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This is the supplementary material for the main paper. We present detailed proofs of
the theorems in the main text. Lemmas, their proofs, along with other technical tools, are
also provided. Appendix S1 summarizes the entire procedure for the proposed model. Ap-
pendix S2 provides the detailed expressions of the gradients used in the proposed algorithm.
Appendix S3 establishes the computational convergence of the algorithm via a determinis-
tic analysis. Appendix S4 derives the statistical convergence rates of the final estimators,
along with verification of the RSC/RSS condition and bounding of the deviation term and
initialization error via a stochastic analysis. Finally, Appendix S5 establishes the selection

consistency of the rank selection method.

S1 Modeling Procedure

First, we provide a summary of the entire procedure for constructing the MARCF model on
matrix-valued time series data. This is presented in the following Figure S.1 to offer a clear

and step-by-step guidance for the modeling process.
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Input:

centered and standardized stationary data D; 71, 7o; step size n; Ao, A1, Az, and b

Shared convex first-stage initialization:
1. Estimate the nuclear-norm penalized VAR model with A\g to obtain AVAR,

2. Make NKP approximation to obtain K{ﬂj and K?P.

Rank selection:
1. Compute the truncated SVD on AKP and AKP
with 71,7 to obtain ARR(7;) and ARR(7y);

2. Compute the ridge-type ratios in Section 3.3 and select 77, and 75;

3. Truncate and obtain K{{R(ﬂ) and K?R(?Q).

Common dimension selection:

1. For every possible pair of (dy,ds):
e initialize ©©) from ARR(7) and ARR(7,);
e run Algorithm 1 with step size n

and parameters A1, Ao, and b;

2. Compute BIC and select 31, c/l\z

Final estimation:

Initialize ©®) with 71,72, c/l\l, (/i\g and run Algorithm 1.

Output:

~ ~ ~

estimates ©® = (al, R,,P;, D;);_,

Figure S.1: Modeling procedure of MARCF model.
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S2 Detailed Expressions of Gradients in Algorithm 1

In this appendix, we provide detailed expressions of the gradients in Algorithm 1 which are
omitted in the main article.
The objective of Algorithm 1 is to minimize £ in (3.11) with known 71,75 and dy, do:

O :=arg min £(0; A1, Ay, b) = arg min {E(@) + %Rl((%) + %RQ(@; b)} .

To derive the expressions of the gradients, we first define some useful notations. For any
matrix M € RP1*P1 and N € RP2*P2_ since all entries of M ® N and vec(M)vec(IN)" are the

same up to a permutation, we define the entry-wise re-arrangement operator P such that
P(M ® N) = vec(M)vec(N) ",

where the dimensions of the matrices are omitted for simplicity. The inverse operator P!
is defined such that

P~ (vec(M)vee(N)") = M ® N,

where we use the notation vec(-) and mat(-) to denote the vectorization operator and its
inverse matricization operator (with dimensions omitted for brevity), respectively.

The proposed MARCF model is given by
Y, =AY, A]+E, t=1,...,T,

where A; = [C; R;|D,[C; Py, for i = 1,2. The matrix time series can be vectorized and

the model be rewritten as
yi= (A2 @A)y +e, t=1,...,T,

where y; := vec(Y;) and e; := vec(E;). We denote A := Ay ® A; to be the uniquely identi-

fiable parameter matrix, and we also let Y := [yr,y7-1,...,¥1] and X := [yr_1,¥7-2, ---, Yo)-
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Then, the loss function £ in (3.1) can be viewed as a function of A:
1 2 1 2
E(A) = £(0) = o Y — AXJ}2 = - Y — (As @ AXI.

First, the gradient of L with respect to A is
5 T
VI(A) = 02 = 7 >t Aviyli = (Y~ AX)X.
Let a; = vec(A;) and B := vec(Ay) ® vec(A;)" = asa]. Obviously, A = P~}(B) and
B = P(A). Define £5(B) = L(A). Based on the entry-wise matrix permutation operators
P and P!, we have
VLy(B) =P(VL(A)) = P(—(Y — AX)X " /T),
Va Lz =P(—(Y — AX)X"/T) " as,
Va, L2 = P(—(Y — AX)X" /T)ay,
Va, L =mat(P(—(Y — AX)X " /T) vec(A,))
= mat(P(VL(A)) vec(As,)),
and Va,L = mat(P(—(Y — AX)X " /T)vec(A;))
= mat(P(VL(A))vec(Ay)).
The gradients of £ with respect to C;, R;, P;, and D; are:
VoL =Va,L(CD]} +PD/ )+ Va, LT (CDii +R,D;o),
Vi,L = V4, L[C; Pi][Di2 Dj2l',
Ve, L = Va,L'[C; R;]D/,, D/,,]",
and Vp, £ = [C; R;]"Va,L[C; Py].
Denote the following block structure of D; as
Di11 Digo

Di - )
D;21 D
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where D; 11 € RdiXdi,Di,lg € Rdix(”*di),Di,gl € R(”*di)Xdi,Dwg € Rri—di)x(ri=di) gre block
matrices in D;, for ¢ = 1, 2. Finally, combined with the partial gradients of the regularization

terms, the partial gradients of £ are given by:

VoL =Va,L(CD] ), +PD] ) + VAL (CD; 1 +RD;2)
+ (=1 ([JA[E = [A2llp) (A[Ci Pi[Di1s Diro] " + Al [Ci RiJ[D]; Df,]7)
+ A2 (2C4(C/ C; = ¥’I;) + RiR] C; + P;P/ C;) ,

VRr.L =Va,L[C; Pj][Disi Diga] " + (=1)"'\ (A7 — [|A2]l5) Ai[Ci P][Dio1 Dyoo] "
+ X (Ri(R/R; — 0°1,,_4,) + C;C/R;)

Ve L =Va,LT[Ci R|[D/ 1, Dol " + (=1 A (JALF — [1A2]lF) AT[C Ri[D], Dyl "
+ X (Py(P/P; — V°I,,_4,) + C;C/ P)

V. L =[Ci Ri| "V, L[Ci P, + (=1)F1 A (JJAL|2 — [|A2]2) [Ci R, TA,[C; Py
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S3 Computational Convergence Analysis

In this appendix, we present the proof of Theorem 1, i.e., the computational convergence
of regularized gradient descent algorithm proposed in the main article. To make it easy to
read, it is divided into several steps. Auxiliary lemmas and their proofs are presented in

Appendix S3.2.

S3.1 Proof of Theorem 1

Step 1. (Notations, conditions, and proof outline)

We begin by introducing some important notations and conditions required for the conver-
gence analysis. Other notations not mentioned in this step are inherited from Appendix S2.
We then provide an outline of the proof, highlighting the key intermediate results and main
ideas.

To begin, we restate the definitions of the measures quantifying the estimation error and
the statistical error. Throughout this article, the true values of all parameters are defined
by letters with an asterisk superscript, i.e., {C}, R}, Py, D}, Ar}2 ;. Let Q™*"2 be the set
of n1 X ny matrices with orthonormal columns. When n; = ny = n, we use Q" for short. For

the j-th iterate, we quantify the combined estimation errors up to optimal rotations defined

in (2.9) as
dist(©@9, 0=  min y° {ucgﬂ — CO.|% + |RY — RO, |2
Oi,ryoi,p6©ri7di i=1.2
0;.c0% 7 (S3.1)

PP~ P;0:,|If + DY - diag(O:, 0:,) D;diag(Os., 0,12},

and the corresponding optimal rotations as OEJC), OEJT) , ijp) , for + = 1, 2. For simplicity, we let

O, = diag(O,., O;,), O;, := diag(O, ., O;,), and use dist%j) to represent dist(@(j)7 Q")
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In addition, as defined in Definition 2, the statistical error is quantified by

£(r, 1o, di, do) = sup <V£(A*), [Cs Ro|D,[Cs Py)T @ [C; RyID;[C, Pl]T>,
[Ci R;leOPixTi,
[C; P,]eQPixTi,
D;eR™i¥7i | D=1

where A* = A5 ® A} and LN(A) is referred to as the least-squares loss function with respect
to the identifiable Kronecker product type parameter A = As ® A;.

Next, we state three conditions required for convergence analysis. The first condition
stipulates that £(A) satisfies the RSC/RSS condition defined in Definition 1. Specifically,
we assume there exist constants 0 < o < [ such that for any pair of identifiable parameter
matrices A = Ay ® A; and A’ = A, ® A admitting the MARCF structural decomposition,

where A; = [C; R;|D;[C; P;]" and A} = [C R]]D[C. P/]", the following inequalities hold:

(RSC) 1A = A[[f < L(A) - L(A) - (VL(A), A — A),
(RSS) L(A) ~ L(A') ~ (VL(A), A~ A') < [|A — A,

The condition is a premise of Theorem 1. As in Nesterov (2004), it implies that
£(AY) = £(A) 2 (VE(A). A = A) + 35 [VE (&) ~ VLA
Combining this inequality with the RSC condition, we have
(VE(A) = VL(A) A= A) 2 SIA - AR+ 55 IVEA) - VLG, (532)

which is equivalent to the restricted correlated gradient (RCG) condition in Han et al. (2022).
The second and the third conditions ensure that the estimates remain within a small
neighborhood of the true values during all iterations. They are established inductively in the

proof. Let ¢ := min{o,,(A}), 0,,(A%)} be the smallest value among all the non-zero singular

values of A] and Aj. Define ¢ := ||Af||x = ||A}||f and s := ¢/o. With the notations, the
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second condition is specified as

C’Da¢2/3

f o2
dlSt(J) S W,

(93.3)

and then

C 2/3
D¢ _ Cpe??, forall j =0,1,2,...

dist%j) < e
where Cp is a positive constant small enough to ensure local convergence.

For the decomposition of A}, we require [C; R}]"[C; R}] = V*1,., [C: P;]"[C: P;] =
V’1,,, for i = 1,2. For simplicity, we consider b = ¢'/3, though our proof can be readily

extended to the case where b =< ¢!/3.

The third condition is:

o ] <0 som o el < avcon
op op (S3.4)
7 F b2
By sub-multiplicativity, Agj ) < (14 ¢q)¢ and HAgj) < (1+ ¢q)¢ with ¢ and ¢, being
F F

two positive constants. We assume that ¢, < 0.01 and then ¢, < 0.04. In fact, the constant
0.01 reflects the accuracy of the initial estimate, which can be replaced by any small positive
numbers.

Finally, we give an outline of the proof of Theorem 1, which proceeds by induction.
Assuming that (S3.3) and (S3.4) hold for ®), based on RSC and RSS conditions, we derive
a recursive relationship between dist%j 41y and dist?j) with an extra statistical error term.
Then, we prove that (S3.3) and (S3.4) hold for ®Y*Y and verify the conditions for @,
thereby finishing the inductive argument. Finally, built on the recursive relationship, we
establish the three upper bounds presented in Theorem 1.

Specifically, in Steps 2-4, we focus on the update at (7 + 1)-th iterate to establish a

recursive inequality between dist%j +1) and dist(Qj), given (S3.2), (S3.3), and (S3.4). In Step
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2, for Ry, we use the rule jo = jo ) nVr, L and upper bound the estimation error of

RUTY a5

2
< min
F  0q,€0m1~%

A 2
min jo) — R0,
0;,€0M~% F

RV™ - RIOy,

- 277QR1,1 - 2)\177GR1 - 2>\277TR1 + 772QR1,2.

Similarly, we do the same for ng ), ng ) and ng ) and sum them up to obtain the following

first-stage upper bound, which is an informal version of (S3.11).

dist?jﬂ) < dist?j) +12Qs — 2nQ1 — 2MnG — 20T

In Steps 3.1-3.4, we give further the lower bounds for )1, GG, and T, whose coefficients
are —2n, and the upper bound for (5, whose coefficient is n%. They lead to an intermediate
upper bound in (S3.17), whose right hand side is negatively correlated to the estimation error
of Agj) ® Agj ), Thus, in Step 3.5, we construct a lower bound with respect to dist%j) and
the regularization terms, R1(@Y)) and Ry(©Y)). Plugging it into the intermediate bound,
we have the second-stage upper bound of dist%j +1y as follows, which is an informal version of

(93.22)
dist%jﬂ) <(1—2np) dist%j) + py&?

+ ps HVZ(A@) _VL(AY) i + piRs (@@) + psR (@U)) .

In the above inequality, {p;}°>_; are coefficients related to n, A1, A2, a, 3, ¢, and k.
Next, in Step 4, we impose some sufficient conditions on 77, A1, A2, a, and [ for algorithm

convergence. Then, we obtain the final recursive relationship (S3.23):
dist%j_H) < (1 _ Conoaﬁ_lli_Q)dist%j) + 0770/@204_15_1¢_10/352.

To complete the inductive argument, in Step 5, we first verify the conditions (S3.3) and

(33.4) for ®©. Given that (S3.3) is an assumption of Theorem 1, it suffices to verify (S3.4).
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Then, we prove that both conditions hold for @Y and complete the induction. Finally, in
Step 6, we establish the three upper bounds presented in Theorem 1 based on the recursive
relationship and the approximate equivalence of the three metrics, thereby completing the

whole proof.

Step 2. (Upper bound of dist%jﬂ) — dist(Qj))

By definition,

s 42
dlst(j+1)

= > {IREY —R;OG VR + PV — P0G VR + lCEY - ol

i=1,2

+ DI — 0l Dol )

<> {IRVY ROV + P — PiOY) |2 + |CVHY - C;OW|;

7p
i=1,2

+ DY — o) Dol }.

In the following substeps, we derive upper bounds for the errors of C, R, P and D separately.

Then, we combine them to give a first-stage upper bound (S3.11).

Step 2.1 (Upper bounds for the errors of R; and P;)
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By definition, we have
IRY*Y — R7OV)|12
—||RY - RiOY) — 5 (Va, ZAD)CY PYIDY), DI

#([a?

e

2 . . . . .
) APICE PYIDY, DY

2

+ )\Qjo)(jo)Tjo) _ b2Ir17d1) + )\Zng)ng)Tjo))

F

—|RY ~ R;OV)} + 2| Va, LAY PYDY), DY

(L

+ )\2R§])<R§])TR§]) . b21r1—d1) + )\gng)ng)Tjo)

. A(j)
|1

) AVICY PYID, DT
(S3.5)

—og(RY) — Ri00, Va, EAG)ICY PYIDL DYLIT)

e

2 . . . . .
~2nn (RY - Riof), ([aY ) APICE PYIDE, DELT)
~22n(RY - RIOP, RPRYRY — 171, )

—2>\2n<R R*ogl, CcYCVTRY )>

—|— 772[R1,2 — 27’][1:{1,1.

,,,

- HR§ ~R:OY

For IR, o (the second term in (S3.5)), by Cauchy’s inequality,

In,2 =|| Va LAY PYDY), DT

o112 .
(e

2
) AVICY PYIDEL DL

. . (12
+ 2R RYTRY — 0L, ) + 0O CYTRY |

<4|Va, LA [CY PYIDY), DY,IT12

- A(j)
|

. 2\ 2 . . . . . 2
#04 ([a? ) [aPie? piimi, o

+AZRYRYTRY — 021, g |2 + axCYCY TRY |2,
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where the first term in the RHS of Ig, » can be bounded by
IVa, LA [CY PY|DY), DY),
=|lmat(P(VL(AD)) Tvec(AF))[C PY|[D}, DY}
<2|mat(P(VL(A") Tvec(AF)[C P DY), DY)}
+2|[mat(P(VL(AY) — VL(A)) Tvec(AF))[CY PY]DY), DYL]"|3.
By duality of the Frobenius norm and definition of £, we have

[mat(P(VEA") T vec(AP))(CY PYIDE), DY

= sup <V£~(A*),Agj) ® [CY W]

[Wllp=1

[ng) ng)]‘r>

<[|AS[lg - I[DY); D)o llop - [CF PP lap - £(r1, 72, i, da).
Thus, the first term can be bounded by
IVa, LA [CY PY)DY), DY)}
<2|mat(P(VL(A%)) vec(AF))[CY PYDY), DY)}
+2||mat(P(VL(AY) — VL(A")) Tvec(AS))|E - [[CY P2, - DY), DY)
<4721 - [2(ry, . diy da) + | VL(AW) — VL(AY)|2).
The second term can be bounded by

(a2,

< 2A2p 25t (HA])

HAJ)

. . 2
) [[apres e, o
)2

NIRYRYTRY — 0L, )12 < N3RS

-[la#

The third term can be bounded by

T
|R v J) bQITl d1 HF

D113,

§2)‘gb2“jo)TR§]) - bQIrl_dl ”125‘7
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and the fourth term can be bounded by
NI e RYf < 2507ICF TR
Combining these four upper bounds, we have
In,2 S165726" (€2(r1,72, da, ) + [ VL(AY) — VL(AY)])
+ 83302 (IRYTRY — 471, | + [ CPTRY )

2\ 2
F

(S3.6)

. A(j)
-~ [

+8A2 2t <HA§J’>
=QRry2-
For Iy, defined in (S3.5), rewrite its first term:
(RY — RiOV), Va, LAY PYDF), DYL]T)

RYIDE DELICY PY]T —RIOF)DY, DELICT PYIT, Va, L(AD))

—(AY © AV, VL(AD))
=QR, 1

For the second term of Iy, 1, define

Gr, :=<R§J RO 1,,,(HA

-l

2
) APICY PYIDE DELIT).  (s3)
For the third and fourth terms of Ig, 1, define

Tr, = (RY - R{OV, RY(RYTRY — 171, ) + CY'CPTRY).
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Therefore, we can rewrite Ig, ;1 as

Ir, 1 = Qr, 1 + MGR, + AoTR,.

Combining the bound for the Ig, » in (S3.6), we have

IRVTY —RiOV)|2 — IRY — R;OV)|2 < —20Qr, 1 — 2\Gr, — 221 TR, + 7°Qry 2-

Similarly, for jo +1), ng H), and Péj H), we can define the similar quantities and show that

IRY™ — R;05) |12 — |RY — R;O9)|2 < —21Qryn — 2M7GR, — 200 TR, + 17 Qry0s
PV —PiOY) |12 — |PY — POY)I2 < —21Qp, 1 — 200G, — 2XanTe, + 1°Qp, 2,

and [PV — P3OY)|12 — [PY) — P3OY2 < —27Qp,1 — 201G, — 2AanT, + 2 Ge50)

Step 2.2 (Upper bound for the errors of C;)

For C;, note that

Vg, £0) = = Va, LU (C(j)Dz(,jl)lT + Pl('j)D( )+ Va,L ])T(C(J z 11 + R Dz 21)

)



S3. COMPUTATIONAL CONVERGENCE ANALYSIS

and then,

1 . . 2
|eit ol

AR (1

. A(j)
[

2 . . . . .
) AYICY PYIDY, DY

-2

([~ [a2])) AT ied ROIDET DG

+22,C (Cgmcgn _ b21d1> + ALRYVRVTCY +A2P5])P5”TCE”}HF

. (12
—||c? - ciof)|

. 12 .
2 Vclﬁm )\ <HA§J) = HAgJ)

2 . . . . .
) APIct PYIDY, DY

2 .
_ A(J)
o~ 4

. 2 NT . . AT NT
([ ) APTIeY RYIDY DRI

+2),CY (C?”Cﬁj) _ bQIch) + BRVRDTCY 4\, pipiT )

F

27 (CY - GO, Vo, £0)

~2n (€ - ciof ([} - |a¢)]}) Aic? PYIDE DELIT)

. 2 NT . . NT NT
~2un (e - ciof, (|ar ) AYTIeY RYIDET DY)

_ A(j)
( N
—2x (€ - ciof2cy (e T - i, ) )
—92\g7 <C(J) C* olc,R@jo)Tcﬁj’+P§j>P§j>TC§j)>

— Hcgﬂ C: ogﬂc A+ nle,a = 2nle,.

(53.9)

For I¢, 2 in (S3.9),

Ie. <5 Ve, 9 Ly

2
) 2
F

2 . .
10332 R CY

L 40X 20" (HA?”

2 . (12
_+10M3? HPWCP )

+ 40N HCWC?) B,
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The first term of the RHS can be bounded as

[Ve. £

SO 4 . . NERE[K
VaZA0) [6) B9 [0}, DI

<2|
F

o , . . T2
+2 HvAlc(AU))T c Y| DY) DY
F

vE(al)) (s )) [cf) P [ D]

2

F
2

T
ot (P (V2 (40) veeta?)) [0 m7] (D D]

F

<4 Hmat (73 (VZ(A*))Tvec(Aéj))) [ng) ng)} [ngil DS{HT 12?

_ T , ) , , T2
V() vee(al )7 [ RY] [DEY DY)

+ 4 ||mat (77 (
F
Al = ’ () 9 p0] o 1o 17
+ 4 ||lmat (P (VE(AU)) —VL‘(A*)) vec(AY )) [le Plﬂ} [D1{11 lelz]
’ 2
FAG = i N [a0 5] [p@T o]
+ 4 ||lmat (73 (qu(ﬁ)—vz(A*)) vec(AY )) [cg le} [len DI{QI}
F
~ . ~ 2
< 16620 (11, 7o, 1, d) + 16b26" HVE(A(J)) - V@AY
~ . ~ 2
= 160 2¢* (52(7’177“2, dy,dy) + HVL:(A(])) — VL(AY) F) :
Thus, I¢, 2 can be upper bounded by
~ . ~ 2
Io, 2 <8062 (52(r1,r2,d1,d2) +||VE@AD) - vE(A) F)
2
22 4 D|* _ || AW
+40M20 20" ( ||AL Al
F F
. . 2 . N (12 . N (12
+40A§b2HC§J>TC§” B, F+10A§b2HR§”TC§” F+10Agb2HP§”TC§” )

::QCL}
(53.10)
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For Ic, 1 in (S3.9), similarly to Ry step, we rewrite its first term as the following:

<c D¢ olfg,vclc<j>>

—(RU'DE,CYT — RYDYL, 0P CT, V4, £ (AY))
+(CPDP,PYT - CiOVDELPYT VA, L (AD))
+<CJ ) — C;09DY), CYT v, £ (AD) >
+<c” DPLCYT — €YDV}, 00 CiT, VA, £ (A9) )
= (AL, VAL (A))

— (A @ AL VE(AD))

::ch,L

For the last three terms, denote

Go, == <c§ﬂ c;o¥), (HAU

+ <c§j> ~Cio (HA@

To, = (€ - cjof), 20f" (¢l - 1, ) + RPRY CF) + PYPY ).

and
1 1eo
Therefore, we can rewrite Ic, 1 as
Ic,i = Qc1 +MGc, + NIc,.
Combining these bounds for I¢, 2 in (53.10), we have

+1
oo~ cio)

Hc e ofg

< —20Qc, 1 — 2M\inGe, — 2XaTc, +17°Qc; 2-
Similarly, we also have

C(j+1)_c*o(j) 2 _ C(J)_C*O(]) 2 < -9 Q —2) G — 2onT. + 2Q
2 22| 2 292¢ ||, = N«<cs1 1nGc, 2L cy, T 1 Wey,2-
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Step 2.3 (Upper bound for the errors of D;)

. . 112
[pi+ — o Diof |

. . . . (1T ~ . . .
- ot~ otrmiof o {[c¥ RY] vaZa0) [ct) PV
2

2 112
e
F F

Iy (H AV > CY) RVITAD [0 ng)]}

F

. . 112
~ [ - o) Drof)
’ IR

. A1 T ~ . . X
"H72 [ng) jo)] VAlﬁ(A(j)) [ng) ng)}

112 .
(S

2
) e ROTTAV G pU)

2
F

F
. . . . N7 T ~ . . .
~2 (DY - 0l Diof [ RY] vaZa) [ PV )
/

. . . 12 NP . . . . .
oA <D§J> _ 0 D0, <HA§;> HAgﬁ F) [Cga) ng)] AV [ng) ng)i|>

F

R . . 2
— HDgﬂ) ~ 0" D;0f) 4 ’Ip,o = 200p, 1.

For Ip, o:
A 1T A e 12 NEA:
Ip, » <2 H CY'RY| VA LAD) [ PP+ aatite? (HAP —[a® F) .
F
For the first term,
H cp R(”}TVAI E(a9) [cf Py :
’ 2
= H [ng) jo)} ! mat <77 (VZ (A(j)))Tvec(Agj)>) [ng) ng)} )
<2 H [C(f') R?’]T mat (73 (vZ (A*))Tvec(Agj))) [ng) Pﬂ i
+2 H [c?’ R@]Tmat (79 [VE (A — VE(A*)}Tvec(Agj)O [cgﬂ Pgﬂ} 2
F

<4t p? (52(7«1,7»2, dy, dy) + HVZ(AU)) _VL(AY)

)
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Then Ip, » can be upper bounded as

Ip, 2

~ . ~ 2 .
<8btg? (f?(rl, ravdi, o) + || VE(AD) - VE(A') a8

2\ 2
F

2 .
F) + 4N (HA?)

3:QD1,2

For Ip, 1, similarly we define

(D¢ - o pioR [cf) RY] va Z(a) e PP )
— (AP~ [ rY] P Diol) [0 PY] T VA LA
= (AR, VA, L(AD))
—(AY @ A, VE(AD))

::QD1,17

and

. DT~k . (12 N 112 . 1T . . .
G, = (D - o mio (||} - a9 ) [c¥ O] AP [0 Py
Hence, we have
. . 112 . . |12
|pi* —ofpiol)|| ~ |Df - 0P Dol < ~20Qp,.1 — 2\nGo, + 1*Qp,s.

and

2 . . (12
R
F ’ HEF

IN

HDéj+1) - Oé{z)LTDZOg?)J _QUQDQJ - 2)\177GD2 + UQQDQ,Q-
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Combining the pieces above,

2
distf;, ) < distf;) + 7 Z (Qpi2 + Qri2 + Qp, 2 + Qc; 2)

i=1

2
—27 ) (Qp,1 + Qr,1 + Qp,1 + Qc, 1)
= (S3.11)

2
— 2)\1772 (GDZ + Gr, + Gp, + GCZ)
=1
2

—20n Y (T, +Tp, +T¢,).

i=1

Step 3. (Recursive relationship between dist%j +1) and dist%j))
In this step, we will derive upper or lower bounds of @.1,Q.2, G and T terms, and finally

obtain an upper bound as in (53.22).

Step 3.1 (Lower bound for 37 (Qp,1 + Qr,1 + Qp,1 + Qc;1) )
By definition,

2
Z (@p,1 + Qri1 + Qp,1 + Qc, 1)

i=1

. . . . . S3.12
<A9®(MQ+AE+AQ+A8) 512

VL (A(j))> :

+ (A + AR + Al + AY) @ AV
Noting that
AY A+ A+ AY
A . . N A T : . N AT e aaanT
_sal) — [o¥ vy o Dol [ p¢] [cl mY| DYOg [0 Py
N . AT
(e mi0ln e Y]
we define

HY = AP @ (AD) + AR + AL + AQ)) + (AR, + AR + AR + AY)) @ AV,
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which contains all the first order perturbation terms. By Lemma S.1, we know that
HY =AY © AY — A © A7+ HY

Hence, (S3.12) can be simplified as <A§j) ® Agj A;@ Al +HO VL (AV) )> . With con-
ditions (S3.4) (S3.3) and Lemma S.1, we have

HOY|| < Cho*3dist?.,
F — (4)

where C}, is a constant of moderate size.

Then, for (S3.12), with RCG condition (S3.2), we have

< J) —i—A]) —|—A]) Agl)
_|_

) AY) + ACQ) ®AY

VL (A<J‘>)>

<A<J AV - Aje Aj+HY, VL (AD))

AV @AY — A3 @ AL, VL(AY) — VZ(A*)> + <HU’, VL(AD) - VZ(A*)>
D) o AD _ Ao A* + HO VF (A
+(AY @AY — A A] + HY, VL (A7) (83.13)
z% HAQ)Q@A&” A*®A*

+35 ch _vian)|

_ HH(J')HF HVZ(A(j)) _ VE(A*)

F

—‘<A§j)®<A +AY 1+ AY +A])),V£~(A*)>’

- [ (A8, + AR} + AE) + Ad)) @ AP VL(AY)|.
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For the fourth term in (S3.13), plugging in b = ¢'/3:

(A9 @ (AB) + AL + AL + AL))  VL(A")]

<|(aP e (a9 - 1cr mij0RDY [0 PY] ) VZ (A7)
F[(A9 6 (A~ o0 RY DO (05 PT) E(AY)
+|(aPe (a0 - [ mYJ 0l DIOP [0 PY] ) TZ (A7)

Sg(ThT.Q’dl?dQ) (HA%J) ng)

e ]

o8 ] - e mijof)

)

e p¥)] - Pof)

F op op

e

op op

+ 5(T1,T27d1,d2) (HA%Y) P Hng)

)

#4902 Y

IS

by -otrmiop

F H op

< (207 + 4¢/b) ¢E (11, 12, dy, do)dist

:6¢5/35(’f’1, 9, dl, dg)dist(j) .

Applying the same analysis on the last term in (S3.13), the last two terms in (S3.13) can be

upper bounded by

(A9 @ (AR + AR + AL + AL)) VL (AY))

+ (AL + AR + AR + AQ) @ AP, VE(AY)|
<66°3¢(r1, 19, dy, do)dist(j) + 66° 3¢ (r1, 72, dy, do)dist )
—=12¢°/3¢ (11, 79, dy, do)dist )

1
<36c0'"Adist(;) + Eg(rl, o, dy,dg)?, Ve > 0.

The last inequality stems from the fact that 22 + y? > 2xy.

For the third term in (S3.13), we know from Lemma S.1 that HHU)HF < Chgb‘l/?’dist%j),
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and with condition (S3.3), dist(Qj) < Cp¢*Paf~'k2, and

[HD || [VLAD) - VL(AY) )
1 ~ s SNIL: 82
<15 VL(AY) —VL(AY) F+B||H(J)HF
L lloa G = 2 : .
<15 VL(AY)) —VL(AY) o B(Cro* st )dist),
1 e s < 2 Crag'
<1 VL(AY) — VL(AY) ot Hlest?j),

where C'y = C2C)p is a small positive constant. Consequently, putting together the bounds,

we have:
() ( () () () (j))
< A8 A+ Ar - Ar, + ey ,VE(A(J))>
+(A +AY + AP+ AY ) @AY

2

z% HAgj) AV — A @ A;

+—‘vc 1)) — VL(AY)

F

C 10/3
&d t(j 36C¢10/3di8t?j) - Zg(Tl, T, dl, d2)2.

Step 3.2. (Lower bound for Z | (Gp, + Gr, +Gp, + Gg,))
Recall the definitions in (S3.7) and (S3.8). It can be easily verified that, by adding the terms
together, we have
Gp, + Gr, + Gp, + Gc,
AP - [C; Ri] 0, D [ci PP
_ <+A§j> _ [ng) jo)] 07,Di0,, [C 6) p ] (HAu
LA9 -~ [ RY] DYOT [t Py

<HA11, (HA” )Agf)>.

The left side of the inner product, Ha, 1, contains the first order perturbation terms with

-2

) AY > (93.14)

-[la#

respect to A;. By Lemma A.1 in Wang et al. (2023), it is exactly Agj) — Al + Hjy, o,

where Hp, o comprises all the second and third-order perturbation terms. Applying it with
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b= ¢'/3, we have |[Ha, oy < 5¢1/3dist(2j). Similarly for A,, we have
Gp, + Gr, + Gp, + Ge,

. . . 7T
AY) —[C; R3] 0,0 [} PY|

= < +AY — [ng) Rg)} 0],D;0,, [ng) ng} (H A H AV ) A§j>>
| AR (S3.15)
A9 - [c RY] D0, c; Py
_ <HA271, - (HA?’ HA > AP >
- <Agj> — Aj+Ha,o — (HA” - |[a® ) AY) >
and ||Ha, ollp < 5¢'/*dist{;).
Now we define
vec(Agj)) _ Vec(Agj)) vec(A7) | vec(AY)
7 — 7= A 7=
vec(AY)) —vec(AY) vec(A3) —vec(A%)
Then, one can show that
() W|? _zTg 77
HAl —HA2 ‘F:z 7-7"7

Vectorizing the matrices and putting (S3.14) and (S3.15) together, we have

(GDi + GR,L- + GPi + Gcl)

M-

=1

_ <z _ 7" 2ZTZ>

<HA1 25 (HA ) HA ) Agj)> + <HA2,27 - (HAgj HA > A(j >
The second and third terms can be lower bounded by

. N (12 .
<H (HAy ~ |a¢’ ) A > " <H - (HA@ a9 ) Ag>>
F
Ol ol () ()
- U\Al " |af (HAl Bl + A5 el
> — 20¢4/3dlst A (7) HA
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For the first term, noting that Z*7Z* = Z*7Z* = 0 and ZTZ* = ZTZ*, we have

7 -7 ZiTz>

777 — ZTZ*,ZTZ>

— 2 1~ ~ .
27z + <sz _ 2777, ZTZ>
F

I
N N N = N N =~ o~

~ 2 1/~ - 1, ~ ~

27z + <ZT(Z _ 7, sz> +5 <—sz*, sz>

77zl + 1 <ZT(Z A ZTZ> 41 <Z*TZ* AV ZTZ>
F 2 ’ 2 ’

2 1 I
777 F+§<(Z—Z*)T(Z—Z*),ZTZ>

Y%

~ 2 ~ ~
7Z'7Z —1||Z—z*|| Z-7
9 F

F
2 ‘
F

2 ()
A - A

27|
F F

2

. By Lemma S.3 with
F

~ ~ . 2 .
Note that ||Z — Z*||> = Hz 7 AD s ¢ HAg) A
F

) 2
¢, < 0.01, we have HA%J) — A7 . < 50¢4/3dist%j), and hence,

~—~ 1 A (12 A 2 .
(z-2.2272) > 5 |ar)] - [a¥ [
2 F F

2\ 2 ) 2
) — 254"/ dist{), .
F F

e

Combining the two pieces, we have the lower bound of G terms:

(GDi + GRi + GPZ- + Gcl)

M-

@
I
—

2

Y

N2 112
A(J) _HA(J)
[l - [a2’]

2
4/3 11042

vV

2\ 2
) — 2025¢°dist(;,
F

v
e e B VY

N N N
Ll
\k:/. .
[\
|
>
N

2)2 ~2025C)
2

10/3d~ t2~ ‘
A ¢ dist;)

K

Step 3.3. (Lower bound for 32, (Tw, + Te, + Tc,))
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Similarly to Wang et al. (2023), it can be verified that

Tw, +Tp, +1Tc, + 1w, +Tp, +1c,

C Rjj 0V, [C () Rﬁj)} ([ng) Rgﬂ')r [c@ Rﬂ - b2Ir1)>

C; Ry OF), [C G) jo)} ([an Réj)r [ng) jo)} B b21r2)>

|-
N < o Py - ic; pijof, [c pU ([ ng)r e pp)] - b21T1)> (S3.16)
) -
N < ' py] - (c; P 0f), [Cf PY] ([ng) Péj)r ey Py - bQIT2)>.

Denote UY) = [c) RY), vV = ¢V PV, Ur = [Cr RI], Vi = [C Pi]. Recall that

UrTU% = b2, and ViTVi = 1?1, , for the first term we have

1u

<Ug]) U*O Ugj) (Ugj)TUgj) - b2Ir1>>

1 . . . 4

25 <U§j)TUgj) o UTTUT7 Ug])TUgj) o b2Ir1>
1 «T7* @HT @ 1@ Ty1() 2

+§<U1 U - UV Turo?) uvTut b1ﬁ>.

1 . . .
5 (UV U - viog), vy oY) - v

T
Since Ugj )TUgj ) b’L,, is symmetric, we have
(uimu; - v Uil P Uy - v, )
_ <U{TU* O(J U*TU U Ul () _ b21r1>
(O Ui (U0 — U, UITUY ).

Therefore, with condition (S3.3),

<U ~ U0 u¥ (UWU b21r1)>

1 : _ 2 1 , :
= |[oPTuY -, |+ <(U§” —U;0)TuY - uro), v Tu b21m>
1 T 2 1 T
> [uP Ul - || - Saistd ‘Uﬁ” vy L, |
Lm0 et 1P Lyia
TR >
ZZ Ugj)TUgj) _ b2Ir1 ] . Tngg/gdlSt?])
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Adding the lower bounds of the four terms in (S3.16) together, we have

TRl + TPl + TCl + TRz + TP2 + TCQ

T , . 2
24 (H ¢ vV [0 rY) — 1, | +

2 3

H [Cz(j) P@(j)}T {CQ) P(j)] I,

2
F F

—Cp¢*/dist(),.

Step 3.4. (Upper bound for 2?21 (Qp, 2+ Qr, 2+ Qp, 2+ Qc,2))

Following the definitions and plugging in b = ¢'/3, we have

2
Y (@2 + Qri2 + Qriz + Qo)
=1

24041003 (52(7“1, ra.dr.dy) + [VE(AD) - VE(AY)

)

C 440 Hc?”cgﬂ') e
F F
2
)
2
)

+ 18]|cY TRy

2
DY (18 HC RV
=1

2 . .
+ 8 HR ])T bQI” + 8 HPZ(])TPEJ) - bQIri
F

)2

<24041/3 (5%, ro,di, ds) + HVZ(AU)) _VL(AY)
2 . T

+20/\§¢2/3 Z (H [CZ(J) RE])} C(J) R } bQIn

>2

AY @AY — Az A;

d; —d;

HA])

+120X2610/3 (HAU

2

F

120020 10/3 (HA(J

-2

2
Step 3.5. (Lower bound for )
F
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So far, we have derived bounds for all parts in (S3.11). Combining these pieces, we have
c 42
dlst (j+1) — dist{;)

. . 2
<—an HAO) @AY — Az @ Al .
( CHQ¢1O/3

2025\, Cp
K?

—2n — 360" — CpAap®/® — ¢10/3> dist{),

~ 2
(240 210/3 _ ) ch (AD) — V(A"

F

(24077 ¢10/3 n) §2(T’17 T2, dlu d2)
C

(20)\2 2¢2/3 >\277>

2
2 2
H )R C(j) RO| -1, | +[[cv P(j)r e o] — 1,
7 k3 P 7 1 7 2 k3 .
1 , 2\ 2
+ (120A§n2¢10/3 - §Am) (HA?’ - |[a® F) |

(S3.17)

, , 2
Next, we construct a lower bound of HA%J ' ® Agj ) A5 ® A7|| related to dist%j). View-
F

ing vec(As) and vec(A;) as the factors in vec(Ay)vec(A;)", our first regularizer
2
(||A1H§ - ||A2||§) = (vec(A;) vec(Ay) — VeC(Ag)TVeC(A2)>2

can be regarded as a special case of Wang et al. (2017), as well as a generalization of Tu
et al. (2016). Define the distance of two vectors up to a sign switch as

2
. i=1,2.

dist2(vec(A§j)),vec(Af)) = min Hvec(AEj)) —vec(Al)s .

s==+1

For more details of this type of distance, see Cai and Zhang (2018). By Lemma S.3, since

Cp is small,

. 2 . 2
|a? - ai| +]|aY - Az <300D 30007 < 6%, i=1.2
F F

Then, we have HAZQ) — Af|| < ||A}||p- Hence, we know that the angle between VeC(AEj))
F
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and vec(AY) is an acute angle. Thus,

2
. i=1,2.
F

% 7

dist?(vec(AD), vec(AY)) = Hvec(A@) — vec(AY)

Meanwhile, applying the permutation operator P, the Frobenius norm remains unchanged

, . 2 . . 2
HA&” AP — AT ® Al - ‘‘Vec(Agj))Vec(Agj))T — vec(AZ)vec(Ai)THF :

Recalling the notations defined in Step 3.2 and applying Lemma S.4, we have

2

|A9 —asl + a9 - a;
F F
=dist*(Z, Z*)
< |2z -7}
4(\/51_ De* (S3.18)

TN (2 HAQ’ o AY — A @ Al
2

+ )’Vec(Agj))vec(Agj))T — vec(A})vec(AN)T .

2
F

. . 2
+ Hvec(Agﬂ)veC(Agﬂ)T - Vec(A;)vec(A;)TH ) .
F
To erase the last two terms, we note that

. 2 2
(s

2 .
_ A(J)
e

2

|
(

_ <ZZT _ 77T 777 _ Z*Z*T> 4 <ZZT7 Z*Z*T> I <Z*Z*T7 ZZT> _ <Z*Z*T7 Z*Z*T>
< AVA

~~ ~ o~ ~ 2
7277 — 7777 77T — z*z*T> 42 HZTZ* _ ’
F

F
=0

> <ZZT . Z*Z*T, zzT . Z*Z*T>
2

. A 2 , ,
= Hvec(Agj))vec(Ay))T - Vec(A*{)Vec(A’{)TH + Hvec(Aéj))vec(Agj))T — vec(AE)vec(AZ)TH
F

F

_ ) G)  Ax «||?

(S3.19)
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Then, combine (S3.18) and (S3.19), we have

4
< —

HA(j) _A* 2+HA(j) _AX 2 A(j) ®A(j) — A ®A*
1 1 F 2 2 P ¢2 2 1 2

HAJ)

).

(93.20)

(S

Next, by Lemma S.3 and ¢, < 0.01, we have

. 2 .
I (L o O

2

)

+ 9423 22: (H [Cz(j) R@@}T [C@@ R§j)] L,
=1

Then, we obtain a lower bound:

2

F

) ) 2
\Mi@Af—M@ATF

$10/3 2 2\ 2
40Ofi2dISt 2 HASJ) HAgj) F

8/3 . _ 2 : 1T , : 2
367 H C(a) Rl(g)] T H [Cl(g) P@(a)} [CEJ) P§a>] el )
50/11 i F F

(S3.21)
Finally, plugging the lower bound (S3.21) into (S3.17), we have the following upper

bound:

agl®3  C2Cpapt?/? 2025\, C ,
d1st 11 < (1 —2n (8350/42 _Zh 1?;2¢ — 36¢4193 — Cpgg?/® — ﬁ—21D¢10/3)) d1st?j)

2
+n (77240¢10/3 + E) 52(7“17 o, dy, da)

) (24077¢10/3 _ %) ”V/:’(A(j)) —viay)

F

1 Bag®?
+57 (40A§n¢2/3 + % - )\2>

2 AT 2 LT 2
<3 H [CE” RO]' [c¥ RY] i1, | + H [ P9 " [c O] — 1,
i=1 F F
1 10/3 _ () Olls i
e s (- )
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Step 4. (Convergence analysis of dist?j +1))

For the tuning parameters 1, Ay, A\; and ¢, let

Oé¢8/3
K,2

CDOé

To
Ay = 2

= Bp10/3’

, A=« and c=

We see that with 79 < 1/480 and Cp being small enough, the error is reduced by iteration.

For the coefficient of the third term of (53.22),

1 240 1
240ne'? — — < <.
ne 26 = 4805 28 —

For the fourth term of (S3.22),

3a¢8/3 400&2([58/3 3a¢8/3 a¢8/3
- _ < _
25K2 =480k B 25K2 K2

ad®® (1 3
< — 4+ —==-1
= R2 <12+25 )

<0.

40X2n¢* +

For the fifth term of (S3.22),

2
a + 480020¢1%3 — 2\, <a + % —2a<(1+1-2a<0.

From now on, for the sake of simplicity, C' will denote a constant whose exact value may

change in different contexts. For the second term of (S3.22),

9 m (240 2K° Cor?
240013 4 2 ) < = B
n (77 ¢ + c )] = Bolo/3 \ 4803 + Cpa) — afB¢p/3

For the first term, i.e., the coefficient of dist%j),

a¢10/3 C%CD(X¢1O/3 10/3 2/3 2025\ Cp 10/3
e = —36c¢"" — CpAagp™® — T¢
a¢10/3 1 )

== gog — (G +2062) Cp
O./¢10/3 OO

= /.;JQ X 7

Therefore, we can derive the following recursive relationship:

dist%jﬂ) <(1- Conoaﬁ_llﬁ_z)dist%j) + Cno/fza_lﬁ_lgb_lo/gfz(rl, T, dy, ds). (S3.23)
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2 is a constant

When Cp is small enough, Cj is a positive constant and 1 — Cynpa3~ 1k~
smaller than 1. Hence, the computational error can be reduced through the proposed gradi-

ent descent algorithm.

Step 5. (Verification of the conditions)
In this step, we verify that the conditions (S3.4) and (S3.3) in the convergence analysis hold
recursively.

For j = 0, since initialization condition dist?o) < Cpaf~1k2¢*?3 holds, we have

e ne

< lc” r] - [c; R;]OL)
op

N

+||ic; ri10)
op

op
< dist(g) + ¢/
S (1 + Cb)b,
lic® P <|ic” P®-[c; Pi10Y)| + |c; PjOL)
op op op

< distq) + ¢/

< (1+ )b,
and
o0 <[ oo
% P % iU R R0

< \/dist(y + ¢'/°

< (1 + Cb)¢
Then, suppose (S3.3) and (S3.4) hold at step j, for j + 1, we have

+||ol D0l
F i,u i || g

fori=1,2.

dist;, 1) < (1 — Comoa ™' w2 dist(;) + Cnor’a ' 871671032 (ry, 1y, du, dy)
Cpag?/? CoCp  CE? dy, d
< DOC(Q _ n0¢2/3a26_1/"32 0 6D . 5 (7017;:274 1, 2) .
Bk Bk asg

Since ¢* > CBK%¢?a~3 for some universally big constant, we can verify that

Cy _ 0152(7”1,7“2>dl>d2) >0
BKS a3t =%
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then

CDOé¢2/3
pr*

diSt%j_,'_l) S

By the same argument as j = 0, we can verify that condition (S3.4) holds. Then the induc-

tion is completed.

Step 6. (Construction of the upper bounds)

In the preceding steps, we proved that (S3.3), (S3.4), and the recursive relationship
(S3.23) hold for any j > 0. By iterating this relationship and summing the resulting geo-
metric series, noting that > (1 — ComaS~'w7%)7 = Cy 'y ta~tBK?, we obtain the upper

-2
bound of dlSt(j).

dist%j) < (1- Conoaﬁ’lﬁ’Z)jdist%O) + Ok 207182 (ry 1y, dy, dy),

For the error bound of A; and Ay, by Lemma S.3, we have

2

A9 arlP LAY A
i =il + 5" - as],
4/3 3: 42

<CoY3(1 — Conoaﬁ_lﬁ_Q)jdiSt%o) + Crr*a 20722 (ry, 19, dy, do)

)

2
+ HAg°> _A;

<Cr*(1 = Conpaf~ k%) (HA&O) —A;

+ CI{4O[_2¢_2§2(7“1, T, dl, dg)
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Also, for the error bound of HAg) ® Agj) — A5 ® A}

2
, we have
F

) ) 2
|aP @ AP - Ay Al

2

. N (12 .
(a2 a5) A7 42 (a7 )
F

)

<OFR*(1 — Compaf 52y (HA§°> e

F

2 ()
N

<84 (HAP — A

2
-

)

The last inequality is from (S3.20) with the fact that ”AgO)H = HA%O) H .
F F

2
)
+ CFL4OC_2§2(T17 o, dl, dg)

<Cr2(1 — Cynpa B~ tk2Y ( HAS” 2 AY — Al A*

+ CIQ4OC_2§2(T17 o, dl, d2)

S3.2 Auxiliary Lemmas

The first lemma states that when the Frobenius norm of estimated parameter matrices
are close to their true values, the Frobenius norm of high-order perturbation terms can be

controlled by the running error in (S3.1).

Lemma S.1. Define the following matrices

A} =[C] R{]D{[C] Pi]", A; = [C; R3]D;[C; 3],

A, =[C, Ry|D;[C; Py]", and A, = [Cy Ry]Dy[Cy Py,
where D, D; € R C: C; € RPix% gnd Ry, R, Py, Pr € Rrx0imdi) - for = 1,2,
Meanwhile, || A%|lp = | Aslly = ¢ and [C: RZ]T [CH R:] = [C: PY]" [C P2 = V2L, for some
balance scalar b. Suppose that there exists a constant ¢, such that

(1+c¢)o

G Rilll, = (L+)b, G Pilll, < (L + )b, and [Dillp < 5

fori=1,2.

(S3.24)
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Fori=1,2, let
&w=[C; RI]O;, — [C; Ry,
Eiv = [C] P;]O;, — [C; Py,
&.p=0;,D;0;, — D,
where Q; . € O%*% O, ,, Q;, € QUi—di)x(ri=d) Q, = diag (O;., Oi,), 0;, = diag (Oj, O;,) -

Then, let
H; = - A, ® ([C; Ri|D:&], + [C1 RiJ&E p[Cy Py +&,,D4[Cy Py]T)

— ([Cz Rz]D252Tv + [C2 Ro]&p[Ca Py + &,D3[Cy Pz]T) ® A,

which contains the first-order perturbation terms, and
H=A0 Al -A,®A, +Hj,

which represents second- and higher-order terms perturbed from Ay ® A;.

Meanwhile, define the distance as

D= min {10 - GO+ IR~ RO+ [P, PIOL 2
05,05 Ze’f[l)("rdi)x(ri,di) i=1,2
i i,p
i=1,2
v i,¢

+ |ID; — diag(0),, Of,) ' D;diag(O),, O, )II? |

= > {IICi = COI} + IR: = R; 05, [} + IPs = POy I} + |Di — O], D;0:, I3 .

1=1,2

Assume that D < Cp¢*® for some constant Cp. If b= ¢'/3, there exists a constant Cy,
such that

1| < Chg"/*D.

Proof of Lemma S.1. We start by decomposing the perturbed matrix Aj ® A}. Using no-
tations defined above, we split the perturbed matrix to 64 terms and classify them into

three types: zeroth-order perturbation, first-order perturbation, and high-order perturba-



ZHIYUN FAN, XIAOYU ZHANG, AND DI WANG

tion. Then we control the Frobenius norm of high-order perturbation, |H||;.

A ®A]
=[C; R5]D3[C; P3]" ® [C} R;]D;[C; Pj]’
= ([C2 Ra] + &24) (D2 + &2.p) ([Co Py + 52,U)T ® ([C1 Ry + &10) (D1 + &1p) ([Cy Py + gl,v>T

[Cs Ry|D5[Cs Po] T + [Cy Ro] Doy, + [Co RolE: p[Cy Po]T + [Co Rol& pES,

+&2.,D> [Ca PQ]T + 52,uD252TU + 82,u€2,D[CQ PQ]T + 52,u82,D5;U

® [Cl Rl]Dl[Cl Pl]T + [Cl Rl]Dlngy + [Cl Rl]gl,D[Cl Pl]T + [Cl RI]EI,DSIU

+E1.D1[C1 Pi]T + &1, D&, + E1uE1,p[Ci Pi]T + E1.EpEY,
=A; ® A1+ Ay, ® ([C; RyD1&), + [C1 Ri)€1p[Cy Py + &,,D4[Cy Py]T)
+ ([C2 Ro]D2&y, + [C Rol&o p[Ca Po] " + &£,,D[Ca Po] ') ® Ay
+ (57 terms containing 2 or more Es)

=A, ® Ay — H; + (57 terms containing 2 or more £s).

Therefore, H is the summation of 57 terms of higher order perturbation. Next, we upper

bound ||H|| by upper bounding every piece of H.

57
[H[x <> [|the ith term of HJ|y.
i=1
It can be easily verified that for every £ defined above (we just ignore the subscripts),
IE]IZ < D. Writing out every one of the 57 terms, we find that the Frobenius norm of
each term can be upper bounded by one of the values in {C'D?, CbD>? Cpb=2D>2, Cb?D?,
Cob~'D?, C¢?b=*D?, Cb*D?, Co*b—3D3%, CepD3?, Cv¥’D3?, C¢bD, Cp*b—2D, Ch* D}.

Using b = ¢/? and D < Cp¢?/3, it is clear that all those values are less than or equal to
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C¢*3D, where C' is another constant. Finally, adding together the 57 upper bounds gives

1|y < Cré**D.

The following lemma is adapted from Lemma A.2 in Wang et al. (2023), using the
Frobenius norm ||B*||; instead of the original spectral norm, as presented below. The proof
follows an analogous argument and is omitted here for brevity. It establishes the approximate

equivalence between the estimation error of components and that of the aggregated matrix

B.

Lemma S.2. (Wang et al., 2023) Suppose that B* = [C* R*]D* [C* P*]", [C* R*]" [C* R*] =
b1, [C* P*]T[C* P*] = 1L, 6 = ||B*|lp, and o, = 0, (B*). Let B = [C RID[C P]T with
1[C R]llop < (1+¢)b, ||[C Pllop < (1+¢)b, and |Dllop < (1 +¢)@/b* for some constant

¢ > 0. Define

E = min ~ (|[CR] - [C" R"]diag (O.,O,)||; + || [C P]
0.c0%*
Or’ope@)(rfd)x(rfd)

— [C* P*]diag (O, O,) ||z+]| D — diag (O, 0,)' D* diag (O., O,) H%) .
Then, we have

81?

2
Oy

e (0 Do) BB

+202C, (||[C R)TIC R] - L[|} + [|[C PIT[C P] - L[}
and

|B — B*[|2 < 3b* [ +4¢°° (1 +¢)] B,

where Cy = 14+ 4¢2b7% (1 +¢)* + (1 +¢)* (2 +¢)? /2).



ZHIYUN FAN, XIAOYU ZHANG, AND DI WANG

Applying Lemma S.2 on A; and Aj, we have the following equivalence relationship
between the combined distance D defined in Lemma S.1 and the squared errors of A; and

A,.

Lemma S.3. Consider A}, Ay, A5, Ay and D defined as in Lemma S.1, and (S3.24) holds.
Define ¢ := min(oy ., 09,,). Then, we have

]b2
D < (45—4 + Fcb) (1AL — AjI5 + [ A2 — A3[IR)

2
+2Cyb~2 ; (H[Cz Ri' [C; Ry — VL, i + H[Cz P,]' [C, P| - VL,

2
In addition,

A — AL|2 + || Ay — A2 < 66D + 24¢%~2(1 + ¢)'D.

Proof of Lemma S.3. The conditions specified in (S3.24) satisfy the premises of Lemma S.2.
Applying Lemma S.2 to the pairs (A1, A}) and (As, A%) separately yields the desired bounds.
Specifically, summing the resulting inequalities for ¢ = 1 and ¢ = 2 establishes the first
inequality. The second inequality follows directly by applying the reverse bound from Lemma

S.2 and summing over ¢ = 1,2. This concludes the proof. O

The last lemma is useful in analyzing the upper bound of the distance between our

estimates and their true values.

Lemma S.4. (Lemma 5.4., Tu et al. (2016)) For any U,X € RP*" where p > r and X is
full-rank, define

dist(U,X)? = min ||U - XO|2,

OG@T‘XT‘

we have
: |
2(v/2 — 1)02(X)

dist(U, X)? < luuT - XX
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S4 Statistical Convergence Analysis

In this appendix, we present the stochastic analysis underlying our statistical theory, in-
cluding verification of the RSC/RSS condition and bounding of the deviation term ¢ and
initialization errors. The conclusions are derived under assumptions presented in Section 4

of the main article. Notations are inherited from Appendix S3.

S4.1 Proof of Theorem 2

We first verify the conditions needed in Theorem 1 for the local convergence. Under As-
sumptions 1 and 2, by Proposition 1, we have the conclusion that with probability at least
1—Cexp{—C(pir1 + para + 4r2r3)}, the RSC/RSS condition holds with a = argc and 3 =
Brss. Meanwhile, by Proposition 2, the initialization error satisfies dist?o) < k2023 arscBras
with probability at least 1 — C'exp(—Cpips2). In addition, by Proposition S.2, the condition
€2 < k¢ adgoBres is satisfied with high probability.

Therefore, along with other conditions of Theorem 2, the conditions of Theorem 1 are
satisfied, implying that for j > 1,

2

HAm Al s HA(J'>_A*
1 1 F 2 2

F

. 2 2
SKA(1 - COWO@RSCﬁlgsls’(Q)] <HA§0) —Aj . + HAéO) —Aj F) + “4¢72a§5052<7"1,7"2, di,ds)

SKA(1 = ComoamscBragh ) oM 3distdy) + k' 2apdc &3 (r1, 12, di, da)
For the initial error term, we apply Proposition 2 again to see that with probability at least

1-C eXp(—Cppo),

. 4 4 P1P27r1T2
dlSt?O) 5 ¢2/3Q 4gm?naR§CT2M12 T .

In addition, by Proposition S.1, the statistical error is bounded as

/df
5(T1,T2,d1,d2> 5TM1 %7
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with probability at least 1 — C'exp (—C'(p171 + parz)).
To ensure the upper bound of the statistical error term dominates the computational
error term after j iterations, we need

2M2P1P2T17‘2 < ho2 . 2 2M2dfMARCF

K% (1 — ComoarscBrssh ) ¢ 0 grinOmSaT 7~ %sc T

It implies that when

< 10g (gimin#~*dfyiarce/ (p1parir2))
~  log(1 — ComparscBragh2)

Y
the computational error is absorbed, and then

2 M2 dfMARCF

HASJ)_AT T

2 2
AY) — A
487 -4,

4 2 =2
S KO agseT

2
By similar analysis on HA&‘D ® Ag‘]) — A5 ® Aj|| , we also have
F

< a2 722 MARCE

2
J J * *
HA§)®AS)—A2®A1 v QrscT T

S4.2 Verification of RSC/RSS Condition

In this appendix, we prove Proposition 1. We first recall some notations. Let A* = A ® A}
denote the true transition matrix in the vectorized MARCF model y; = A*y;_; + e;, where
y: := vec(Y,) and e; := vec(E;). The RSC and RSS properties are defined with respect
to an arbitrary candidate parameter matrix A = Ay, ® A; satisfying the MARCF struc-
tural restrictions. Throughout this proof, unstarred A, A;, and A, refer to such candidate

matrices. Then, the least-squares loss function with respect to A can be written as

T

~ 1

LA) =5 D llye — Ayiall;
t=1

In addition, recall that the RSC and RSS coefficients defined in Proposition 1 are agrsc =

Amin (Ze) /(2ftmax(A)) and Brss = 3Amax (Ze) /(2min(A)), and the spectral quantity used for
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the sample complexity is My = Ajin (Ze) fmin (A) / (Amax (Ze) fimax (A)). In the following,

we give the proof of Proposition 1.

Proof of Proposition 1. Straightforward algebraic manipulation yields

E(A) - £(A") ~ (VE(A). A~ A = L3 (A - A2,

Hence, it suffices to prove that

T—1

QRSC ) 1 . Brss .

1A = A%E < 5= ) A - A)ylls < == A - A7
2 2T — 2

with high probability.

Based on the moving average representation of VAR(1), we can rewrite y; as a VMA(00)

process,
y =€ + Ae,_1 + (A" ey + (A*) e, 3+ - -
Let z = (y}fl,ygd, o ,yOT)T e = (e}fl,e;ﬂ, LI .)T. Now z = Ae, where A is a

matrix with T'p;ps rows and oo columns, defined as

L AT AR A | [ ATeAT (ATeAD? (Aje A)
i O L, A" (A" .. _ 0) | I A2 AT (AL ® AY)?
I O @) @) L .. | I @) O Q) L.,
Let ¢ = (C;_l, <IN Cg, . .)T. By assumption on noise we know that e = ii/zc where
x/2 0 O
<12 o x? O

O 0 xl?
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Let A = A — A*. It suffices to show that for ||A||y = 1, there exist 0 < o < 3, such

that

We define the set of unit-norm differences of low-rank Kronecker products as:

S(r1,7m2,p1,p2) i= {M TM=A®A; — A, ®A],
A AL € RPP rank(A,), rank(A) <7y, M|y =1, i = 1,2}.
For brevity, we denote this set as & when the dimensions and ranks are clear from the

context. By construction, A € S. Denoting Rp(A) := 3/ ' |Ay:|3, we have

T-1

Rr(A) = ZYZATA}%
t=0
Yyr-1
ATA
Yr-2
= (y;717 y;727 e 7YE)F)
ATA
Yo (S4.1)

=z (Ir® ATA)z

—e'AT (I; ® ATA) Ae
—(TEPAT (e ATA) AR e
S NEDING

Note that Rp(A) > ERp(A) — sup |Rr(A) — ERr(A)|, we will derive a lower bound
AeS

for ERr(A) and an upper bound for sup |Ry(A) — ERp(A)| to complete the proof of RSC
AcS

part.
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For ERp(A), by (S4.1) and properties of Frobenius norm,

ERp(A) =E[¢(TS"AT (Ir e ATA) AS(]

_ (gyw (roaa A

F

> T)\min (AAT ) )\min (Ee) :

For |Rr(A) — ERp(A)|, noting that

~1/2 ~ ~
Iallp < Iz @ Al T @ AR, 15, I3 IANL, € TA2 w0 (Se) Xy (AAT)

and

~1/2 ~ ~ ~
1Bally, < ITr @ AL IZ 12 AL, < Ao (Ze) Anax (AAT) |

by Hanson-Wright inequality (Lemma S.5), we have that for any = > 0,

P (|Rr(A) — ERr(A)| > 722)
5 (S4.2)

x x
<2exp{ —C'min ,

M (D) e (AAT) TR, (80) R (AAT)

max max

where C' is a constant.
For any € € (0,1), consider an e-net of S with respect to the Frobenius norm, denoted
by S. Then for any A € S, there exists A € S, such that HA — ZHF < e. By Lemma S.6,

we have

. 15 4p1r1+4pare+16rirs
Sl< (2 .

€
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Therefore,

|Rr(A) —ERr(A)]

T-1
= Z (Hyg— ® IplpzveC(A)Hi —-E HYtT ® IplpzveC(A)lez>
t=0

S

= VeC<A)T (Yty;r ® Ip1p2 - I['E}’ty;r ® Ip1p2) VeC(A)‘
t

i
o

= |vec(A) TM(y:)vec(A))|

< |vec(B) TM(y)vec(B)| + 2 [vec(A) TM(y,) (vec(A) — vec(A))]
+ |(vee(A)T = vee(A)T)M(y:) (vec(A) — vee(A))]

< max |Rr(A) —ERr(A)| + (26 + %) sup |[Rr(A) — ERr(A)].

A€eS

When ¢ < 1/3, we have

sup |[Rp(A) —ERp(A)] < (1 — 3¢) ' max |Rr(A) — ERp(A)].

AcS AcS

Letting € = 0.1, by union bounds and (54.2),

A€S

<sup |Rr(A) —ERp(A)| > T%)
<* (1

max |RT ERT(K>| Z (1 — 36)7‘227)
Ae
— — 1
AeS

2

<92 x 1504p1r1+4p2r2+16r%r§ exp { —C'min x — L e
A (Ze) A (AAT) TA (o) N (AAT)

. m x2
<2exp {21(p1r1 + porg + 4r?r2) — C'min (}\ =0 (A;&T> TA2 (E.) A2 (;&};T)) } .

max

Here we take £ = T A\min (Ze) Amin <;&AT) /(27%) and define

My = Ain (B) Anin (AAT) /A (8e) Anos (AAT) < 1,
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then
T AT
P ( sup |Rr(A) — ERH(A)] > = Amin (Ze) Amin (AA )
AES 2
[ My M?
<2exp {21(]917’1 + paro + 47“%7“%) — C'min (2—7_3, 4—71) T} (S4.3)

<2exp {21(p1r1 + pora + 4rir) — CM3 min (772, 774) T} .
172 2

Hence, when T' > (pyry + pare + 4r2r2) My ? max (72, 74), we have that with probability

at least 1 — 2exp {—C(p1r1 + para + 4r3r3)},

T
Rr(A) > 5

)\min (Ee) )\min (A;&T) .
Then the RSC coefficient arsc = Amin (Xe) Amin <;&:&T) /2.
As for RSS part, similarly, we have Rp(A) < ERrp(A) + sup |Rp(A) — ERr(A)| and

A€eS
ER7(A) < TAmax(AAT) Amax(Ze). Since the event

{iﬁ% IRP(A) — ERp(A)] < TAmin (Ze) Amin (A’AT) /2}

implies

{i‘é% [Rr(A) = ERr(A)] £ Thuas (Se) Aas (AAT) /2} :

we have when the event above occurs,

Rr(A) < %Am (Ze) Ao (AZ&T) . (S4.4)

Thus Brss = 3Amax (Se) Ama (Afﬂ) /2.
Finally, since A is related to VMA(c0) process, by the spectral measure of ARMA
process discussed in Basu and Michailidis (2015) we replace Apax (K;&T) and Apin (KKT>

with 1/pmin(A) and 1/ pmax(A), respectively. O
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S4.3 Property of Deviation Bound

In this appendix, we derive an upper bound for £ defined in Definition 2, which demonstrates
the benefit of dimension reduction conferred by the MARCF model.

Proposition S.1. Under Assumptions 1 and 2, if T 2 (pir1+pars +4r2r2) My ? max (72, 74),

then with probability at least 1 — 2exp (—C'(p17m1 + pare)),

/df
€(T15T27d17d2> STMl %7

where My = Apax (Be) //,Ll/2 (A), dfyiarcr = pi(2r1 — dy) + pa(2ry — dy) + 13 + 73, and

My = Ainin (Ze) fmin (A) / (Amax (Ze) fhmax (A)).
Proof of Proposition S.1. We first define the parameter spaces for A; and A, in the MARCF
model. Specifically, we consider the following set of matrices with unit Frobenius norm and
common column and row subspaces, denoted by W(r, d; p):
W(r,d;p) := {W € RP”? : W = [C RID[C P]",C € O"**, R,P € Q"""
C'R=C'P =0, and |W|,=1}.
Let W(r, d; p) be the £/2-net of W(r, d, p) with respect to the Frobenius norm. By Lemma

S.8, W(r,d;p) C W(r,d;p), and

Define
V(T17T27d17d2) = {W2 ®W;: Wy e W(T27d2;p2)7W1 € W(Tladﬁpl)}a

then V(ry, o, dy, dy) := {WQ @ W1 : Wy € W(ry, dy;pa), W1 € W(rl,dl;pl)} is an e-net of

V(r1,79,d1,dy), which can be directly verified. Meanwhile,

|V(T17 T2, d17 dQ)‘ <

_ 48\ 2(Prritper2)—prdi—padatritr
< ) (S4.5)

€
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In addition, note that VL(A*) = —(Y/_, e;y;,)/T, we have

T
§(r1, 19, dy, dg) = sup <% ZethT1aA> : (54.6)
AEV(r1,r2,d1,d2) p—

In the following, we start from establishing an upper bound for ¢ when there is no
common space, i.e., d; = dy = 0. In this case, elements of W; and Ws are merely low rank
matrices.

For every A = Wy, ®@ W, € V(r(,73,0,0), let A = Wy ® W, € V(ry,73,0,0) be
its covering matrix. By splitting SVD with common space (Lemma S.7), we know that
W, — W, can be decomposed as Wy — W, = Asq + Agy, where Agj, Agy are both
rank-ro and (Agq, Agp) = 0. For Wy — W, there exist A;; and A, following the same
property. Then with Cauchy’s inequality and [|A;; + A,s|2 = [|Ai1][7 + [|Aia]lZ we know
that |A1llp + [[Aizlly < V2[|Ai + Apslly < V2e, for i = 1,2. Since A,/ [|A |l €

W(r;,0; p;) we have

N[ =

N[ =

T
1 Ay, d ADY
_Zet}’t LA @ W ||A2,1||F+ Zeth 1 ® W, ||A2,2||F
T = [18,1]] P (18|
T
< ‘

1« Ay A
1,2
fZetyt 1 Wa @ A, || >||A11||F < Yoewyl Wew = A >||A1,2||F
F

t=1 HF
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T
1 _
< m — T A 0.0) (/A A A A
_AEV(T1§;;707O)<Tt§1etyt_1, >+€(r1,r2, 0) (182l + [1A22llp + [Avallp + [ Avalle)

T
1 __
<  max <— g etytT_l,A> +2\/§6€(7’1,T2,0,0).
=1

o ZEV(Tl,TQ,0,0) T

Hence,

T
1 —
£<T17r27070> S (1 _2\/58)71f 7maX _Zety;ILDA .
AeV(r1,r2,0,0) T —1
Define Rp(M) := 23“2—01 ||Myt||12? and Sp(M) := Zthl (e;, My; 1) for any pipa X pip2
real matrix M with unit Frobenius norm. By the proof of LemmaS5 in Wang et al. (2024),

for any z; and 29 > 0,

2

P{Sr(M) > z1} N {Rr(M) < 2}] < exp <_272)\m:(1(26) Z2) .

With the derivation of (S4.3) and (S4.4), when T' 2 (pyr1+pora+4r2r2) My ? max (72, 74),
using proper constants C' here, we have that

3T

P <RT(A) 2 TAmaX (Ze) )‘max <;&;&T)> S 26Xp{—15(p17”1 + Parso + 47’%7”3)}

Then, using the pieces above, we have for any z > 0,

P(f(rl,rg,0,0) Z (L’)

T
1 __
<P = ey A)>(1-2V2
< (Ae max <Tt:1etyt1 >_( €)33'>

V(r1,72,0,0)

< ¥ P(ST(K)Z(1—2\/§5)TJC)

< Z P ({ST(K) >(1— 2\/§5)Tx} ﬂ {RT(K) < %Amax (3e) Amax (K_XJ) })

ZEV(T‘l ,7‘2,070)

3T N
>
+ > P (RT<A) > = e (Ze) A (AA ))
AGV(T‘LTQ,O,O)
(1 — 2v/2¢)*Ta?
31202 () Anax (AZ&T)

max

<|V(r1,72,0,0)| | exp + exp {—15(1717“1 + pare + 47"%7"3)}
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Here we take ¢ = 0.1 and 7 = 4v/37 Apay (Ze) M2 (:&:&T) V (2piry + 2pore + 12+ 12) /T,

then

P (&(r1,72,0,0) > )

_ ( 48 )2(P1T1+p2T2)+T%+T§

0.1

+ exp {—15(]?17“1 + paro + 47’%7’5)}

X | exp

T
67202 (Ze) Ao (XJU)

<exp {(7 — 8)(2p171 + 2pory + 12+ r%)}
+ 2exp {7(2p1r1 + 2pory + 17 4+ 13) — 15(pyry + pars + 47“%7“3)}

<Cexp{—C(pir1 + par2)}.

Define dfgravar = 2p171+2p2ra+72 412 and My = Apax (Xe) /,urlm/ﬁ1 (A) = Mpax (Be) M2 <;‘1;§T)

Therefore, when T 2 (pi7r1 + pary + 4r2r2) M, > max (72, 7%), we have that with probability

at least 1 — Cexp{—C(pir1 + par2)},

[df
5(7"1,7’2,0,0) SJTMI %AR

Next, we construct the upper bound of ¢ when common spaces exist. By Lemma S.7,
now W, — W, can be decomposed as Wy — W, = Asq + Ago + Ags + Ayy, where
Ay, Ay are both rank-ry with common dimension dy. Ags, Ay, are rank-ro. More-
over, (As;,Agy) = 0 for any j.k = 1,2,3,4,7 # k. Then with Cauchy’s inequality and

4 2 4 2 4 4 .
1> Ay = Doy 1AullE we know that Y0 4 |A e < 2{|305-; A, < 26,0 =1,2.
Similarly, we can decompose each side of the Kronecker product into four parts. The first

two parts contain common space while the last two do not. Thus, £(r1,79,d;,ds) can be
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upper bounded by the covering of V(ry, 79, dy, ds) and £(r1,72,0,0) as follows:

1 T
<?Zet}’tT—1aA>

t=1

1T
:<?ZethT—1,A>

t=1

T

4
1 A28
+ = eyl ® Wi ) [[Agl
(7St o I
4 T A
+Z< Zetyt 17W2®HA “ >||A15HF
s=1 Lslip

T
1
< max <T Zeth 1 > + 4e€(r1,72,0,0) + 4e€(r1, ro, di, ds).

AGV(T1,7‘2,d1 dQ
Therefore,

5(7’177"27d17d2) S (]— - 46)_1 ( 7maX < Zeth 1 > +4€§(T1,T2,0 0))
AeV(

r1,r2,d1,d2)

Similar to the derivation of &(ry,73,0,0), we have

T
1 _
P max — E ey, VA ) >
(AGV(TM"Q,UZL@) <T i—1 it > )

— TCL’2
<|V(r1,re,dy, da)| | exp § — —= +6XP{—C(]017’1 + paro +47‘%7‘§)}
37222 (2e) Ao (AAT)

max

Define

dfyarcr = p1(2r1 — di) + pa(2ry — do) + 17 + 13

Taking e = 0.1 and = CTApax (Ze) M2 (A/;‘:T) Vdfyarcr/T and with (S4.5), similarly

we have

r1,72,d1,d2)

P <A e < Zetyt b > 2 ™My dfMARCF/T> < exp{—C(pir1 + par2)}
S

Combining the upper bound of £(r1,72,0,0), we have

df df
5(7"1; 9, d17 d2) SJ TMI (\/ MCZA-,RCF + \/ R;-,MAR) 9
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with probability at least 1—C'exp (—C(p1r1 + pars)). Moreover, since dfgryar < 2dfyarcr,

/df
5(7”1,7“2,d1,d2) STMl %

O
With this upper bound, we verify the condition on the upper bound of £ in Theorem 1.

Proposition S.2. Under Assumptions 1 and 2, if T 2 (pir1 +para +4r2r2) My ? max (12, 74)
as well as T 2 k* 0 *agocBrssT> M2 (p171 + para), then we have that, with probability at least

1 — Cexp (=C(pir1 + par2)),

4.3
€< ¢ arge
~ Fd%Rss

Proof of Proposition S.2. By Proposition S.1, we know that with probability at least 1 —

/df
£(T17T27d17d2) SJTMl w

2 _—4 -3 27172 2 4 -3 2172
Then, when T' 2 k*c *aggefrssT> M7 (p1m1 +parse) 2 k20 *agscPrssT> Midfvarcr, we have

Cexp (—=C(pir1 + para)),

2772 43
2 < T Ml dfMARCF . ¢ QRgC
~ —1_—3 5 = .
k20 tagioPrss T2 Midfvarcr KO BRss

S4.4 Properties of Initialization

In this appendix, we establish the theoretical guarantee for the initialization procedure in

Section 3.2.
Proof of Proposition 2. Letting A = AVAR _ A*, by the optimality of AVAR, we have

LA* + A) + M||A* + All. < L(A") + Ao||A*|,.
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Expanding the quadratic loss gives

T T-1
SOA K Y 1 T 1 2
LIA"+A) - L(AY) = - <f;et}’t17A> + ﬁ; [Ay:|5-
Noting that rank(A*) = riry, we let the compact SVD of A* be A* = U*S*V*T | where

U* V* € Qpr2xmim2 - By Holder’s inequality and the triangle inequality, we have

T—1 T
1 1 . .
e Sl < (13 el &) 301 A"+ Al
t=0 t=1

1 T
T Z ey
t=1

The first part of proof follows the literature on generic nuclear-norm penalized matrix

(S4.7)

< [AlL+ Ao (AT« = [[A" + AllL).

op

estimation (Negahban and Wainwright, 2011). Denote T+ to be the tangent space at A*:
Ta- = {U'B{ + B,V*" : By, B, € RP72Xim2 1
Thus, the orthogonal complement of T s~ is defined as
Tx- = {M € RPwP>»122 . U*TM = 0, MV* = 0} .
Define A” to be the projection of A onto T4. and A’ := A — A”. We have
[A+ A" = [[A"+ A"+ A" > A"+ A% = |A"]s = [|A"] + AT = [[A]l.. (S4.8)

The last equality holds because A” is orthogonal to A*.

Since T' > M, ? max (72, 7%) p1p2, by Proposition S.3, and choosing a proper constant for
Ao, where A\g =< 7Mi+\/p1p2/T, we have HZtT=1 etytT_l/TH < Xo/2. Therefore, for (S4.7),
op

plugging in (S4.8), we have
T

-1

1 A
o7 DAYl < TIA + A”[l+ do(— A" + A7) <

T

t=0

By Lemma 1 of Negahban and Wainwright (2011), we know that rank(A’) < 27;r,. There-

o

2 )|a..

[\)

2T

t=

3o
2

3o
2

3\
1A’ < ==
2

v27’17”2||A/HF = V2T17’2”AHF-
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Combining (a) of Proposition S.3 and \g < 7M;+/p1p2/T with the above inequality, we have

_ mra
< qniaTM PipaTiz )
F ~ —“RSC 1 T

with probability at least 1 — C exp(—Cpips).

HKVAR — A*

Next, we propagate the error through the nearest Kronecker product approximation. As

in Chen et al. (2021), utilizing the re-arrangement operator P,

HAQ ® A — KVARH = Hvec(Ag)veC(Al)T -P [KVAR} H

F F

Define the largest singular value of P[KVAR] as 01, and the corresponding left and right
singular vectors as u and v. By the best rank-1 approximation property of the SVD (the

Eckart—Young-Mirsky theorem), the explicit solution to (3.12) is
AP = mat,, (5;”?) . and  AK® = mat,, ., <5i/2ﬁ) :

where mat,, «, () is the matricization operator from a vector to a (m,n)-dimensional matrix.
Because AKP @ AKP is the nearest Kronecker product approximation to AYAR, and A* =

A% ® A7 has the same Kronecker product structure, we have

HK;(P ® K{{P _A*

< HK;(P 2 K?P _ ;&VARH n H;&VAR _A*
F F

S 2 H;&VAR — A*
F

.
For T 2 ¢*40413§072pr1]927"17“2 with a suitable constant, we have

~ ~ 2
|A57 & A —ar| <At

which means that the angle between Vec(ggp ® A?P) and vec(A*) is an acute angle. There-

fore, by an argument analogous to the derivation of (S3.20), we can separate the estimation
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error as
~ 2 ~ 4 - 2
|5 —ag| +[|AR - A <L ||AK @ AKP _ As g A;
F F gzﬁ F
<_ H;&VAR — A* 2
¢? F

~2,=2 -2 P1p27”17“2
<¢ QrscT M2 T
Next, we account for the rank-truncation step applied after the NKP approximation.
Again, since ;‘;?R denotes the best rank-r; approximation of K?P in Frobenius norm obtained

by truncated SVD and rank(A}) = r;, the triangle inequality and the Eckart—Young-Mirsky

theorem give

”K?R—A;‘ ngK?P—A; , fori=1,2.
F F
Consequently,
~ 2 ~ 2 T
|Am - ar]| o+ ||AR - Ag < otagdortap 2

Finally, with Assumption 3, applying a matrix perturbation analysis analogous to Lemma

B.4 in Wang et al. (2023), we bound the error of the final decomposition step as

)

Combining the above two upper bounds, we have the initialization error bound as

2 ~
L+ HA?R _A;

disty < 0%, ([A1 - A

2 M2 p1p27”17"2

dlSt < ¢2/30 gmlnaRSC T

]

The following proposition proves two auxiliary bounds used in the proof of Proposition 2.
The first bound corresponds to the RSC property of the VAR loss with respect to arbitrary
test matrices, and the second one corresponds to the statistical error of the convex nuclear-

norm penalized VAR estimator, which is also the key to verify the choice of Ay.
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Proposition S.3. Under Assumptions 1 and 2, if T > My ?max (72, 7%) p1ps, we have that
with probability at least 1 — Cexp(—Cpips),

(a) for any matriz A € RPP2xP1p2

T—
fz (A = A")yell5 = arsc [|(A — A,
t=0

and (b)

< Tlelpljl_?z.

op

1 T

-
= Z €tYi—1
T t=1

Proof of Proposition S.3. Noting that

T—

1 1 ~
=S AR = = >t (Ayy AT) 2 A {B(0) A
t=0

t=0

=

where T'y(0) = Y7, y4-1y,_,/T. Defining T',(0) = E (yey: ), since Weyl's inequality gives

Main {T(0)} 2 A (T,(0)} = |[T(0) = T,0)

op

we first give a concentration bound for ||fy(0) —I',(0)||op- The proof is analogous to the
proof of Proposition 1, but we give necessary details for completeness.
Recall the VMA (o) representation and the related notations defined in Appendix S4.2,
- Sl : :
we know that z = (y;_q,...,¥y) = AX, (. Define S to be the unit sphere in RP1P2
with respect to Euclidean norm. For any fixed v € SP*P2, defining Qr(v) = T - VTf‘y(O)V,

we have
T—1
Qr(v)=T- v Zy vy,
=0
=z (Ir@vv')z
TSP AT (10w AS ¢

Here, Qr(v) is the analogue of Rr(A) in the proof of Proposition 1. Thus, by an analogous
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argument, using the Hanson-Wright inequality, we have that for any z > 0,

P (|Qr(v) — EQr(v)| > 7%z)

T I‘Q

M (D) A (AAT) TA, (80) X (AAT)

<2exp{ —C'min

max max

Next, by the discretization tool in the proof of Proposition 1, we apply the union bound over

a e-net N of SPP2 which has cardinality at most

~—~

3/e)P P2 to get

N | N

P( sup 1Qr(v) — EQr(v)| >

veSP1P2

)\min (Ze> )\min <;&;&T>>
SCg exp {C1p1p2 — C2M22 min (7'72, 7'74> T} .

Hence, when T' 2 p1po M, % max (72, 7%), we have that with probability at least 1—C exp {—Cp1ps},

Auin (Ze) Auin (AAT) = ansc

N | —

= 1 sup |Qr(v) — EQr(v)| <

op 1 yespirz

In addition, by the spectral approach as in Basu and Michailidis (2015), Ay, {I'y(0)} >

2agrsc. Finally, combining the two bounds, we have
=
2 2
T > Ay > arse A%

t=0

Next, we give the upper bound for Hthzl ey, ./ TH . Using the variational character-
op

ization of the operator norm, we have

1
uT <Z Tety;r1>

t=1

T

> el

t=1

= sup
u,veSP1P2

T
Lo 1 T
= su —e ,uv’ ).
u,vESEIPQ <; T i1 >
op =
(54.9)
Note that u and v can be viewed as two rank-1 matrices with unit Frobenius norm, and
uv' =u®v'. The quantity on the right hand side of (S4.9) can be viewed as a rectangular
rank-1 analogue of £(1,1,0,0) used in (S4.6) in the proof of Proposition S.1, with W; =

u € RPP2X1 and Wy = v € RY>¥P1P2. Therefore, we use the same discretization and union

bound argument from the proof of the upper bound of &(ry,75,0,0) in Appendix S4.3 to
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obtain that when T > pyp, M, ? max (72, 74),

T
1 T | P1P2
T t_g 1 €ty;: 1 SJ TM1 _T
= op

holds with probability at least 1 — C'exp (—C'(p1p2)). O

Therefore, when 7' is large, the initialization condition for local convergence in Theorem

1 holds with high probability.

S4.5 Auxiliary Lemmas

The first lemma is Hanson-Wright inequality and can be found in high-dimensional statistics

monograph (Wainwright, 2019).

Lemma S.5. (Wainwright, 2019) Given random variables {X;}!_, and a positive semidefi-

nite matriz Q € SI™", consider the random quadratic form

Z=Y 3 QuXX,.

i=1 j=1

If the random variables {X;}}_, are i.i.d. with mean zero, unit variance, and o-sub-Gaussian,

then there are universal constants (cy,ce) such that

. Clt CQtQ
IP[|Z—]EZ|ZUt]§2eXp{—m1n< , )},
Q2" QI

where ||Q||2 and ||Q||lr denote the operator and Frobenius norms, respectively.

The second lemma establishes the covering number of S(ry, 79, p1, p2) introduced in the

proof of Proposition 1.

Lemma S.6. Define the set of unit-norm differences of low-rank Kronecker products as:
S(r1,7r2,p1,p2) == {M TM=A®A — A, ®A],

A, Al € RPP | rank(A,), rank(A]) < 7y, [[M]||, =1, i = 1,2}.
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Let S(r1,72,p1,p2) be an e-net of S(r1, 74, p1, p2) with respect to the Frobenius norm, where
e €(0,1). Then,

15 > 4p1r1+4p27‘2+167"%7"§

|3(””1,T27P17P2)| < (?

Proof of Lemma S.6. For brevity, given (1, 4, p1, p2), we use S and S to represent S(r1, 72, p1, p2)
and S(r1, 79, p1, p2), respectively. Since the proof utilizes tensor operations as techniques, we
give some basic notations and tensor algebra relevant to the proof for clarity. We use 4-
dimensional tensors to illustrate the concepts.

Our definitions align with Kolda and Bader (2009). For any tensor X € R1*d2xdsxds

denote its (i1, ia, i3, 74)-th entry as Xj, ;,,.,. The Frobenius norm is defined by

di do d3 da

Xl = o[ DD N> a2

i1=1149=113=114=1

The mode-k matricization of a tensor X', denoted by X, is a di % (d1dadsds/d),) matrix.

Specifically, X;, ;,.i,.i, maps to matrix element (g, j), where

4 n—1
F=14> (n—1)Jy with J,= ][] dn.
ntk ek

For a matrix U € RP**%  the 1-mode product, denoted by X x; U, is of size p; X da X d3 X d.
It is defined by
dy
(X x1 Uit jpy = Z Ui ikt
i=1
The 2,3 and 4-mode products are defined analogously. Let Y = X x; U; x5 Uy x3 Uz x4 Uy

with Uy € RP** its (i, 5/, k', I')-th entry can be written as

di do d3 da

Yir g1y = Z Z Z Z Xi ikt (U1)iri(Uz) 5 (Us ) e (U (54.10)

i=1 j=1 k=1 I=1

An important property is that

y(k) = ka(k) (U4 R R U(k+1) X U(k,1) K- R Ul)T . (84.11)
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Next, we introduce the concept of Tucker rank. Defining r; = rank(X @) for k =
1,2,3,4, the Tucker rank of X is given by (ry,7re,73,74). If X is low-Tucker-rank, i.e.,

rr < Ty for some 7, and k = 1,2, 3,4, it can be decomposed as

X =G x;1 U; X3 Uy x3 Uz x4 Uy,

where U, € R%*™ has orthonormal columns and G € R™*™2>X7x7™_ The decomposition can
be obtained by HOSVD, see De Lathauwer et al. (2000) for more details.

Now we start our proof. We first validate that Kronecker products can be viewed as
4-dimensional tensors. For any matrix M € RP2P1*P2P1 - define the rearrangement operator
T RpePrxpepr —y RP2XP1XP2XP1 - The operation is defined element-wise as follows: if M =

M, ® M; where M; € RPi*Pi for ¢ = 1,2, then

[T(MQ X M1>]i1,j1,i2,j2 = (].\/[2)@-1’7;2 (Ml)jl,]é y for all il, i2 =1... , P2, and jl;j? = 1, ooy P1-

Since T is a bijection, the inverse operator 7! is well-defined. Furthermore, 7 and 7 !
are linear isometries with respect to the Frobenius norm. Therefore, we find the e-net of S
by applying 7! on the e-net of T(S) := {T(M) : M € S}. Denote T (S) to be the e-net of
T (S) with respect to the tensor Frobenius norm, we have |S| = [T(S).

It remains to characterize the structure of 7(S) and bound the covering number of it.
For any M € S, it is decomposed as M = A; ® A; — A, ® A, where A;, A, € RP>P:
with rank(A;) and rank(A}) < r;. Define their SVD components as A; = U;S;V; and
Al = US/V!" where U;, U, V;, and Vi € QPi*"i for i = 1,2. Denote o} and ~; to be

1)

the k-th largest singular value of A, and A, respectively. Applying 7 on As; ® A4, the
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(i1, j1, 12, J2)-th entry is

[T(A2 ® Ay)]

11,J1,82,72

= (i Ok(UQ)il,k(V2)i2,k> (Zl %(Ul)jl,l(vl>jz,l>

k=1 =1
b (S4.12)

=D > on(Ua)is t(Va)ia k(U )10V
k=1 I=1
T2 i T2 T

- Z Z Z Z e L fm=r} Lin=13 (U2)i; £ (V2) i (U1) 1.1 (V1) o

k=1 =1 m=1 n=1

where 17, is the indicator function. It corresponds to the form of mode product given in

(S4.10), which implies that
T(AQ (029 Al) = C X1 U2 X9 U1 X3 V2 X4 V17

where C € R™*7"xm2X" ig 3 Jow-dimensional core tensor being defined by the last line of
(S4.12). Then, by matricization with (S4.11) and checking the ranks of four modes, we know
that 7(As ® A;) is low-Tucker-rank with ranks of four modes being at most (r2,71,79,71).
Similar argument holds analogously for T(Af ® A’). Therefore, by the property of matrix
ranks, the Tucker rank of T(M) = T (A2 ® A1) — T (AL ® A])) are at most (2rq, 211, 21, 211).

Applying Lemma S.9, we have that

S| =1T(S)]

15 4p17“1+4p2r2+16r%r§
< (= .
g

]

The next lemma gives some results on splitting matrices with common dimensions. Its
goal is to show that we can decompose the sum of two matrices equipped with common
dimensions as the sum of four matrices. Each of them is perpendicular to the others, two
of them are low-rank without common dimensions and the other two are equipped with the

same common dimensions.
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Lemma S.7. Suppose that there are two p X p rank-r matrices W1 and Wy. Then,

1. There exist two p X p rank-r matrices \7\71, Wg, such that W1 + Wy = Wl + Wg and

<W1,W2> —0.

2. Suppose that now W1 and Wy both have common dimension d. That is, Define

W(r,d;p) = {W € R””: W = [C RID[C P]",C € 0" R,P € 0™,

C'R=C'P=0}

to be the model space of MARCF model with arbitrary scale, W1, Wy € W' (r,d;p).
Then there exist Wl, W, € W (r,d;p) and \7\73, W, € W' (r,0;p), such that W1+ Wy =

VNVl +W2 +W3 —|—W4 and <VNV],Wk> =0 for every j,k=1,2,3,4,5 # k.

Proof of Lemma S.7. For the first part of the lemma, by SVD decomposition we know that
there exist p x r matrices Uy, Us, Vi, Vo with mutually orthogonal columns, such that
UJU, =1, W; = U;V] and W, = U,V]. Let W; = U (V] + U[U,V]) and W, =
(I—U,U])U, V], then W; and W, satisfy the conditions.

For the second part, decompose and write together W1 + W gives

D, O .
W1 + W2 - [Cl R1 CQ RQ] [Cl P1 C2 PQ] .

O D,

By applying Gram-Schmidt orthogonalization procedure (or equivalently, QR decomposi-

tion), we can obtain two orthogonal bases,

[Cl ﬁ,l 62 ﬁg] € @pXQT, [Cl ]51 62 f)g] € @pXQT.
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Then
RN A N
W, + W, =[C; R; C; Ry L [C; Py C, Py
D, D,
=[C, f{1]]51[(31 151]T + [62 f{Q]ﬁ2[62 152]T
+[C; Ry|Ds[C, Py)" + [Cy Ry|Dy[Cy Py]T

=W, + W, + W5+ W,

It can be directly verified that <Wj, Wk> =0 for every j,k =1,2,3,4,5 # k. n

The next lemma gives the covering number of low rank matrices with common column

and row spaces.

Lemma S.8. (Lemma B.6, Wang et al. (2023)) Define
W(r.d:p) = {W € R”?: W = [C RD[C P|".C € O"*",R,P € 0",
C'R=C'P=0, and W] =1}.

Let W(r,d; p) be an e-net of W(r, d; p), where € € (0,1]. Then
- 2 p(2r—d)+r?
Wil < () .

Finally, the following lemma establishes the covering number bound for the set of low-

Tucker-rank tensors.

Lemma S.9. (Lemma 2, Rauhut et al. (2017)) Define
H={X e R ™ s rank(X () < re, bk =1,2, ..., N,[|[X][p = 1}.
For any € € (0,1), the covering number of H with respect to the Frobenius norm satisfies:

N (H, || |lp,€) < (B(N + 1) fe)rremn+Eimmre,
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S5 Consistency of Rank Selection

Proof of Theorem 3: We focus on the consistency for selecting r1, as the result for r can
be developed analogously. Under Assumptions 1 and 2, with T > {M,?max (72, 74) +

dtagseT M2 re}pipa, Appendix S4.4 implies the first-stage consistency of the VAR-based

estimator. Since 7; > r; = rank(A}), the Eckart—Young-Mirsky theorem gives the same
truncation bound for A\f{R(ﬂ) from the proof of Proposition 2. Hence,

S¢_2 —9 7_2M2p1p27"17“2‘

~ 2 ~
| AR ) — A+ || A5 () - A; ardorMPHEE

2
F

with probability approaching 1 as T' — oo and py, ps — oo. Since A?R—A’{ is rank-(71 +11),
by the fact that L., norm is smaller than L, norm and Mirsky’s singular value inequality

Mirsky (1960),

max oy (A(r) — oy (ADP < 3 (o3RI ) - 03(A)

1<j<ri+r:

—2 _9 _9.m2P1D2T1T2
SO agseT Ml—T .

Then, Vj =1,2,...,7,

o5 (AT (1)) = 03(A])] = 06 agserMiv/piparira [ T).
Next, we show that as T, p;, po — oo, the ratio (Uj+1(1&1§R(f1)) +s(p1, pa, T))/(aj(glf”R(fl)) +

s(p1,p2,T)) achieves its minimum at j = ry. For j > ry, 0;(A}) =0 and

o, (AT (7)) = O(¢ ™ aggemMiy/piparira/T) = o(s(pr. p2, T)).

Therefore, we have
o1 (AT () + s(prp2, T)

Ty — L.
O-j(Al (7"1)) + S(php?aT)
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For j < ry,
0541 (AFR (1)) + 5(p1, p2, T)
plTp?gooo UJ(A{{R(fl)) + s(p1,p2, T)
— lim 0j+1(A7) + o(s(p1, p2, T)) + s(p1,p2, T)
Jee  0i(A7) +o(s(pr,pe, T)) + s(pr, pa, T)
= lim —UjH(AT)

prp2—oe 0j(AY)

<1

For j = ry,
Jj+1(KI£{R<f1)> + S(p17p27T) _ O(S(pl7p27T)) + S<p17p27 T)
o (ARR(7)) + 5(py, po, T) 0 (A7) +0(s(p1, 02, T)) + s(p1,p2, T)

8(p17p27T)
o, (A7)

:O< min 0_<A>>
1<j<r-1 0;(A})

Therefore, when T, py, ps — oo, the ratio will finally achieve its minimum at j = r{, with a

probability approaching one.
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