - 20(§H)) |

The probability in the last display is strictly less than 1, because 2{¢(0 K"“e+1))
K(H(K"“e))} is asymptotically distributed as x?, as n — oco. This establishes
the second claim.



Proof of Lemma 1

000 Xe, we,)

By a Taylor expansion around g,E:K), and using the first-order condition ) =
k

0, we obtain

2{6 XCkaCk> €</9\I(K)Xck7yck)}

826( ) X yc)
= —tr [(0") — 0O — 6~ |+ op(1).
( l k )( l k ) aek[()aek P( )

The expression above is of order O,(1). This follows because, under the
assumption 6" = %) h
ption 0, = 0,"’, we have

K K K K K K ~1/2
0" =0 = O —60)) — (6 = 6")) = Opfmax(n; 2, m )},
while the observed Hessian satisfies

825(9 Xck, yck)
90\ 99"

= Op(ns).

Therefore,

_2{6 XCkvka) E(é\l(K)7Xck7yck)} = Op(1)7

which implies that it is asymptotically bounded above by log ny as ny — oo.
This establishes the claim.

Proof of Lemma 2
Since @\,(gK) — QI(CK) and @\I(K) — QZ(K) in probability,

ng 2ny,

where the last convergence follows from condition (C5) and the fact that
Q,EK) #+ H;K). Hence, the lemma is proved.
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Detection probability under local asymptotic regime

In Lemma 2, we assume that G,EK) #+ GZ(K). To clarify how sensitive the
proposed procedure is to the degree of separation between clusters, 9,(:{) —
QI(K), we consider the detection probability under local asymptotic regime to
elaborate the detection probability in terms of the discrepancy between G,EK)
and GZ(K).. Throughout this subsection, we drop the superscript ). For a
pair of cluster indexes k # [, let the corresponding true parameters 6y and 6,

satisfy
h

where h is the fixed difference. Let C, and C; be the corresponding index sets
in n samples with sample sizes n; and n;. Denote the log-likelihood function
for the conditional density in the kth cluster be

e(0) = Zlog f(yilwi; 0),

1€Cy

where f(y;|x;;60) is the conditional density. Let 0 and 6, be the maximum
likelihood estimator based on the the samples in clusters C; and C;, respec-

tively. We consider R R
Dkl = Kk(ek) — €k<(91>

In addition to Conditions (C1)-(C3) and suppose that 7% — x € (0,00) as
min(ny, n;) — co. Let

1 0
Sk(60) = \/—n—ki;%logf(ylxﬁ),

then S, = Sk(6x) is asymptotically normal with mean zero and variance of
I1(0x) under Conditions (C1)—(C3) and (C5). By (S.1), we have

Similarly, the difference between the maximum log-likelihood and the log-
likelihood at 6y is given by

(B~ 0(6) = SSTT(6) Sk + 0,(1). (5.3)
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On the other hand, é\l is constructed from the samples in the cluster C;. Then,
Wi = /ni(6; — 6;) is asymptotically normal with zero mean and variance of
I,(6;)~'. Furthermore, W; and Sy is mutually independent. A second-order
Taylor expansion yields
~ o2
0 (6h) — 6:(60) = TWz V1 Sk(61) + —Wz Foag7 R (O)Wi+ 0p(1).

(S 1)7 aoaeTﬁ (01) = nk{ Ik(‘gk) + Op( )}v and

Sk(01) = Sk(6k) + \/_ Z 8989T log f(ylx, ek)\/h—k = Sk — Ix(Or)h + 0,(1).

Thus, the above expansion reduces to
~ K

Now define R N
Dy, = ék(ek) — €k<(91>
Then,
Dkl {ﬁkek —€k91}+{€k9k —£k0k} {&91 —£k91}+op
Substituting (S.2), (S.3) and (S.4) above yields

1 1
Dy = —h"Sy + §hTfk(9k)h + 551?114(‘91@)_1& — VEW{ Sk — L (0x)h} + gVVlTIk(ek)I/Vl + 0p(1)

= %{Ik(ek)‘lsk — h = VAW L) {1(00) 7 Sk — h — VEWL + 0,(1)

Since I;(0;,) 'Sy — h — /KW, is asymptotically normal with mean —h and
variance of (1 + x)I,(0;) 71,
1
Dy % 52 1002, Z~ N(=h, (14 m)I(6:) ).
or AN
a 1+kK , k\Uk
D A A= —7T
kl = 5 Xon (M), 1+

Therefore, the detection probability in Lemma 2 is expressed as

P{—2€(§k)+mlognk < —26(@\1)} = P(2Dy; > mlogny) A P{x% (\) > mlogn,/(14+kK)}.

The last display goes to 1 if ||h||> — oo with a faster rate than logny, and
hence the difference between clusters k and [ can be detected with probability
tending to 1. This is an elaborated result of Lemma 2.
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Proof of Lemma 3

To prove that
P [ Mrenr By (K) 0 {B) (Kin) | = 1,

we show that
1-P [mKEle(K) N {El(Kme)}c] _p <[HKEQ+E1(K) N {El(Ktme)}c] ) 0.

By the assumption K., < oo and Bonferroni’s inequality,

P ([Micen, Br(K) 0 {By (Kun)}] ) = P [UKEQ+{E1(K)}C U B (Koo
< Y PHEWK)}T + P{EN(Kirue)}-

K€Q+

For any K € €1, there exists at least one pair (k,[) such that 9,&1{) = QI(K)
with k # 1 € {1,..., K}. Therefore, from Lemma 1, the probability that no
such pair satisfies (2) tends to zero, which is equivalent to P[{Ey(K)}] — 0.
Hence, the first term converges to zero.

On the other hand, for the true model with Ki,,. clusters, we have
Ql(f(““e) = QZ(K“‘“) for any k # 1 € {1,..., Kiue}. Therefore, from Lemma 2,
theAprobability that all pairs do not satisfy (2) tends to one, and hence
P{E(Kyue)} — 0.

This proves

P ([mmmﬁl(m N {El(Ktme)}c} ) 0.

The second claim follows analogously.

Comparison with BIC

It is well known that BIC possesses model selection consistency. We provide
the following theorem regarding BIC, which is essentially a known result from
previous studies [10, §].

Theorem 3. Suppose that the likelihood function satisfies conditions (C1)-

(C3) and (C4b). Then, asn — oo, we have P {mingeq_ BIC(K) > BIC(Kyye) } —

1 and P {mingeq, BIC(K) > BIC(Kyue)} — 1.



Note that condition (C4a) imposed in Theorem 1 is replaced by condition
(C4b).

Remark 3. Both BIC and the exclusion procedures (AICex1 and AlCex2)
exhibit model selection consistency. However, they differ in the assumptions
required, namely, condition (C4b) versus conditions (C5) or (C5’). We pro-
vide an example in the section “Comparison of conditions (C4b) and (C5) in
Remark 3” where condition (C4b) does not hold but condition (C5) does. In
this case, BIC fails to achieve model selection consistency, whereas the exclu-
sion procedures succeed. In brief, the example considers a case in which one
cluster has a stronger signal than the others but a smaller sample size. In-
tuitively, BIC relies on aggregated effects across clusters, while the exclusion
procedures evaluate cluster-specific effects. Thus, the exclusion procedures
are expected to have greater power to detect a single strong effect than BIC.
This phenomenon is confirmed in our simulation studies with scenario “k1”.

Remark 4. From Remark 2, once the exclusion procedure is applied, any
method that selects {2y from 5 U €2_ with probability tending to 1 achieves
model selection consistency. This observation suggests that BIC could also
serve as an alternative to AIC. However, because BIC is already known to
achieve model selection consistency, no further modification is required. On
the other hand, BIC may fail to identify some models that can be recovered
through the exclusion procedure described in Remark 3. Therefore, we pro-
pose the combined use of the exclusion procedure with AIC, rather than with
BIC.
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Proof of Theorem 3

For the first claim, consider any K € 2_. Then,

P { min BIC(K) — BIC(Kiwue) > 0}

KeQ_

- A(K) — A(Ktrue)
=P { min €<9 ) +mK lOg?’L o f(e ) + mKtrue 108;71 > O}
KeQ- n -

A(Ktrue) — A(K) K 1
> P{ min 00 ) — £(0')) _ mKielogn - O}
KeQ_ n n

. n
- |:I£r€llfln_ lOgn{g*(Ktrue) - 6*(K) + Op(]‘>} - mKtrue > 0:|
S,

as n — 00, by condition (C4b), noting also that m K. is finite. Hence, the
first claim holds.

For the second claim, take any K € €2, so that K > Kj,,.. Then,

P{ min BIC(K) > B]C’(Ktrue)}

K€Q+

—p |:I£ngl {—26(5(1{)) +2mKlogn} > —2€(§(K”“e)) + 2mKipe log n}
S

> P Lgniﬂn {=200"N)} + 2m(Kipue + 1) log n > =200y 4 29m K0 log n]
S
> P {Zm logn > 2€(§(K‘“‘“‘)) — 2€(§(K““°))}
— 1,
where we use the fact that, as n — oo,
Q{E(é\(Kmax)) _ g(é\(Ktrue))} ~ X?n(Kmax—Ktrue)'

Thus, the second claim follows.

Comparison of conditions (C4b) and (C5) in Remark 3

We show that, under some situations, condition (C5) holds if condition (C4b)
holds, while condition (C4b) does not always hold in case where condi-
tion (C5) holds. We omit the superscript (K) for brevity. Suppose that
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oeo |10k — 0] — oo and 6 — 6, = o(1) as ny — oo. Assume that there

exists ((0x) such that ny 0k ve,, Xe,) — Cx(0)) in probability, and that
—VV7,(6;) is positive definite and of order O(1), where V = %. Then,
using V45 (0) = 0,

(0u(0,) —Tu(6)} = (06— 0) "V VT T(0) (0 — ) — 00, (S.5)

1og Nk 2 log Nk
where Qk is between 6y, and 6;. Therefore, condition (C5) holds.

Now, we assume that 0, — 0, = o(1) for all k¥ # [ with K = K4 > 1, and
consider comparing single cluster with the true number of clusters, K in the
following. Then, for a given 6,

=
=

K
1 N 1
n E f(@ yCmXCk = _— 9 y(;k,Xck) — E —fk(g)

n ng
k=1 k=1 k=1

The last display corresponds to £,(1) in condition (C4b). For an arbitrarily
6 such that 0, — 60 = o(1) for all k, using V() =0,

K K K
_ _ 1
L) =>""00=> :%zk (6:) =5 D (6—6)"Wi(6—0)+0(] 6 — 6],
k=1 k=1 k=1

where W), = —":VV7(,(6;). Note that Ele " 0,,(6),) corresponds to £, (K)
in condition (C4b). The maximizer with respect to 6 is the least false value
and is given as

g = (Z Wk> ZWka —|—0(1),

12



and hence,

(K) = 4(1) = (O — 0)"Wi(6), — 0) + o(||6k — 0]*)

DN | —
] =

£
Il
—

(9 Wka—% Wk9k+6TWk )+O(H6k_6H )

Il
N | —
Mx

3
I

I
N —
[M] =

K
1- _ _
0L W0y — éeT (§ Wk> 0+ o(||0, — 0|*)
k=1

k=1

0T VWb + o(l160k — O112). (S.6)

N | —
]~

<

B
Il
—

First, suppose that condition (C4b) holds, then,

{6(K) = (1)} = oo

log n

Then, by (5.6), 27 S (B — 6)TWi (6, — ) — co. The left-hand side is

K
n B B 2 e
3000 =) = S I DO,
because Wy, = —2VVTl,(0;) = O(2). Since K is finite, there exists at

least an k such that
1 aN112
o V(O = D) = .

and

n
165 — 0| = [ — %—(

logn

]~
=
—
M
=
1
2

log n

Now, the middle term can be written as

-1 g K
\/ — n "k _




Thus, there is at least an [ # k such that,

ny N
— 16 — 64| — oo,
n \/ logn
and since ™t <1,
n
= 16— ] — oo,
ogn

This implies from the argument in (S.5) that condition (C5) holds.
Second, we provide an example where condition (C4b) does not hold but
condition (C5) or (C5’) holds. For some integer r — oo, we set as n; = r,

(log ™)1 _
nl:&:%forl>l,01:a“/% and 0, = o 1of%forl>1,

where £ > 1 is a constant, [-] is the ceiling function and ay,as,...,ax are
some fixed constant vectors. Then, n = n; + ZZI; n=r+ (K —-1)¢ =

rleen"] and g7 = TogrTiog/ctrm=y- BY defining ¢ = —al VT 0,(0y)a; for
l=1,....K,
N n n " n
0T Wiy = ——— § —0TVVTE,(6,)0 —oTvvTE,(6,)
lognkz1 kWb logn{n 1 VVEA( 1)1+l22nlvv ((61)6
K
. n Ingﬂ" loggr fr
_logn{ r nQI+ & an:;(‘”

K

log &, log &,
. g& i gé qu

~ logn ! logn

=2

Thus, by (S.6), ¢ = O(1) and k > 1, as r — oo, it holds that - =

_ K-1 logér __ log &y _ log &
e 7T U Togn = gl (KoDET = Toglo@) (R L and

{Z OF W0, + 0(1)} =0(1),

which implies that condition (C4b) does not hold. On the other hand, as

n

1Ogn{f*(K) - 41} < Tog
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[e(log )" 1-1

logé& _ _ logrdlog ——F—— _ logr+(logr)"{1+o(1)} —ooduetor >1
logr logr logr ’
— = a —a
log ng ot O logr || " r Woe
r / log & r log &,
a
log r ! log r &

bgffn [ e LT
logr “ logr &, @

and 0, — 6, = o(1) as r = n; — oo hold and condition (C5) is satisfied. This
shows that condition (C4b) does not always hold in case where condition
(C5) holds. Moreover, for such an [ > 1, as % — 00,

Mg | = & log & log &
— = a —a

logn, s log &, ! r ! &,
& |, Jlos& | ] & |l [log&,
log&, ||V logé, ||\ &
&
||a1||—||az||

— 00,

which shows condition (C5’) is also satisfied. This shows that condition (C4b)
does not always hold in case where condition (C5’) holds.

Normalized partial log-likelihood

We study the normalized partial log-likelihood function, which admits an
intuitive interpretation. Let p; = a7 3. Without loss of generality, assume
that there are no ties among the observed y;’s, and that y; < ys < --- < yp.
Under this assumption, the partial log-likelihood function simplifies to

(B X, y,9) Zé,ul Zélog(Ze“ﬁzZéﬂog(%).
- s
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We compare Cox regresswn models obtained from two different partitions:

() the trivial partition ¢ = {1,...,n}, and (ii) a two-cluster partition
c@ = C1 U C2 Assume that the observed y;’s within C; and Cy remain
ordered.

The sum of the two partial log-likelihood functions for CAl and 52 at a
common parameter 3 is

Le(8; Xz, 96, 06,) + éc(ﬂ;XA Y, 0¢,)

~ S S 6 - (S.8)
= og + og . .
ZP% jec, € ZP@ jeé, €Y

16C1 i€Cy

Comparing (S.7) with (S.8), if >°7_, e/ were equal to both 3~ ..z " and
ijme@ eti, then the two expressions would coincide. However, the latter
sums are always smaller than the former, since the full sum includes all terms
as a superset. Consequently, although the parameter § is common, (S.8) is
systematically larger than (S.7), which leads to divergence as n increases, as
discussed in [6]. This situation differs markedly from that of the log-likelihood
function for generalized linear models, where the sum of log-likelihood func-
tions partitioned into disjoint sets is identical to the log-likelihood function
for the full set {1,...,n} when evaluated at a common parameter value 3.

By contrast, since p,nlogn = logn) . ¢;, the normalized version can
be written as

lee(B; Xy, 0) Zéz,ul Zélog( Ze“J) Z5log< Z— >,

(S.9)
where the second term in the middle expression is of order nO,(1), by the
argument in (A.7) of [6]. Similarly, the sum of the two normalized partial
log-likelihoods for C; and Cj is

gcc(ﬁ; X(?la y€17 5€1> + gcc(ﬁ; X€27 y€27 5€2>

:Z(Si,ui—z:@-log ﬁ Z et +Z§iui—25ilog ﬁ Z et

ieCy ieCy §>i,j€C i€Cy i€Cy j>i,5€Cs
e eﬂi
:E(Silog(;z )+E5log(lz Aeuj>’
i€C Cr] 2s>ijeCy © |Ca| £=i>i,j€Cs
(S.10)
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where the second and fourth terms on the second line are of order |CAl|Op(1)
and |(?2|Op(1), respectively.

To summarize, the denominators in the logarithm are normalized by av-
erages rather than sums, which prevents the systematic divergence caused
by the increasing number of terms and allows the normalized partial log-
likelihoods to be comparable across different sample sizes or partitions.

Theoretical results for normalized partial log-likelihood

We consider Lemmas 1 and 2 for the partial log-likelihood. Suppose that
the assumptions (A)—(D) of [2] hold separately applied to K clusters as in
the above regularity conditions (C1)—(C3). Then, the estimated regression
coefficients of the Cox model for each cluster are asymptotically normal under
both correct and overfitted models. Therefore, Lemmas 1 and 2 can be
extended to the Cox model.

For Lemma 3, we simply apply the conditions (C4a), (C4b) and (C5) or
(C5’) to the normalized partial log-likelihood écc(;@\k; Xe,, Ye,,0c, ) instead of
the log-likelihood as,

(D4a) Foreach K € {1,..., Kiax}, there exist ¢, (K) such that * Zf ) cc(Bk;XCka Ye,,0c,) —
((K) and 74, € (O 1) such that &£ — 7, as n — 0. Furthermore for
any K < Kiue, n{l(Kirue) — s ( )} — o0 as n — oc.

(D4b) Foreach K € {1,..., Ky}, there exist £,(K) such that % Zle Ecc(ﬁk; Xe,, Ye, . 0c,) =
(,(K) and 7 € (0,1) such that ** — 7, as n — oco. Furthermore, for
any K < Kipe, %{&(Kme) — Ll (K)} = 00 as n — 0.

(D5) For a given K € {1,..., Kpax}, as n — oo, for each k € {1,..., K},
there exist /;(3) such that éécc(ﬁ;)(ck,Yck,éck) — lp(B) and 7, €
(0,1) such that ** — 73, where n; = |Cy|. Furthermore, for any K >
Kirue, there exists at least a pair (k,l) such that k # 1 € {1,..., K},

and ") £ 8" and 2 {0,(8)) — u(B"))} — oo,

(D57) For a given K € {1,..., Knax}, as n — oo, for each k € {1,..., K},
there exist ¢x(f) such that égcc<ﬂ;XC;€;}/Ck;5Ck) — L(B) and 71, €
(0,1) such that % — 7, where n, = |C;|. Furthermore, for any K >
Kirue, there exists at least a pair (k, 1) Such that k#le{l,...,K}, and
509 509, minfg {050~ (5}, g (B )5 —

Q.
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Note that the above conditions are asymptotically analogous to the con-
dition (E) of [6], which essentially implies that the normalized partial log-
likelihood Ec(ak; Xe,, Ye,, dc, )+ pu log n converges to some function, where p,
is the proportion of noncencosring in population.

Under the corresponding conditions among (D4a), (D4b), (D5) and (D5’),
Lemmas 1-3 and Theorems 1-3 hold for the normalized partial log-likelihood.

We examine the consistency of the normalized partial log-likelihood in
the K-cluster setting. Under the above conditions, equation (2.3) holds for

each cluster k = 1,..., K. Specifically, as n — o0,
(B Xey, Yoo 0c,) = —piFny log n + il (Be),

where 7,(8;) = O(1) and p{ = P(Tp, < Ce,) for k = 1,..., K. Therefore,
the sum of the K normalized partial log-likelihoods,

K

[CC(Q:(K)> = Z {gc(ﬁh XCIc? YCk? 5Ck) + /p\gk)nk log nk} )
k=1

is asymptotically equivalent to Zszl nele(Be) and hence, the normalization
remains valid as n — oo.
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Equivalence between CCMP and Mallows’ C,
Let 2z, = I{z'ec?k}' Then,

n

ne® = (yi—9)°

=1

=3 - 9

=1 k=1
n K
=3 Wi — U+ U — 1) 2
i=1 k=1
n K
= = 5 + 20y — 5) @G — 5) + @ — 7)*
i=1 k=1
n K
BRI IES 3 U
i=1 k=1 i=1 k=1
n K K
= Z Z(yz — )2k + an(ﬂk - 9)%
i=1 k=1 k=1
which gives
K n K
=Y (B =9 =Y ) (v — G) 2 — 10
k=1 i=1 k=1
Therefore, CCMP is written as
K n K K
k=1 i=1 k=1 k=1

where in the first two terms,

K n
ZZ — k) z@k+2202:Z{Z(yi—gjk)ink—l—Qa,z},

i=1 k=1 k=1 \i=1
it is the sum of Mallows’ C), of K clusters,

n

> (v — )z + 253

i=1
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The third term no? is independent of the model, CCMP is equivalent to
Mallows’ C,,.

Mixture-of-Experts (MoE)

In our simulations in the main text, we consider first generating cluster label
Ci € {1,..., K}, and then generating cluster specific explanatory variable
x;c, from the multivariate normal distribution N (¢, Xz c,), followed by
generating y; conditional on z; and cluster label C;. This simulation model
can be seen in the framework of the Mixture-of-Experts (MoE) model only
if 3, ¢, does not differ across clusters.

To introduce the MoE model, consider a latent cluster variable C €
{1,..., K} with prior probabilities P(C = k) for k = 1,..., K. Suppose
that, conditional on C = k, the explanatory variable X and the response y
are generated according to X|(C = k) ~ N,(uu, Xg), and y|(X = z,C = k)
has the conditional distribution f(y|x,C = k). The resulting conditional
distribution of y given X = x can be written as:

K
flyle) =Y f(yle,C = k)P(C = k| X = z),
k=1

where P(C = k|X = x) is a multinomial logistic regression in .
Since p(z|C = k) = (21)P/2|5;|~Y/2e 2 (@=m) S @) by Bayes theo-

rem,

P(C = K)plalC = k)
S5 PC=Dp(xlC =1)

P(C = k')|Zk|_1/26_%(37_.“k)T21:1(m_.“k)
S PC = DI e e

Pog{ PRk} LT S e S o SaT 5 e

PC=kX=1)=

o ZK plog{ P(C=1)|Zi| =/ 2} = ul 5 el 5 a8 e

This form does not generally coincide with the multinomial logistic regres-
sion. However, when ¥, = 3 for all k, the last display reduces to

elog P(C:k)—% pIs—tu+plI stz

ZK elogP(C:l)ff,ul S ly+pl Sl
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Hence, by letting apy = log P(C = k) — %,qufluk and a; = X'y, the
following multinomial logistic regression model emerges:

T
a +x ag
e 0,k k

P(C - k‘X B 37) - leil eao,era:Taz'

Therefore, the considered model can be the MoE with multinomial logistic
gating function only when ¥, is common for all clusters. Otherwise, it is not
expressed as the MoE with multinomial logistic gating function.

Simulation study

Scenarios under MoE: We consider simulations under the MoE model
with iid explanatory variables. The scenario is termed as “MoE”. Specifi-
cally, for ¢ = 1,...,n, x; is generated from the multivariate normal distri-

2
bution with zero mean and variance matrix ( ) I,,. Given z;, cluster

1
4Ktrue
membership is generated from multinomial logistic regression model with

probability

eAk.xi
P, =klx;) = ———
( ) ’ z) Kerue oA )
=1
fork=1,..., Ky, where A;, is the regression coefficients set as a submatrix

of Ay, A = Ao [1:Kirue,1:(p+1)]; Where Ay is the 9 x 10 matrix,

11 1 1 1 1 1 1 1 1

-1 -1 -1 -1 -1 -1 -1 -1 -1 -1

1 1-1 1 1 1 1 -1 1 1

1 1-1 -1 -1 1 1 -1 -1 -1

Ag=14 11 1 -1 1 1 1 1 -1 1
11 1 -1 -1 1 1 1 -1 -1

11 -1 -1 1 1 1 -1 -1 1

1 1-1 1 -1 1 1 -1 1 -1

11 1 1 -1 1 1 1 1 -1

Then, the response variable is generated according to the same simulation
model as the scenario “I” for y conditional on = and the cluster label with
the enlarged regression coefficients 3, ,,..,1 multiplied by 40.
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Scenarios under intercept-only model: We consider simulations where
the regression coefficients for the explanatory variables are zero and only
the intercepts differ across cluster. The scenario is termed as “i0o”. Specifi-
cally, the simulations are the same as those of “I” except for the true linear
predictor is intercept-only, i.e. p;) is set as the one of the K., values
equally-spaced between —3 and 3. For the case with Kiye = 1, ptip = —3.

Logistic regression model with K-means clustering: The simulations
for the logistic regression model follow the same design as those for the linear
regression model, except that the mean function is generated from a logistic
regression model. Specifically, explanatory variables x; are generated in the
same way as in the linear regression simulations, and the binary response
variable y; € {0,1} for i« = 1,...,n is generated according to P(y; = 1 |
7)) = m, where p; = ﬁngummhk diag(Xe) Y2 (25 — pag).

We repeat the simulations 500 times. The evaluation uses three met-
rics, as in the linear regression case: (i) the proportion of correctly selecting
the true number of clusters, (ii) the ARI, and (iii) the MSE of the linear
predictor in the true regression function p;c,. The results are presented in
Supplementary Tables S19-S36.

Overall, the findings resemble those from the Gaussian regression model
simulations. AIC tends to overfit, whereas BIC tends to select the true
model. AICex1 and AICex2 mitigate the overfitting observed with AIC, as
reflected in the ARI values. When comparing m; = 1 with m; = 2, the
ARI results suggest that AICex1 and AICex2 can detect the relevant cluster
even in cases where BIC struggles, consistent with the Gaussian regression
setting. The MSE results indicate that AIC often performs better than the
other criteria, particularly compared with BIC, while AICex1 and AICex2
maintain low MSE values.

Behavior of MoE model: We examine the behavior of MoE under the
setting of our simulation where explanatory variables are well-separated in
the feature space. We consider the same setting of the simualtion “Dis”
with Kiwe = 3,m = 5 and Gaussian model except that the effect size of
the regression coeffcients varies from by = 0.1, 1, 2,5, and simulate the four
datasets, where by extends the B(TfLO,l) in Section 3.1 in the main text as:

BT _ —by 0 bo —bp 0 by —bo 0 by
(~bo,0,bo) by —bp —bp 0 0 0 by by by )’
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that is, the experiment in “Dis” simulation is that under by. Figure S1
give the four simulated datasets shown in scatterplot matrix between re-
sponse variable and explanatory varaibles together with the true labels of
cluster membership (point style) and estimated cluster membership by the
MoE (colored) where true number of clusters K = 3 was used. In the four
simulated datasets, unsupervised clustering by K-means using explanatory
variables alone can perfectly recover the true cluster membership because of
the well-separated clusters, which is indicated by the adjusted Rand index
(ARI) of 100% in the title of the figures. Thefore, the MoE with the resulted
clusters as the initial cluster membership needs not be updated as it is the
true cluster membership. Neverthelss, the resulted MoE failed to recover the
true cluster membership except for the largest effect size dataset of by = 5,
and the ARI decreses as the effect size decreases. The failure of the Mok is
not caused by the failure in optimization since the initial cluster member-
ship is the true one. These imply that the MoE can degrade because of the
inadequate effect size for the response variable, and the unsupervised clus-
tering for explanatory variable alone is the better method in the considered
simulations.

Timing experiments: Here, we have compared timing of the proposed
approach with the MoE and BIC, and BIC under intercept-only model. We
selected one of the simulated dataset with p = 10, n = 1000, K, = 3 under
the scenario “I” for Gaussian and logistic simulations. We consider K-means
clustering by varing the number of clusters K = 3,9,15. The machine spec
is Intel(R) Core(TM) i9-10940X CPU 3.30GHz. The timings (seconds) for
the MoE, AlCex, BIC, and BICi are given in Table S1.

Table S1: Timings (seconds) for MoE, AlCex, BIC, and BICi by varying K.
Model K MoE AlCex BIC BICi
Gaussian 3 0.600  0.009 0.004 0.003
9 0.117 0.013 0.010 0.008
15 0.141  0.022 0.015 0.012
Logistic 3 2.449  0.012 0.010 0.012
9 0.065 0.017 0.014 0.009
15 0.226 0.029 0.023 0.014
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using explanatory variables); Color shows the estimated cluster membership
by MoE and point shape indicates the true cluster membership with the
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Real data application

We illustrate the proposed approach using real data through three analyses
corresponding to Gaussian, logistic, and Cox regression models. The real
data applications also indicated that AIC and BIC under constant models
tend to select a large number of clusters.

Gaussian regression model: We use the plasma dataset [7], available in
the bsamGP [5] package for R. This dataset contains 314 observations on 14
variables. We consider a Gaussian linear model with plasma beta-carotene
(betaplasma) as the response variable and 12 explanatory variables: Age
(age), Sex (sex), Smoking status (smoke), BMI (bmi), Vitamin use (vitas),
Calories consumed per day (calories), Fat consumed per day (fat), Fiber
consumed per day (fiber), Alcoholic drinks per week (alcohol), Choles-
terol intake (cholesterol), Dietary beta-carotene (betadiet), and Dietary
retinol (reedit). Because the explanatory variables include both continu-
ous and categorical types, we apply the K-prototypes algorithm [4], which
accommodates mixed data, instead of the standard K-means algorithm [9].

The model selection results are as follows. AIC selects K = 3 as optimal,
while BIC selects K = 1. For intercept-only models, both AIC and BIC
select K = 11. AlCex1 selects K = 1, whereas AICex2 selects K = 2.

We focus on the case K = 2 to illustrate the comparison between in-
cluster and out-of-cluster prediction and to determine which clusters are
merged or eliminated during the exclusion process. The in-cluster prediction
errors, defined as the penalized negative log-likelihood on the left-hand side
of equation (2.1), are 3077 for cluster 1 (cluster 1 — cluster 1) and 1133 for
cluster 2 (cluster 2 — cluster 2). By contrast, the out-of-cluster prediction
errors, defined as the negative cross-validated log-likelihood on the right-hand
side of equation (2.1), are 3115 for the cluster 1 model applied to cluster 2
(cluster 1 — cluster 2) and 1084 for the cluster 2 model applied to cluster 1
(cluster 2 — cluster 1). Thus, the out-of-cluster prediction error for the
cluster 1 model, 3115, is larger than its in-cluster prediction error, 3077,
whereas the out-of-cluster prediction error for the cluster 2 model, 1084, is
smaller than its in-cluster prediction error, 1133. This indicates a conflicting
pattern of predictive performance between the cluster 1 and cluster 2 models.
Since AICex1 excludes models aggressively, it excludes the K = 2 model. By
contrast, AlCex2 excludes a model only when both clusters perform worse
in-cluster than out-of-cluster; hence, it retains K = 2 as the optimal model.
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The discrepancy between AICex1 and AICex2 suggests the need for further
investigation using regression suminaries.

Regarding regression estimates, in the single-cluster model, bmi is neg-
atively associated (f = —5.9, P = 0.0003), while vitas with “Yes fairly
often” (8 = 79.3, P = 0.0007), fiber (5 = 6.4, P = 0.02), and betadiet
(8 =0.02, P =0.04) show positive associations. The adjusted R? is 0.15.

For the K = 2 model, cluster sizes are 235 and 79. Overall, regres-
sion summaries are broadly similar, but the effect of fiber differs between
clusters. In cluster 1, bmi is negatively associated (f = —5.0, P = 0.003),
while vitas with “Yes fairly often” (8 = 53.9, P = 0.02), fiber (8 = 1.1,
P =0.72), and betadiet (8 = 0.02, P = 0.24) are positively associated. The
adjusted R? is 0.09. In cluster 2, bmi is also negatively associated (3 = —5.9,
P = 0.18), while vitas with “Yes fairly often” (8 = 152.6, P = 0.03), fiber
(8 = 18.2, P = 0.009), and betadiet (8 = 0.02, P = 0.33) are positively
associated. The adjusted R? is 0.19. Although the effect of betadiet is rel-
atively weak, the scatterplot in Supplementary Figure S2 colored by clusters
suggests that betadiet helps distinguish the two groups.

Logistic regression model: We apply the method to the Pima Indians Di-
abetes dataset pima from the pdp package [3] for R. We use the 392 complete
cases with nine variables. The response variable is diabetes, which is binary,
and the explanatory variables are the eight numeric variables: pregnant,
glucose, pressure, triceps, insulin, mass, pedigree, and age. K-means
clustering is applied to these eight variables. We evaluate model selection
using AIC, BIC, AlICex1, and AICex2, and all methods select K = 1 as
optimal. By contrast, when applied under a constant model, both AIC and
BIC select K = 15 as optimal.
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Supplementary Tables

Linear regression with K-means clustering

Kirue|n[p[s AIC AICex1l AlICex2 BIC AICi AICiexl AICiex2 BICi MoE MoEk
1[50015[T 98] 98 100[100 100[100 100/100 0| O 23] 23 21] 21 0] 0 100]/100 100]/100
1|500|5|W 91| 91 99| 99 97| 97 100100 0| O 20| 20 19| 19 13| 13 100[100 100(100
1/1000]5|1 91| 91 97| 97 94| 94 100|100 0| O 16| 16 13| 13 0| 0 100(|100 100(100
1|1000|5|W 93| 93 97| 97 95| 95 100/100 1|1 12| 12 12| 12 11| 11 100|100 100|100
1/500]10|1 96| 96 100]100 96| 96 100|100 0| O 24| 24 22| 22 4] 4 100(100 100(100
1|500|10|W 95| 95 100(100 98] 98 100100 0| O 15| 15 14| 14 6| 6 100(100 100(100
1/1000|10|1 98| 98 100{100 99| 99 100|100 0| O 22| 22 21| 21 0| 0 100]100 100(100
1|1000|10|W 98] 98 100[100 100]100 100|100 0] O 91 9 8| 8 11 100]/100 100]100
3[500]5[T 98] 97 98] 99 99] 99 95 99 34126 110 2|2 18] 14  11] 18 26| 37
3|500|5|W 95| 97 93| 95 95| 98 67| 76 34/ 28 2|1 4] 4 39| 34 25| 38 30| 43
3/1000]5|1 98| 97 100 99 99| 98 100|100 30/ 22 0|0 2|1 371 29 36| 53 79| 89
3|1000|5|W 97| 95 99| 98 98| 96 87| 94 30[ 23 2|2 77 44| 34 37| 55 47| 67
3|500(10(1 99| 98 100|100 99| 98 89100 31123 1]0 3| 2 15/ 13 8| 14 14| 21
3|500[10|W 97| 99 98/100 98[100 76| 91 31123 2|2 7 6 41] 35 31| 48 31| 49
3|100010|T 100|100 100|100 100|100 100|100 31|22 0|0 110 38| 32 47| 71 71| 89
3[1000[10|W 99| 99 99| 99 99| 99 88]100 29120 2|2 8| 6 39/ 29 46| 74 50| 78
9[500]5[T 98] 98 47] 43 97| 98 [ 49[ 46 0[O 0] 0 0] 0 0] 0 (Y
9|500|5|W 93| 94 77| 74 95| 96 7] 4 68/ 61 0] 0 (0] 1|1 (0] 1] 0
9(100015|1 99| 99 76| 74 99| 99 45| 47 74|71 0] O 0] 0 0] 0 0] 0 0] 0
9/1000|5|W 97| 99 90| 90 98(100 35| 31 81179 0]O0 (0] 3| 3 4|1 6| 3
9(500|10]|1 92| 90 45| 43 95| 94 716 66/ 60 0] 0 1] 0 31 0] 0 0l 0
9|500|10|W 90| 94 88| 88 93| 96 13| 11 7472 0|0 (0] 211 (0] (0]
9(1000]10|I 99| 99 80| 80 98] 99 44| 48 84|83 0] 0 1] 0 4| 3 0] 0 0l 0
9/1000/10|W 98| 99 94| 94 97| 99 39| 34 82|78 0]0 1] 1 8|5 31 4| 2

Table S2:

Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under Gaussian regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “W”. Compared methods are AIC, BIC, AICex1, AlCex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n|pls AIC AlICexl AlICex2 BIC AICi AlCiexl AlICiex2 BICi MoE MoEk
11500(5|1 0.10 0.10 0.10 0.10 2.33 4.02 3.98 2.87 0.10 0.10
1]500(5|W 0.09 0.09 0.09 0.09 1.62 3.00 3.00 2.13 0.09 0.09
1/100015|1 0.05 0.04 0.04 0.04 2.19 4.21 4.11 2.58 0.04 0.04
1/1000|5|W 0.05 0.05 0.05 0.04 1.47 2.71 2.58 1.74 0.04 0.04
1/500/10|1 0.19 0.19 0.19 0.19 6.19 9.06 9.02 7.04 0.19 0.19
1|500|10|W 0.20 0.19 0.20 0.19 4.66 6.96 6.81 5.60 0.19 0.19
1/1000|10|I 0.09 0.09 0.09 0.09 6.25 8.91 8.86 6.66 0.09 0.09
1/1000|10|W  0.08 0.08 0.08 0.08 4.59 7.36 7.34 5.13 0.08 0.08
31500151 0.33 0.32 0.32 0.32 2.64 3.98 3.98 3.78 2.74 2.46
3|500|5|W 0.34 0.33 0.33 0.46 2.07 3.84 3.85 2.86 1.38 1.30
3]1000]5|T 0.17 0.16 0.16 0.16 2.48 4.03 4.03 2.95 2.25 0.81
3|1000|5|W 0.17 0.16 0.17 0.19 1.95 4.09 4.00 2.34 1.03 0.77
3]500|10]1 0.59 0.58 0.59 0.62 6.24 8.42 8.41 8.16 5.66 5.61
3|500[10|W 0.61 0.61 0.61 0.79 5.18 7.99 7.99 6.49 2.19 2.15
3|1000(10|1 0.29 0.29 0.29 0.29 6.23 8.39 8.39 6.95 2.46 1.64
3|1000/10/W  0.30 0.29 0.30 0.31 5.21 8.12 8.10 5.79 1.41 1.33
9[500(5|I 1.04 2.88 1.04 3.43 3.19 3.41 3.41 3.40 3.44 3.44
9|500|5|W 1.05 1.10 1.03 2.82 2.86 3.23 3.23 3.23 3.01 2.99
9]1000]5|1 0.53 0.60 0.52 2.56 3.02 3.34 3.34 3.34 3.36 3.35
9|1000|5|W 0.52 0.55 0.52 2.04 2.73 3.25 3.25 3.24 2.92 2.76
9/500|10|T 2.10 5.80 1.99 6.73 6.30 6.72 6.72 6.71 6.74 6.74
9|500[10|W 2.13 1.84 1.87 5.47 5.90 6.57 6.57 6.57 5.98 5.92
9/1000]10|I 0.92 0.99 0.92 4.94 6.18 6.64 6.64 6.64 6.61 6.63
9[1000|10/W  0.95 0.97 0.96 3.26 5.53 6.50 6.50 6.49 5.41 5.33

Table S3: Mean squared errors for the linear predictor are given for simu-
lations under Gaussian regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “W”. Compared methods are
AIC, BIC, AlCex1, AlCex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

(1552

where ‘4
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Kunenpls _ AIC AlCexi AlCex2 _ BIC AICH AlCiexl AICiex2 BICi MoE MoEk
150051 93] 2] 0 T00[ 0] 0 100] 0] 0 _ 100[ 0] O O[100] 0 23] 77] 0 21 79] 0 _ 0[100] 0 T00[ 0] 0 100] 0] O
1|500|5|k1 95| 5| 0 99/ 1) 0 96| 4] 0 100/ 0/ 0 0[100[ 0 27| 73]0 27| 730 1| 99] 0 100/ 0/ 0 100| 0] O
1/1000]5]T 91| 9] 0 97/ 3|0 94| 6/ 0 100/ 0] 0  0[100[ 0 16| 84| 0 13|87/ 0  0[100] 0 100/ 0/ 0 100| 0] O
1/1000|5|k1 92| 8| 0 100/ 0] 0 94| 6|0 100/ 0/ 0 0[100[ 0 22| 78/ 0 20/ 80| 0  0[100| O 100/ 0/ 0 100| 0] O
1|500/10]T 96| 4| 0 100/ 0| 0 96| 4] 0 100/ 0] 0 0[100[ 0 24| 76/ 0 22| 78/ 0 4| 96| O 100{ 0/ 0 100| 0] O
1|500{10/k1 96| 4| 0 100[ 0] 0 96| 4| 0 100/ 0] 0 0[100[ 0 32|68/ 0 32|68/ 0 9|91 0 100/ 0/ 0 100| 0] O
1{1000[10]T 98| 2| 0 100/ 0/ 0 99| 1] 0 100/ 0] 0 0[100[ 0 22| 78/ 0 21|79/ 0  0[100] 0 100{ 0/ 0 100| 0] O
1{1000[10/k1 99| 1| 0 100/ 0[ 0 100[ 0] 0 100/ 0] 0 0[100] 0 27| 73] 0 24/ 76/0  0][100| O 100/ 0/ 0 100] 0] O
3[500[5[T 90[ 10/ 0 94[ 1[5 93] 7] 0 90 0] 10 0[100] 0 0] 0]100 0] 0]100 0] 27] 73 __10] 0] 90  22] 0] 78
3]5005k1 98| 2| 0 71/ 1) 28 99| 1] 0 60/ 0] 40 2/ 953 0] 0[100 0] 0]100 1| 9] 90 0] 0|100 2| 0| 98
3]1000|5|1 90/ 10/ 0 99| 1|0 93| 7|0 100/ 0| 0 0[100] 0 0| 0[100 0| 0]100 0| 78/ 22 23| 20| 57 80| 6| 14
31000(5/k1 95| 5| 0 87/ 0/ 13 96| 3| 1 100{ 0 0 0[100] 0 0| 0[100 0| 0]100 6] 23| 71 3| 0] 97 25| 1| 74
3]500|10|1 93] 7| 0 99/ 1|0 94|60 74/ 0| 26  0[100] 0 0] 0]100 0] 1] 99 123/ 76  11/0/89 12/ 0| 88
3|500[10[k1 94| 6] 0 75/ 0] 25 96| 4] 0 83/ 0/ 17 1/ 99/ 0 0]/ 0[100 0] 0[100 25| 10| 65 0] 0/100 0| 0/100
3[1000|10]T 97| 3|0 100/ 0| 0 97| 3| 0 100/ 0| 0 0[100] 0 0| 0/100 0| 0]100 0] 78] 22 41| 24| 35 60| 30| 10
3]1000[10(k1 98] 2| 0 81/ 0/ 19 99| 1] 0 100/ 0/ 0 0/100/ 0 0/ 0/100 0] 0]100 34| 48|18 11| 1|88 37| 2| 61
9]500[5]T 7I[ 23] 6 34] 3] 63 70] 22| 8 0] 0[100 1] 50| 49 0] 0]T00 0] 0]100 0] 0[100 0] 0[100 0] 0[100
9]500|5|k1 36/ 13/ 51 8/ 0] 92 30| 10/ 60 0/ 0[100 1/ 9/ 90 0/ 0[100 0| 0/100 0] 0100 0] 0/100 0| 0]100
9]1000|5|1 77| 23| 0 54| 4|42 81|15/ 4 28/ 0/ 72 0| 8713 0]/ 0[100 0| 0/100 0] 0|100 0] 0/100 0| 0/100
9[1000[5/k1 75| 18/ 7 20/ 0] 80 65| 11/ 24 0/ 0]100 1| 29| 70 0/ 0[100 0| 0/100 0| 0]100 0] 0/100 0| 0/100
9]500(10]1 34| 61| 5 29| 6/ 65 45/ 47|8 08/ 92  1/63]36 0/ 0[100 0| 0[100 0] 0]100 0] 0/100 0| 0/100
9[500|10/k1 23| 52| 25 16| 4|80 353134 0/ 5/ 95 230/ 68 0/ 0[100 0| 0/100 0| 0]100 0] 0/100 0| 0/100
9]1000[10]T 76/ 23| 1 63| 1] 36 80| 12| 8 20/ 0] 80 2|96/ 2 0] 0[100 0] 0]100 0| 0]100 0] 0/100 0| 0/100
9]1000]10/k1 76/ 19| 5 34/ 0/ 66 72| 12/ 16 0/ 0[100 6|53/ 41 0/ 0/100 0] 0/100 0] 0]100 0] 0/100 0] 0/100

Table S4: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Gaussian regression mod-
els for Kiwe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “k1”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.

29



Kirue|n[p[s AIC AICex1 AICex2 BIC AICi AlICiex1 AICiex2 BICi MoE MoEk
1[500]5]T 98] 98 100[100 100[100 100[100 [ 23| 23 21] 21 0] 0 100[{100 100[100
1]500(5|k1 95| 95 99| 99 96| 96 100|100 0] 0 27| 27 27| 27 11 100|100 100|100
1|1000]5|1 91| 91 97| 97 94| 94 100[100 0] 0 16| 16 13| 13 0] 0 100|100 100|100
1]1000|5]k1 92| 92 100|100 94| 94 100|100 0] 0 22| 22 20| 20 0] 0 100|100 100|100
1/500]10|T 96| 96 100|100 96| 96 100[100 0] 0 24| 24 22| 22 4| 4 100|100 100|100
1]/500[10]k1 96| 96 100|100 96| 96 100|100 0] 0 32| 32 32| 32 9] 9 100|100 100|100
1/1000|10|1 98| 98 100|100 99| 99 100[100 0] 0 22| 22 21| 21 0] 0 100|100 100|100
1/1000]10|k1 99| 99 100/100 100]100 100|100 0] 0 27| 27 24| 24 0] 0 100|100 100|100
3[500[5[T 98[ 97 98] 99 99] 99 95[ 99 34126 1] 0 2 2 IS[14 1118 26] 37
3|500(5|k1 100|100 75| 72 100|100 60| 60 37| 42 0] 0 2|0 6] 6 1] 3 6| 12
3|1000]5|1 98| 97 100| 99 99| 98 100]100 30| 22 0|0 211 37| 29 36| 53 79| 89
3/1000]5|k1 99[100 89| 87 99| 99 100|100 33| 36 0] 0 1|/ 0 18] 19 2| 4 22| 30
3|500(10(1 99| 98 100|100 99| 98 89|100 31| 23 10 3] 2 15| 13 8| 14 14| 21
3|500|10|k1 99[100 77| 75 99]100 83| 83 35| 42 0] 0 1|/ 0 32| 32 2] 3 4] 9
3]1000/10]T  100[100 100100  100[100  100/100 31|22 0| O 10 38/ 32 47| 71 71| 89
3/1000]10]k1 100|100 87| 82 100|100 100[/100 32| 35 0] 0 0] 0 62| 69 9] 19 32| 54
9[500[5[T 98| 98 47| 43 97| 98 0[ 0 49| 46 0} 0 0] 0 0] 0 0] 0 0] 0
9|500(5|k1 68| 67 11| 9 57| 54 0| 0 21| 17 0] 0 0] 0 0] 0 0] 0 0] 0
9/1000]5|1 99| 99 76| 74 99| 99 45| 47 74| 71 0] 0 0| 0 0l 0 0l 0 0l 0
9/1000]5|k1 95| 96 24| 21 89| 86 0| 0 35| 33 0] 0 0] 0 0] 0 0] 0 0] 0
9|500|10(1 92| 90 45| 43 95| 94 7 6 66| 60 0] 0 1|0 3/ 1 0l 0 0] 0
9(|500|10|k1 84| 90 23| 22 82| 83 4] 5 45| 41 0] 0 0] 0 0] 0 0] 0 0] 0
9|1000]10|I 99| 99 80| 80 98| 99 44| 48 84| 83 0] 0 1/ 0 4| 3 0] 0 0] 0
9/1000|10]k1 98|100 36| 35 92| 91 0] 0 59| 61 0] 0 0] 0 0] 0 0] 0 0] 0
Table S5: Average of adjusted Rand index for all models | only for the

first cluster (%) are given for simulations under Gaussian regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “k1”. Compared methods are AIC, BIC, AlCex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AlICexl AlICex2 BIC AICi AlICiexl AlICiex2 BICi MoE MoEk

1[500]5[I 0.10 0.10 0.10 0.10 2.33 4.02 3.98 2.87 0.10 0.10
500]5|k1 0.11 0.10 0.10 0.10 2.32 4.09 4.06 2.76 0.10 0.10
1000]5|1 0.05 0.04 0.04 0.04 2.19 4.21 4.11 2.58 0.04 0.04
1000|5|k1 0.05 0.05 0.05 0.05 2.20 4.08 4.04 2.64 0.05 0.05
500|10|I 0.19 0.19 0.19 0.19 6.19 9.06 9.02 7.04 0.19 0.19
500|10]k1 0.19 0.19 0.19 0.19 6.12 9.24 9.20 6.93 0.19 0.19
1000|10|1 0.09 0.09 0.09 0.09 6.25 8.91 8.86 6.66 0.09 0.09
1000[10/k1  0.10 0.10 0.10 0.10 6.33 9.19 8.97 6.73 0.10 0.10

500[5]T 0.33 0.32 0.32 0.32 2.64 3.98 3.98 3.78 2.74 2.46
500]5|k1 0.32 0.36 0.32 0.44 1.45 1.95 1.96 1.92 1.64 1.59
1000]5(1 0.17 0.16 0.16 0.16 2.48 4.03 4.03 2.95 2.25 0.81
1000|5|k1 0.16 0.16 0.16 0.16 1.32 1.91 1.91 1.86 1.58 1.51
500|10|I 0.59 0.58 0.59 0.62 6.24 8.42 8.41 8.16 5.66 5.61
500[10|k1 0.59 0.65 0.58 0.61 3.11 4.01 4.01 3.95 3.29 3.27
1000]10|1 0.29 0.29 0.29 0.29 6.23 8.39 8.39 6.95 2.46 1.64
1000]10/k1  0.28 0.32 0.28 0.28 3.18 3.99 3.99 3.82 3.13 1.51

500[5[T 1.04 2.88 1.04 3.43 3.19 3.41 3.41 3.40 3.44 3.44
500|5|k1 1.11 1.21 1.14 1.21 1.15 1.14 1.14 1.14 1.21 1.21
1000(5|1 0.53 0.60 0.52 2.56 3.02 3.34 3.34 3.34 3.36 3.35
1000|5|k1 0.49 1.12 0.52 1.16 1.12 1.13 1.13 1.13 1.16 1.16
500]10|1 2.10 5.80 1.99 6.73 6.30 6.72 6.72 6.71 6.74 6.74
500|10|k1 2.24 2.31 2.10 2.37 2.26 2.24 2.24 2.24 2.35 2.35
1000110(1 0.92 0.99 0.92 4.94 6.18 6.64 6.64 6.64 6.61 6.63
1000]10]k1 0.91 2.16 0.92 2.31 2.21 2.23 2.23 2.23 2.31 2.31
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Table S6: Mean squared errors for the linear predictor are given for simu-
lations under Gaussian regression models for Ky, € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “kl”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

where “i” stands for the intercept-only or the constant model.
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ORE AIC AlICexi AlCex2 _ BIC AICH AlCiexl AlCiex2 BICi MoE MoEk
1[500]5]T 98] 2] 0 T00[ 0] 0 100] 0] 0 _ 100[ 0] O O[100] 0 23] 77] 0  21[ 79] 0 _ 0]100] 0 _ 100] 0] 0 _ 100] 0] O
1/500/5/Imb 91| 9] 0 98/ 20 95| 5|0 100[ 0| 0 0[100] 0 26| 74/ 0 23| 77/0 1/ 990  100[ 0/ 0  100| 0| O
1/1000|5]T 91| 9] 0 97|3/0 94| 6|0 100/ 0] 0 0[100] 0 16/ 84| 0 13/ 87| 0  0[100]0 100/ 0| 0  100| 0] 0
1/1000|5|Imb 94| 6] 0 100/ 0| 0 98| 2| 0 100{ 0| 0 0[100] 0 23| 77/ 0 20/ 80] 0  0/100] 0  100[ 0| 0  100| 0| O
1|500/10]T 96| 4] 0 100/ 0| 0 96| 4] 0 100/ 0| 0 0[100] 0 24| 76| 0 22| 78/ 0 4/ 96/ 0 100/ 0/ 0  100| 0] 0
1/500/10/Imb 96| 4] 0 100/ 0] 0 97| 3| 0 100 0| 0 0[100] 0 28/ 72(0 26/ 74|0 5/ 950  100[ 0/ 0  100| 0| O
1/1000[10|T 98] 2| 0 100/ 0] 0 99| 1] 0 100/ 0] 0 0[100] 0 22|78/ 0 21|79/ 0  0[100] 0 100/ 0| 0  100| 0] 0
1{1000[/10/Tmb 100/ 0] 0 100/ 0] 0 100/ 0] 0 100/ 0] 0 0]/100] 0 31/ 69/ 0 29/ 71| 0  0[100/0 100/ 0/ 0  100| 0] 0
350051 90] 10| 0 94[ 1] 5 93] 7] 0 90] O] 10 0[100] 0 0] 0]i00 0] 0]100 0] 27] 73 10] 0] 90 _ 22] 0] 78
3[500|5|Imb 92| 8| 0 96| 0] 4 96| 4|0 85/ 0/ 15  0/100] 0 0] 0100 1| 0] 99 0] 59| 41 0] 0/100 1] 0] 99
3]1000]5|1 90| 100 99| 1|0 93] 7] 0 100/ 0| 0 0[100] 0 0] 0]100 0] 0]100 0] 78| 22 23| 20| 57 80| 6| 14
31000/5/Tmb 92| 8| 0 98/ 2/ 0 94| 6|0 100/ 0| 0 0[100] 0 0] 0]100 0] 2| 98 0/ 99| 1 0] 0100 6] 1] 93
3]500|10|1 93| 7] 0 99|10 94| 6|0 74/ 0| 26  0[100] 0 0] 0100 0] 1] 99 1/ 23/ 76 11|10/ 89 12| 0| 88
3[500/10Tmb 96| 4| 0 7710/ 23 96| 4| 0 98/ 0/ 2  0/100]0 0]/ 0[100 0| 0/100 0] 44| 56 0] 0]100 0] 0100
3]1000(10|1 97| 3] 0 100/ 0| 0 97| 3| 0 100/ 0| 0 ©0[100] 0 0| 0[100 0] 0]100 0| 78/ 22 41| 24| 35 60| 30| 10
31000/10[Imb 99| 1| 0 97/ 0/3 100/ 0/ 0 100/ 0] 0 0[100/ 0 0] 0/100 0] 2| 98 0/ 94/ 6 0] 0]100 6] 0] 94
9[500[5]T 71 23[ 6 34] 3] 63 70| 22| 8 0] 0]100 1] 50] 49 0] 0]100 0] 0]100 0] 0[100 0] 0100 0] 0100
9]500|5|Tmb 28| 44| 28 11| 1|88 37| 26/37 0|5/ 95 1|54/ 45 0/ 0[100 0| 0/100 0| 0]100 0| 0[100 0| 0]100
9]1000|5|1 77/ 23| 0 54| 4|42 81| 15/4 28/ 0/ 72 0|87/ 13 0]/ 0/100 0| 0[100 0] 0]100 0] 0|100 0] 0]100
9[1000|5[Tmb 34| 51| 15 18| 1|81 33| 17|50 0] 1|99 2|87/ 11 0/ 0[100 0| 0/100 0| 0]100 0] 0/100 0| 0]100
9]500|10|1 34/ 61| 5 29/ 6/ 65 45/47|8 08/ 92 1|63/ 36 0[0[100 0/ 0[100 0] 0[100 0] 0[100 0] 0]100
9]500/10/Tmb 29| 55| 16 13| 3| 84 31| 31|38 2|12/ 8 1|66/ 33 0/ 0[100 0| 0/100 0] 0]100 0] 0|100 0| 0]100
9]100010]I 76/ 23] 1  63]1/36 80| 12[8  20[0/8 2/96/2 0/ 0/100 0] 0[100 0] 0]100 0] 0|100 0] 0]100
9]1000/10]Tmb 26| 58/ 16 7| 2[ 91 28/ 1458 0/ 2/98 2/92]6 0/ 0/100 0/ 0[100 0/ 2/98 0] 0[100 0] 0/100

Table S7: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Gaussian regression mod-
els for Kiwe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Imb”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only

or the constant model.
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ORE AIC AlCexi AlCex2 BIC AICi AlICiexi AICiex2 ICi  MoE MoEk
1[500]5]T 98] 98 100[100 _ 100[100 _ 100[100 0] 0 23] 23 21[ 21 0 100[100 _ 100[100
1/500/5/Imb 91| 91 98| 98 95| 95 100/100 0] 0 26| 26 23| 23 1 100/100  100[100
1/1000|5]T 91| 91 97| 97 94| 94 100{100 0] 0 16| 16 13| 13 0 100{100 100|100
1/1000/5|Imb 94| 94 100[100 98| 98 100/100 0] 0 23| 23 20| 20 0 100/100  100[100
1|500/10]T 96| 96 100[100 96| 96 100{100 0] 0 24| 24 22| 22 4 100{100 100|100
1/500/10/Imb 96| 96 100[100 97| 97 100/100 0] 0 28] 28 26| 26 5 100/100  100[100
1/1000[10|T 98| 98 100{100 99| 99 100[100 0] 0 22| 22 21| 21 0 100/100 100|100
1{1000/10/Tmb  100/100  100[100  100/100  100[100 0] O 31] 31 29| 29 0 100/100  100[100
3[500[5[T 98] 97 98] 99 99] 99 95[ 99 70 212 4 1118 26| 37
3/500/5|Imb 96/100 99| 98 98/100 89| 87 10 2 1 55 2|2 715
3]1000|5|1 98| 97 100] 99 99| 98 100/100 0|0 2 1 29 36|53 79|89
3/1000/5/Tmb 96100  99]100 97|100 100/100 2 1 6| 4 87 15| 11 34| 23
3]500|10|1 99| 98 100/100 99| 98 89/100 1] 0 3| 2 13 814 14| 21
3500/10[Imb 98100 90| 83 98/100 98] 98 10 31 42 4|3 55
3]1000(10]1 100/100 100|100  100[100 100|100 0|0 10 32 47| 71 71| 89
3/1000/10[Imb  99]100  100] 98 100/100  100/100 0/ 0 3|3 85 33|29 54| 46
950051 98] 98 47] 43 97] 98 0] 0 0/ 0 0/ 0 0] 0 07 0
9]500|5|Tmb 94| 91 31| 25 93| 86 55 0|0 10 0/ 0 00
9]1000]5|1 99| 99 76| 74 99| 99 45| 47 0|0 0/ 0 00 00
9[1000[5[Tmb 95| 95 54| 41 96| 86 66| 35 0|0 10 0/ 0 300
9]500|10|1 92/ 90 45| 43 95| 94 71 6 0/ 0 10 00 00
9[500/10/Tmb 91| 95 32| 27 93| 89 12 13 10 10 0/ 0 00
9]100010]I 99 99 80| 80 98| 99 44| 48 0/ 0 10 00 00
9]1000/10]Imb 93] 96 41| 27 92| 79 74| 42 0/ 0 0/ 0 0] 0 10

Table S8: Average of adjusted Rand index for all models | only for the first
cluster (%) are given for simulations under Gaussian regression models for
Kie € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I” and

((Imb” .

Compared methods are AIC, BIC, AlCex1, AICex2, AICi, BICi,

AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AlICexl AlICex2 BIC AICi AlCiexl AlICiex2 BICi MoE MoEk
1[500]5[T 0.10 0.10 0.10 0.10 2.33 4.02 3.98 2.87 0.10 0.10
1/500/5|Imb 0.11 0.11 0.11 0.11 2.28 4.21 4.11 2.86 0.11 0.11
1|1000]5|1 0.05 0.04 0.04 0.04 2.19 4.21 4.11 2.58 0.04 0.04
1/1000|5|Imb 0.04 0.04 0.04 0.04 2.21 4.15 4.05 2.67 0.04 0.04
1/500]10|1 0.19 0.19 0.19 0.19 6.19 9.06 9.02 7.04 0.19 0.19
1|500]10|Imb 0.19 0.19 0.19 0.19 6.16 9.06 9.04 6.97 0.19 0.19
1/1000|10|1 0.09 0.09 0.09 0.09 6.25 8.91 8.86 6.66 0.09 0.09
1/1000|10[Imb  0.09 0.09 0.09 0.09 6.35 9.12 9.10 6.67 0.09 0.09
3[500]5[T 0.33 0.32 0.32 0.32 2.64 3.98 3.98 3.78 2.74 2.46
3|500|5|Imb 0.32 0.31 0.31 0.33 2.75 4.42 4.42 3.47 2.03 2.01
3|100015|1 0.17 0.16 0.16 0.16 2.48 4.03 4.03 2.95 2.25 0.81
3|1000|5|Imb 0.16 0.16 0.16 0.16 2.62 4.49 4.48 3.00 1.70 1.66
3|500|10]|1 0.59 0.58 0.59 0.62 6.24 8.42 8.41 8.16 5.66 5.61
3|500|10|Imb 0.62 0.67 0.62 0.62 6.48 9.01 9.01 8.36 3.78 3.75
3|1000/10|1 0.29 0.29 0.29 0.29 6.23 8.39 8.39 6.95 2.46 1.64
3/1000]/10|Imb  0.29 0.29 0.29 0.29 6.64 9.17 9.14 7.05 2.68 2.53
9[500[5[T 1.04 2.88 1.04 3.43 3.19 3.41 3.41 3.40 3.44 3.44
9(500|5|Imb 1.09 2.95 1.08 3.12 2.96 3.14 3.14 3.14 3.15 3.15
9/1000]5|1 0.53 0.60 0.52 2.56 3.02 3.34 3.34 3.34 3.36 3.35
9(1000|5|Imb 0.58 1.97 0.61 0.86 2.71 3.13 3.13 3.13 3.06 3.05
9]500(10|1 2.10 5.80 1.99 6.73 6.30 6.72 6.72 6.71 6.74 6.74
9(500|10|Imb 2.04 5.71 2.01 6.06 5.82 6.26 6.26 6.26 6.12 6.12
9(1000]10(1 0.92 0.99 0.92 4.94 6.18 6.64 6.64 6.64 6.61 6.63
9(1000/10/Imb  1.01 5.59 1.17 1.53 5.72 6.27 6.27 6.25 6.14 6.14

Table S9: Mean squared errors for the linear predictor are given for simu-
lations under Gaussian regression models for Ky, € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “Imb”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

where “i” stands for the intercept-only or the constant model.
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Kirue|n]p[s AIC AICex1 AICex2 BIC AICi AlICiexl AlICiex2 BICi MoE MoEk
1[50015]T 98] 2] 0 100] 0] O 100] 0] O 100] O] 0  0[100] O 23| 771 0 21| 79] 0 0[100] 0 100] 0] O 100| O] O
1|500/5|Dis 95| 5| 0 99| 1] 0 96| 4| 0 100/ 0| 0  0[100| O 30| 70| O 25| 75| 0 0[|100| O 100| 0| O 100| 0| O
1/1000]5|1 911 9] 0 97| 3] 0 94| 6| 0 100| 0| 0  0]100| O 16| 84| 0 13| 87| 0 0100 O 100| 0] O 100| 0] O
1|1000|5|Dis 90| 10| 0 100] 0] O 93| 71 0 100/ 0| 0  0[100| O 15| 85| 0 14| 86| 0 0[100| O 100| 0] O 100| 0| O
1/500]10|1 96| 4] 0 100| 0] O 96| 4] 0 100| 0| 0  0]100| O 24| 76| 0 22| 78] 0 4| 96| 0 100| 0] O 100| 0| O
1/500/10|Dis 97| 3| 0 100| 0| O 100] 0] O 100/ 0| 0  0[100| O 26| 74| 0 24| 76| 0 5/ 95/ 0 100| 0| O 100| 0| O
1/1000|10|1 98] 2| 0 100| 0] O 99| 11 0 100/ 0| 0  0]100| O 22| 78] 0 21| 79] 0 0[/100]| O 100| 0] O 100| 0] O
1/1000[10|Dis 97| 3| 0 100/ 0] O 100] 0] O 100/ 0| 0 0[100| O 22| 78| 0 20 80| 0 1199/ 0 100| 0] O 100/ 0] O
3[500[5]T 90/ 10[ 0 94 1] 5 93] 7] 0 90[ 0] 10 0[100] 0 0] 0]100 0] 0]100 0| 27| 73 10] 0] 90 _ 22] 0] 78
3|500|5|Dis 88| 11| 1 98| 1] 1 91| 8| 1 54| 0] 46  0]100] O 0| 0/100 0| 0/100 0| 36| 64 1| 0] 99 2| 1| 97
3/1000]5|1 90| 10| 0 99| 1] 0 93| 71 0 100/ 0| 0  0]|100| O 0| 0/100 0| 0/100 0| 78/ 22 23| 20| 57 80| 6| 14
3|1000|5|Dis 96| 4| 0 98| 2| 0 96| 4| 0 97| 0] 3 0[100] O 0| 0/100 0| 0/100 0| 65| 35 0] 0]100 1| 10| 89
3|500(10|1 93| 7] 0 99| 1] 0 94| 6| 0 74| 0] 26 0[100] O 0| 0/100 ol 1] 99 1| 23| 76 11] 0] 89 12| 0] 88
3|500|10|Dis 94| 6| 0 99| 1] 0 96| 4| 0 73| 0] 27 0]100] O 0| 0/100 0| 0/100 0| 23| 77 2| 0] 98 2| 0] 98
3]100010]1 97| 3 0 100/ 0| 0 97| 3| 0 100/ 0| 0 0]100[ 0 0] 0[100 0] 0]100 0| 78| 22 41| 24| 35 60| 30| 10
3/1000[10|Dis 97| 3] 0 100] 0] O 99| 1] 0 100/ 0] 0 0[100] O 0] 0]100 0] 0/100 0] 72| 28 1| 10| 89 4] 18] 78
9[500]5[T 71] 23| 6 34| 3| 63 70| 22| 8 0] 0]100 1[50/ 49 0] 0[100 0] 0[100 0] 0100 0] 0]100 0] 0[100
9|500|5|Dis 51| 37| 12 54| 7] 39 51| 26| 23 0] 0|100 2| 51| 47 0] 0[100 0| 0/100 0] 0]100 0| 0/100 0| 0[100
9(100015|1 77 23| 0 54| 4| 42 81| 15| 4 28| 0] 72 0] 87| 13 0] 0]100 0| 0/100 0] 0]100 0| 0/100 0| 0/100
9|1000|5|Dis 74| 24| 2 76| 2| 22 76| 15| 9 11| 0| 89 0| 84| 16 0] 0]/100 0| 0/100 0] 0]100 0| 0/100 0| 0/100
9(500(10|1 34| 61] 5 29| 6] 65 45| 47| 8 0] 8| 92 1] 63| 36 0] 0/100 0| 0/100 0] 0/100 0| 0/100 0| 0/100
9|500|10|Dis 36| 59| 5 60| 11| 29 50| 43| 7 0] 7] 93 0| 67| 33 0| 0/100 0| 0/100 0] 0[100 0| 0/100 0| 0[100
9/1000(10|T 76| 23| 1 63| 1| 36 80| 12| 8 20| 0| 80 2| 96| 2 0| 0/100 0| 0/100 0] 0/100 0| 0/100 0| 0/100
9/1000|10|Dis 75 24| 1 73| 1| 26 76| 11| 13 17/ 0/ 83 3] 92| 5 0| 0/100 0| 0/100 0] 0/100 0| 0/100 0| 0/100
Table S10: Proportions of selected number of clusters (%), correct-|over-

lunder-estimations, are given for simulations under Gaussian regression mod-
els for Kiwe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Dis”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICj,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1 AICex2 BIC AICi AICiex1 AlICiex2 BICi MoE MoEk
1[500]5]T 98| 98 100[100 100100 100[{100 0] 0 23| 23 21| 21 0] 0 100[100 100[100
1]500(|5|Dis 95| 95 99| 99 96| 96 100|100 0| 0 30| 30 25| 25 0] 0 100[100 100[100
1/1000]5|1 91| 91 97| 97 94| 94 100|100 0| 0 16| 16 13] 13 0] 0 100]100 100[100
1/1000|5|Dis 90| 90 100[100 93| 93 100|100 0| 0 15| 15 14| 14 0] 0 100[100 100[100
1/500]10|1 96| 96 100[100 96| 96 100|100 0] 0 24| 24 22| 22 4] 4 100]100 100[100
1]/500|10|Dis 97| 97 100[100 100|100 100|100 0| 0 26| 26 24| 24 55 100[100 100[100
1/1000|10|T 98| 98 100|100 99| 99 100|100 0] 0 22| 22 21| 21 0] 0 100]100 100[100
1/1000|10|Dis 97| 97 100[100 100/100 100|100 0] 0 22| 22 20| 20 1] 1 100[100 100[100
3[500]5]T 98| 97 98] 99 99| 99 95[ 99 34| 26 110 22 18] 14 11] 18 26] 37
3]500|5|Dis 97| 96 99| 99 98| 97 81|100  32[23 1|2 4] 4 21]15 1] 1 3| 4
3|1000]5|1 98| 97 100| 99 99| 98 100|100 30| 22 0] 0 211 37| 29 36| 53 79| 89
3|1000|5|Dis 99| 99 100[100 99| 99 99100 31| 22 0] 0 1] 0 30| 23 10| 12 23| 26
3|500(10(1 99| 98 100[100 99| 98 89100 31| 23 110 3| 2 15| 13 8| 14 14| 21
3|500|10|Dis 99| 98 100[100 99| 99 89100 32| 24 0] 0 4| 3 16| 12 3| 4 1| 2
3|1000|10|T 100|100 100[100 100|100 100|100 31| 22 0] 0 10 38| 32 47| 71 71| 89
3/1000|10|Dis 99| 99 100[100 100| 99 100|100 31| 21 0] 0 2|3 33| 24 28| 39 37| 49
9[500[5[T 98| 98 47] 43 97| 98 0[ 0 49| 46 0] 0 0] 0 0] 0 0] 0 0] 0
9|500|5|Dis 95| 96 72| 71 95| 95 11 51| 49 110 2|0 0] 0 0] 0 0] 0
9/1000]5|1 99| 99 76| 74 99| 99 45| 47 74| 71 0] 0 0l 0 0] 0 0] 0 0] 0
9|1000|5|Dis 98| 98 85| 84 98| 99 44| 48 74| 69 0] 0 0] 0 0] 0 0] 0 0] 0
9|500|10(1 92| 90 45| 43 95| 94 7] 6 66| 60 0] 0 10 31 0] 0 0] 0
9|500|10|Dis 93| 92 76| 76 96| 97 6| 6 66| 59 0] 0 0] 0 1] 1 0] 0 0] 0
9|1000]10|I 99| 99 80| 80 98| 99 44| 48 84| 83 0l 0 10 4] 3 0] 0 0] 0
9/1000|10|Dis 99| 99 85| 83 98| 97 53| 59 81| 79 0] 0 1] 0 2|1 0] 0 0] 0
Table S11: Average of adjusted Rand index for all models | only for the

first cluster (%) are given for simulations under Gaussian regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Dis”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICj,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only

or the constant model.
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Kirue|n[p[s AIC AlICexl AlICex2 BIC AICi AlCiexl AlICiex2 BICi MoE MoEk

1[500]5[T 0.10 0.10 0.10 0.10 2.33 4.02 3.98 2.87 0.10 0.10
500|5|Dis 0.10 0.10 0.10 0.09 2.31 3.96 3.92 2.85 0.09 0.09
1000]5|1 0.05 0.04 0.04 0.04 2.19 4.21 4.11 2.58 0.04 0.04
1000|5|Dis 0.05 0.04 0.05 0.04 2.19 3.92 3.92 2.61 0.04 0.04
500|10|1 0.19 0.19 0.19 0.19 6.19 9.06 9.02 7.04 0.19 0.19
500|10|Dis 0.21 0.20 0.20 0.20 6.21 8.97 8.93 6.93 0.20 0.20
1000|10|1 0.09 0.09 0.09 0.09 6.25 8.91 8.86 6.66 0.09 0.09
1000]10|Dis  0.10 0.10 0.10 0.10 6.35 9.14 9.11 6.69 0.10 0.10

500[5]1 0.33 0.32 0.32 0.32 2.64 3.98 3.98 3.78 2.74 2.46
500|5|Dis 0.28 0.27 0.28 0.45 2.59 4.02 4.02 3.73 2.88 2.88
1000]5(1 0.17 0.16 0.16 0.16 2.48 4.03 4.03 2.95 2.25 0.81
1000|5|Dis 0.15 0.15 0.15 0.15 2.49 3.97 3.97 2.98 2.72 2.62
500|10|I 0.59 0.58 0.59 0.62 6.24 8.42 8.41 8.16 5.66 5.61
500|10|Dis 0.55 0.54 0.55 0.64 6.34 8.40 8.43 8.03 5.80 5.84
1000]10|1 0.29 0.29 0.29 0.29 6.23 8.39 8.39 6.95 2.46 1.64
1000]10|Dis  0.30 0.30 0.30 0.30 6.37 8.30 8.30 6.99 4.85 4.68

500[5[T 1.04 2.88 1.04 3.43 3.19 3.41 3.41 3.40 3.44 3.44
500|5|Dis 1.11 1.17 1.10 3.38 3.19 3.37 3.38 3.36 3.39 3.39
1000(5|1 0.53 0.60 0.52 2.56 3.02 3.34 3.34 3.34 3.36 3.35
1000|5|Dis 0.50 0.51 0.50 2.61 3.00 3.31 3.31 3.31 3.33 3.33
500]10|1 2.10 5.80 1.99 6.73 6.30 6.72 6.72 6.71 6.74 6.74
500|10|Dis 2.11 1.90 1.95 6.51 6.17 6.62 6.62 6.62 6.64 6.64
1000110(1 0.92 0.99 0.92 4.94 6.18 6.64 6.64 6.64 6.61 6.63
1000]10|Dis  0.90 0.92 0.91 1.55 6.12 6.63 6.63 6.63 6.66 6.66

© OO YVYWYOLYOWWWWWWWWHFHKFEKFKFEF&

Table S12: Mean squared errors for the linear predictor are given for simu-
lations under Gaussian regression models for Ky, € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “Dis”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AICiex2, MoE, and MoEXk,

where “i” stands for the intercept-only or the constant model.
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ORE AIC AlICexi AlCex2 _ BIC AICH AlCiexl _AlICiex2  BICi MoE MoEk
1[500]5]T 98] 2] 0 T00[ 0] 0 100] 0] O _ 100[ 0] O OJ100] 0 23] 77] 0 _ 21] 79[ 0 _ O[100] 0 _ 100] 0] 0 _ 100] 0] O
1/500|5|MoE 90/ 10/ 0 100/ 0| 0 94| 6| 0 100[ 0/ 0 0[100] 0 12|88/ 0 12/ 880  0[100/ 0 100/ 0| 0  100| 0| O
1/1000|5]T 91| 9] 0 97|30 94| 6|0 100/ 0/ 0 0[100] 0 16/ 84| 0 13/ 87| 0  0[100]0 100/ 0/ 0  100| 0| 0
1/1000|5|MoE 96| 4] 0 98/ 20 982/ 0 100{ 0| 0 0[100] 0 3] 97| 0O 3197 0 0100/ 0 100/ 0| 0  100| 0] O
1|500/10]T 96| 4] 0 100/ 0| 0 96| 4] 0 100/ 0] 0 0[100] 0 24| 76| 0 22| 78|0 4/ 96/ 0 100/ 0/ 0  100| 0] 0
1/500/10]MoE 98| 2| 0 99/ 10 99| 1| 0 100 0/ 0 0[100] 0 18/ 82(0 11|89/ 0  0[100/ 0 100/ 0| 0  100| 0] O
1/1000[10|T 98] 2| 0 100/ 0| 0 99| 1] 0 100/ 0] 0 0[100] 0 22|78/ 0 21/ 79|0  0[100] 0 100/ 0/ 0  100| 0] 0
1{1000/10|MoE 99| 1] 0 100/ 0] 0 100/ 0/ 0 100/ 0/ 0 0]100/ 0 12/ 88/ 0 10/ 90/ 0  0[100[ 0 100/ 0] 0  100] 0] 0
350051 90 100 94[ 1] 5 93] 7] 0 90 0] 10 0]100] 0 0] 0]100 0] 0[100 0] 27] 73 _10[ 0] 90  22[ 0] 78
3]500|5|MoE 4] 94 2 1)1]98 16/ 10/ 74 2/ 1|97 1|99/ 0 24/ 8/ 68 27| 12| 61 11|87|2 75/ 025 54| 15| 31
3]1000|5|1 90/ 10| 0 99/ 1]0 93] 7/0 100/ 0/ 0 0[100/ 0 0] 0]100 0] 0/100 o 78| 22 23| 20| 57 80| 6] 14
3|1000|5|MoE 4| 96| 0 5/ 1) 94 18|10/ 72 11| 7| 82 0[100| 0 34| 11| 55 33| 17|50 1|97/ 2 100/ 0| 0 81| 15| 4
3]500|10|1 93] 7] 0 99/ 10 94| 6|0 74/ 0] 26  0/100] 0 0] 0]100 ol 1] 99 1] 23|76 11|10/ 89 12| 0| 88
3|500/10MoE 15| 63| 22 0/ 0]100 11/ 2| 87 0/ 0/100 2/ 97| 1  16/3| 81 20/ 8/ 72 12| 81| 7 77/0/ 23 63| 14| 23
3]1000(10]1 97| 3] 0 100/ 0| 0 97| 3| 0 100/ 0/ 0 0[100/ 0 0] 0]100 0] 0/100 o 78| 22 41| 24| 35 60| 30| 10
3]1000/10|MoE 6] 90| 4 0/ 0[100 7| 2| 91 112/97  1]98/1 2113/ 66 20/ 18/62 7| 90/3  100[ 0/ 0 79| 20| 1
9[500[5]T 7I[ 23] 6 34| 3] 63 70] 22] 8 0] 0]100 1| 50] 49 0] 0]100 0] 0100 0] 0[100 0] 0[100 0] 0100
9]500|5|MoE 0] 0]100 0] 0]100 0] 0100 0/ 0]100 3|5/ 92 0] 0]100 0] 0/100 0| 0/100 0] 0[100 0] 0/100
9]1000|5|1 77/ 23] 0 54| 4|42 81| 15|14 28/ 0/ 72 0| 87|13 0] 0]100 0] 0/100 0/ 0/100 0] 0/100 0] 0/100
9]1000|5|MoE 0| 0]100 0] 0]100 0] 0100 0/ 0]100 6| 13| 81 0] 0]100 0] 0/100 0| 0/100 0] 0100 0] 0/100
9]500|10|1 34/ 61| 5 29 6| 65 45/ 47| 8 0/ 8/ 92 1] 6336 0] 0/100 0] 0100 0| 0/100 0] 0100 0] 0/100
9|500|10|MoE 0| 0]100 0] 0]100 0] 0100 0/ 0]100 0| 10/ 90 0] 0]100 0] 0/100 0| 0/100 0] 0100 0] 0/100
9]100010]1 76/ 23] 1 63| 136 80| 128 20/ 0/ 80 2/ 96/2 0] 0]100 0] 0100 0/ 0/100 0] 0/100 0] 0/100
9]1000]10|MoE 0| 0]100 0/ 0]100 0] 0[100 0/ 0]100 2| 13| 85 0] 0]100 0] 0/100 0] 0/100 0] 0100 0] 0/100

Table S13: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Gaussian regression mod-
els for Kiwe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “MoE”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICj,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Korao P[5 AIC AICexi AlCex2 BIC AICi AlCiexi AlCiex2 BICi MoE MoEKk
1[500[5[1 98] 98 100[100  100]100 _ 100[100 0] O 23] 23 21 21 0] 0 100[100  100]100
1/500|5|MoE 90| 90 100/100 94| 94 100/100 0] 0 12| 12 12| 12 0] 0 100/100  100[100
1|1000|5(1 91| 91 97| 97 94| 94 100/100 0] 0 16] 16 13] 13 0] 0 100/100  100[100
1/10005|MoE 96| 96 98| 98 98| 98 100{100 0] O 3| 3 3| 3 0| 0 100{100  100[100
1|500|10]1 96| 96 100[100 96| 96 100/100 0] 0 24| 24 22| 22 4] 4 100/100 100|100
1/500/10]MoE 98| 98 99| 99 99| 99 100/100 0] 0 18] 18 11 11 0] 0 100/100  100[100
1/100010|T 98| 98 100[100 99| 99 100/100 0] 0 22| 22 21| 21 0] 0 100/100 100|100
1{1000/10|MoE 99| 99 100[100  100[100  100/100 0] 0 12 12 10| 10 0] 0 100/100  100[100
350051 98/ 97 98] 99 99] 99 95 99 34126 1] 0 272 IS[ 14 11] 18 26] 37
3]500|5|MoE 4| 7 1)1 2] 3 11 316 3|3 33 418 2837 26| 35
3]1000]5|1 98| 97 100 99 99| 98 100]100 30| 22 0|0 21 37129 36|53 79| 89
3|1000/5|MoE 3| 7 1)1 2] 3 2| 2 316 3|3 3| 4 31 6 33] 42 32|41
3]500[10|1 99| 98 100[100 99| 98 89/100 31|23 1|0 3] 2 15/ 13 8| 14 14] 21
3|500/10MoE 4| 6 0/ 0 21 0 3| 7 2| 2 3|3 417 38149 37| 48
3]1000[10|1 100[100 100100  100[100  100/100 31|22 0] 0 10 38| 32 47| 71 71| 89
3/1000/10|MoE 3| 6 1)1 2] 1 11 316 3|3 3|3 3 7 46| 54 46| 54
9[500]5]1 98[ 98 47| 43 97 98 0/ 0 19146 0] 0 0] 0 0/ 0 0] 0 0] 0
9]500|5|MoE 0] 0 0] 0 0] 0 0] 0 0 1 0] 0 0] 0 0/ 0 0| 0 0] 0
9]1000|5|1 99| 99 76| 74 99| 99 45147 74|71 0|0 0] 0 0 0 0 0 0 0
9]1000|5|MoE 0] 0 0] 0 0] 0 0/ 0 0 2 0] 0 0] 0 0| 0 0| 0 0| 0
9]500|10|1 92/ 90 45| 43 95| 94 71 6 66| 60 0| 0 10 301 0| 0 0 0
9/500/10|]MoE 0] 0 0] 0 0] 0 0] 0 0 1 0] 0 0] 0 0| 0 0| 0 0] 0
9]100010]I 99 99 80| 80 98| 99 44148 84|83 0] 0 10 4] 3 0| 0 0 0
9]1000{10|MoE 0] 0 0] 0 0] 0 0] 0 0] 2 0] 0 0] 0 0] 0 0| 0 0] 0

Table S14: Average of adjusted Rand index for all models | only for the first
cluster (%) are given for simulations under Gaussian regression models for
Kie € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I” and
“MoE”. Compared methods are AIC, BIC, AlCex1, AlCex2, AICi, BICi,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1 AlICex2 BIC AICi AlICiex1 AICiex2 BICi MoE MoEk
1[500]5[T 0.10 0.10 0.10 0.10 2.33 4.02 3.98 2.87 0.10 0.10
1|500|5|MoE 0.11 0.10 0.11 0.10 188.57  354.49 341.10 191.77  0.10 0.10
1/1000]5|1 0.05 0.04 0.04 0.04 2.19 4.21 4.11 2.58 0.04 0.04
1/1000|5|MoE 0.05 0.05 0.05 0.05 201.01 321.84 317.76 201.65  0.05 0.05
1/500]10|1 0.19 0.19 0.19 0.19 6.19 9.06 9.02 7.04 0.19 0.19
1|500{10|MoE 0.16 0.16 0.16 0.16 572.76  889.02 875.45 614.84 0.16 0.16
1/1000|10|1 0.09 0.09 0.09 0.09 6.25 8.91 8.86 6.66 0.09 0.09
1/1000|10|MoE  0.10 0.10 0.10 0.10 610.49  890.75 885.11 614.89  0.10 0.10
3[500]5[T 0.33 0.32 0.32 0.32 2.64 3.98 3.98 3.78 2.74 2.46
3|500|5|MoE 16.61 19.05 18.57 19.37  28.11 38.99 38.97 30.29 4.80 5.10
3|100015|1 0.17 0.16 0.16 0.16 2.48 4.03 4.03 2.95 2.25 0.81
3|1000|5|MoE 17.65 19.33 19.02 19.29  29.06 38.21 38.00 29.28 4.30 4.40
3|500(|10]|1 0.59 0.58 0.59 0.62 6.24 8.42 8.41 8.16 5.66 5.61
3|500|10|MoE 26.81 31.38 30.53 31.38  65.61 85.63 84.45 69.73 5.11 5.24
3|1000/10|1 0.29 0.29 0.29 0.29 6.23 8.39 8.39 6.95 2.46 1.64
3|1000[10|MoE  27.09  30.74 30.61 30.83  67.38 85.65 85.33 69.12 3.93 3.96
9[500[5[T 1.04 2.88 1.04 3.43 3.19 3.41 3.41 3.40 3.44 3.44
9|500|5|MoE 4.09 4.09 4.09 4.09 4.04 4.03 4.03 4.03 4.09 4.09
9/1000]5|1 0.53 0.60 0.52 2.56 3.02 3.34 3.34 3.34 3.36 3.35
9/1000|5|MoE 4.15 4.15 4.15 4.15 4.15 4.14 4.14 4.14 4.15 4.15
9]500(10|1 2.10 5.80 1.99 6.73 6.30 6.72 6.72 6.71 6.74 6.74
9|500|10|MoE 8.30 8.30 8.30 8.30 8.34 8.35 8.35 8.35 8.30 8.30
9(1000]10(1 0.92 0.99 0.92 4.94 6.18 6.64 6.64 6.64 6.61 6.63
9/1000[10|MoE  8.17 8.17 8.17 8.17 8.20 8.20 8.20 8.20 8.17 8.17

Table S15: Mean squared errors for the linear predictor are given for simu-
lations under Gaussian regression models for Ky, € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “MoE”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

where

733}
1
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stands for the intercept-only or the constant model.



Kunelnpls __AIC AlCexi AlCex2 BIC AICH AlCiexl AlCiex2 BICi MoE MoEk
1[500]5]T 98] 20 100] 0] 0 100] 0] 0 100[ 0] 0  O[100] O 23[77] 0 21| 79] 0 0[100] 0 100[ 0] O _ 100] 0] O
1/500|5]io0 93|70  98/2(0 94/6/0 100/ 0/ 0 68320 9820 95| 5 0 100/ 0| 0 100{ 0] 0  100| 0] O
1/1000|5]T 91| 9]0  97]3/]0 94/ 6/0 100/ 0/ 0 0[100] O 16/ 84/ 0 13/ 87| 0  0[100] 0 100/ 0| 0  100| 0] 0
1/1000|5lic 93| 7] 0 99| 1 97| 3|0 100/ 0/ 0 74| 26/0 99| 1] 0 98| 2| 0 100/ 0| 0 100{ 0] 0  100| 0] O
1|500/10]T 96/ 4/ 0 100/ 0|0 96/ 4/ 0 100/ 0| 0  0[100] O 24|76/ 0 22| 78/0 4/ 96/0 100/ 0/ 0  100| 0| O
1|500|10ic 96/ 4|0 99 1|0 97/ 3]0  100/0/ 0 70/ 30]0 97| 3| 0 97 3| 0 100/ 0| 0 100/ 0| 0O  100| 0| O
1{1000[10|T 98/ 2( 0  100[ 0[]0 99/ 1|0 100/ 0| 0 0]100] 0 22/ 78/ 0 21|79/ 0  0/100]0 100/ 0/ 0O  100| 0| O
1/1000[10[io0 95/ 5/ 0 100/ 0/ 0 97/ 3]0 100/ 0/ 0 76/ 24/0 97/ 3|0 97| 3| 0 100/ 0/ 0 100/ 0[O0 100/ 0| O
350051 90] 100 94] 1] 5 93| 7] 0 _90] 0] 10 _ 0[100] O 0] 0[100 0] 0]100 0] 27| 73 10] 0] 90 _ 22] 0] 78
3]500|5io 11/ 1) 88 10[ 0/ 90 11188 0/ 0/100 81|19/ 0 98| 2|0 97| 3| 0 100/ 0] 0 0] 0/100 0] 0100
3]1000|5|1 90/ 10/ 0 99| 1/0 93] 7/0 100/ 0| 0 0[100] O 0/ 0[100 0] 0/100 0] 78| 22 23| 20| 57 80| 6| 14
3]1000[5/ic 32| 3| 65 34| 0| 66 34| 0] 66 0] 0/100 78/ 22/ 0 99| 1] 0 99| 1] 0 100| 0] 0 0] 0[100 0] 0100
3]500|10|1 93 7/0 99/ 1/0 94/ 6/ 0 74/ 0] 26 0[100] O 0/ 0[100 0] 1] 99 1123/ 76 11|10/ 89 12| 0| 88
3500|10jic 2| 1] 97 3/ 0/97 2/ 1/97 0] 0[100 77] 23] 0 99| 1] 0 98| 2| 0 100/ 0] 0 0] 0/100 0] 0100
3[1000|10]T 97/ 3|0 100/ 0] O 97/ 3|0 100/ 0] 0  0[100] O 0/ 0[100 0| 0/100 0] 78| 22 41| 24| 35 60| 30| 10
3/1000/10[ic 2/ 0] 98 4/ 0/ 96 2/ 0/98 0/ 0[100 71]29/0 1000/ 0 100/ 0[O0 99/ 1/ 0 0] 0]100 0] 0]100
9[500[5]T 7I[23[6 34 3] 63 70] 22] 8 0] 0[100 1] 50] 49 0] 0[100 0] 0[T00 0] 0]100 0] 0]100 0] 0100
9]500|5io 0/ 1/ 99 0/ 0/100 0/ 0/100 0] 0]100 4| 5| 91 0/ 0[100 0/ 0[100 0] 0|100 0| 0]100 0| 0/100
9]1000|5|1 77123/ 0 54) 4] 42 81|15/ 4 28/ 072 0] 87/ 13 0]/ 0[100 0] 0]100 0| 0[100 0] 0]100 0] 0100
9]1000|5/ic 0] 0]100 0] 0]100 0] 0/100 0| 0[100 16| 11| 73 0] 0[100 0] 0]100 0| 0[100 0] 0]100 0| 0/100
9]500|10|1 34| 61| 5 29| 6/ 65 45/ 47| 8 0/ 8/ 92 1|63/ 36 0/ 0/100 0] 0[100 0| 0[100 0] 0]100 0] 0100
9]500|10jic 0] 7|93 0/ 0[100 0] 1/ 99 0| 0[100 5| 8| 87 0/ 0[100 0/ 0[100 0] 0[100 0| 0]100 0| 0/100
9]1000|10] 76| 23| 1 63| 1| 36 80| 12| 8 20| 0| 80 2| 96| 2 0/ 0/100 0| 0/100 0] 0]100 0] 0|100 0] 0100
9]1000/10jic 0] 0]100 0/ 0]100 0] 0100 0] 0[100 11| 23] 66 0] 0/100 0/ 0[100 0| 0[100 0] 0]100 0] 0/100

Table S16: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Gaussian regression mod-
els for Kiwe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “i0”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1l AlICex2 BIC AICi AICiex1 AICiex2 BICi MoE MoEk
1[500]5]T 98] 98 100[100 100[100 100]|100 Y 23] 23 21] 21 0] 0 100|100 100|100
1]500(5|io 93| 93 98] 98 94| 94 100|100 68| 68 98| 98 95| 95 100|100 100|100 100|100
1/1000]5|1 91| 91 97| 97 94| 94 100|100 0| 0 16| 16 13| 13 0] 0 100|100 100|100
1/1000|5]io 93| 93 99| 99 97| 97 100|100 74| 74 99| 99 98| 98 100/100 100|100 100|100
1/500]10|1 96| 96 100|100 96| 96 100|100 0| 0 24| 24 22| 22 4] 4 100|100 100|100
1]500(|10}io 96| 96 99| 99 97| 97 100|100 70] 70 97| 97 97| 97 100/100 100|100 100|100
1/1000|10|1 98| 98 100|100 99| 99 100|100 0| 0 22| 22 21| 21 0] 0 100|100 100|100
1/1000|10]io 95| 95 100/100 97| 97 100|100 76| 76 97| 97 97| 97 100/100 100|100 100|100
3[500[5]T 98] 97 98] 99 99] 99 95109 34] 26 1] 0 212 18[ 14  11] 18 26] 37
3]500]5]io 1412 11] 10 14| 12 0| 0 92/ 91 100/ 99 100 99 100100 0] 0 0] 0
3/1000]5|1 98| 97 100| 99 99| 98 100|100 30| 22 0] 0 2] 1 37| 29 36| 53 79| 89
3]1000[5ic 37| 38 34| 34 37| 37 0| 0 92/ 91 100/ 99 100 99 100100 0] 0 0| 0
3|500(10(1 99| 98 100|100 99| 98 89100 31| 23 1] 0 3] 2 15| 13 8| 14 14| 21
3]500[10jic 7| 7 3|3 717 0l 0 92/ 89 100 99 100 99 100100 0] 0 )
3]1000]10]T  100[100  100/100 100100 100|100 31|22 0] 0 10 3832 47|71 71| 89
3/1000|10]io 5] 4 4] 4 5| 4 0| 0 90| 87 100]100 100|100 100|100 0] 0 0] 0
9[500[5T 98[ 98 47| 43 971 98 0/ 0 19[46 0] 0 o7 0 0l o 0/ 0 00
9|500|5io 31 10 10 0|0 68| 65 51| 41 54| 45 47137 0|0 0] 0
9]100051 99[ 99 76| 74 99| 99 45047 74|71 0] 0 ol 0 0| 0 0| 0 0| 0
9|1000(5/i0 3| 1 10 2l 1 0] 0 82| 80 58| 56 61| 58 52|45 0|0 0] 0
9]500(10]1 92(90 45| 43 95| 94 7| 6 66/ 60 0| 0 1] 0 3|1 0| 0 0| 0
9|500|10/ic 6] 6 0l 0 11 0|0 71) 69 50| 40 53| 43 45034 0|0 0] 0
9]1000/10]I 99/ 99 80| 80 98] 99 44|48 84|83 0|0 1] 0 |3 0| 0 0| 0
9|1000(10/io 1] 0 0] 0 10 0] 0 83| 83 58| 55 62| 61 52044 0|0 0] 0

Table S17:

Average of adjusted Rand index for all models | only for the first
cluster (%) are given for simulations under Gaussian regression models for
Kire € {1,3,9}, p € {5,10}, n € {500, 1000}, and the scenarios “I” and “io”.
Compared methods are AIC, BIC, AICex1, AlCex2, AICi, BICi, AlCiexl1,

AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only or the
constant model.
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Kirue|n[p[s AIC AlICexl AlICex2 BIC AICi AlCiexl AlICiex2 BICi MoE MoEk
1[500]5[T 0.10 0.10 0.10 0.10 2.33 4.02 3.98 2.87 0.10 0.10
1/500]5|io 0.10 0.09 0.10 0.09 0.01 0.01 0.01 0.01 0.09 0.09
1|1000]5|1 0.05 0.04 0.04 0.04 2.19 4.21 4.11 2.58 0.04 0.04
1|1000|5]io 0.05 0.05 0.05 0.05 0.01 0.00 0.00 0.00 0.05 0.05
1/500]10|1 0.19 0.19 0.19 0.19 6.19 9.06 9.02 7.04 0.19 0.19
1|500]10]io 0.19 0.18 0.18 0.18 0.02 0.01 0.01 0.01 0.18 0.18
1/1000|10|1 0.09 0.09 0.09 0.09 6.25 8.91 8.86 6.66 0.09 0.09
1|1000|10[io  0.10 0.09 0.10 0.09 0.01 0.01 0.01 0.01 0.09 0.09
3[500]5[T 0.33 0.32 0.32 0.32 2.64 3.98 3.98 3.78 2.74 2.46
3|500[5|io 0.22 0.21 0.22 0.20 0.06 0.05 0.05 0.05 0.20 0.20
3|100015|1 0.17 0.16 0.16 0.16 2.48 4.03 4.03 2.95 2.25 0.81
3|1000|5]io 0.16 0.16 0.16 0.16 0.03 0.02 0.02 0.02 0.16 0.16
3|500|10]|1 0.59 0.58 0.59 0.62 6.24 8.42 8.41 8.16 5.66 5.61
3|500(|10[io 0.26 0.26 0.26 0.26 0.05 0.04 0.04 0.04 0.26 0.26
3|/1000]10|1 0.29 0.29 0.29 0.29 6.23 8.39 8.39 6.95 2.46 1.64
3/1000|10Jio  0.16 0.16 0.16 0.15 0.04 0.03 0.03 0.03 0.15 0.15
9[500[5[T 1.04 2.88 1.04 3.43 3.19 3.41 3.41 3.40 3.44 3.44
9(500|5|io 0.11 0.11 0.11 0.10 0.22 0.28 0.26 0.38 0.10 0.10
9/1000]5|1 0.53 0.60 0.52 2.56 3.02 3.34 3.34 3.34 3.36 3.35
9]1000|5|io 0.06 0.05 0.06 0.05 0.13 0.19 0.17 0.25 0.05 0.05
9|500(10|1 2.10 5.80 1.99 6.73 6.30 6.72 6.72 6.71 6.74 6.74
9|500(|10[io 0.20 0.19 0.20 0.19 0.21 0.29 0.27 0.39 0.19 0.19
9(1000]10(1 0.92 0.99 0.92 4.94 6.18 6.64 6.64 6.64 6.61 6.63
9(1000|10Jio  0.10 0.10 0.10 0.10 0.13 0.21 0.17 0.25 0.10 0.10

Table S18&:

where ‘9”

Mean squared errors for the linear predictor are given for simu-
lations under Gaussian regression models for Ky, € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “io”.
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,
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stands for the intercept-only or the constant model.

Compared methods are



Logistic

regression with K-means clustering

Kirue|np[s AIC AICex1 AICex2 BIC AICi AlICiexl AlICiex2 BICi MoE MoEk

T[500]5[T 90[ 10[ 0 97 3] 0 92[ 8] 0 T00[ O] 0 0]100] 0 15/ 85] 0 14| 86] 0 _ 0[100] 0 100] 0] 0 100 0] 0
1/500|5|W 93| 71 0 99| 1| 0 94| 6] 0 100| 0| O 1] 99| 0 13| 87| 0 12| 88| 0 3| 971 0 100| 0] O 100| 0| O
1/1000]5]1 94| 6] 0 98] 2| 0 95| 5] 0 100/ 0] 0 0]100] 0 7] 93] 0 71 93 0 0/100] 0 100/ 0] 0  100] 0] O
1/1000|5|W 95| 5 0 97| 3| 0 96| 4| O 100/ 0| O  0[100| O 71 93] 0 5/ 95/ 0 4] 96| 0 100| 0] O 100| 0| O
1/500[10]1 95| 5] 0 100/ 0] 0 98| 2| 0 100/ 0] 0 0]100] 0 15/ 85/ 0 13/ 87/ 0  0[100]0 100/ 00  100| 0] 0
1/500/10/W 90| 10/ 0 97| 3| 0 94| 6] 0 100/ 0] 0 0[100] 0  12[ 88/ 0 11|89/ 0 5/ 950 1000/ 0  100| 0] 0
1/1000|10|T 96| 4| 0 100]| 0] O 98| 2| 0 100| 0| O 0[100] O 10] 90| 0 10| 90| 0 0|100]| O 100] 0] O 100] 0] O
1/1000[10|W  96] 4| 0 99/ 1] 0 96| 4| 0 100/ 0| O 0[100] O 4] 96| 0 4] 96| 0 0]/100] O 100| 0] O 100| 0] O
3[500[5]T 92[ 3] 0 95 5] 0 94/ 6] 0 95[ 0] 5 0[100] 0 0] 0[100 0] 2] 98 0[97] 3 26]3[ 71 39] 1] 60
3]500(5|W 76/ 23| 1 84/ 10/6 80/ 17| 3 63/ 0/ 37 0/100]0 0] 6] 94 0] 9] 91 0/92|8 5095 2| 0] 98

3]1000|5|1 88/ 12/ 0 94] 6|0 91| 9] 0 100/ 0| 0 0]100[ 0 0] 4] 96 o] 7| 93 0/100] 0 39| 13| 48 66| 3| 31
3/1000|5|W 94| 6| 0 95| 3| 2 93| 6 1 920/ 8  0/100]0 0] 7] 93 0] 1486 0/ 991 17| 0|83 18] 0| 82
3]500|10|1 81119/ 0 94| 6|0 88/ 12/ 0 85/ 0/ 15 0[100] 0 0] 0]100 0] 0]100 0] 88] 12 2| 0] 98 7] 0] 93

3/500[10|W 81| 16| 3 91| 2| 7 85| 8 7 57| 0 43 0/100] 0 0] 2| 98 0] 6] 94 0] 87| 13 1| 0] 99 2| 0] 98

3]1000[10]T 95| 5] 0 97| 3] 0 95| 5] 0 100/ 0| 0 0]100[ 0 0] 5 95 o] 8] 92 0]99]1 304/ 66 61| 6] 33
3/1000{10]W 96| 4| 0 94| 1| 5 93| 2| 5 730/ 27 0/100] 0 0] 8] 92 0/ 128 0/99]1 7/ 0] 93 3] 0| 97
9[500]5[T 65| 29| 6 68] 13] 19 76[ 1717 17 0] 99 0| 83| 17 0] 0[100 0] 0]100 0[ 1] 99 0] 0]100 0| 0[100
9|500|5|W 43| 46| 11 39| 12| 49 43| 12| 45 0] 0|100 0| 94| 6 0| 0|100 0| 0/100 0| 9| 91 0| 0/100 0| 0/100
9(1000]5|1 84| 16| 0 87| 10| 3 86| 14| 0 80| 1] 19 0| 98| 2 0| 0/100 0| 0/100 0| 23| 77 0] 0/100 0| 0/100
9/1000|5|W 68| 26| 6 61| 10| 29 59| 16| 25 32| 0/ 68 0] 98] 2 0| 0|100 0| 0/100 0| 36| 64 0] 0|100 0| 0/100
9(500(10|1 23| 46| 31 22| 4| 74 25| 4| 71 0| 0]100 0| 81| 19 0| 0/100 0| 0/100 0| 0]100 0| 0/100 0| 0/100
9]500/10|W 20| 43| 37 7| 0] 93 7] 0] 93 0/ 0100 0] 89| 11 0/ 0[100 0] 0]100 0] 1| 99 0| 0]100 0] 0]100
9/1000|10|T 52| 48] 0 70| 17| 13 65| 32| 3 36| 0] 64 1] 95| 4 0| 0/100 0| 0/100 0| 1| 99 0| 0/100 0| 0/100
9/1000|10|W 65| 31| 4 57| 6] 37 56| 10| 34 2| 0] 98 0] 97| 3 0] 0]100 0] 0/100 0| 23] 77 0] 0]100 0] 0/100

Table S19: Proportions of selected number of clusters (%), correct-|over-

lunder-estimations, are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “W”. Compared methods are AIC, BIC, AICex1, AlCex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1l AlICex2 BIC AICi AICiexl AlICiex2 BICi MoE MoEk
1[500]5]T 90] 90 97| 97 92] 92 100[100 0] O 15[ 15 14] 14 0] 0 100[100  100[100
1/500|5|W 93| 93 99| 99 94| 94 100{100 11 13| 13 12| 12 3|3 100{100  100{100
1/1000]5|1 94| 94 98| 98 95| 95 100{100 0| O 77 7 0] 0 100|100 100|100
1|1000|5|W 95| 95 97| 97 96| 96 100{100 0| O T 5/ 5 4] 4 100/100 100|100
1/500]10|1 95| 95 100|100 98| 98 100{100 0| O 15| 15 13| 13 0] 0 100|100 100|100
1/500|10|W 90| 90 97| 97 94| 94 100{100 0| O 12| 12 11| 11 5|5 100{100 100|100
1/1000|10|1 96| 96 100|100 98| 98 100{100 0| O 10| 10 10| 10 0] 0 100|100 100|100
1/1000[10|W 96| 96 99| 99 96| 96 100{100 0] O 4] 4 4] 4 0/ 0 100/100 100|100
3[500]5]T 97| 97 99| 99 99| 98 98100 30| 24 1] 0 715 39| 31 32| 54 54| 81
3|500[5|W 93| 93 96| 98 95| 97 82| 93 30| 23 13| 13 17| 17 38/ 30 27| 38 36| 49
3|1000]5|1 98| 95 99| 98 99| 97 100|100 30|22 6|7 13| 10 34| 25 59| 90 76| 95
3|1000|5|W 99| 99 99| 98 99| 98 97| 97 29| 23 10| 7 19| 14 33| 26 42| 58 51| 66
3|500(10(1 91| 88 99| 98 97| 95 94100 31122 7|4 11| 6 37| 28 15| 23 20| 30
3|500[10|W 93| 93 97| 96 95| 95 80| 93 3022 5|6 13| 16 33| 26 25| 35 34| 48
3|1000|10|T 99|100 100|100 99|100 100|100 30| 21 8|7 15| 12 35| 26 45| 65 67| 85
3[1000[10|W 99| 98 96| 96 96| 96 89| 99 29121 9|8 14| 12 33| 26 43| 59 45| 60
9[500]5[T 97] 95 89| 89 98| 97 9] 9 69| 66 110 210 11 0] 0 0] 0
9|500|5|W 94| 94 80| 82 88| 91 18] 14 7976 2|1 2|1 8| 7 1] 0 2|0
9[100015|1 99| 98 98| 97 99| 98 97100 81| 80 1] 0 2|0 19119 0|0 0] 0
9/1000|5|W 98| 98 91| 93 94| 95 72| 73 81| 82 1] 0 2|0 30130 6|3 11] 9
9(500(10|1 86| 85 50| 46 73| 71 0| 0 70169 3|1 3|1 1|1 0] 0 0] 0
9|500|10|W 87| 88 60| 55 69| 68 4] 2 751 71 2|1 2|1 11 0] 0 1] 0
9/1000(10|T 97| 96 95| 93 98| 96 76| 83 80| 79 1] 0 1] 0 1|1 0] 0 0] 0
9/1000/10|W 97| 98 91| 91 93] 92 47| 44 81|75 3|0 3/ 0 20117 2|2 4] 3

Table S20: Average of adjusted Rand index for
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “i0”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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all models | only for the



Kirue|n[p[s AIC AICex1 AICex2 BIC AICi AICiex1 AICiex2 BICi MoE MoEk
1[500]5[T 0.10 0.09 0.10 0.09 2.38 3.88 3.88 2.62 0.09 3.91
1/500|5|W 0.09 0.09 0.09 0.09 2.12 2.52 2.50 2.13 0.09 3.30
1|1000]5|1 0.05 0.05 0.05 0.05 2.30 3.91 3.91 2.41 0.05 3.94
1|1000|5|W 0.04 0.04 0.04 0.04 1.71 2.67 2.54 1.67 0.04 3.28
1/500]10|1 0.29 0.27 0.27 0.27 6.66 8.91 8.89 6.97 0.27 8.14
1/500|10|W 0.24 0.22 0.23 0.22 5.67 6.73 6.56 5.72 0.22 7.41
1/1000|10|1 0.13 0.12 0.12 0.12 6.86 9.07 9.01 6.95 0.12 8.17
1/1000]|10|W 0.13 0.12 0.13 0.12 5.68 7.65 7.57 5.89 0.12 8.48
3[500[5[T 0.32 0.32 0.32 0.31 2.48 3.99 3.98 2.67 13.68 6.80
3|500|5|W 0.40 0.39 0.40 0.42 2.32 3.66 3.66 2.40 7.91 6.71
3|1000]5|1 0.16 0.15 0.16 0.15 2.59 3.99 3.99 2.62 5.69 2.71
3|1000|5|W 0.16 0.16 0.16 0.17 2.05 3.83 3.74 2.10 10.30 12.64
3|500(10|1 1.36 1.17 1.28 1.31 6.47 8.33 8.33 6.75 6.56 8.33
3|500|10|W 1.21 1.18 1.20 1.24 5.95 8.29 8.26 6.34 11.93 29.52
3|1000|10|1 0.43 0.43 0.43 0.41 6.65 8.32 8.26 6.71 185.67 30.86
3/1000|10|W 0.42 0.42 0.43 0.50 6.06 8.53 8.49 6.11 45.20 40.93
9[500[5[T 2.00 1.81 1.77 3.27 2.93 3.28 3.28 3.28 3.29 3.53
9|500|5|W 3.05 1.94 1.88 2.56 2.73 3.33 3.33 3.25 3.15 3.45
9/1000]5|1 0.61 0.60 0.60 0.62 2.96 3.33 3.33 3.27 3.33 3.59
9(1000|5|W 0.68 0.69 0.70 1.01 2.76 3.35 3.35 2.97 3.15 2.95
9]500(10|1 2611.26 6.86 8.58 6.70 6.13 6.74 6.74 6.74 6.70 6.90
9(500|10|W 2082.72 4.38 4.69 5.68 5.67 6.44 6.44 6.42 5.91 6.48
9|1000(10|T 3.52 2.54 2.78 2.72 6.23 6.66 6.66 6.66 6.65 6.90
9/1000|10|W 2.53 2.20 2.21 3.45 5.79 6.53 6.53 6.22 6.17 6.28
Table S21: Mean squared errors for the linear predictor are given for sim-

ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “io”.
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

stands for the intercept-only or the constant model.

where

733}
1
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Compared methods are



Kirue|n[p[s AIC AICex1 AICex2 BIC AICi AICiexl1 AICiex2 BICi MoE MoEk

1[500]5]T 90[ 10] 0 97] 3] 0 92 8] 0 T00] 0] 0 0]100] 0 15/ 85] 0 14| 86] 0 _ O0[100] 0 _ 100] 0] 0 _ 100] 0] 0
1/500]5k1 91| 9] 0 98] 2| 0 91| 9| 0 100/ 0| 0 0[100[ 0 11/ 89| 0 7] 93| 0 0100 0 100/ 0| 0  100| 0] O
1/1000]5]T 94| 6| 0 98] 2| 0 95| 5| 0 100{ 0| 0 0[100[ 0 7| 93| 0 71 93] 0 0100 0 100/ 0] 0  100| 0] O
1{1000{5|k1 94| 6| O 98] 2| 0 95| 5| 0 100{ 0| 0 0[100[ 0 7| 93] 0 71 93] 0 0[100 0 100/ 0| 0  100| 0] O
1|500/10]T 95| 5| 0 100/ 0/ 0 98| 2|0 100/ 0| 0 0[100 0 15| 85| 0 13/ 87| 0  0[100/ 0 100/ 0| 0  100| 0| 0
1|500/10(k1 95| 5/ 0 98| 2| 0 97/ 3| 0 100/ 0| 0 0[100 0 17/ 83| 0  15/85/0  0[100/ 0 100/ 0| 0  100| 0| 0
1/1000[10]T 96| 4] 0 100/ 0] 0 98| 2| 0 100/ 0| 0 0[100 0  10] 90| 0 10/ 90| 0  0[100] 0 100/ 0| 0  100| 0] 0
1{1000[10|k1 96| 4] O 100[ 0] 0 98[2]0 100/ 0/ 0 0[100[ 0 10/ 90/ 0 10/ 90/ 0  0[100j 0O 100/ 0/ 0  100| 0] 0
3[500[5[T 92[ 8 0 95 5] 0 94[ 6] 0 95[ 0] 5 0]100] 0 0] 0[100 0] 2] 98 0[97] 3 26] 3] 71 39 1] 60
3|500|5|k1 87|13/ 0 93| 5|2 87/ 130 99/0/1  0[100[0 0] 0[100 0] 0[100 0| 57| 43 1] 0] 99 8| 0] 92
3]1000|5|1 88/ 12/ 0 94| 6|0 91| 9| 0 100/ 0| 0 0[100] 0 0| 4| 96 0| 7| 93 0[100] 0 39| 13| 48 66| 3| 31
31000(5/k1 92| 8| 0 96| 3| 1 94| 6| 0 100/ 0| 0 0[100] 0 0| 3| 97 0| 5| 95 0] 95| 5 17/ 1|82 52| 2|46
3]500|10|1 81/19/0 94| 6|0 88/ 12/ 0 85/ 0] 15 0[100/ 0 0| 0[100 0] 0[100 0| 88| 12 2| 0] 98 7] 0] 93
3|500[10[k1 91| 9] 0 92| 1| 7 95| 5| 0 90/ 0] 10 0[100] 0 0] 1| 99 ol 1| 99 0| 46| 54 0| 0/100 0] 0/100
3[1000|10]T 95| 5| 0 97| 3| 0 95| 5| 0 100/ 0| 0 0[100[ 0 0| 5/ 95 0| 8 92 0/ 99| 1 3014/ 66 61| 6] 33
3]1000[10(k1 95| 5/ 0 97 2| 1 95| 5/ 0 100/ 0/ 0 0[100[ 0 0/ 0[100 0] 0[100 0] 80[ 20 2| 0| 98 23] 0] 77
9]500[5]T 65[ 29[ 6 68| 13] 19 76| 17] 7 1] 0[ 99 0] 83] 17 0] 0]100 0] 0[100 0] 1] 99 0] 0]100 0] 0[100
9[500|5|k1 55/ 33| 12 27| 4] 69 63| 24| 13 0/ 0/100 0| 54| 46 0| 0[100 0] 0[100 0] 0]100 0] 0|100 0] 0/100
9]1000|5|1 84|16/ 0 87/ 10/3 86/ 14/ 0 80/ 1|19 0]/98/2 0/ 0[100 0| 0[100 0] 23| 77 0| 0|100 0] 0/100
9[1000|5/k1 83| 16/ 1 52| 6|42 85| 12| 3 0/ 0/100 0| 82| 18 0| 0/100 0| 0[100 0] 0]100 0| 0/100 0] 0/100
9]500|10|1 23] 46| 31 22/ 4|74  25/4/71 0/ 0[100 0] 81|19 0/ 0/100 0] 0[100 0] 0]100 0] 0|100 0] 0/100
9[500|10/k1 23| 57| 20 37| 4|59 52| 16/ 32 0| 0/100 1] 45/ 54 0| 0[100 0| 0[100 0] 0]100 0| 0/100 0] 0/100
9[1000[10]T 52|48/ 0 70| 17| 13 65/ 32| 3 36/ 0/ 64 1| 954 0] 0100 0| 0[100 0| 1|99 0] 0100 0] 0/100
9]1000/10/k1 59| 38/ 3 44|10/ 46 60/ 34/ 6 0/ 0[100 1] 78/ 21 0/ 0[100 0]/ 0[100 0] 0]100 0] 0/100 0] 0/100

Table S22: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “k1”. Compared methods are AIC, BIC, AlCex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kowelnlpls  AIC AICex1 AlCex2 BIC AICi AlCiexi AICiex2 BICi MoE MoEK
1[500]5[1 90[ 90 97] 97 92 92 100[100 0] 0 5] 16 4] 14 0] 0 100[100 _ 100]100
1|500]5/k1 91| 91 98| 98 91| 91 100/100 0] 0 11 11 717 0/ 0 100{100 100|100
1|1000|5(1 94| 94 98] 98 95| 95 100/100 0] O 7|7 77 0] 0 100{100  100[100
1/1000|5|k1 94| 94 98] 98 95| 95 100/100 0] 0 71 7 717 0] 0 100{100  100[100
1|500|10]1 95/ 95 100|100 98] 98 100/100 0] O 15| 15 13| 13 0] 0 100{100  100[100
1/500/10/k1 95/ 95 98| 98 97| 97 100/100 0] 0 17| 17 15| 15 0/ 0 100{100 100|100
1/100010|T 96| 96 100|100 98| 98 100/100 0] O 10| 10 10| 10 0] 0 100{100  100[100
1/1000{10/k1 96/ 96  100/100 98| 98 100/100 0] 0 10] 10 10] 10 0] 0 100/100 100|100
350051 9797 99] 99 99] 98 98[100  30[ 24 1] 0 T5 3931 32| 54 54] 81
3[500(5|k1 97| 99 98| 98 97| 99 99/ 99 31|36 2|0 4/ 0 25/ 29 3|5 11] 20
3]1000]5|1 98| 95 99| 98 99| 97 100/100 30| 22 6|7 13] 10 34| 25 59| 90 76| 95
3/1000|5|k1  98|100 98| 99 99]100 100/100 29|33 4|3 10| 5 3539 12/ 24 54| 81
3]500[10|1 91| 88 99| 98 97| 95 94|100 31|22 7|4 11] 6 37| 28 15| 23 20| 30
3/500{10(k1 96| 97 94| 93 98] 99 90/ 90 32|37 6|1 10| 2 23|27 1|2 417
3]1000[10|1 99/100  100[100  99]100 100/100 30| 21 8| 7 15| 12 35| 26 45| 65 67| 85
3/1000[10/k1  99|100 99| 99 99]100 100/100 31|37 5[0 711 3341 8| 12 27| 44
9[500]5]1 97] 95 89| 89 98] 97 91 9 69[66 1]0 270 1 0/ 0 0] 0
9]500]5/k1 94| 96 43| 38 96| 94 0| 0 49|52 2]0 2/ 0 10 0] 0 0] 0
9]1000]5|1 99| 98 98| 97 99| 98 97|100 81|80 1|0 2/ 0 19/19 0] 0 0/ 0
9]1000|5|k1  99]100 70| 64 98| 99 110 68|75 1|0 10 0] 0 0] 0 0] 0
9]500[10|1 86| 85 50| 46 73| 71 0| 0 70/ 69 3| 1 3] 1 1)1 0/ 0 0/ 0
9/500/10|k1 88| 88 53| 49 91| 84 0] 0 43143 2|0 3]0 0] 0 0] 0 0] 0
9]1000[10|1 97| 96 95| 93 98| 96 76/ 83 80|79 1|0 10 11 0] 0 0] 0
9/1000{10/k1 97| 98 66| 60 97| 97 0] 0 68| 73 2|0 2/ 0 0] 0 0] 0 0] 0

Table S23: Average of adjusted Rand index for

all models | only for the

first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “k1”. Compared methods are AIC, BIC, AlCex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only

or the constant model.
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Kirue|n[p[s AIC AICex1l AlICex2 BIC AICi AlICiexl AlCiex2 BICi MoE MoEk

1[500]5[T 0.10 0.09 0.10 0.09 2.38 3.88 3.88 2.62 0.09 3.91
500]5|k1 0.10 0.09 0.10 0.09 2.31 4.09 4.00 2.60 0.09 3.94
1000]5|1 0.05 0.05 0.05 0.05 2.30 3.91 3.91 2.41 0.05 3.94
1000|5|k1 0.05 0.05 0.05 0.05 2.30 3.91 3.91 2.41 0.05 3.94
500|10|I 0.29 0.27 0.27 0.27 6.66 8.91 8.89 6.97 0.27 8.14
500|10]k1 0.24 0.24 0.24 0.24 6.73 8.90 8.88 6.93 0.24 8.09
1000|10|1 0.13 0.12 0.12 0.12 6.86 9.07 9.01 6.95 0.12 8.17
1000[10]k1 0.13 0.12 0.12 0.12 6.86 9.07 9.01 6.95 0.12 8.17

500[5]T 0.32 0.32 0.32 0.31 2.48 3.99 3.98 2.67 13.68 6.80
500]5|k1 0.26 0.25 0.26 0.25 1.29 1.95 1.95 1.60 1.61 2.09
1000]5|1 0.16 0.15 0.16 0.15 2.59 3.99 3.99 2.62 5.69 2.71
1000|5|k1 0.12 0.12 0.12 0.12 1.23 1.97 1.96 1.29 1.67 3.46
500]10|I 1.36 1.17 1.28 1.31 6.47 8.33 8.33 6.75 6.56 8.33
500[10|k1 0.85 0.82 0.81 0.87 3.17 3.94 3.94 3.68 3.23 3.92
1000]10|1 0.43 0.43 0.43 0.41 6.65 8.32 8.26 6.71 185.67  30.86
1000]10/k1  0.29 0.29 0.29 0.28 3.20 3.97 3.97 3.37 3.30 14.73

500[5[T 2.00 1.81 1.77 3.27 2.93 3.28 3.28 3.28 3.29 3.53
500]5|k1 1.25 1.09 0.98 1.14 1.10 1.12 1.12 1.12 1.14 1.35
1000(5|1 0.61 0.60 0.60 0.62 2.96 3.33 3.33 3.27 3.33 3.59
1000|5|k1 0.36 0.58 0.37 1.14 1.07 1.13 1.13 1.13 1.14 1.38
500]10|1 2611.26 6.86 8.58 6.70 6.13 6.74 6.74 6.74 6.70 6.90
500|10|k1 1778.58 2.70 35.45 2.24 2.20 2.22 2.22 2.22 2.24 2.45
1000|10|1 3.52 2.54 2.78 2.72 6.23 6.66 6.66 6.66 6.65 6.90
1000]10]k1 1.28 1.95 1.28 2.23 2.12 2.22 2.22 2.22 2.23 2.46

© OO YVYWYOLYOWWWWWWWWHFHKFEKFKFEF&

Table S24: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “kl”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

where “i” stands for the intercept-only or the constant model.
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Kirue|n[p[s AIC AICex1 AICex2 BIC AICi AICiex1 AICiex2 BICi MoE MoEk

T[500]51 90[ 10[ 0 97[ 3] 0 921 8[ 0 T00[ 0] 0 0[100] 0 15/ 85/ 0 14| 86] 0  0[I00] 0 100 0] 0 100] 0] 0
1/5005|Imb 86| 14| 0 95| 5| 0 90| 10| 0 100/ 0| 0  0[100| O 13| 87| 0 13| 87| 0 0/100] O 100| 0| O 100/ 0| O
1/1000]5|1 94| 6] 0 98| 2| 0 95| 5| 0 100/ 0| 0  0[100| O 71 93| 0 71 93| 0 0|100] O 100| 0| O 100| 0| O
1/1000|5|Imb 94| 6| 0 99| 1] 0 98] 2| 0 100/ 0| 0  0[100| O 3|97/ 0 3] 97| 0 0/100] O 100| 0| O 100/ 0| O
1/500(10]1 95| 5] 0 100/ 0/ 0 98] 2| 0 100/ 0] 0 0/100[ 0 15| 85[0 13|87/ 0  0/100] 0 100/ 0] 0  100| 0] 0
1/500/10|{Imb 94| 6| 99| 1] 0 96| 4] 0 100/ 0| 0  0[100| O 20| 80| 0 17| 83| 0 11 99| 0 100| 0| O 100/ 0| O
1/1000[10|T 96/ 4| 100/ 0/ 0 98] 2| 0 100/ 0] 0 0]100] 0 10/ 90] 0 10/ 90| 0  0]100] 0 100/ 0] 0  100| 0] 0
1/1000[10[Imb 95| 5| 100] 0] O 95| 5] 0 100/ 0| 0 0[100| O 71 93] 0 6] 94| 0 0[100]| 0 100| 0] O 100/ 0| O
3[500[5]T 92[ 8] 95] 5] 0 94 6] 0 95[ 0] 5 0[100] 0 0] 0]100 0] 2] 98 0] 9713 26[ 3] 71 39] 1] 60
3|500/5|Imb 88| 12| 0 95| 5| 0 91| 9] 0 100[ 0| O 0[100] O 1] 0] 99 3| 2| 95 0/100] O 2| 0] 98 71 0] 93
3/1000]5|1 88| 12| 0 94| 6| 0 91| 9] 0 100/ 0| 0  0[100| O 0| 4| 96 0| 7] 93 0/100] O 39| 13| 48 66| 3| 31
3/1000|5|Imb 97| 3] 0 99| 1] 0 97| 3] 0 100| 0| O 0[100] O 0| 2| 98 1| 3| 96 0/100] O 4| 0] 96 46| 1| 53
3|500(10(1 81| 19] 0 94| 6| 0 88| 12| 0 85| 0] 15  0[100| O 0| 0/100 0| 0/100 0| 88| 12 2| 0] 98 7] 0] 93
3|/500/10|Imb 87| 13| 0 97| 1] 2 96| 4| 0 100[ 0| O  0[100] O 0| 1| 99 1| 1] 98 0] 97| 3 0| 0/100 0] 0100
3|1000(10|T 95| 5] 0 97| 3| 0 95| 5] 0 100/ 0| 0  0[100| O 0| 5| 95 0| 8| 92 0] 99| 1 30] 4| 66 61| 6] 33
3[1000[10[Imb 95| 5] 0 99| 1] 0 96| 4] 0 100/ 0| O 0]100] O 0] 1] 99 1] 3] 96 0[100] 0 5| 0] 95 7] 0] 93
9[500]5[T 65| 29| 6 68] 13[ 19 76| 17 7 17 0] 99 0] 83| 17 0| 0]100 0] 0[100 0[ 17 99 0] 0[100 0] 0100
9|500|5|Imb 27| 44| 29 19| 10| 71 21| 24| 55 0] 0|100 2| 93| 5 0| 0/100 0| 0[100 0| 1] 99 0| 0[100 0] 0]100
9[100015|1 84| 16| 0 87| 10| 3 86| 14| 0 80| 1] 19 0] 98] 2 0| 0/100 0| 0/100 0| 23| 77 0| 0[100 0] 0/100
9/1000|5|Imb 34| 58] 8 23| 9| 68 32|39/ 29 4] 0] 96 0] 99| 1 0| 0/100 0| 0/100 1| 26| 73 0] 0]100 0] 0[100
9(500(10|1 23| 46| 31 22| 4] 74 25| 4] 71 0] 0]100 0| 81| 19 0| 0/100 0| 0/100 0| 0|100 0| 0/100 0] 0/100
9]500|10[Imb 20| 47| 33 3| 0] 97 4] 0] 96 0] 0/100 2| 83| 15 0] 0[100 0| 0[100 1] 2| 97 0] 0]100 0] 0]100
9/1000(10|T 52| 48] 0 70| 17| 13 65| 32| 3 36| 0| 64 1| 95| 4 0| 0/100 0| 0/100 0| 1] 99 0| 0/100 0] 0/100
9]1000/10[Imb 21| 47| 32 8| 0] 92 13/ 14| 73 2/ 0/ 98 3/ 92]5 0] 0/100 0] 0]100 1] 6/ 93 0] 0]100 0] 0]100

Table S25: Proportions of selected number of clusters (%), correct-|over-

lunder-estimations, are given for simulations under logistic regression models
for Kiwe € {1,3,9}, p € {5,10}, n € {500, 1000}, and the scenarios “I” and
Compared methods are AIC, BIC, AlCex1, AICex2, AICi, BICi,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.

((Imb” .
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Kirue|n[p[s AIC AICex1 AICex2 BIC AICi AICiexl AICiex2 BICi MoE MoEk
1[500]5]T 90] 90 97| 97 92] 92 100[100 O] O 15[ 15 14] 14 o]0 100[100 100[100
1/5005|Imb 86| 86 95] 95 90| 90 100{100 0| O 13| 13 13| 13 0] 0 100{100 100{100
1|1000]5|1 94| 94 98] 98 95| 95 100|100 0| O 7 77 (0] 100{100 100{100
1/1000|5|Imb 94| 94 99| 99 98| 98 100{100 0| O 3| 3 313 (0] 100{100 100{100
1/500]10]1 95| 95 100|100 98| 98 100|100 0| O 15| 15 13| 13 (0] 100{100 100{100
1/500/10|Imb 94| 94 99| 99 96| 96 100/100 0| O 20| 20 17| 17 11 100{100 100{100
1/1000|10|1 96| 96 100|100 98| 98 100|100 0| O 10| 10 10| 10 (0] 100{100 100{100
1/1000[10[Imb 95| 95 100|100 95| 95 100|100 0] O 77 6] 6 0] 0 100{100 100[100
3[500]5]T 97| 97 99| 99 99| 98 98100 30124 1|0 715 39[ 31 32[ 54 54| 81
3|500/5|Imb 93| 99 98(100 96100 100100 19| 50 4|2 12| 9 26| 67 14| 13 39| 39
3|1000]5|1 98| 95 99| 98 99| 97 100|100 30|22 6|7 13| 10 34|25 59| 90 76| 95
3/1000|5|Imb 99/100 100|100 99100 100|100 16| 51 75 17| 11 19| 59 29| 26 69| 72
3|500(10|1 91| 88 99| 98 97| 95 94100 31122 7|4 11| 6 37|28 15| 23 20| 30
3|/500/10|Imb 92| 98 99| 99 98100 100(100 19/ 57 5|3 13| 7 26| 73 6|7 18| 19
3|1000(10|T 99(100 100|100 99100 100|100 30| 21 8|7 15| 12 35| 26 45| 65 67| 85
3(1000{10/Imb  97|100 100|100 98100 100]100 17159 3|2 14| 9 23| 75 25|29 55| 58
9[500]5[T 97] 95 89| 89 98| 97 9] 9 69| 66 110 210 171 0] 0 0] 0
9]/500|5|Imb 93| 90 64| 55 92| 82 16| 9 72194 1|0 4] 1 11 (0] (V0]
9(100015|1 99| 98 98] 97 99| 98 97|100 81| 80 10 2|0 19/ 19 0[]0 0l 0
9/1000|5|Imb 94| 98 81| 61 95| 90 93| 52 73|97 1|0 4] 2 20127 0|1 14] 2
9(500(10|1 86| 85 50| 46 73| 71 0| 0 70169 3|1 3|1 11 (0] (0]
9/500|10|Imb 90| 87 45| 29 81| 56 1] 0 67|84 1|0 4] 1 3| 3 (0] (0]
9/1000(10|T 97| 96 95] 93 98| 96 76| 83 80| 79 1] 0 1|0 11 (0] (0]
9/1000[10|Imb 92| 87 58] 38 89| 69 81| 45 74194 1|1 4] 1 6] 7 0] 0 1] 0

Table S26:

((Imb” .

Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiwe € {1,3,9}, p € {5,10}, n € {500, 1000}, and the scenarios “I” and

Compared methods are AIC, BIC, AlCex1, AlCex2, AICi, BICi,

AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.

51



Kirue|n[p[s AIC AICex1l AlICex2 BIC AICi AlICiexl AlCiex2 BICi MoE MoEk
1[500]5[T 0.10 0.09 0.10 0.09 2.38 3.88 3.88 2.62 0.09 3.91
1/500/5|Imb 0.10 0.09 0.10 0.09 2.47 3.84 3.80 2.61 0.09 3.97
1|1000]5|1 0.05 0.05 0.05 0.05 2.30 3.91 3.91 2.41 0.05 3.94
1/1000|5|Imb 0.05 0.05 0.05 0.05 2.28 3.78 3.78 2.37 0.05 3.92
1/500]10|1 0.29 0.27 0.27 0.27 6.66 8.91 8.89 6.97 0.27 8.14
1|500]10|Imb 0.26 0.26 0.26 0.25 6.67 9.16 9.08 6.94 0.25 8.17
1/1000|10|1 0.13 0.12 0.12 0.12 6.86 9.07 9.01 6.95 0.12 8.17
1/1000|10[Imb  0.13 0.12 0.13 0.12 6.93 8.92 8.91 7.02 0.12 8.22
3[500]5[T 0.32 0.32 0.32 0.31 2.48 3.99 3.98 2.67 13.68 6.80
3|500|5|Imb 0.36 0.35 0.36 0.35 2.65 4.43 4.43 2.83 2.41 3.91
3|100015|1 0.16 0.15 0.16 0.15 2.59 3.99 3.99 2.62 5.69 2.71
3|1000|5|Imb 0.15 0.15 0.15 0.15 2.62 4.45 4.45 2.66 7.27 2.75
3|500|10]|1 1.36 1.17 1.28 1.31 6.47 8.33 8.33 6.75 6.56 8.33
3|500|10|Imb 1.45 1.40 1.40 1.37 6.82 8.98 8.98 7.17 4.61 8.13
3|1000/10|1 0.43 0.43 0.43 0.41 6.65 8.32 8.26 6.71 185.67  30.86
3/1000]/10|Imb  0.48 0.47 0.48 0.47 7.10 9.16 9.14 7.19 32.99 3.24
9[500[5[T 2.00 1.81 1.77 3.27 2.93 3.28 3.28 3.28 3.29 3.53
9(500|5|Imb 202.68 3.03 2.41 3.04 2.74 3.18 3.18 3.18 3.17 3.38
9/1000]5|1 0.61 0.60 0.60 0.62 2.96 3.33 3.33 3.27 3.33 3.59
9(1000|5|Imb 1.00 0.89 0.90 0.74 2.69 3.15 3.15 3.04 3.24 3.19
9]500(10|1 2611.26  6.86 8.58 6.70 6.13 6.74 6.74 6.74 6.70 6.90
9(500|10|Imb 2416.09  5.74 4.81 6.11 5.69 6.26 6.25 6.22 6.11 6.47
9(1000]10(1 3.52 2.54 2.78 2.72 6.23 6.66 6.66 6.66 6.65 6.90
9(1000[10[Imb  564.27 5.00 2.61 1.86 5.70 6.18 6.18 6.11 6.32 6.38

Table S27:

where

733}
1

Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “Imb”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

52

stands for the intercept-only or the constant model.



2
Q

ORE AIC AlCexi _ AlCex2 _ BIC AlCiexl AlCiex2 BICi MoE MoEk

1[500]5]T 90[ 10] 0 97 3] 0 92[ 8] 0 T00[ 0] 0 0]100] 0 15/ 85] 0  14]86] 0 _ O[100] 0 _ 100] 0] 0 _ 100] 0] 0
1/500/5|Dis 85/ 15/ 0 94| 6] 0 88/ 12/ 0 100/ 0| 0 0[100] 0 16/ 84/ 0 14/ 86/ 0  0[100] 0  100] 0[O  100| O] O
1/1000|5]T 94| 6| 0 98] 2| 0 95| 5| 0 100/ 0] 0 0[100[ 0 7| 93| 0 7] 93] 0 0/100] 0 100/ 0] 0  100| 0] 0
1/1000|5|Dis 89| 11| 0 97| 3] 0 92| 8] 0 100/ 0/ 0 0[100/ 0 7/ 93] 0 7] 93] 0 0[100[ 0 100/ 0| 0  100| 0| 0
1|500/10]T 95| 5| 0 100/ 0| 0 98| 2| 0 100/ 0| 0 0[100] 0 15|85/ 0 13|87/ 0  0[100]0 100/ 0| 0  100| 0] 0
1/500/10|Dis 94| 6] 0 100/ 0] 0 96| 4| 0 100/ 0/ 0 0[100[ 0 15|85/ 0 13|87/ 0  0[100]0 100/ 0| 0  100| 0| 0
1/1000[10|T 96| 4| 0 100[ 0] 0 98| 2|0 100/ 0/ 0 0[100[ 0 10/ 90| 0 10/ 90| 0  0[100] 0 100/ 0| 0  100| 0] 0
1{1000/10|Dis 96| 4] 0 100/ 0] 0 98] 2|0 100/ 0/ 0 0[100/ 0 13/ 87/ 0 12[88/ 0  0[100/0 100/ 0/ 0 100/ 0] 0
3[500[5[T 92[ 8 0 95[ 5] 0 94[ 6] 0 95[ 0] 5 0[100] 0 0] 0[100 0] 2] 98 0[97]3 26 3] 71 39] 1] 60
3|500|5|Dis 82/ 18/ 0 92| 8]0 84|16/ 0 76/ 0/ 24 0[100] 0 0] 0]100 0] 3] 97 0/ 96/ 4 10| 2|88  28|3|69
3]1000|5|1 88/ 12|/ 0 94| 6|0 91| 9] 0 100/ 0| 0  0[100[ 0 0] 4] 96 o| 7| 93 0100 0 39| 13| 48 66| 3| 31
3/1000|5/Dis 84| 16|/ 0 89| 11/ 0 84/ 16/ 0 100/ 0/ 0 0[100| 0 0] 3| 97 0| 4| 96 0100 0 15[ 19] 66 44| 19| 37
3[500|10|T 81/ 19/ 0 94| 6|0 88/ 12/ 0 85/ 0/ 15 0[100[ 0 0| 0]100 0| 0/100 0| 88| 12 2| 0| 98 7] 0] 93
3500/10/Dis 88| 12| 0 97| 3| 0 93| 7 0 86/ 0] 14 0[100] 0 0] 0]100 0] 2| 98 o[ 89| 11 1] 0] 99 4| 0] 96
3]1000(10|1 95| 5| 0 97| 3] 0 95| 5/ 0 100/ 0| 0 0[100[ 0 0| 5/ 95 o] 8| 92 0/99/1 304/ 66  61]6|33
31000]10|Dis 90| 10] 0 92| 8| 0 90/ 10/ 0 100/ 0| 0 0[100] 0 0] 2| 98 0| 5| 95 0/99]1 2| 6|92 21| 3| 76
9]500[5]T 65[20] 6 68 13] 19 76| 17] 7 1] 0] 99 0] 83] 17 0] 0]100 0] 0[100 0] 1] 99 0] 0]100 0] 0]100
9]500|5|Dis 46/ 51|83 61| 18/ 21 61| 27|12 0| 0{100 1|85/ 14 0| 0[100 0] 0]100 0| 0/100 0| 0]100 0] 0]100
9]1000|5|1 84|16/ 0 87|10/ 3 86/ 140 80/ 1|19 0/ 98/ 2 0/ 0[100 0] 0]100 0| 23| 77 0] 0100 0] 0]100
9[1000|5/Dis 62| 38| 0 68| 11|21 64|30 6 44/ 3/ 53 0/ 98/2 0/ 0[100 0| 0[100 0] 8 92 0] 0]100 0] 0]100
9]500|10|I 23| 46] 31 22| 4|74 25/ 4|71 0] 0[100 0] 81| 19 0| 0[100 0] 0]100 0| 0/100 0] 0]100 0] 0/100
9|500|10|Dis 17| 54|29 11| 3/ 86 13| 3/ 84 0/ 0/100 1| 75/ 24 0]/ 0[100 0| 0[100 0] 2| 98 0] 0]100 0] 0]100
9]100010]1 52| 48] 0 70/ 17|13 65/ 32| 3 36/ 0/ 64 1]95/4 0/ 0[100 0] 0]100 0| 1|99 0] 0100 0] 0]100
9]1000/10|Dis 50/ 50/ 0 69| 13] 18 68/ 26/ 6 26/ 1/73 0/ 93|7 0/ 0/100 0/ 0[100 0[5/ 95 0] 0]100 0] 0]100

Table S28: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under logistic regression models
for Kiwe € {1,3,9}, p € {5,10}, n € {500, 1000}, and the scenarios “I” and
“Dis”. Compared methods are AIC, BIC, AlCex1, AlCex2, AICi, BICi,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1l AlCex2 BIC AICi AICiexl AICiex2 BICi MoE MoEk
1[500]5]T 90] 90 97| 97 92] 92 100[100 O] O 15[ 15 14] 14 0] 0 100100  100[100
1|5001/5|Dis 85| 85 94| 94 88| 88 100{100 0| O 16| 16 14| 14 0] 0 100/100 100|100
1/1000]5|1 94| 94 98| 98 95| 95 100/100 0| O 77 7 0] 0 100/100 100|100
1|1000|5|Dis 89| 89 97| 97 92| 92 100{100 0| O e 77 0] 0 100/100 100|100
1/500]10|T 95| 95 100|100 98| 98 100/100 0| O 15| 15 13| 13 0] 0 100/100 100|100
1/500/10|Dis 94| 94 100[100 96| 96 100{100 0| O 15| 15 13| 13 0] 0 100/100 100|100
1/1000|10|I 96| 96 100|100 98| 98 100/100 0| O 10| 10 10| 10 0] 0 100|100 100|100
1/1000]10|Dis 96| 96 100/100 98| 98 100{100 0] O 13| 13 12| 12 0] 0 100/100  100]100
3[500]5]T 97| 97 99| 99 99| 98 98100 30| 24 1] 0 715 39| 31 32[ 54 54] 81
3|500|5|Dis 95| 96 99| 99 96| 98 90/100 31123 6|6 11| 11 39| 30 16| 23 28| 41
3/1000]5|1 98| 95 99| 98 99| 97 100/100 30|22 6|7 13| 10 34| 25 59| 90 76| 95
3|1000|5|Dis 97| 95 98| 98 97| 95 100/100 30/ 21 5|6 13| 15 35| 26 34| 53 58| 80
3|500(10(1 91| 88 99| 98 97| 95 94|100 31122 7|4 11] 6 37| 28 15| 23 20| 30
3|500|10|Dis 96| 94 99| 99 98| 97 94/100 30| 22 4|2 6| 5 37|28 4] 4 9] 10
3|1000|10|T 99|100 100|100 99(100 100/100 30|21 8|7 15| 12 35| 26 45| 65 67| 85
3/1000[10|Dis 98] 98 99| 98 98| 98 100/100 30/ 21 4|5 13| 17 35/ 26 30| 36 40| 49
9[500]5[T 97] 95 89| 89 98| 97 9] 9 69| 66 110 210 11 0] 0 0] 0
9|500|5|Dis 95| 96 86| 86 97| 98 10| 10 7270 2|1 3|1 0] 0 0] 0 0] 0
9[100015|1 99| 98 98| 97 99| 98 97|100 81| 80 1] 0 2|0 19119 0|0 0] 0
9]|1000|5|Dis 98| 96 93| 92 97| 97 92| 99 81179 2|0 3|1 7] 6 0] 0 0] 0
9(500(10|1 86| 85 50| 46 73| 71 0| 0 70169 3|1 31 1|1 0] 0 0] 0
9|500|10|Dis 87| 87 33| 30 63| 60 0| 0 64| 62 1] 0 2|1 2|1 0] 0 0] 0
9/1000(10|T 97| 96 95| 93 98| 96 76| 83 80| 79 1] 0 1] 0 11 0] 0 0] 0
9/1000]10|Dis 96| 96 92| 92 98] 99 77| 82 78] 76 2|1 31 4] 4 0] 0 0] 0

Table S529: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Dis”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICj,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1 AICex2 BIC AICi AICiex1 AICiex2 BICi MoE MoEk
1[500]5[T 0.10 0.09 0.10 0.09 2.38 3.88 3.88 2.62 0.09 3.91
1|500/5|Dis 0.14 0.13 0.14 0.11 2.33 4.19 4.18 2.61 0.11 3.91
1|1000]5|1 0.05 0.05 0.05 0.05 2.30 3.91 3.91 2.41 0.05 3.94
1|1000|5|Dis 0.06 0.05 0.06 0.05 2.26 3.62 3.54 2.40 0.05 3.93
1/500]10|I 0.29 0.27 0.27 0.27 6.66 8.91 8.89 6.97 0.27 8.14
1/500/10|Dis 0.28 0.26 0.27 0.26 6.68 9.06 9.06 6.88 0.26 8.12
1/1000|10|1 0.13 0.12 0.12 0.12 6.86 9.07 9.01 6.95 0.12 8.17
1/1000|10|Dis 0.13 0.13 0.13 0.13 6.89 9.00 8.95 6.99 0.13 8.15
3[500[5[T 0.32 0.32 0.32 0.31 2.48 3.99 3.98 2.67 13.68 6.80
3|500|5|Dis 0.38 0.34 0.37 0.41 2.58 3.97 3.95 2.69 3.23 4.21
3|1000]5|1 0.16 0.15 0.16 0.15 2.59 3.99 3.99 2.62 5.69 2.71
3|1000]5|Dis 0.15 0.15 0.15 0.14 2.54 3.98 3.97 2.61 18.20 160.86
3|500(10|1 1.36 1.17 1.28 1.31 6.47 8.33 8.33 6.75 6.56 8.33
3|500|10|Dis 1.10 1.08 1.08 1.11 6.43 8.38 8.38 6.71 6.34 8.14
3|1000|10|1 0.43 0.43 0.43 0.41 6.65 8.32 8.26 6.71 185.67 30.86
3/1000|10|Dis 0.42 0.42 0.42 0.39 6.60 8.20 8.18 6.68 6.89 8.08
9[500[5[T 2.00 1.81 1.77 3.27 2.93 3.28 3.28 3.28 3.29 3.53
9|500(5|Dis 2.87 2.13 1.93 3.24 2.97 3.31 3.31 3.31 3.31 3.55
9/1000]5|1 0.61 0.60 0.60 0.62 2.96 3.33 3.33 3.27 3.33 3.59
9/1000|5|Dis 0.59 0.62 0.61 0.62 2.94 3.34 3.34 3.31 3.34 3.59
9|500(10|1 2611.26 6.86 8.58 6.70 6.13 6.74 6.74 6.74 6.70 6.90
9|500|10|Dis 4244.78 6.43 6.01 6.63 6.24 6.72 6.72 6.71 6.63 6.95
9|1000(10|T 3.52 2.54 2.78 2.72 6.23 6.66 6.66 6.66 6.65 6.90
9/1000[10|Dis 3.47 2.47 2.38 2.88 6.19 6.62 6.62 6.53 6.57 6.85
Table S30: Mean squared errors for the linear predictor are given for sim-

ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “Dis”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AICiex2, MoE, and MoEXk,

stands for the intercept-only or the constant model.

where
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ORE AIC AlCexi _ AlCex2 _ BIC AICH AlCiexl AlCiex2  BICi MoE MoEKk

150051 90[ 10] 0 97] 3] 0 921 8] 0 T00] 0] 0 0]100] 0 15/ 85] 0 14/ 86] 0  0[100] 0 _ 100] 0] 0 _ 100] 0] 0
1/500|5|MoE 83|17/ 0 88/ 120 85/ 15/ 0 100/ 0] 0 0[100/ 0 9] 91| 0 8] 92| 0 0[100/ 0 1000/ 0  100| 0] O
1/1000|5]T 94| 6] 0 98| 2| 0 95| 5| 0 100/ 0/ 0 0[100[ 0 7| 93| O 7] 93] 0 0/100] 0 100/ 0| 0  100| 0] O
1/1000|5|MoE 85/ 15| 0 97| 3| 0 91| 9] 0 100/ 0/ 0 0[100] 0 2] 98| O 2| 98] 0 0[100/ 0 1000/ 0  100| 0] O
1|500/10]T 95| 5| 0 100/ 0/ 0 98| 2| 0 100/ 0/ 0 0[100 0 15/ 85| 0 13/ 87|0  0[100] 0 100/ 0] 0  100| 0] 0
1/500/10|MoE 84| 16| 0 97| 3| 0 84/ 16/ 0 84| 16/ 0 0[100] 0 13/ 87| 0 13/ 87/ 0  0/100]0 99| 1| 0 99] 1] 0
1/1000[10|T 96| 4] 0 100/ 0/ 0 98| 2| 0 100/ 0/ 0 0[100 0 10/ 90| 0 10/ 90| 0  0[100] 0 100/ 0| 0  100| 0] O
1{1000/10|MoE 91| 9] 0 93| 7] 0 91] 9] 0 100/ 0/ 0 0[100/ 0 13| 87/0 12|88/ 0  0]100/ 0 100/ 0/ 0  100| 0] O
350051 92] 8]0 95| 5] 0 94] 6] 0 95[ 0[5 0]100] 0 0] 0]100 0] 2] 98 0[ 9713 26] 3] 71 39] 1] 60
3]500|5|MoE 10| 46| 44 5| 0] 95 8| 15| 77 0/ 0|100 1| 96| 3 40| 12| 48 39| 15| 46 8| 87| 5 0] 0100 0] 0100
3]1000|5|1 88/ 12|/ 0 94| 6|0 91| 9] 0 100 0] 0 0[100| 0 0| 4| 96 0| 7| 93 0/100| 0 39| 13| 48 66| 3| 31
3|1000/5|MoE 18| 76/ 6 10| 0] 90 24| 16| 60 0| 0[100 1] 99| 0 39| 24| 37 41| 25|34 4/ 95/ 1 0| 0100 1| 0] 99

3]500|10|1 81|19/ 0 94| 6|0 88/ 12/ 0 85/ 0] 15 0[100] 0 0| 0/100 0| 0]100 0| 88|12 2| 0| 98 7| 0] 93

3|500/10|MoE 7| 26| 67 1| 0] 99 3| 8] 89 0/ 0]100 0] 991 22| 8/ 70 25/ 8/ 67 2/96/2 0] 0100 0] 0100
3]1000(10]1 95| 5| 0 97| 3] 0 95| 5| 0 100/ 0/ 0 0[100/ 0 0] 5| 95 0| 8] 92 0/99]1 304/ 66  61|6|33
3]1000/10|MoE 7] 21| 72 0] 0]100 5| 4] 91 0/ 0100 0] 991 29/ 20]51 32/ 21]47 198/ 1 0] 0]100 0] 0]100
9[500]5]1 65] 2916 68| 13] 19 76| 17] 7 110/ 99 0] 83] 17 0] 0[100 0] 0100 0[ 1[99 0] 0100 0] 0100
9]500|5|MoE 0] 0]100 0] 0]100 0] 0]100 0/ 0/100 2| 890 0] 0100 0| 0]100 0] 0]100 0| 0[100 0| 0]100
9]1000|5|1 84|16/ 0 87/ 10/ 3 86/ 140 80/ 1| 19 0] 98/ 2 0| 0/100 0] 0[100 0] 23| 77 0| 0]100 0] 0/100
9]1000|5|MoE 0| 0]100 0] 0]100 0] 0]100 0] 0/100 3| 7|90 0] 0100 0| 0]100 0] 0]100 0| 0[100 0] 0]100
9]500|10|1 23| 46/ 31 22| 4|74  25/4/71 0/ 0[100 0] 81|19 0| 0/100 0] 0]100 0/ 0/100 0| 0]100 0] 0[100
9|500/10|MoE 0] 1| 99 0] 0]100 0] 0]100 0/ 0/100 1| 9/ 90 0] 0]100 0| 0]100 0] 0]100 0| 0[100 0] 0]100
9]100010]1 52 48/ 0 70| 17| 13 65/ 32| 3 36/ 0] 64 1] 954 0| 0/100 0] 0]100 0/ 1/ 99 0| 0/100 0] 0]100
9]1000]10|MoE 0| 0]100 0] 0]100 0] 0100 0] 0]100 4] 15/ 81 0] 0]100 0] 0]100 0] 0]100 0] 0[100 0] 0]100

Table S31: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under logistic regression models
for Kiwe € {1,3,9}, p € {5,10}, n € {500, 1000}, and the scenarios “I” and
“MoE”. Compared methods are AIC, BIC, AlCex1, AlCex2, AICi, BICi,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.

56



ORE AIC AlCexl AlICex2 BIC AICi AlCiexi AlCiex2 BICi _ MoE MoEk
1[500]5]T 90[ 90 97] 97 92[ 92 100[100 0] 0 5115 4] 14 0l 0 100[100 _ 100]100
1|500(5|MoE 83| 83 88| 88 85| 85 100{100 0] 0 91 9 8| 8 00 100{100 100|100
1/1000|5]T 04/ 94 98| 98 95| 95 100{100 0] 0 7|7 7|7 0|0 100{100 100|100
1/1000|5|MoE 85|85 97| 97 91| 91 100[100 0] 0 2| 2 2| 2 0] 0 100{100 100|100
1|500]10]T 95/ 95  100]100 98| 98 100/100 0] 0 15| 15 13| 13 0|0 100{100 100|100
1/500{10|MoE 84|84 97| 97 84| 84 8484 0|0 13| 13 13| 13 00 99/ 99 99| 99
1/1000|10|T 96/ 96  100]100 98] 98 100[100 0] 0 10| 10 10| 10 0|0 100100 100|100
1{1000[10|]MoE 91| 91 93| 93 91| 91 100/100 0] 0 13] 13 12] 12 0] 0 100/100 100|100
3[500[5[T 97197 99] 99 99] 98 98[100  30] 24 1] 0 75 3931 32| 54 54] 81
3|500|5|MoE 3| 4 2/ 1 2| 2 0/ 0 31 6 4] 4 4] 4 4 6 2/ 0 110
3]1000|5|1 98| 95 99| 98 99| 97 100/100 30|22 6|7 13| 10 34/ 25 59/ 90 76| 95
3|1000/5|MoE 4| 6 2| 2 3|3 0/ 0 316 4] 4 4] 4 31 6 9| 4 5] 2
3]500|10|1 91| 88 99| 98 97| 95 94/100 31|22 7|4 11] 6 37/28 15/ 23 20| 30
3|500/10MoE 1| 2 0l 0 11 0/ 0 3 7 2| 2 2| 2 4] 8 |0 0l 0
3]1000(10]1 99/100  100]100  99]100 100/100 30| 21 8|7 15| 12 35/ 26 45|65 67| 85
3/1000/10|MoE 2| 2 0] 0 1] 1 0/ 0 31 6 2|3 33 316 2|0 110
9]500[5]T 971 95 89] 89 98] 97 979 69166 1] 0 210 1 0] 0 0/ 0
9]500|5|MoE 0/ 0 0l 0 00 0/ 0 ol 2 0/ 0 0] 0 0l 0 0|0 0|0
9]1000|5|1 99| 98 98| 97 99| 98 97|100 81|80 1|0 2|0 19/ 19 0] 0 0] 0
9[10005|MoE 0] 0 0] 0 0/ 0 0/ 0 ol 1 0/ 0 0] 0 0l 0 0|0 0|0
9]500|10|1 86| 85 50| 46 73| 71 0/ 0 70/ 69 3|1 3|1 1)1 0] 0 0] 0
9|500|10MoE 0] 0 0l 0 0/ 0 0/ 0 ol 2 0/ 0 0] 0 0|0 0| 0 0|0
9]1000|10|1 97| 96 95| 93 98| 96 76|83 80|79 1|0 10 11 00 00
9]1000/10|MoE 0] 0 0/ 0 00 0/ 0 0| 2 00 0] 0 0/ 0 0/ 0 0/ 0

Table S32: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiwe € {1,3,9}, p € {5,10}, n € {500, 1000}, and the scenarios “I” and
“MoE”. Compared methods are AIC, BIC, AlCex1, AlCex2, AICi, BICi,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1l AlICex2 BIC AICi AICiex1l AICiex2 BICi MoE MoEk
1[500]5[T 0.10 0.09 0.10 0.09 2.38 3.88 3.88 2.62 0.09 3.91
1|500|5|MoE 31.87 27.63 29.44 14.22 317.79  471.01 471.01 337.30 14.22 478.69
1/1000]5|1 0.05 0.05 0.05 0.05 2.30 3.91 3.91 2.41 0.05 3.94
1/1000|5|MoE 7.18 5.96 7.06 5.49 352.11  469.18 466.86 362.35  5.49 483.21
1/500]10|1 0.29 0.27 0.27 0.27 6.66 8.91 8.89 6.97 0.27 8.14
1|500{10|MoE 402.48 402.48 402.48 402.48 911.92  975.84 975.84 922.73  402.48  964.87
1/1000|10|1 0.13 0.12 0.12 0.12 6.86 9.07 9.01 6.95 0.12 8.17
1/1000|10|MoE  51.47 48.12 51.47 40.62 924.69  979.41 979.41 926.94  40.62 969.88
3[500]5[T 0.32 0.32 0.32 0.31 2.48 3.99 3.98 2.67 13.68 6.80
3|500|5|MoE 27.85 27.86 27.70 28.01 36.11 40.39 40.34 36.34 28.15 41.33
3|100015|1 0.16 0.15 0.16 0.15 2.59 3.99 3.99 2.62 5.69 2.71
3|1000|5|MoE 26.51 27.88 27.62 28.06 35.18 40.31 40.22 35.64 22.78 39.38
3|500(|10]|1 1.36 1.17 1.28 1.31 6.47 8.33 8.33 6.75 6.56 8.33
3|500|10|MoE 57.95 57.35 57.09 57.60 80.75 89.45 89.28 82.44 57.60 87.54
3/1000]10|1 0.43 0.43 0.43 0.41 6.65 8.32 8.26 6.71 185.67  30.86
3|1000[10|MoE  56.33 58.10 57.16 58.31 82.43 88.58 88.50 82.74 58.10 87.40
9[500[5[T 2.00 1.81 1.77 3.27 2.93 3.28 3.28 3.28 3.29 3.53
9|500|5|MoE 4.04 4.04 4.04 4.04 4.06 4.07 4.07 4.07 4.04 4.30
9/1000]5|1 0.61 0.60 0.60 0.62 2.96 3.33 3.33 3.27 3.33 3.59
9/1000|5|MoE 4.08 4.08 4.08 4.08 4.09 4.10 4.10 4.10 4.08 4.32
9(|500(10|1 2611.26  6.86 8.58 6.70 6.13 6.74 6.74 6.74 6.70 6.90
9|500|10|MoE 8.12 8.12 8.12 8.12 8.11 8.21 8.21 8.21 8.12 8.40
9(1000]10(1 3.52 2.54 2.78 2.72 6.23 6.66 6.66 6.66 6.65 6.90
9/1000[10|MoE  8.15 8.16 8.16 8.16 8.14 8.20 8.20 8.20 8.16 8.40

Table S33: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “MoE”. Compared methods are
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

where
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stands for the intercept-only or the constant model.



Kownlpls  AIC AICex1  AlICex2 BIC AICi AlICiex1 AlCiex2 BICi MoE MoEK

1[500]5[1 90[ 100 97] 3] 0 92[8[0  100[ 0] 0 0]100] 0 T5] 85] 0 14] 86] 0  0[100] 0 _ 100] 0] 0 _ 100] 0] O
1/500|5]io0 76/ 24/ 0 97| 3| 0 937/ 0 100/ 0|0 58/ 420 90/ 10/ 0 89|11/ 0 99 1|0 100/ 0/ 0  100| 0| O
1|1000|5(1 94| 6] 0 98| 2| 0 95| 5/ 0 100/ 0] 0  0[100] 0 7] 93] 0 7] 93| 0 0/100/ 0 100/ 0] 0  100| 0] O
1/1000|5]io 87| 13| 0 97| 3] 0 92( 8/ 0 100/ 0/ 0 51|49/ 0 93| 7|0 91| 9| 0 991/ 0 100/ 0/ 0 100/ 0| O
1|500|10]1 95| 5| 0 100/ 0] 0 98/ 2/ 0 100/ 0] 0  0]100] O 15/ 85/ 0 13|87/ 0  0/100 0  100] 0] 0  100] 0] O
1|500|10jic  70[ 30 0 99| 1] 0 94/ 6/ 0 100/ 0| 0 47| 53] 0 95/ 5|0 93| 7| 0 100/ 0| 0 100{ 0] 0  100| 0] O
1|1000]10|T 96| 4] 0 100/ 0] 0 98/ 2/ 0 100/ 0] 0  0]100] O 10/ 90/ 0 10/ 90| 0  0]100 0  100] 0] O  100] 0] O
1{1000[10[ioc 87| 13] 0 100/ 0[O0 99/ 1] 0 100/ 0] 0 53] 47/ 0 96| 4] 0 94| 6| 0 100 0] 0 100/ 0/ 0  100] 0] 0
350051 92] 8] 0 95[ 5] 0 9460 95/ 0] 5  0]100] 0 0] 0[100 0] 2] 98 0] 973 26] 3] 71 39] 1] 60
3]500|5io 13| 10| 77 15/ 0/ 85 16/ 4|80 0] 0|100 58| 42| 0 87| 13| 0 82|18/ 0 99/ 1|0 0] 0/100 0] 0100
3]1000]5|1 88| 12/ 0 94| 6|0 919/ 0 100/ 0| 0 0]100] 0 0] 4] 96 0| 7| 93 0/100| 0 39| 13| 48 66| 3| 31
3]1000[5/ic 56| 6] 38 51| 4|45 56| 5/ 39 0/ 0[100 51|49/ 0 94| 6| 0 91| 9] 0 100| 0] 0 0] 0]100 0| 0100
3]500[10|1 81| 190 94| 6|0 88| 12| 0 85/ 0| 15  0]100] 0 0/ 0/100 0] 0]100 0| 88| 12 2| 0] 98 7] 0] 93
3500|10ji0c 2| 2| 96 2| 0] 98 11099 0/ 0/100 60/ 40| 0 91| 9] O 89 11/ 0 982/ 0 0] 0100 0] 0100
3/1000[10]T 95| 5| 0 97| 3| 0 955/ 0 100/ 0| 0 0]100] 0 0| 5| 95 0| 8| 92 099 1 30/ 4] 66 61| 6| 33
3]1000/10jioc 6] 0] 94 7] 0] 93 6/0/94 0] 0[100 53[47]0 91/ 9]0 82| 18/ 0 100/ 0/ 0 0] 0]100 0] 0]100
9[500]5]1 65[ 2916 68] 13] 19 76| 17] 7 1] 0] 99 0] 83[ 17 _ 0] 0]100 0] 0[100 0] 1] 99 0] 0]100 0] 0100
9]500|5|io 0] 1] 99 0] 0100 0/ 0]100 0| 0[100 14| 31| 55 0] 0/100 0| 0/100 0] 0]100 0] 0|100 0] 0100
9]1000|5|1 84/ 16/ 0 87/ 10/ 3 86|14/ 0 80| 1| 19 0] 98| 2 0/ 0/100 0| 0100 0] 23| 77 0] 0/100 0] 0100
9]1000|5/ioc 0] 0100 0] 0100 0/ 0]100 0] 0100 37| 29| 34 1] 0] 99 1] 0] 99 3]0/ 97 0] 0]100 0] 0100
9]500|10|1 23| 46/ 31 22| 4|74 25/ 4| 71 0]/ 0[100 0| 81|19 0/ 0/100 0] 0[100 0] 0]100 0] 0|100 0] 0100
9]500|10/ioc 0] 0]100 0] 0100 0/ 0]100 0| 0[100 9] 30/ 61 0] 0/100 0| 0]100 0] 0]100 0] 0|100 0] 0100
9]1000|10]T 52| 48/ 0 70| 17| 13 65 32| 3 36/ 0/ 64 1| 95/ 4 0/ 0/100 0/ 0/100 0] 1] 99 0] 0/100 0] 0100
9]1000|10jic 0] 0]100 0] 0/100 0/ 0[100 0] 0]100 31| 44| 25 1] 0] 99 3] 0] 97 2/ 0/ 98 0] 0]100 0] 0100

Table S34: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “i0”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1l AICex2 BIC AICi AICiex1 AICiex2 BICi MoE MoEk
1[500]5]T 90] 90 97] 97 92] 92 100[100 (Y 15[ 15 14] 14 0] 0 100[|100 100]|100
1]500(5|io 76| 76 97| 97 93| 93 100|100 58| 58 90| 90 89| 89 99| 99 100|100 100|100
1/1000]5|1 94| 94 98| 98 95| 95 100|100 0] 0 77 77 0| 0 100|100 100|100
1/1000|5]io 87| 87 97| 97 92| 92 100|100 51| 51 93] 93 91| 91 99| 99 100|100 100|100
1/500]10|T 95| 95 100|100 98| 98 100|100 0] 0 15| 15 13| 13 0| 0 100|100 100|100
1]500(|10}io 70| 70 99| 99 94| 94 100|100 47| 47 95| 95 93| 93 100|100 100|100 100|100
1/1000|10|1 96| 96 100]100 98| 98 100|100 0] 0 10| 10 10| 10 0| 0 100|100 100|100
1/1000|10]io 87| 87 100/100 99| 99 100|100 53| 53 96| 96 94| 94 100/100 100|100 100|100
3[500[5]T 97[ 97  99] 99 99/ 08 98[100  30[ 24 1] 0 75 39131 32]54 54| 81
3]500]5]io 20/ 19 15| 15 20] 19 ol 0 83| 79 98] 98 97| 96 100/100 0] O 0l 0
3/1000]5|1 98| 95 99| 98 99| 97 100|100 30| 22 6| 7 13| 10 34| 25 59| 90 76| 95
3|1000]5]io 61| 61 54| 54 61| 61 0] 0 76| 73 99| 99 98| 98 100|100 0| 0 0| 0
3|500(10(1 91| 88 99| 98 97| 95 94/100 31| 22 7] 4 11| 6 37| 28 15| 23 20| 30
3]500/10jic 6] 6 2| 2 3|3 0l 0 79| 76 99| 97 98| 97 100/ 99 0| 0 0] 0
3|1000(10|T 99|100 100|100 99]100 100|100 30| 21 8| 7 15| 12 35| 26 45| 65 67| 85
3]1000/10lic  10[8 7|7 10| 8 0] 0 78] 74 99| 98 97| 96 100/100 0] O 0| 0
9[500[5T 97195 89] 89 93 97 919 60[ 66 1] 0 270 1 0/ 0 0/ 0
9|500|5io 3| 2 0] 0 2| 1 ol 0 84 82 59| 54 61| 57 55|47 0| 0 0] 0
9]100051 99| 98 98| 97 99| 98 97/100  81/80 1|0 2| 0 1919 0|0 0| 0
9|1000(5/ic 3| 1 10 2] 0 0| 0 91] 90 67| 62 68| 65 66/ 61 0|0 0|0
9]500(10]1 86 85 50| 46 73| 71 0l 0 70/ 69 3|1 3|1 1)1 0| 0 0| 0
9|500[10[ic 1] 0 0] 0 10 ol 0 81| 80 59| 52 61| 56 57149 0|0 0|0
9]1000/10]I 97| 96 95| 93 98| 96 76|83 80|79 1|0 10 1)1 0| 0 0| 0
9|1000(10[ic 1] 1 0] 0 0] 0 0] 0 92| 90 67| 62 70| 68 68/ 62 0|0 0] 0

Table S35: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “i0”. Compared methods are AIC, BIC, AICex1, AICex2, AICi, BICij,
AlCiex1, AlCiex2, MoE, and MoEk, where “i” stands for the intercept-only
or the constant model.
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Kirue|n[p[s AIC AICex1l AlICex2 BIC AICi AlICiexl AlCiex2 BICi MoE MoEk
1[500]5[T 0.10 0.09 0.10 0.09 2.38 3.88 3.88 2.62 0.09 3.91
1/500]5|io 0.30 0.22 0.23 0.21 0.10 0.03 0.03 0.02 0.21 9.28
1|1000]5|1 0.05 0.05 0.05 0.05 2.30 3.91 3.91 2.41 0.05 3.94
1]1000|5]io 0.13 0.11 0.12 0.11 0.08 0.01 0.01 0.01 0.11 9.28
1/500]10|1 0.29 0.27 0.27 0.27 6.66 8.91 8.89 6.97 0.27 8.14
1|500]10]io 0.69 0.50 0.54 0.50 0.17 0.02 0.02 0.02 0.50 9.29
1/1000|10|I 0.13 0.12 0.12 0.12 6.86 9.07 9.01 6.95 0.12 8.17
1/1000|10[io  0.24 0.22 0.22 0.22 0.06 0.01 0.01 0.01 0.22 9.29
3[500]5[T 0.32 0.32 0.32 0.31 2.48 3.99 3.98 2.67 13.68 6.80
3|500[5|io 0.28 0.25 0.26 0.23 0.14 0.08 0.09 0.08 0.23 4.59
3|100015|1 0.16 0.15 0.16 0.15 2.59 3.99 3.99 2.62 5.69 2.71
3|1000|5]io 0.28 0.24 0.27 0.17 0.11 0.05 0.05 0.04 0.17 4.59
3|500|10]|1 1.36 1.17 1.28 1.31 6.47 8.33 8.33 6.75 6.56 8.33
3|500(|10[io 0.26 0.25 0.26 0.25 0.14 0.07 0.07 0.06 0.25 4.56
3/1000]10|1 0.43 0.43 0.43 0.41 6.65 8.32 8.26 6.71 185.67  30.86
3/1000|10]io  0.16 0.16 0.16 0.15 0.09 0.04 0.04 0.04 0.15 4.58
9[500[5[T 2.00 1.81 1.77 3.27 2.93 3.28 3.28 3.28 3.29 3.53
9(500|5|io 0.12 0.11 0.12 0.11 0.30 0.25 0.23 0.29 0.11 2.84
9/1000]5|1 0.61 0.60 0.60 0.62 2.96 3.33 3.33 3.27 3.33 3.59
9]1000|5|io 0.05 0.05 0.05 0.05 0.13 0.16 0.16 0.17 0.05 2.83
9]500(10|1 2611.26  6.86 8.58 6.70 6.13 6.74 6.74 6.74 6.70 6.90
9|500(|10[io 0.19 0.19 0.19 0.19 0.25 0.26 0.24 0.26 0.19 2.81
9(1000/10(1 3.52 2.54 2.78 2.72 6.23 6.66 6.66 6.66 6.65 6.90
9(1000|10jio  0.09 0.09 0.09 0.09 0.15 0.18 0.17 0.20 0.09 2.83

Table S36: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “io”.
AIC, BIC, AlCex1, AICex2, AICi, BICi, AlCiex1, AlCiex2, MoE, and MoEk,

where ‘9”

Compared methods are

stands for the intercept-only or the constant model.
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Cox regression with K-means clustering

Kirue|n|p[s nAIC nAICex1 nAICex2 nBIC AIC AICex1 AICex2 BIC
T[500]5]1 100[100  100]100 T00[100 100[100 0] 0 T00[100  92] 92 o[ 0
1]/500|5|W 99| 99 99| 99 99| 99 100|100 0| 0 99| 99 89| 89 0] 0
1/1000]5|1 100|100 100|100 100|100 100|100 0| 0 99| 99 91| 91 0] 0
1/1000|5|W 100[100 100|100 100|100 100|100 0| 0 100|100 100|100 0] 0
1]500]10]1 100/100 100|100 100]100 100]100 0] O 100100 95| 95 0] 0
1/500|10|W 100[100 100|100 100|100 100|100 0] 0 100|100 88| 88 0] 0
1/1000|10|T 98| 98 100]100 98| 98 100|100 0| 0 100|100 97| 97 0] 0
1/1000[10|W 100/100 100[100 100|100 100|100 0] 0 100|100 98| 98 0] 0
3[500]5[T 100]100 100|100 100[100 100|100 26| 19 100] 99 96| 95 26| 20
3|500(5|W 99/ 99 98| 98 99| 99 98100 27|22 99| 98 95| 93 28| 22
3|1000]5|1 100|100 100|100 100|100 100|100 25| 18 100|100 99| 98 26| 18
3|1000|5|W 99|100 99100 99100 99|100 27| 21 99| 99 97| 96 27| 21
3|500(10|1 100|100 100|100 100|100 100|100 26| 19 100| 99 91| 88 31| 23
3|500|10|W 100(100 100| 99 100| 99 99|100 27| 21 99| 99 87| 83 33| 26
3|1000|10|T 100|100 100|100 100|100 100|100 26| 18 100| 99 98| 98 26| 18
3/1000|10|W 100|100 100|100 100|100 99]100 26| 19 100|100 98| 98 26| 20
9[500[5[T 99[100 85| 84 97| 97 99]100 79| 83 85| 84 92| 92 79| 82
9|500|5|W 99| 99 83| 83 97| 97 96| 99 79| 81 83| 83 92| 91 80| 84
9(1000]5|1 100|100 99| 99 99(100 100|100 79| 75 99| 99 98| 98 79| 76
9/1000|5|W 99|100 95| 95 99(100 99]100 79| 77 95| 95 98| 97 79| 77
9|500|10(1 97| 98 91| 91 98| 99 96| 99 80| 83 90| 89 85| 83 87| 87
9|500|10|W 97| 97 96| 95 97| 96 89| 95 81| 78 95| 94 88| 86 90| 88
9/100010|T 99100 95| 95 99| 99 99]100 79| 77 95| 94 94| 93 79| 80
9/1000|10|W 99| 99 97| 97 98| 98 97|100 80| 77 97| 97 94| 93 80| 79

Table S37: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “W”. Compared methods are nAIC, nBIC, nAlCex1, nAlCex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
likelihood.
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Kirue|n[p[s nAIC nAICex1 nAICex2 nBIC AIC AICex1 AICex2 BIC
1[500]5[T 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
500[5|W 0.02 0.02 0.02 0.02 8.18 0.02 0.03 6.51
1000]5|1 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
1000|5|W 0.01 0.01 0.01 0.01 2.82 0.01 0.01 2.82
500|10|1 0.07 0.07 0.07 0.07 1549.69 0.07 0.07 1095.89
500|10|W 0.05 0.05 0.05 0.05 1574.73 0.05 0.06 409.49
1000|10|1 0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
1000|10|W 0.03 0.03 0.03 0.03 6.16 0.03 0.03 6.14
500[5[I 0.09 0.09 0.09 0.09 2.48 0.09 0.12 2.35
500|5|W 0.09 0.09 0.09 0.09 4.98 0.09 0.11 3.66
1000]5|1 0.04 0.04 0.04 0.04 1.80 0.04 0.05 1.77
1000|5|W 0.05 0.05 0.05 0.05 2.28 0.05 0.05 2.24
500]10|1 0.22 0.21 0.22 0.21 662.65 0.22 0.32 11.65
500|10|W 0.20 0.20 0.20 0.21 1205.57 0.20 0.28 49.83
1000|10|1 0.09 0.09 0.09 0.09 2.73 0.09 0.10 2.52
1000|10|W 0.09 0.09 0.09 0.09 3.95 0.09 0.10 3.62
500[5[T 0.34 0.38 0.35 0.34 1.40 0.40 0.58 1.31
500[5|W 0.37 0.56 0.38 0.39 1.54 0.57 0.70 1.49
1000(5|1 0.14 0.14 0.14 0.14 0.65 0.14 0.16 0.58
1000|5|W 0.14 0.15 0.14 0.14 0.84 0.17 0.17 0.80
500]10|1 1.90 1.52 1.52 1.41 1133.77 1.90 82.06 220.39
500|10|W 1.30 1.24 1.22 1.30 784.39 1.48 3.86 5.41
1000|10|1 0.40 0.40 0.40 0.40 1.49 0.42 0.59 1.30
1000]10|W 0.35 0.36 0.36 0.40 1.69 0.39 0.62 1.54

© OO YVYWYOLYOWWWWWWWWHFHKFEKFKFEF&

Table S38: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “W”. Compared methods are
nAIC, nBIC, nAICex1, nAICex2, AIC, BIC, AlCex1, and AICex2, where

“n” stands for the normalized partial log-likelihood.

63



=}

Jor
-
Q
>
-
Q

AICex1 AICex2

Jor
pat
Q

Kirue|n[p[s nAIC nAICexl nAICex2

1[500]5]T T00[ 0] 0 100] 0] 0 _ 100]0] 0 _ 100] 0[O0 _ 0[]100[ 0 100] 0] 0 _ 92[ 8] 0 0]100] 0
1/500]5k1 100/ 0/ 0 100/ 0] 0 100/ 0[O 100/ O[O  0[100[ 0 100/ 0|0 92| 8|0 0[100| 0
1/1000|5]T 100/ 0| 0 100/ 0] 0  100{ 0[O0  100] 0[O  0[100] 0 99| 1|0 91| 9] 0 0[100| 0
1{1000{5|k1 100/ 0] 0 100[ 0] 0  100[ 0] 0  100[ 0] 0  0[100] 0 99| 1] 0 91| 9] 0 0[100| 0
1|500/10]T 100/ 0/ 0 100/ 0] 0  100{ 0[O  100{ 0[O  0[100[ 0 100/ 0| 0 95| 5|0 0[100| 0
1|500{10/k1 100/ 0/ O 100/ 0|0 100/ 0/ 0 100/ 0| 0  0[100| 0 100/ 0] 0 95| 5/ 0 0[100| 0
1{1000[10|T 98] 2( 0  100{ 0[O0 98| 2|0 100/ 0/ 0  0[100] 0 100[ 0] 0 97| 3]0 0[100| 0
1{1000[10(k1 98] 2/ 0  100[ 0] 0 98] 2] 0 100/ 0/ 0 0[100/ 0 100/ 00 97| 3]0 0[100| O
3[500[5[T 99[ 1] 0 100/ 0] 0 99] 1] 0 100[ 0] 0 0]100] 0 97] 3] 0 80[ 20[ 0 0]100] O
3|5005[k1 99| 1|0 99| 1]0 99] 1| 0 100/ 0/ 0 0]|100| 0 94| 6] 0 83| 17/ 0 0[100| O
3[1000|5|1 99/ 1/ 0 99| 1|0 99| 1] 0 100/ 0/ 0  0/100{ 0 99| 1] 0 91| 9] 0 0[100| 0
3]1000[5/k1 99/ 1|0  99] 1| 0 99| 1| 0 100/ 0| 0 0]/100[ 0 99| 1] 0 94| 6] 0 0[100| O
3]500|10|1 99/ 1|0 100/ 0|0 99| 1| O 100/ 0/ 0  0]/100{ 0 97| 3| 0 64|36/ 0 0[100| O
3|500[10[k1 98] 2/ 0  100{ 0] 0 98] 2| 0 100/ 0/ 0  0]|100] 0 97| 3| 0 78/ 22| 0 0[100| 0
3[1000|10]T 100/ 0| 0 100/ 0/ O 100/ 0] O 100/ 0] O  0[100] 0 99| 1|0 91| 9] 0 0[100| 0
3]1000]10/k1 99/ 1] 0 99| 1| 0 99| 1] 0 100/ 0/ 0 0[100/ 0 99| 1] 0 92| 8] 0 0[100| O
9]500[5]T 84[16] 0 67 3] 30 84 9|7 871 4] 9 0[100] 0 60| 10] 30 32] 63] 5 0[100] 0
9[500|5|k1 82/ 16/ 2 2| 0] 98 16/ 2| 82  37/1/62  0[100/ 0 2| 0| 98 11] 881  0[100] 0
9]1000|5|1 92/ 8|0 94| 1|5 93] 4| 3 95| 5/ 0 0]100| 0 89| 6| 5 70/ 28/ 2 0|100| 0
91000[5/k1 86| 14| 0 36| 1| 63 56| 6/38 90| 5| 5 0/100| 0 36| 1| 63 46| 16| 38  0[100] 0
9]500(10]1 55| 45| 0 69| 15/ 16 68 32| 0 61| 4|35  0[100] 0 51| 34| 15 3| 97 0 8] 92 0
9500|110kl 44| 52| 4 9] 0] 91 42| 43| 15 0] 0100 0[100| 0 9] 0] 91 4] 83/ 13 0[100| 0
9]1000|10]I 86| 14| 0 86| 1| 13 86| 11]3 86|/ 11|3  0/100] 0 81| 6| 13 40| 57| 3  0[100] 0
9]1000/10/k1 75/ 25| 0 55/ 1|44 76/ 15]9 74| 13|13 0[100] 0 54| 2|44 40|/ 52| 8  0/100] 0

Table S39: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Cox regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “k1”. Compared methods are nAIC, nBIC, nAICex1, nAICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
likelihood.
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Kirue|n[p[s nAIC nAICexl nAICex2 nBIC AIC AICex1 AICex2 BIC
1[500]5]T 100|100 100|100 100[100 100[100 0] 0 100[100 92] 92 0] 0
1]500(5|k1 100|100 100|100 100|100 100|100 0] 0 100/100 92| 92 0| 0
1|1000]5|1 100|100 100|100 100|100 100|100 0] 0 99| 99 91| 91 0| 0
1/1000|5]k1 100|100 100|100 100|100 100|100 0] 0 99| 99 91| 91 0| 0
1/500]10|T 100|100 100|100 100|100 100|100 0] 0 100|100 95| 95 0| 0
1/500|10]k1 100|100 100|100 100|100 100|100 0] 0 100|100 95| 95 0| 0
1/1000|10|1 98| 98 100|100 98| 98 100|100 0] 0 100|100 97| 97 0| 0
1/1000]10]k1 98| 98 100|100 98| 98 100[100 0] 0 100|100 97| 97 0] 0
3[500]5]T 100|100 100|100 100|100 100[100 26[ 19 100| 99 96| 95 26| 20
3|500(5|k1 100|100 100|100 100|100 100|100 25] 29 99100 96/100 25| 29
3|1000]5|1 100|100 100|100 100|100 100|100 25| 18 100|100 99| 98 26| 18
3/1000]5|k1 100|100 100|100 100|100 100|100 25] 29 100|100 99[100 25| 29
3|500(10|1 100|100 100|100 100|100 100|100 26| 19 100| 99 91| 88 31| 23
3|500|10|k1 100|100 100|100 100|100 100|100 25| 32 100|100 93| 95 28| 36
3|1000(10|T 100|100 100|100 100|100 100|100 26| 18 100| 99 98| 98 26| 18
3/1000]10]k1 100|100 100|100 100|100 100|100 25] 29 100|100 99[100 25| 30
9[500[5[T 99[100 85| 84 97| 97 99[100 79| 83 85| 84 92| 92 79| 82
9|500(5|k1 99100 23| 11 55| 45 52| 52 78] 92 24| 11 56| 44 78| 93
9/1000]5|1 100|100 99| 99 99]100 100/100 79| 75 99| 99 98| 98 79| 76
9/1000]5|k1 99100 60| 50 83| 75 99100 78| 96 60| 50 82| 75 78| 96
9|500|10(1 97| 98 91| 91 98| 99 96| 99 80| 83 90| 89 85| 83 87| 87
9(|500|10|k1 95| 99 18| 13 86| 88 3|3 79| 96 18| 13 79| 87 84| 97
9|1000]10|I 99(100 95| 95 99| 99 99]100 79| 77 95| 94 94| 93 79| 80
9/1000|10]k1 99100 71| 63 97| 96 98| 99 78] 95 70| 63 94| 95 79| 98

Table S40: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “k1”. Compared methods are nAIC, nBIC, nAICex1, nAICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
likelihood.
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Kirue|n[p[s nAIC nAICex1 nAICex2 nBIC AIC AICex1 AICex2 BIC
1[500]5[T 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
500]5|k1 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
1000]5|1 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
1000|5|k1 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
500|10|I 0.07 0.07 0.07 0.07 1549.69 0.07 0.07 1095.89
500|10|k1 0.07 0.07 0.07 0.07 1549.69 0.07 0.07 1095.89
1000|10|1 0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
1000|10|k1 0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
500[5[I 0.09 0.09 0.09 0.09 2.48 0.09 0.12 2.35
500]5|k1 0.07 0.07 0.07 0.07 1.33 0.07 0.08 1.33
1000]5|1 0.04 0.04 0.04 0.04 1.80 0.04 0.05 1.77
1000|5|k1 0.04 0.04 0.04 0.04 0.93 0.04 0.04 0.92
500]10|1 0.22 0.21 0.22 0.21 662.65 0.22 0.32 11.65
500[10|k1 0.18 0.18 0.18 0.18 9.05 0.18 0.21 3.72
1000|10(1 0.09 0.09 0.09 0.09 2.73 0.09 0.10 2.52
1000]10]k1 0.07 0.07 0.07 0.07 1.35 0.07 0.07 1.31
500[5[T 0.34 0.38 0.35 0.34 1.40 0.40 0.58 1.31
500]5|k1 0.24 1.03 0.83 0.59 0.69 1.03 0.83 0.67
1000(5|1 0.14 0.14 0.14 0.14 0.65 0.14 0.16 0.58
1000|5|k1 0.09 0.82 0.12 0.09 0.27 0.82 0.15 0.26
500]10|1 1.90 1.52 1.52 1.41 1133.77 1.90 82.06 220.39
500|10|k1 1.06 2.06 1.08 2.14 8.01 2.06 2.23 3.48
1000|10|1 0.40 0.40 0.40 0.40 1.49 0.42 0.59 1.30
1000]10]k1 0.24 0.30 0.26 0.24 0.64 0.30 0.30 0.59

© OO YVYWYOLYOWWWWWWWWHFHKFEKFKFEF&

Table S41: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “kl”. Compared methods are
nAIC, nBIC, nAICex1, nAICex2, AIC, BIC, AlCex1, and AICex2, where

“n” stands for the normalized partial log-likelihood.
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Kirue|n[p[s nAIC nAICexl nAICex2 nBIC AIC AICex1 AICex2 BIC

1[500[5]1 T00[ 0] 0 100[ 0[O0  100[ 0[O0  100]0[0  O[I00[0 100[ 0] 0  92] 8] 0 0[100[ 0
1]500|5|Imb 100/ 0| 0 100/ 0/ 0 1000/ 0 100/ 0] 0  0]100] 0  100] 0| 0 92| 8] 0 0/100] 0
1100051 100{ 0] 0 100/ 0[O0 100/ 0[O0 100/ 0] 0  0[100] 0 99| 1] O 91| 9] 0 0/100| 0
1/1000|5|Imb 100] 0| O 100| 0] O 100| 0] O 100| 0| O 0]/100| O 99| 1| 0 911 9| 0 0]/100| O
1/500{10]1 100{ 0] 0 100/ 0[O0 100/ 0] 0 100/ 0/ 0  0[100[ 0  100] 0] O 95| 5/ 0 0/100| 0
1/500|10|Imb 100] 0| O 100| 0] O 100| 0] O 100| 0| O 0]/100| O 100| 0] O 95| 5| 0 0]/100| O
1/1000|10|1 98| 2] 0 100| 0] O 98| 2| 0 100| 0] O 0]/100| O 100| 0] O 97| 3| 0 0[/100| O
1/1000]10|Imb 98| 2| 0 100| 0] O 98] 2| 0 100| 0| O 0]/100| O 100] 0] O 97| 3| 0 0]/100| O
3[500]5]T 99] 1] 0 100| 0] O 99[ 1] 0 100| 0] O 0/100| O 97] 3| 0 80[ 20[ 0 0{100| O
3|500|5|Imb 100| 0] O 100| 0] O 100| 0] O 100| 0| O 0]/100| O 99| 1| 0 88| 12] 0 0]/100| O
3|1000]5|1 99| 1] 0 99| 11 0 99| 1] 0 100| 0| O 0]/100| O 99| 1| 0 91| 9] 0 0]/100| O
3/1000|5|Imb 99| 1] 0 99| 1] 0 99| 1| 0 100| 0] O 0]/100| O 98] 2| 0 95| 5| 0 0]/100| O
3|500(10(1 99| 1] 0 100| 0] O 99| 1| 0 100| 0| O 0]/100| O 97| 3| 0 64| 36| 0 0]/100| O
3|500|10|Imb 99| 1] 0 100| 0] O 99| 1| 0 100| 0] O 0]/100| O 100| 0] O 85| 15| 0 0]/100| O
3]1000]10]1 100 0] 0 100/ 0[O0 100/ 0] 0 100/ 0] 0  ©0[100] 0 99| 1] O 91| 9] 0 0/100| 0
3]1000/10/Imb 100/ 0] 0  100] 0] 0  100[ 0] 0 100/ 0] 0  0[100] 0 100/ 0] 0 97| 3] 0 0/100] 0
9[500[5[T 84| 16/ 0 67| 3] 30 841 9] 7 87[ 4] 9 0{100| O 60[ 10] 30 32| 63| 5 0{100| O
9(500|5|Imb 48| 37| 15 17| 0] 83 44| 18] 38 29| 3| 68 0]/100| O 16| 1| 83 22| 50| 28 0]/100| O
9/1000]5|1 92| 8] 0 94| 1] 5 93| 4| 3 95| 5| 0 0]/100| O 89| 6| 5 70| 28| 2 0]/100| O
9/1000|5|Imb 44| 51| 5 35| 1] 64 44| 12| 44 45| 19| 36 0]/100| O 32| 4| 64 38| 20| 42 0]/100| O
9|500|10(1 55| 45| 0 69| 15| 16 68| 32| 0 61| 4| 35 0]/100| O 51| 34| 15 3|97 0 8| 92| 0
9/500|10|Imb 27| 51| 22 11| 9] 80 26| 30| 44 14| 2| 84 3| 87| 10 11| 12| 77 15| 57| 28 3| 86| 11
9|1000]10|I 86| 14| 0 86| 1] 13 86| 11| 3 86| 11| 3 0[100| 0 81| 6] 13 40| 57| 3 0[100| 0
9/1000|10|Imb 27| 64| 9 25| 3| 72 33| 20| 47 20| 7| 73 0[100| 0 25| 3| 72 32| 32| 36 0[100| 0

Table S42:

likelihood.

Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Cox regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Imb”. Compared methods are nAIC, nBIC, nAICex1, nAICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
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Kirue|n[p[s nAIC nAICexl nAICex2 nBIC AIC AICex1l AICex2 BIC
1[500]5]T 100|100 100|100 100|100 100[100 0] 0 100[100 92] 92 0] 0
1]500(|5|Imb 100|100 100|100 100|100 100|100 0] 0 100{100 92| 92 0] 0
1/1000]5|1 100|100 100|100 100|100 100|100 0| 0 99| 99 91| 91 0] 0
1/1000|5|Imb 100|100 100|100 100|100 100|100 0] 0 99| 99 91| 91 0] 0
1/500]10|1 100|100 100|100 100|100 100|100 0] 0 100|100 95| 95 0| 0
1/500|10|Imb 100|100 100|100 100|100 100|100 0] 0 100|100 95| 95 0] 0
1/1000|10|1 98| 98 100|100 98| 98 100|100 0] 0 100|100 97| 97 0] 0
1/1000]10|Imb 98] 98 100|100 98| 98 100|100 0] 0 100|100 97| 97 0] 0
3[500]5]T 100|100 100|100 100[100 100|100 26| 19 100| 99 96| 95 26| 20
3|500|5|Imb 100|100 100|100 100|100 100|100 16| 43 100|100 95[100 16| 45
3|1000]5|1 100|100 100|100 100|100 100|100 25| 18 100|100 99| 98 26| 18
3/1000|5|Imb 100|100 100|100 100|100 100|100 14| 48 99100 98[100 14| 48
3|500(10(1 100|100 100|100 100|100 100|100 26| 19 100| 99 91| 88 31| 23
3|500|10|Imb 100|100 100|100 100|100 100|100 16| 48 100|100 91| 99 19| 58
3/1000|10|T 100|100 100|100 100|100 100|100 26| 18 100| 99 98| 98 26| 18
3/1000|10|Imb 100|100 100|100 100|100 100|100 14| 51 100|100 99]100 14| 53
9[500[5[T 99[100 85| 84 97| 97 99[100 79| 83 85| 84 92] 92 79| 82
9]500|5|Imb 97| 98 61| 47 94| 89 97| 80 68| 98 61| 47 90| 90 68| 98
9/100015|1 100|100 99| 99 99]100 100|100 79| 75 99| 99 98| 98 79| 76
9/1000|5|Imb 96| 99 85| 64 94| 84 98| 88 68]100 84| 64 93| 84 68]100
9|500|10(1 97| 98 91| 91 98] 99 96| 99 80| 83 90| 89 85| 83 87| 87
9/500|10|Imb 94| 95 54| 43 90| 85 95| 72 74| 96 53| 43 82| 87 77| 96
9|1000]10|I 99]100 95| 95 99| 99 99(100 79| 77 95| 94 94| 93 79| 80
9/1000|10|Imb 95| 99 81| 62 96| 87 95| 72 68]100 81| 62 94| 87 68]100

Table S43: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Imb”. Compared methods are nAIC, nBIC, nAICex1, nAICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
likelihood.
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Kirue|n[p[s nAIC nAICex1 nAICex2 nBIC AIC AICex1 AICex2 BIC

1[500]5[T 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
1/500/5|Imb 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
1|1000]5|1 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
1/1000|5|Imb 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
1/500]10|1 0.07 0.07 0.07 0.07 1549.69  0.07 0.07 1095.89
1|500]10|Imb 0.07 0.07 0.07 0.07 1549.69  0.07 0.07 1095.89
1/1000|10|1 0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
1/1000|10[Imb  0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
3[500]5[T 0.09 0.09 0.09 0.09 2.48 0.09 0.12 2.35
3|500|5|Imb 0.10 0.10 0.10 0.10 3.04 0.10 0.10 2.84
3|100015|1 0.04 0.04 0.04 0.04 1.80 0.04 0.05 1.77
3|1000|5|Imb 0.05 0.05 0.05 0.04 2.24 0.05 0.05 2.24
3|500|10]|1 0.22 0.21 0.22 0.21 662.65 0.22 0.32 11.65
3|500|10|Imb 0.27 0.27 0.27 0.27 1566.23  0.27 0.28 12.87
3|1000/10|1 0.09 0.09 0.09 0.09 2.73 0.09 0.10 2.52
3/1000]/10/Imb  0.10 0.10 0.10 0.10 3.53 0.10 0.10 3.41
9[500[5[T 0.34 0.38 0.35 0.34 1.40 0.40 0.58 1.31
9(500|5|Imb 0.58 1.75 0.62 0.62 1.56 1.75 0.74 1.45
9/1000]5|1 0.14 0.14 0.14 0.14 0.65 0.14 0.16 0.58
9(1000|5|Imb 0.19 0.43 0.28 0.23 0.63 0.43 0.29 0.62
9]500(10|1 1.90 1.52 1.52 1.41 1133.77  1.90 82.06 220.39
9(500|10|Imb 494.37  5.79 6.21 1.75 988.40 5.79 12.84 578.85
9(1000]10(1 0.40 0.40 0.40 0.40 1.49 0.42 0.59 1.30
9(1000/10/Imb _ 0.70 0.97 0.79 0.91 1.51 0.97 0.93 1.41

Table S44: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “Imb”. Compared methods are
nAIC, nBIC, nAICex1, nAICex2, AIC, BIC, AlCex1, and AICex2, where

“n” stands for the normalized partial log-likelihood.
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Kirue|n[p[s nAIC nAICex1 nAICex2 nBIC AIC AICex1 AICex2 BIC

1[500[5]1 T00[ 0] 0 100[ 0] 0  100] 00  100] 00  O[100[0 100[0] 0  92] 8] 0 0[100] 0
1|500|5|Dis 100/ 0| 0 100/ 0] 0 100/ 0] O  100/0] 0  0[100] 0 100] 0] O 92| 8] 0 0/100] 0
1100051 100/ 0] 0 100/ 0] 0 100/ 0/ 0  100] 0|0  0[100] 0 99| 1] O 91| 9] 0 0/100| 0
1/1000|5|Dis 100| 0] O 100| 0| O 100| 0] O 100| O] O 0]/100] O 99| 1] 0 91| 9| 0 0]/100| O
1/500[10]1 100 0] 0 100/ 0 0 100/ 0|0 100/ 00  0[100]0 100] 0] 0 95| 5| 0 0/100| 0
1]/500|10|Dis 100| 0] O 100| 0| O 100| 0] O 100| O] O 0]/100] O 100] 0| O 95| 5| 0 0]/100| O
1/1000|10|1 98| 2| 0 100| 0] O 98| 2] 0 100| 0] O 0]/100] O 100| 0] O 97| 3| 0 0[/100| O
1/1000|10|Dis 98] 2| 0 100| 0| O 98| 2| 0 100| O] O 0]/100] O 100] 0] O 97| 3| O 0]/100| O
3[500]5]T 99[ 1] 0 100| 0] O 99] 1] 0 100| 0] O 0{100] O 97[ 3] 0 80[ 20[ 0 0{100] O
3]500/5|Dis 99/ 1/ 0  100] 0] 0 100/ 0|0  100{ 0| O  0]100| 0 98] 2| O 85/ 15/ 0 0]|100] O
3/10005|1 99|10 99| 1] 0 99| 1| 0 100 0] 0 0[100] 0 99| 1] 0 91| 9 0 0[100| 0
3|1000|5|Dis 99| 1| 0 99| 1| 0 99| 1] 0 100| O] O 0]/100] O 98| 2| 0 90| 10| 0 0]/100] O
3|500(10(1 99| 1| 0 100| 0| O 99| 1] 0 100| 0] O 0]/100] O 97| 3| 0 64| 36| 0 0]/100| O
3|500|10|Dis 97| 3| 0 100| 0| O 98| 2] 0 100| O] O 0]/100] O 99| 1| 0 62| 38| 0 0]/100| O
3|1000|10|T 100| 0] O 100| 0| O 100| 0] O 100| 0] O 0]/100] O 99| 1| 0 91| 9| 0 0]/100| O
3/1000]10|Dis 100| 0] O 100| 0| O 100| 0] O 100| O] O 0]/100] O 100] 0] O 92| 8| 0 0]/100] O
9[500[5T S4[ 16| 0 67 3] 30 849 7 S71 4] 9 O[T00] 0 60] 10] 30 32| 63] 5 0]100] 0
9|500|5|Dis 72| 28| 0 61| 3| 36 71| 15] 14 71| 13| 16 0]/100] O 54| 10| 36 17| 73| 10 0[/100| O
9]100051 92/ 8|0  94/1] 5 93] 4| 3 95| 5| 0 0/100] 0 89| 6| 5 70/ 28/ 2 0|100] O
9|1000|5|Dis 82| 18] 0 82| 2| 16 82| 4| 14 83| 12| 5 0]/100] O 79| 5| 16 58| 31| 11 0[/100| O
9|500|10(1 55| 45| 0 69| 15| 16 68| 32| 0 61| 4| 35 0]/100] O 51| 34| 15 3] 97| 0 8| 92| 0
9|500|10|Dis 44| 56/ 0 61| 19| 20 56| 43| 1 64| 5/ 31  0[100] 0 43| 39| 18 4| 96] 0 6] 94] 0
9|1000]10|I 86| 14| 0 86| 1| 13 86| 11| 3 86| 11] 3 0]/100] O 81| 6] 13 40| 57| 3 0[100] 0
9|1000(10|Dis 79| 21| 0 80| 3|17 79/ 15/ 6 81| 14/5  0/100] 0 75| 8/ 17 42|56/ 2  0]100] 0

Table S45: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Cox regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Dis”. Compared methods are nAIC, nBIC, nAICex1, nAlICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
likelihood.
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Kirue|n[p[s nAIC nAICexl nAICex2 nBIC AIC AICex1l AlICex2 BIC
1[500]5]T 100[100 100]|100 100[100 100|100 0] 0 100[100 92] 92 0] 0
1]500(|5|Dis 100|100 100|100 100|100 100|100 0| 0 100|100 92| 92 0] 0
1|1000]5|1 100|100 100|100 100|100 100|100 0| 0 99| 99 91| 91 0] 0
1/1000|5|Dis 100|100 100|100 100|100 100|100 0] 0 99| 99 91| 91 0] 0
1/500]10]1 100|100 100|100 100|100 100|100 0| 0 100|100 95| 95 0] 0
1]/500|10|Dis 100|100 100|100 100|100 100|100 0| 0 100|100 95| 95 0] 0
1/1000|10|1 98| 98 100|100 98| 98 100|100 0| 0 100|100 97| 97 0] 0
1/1000|10|Dis 98] 98 100|100 98| 98 100|100 0] 0 100|100 97| 97 0] 0
3[500]5]T 100|100 100|100 100|100 100|100 26| 19 100| 99 96| 95 26| 20
3|500|5|Dis 100|100 100|100 100|100 100|100 26| 19 100| 99 97| 96 26| 20
3|1000]5|1 100|100 100|100 100|100 100|100 25| 18 100|100 99| 98 26| 18
3|1000|5|Dis 100|100 100|100 100|100 100|100 25| 18 100|100 99| 98 26| 18
3|500(10|1 100|100 100|100 100|100 100|100 26| 19 100| 99 91| 88 31| 23
3|500|10|Dis 100| 99 100|100 100| 99 100|100 26| 19 100| 99 90| 87 32| 24
3|1000|10|T 100|100 100|100 100|100 100|100 26| 18 100| 99 98| 98 26| 18
3/1000|10|Dis 100|100 100|100 100|100 100|100 26| 18 100|100 99| 98 26| 18
9[500[5[T 99[100 85| 84 97| 97 99[100 79| 83 85| 84 92| 92 79| 82
9|500|5|Dis 99| 99 84| 82 97| 98 98| 99 79| 80 84| 82 93| 94 80| 81
9/1000]5|1 100|100 99| 99 99]100 100|100 79| 75 99| 99 98| 98 79| 76
9|1000|5|Dis 99|100 96| 96 98| 98 99|100 79| 75 95| 96 97| 97 79| 76
9|500|10(1 97| 98 91| 91 98] 99 96| 99 80| 83 90| 89 85| 83 87| 87
9|500|10|Dis 95| 96 92| 91 97| 96 96| 99 80| 82 91| 90 85| 85 87| 87
9|1000]10|I 99(100 95| 95 99| 99 99]100 79| 77 95| 94 94| 93 79| 80
9/1000|10|Dis 99|100 96| 96 99]100 99|100 79| 78 96| 95 95| 94 79| 80

Table S46: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “Dis”. Compared methods are nAIC, nBIC, nAICex1, nAlICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
likelihood.
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Kirue|n[p[s nAlIC nAICex1l nAICex2 nBIC AIC AICex1 AICex2 BIC
1[500]5[T 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
500|5|Dis 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
1000]5|1 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
1000|5|Dis 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
500|10|1 0.07 0.07 0.07 0.07 1549.69  0.07 0.07 1095.89
500|10|Dis 0.07 0.07 0.07 0.07 1549.69  0.07 0.07 1095.89
1000|10(1 0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
1000|10|Dis  0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
500[5[I 0.09 0.09 0.09 0.09 2.48 0.09 0.12 2.35
500|5|Dis 0.09 0.09 0.09 0.09 2.51 0.09 0.11 2.43
1000]5|1 0.04 0.04 0.04 0.04 1.80 0.04 0.05 1.77
1000|5|Dis 0.04 0.04 0.04 0.04 1.83 0.04 0.05 1.81
500]10|1 0.22 0.21 0.22 0.21 662.65 0.22 0.32 11.65
500|10|Dis 0.22 0.21 0.22 0.21 690.56 0.22 0.34 7.15
1000|10(1 0.09 0.09 0.09 0.09 2.73 0.09 0.10 2.52
1000|10|Dis  0.09 0.09 0.09 0.09 2.74 0.09 0.10 2.43
500[5[T 0.34 0.38 0.35 0.34 1.40 0.40 0.58 1.31
500|5|Dis 0.35 0.39 0.37 0.37 1.29 0.43 0.58 1.25
1000(5|1 0.14 0.14 0.14 0.14 0.65 0.14 0.16 0.58
1000|5|Dis 0.14 0.14 0.14 0.14 0.68 0.15 0.17 0.66
500]10|1 1.90 1.52 1.52 1.41 1133.77 1.90 82.06 220.39
500|10|Dis 2.62 1.52 1.66 1.42 1403.00 1.82 98.02 916.34
1000|10|1 0.40 0.40 0.40 0.40 1.49 0.42 0.59 1.30
1000|10|Dis 0.40 0.42 0.42 0.40 1.41 0.44 0.61 1.33

© OO YWYWYOLYOWWWWWWWWHHKFEKFKFEF&

Table S47: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “Dis”. Compared methods are
nAIC, nBIC, nAICex1, nAICex2, AIC, BIC, AlCex1, and AICex2, where

“n” stands for the normalized partial log-likelihood.
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Kirue|n[p[s nAIC nAICexl nAICex2 nBIC AIC AICex1 AICex2 BIC

1[500[5]1 T00[ 0] 0 100[ 0[O0  100[ 0[O0 100/ 0[O0 O[100[0 100[0] 0 92 8] O 0[100] 0
1/500|5|MoE 100| 0] O 100| 0] O 100| 0| O 100| 0| O 0]/100] O 99| 1| 0 71| 29] 0 0]/100] O
1100051 100{ 0] 0 100/ 0[O0 100/ 0[O0 100/ 0] 0 0[100] 0 99| 1] O 91| 9] 0 0/100| 0
1|1000/5/MoE 100/ 0] 0 100/ 0] 0  100] 0] O 100/ 0| O 0]100] 0 100/ 0] 0 80| 20/ 0  0|100| O
1/500{10]1 100 0] 0 100/ 0[O0 100/ 0] 0 100/ 0| 0 0[100]0 100] 0] 0 95| 5| 0 0/100| 0
1/500|10|MoE 100] 0| O 100| 0] O 100| 0| O 100| 0| O 0]/100] O 99| 1| 0 78| 22| 0 0]/100] O
1/1000|10]1 98] 2| 0 100 0] 0 98] 2|0 100[ 0/ 0 0[100] 0 100] 0] 0 97| 3| 0 0/100| 0
1/1000|/10|MoE 100] 0] O 100| 0] O 100] 0] O 100| 0| O 0]/100] O 100] 0] O 92| 8/ 0 0]/100] O
3[500[5]T 99] 1] 0 T00[ 0] 0 99] 1] O T00[ 0] 0 0[100] 0 97] 3] 0 80[ 20 0 0[100] 0
3]500|5|MoE 13| 15) 72 5| 1| 94 11)3/8  2/0/98  0[100] 0 7| 1] 92 30| 11] 59 0]100] O
3]1000]5|1 99| 1| 0 99| 1] 0 99| 1] 0 100/ 0/ 0 0]100] 0 99| 1] 0 91| 9] 0 0]100| 0
3|1000|5|MoE 15| 23| 62 10| 0] 90 10| 7| 83 5| 2] 93 0]/100] O 21| 1| 78 31| 26| 43 0]/100] O
3/500]10]1 99| 1| 0 1000/ 0 99] 1] 0 100/ 0/ 0 0[100] 0 97| 3| 0 64/ 36| 0 0|100| 0
3]500/10]MoE 16| 26| 58 1| 1| 98 18/ 6/ 76 0/ 0]100  0[100] 0 1| 1] 98 23] 27| 50 0]100| O
3]1000]10]1 100 0] 0 100/ 0/ 0 100/ 0] 0 100/ 0] 0 0[100] 0 99| 1] O 91| 9] 0 0]100| 0
3]1000/10|MoE 14| 36| 50 3| 0] 97 8| 4] 88 210/ 98  0/100] 0 5| 0] 95 22| 13/ 65 0]100] O
9[500[5T S4[16] 0 67[ 3] 30  84[ 9] 7 87 4[9  0[100[ 0 60] 10] 30 32| 63| 5 0[100] 0
9|500|5|MoE 0| 1] 99 0] 0100 0| 0/100 0] 0/100  0/100| 0 0] 0]100 0] 0/100  0|100| 0
9]100051 92| 8| 0 94| 1| 5 93] 4| 3 95/5/ 0  0/100] 0 89| 6| 5 70/ 28/ 2 0]100] O
9|1000|5|MoE 0| 2| 98 0] 0100 0] 0/100 0] 0/100  0/100| 0 0] 0]100 0] 0/100  0]|100| 0
9]500(10]1 55/ 45/ 0 69| 15) 16 68/ 32| 0 61| 4|35 0]100] 0 51| 34| 15 3| 97| 0 8] 92| 0
9|500[10|MoE 0] 0]100 0| 0100 0] 0/100 0] 0/100  0/100| 0 0] 0]100 0/ 0/100  0]|100] 0
9]1000]10]1 86| 14/ 0 86| 1|13 86| 11| 3 86| 11| 3 0[100] 0 81| 6| 13 40| 57| 3  0[100| O
9|1000/10|MoE 0] 0/100 0| 0100 0] 0/100 0] 0/100  0/100/ 0 0] 0]100 0] 0/100  0|100| 0

Table S48: Proportions of selected number of clusters (%), correct-|over-
lunder-estimations, are given for simulations under Cox regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “MoE”. Compared methods are nAIC, nBIC, nAlICex1, nAICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-

likelihood.
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Kirue|n[p[s nAIC nAICexl nAICex2 nBIC AIC AICex1 AlICex2 BIC
1[500]5]T 100[100 100|100 100[100 100|100 0] 0 100[100 92] 92 0] 0
1/500|5|MoE 100|100 100|100 100{100 100|100 0] 0 99| 99 71 71 0] 0
1|1000]5]1 100|100 100|100 100{100 100|100 0| 0 99| 99 91| 91 0| 0
1/1000|5|MoE 100|100 100|100 100{100 100|100 0] 0 100|100 80| 80 0] 0
1/500]10|T 100|100 100|100 100{100 100|100 0] 0 100|100 95| 95 0| 0
1/500|10|MoE 100|100 100|100 100|100 100|100 0] 0 99| 99 78| 78 0] 0
1/1000|10|1 98| 98 100|100 98| 98 100|100 0] 0 100|100 97| 97 0| 0
1/1000|/10|MoE 100]100 100|100 100/100 100|100 0] 0 100[100 92| 92 0] 0
3[500]5]T 100]100 100|100 100[100 100|100 26] 19 100] 99 96| 95 26] 20
3]500|5|MoE 2 3 2| 1 2| 2 11 2| 6 2| 1 4l 4 31 6
3]1000]5|1 100/100  100/100 100|100 100]100 25| 18  100/100 99| 98 26| 18
3]1000/5|MoE 2| 3 11 2| 2 11 2|5 2| 2 3l 4 2| 5
3]500]10]1 100/100  100]100 100|100 100/100 26/ 19 100] 99 91| 88 31 23
3|500/10MoE 2| 3 1)1 2| 2 00 2| 6 1)1 2| 3 31 6
3|1000]10]1 100/100  100/100 100|100 100/100 26/ 18  100| 99 98| 98 26| 18
3/1000/10|MoE 2| 3 1] 0 11 0 0 2| 5 11 2] 2 2| 5
9[500[5T 99100 85| 84 971 97 99100 79] 83 85| 84 921 92 791 82
9|500|5|MoE 0] 0 0] 0 0] 0 0l 0 ol 7 0l 0 0] 0 o7
9]100051 100/100 99| 99 99]100 100100 79| 75 99| 99 98| 98 79| 76
9|1000/5|MoE 0| 0 0] 0 0] 0 ol 0 0| 5 ol 0 0] 0 0|5
9]500(10]1 97/ 98 91| 91 98| 99 96| 99 80| 83 90| 89 85| 83 87| 87
9|500|10|]MoE 0| 0 0] 0 0] 0 0l 0 ol 7 0l 0 0] 0 o7
9]1000|10]1 99100 95| 95 99| 99 99100 79| 77 95| 94 94| 93 79] 80
9|1000/10|MoE 0] 0 0] 0 0] 0 0] 0 0| 5 0] 0 0] 0 0| 5

Table S49: Average of adjusted Rand index for all models | only for the
first cluster (%) are given for simulations under logistic regression models
for Kiywe € {1,3,9}, p € {5,10}, n € {500,1000}, and the scenarios “I”
and “MoE”. Compared methods are nAIC, nBIC, nAlICex1, nAICex2, AIC,
BIC, AlCex1, and AICex2, where “n” stands for the normalized partial log-
likelihood.
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Kirue|n[p[s nAIC nAICex1 nAICex2 nBIC AIC AICex1 AICex2 BIC

1[500]5[T 0.03 0.03 0.03 0.03 4.66 0.03 0.03 4.38
500|5|MoE 1.39 1.39 1.39 1.39 11996.62 1.39 2.46 11136.39
1000]5|1 0.02 0.02 0.02 0.02 3.28 0.02 0.02 3.25
1000|5|MoE 1.05 1.05 1.05 1.05 3183.84 1.05 1.25 2409.07
500|10|1 0.07 0.07 0.07 0.07 1549.69 0.07 0.07 1095.89
500|10|MoE 3.94 3.94 3.94 3.94 27858.36  4.26 6.90 11533.87
1000|10|1 0.04 0.03 0.04 0.03 4.99 0.03 0.04 4.68
1000]10|MoE 1.70 1.70 1.70 1.70 15395.22 1.70 2.04 10192.31

500[5]1 0.09 0.09 0.09 0.09 2.48 0.09 0.12 2.35
500|5|MoE 31.54 31.51 31.51 31.55 41.59 31.51 32.37 39.32
1000]5|1 0.04 0.04 0.04 0.04 1.80 0.04 0.05 1.77
1000|5|MoE 31.72 31.78 31.78 31.56 37.14 32.05 32.95 37.11
500|10|I 0.22 0.21 0.22 0.21 662.65 0.22 0.32 11.65
500|10|MoE 64.96 66.14 64.96 66.38 4515.83 66.02 66.00 1534.61
1000]10|1 0.09 0.09 0.09 0.09 2.73 0.09 0.10 2.52
1000/10|MoE  65.18 66.13 66.02 66.27 69.59 66.47 66.84 69.15

500[5[T 0.34 0.38 0.35 0.34 1.40 0.40 0.58 1.31
500|5|MoE 4.00 4.04 4.04 4.04 3.63 4.04 4.04 3.63
1000(5|1 0.14 0.14 0.14 0.14 0.65 0.14 0.16 0.58
1000|5|MoE 4.06 4.07 4.07 4.07 3.86 4.07 4.07 3.86
500]10|1 1.90 1.52 1.52 1.41 1133.77 1.90 82.06 220.39
500|10|MoE 8.11 8.16 8.16 8.16 6.71 8.16 8.16 6.70
1000110(1 0.40 0.40 0.40 0.40 1.49 0.42 0.59 1.30
1000/10|MoE  8.15 8.20 8.20 8.20 7.44 8.20 8.20 7.43

© OO YVYWYOLYOWWWWWWWWHFHKFEKFKFEF&

Table S50: Mean squared errors for the linear predictor are given for sim-
ulations under logistic regression models for Ky € {1,3,9}, p € {5,10},
n € {500,1000}, and the scenarios “I” and “MoE”. Compared methods are
nAIC, nBIC, nAICex1, nAICex2, AIC, BIC, AlCex1, and AICex2, where

“n” stands for the normalized partial log-likelihood.
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Supplementary Figures
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ently.

Scatterplot of plasma data. Optimal clusters are colored differ-
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Figure S3: Scatterplot of NAFLD1 data. Optimal clusters are colored differ-

ently.
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