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S1 Discussions on Sparsity Assumptions

S1.1 Sparse Q Function and Sparse Completeness

Recall the sparse completeness. Let GK = {f : X d × A → R| f(x, a) =

f(xK, a)}. Given the target policy π, define the following operator,

Γπf(x, a) = r(x, a) + γEπ[f(x′, a′)|x, a].

Assumption 1. sparse completeness. Given the target policy π, there

exists an active set K ⊆ [d], |K| ≤ d0 such that GK is closed under the

operator Γπ.

The sparse completeness of target policy π guarantees the GK can cap-
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ture the operator Γπ. Note that f ≡ 0 belongs to GK for all K, Sparse

completeness under the target policy π guarantees that GK is closed under

the operator Γπ. r ∈ GK. As such, Eπ[f(x′, a′)|x, a] ∈ GK if f ∈ GK. Denote

r(t)(x, a) = Eπ (R0,t | X0,0 = x,A0,0 = a), r(0)(x, a) = r(x, a). And hence,

Qπ(x, a) =
∑︂
t≥0

γtr(t)(x, a). (S1.1)

To prove Q ∈ GK, we only need to prove

r(t)(x, a) = r(t)(xK, a) (S1.2)

By CMIA,

r(t)(x, a) = Eπ (R0,t | X0,0 = x,A0,0 = a)

= Eπ[Eπ (R0,t | X0,1 = x′, A0,1 = a′) |X0,0 = x,A0,0 = a]

= Eπ[r(t−1)(x′, a′)|X0,0 = x,A0,0 = a]

(S1.3)

Note that r(0)(x, a) = r(x, a) ∈ GK. If r(t−1)(x, a) ∈ GK, r(t)(x, a) =

Eπ[r(t−1)(x′, a′)|X0,0 = x,A0,0 = a] ∈ GK. Q ∈ GK is proved by induction.

We proved the sparse completeness implied Assumption 1 directly.

S1.2 Sufficient State

Definition 1. Sufficient State. Ma et al. (2026) We say the sufficient

state XK in an MDP if Rt ⊥⊥ Xt,Kc | (Xt,K, At) and Xt+1,K ⊥⊥ Xt,Kc |
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(Xt,K, At), for all t ≥ 0.

If we further consider an online learning problem, then, based on the

definition of a sufficient state, Ma et al. (2026) prove the following the

proposition,

Proposition 1. If XK is a sufficient state, then there exists an optimal

policy that depends only on XK.

This proposition implies that the optimal policy π∗ only depend on the

sufficient state XK, and allows us to only focus on policies that are functions

of sufficient states.

S1.3 Proof of Proposition 1

Proof. For an index set K ⊆ [d], define

GK =
{︂
f : X d ×A → R : f(x, a) = ˜︁f(xK, a) for some bounded function ˜︁f}︂ .

Thus, GK is the class of bounded functions that depend on the state only

through xK.

For any bounded function f , define the target-policy transition operator

(Pπf)(x, a) =

∫︂
X d

∑︂
a′∈A

f(x′, a′)π(a′ | x′)P (dx′ | x, a),
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where P (· | x, a) denotes the transition kernel. The corresponding Bellman

operator is

(Γπf)(x, a) = r(x, a) + γ(Pπf)(x, a).

We show that, under either sufficient condition, Γπ maps GK into itself.

First, suppose that Sufficient Condition 1 holds. Let x, x̄ ∈ X d satisfy

xK = x̄K. Because the full transition kernel depends on the current state

only through xK, we have P (· | x, a) = P (· | x̄, a). Therefore, for any

bounded function f ,

(Pπf)(x, a) =

∫︂
X d

∑︂
a′∈A

f(x′, a′)π(a′ | x′)P (dx′ | x, a)

=

∫︂
X d

∑︂
a′∈A

f(x′, a′)π(a′ | x′)P (dx′ | x̄, a)

= (Pπf)(x̄, a).

Thus, (Pπf)(x, a) depends on the current state only through xK. Since

r(x, a) = r(xK, a), it follows that Γ
πf ∈ GK whenever f ∈ GK.

Next, suppose that Sufficient Condition 2 holds. Let f ∈ GK, so that

f(x′, a′) = ˜︁f(x′
K, a

′) for some bounded function ˜︁f . Let PK(· | x, a) denote

the marginal transition kernel of X ′
K. Because the target policy depends

only on the active coordinates, we have π(a′ | x′) = π(a′ | x′
K). Conse-

quently,

(Pπf)(x, a) =

∫︂
X |K|

∑︂
a′∈A

˜︁f(x′
K, a

′)π(a′ | x′
K)PK(dx

′
K | x, a).
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The assumed reduced transition property implies that PK(· | x, a) = PK(· |

x̄, a), whenever xK = x̄K. Hence,

(Pπf)(x, a) = (Pπf)(x̄, a),

so that Pπf ∈ GK. Together with r ∈ GK, this gives Γ
πf ∈ GK.

Thus, under either sufficient condition, GK is closed under the Bellman

operator Γπ. To complete the argument, let f0 = 0 and define the Bellman

iterates fm+1 = Γπfm, m ≥ 0. Because f0 ∈ GK and GK is closed under Γπ,

we have fm ∈ GK for every m. Moreover, since γ < 1,

∥Γπf − Γπg∥∞ ≤ γ∥f − g∥∞.

Therefore, the Bellman iterates converge uniformly to the unique bounded

fixed point of Γπ. Since Qπ is a fixed point, the limit must equal Qπ. As

GK is closed under uniform limits, it follows that Qπ ∈ GK. Equivalently,

Qπ(x, a) = Qπ(xK, a) for every (x, a) ∈ X d ×A.

Taking Sa = K for every a ∈ A and using |K| ≪ d establishes Assumption 1.

S2 Properties of B-spline basis functions

In this section, we summarize several properties of the B-spline basis func-

tions used in our analysis. Let L denote the number of basis functions,
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and let m denote the order of the B-splines, where m is fixed and chosen

according to the smoothness parameter v. Let

b(x) =
(︁
b1(x), . . . , bL(x)

)︁⊤
be the normalized B-spline basis associated with a knot sequence {τj}

(de Boor, 1976). We augment the knot sequence at the two boundaries

such that

τ0 = τ1 = · · · = τm < τm+1 < · · · < τL−1 < τL = τL+1 = · · · = τL+m.

We further assume that the distinct knots are equally spaced, namely,

τm+1 − τm = · · · = τL − τL−1.

Define

dj =
τj+m − τj

m

for all admissible j. Since m is fixed and the knots are equally spaced, we

have dj ≍ L−1 uniformly in j.

Throughout the proofs, we use the rescaled B-spline basis

Bj(xi,t) =
√
L bj(xi,t), j = 1, . . . , L, t ≥ 1.

Lemma 1. For the knot sequence defined above and any x ∈ X ,

L∑︂
j=1

bj(x) = 1 and 0 ≤ bj(x) ≤ 1, j = 1, . . . , L.
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Moreover, there exists a constant cm > 0, depending only on the order m,

such that

sup
x∈X

∥b(x)∥2 ≤ cm.

Proof. The partition-of-unity property

L∑︂
j=1

bj(x) = 1

follows from Marsden’s identity (de Boor, 1976). In addition, the B-spline

basis functions are nonnegative, and therefore 0 ≤ bj(x) ≤ 1 for every j.

Since B-splines of order m have local support, at most m components

of b(x) are nonzero at any fixed x. It follows that

∥b(x)∥22 =
L∑︂

j=1

bj(x)
2 ≤ cm.

This bound is purely a property of the B-spline basis and does not depend

on the distribution of X.

Lemma 2. There exists a constant c∗ > 0, independent of L, such that

sup
x∈X

∥B(x)∥∞ ≤
√
L, sup

x∈X
∥B(x)∥2 ≤ cm

√
L,

and

(c∗)−1 ≤ λmin

{︃∫︂
X
B(x)B(x)⊤ dx

}︃
≤ λmax

{︃∫︂
X
B(x)B(x)⊤ dx

}︃
≤ c∗.

(S2.4)
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Proof. By Lemma 1,

sup
x∈X

∥b(x)∥∞ ≤ 1 and sup
x∈X

∥b(x)∥2 ≤ cm.

Since B(x) =
√
Lb(x), the first two claims follow immediately.

It remains to establish the eigenvalue bounds. A standard stability

property of B-spline bases implies that there exist constants c1, c2 > 0,

depending only on the order m, such that, for every c = (c1, . . . , cL)
⊤ ∈ RL,

c1

L∑︂
j=1

djc
2
j ≤

⃦⃦⃦⃦
⃦

L∑︂
j=1

cjbj

⃦⃦⃦⃦
⃦
2

L2(X )

≤ c2

L∑︂
j=1

djc
2
j ; (S2.5)

see, for example, de Boor (1976). Because the knots are equally spaced and

m is fixed, dj ≍ L−1 uniformly in j. Hence, there exist constants c, c > 0,

independent of L, such that

cL−1∥c∥22 ≤

⃦⃦⃦⃦
⃦

L∑︂
j=1

cjbj

⃦⃦⃦⃦
⃦
2

L2(X )

≤ cL−1∥c∥22.

Equivalently,

cL−1∥c∥22 ≤ c⊤
{︃∫︂

X
b(x)b(x)⊤ dx

}︃
c ≤ cL−1∥c∥22.

Therefore,

cL−1 ≤ λmin

{︃∫︂
X
b(x)b(x)⊤ dx

}︃
≤ λmax

{︃∫︂
X
b(x)b(x)⊤ dx

}︃
≤ cL−1.

Finally, since B(x) =
√
Lb(x),∫︂

X
B(x)B(x)⊤ dx = L

∫︂
X
b(x)b(x)⊤ dx.
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The desired result follows by taking c∗ = max{c−1, c}.

Remark 1. In the main paper, we use the augmented basis vector

Φ(x) =
(︁
1,Φ1(x1)

⊤, . . . ,Φd(xd)
⊤)︁⊤ .

For each k = 1, . . . , d, let

Bk(xk) = (Bk,1(xk), . . . , Bk,L+1(xk))
⊤ ∈ RL+1

denote the rescaled B-spline basis constructed using a deterministic se-

quence of equally spaced knots over the support of xk. Thus, Lemma 2

applies to Bk with L+ 1 in place of L.

Let

mk =

∫︂
X
Bk(z) dGk(z),

and let Ak ∈ R(L+1)×L have orthonormal columns spanning the orthogonal

complement of mk, so that

A⊤
k Ak = IL, A⊤

k mk = 0.

We define the centered B-spline contrast basis by

Φk(xk) = A⊤
k Bk(xk) ∈ RL.

By construction, ∫︂
X
Φk(z) dGk(z) = 0.



ZHAO, SHI, QI AND WANG

In particular, no nonzero linear combination of the components of Φk is a

constant function. Therefore, the explicit intercept and the spline coeffi-

cients are identified under this parameterization.

This construction preserves the standard spline approximation rate.

Indeed, centering any spline approximation formed from Bk produces an

element of the linear span of Φk. Since the target component functions are

centered under Gk, the uniform approximation error remains of order L−m,

up to a constant factor.

Moreover, since Ak has orthonormal columns, Lemma 2 gives

sup
xk∈X

∥Φk(xk)∥2 ≤ sup
xk∈X

∥Bk(xk)∥2 ≤ cm
√
L+ 1 ≲

√
L.

Consequently,

sup
x∈X d

∥Φ(x)∥∞ ≲
√
L, max

1≤k≤d
sup
x∈X d

∥Φk(xk)∥2 ≲
√
L.

In addition,

∫︂
X
Φk(z)Φk(z)

⊤ dz = A⊤
k

{︃∫︂
X
Bk(z)Bk(z)

⊤ dz

}︃
Ak.

It follows from Lemma 2 that there exists a constant c∗ > 0, independent

of L, such that

(c∗)−1 ≤ λmin

{︃∫︂
X
Φk(z)Φk(z)

⊤ dz

}︃
≤ λmax

{︃∫︂
X
Φk(z)Φk(z)

⊤ dz

}︃
≤ c∗.
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S3 Additional technical details

Lemma 3. Under assumption (A2) and (A3), λr
min(Σ) ≥ c̄/2.

Proof. Denote the marginal distribution of X0,t by µt and the average dis-

tribution µ̄ =
∑︁T−1

t=0 µt/T . By the definition of Σ, we have

Σ = E
{︃
1

T

T−1∑︂
t=0

(ξ0,t(ξ0,t − γU0,t+1)
T )

}︃
=

∫︂
x∈X d

∑︂
a∈A

ξ(x, a)(ξ(x, a)− γE[U(X0,1)|X0,0 = x,A0,0 = a])T b(a|x)µ̄(x)dx

=

∫︂
x∈X d

∑︂
a∈A

ξ(x, a)(ξ(x, a)− γu(x, a))T b(a|x)µ̄(x)dx

=

∫︂
x∈X d

∑︂
a∈A

[ξ(x, a)ξ(x, a)T − γξ(x, a)u(x, a)T ]b(a|x)µ̄(x)dx

(S3.6)

For ∀a ∈ R2(1+dL), denote

η1(a) =

∫︂
x∈X d

∑︂
a∈A

{aTξ(x, a)}2b(a|x)µ̄(x)dx

η2(a) =

∫︂
x∈X d

∑︂
a∈A

{aTu(x, a)}2b(a|x)µ̄(x)dx (S3.7)

It follows from Cauchy-Schwarz inequality that

∫︂
x∈X d

∑︂
a∈A

[aTξ(x, a)u(x, a)Ta]b(a|x)µ̄(x)dx ≤ η1(a)
1/2η2(a)

1/2 (S3.8)
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Therefore

aTΣa ≥ η1(a)− γη1(a)
1/2η2(a)

1/2 = η1(a)
1/2(

η1(a)− γ2η2(a)

η1(a)1/2 + γη2(a)1/2
)

(S3.9)

Under the assumption (A3), if a ∈ C, η1(a) − γ2η2(a) ≥ c̄∥a∥22 ≥ 0,

η1(a)
1/2 ≥ γη2(a)

1/2. We have

aTΣa ≥ c̄

2
∥a∥22 ∀a ∈ C (S3.10)

Lemma 4. There exists a good event G1 satisfying

P (G1) ≥ 1− exp{−c2 log(nT ∨ d)}

such that, on G1, (α
∗,β∗)⊕ given by (3.5) is feasible for the optimization

problem (3.11) with

λ = c1
√
L
log(nT ∨ d)√

nT
,

where c1 and c2 are positive constants.

Proof. Throughout this proof, C1, C2, . . . denote positive constants that are

local to the present proof and are re-indexed from C1. They are distinct

from the lowercase constants c1, c2, . . . appearing in the statements of the

results.
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Define

εi,t = Ri,t + γ
∑︂
a∈A

Qπ(Xi,t+1, a)π(a | Xi,t+1)−Qπ(Xi,t, Ai,t), (S3.11)

and

ei,t = γ
∑︂
a∈A

{︃
Qπ(Xi,t+1, a)− α∗

a −
d∑︂

k=1

ΦT
k (Xk,i,t+1)β

∗
k,a

}︃
π(a | Xi,t+1)

−
{︃
Qπ(Xi,t, Ai,t)− α∗

Ai,t
−

d∑︂
k=1

ΦT
k (Xk,i,t)β

∗
k,Ai,t

}︃
.

(S3.12)

Under the smoothness condition on qπk,a(·) and the sparsity assumption,

Qπ(x, a) is uniformly bounded by a constant C1. It follows that

|εi,t| ≤ cr + (1 + γ)C1 ≤ cr + 2C1 = cε, ∀i, t. (S3.13)

Combined with (3.5), the definition of ei,t implies that

|ei,t| ≤ (1 + γ)d0C2L
−m ≤ 2d0C2L

−m, ∀i, t. (S3.14)

Our goal is to prove that, with high probability,

max
k

⃦⃦⃦⃦
⃦ 1

nT

∑︂
i,t

ξGk,i,t
(εi,t − ei,t)

⃦⃦⃦⃦
⃦
2

≤ λ. (S3.15)

For any k = 1, . . . , d, by (S3.14),⃦⃦⃦⃦
⃦ 1

nT

∑︂
i,t

ξGk,i,t
ei,t

⃦⃦⃦⃦
⃦
2

≤ 1

nT

∑︂
i,t

⃦⃦
ξGk,i,t

ei,t
⃦⃦
2

≤ 2d0C2L
−m 1

nT

∑︂
i,t

⃦⃦
ξGk,i,t

⃦⃦
2
. (S3.16)
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Moreover, ⃦⃦
ξGk,i,t

⃦⃦
2
≤ max

k
sup
x∈X

∥ΦGk
(x)∥2 . (S3.17)

Together with the bound in Remark 1, we have⃦⃦⃦⃦
⃦ 1

nT

∑︂
i,t

ξGk,i,t
ei,t

⃦⃦⃦⃦
⃦
2

≤ 2d0cmC2L
1/2−m. (S3.18)

By the triangle inequality, we have

P

⎛⎝ 1

nT

⃦⃦⃦⃦
⃦∑︂

i,t

ξGk,i,t
(εi,t − ei,t)

⃦⃦⃦⃦
⃦
2

≥ λ

⎞⎠
≤ P

⎛⎝ 1

nT

⃦⃦⃦⃦
⃦∑︂

i,t

ξGk,i,t
εi,t

⃦⃦⃦⃦
⃦
2

≥ λ− 1

nT

⃦⃦⃦⃦
⃦∑︂

i,t

ξGk,i,t
ei,t

⃦⃦⃦⃦
⃦
2

⎞⎠
≤ P

⎛⎝ 1

nT

⃦⃦⃦⃦
⃦∑︂

i,t

ξGk,i,t
εi,t

⃦⃦⃦⃦
⃦
2

≥ λ− 2d0cmC2L
1/2−m

⎞⎠ . (S3.19)

Denote

˜︁λ = λ− 2d0cmC2L
1/2−m. (S3.20)

For any integer 1 ≤ g ≤ nT , let i(g) and t(g) be defined by

i(g) =

⌊︃
g − 1

T

⌋︃
+ 1, t(g) = g − {i(g)− 1}T − 1. (S3.21)

Then

g = {i(g)− 1}T + t(g) + 1, (S3.22)

where 1 ≤ i(g) ≤ n and 0 ≤ t(g) ≤ T − 1.

We define the following filtration {σ(F (g))}nTg=0 iteratively. Begin with

F (0) = {X1,0, A1,0}.
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For 1 ≤ g ≤ nT , define

F (g) = F (g−1) ∪
{︁
Ri(g),t(g), Xi(g),t(g)+1, Ai(g),t(g)+1

}︁
, if t(g) < T − 1,

F (g) = F (g−1) ∪
{︁
Ri(g),T−1, Xi(g),T , Xi(g)+1,0, Ai(g)+1,0

}︁
, if t(g) = T − 1 and i(g) < n,

F (g) = F (g−1) ∪ {Rn,T−1, Xn,T} , if t(g) = T − 1 and i(g) = n.

By the Bellman equation, together with MA and CMIA,

E
{︁
εi(g),t(g) | σ(F (g−1))

}︁
= E

{︁
εi(g),t(g) | Xi(g),t(g), Ai(g),t(g)

}︁
= 0. (S3.23)

Notice that ξGk,i,t
is a deterministic function of Xi,t and Ai,t. Therefore,

E
{︁
ξGk,i(g),t(g)

εi(g),t(g) | σ(F (g−1))
}︁
= 0. (S3.24)

This indicates that
{︁
ξGk,i(g),t(g)

εi(g),t(g)
}︁nT
g=1

is a vector-valued martingale

difference sequence with respect to the filtration {σ(F (g))}nTg=0.

The martingale difference sequence ξ
(g)
Gk
ε(g) satisfies the following almost-

sure bound:

⃦⃦⃦
ξ
(g)
Gk
ε(g)
⃦⃦⃦
2
≤ cε max

k
sup
x∈X

∥Φk(x)∥2 ≤ cεcm
√
L. (S3.25)

Moreover, ⃦⃦⃦⃦
⃦

nT∑︂
g=1

E
{︃(︂

ξ
(g)
Gk
ε(g)
)︂T

ξ
(g)
Gk
ε(g) | σ(F (g−1))

}︃⃦⃦⃦⃦
⃦
2

≤ c2ε

nT∑︂
g=1

⃦⃦⃦⃦(︂
ξ
(g)
Gk

)︂T
ξ
(g)
Gk

⃦⃦⃦⃦
2

≤ nTc2εc
2
mL, (S3.26)
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and ⃦⃦⃦⃦
⃦

nT∑︂
g=1

E
{︃
ξ
(g)
Gk
ε(g)
(︂
ξ
(g)
Gk
ε(g)
)︂T

| σ(F (g−1))

}︃⃦⃦⃦⃦
⃦
2

≤ c2ε

nT∑︂
g=1

⃦⃦⃦⃦
ξ
(g)
Gk

(︂
ξ
(g)
Gk

)︂T ⃦⃦⃦⃦
2

≤ nTc2εc
2
mL. (S3.27)

By the matrix Freedman inequality (Tropp, 2011, Corollary 1.3), we

have

P

⎛⎝⃦⃦⃦⃦⃦∑︂
i,t

ξGk,i,t
εi,t

⃦⃦⃦⃦
⃦
2

≥ nT˜︁λ
⎞⎠ ≤ (L+ 1) exp

{︄
− nT˜︁λ2/2

c2εc
2
mL+ cεcm

√
L˜︁λ/3

}︄
.

(S3.28)

Let

˜︁λ = cλ
√
L
log(nT ∨ d)√

nT
,

where cλ > 0 is a sufficiently large constant. By (S3.28),

P

⎛⎝⃦⃦⃦⃦⃦∑︂
i,t

ξGk,i,t
εi,t

⃦⃦⃦⃦
⃦
2

≥ nT˜︁λ
⎞⎠ ≤ (L+ 1) exp

[︃
− c2λL{log(nT ∨ d)}2/2
c2εc

2
mL+ cεcmcλL log(nT ∨ d)/(3

√
nT )

]︃
.

(S3.29)

Using

x

a+ b
≥ 1

2
min

{︂x
a
,
x

b

}︂
,

the exponent in the preceding display is bounded above by

−min

{︄
c2λ{log(nT ∨ d)}2

4c2εc
2
m

,
3cλ

√
nT log(nT ∨ d)

4cεcm

}︄
.
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Since L ≍ (nT )1/(2m−1), we have

log(L+ 1) ≤ C3 log(nT ∨ d)

for some constant C3 > 0. Therefore, by choosing cλ sufficiently large, there

exists a constant C4 > 2 such that

P

⎛⎝⃦⃦⃦⃦⃦∑︂
i,t

ξGk,i,t
εi,t

⃦⃦⃦⃦
⃦
2

≥ nT˜︁λ
⎞⎠ ≤ exp {−C4 log(nT ∨ d)} . (S3.30)

With L ≍ (nT )1/(2m−1), we have

L1/2−m ≍ 1√
nT

.

Therefore,

2d0cmC2L
1/2−m ≍ d0√

nT
.

Under the condition d0 = o(
√
L),

2d0cmC2L
1/2−m = o

{︃√
L
log(nT ∨ d)√

nT

}︃
.

Thus, for all sufficiently large nT ,

2d0cmC2L
1/2−m ≤

√
L
log(nT ∨ d)√

nT
. (S3.31)

Recalling that

˜︁λ = λ− 2d0cmC2L
1/2−m,

we may take

λ = c1
√
L
log(nT ∨ d)√

nT
, c1 = cλ + 1.



ZHAO, SHI, QI AND WANG

Finally, taking the finite union of (S3.30) over all k = 1, . . . , 2d, we

obtain

P

⎧⎨⎩ max
k=1,...,2d

⃦⃦⃦⃦
⃦ 1

nT

∑︂
i,t

ξGk,i,t
(εi,t − ei,t)

⃦⃦⃦⃦
⃦
2

≤ c1
√
L
log(nT ∨ d)√

nT

⎫⎬⎭ ≥ 1−exp {−c2 log(nT ∨ d)} .

(S3.32)

Note that ∥ξG0,i,t∥2 = 1. Using the same argument as above, we have

P

⎧⎨⎩
⃦⃦⃦⃦
⃦ 1

nT

∑︂
i,t

ξG0,i,t(εi,t − ei,t)

⃦⃦⃦⃦
⃦
2

≤ c1
log(nT ∨ d)√

nT

⎫⎬⎭ ≥ 1−exp {−c2 log(nT ∨ d)} .

(S3.33)

Therefore, there exists a good event that,

P (G1) ≥ 1− exp{−c2 log(nT ∨ d)}.

On the event G1, (α∗,β∗)⊕ satisfies all the constraints in (3.11) and is

therefore feasible. This completes the proof.

Lemma 5. There exist positive constants c3 and c4 and a good event G2

satisfying

P (G2) ≥ 1− exp {−c4 log(nT ∨ d)}

such that, on G2,⃦⃦⃦ ˆ︁Σ−Σ
⃦⃦⃦
max

≤ c3L log(nT ∨ d)

√︃
log(nT ∨ d)

nT
.

Proof. Throughout this proof, C1, C2, . . . denote positive constants that are

local to the present proof and are re-indexed from C1. They are distinct
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from the lowercase constants c1, c2, . . . appearing in the statements of the

results.

The main argument of this proof follows from the proof of Lemma 3 in

Shi et al. (2022). The major difference is the matrix norm considered here.

Let Θ(l, k) be the (l, k)th entry of

ˆ︁Σ =
1

nT

n∑︂
i=1

T−1∑︂
t=0

ξi,t
(︁
ξi,t − γU i,t+1

)︁⊤
,

and let Θi,t(l, k) be the corresponding entry of ξi,t(ξi,t − γU i,t+1)
⊤. The

following argument holds for every pair (l, k) and does not depend on the

specific values of (l, k). Thus, we suppress (l, k) and write Θ and Θi,t for

simplicity.

For 1 ≤ l, k ≤ 2 + 2dL, define Θi = T−1
∑︁T−1

t=0 Θi,t. We have

|Θi,t| ≤ ∥ξi,t∥∞
(︁
∥ξi,t∥∞ + ∥U i,t+1∥∞

)︁
≤ 2∥Φ(Xi,t)∥2∞ ≤ 2L.

Consequently,

|Θi,t − EΘi,t| ≤ 4L. (S3.34)

We divide the proof into two scenarios: (i) T is bounded and (ii) T diverges.

We first consider the case where T is bounded. By (S3.34),

|Θi − EΘi| ≤
1

T

T−1∑︂
t=0

|Θi,t − EΘi,t| ≤ 4L.



ZHAO, SHI, QI AND WANG

Since Θ1, . . . ,Θn are independent, Hoeffding’s inequality gives

Pr

(︄⃓⃓⃓⃓
⃓ 1n

n∑︂
i=1

{Θi − EΘi}

⃓⃓⃓⃓
⃓ > τ

)︄
≤ 2 exp

{︃
− nτ 2

32L2

}︃
.

Taking τ = C1L
√︁

log(nT ∨ d)/n, we obtain

|Θ− EΘ| ≤ C1L

√︃
log(nT ∨ d)

n

with probability at least 1 − exp{−C2 log(nT ∨ d)}. Since T is bounded,

the factor T 1/2 can be absorbed into the constant C1. Therefore,

|Θ− EΘ| ≤ C1L

√︃
log(nT ∨ d)

nT
(S3.35)

with probability at least 1− exp{−C2 log(nT ∨ d)}.

We next consider the case where T diverges. We first derive a tighter

high-probability bound for Θi −EΘi than the deterministic bound of order

L. Define

Θ∗
0,t = E [Θ0,t | X0,t, A0,t] , Θ∗∗

0,t = E
[︁
Θ∗

0,t | X0,t

]︁
.

We use the decomposition

Θ0,t − EΘ0,t =
(︁
Θ0,t −Θ∗

0,t

)︁
+
(︁
Θ∗

0,t −Θ∗∗
0,t

)︁
+
(︁
Θ∗∗

0,t − EΘ0,t

)︁
. (S3.36)

Consider the first term in (S3.36). Let

Ft = σ {X0,0, A0,0, X0,1, . . . , X0,t, A0,t, X0,t+1} .
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Then Θ0,t −Θ∗
0,t is Ft-measurable and

E
[︁
Θ0,t −Θ∗

0,t | Ft−1

]︁
= E

[︁
E
[︁
Θ0,t −Θ∗

0,t | X0,t, A0,t

]︁⃓⃓
Ft−1

]︁
= 0.

Thus, {Θ0,t − Θ∗
0,t}t≥0 is a martingale difference sequence with respect to

{Ft}t≥0. Moreover, by (S3.34), |Θ0,t − Θ∗
0,t| ≤ 4L. Azuma’s inequality

therefore gives

Pr

(︄⃓⃓⃓⃓
⃓
T−1∑︂
t=0

(︁
Θ0,t −Θ∗

0,t

)︁⃓⃓⃓⃓⃓ > τ

)︄
≤ 2 exp

{︃
− τ 2

32L2T

}︃
. (S3.37)

Consider the second term in (S3.36). Since the behavior policy is a

fixed stationary Markov policy and X0,t is Ft−1-measurable,

E
[︁
Θ∗

0,t −Θ∗∗
0,t | Ft−1

]︁
= E

[︁
Θ∗

0,t | Ft−1

]︁
−Θ∗∗

0,t

= E
[︁
Θ∗

0,t | X0,t

]︁
−Θ∗∗

0,t = 0.

Therefore, {Θ∗
0,t − Θ∗∗

0,t}t≥0 is also a martingale difference sequence with

respect to {Ft}t≥0. Moreover, |Θ∗
0,t −Θ∗∗

0,t| ≤ 4L. By Azuma’s inequality,

Pr

(︄⃓⃓⃓⃓
⃓
T−1∑︂
t=0

(︁
Θ∗

0,t −Θ∗∗
0,t

)︁⃓⃓⃓⃓⃓ > τ

)︄
≤ 2 exp

{︃
− τ 2

32L2T

}︃
. (S3.38)

We now consider the last term in (S3.36). Let ˜︁Θ0,t = Θ∗∗
0,t−EΘ0,t. Then ˜︁Θ0,t

is a deterministic function of X0,t and |˜︁Θ0,t| ≤ 4L. By Assumption (A4),

the Markov chain {X0,t}t≥0 is exponentially β-mixing, so that β(q) ≤ Cβρ
q

for some ρ ∈ (0, 1).

Following the proof of Theorem 4.2 in Chen and Christensen (2015), we

extend the probability space and construct coupled blocks using Berbee’s
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lemma. Let M = ⌊T/q⌋ and define

Yk =
{︁
X0,(k−1)q, . . . , X0,kq−1

}︁
, k = 1, . . . ,m.

There exist coupled blocks Y ∗
k such that Y ∗

k and Yk are identically dis-

tributed, Pr(Yk ̸= Y ∗
k ) ≤ β(q), the odd-numbered blocks Y ∗

1 , Y
∗
3 , . . . are

independent, and the even-numbered blocks Y ∗
2 , Y

∗
4 , . . . are independent.

Let X∗
0,t denote the coupled process within these blocks and define

˜︁Θ∗
0,t = ˜︁Θ0,t(X

∗
0,t). Let Io and Ie be the sets of time indices belonging to

the odd- and even-numbered complete blocks, respectively, and let Ir =

{mq, . . . , T − 1} be the set of remaining indices. Then {0, . . . , T − 1} =

Io ∪ Ie ∪ Ir and |Ir| < q.

By the triangle inequality,

Pr

(︄⃓⃓⃓⃓
⃓
T−1∑︂
t=0

˜︁Θ0,t

⃓⃓⃓⃓
⃓ > 4τ

)︄

≤ Pr

(︄⃓⃓⃓⃓
⃓∑︂
t∈Ir

˜︁Θ0,t

⃓⃓⃓⃓
⃓ > τ

)︄
+ Pr

(︄⃓⃓⃓⃓
⃓∑︂
t∈Io

˜︁Θ∗
0,t

⃓⃓⃓⃓
⃓ > τ

)︄
+ Pr

(︄⃓⃓⃓⃓
⃓∑︂
t∈Ie

˜︁Θ∗
0,t

⃓⃓⃓⃓
⃓ > τ

)︄

+ Pr

(︄
M∑︂
k=1

1{Yk ̸= Y ∗
k } > 0

)︄
. (S3.39)

When τ > 4qL, the first probability on the right-hand side of (S3.39)

is zero. For the odd-numbered blocks, the block sums

q−1∑︂
j=0

˜︁Θ∗
0,(k−1)q+j, k = 1, 3, . . . ,
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are independent, mean-zero random variables bounded in absolute value by

4qL. Hence, Hoeffding’s inequality gives

Pr

(︄⃓⃓⃓⃓
⃓∑︂
t∈Io

˜︁Θ∗
0,t

⃓⃓⃓⃓
⃓ > τ

)︄
≤ 2 exp

{︃
−C3τ

2

qL2T

}︃
.

The same argument applies to the even-numbered blocks. Moreover, by the

union bound and Berbee’s coupling,

Pr

(︄
M∑︂
k=1

1{Yk ̸= Y ∗
k } > 0

)︄
≤ mβ(q) ≤ T

q
Cβρ

q.

Combining these results, we obtain

Pr

(︄⃓⃓⃓⃓
⃓
T−1∑︂
t=0

˜︁Θ0,t

⃓⃓⃓⃓
⃓ > 4τ

)︄
≤ 4 exp

{︃
−C4τ

2

qL2T

}︃
+

T

q
Cβρ

q. (S3.40)

Combining (S3.37), (S3.38), and (S3.40), we have

Pr

(︄⃓⃓⃓⃓
⃓
T−1∑︂
t=0

(Θ0,t − EΘ0,t)

⃓⃓⃓⃓
⃓ > 6τ

)︄

≤ 4 exp

{︃
−C5τ

2

L2T

}︃
+ 4 exp

{︃
−C6τ

2

qL2T

}︃
+

T

q
Cβρ

q

≤ 8 exp

{︃
−C7τ

2

qL2T

}︃
+

T

q
Cβρ

q. (S3.41)

Set

q =

⌈︃
−5 log(nT ∨ d)

log ρ

⌉︃
and τ = max{C1L log(nT ∨ d)

√
T , 5qL}. When T is sufficiently large, τ =

C1L log(nT ∨ d)
√
T . Substituting these choices into (S3.41) and absorbing



ZHAO, SHI, QI AND WANG

fixed constants into C1 gives

Pr

(︄⃓⃓⃓⃓
⃓
T−1∑︂
t=0

(Θ0,t − EΘ0,t)

⃓⃓⃓⃓
⃓ > C1L log(nT ∨ d)

√
T

)︄
≤ exp {−C8 log(nT ∨ d)} .

(S3.42)

Since {Ri,t, Xi,t, Ai,t}t≥0, i = 1, . . . , n, are independent copies of {R0,t, X0,t, A0,t}t≥0,

the bound (S3.42) holds for every i. Define

Zi =
T−1∑︂
t=0

(Θi,t − EΘi,t) , B = C1L log(nT ∨ d)
√
T .

Then Z1, . . . , Zn are independent and mean zero, and Pr(|Zi| > B) ≤

exp{−C8 log(nT ∨ d)}. Define

Zi = Zi1{|Zi| ≤ B} − E [Zi1{|Zi| ≤ B}] .

The variables Z1, . . . , Zn are independent, mean zero, and satisfy |Zi| ≤ 2B.

Therefore, Hoeffding’s inequality gives

Pr

(︄⃓⃓⃓⃓
⃓

n∑︂
i=1

Zi

⃓⃓⃓⃓
⃓ > x

)︄
≤ 2 exp

{︃
− x2

8nB2

}︃
. (S3.43)

Since EZi = 0 and |Zi| ≤ 4LT ,

|E [Zi1{|Zi| ≤ B}]| = |E [Zi1{|Zi| > B}]| ≤ 4LT exp {−C8 log(nT ∨ d)} .

Consequently, after adjusting the constants, the total truncation bias is

smaller than C1L{log(nT∨d)}3/2
√
nT . Taking x = c3L{log(nT∨d)}3/2

√
nT

in (S3.43), and using

Pr

(︃
max
1≤i≤n

|Zi| > B

)︃
≤ n exp {−C8 log(nT ∨ d)} ,
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we obtain

Pr

(︄⃓⃓⃓⃓
⃓

n∑︂
i=1

T−1∑︂
t=0

(Θi,t − EΘi,t)

⃓⃓⃓⃓
⃓ > c3L{log(nT ∨ d)}3/2

√
nT

)︄

≤ exp
{︁
−(c3/C1)

2 log(nT ∨ d)/8
}︁
. (S3.44)

Dividing both sides of the event in (S3.44) by nT gives

Pr

(︄
|Θ− EΘ| < c3L log(nT ∨ d)

√︃
log(nT ∨ d)

nT

)︄
≥ 1−exp {−C9 log(nT ∨ d)} .

(S3.45)

Finally, define

G2 =

{︄⃦⃦⃦ˆ︁Σ−Σ
⃦⃦⃦
max

< c3L log(nT ∨ d)

√︃
log(nT ∨ d)

nT

}︄
.

Taking a finite union over all entries of the matrix and combining (S3.35)

and (S3.45), we obtain

P (G2) ≥ 1−{2+2dL}2 exp {−min(C2, C9) log(nT ∨ d)} ≥ 1−exp {−c4 log(nT ∨ d)} .

This completes the proof.

Lemma 6 (Matrix concentration inequalities). Let p1, p2 ≥ 1 and write

D = p1 + p2.

• Let {Zj}mj=1 be independent, mean-zero random matrices of dimension

p1 × p2. Suppose that ∥Zj∥2 ≤ R almost surely, and define

ν2 = max

⎧⎨⎩
⃦⃦⃦⃦
⃦

m∑︂
j=1

E
(︁
ZjZ

⊤
j

)︁⃦⃦⃦⃦⃦
2

,

⃦⃦⃦⃦
⃦

m∑︂
j=1

E
(︁
Z⊤

j Zj

)︁⃦⃦⃦⃦⃦
2

⎫⎬⎭ .
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Then, for any u > 0,

Pr

⎡⎣⃦⃦⃦⃦⃦
m∑︂
j=1

Zj

⃦⃦⃦⃦
⃦
2

>
√︁
2ν2{u+ logD}+ 2R

3
{u+ logD}

⎤⎦ ≤ exp(−u).

In particular, if ν2 ≤ mR2, then

Pr

⎡⎣⃦⃦⃦⃦⃦
m∑︂
j=1

Zj

⃦⃦⃦⃦
⃦
2

> R
√︁
2m{u+ logD}+ 2R

3
{u+ logD}

⎤⎦ ≤ exp(−u).

• Let {Xj,Fj}mj=1 be an adapted sequence of random matrices of dimen-

sion p1×p2 satisfying E(Xj | Fj−1) = 0. Suppose that ∥Xj∥2 ≤ Rj al-

most surely, where R1, . . . , Rm are deterministic. Then, for any u > 0,

Pr

⎡⎣⃦⃦⃦⃦⃦
m∑︂
j=1

Xj

⃦⃦⃦⃦
⃦
2

>

⌜⃓⃓⎷8{u+ logD}
m∑︂
j=1

R2
j

⎤⎦ ≤ exp(−u).

In particular, if Rj ≤ R for all j, then

Pr

⎡⎣⃦⃦⃦⃦⃦
m∑︂
j=1

Xj

⃦⃦⃦⃦
⃦
2

> R
√︁
8m{u+ logD}

⎤⎦ ≤ exp(−u).

Proof. For a p1 × p2 matrix M , define its self-adjoint dilation as

D(M) =

⎛⎜⎜⎝ 0 M

M⊤ 0

⎞⎟⎟⎠ .

The dilation satisfies

λmax{D(M)} = ∥M∥2

and

D(M)2 =

⎛⎜⎜⎝MM⊤ 0

0 M⊤M

⎞⎟⎟⎠ .
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For part (i), the rectangular matrix Bernstein inequality (Tropp, 2012,

Theorem 1.6) gives, for every t > 0,

Pr

⎛⎝⃦⃦⃦⃦⃦
m∑︂
j=1

Zj

⃦⃦⃦⃦
⃦
2

> t

⎞⎠ ≤ D exp

{︃
− t2/2

ν2 +Rt/3

}︃
.

Let x = u+ logD and set

t =
√
2ν2x+

2R

3
x.

A direct calculation gives

t2 − 2x

(︃
ν2 +

Rt

3

)︃
=

2R

3
x
√
2ν2x ≥ 0.

It follows that

t2/2

ν2 +Rt/3
≥ x.

Therefore,

Pr

⎛⎝⃦⃦⃦⃦⃦
m∑︂
j=1

Zj

⃦⃦⃦⃦
⃦
2

> t

⎞⎠ ≤ D exp(−x) = exp(−u),

which proves the first assertion. The second follows immediately from ν2 ≤

mR2.

For part (ii), consider the self-adjoint matrix differences D(Xj). They

satisfy

E [D(Xj) | Fj−1] = 0

and

D(Xj)
2 ⪯ R2

jID.
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The matrix Azuma inequality and its rectangular extension (Tropp, 2012,

Theorem 7.1 and Remark 7.3) therefore imply that

Pr

⎛⎝⃦⃦⃦⃦⃦
m∑︂
j=1

Xj

⃦⃦⃦⃦
⃦
2

> t

⎞⎠ ≤ D exp

{︄
− t2

8
∑︁m

j=1R
2
j

}︄
.

Taking

t =

⌜⃓⃓⎷8{u+ logD}
m∑︂
j=1

R2
j

yields the desired probability bound. The final assertion follows by using∑︁m
j=1R

2
j ≤ mR2.

Lemma 7. There exist constants c5 > 0 and c6 > 0 and a good event G3

satisfying

Pr(G3) ≥ 1− exp{−c6 log(nT ∨ d)}

such that, on G3,

⃦⃦⃦ ˆ︁Σ−Σ
⃦⃦⃦
2
≤ c5dL

{︃
log(nT ∨ d)√

nT
+

{log(nT ∨ d)}2

nT

}︃
.

Proof. Throughout this proof, C1, C2, . . . denote positive constants that are

local to the present proof and are re-indexed from C1. They are distinct

from the lowercase constants c1, c2, . . . appearing in the statements of the

results.

All matrix concentration inequalities used in this proof are equivalent

reformulations of those in Tropp (2012); see Lemma 6 for their derivations.



S3. ADDITIONAL TECHNICAL DETAILS

Let p′ = 2 + 2dL and

Θi,t = ξi,t
(︁
ξi,t − γU i,t+1

)︁⊤
.

Then

ˆ︁Σ−Σ =
1

nT

n∑︂
i=1

T−1∑︂
t=0

(Θi,t − EΘi,t) .

By Remark 1, ∥ξi,t∥2 ≤
√︁

1 + dc2mL and ∥U i,t+1∥2 ≤
√︁
1 + dc2mL.

Hence,

∥Θi,t∥2 ≤ (1 + γ)(1 + dc2mL).

Write R = (1 + γ)(1 + dc2mL). Notice that R ≤ (1 + γ)(1 + c2m)dL.

Note that L ≍ (nT )1/(2m−1). There exists a constant C1 > 0 such that

log(2p′) ≤ C1 log(nT ∨ d).

We first consider the case where T is bounded. Let C2 > 0 satisfy

T ≤ C2, and define

Zi =
1

T

T−1∑︂
t=0

(Θi,t − EΘi,t) .

The matrices Z1, . . . ,Zn are independent and mean zero, with ∥Zi∥2 ≤

2R. Their matrix variance parameter is bounded by 4nR2. Therefore,

Lemma 6(i) gives, for every u > 0,

Pr

[︄⃦⃦⃦⃦
⃦ 1n

n∑︂
i=1

Zi

⃦⃦⃦⃦
⃦
2

> 2
√
2R

√︃
u+ log(2p′)

n
+

4R

3n
{u+ log(2p′)}

]︄
≤ exp(−u).
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Taking u = 4 log(nT ∨ d), the quantity u + log(2p′) is bounded by (4 +

C1) log(nT ∨ d). Since T ≤ C2 and log(nT ∨ d) ≥ 1 for sufficiently large

nT ∨ d, it follows that

⃦⃦⃦ ˆ︁Σ−Σ
⃦⃦⃦
2
≤ C3R

log(nT ∨ d)√
nT

with probability at least 1− (nT ∨ d)−4, where

C3 = 2
√︁
2C2(4 + C1) +

4C2(4 + C1)

3
.

We next consider the case where T diverges. Define Θ∗
i,t = E(Θi,t |

Xi,t, Ai,t) and Θ∗∗
i,t = E(Θ∗

i,t | Xi,t). Then

Θi,t − EΘi,t =
(︁
Θi,t −Θ∗

i,t

)︁
+
(︁
Θ∗

i,t −Θ∗∗
i,t

)︁
+
(︁
Θ∗∗

i,t − EΘi,t

)︁
.

Accordingly, write

n∑︂
i=1

T−1∑︂
t=0

(Θi,t − EΘi,t) = S1 + S2 + S3,

where

S1 =
∑︂
i,t

(︁
Θi,t −Θ∗

i,t

)︁
, S2 =

∑︂
i,t

(︁
Θ∗

i,t −Θ∗∗
i,t

)︁
,

and

S3 =
∑︂
i,t

(︁
Θ∗∗

i,t − EΘi,t

)︁
.

Order the trajectories by i = 1, . . . , n. For each i, let X<i be the

sigma-field generated by the complete trajectories 1, . . . , i − 1. Define the
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within-trajectory filtration by

Hi,2t = σ {X<i, Xi,0, Ai,0, Xi,1, . . . , Ai,t−1, Xi,t} ,

Hi,2t+1 = Hi,2t ∨ σ(Ai,t),

Hi,2t+2 = Hi,2t+1 ∨ σ(Xi,t+1), t = 0, . . . , T − 1.

These sigma-fields, ordered first by i and then by the second index, form a

filtration.

For S1, place the increment Θi,t−Θ∗
i,t between Hi,2t+1 and Hi,2t+2, and

place a zero increment between Hi,2t and Hi,2t+1. The increment is Hi,2t+2-

measurable. Moreover, by the Markov property and the independence of

the trajectories,

E
[︁
Θi,t −Θ∗

i,t | Hi,2t+1

]︁
= E [Θi,t | Hi,2t+1]−Θ∗

i,t

= E [Θi,t | Xi,t, Ai,t]−Θ∗
i,t

= 0.

Thus, the summands in S1, together with the inserted zero increments,

form a matrix martingale difference sequence.

For S2, place the increment Θ∗
i,t −Θ∗∗

i,t between Hi,2t and Hi,2t+1, and

place a zero increment between Hi,2t+1 and Hi,2t+2. Since the behavior
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policy is a fixed stationary Markov policy,

E
[︁
Θ∗

i,t −Θ∗∗
i,t | Hi,2t

]︁
= E

[︁
Θ∗

i,t | Hi,2t

]︁
−Θ∗∗

i,t

= E
[︁
Θ∗

i,t | Xi,t

]︁
−Θ∗∗

i,t

= 0.

Therefore, the summands in S2, together with the inserted zero increments,

also form a matrix martingale difference sequence. Because conditional

expectations preserve the almost-sure bound ∥Θi,t∥2 ≤ R, every increment

in S1 and S2 has operator norm at most 2R. Lemma 6(ii) therefore yields,

for j = 1, 2 and every u > 0,

Pr
[︂
∥Sj∥2 > 4

√
2R
√︁

nT{u+ log(2p′)}
]︂
≤ exp(−u).

Taking u = 4 log(nT ∨ d) and combining the two bounds gives

∥S1∥2 + ∥S2∥2
nT

≤ 8
√︁
2(4 + C1)R

√︃
log(nT ∨ d)

nT
(S3.46)

with probability at least 1− 2(nT ∨ d)−4.

It remains to control S3. Let ˜︁Θi,t = Θ∗∗
i,t−EΘi,t. This is a deterministic

matrix-valued function of Xi,t, satisfies E˜︁Θi,t = 0, and has operator norm

at most 2R.

By Assumption (A4), the state process is exponentially β-mixing, with

β(q) ≤ Cβρ
q for some Cβ > 0 and ρ ∈ (0, 1). Set

q =

⌈︃
−5 log(nT ∨ d)

log ρ

⌉︃
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and m = ⌈T/q⌉. By the growth conditions, q ≤ T for all sufficiently large

nT ∨ d. Partition {0, . . . , T − 1} into consecutive blocks I1, . . . , Im, each

containing q time points except possibly the last block.

For each i and k, let Yi,k = (Xi,t : t ∈ Ik) and define

W i,k =
∑︂
t∈Ik

˜︁Θi,t.

Since ˜︁Θi,t is a deterministic function ofXi,t, the matrixW i,k is a measurable

function of Yi,k, and hence σ(W i,k) ⊆ σ(Yi,k).

Fix i and first consider the odd block sums W i,1,W i,3, . . .. Regard

each p × p random matrix as a random element of Rp2 through vector-

ization. Berbee’s coupling lemma can then be applied recursively to this

sequence. On an enlarged probability space, it produces random matrices

W ∗
i,1,W

∗
i,3, . . . such that each W ∗

i,k has the same distribution as W i,k, the

coupled odd block sums are mutually independent, and

Pr
(︁
W ∗

i,k ̸= W i,k

)︁
≤ β(q)

for every odd k. Indeed, the preceding odd blocks and the current odd

block are separated by an intervening block of length q, and

β (σ{W i,1, . . . ,W i,k−2}, σ(W i,k)) ≤ β(q),

because the sigma-fields generated by the matrix block sums are contained

in those generated by the corresponding state blocks.
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Applying the same construction to the even block sums producesW ∗
i,2,W

∗
i,4, . . .,

which are mutually independent and satisfy the same marginal-distribution

and mismatch-probability properties. Since the n trajectories are indepen-

dent, the auxiliary variables in these coupling constructions may be chosen

independently across i. Consequently,

{︁
W ∗

i,k : 1 ≤ i ≤ n, k odd
}︁

is a mutually independent family, and the same is true for the even-numbered

coupled block sums.

Let Ecpl be the event on which W ∗
i,k = W i,k for every i and k. Since

m ≤ 2T/q,

Pr(Ec
cpl) ≤ nmβ(q)

≤ 2nT

q
Cβρ

q

≤ 2Cβ(nT ∨ d)−4,

where the last inequality follows from ρq ≤ (nT ∨ d)−5.

Each W ∗
i,k is mean zero and satisfies ∥W ∗

i,k∥2 ≤ 2qR. For either parity,

there are at most 2nT/q such block sums. Therefore, the corresponding

matrix variance parameter is bounded by

2nT

q
(2qR)2 = 8nTqR2.
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Lemma 6(i) gives, for every u > 0,

Pr

⎡⎢⎣
⃦⃦⃦⃦
⃦⃦⃦ n∑︂

i=1

∑︂
1≤k≤m
k odd

W ∗
i,k

⃦⃦⃦⃦
⃦⃦⃦
2

> 4R
√︁
nTq{u+ log(2p′)}+ 4qR

3
{u+ log(2p′)}

⎤⎥⎦ ≤ exp(−u),

and the same bound holds for the even block sums.

On Ecpl, S3 is the sum of the coupled odd and even block sums. Taking

u = 4 log(nT ∨ d) and combining the two parity bounds yields

∥S3∥2
nT

≤ 8R

√︃
q(4 + C1) log(nT ∨ d)

nT
+

8qR(4 + C1) log(nT ∨ d)

3nT
(S3.47)

except on an event of probability at most

2(nT ∨ d)−4 + 2Cβ(nT ∨ d)−4.

Let

C4 = − 5

log ρ
+ 1.

Since q ≤ C4 log(nT ∨d) for all sufficiently large nT ∨d, (S3.46) and (S3.47)

imply

⃦⃦⃦ ˆ︁Σ−Σ
⃦⃦⃦
2
≤ R

[︃
C5

log(nT ∨ d)√
nT

+ C6
{log(nT ∨ d)}2

nT

]︃
.

The total failure probability in the diverging-T case is at most (4 +

2Cβ)(nT ∨d)−4, which is bounded by exp{−3 log(nT ∨d)} for all sufficiently

large nT ∨d. The same probability bound holds in the bounded-T case after

increasing the threshold if necessary.
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Define

G3 =

{︃⃦⃦⃦ˆ︁Σ−Σ
⃦⃦⃦
2
≤ c5dL

[︃
log(nT ∨ d)√

nT
+

{log(nT ∨ d)}2

nT

]︃}︃
.

Finally, since R ≤ (1 + γ)(1 + c2m)dL, the result follows by taking

c6 = 3

and any c5 satisfying

c5 ≥ (1 + γ)(1 + c2m)max{C3, C5, C6}.

Thus,

Pr(G3) ≥ 1− exp{−c6 log(nT ∨ d)}.

This completes the proof.

S4 Proofs of Results in Section 4

S4.1 Proof of Theorem 5

Proof. Throughout this proof, C1, C2, . . . denote positive constants that are

local to the present proof and are re-indexed from C1. They are distinct

from the lowercase constants c1, c2, . . . appearing in the statements of the

results.

Recall that ˆ︁κ = (ˆ︁α − α∗, ˆ︁β − β∗)⊕. Define S = S0 ∪ {d + k : k ∈ S1}

and S = G0 ∪ (∪k∈SGk). By construction, |S| ≤ 2d0. For convenience, let
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ˆ︁κG0 = ˆ︁α−α∗, and, for k = 1, . . . , 2d, let ˆ︁κGk
= ˆ︁βGk

− β∗
Gk
.

By the definition of the estimator,
∑︁2d

k=1 ∥ˆ︁βGk
∥2 ≤

∑︁2d
k=1 ∥β

∗
Gk
∥2. More-

over, β∗
Gk

= 0 for k /∈ S. Hence,

2d∑︂
k=1

∥β∗
Gk
∥2 ≥

∑︂
k∈S

⃦⃦
β∗

Gk
+ ˆ︁κGk

⃦⃦
2
+
∑︂
k/∈S

∥ˆ︁κGk
∥2

≥
∑︂
k∈S

∥β∗
Gk
∥2 −

∑︂
k∈S

∥ˆ︁κGk
∥2 +

∑︂
k/∈S

∥ˆ︁κGk
∥2.

It follows that ∑︂
k/∈S

∥ˆ︁κGk
∥2 ≤

∑︂
k∈S

∥ˆ︁κGk
∥2.

Consequently,
2d∑︂
k=0

∥ˆ︁κGk
∥2 ≤ ∥ˆ︁κG0∥2 + 2

∑︂
k∈S

∥ˆ︁κGk
∥2

≤ 2
∑︂

k∈S∪{0}

∥ˆ︁κGk
∥2

≤ 2
√︁

2d0 + 1 ∥ˆ︁κS∥2

≤ 2
√︁

2d0 + 1 ∥ˆ︁κ∥2.

(S4.48)

Since each group contains at most L coordinates, ∥ˆ︁κGk
∥1 ≤

√
L∥ˆ︁κGk

∥2.

Therefore,

∥ˆ︁κ∥1 = 2d∑︂
k=0

∥ˆ︁κGk
∥1 ≤

√
L

2d∑︂
k=0

∥ˆ︁κGk
∥2.

Combining this inequality with (S4.48) gives

∥ˆ︁κ∥1 ≤ 2
√︁

L(2d0 + 1)∥ˆ︁κ∥2. (S4.49)
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We next bound the quadratic form ˆ︁κ⊤ ˆ︁Σˆ︁κ. By Lemma 4, the oracle

coefficient vector is feasible on the event G1. Since the estimated coefficient

vector is feasible by construction, on G1, the triangle inequality gives⃦⃦⃦⃦[︂ˆ︁Σˆ︁κ]︂
Gk

⃦⃦⃦⃦
2

≤ 2λ, k = 0, . . . , 2d.

It follows that, on G1,⃓⃓⃓ˆ︁κ⊤ ˆ︁Σˆ︁κ⃓⃓⃓ = ⃓⃓⃓⃓⃓
2d∑︂
k=0

ˆ︁κ⊤
Gk

[︂ˆ︁Σˆ︁κ]︂
Gk

⃓⃓⃓⃓
⃓

≤
2d∑︂
k=0

∥ˆ︁κGk
∥2
⃦⃦⃦⃦[︂ˆ︁Σˆ︁κ]︂

Gk

⃦⃦⃦⃦
2

≤ 2λ
2d∑︂
k=0

∥ˆ︁κGk
∥2

≤ 4λ
√︁

2d0 + 1 ∥ˆ︁κ∥2.
On the other hand, Lemma 3 implies⃓⃓⃓ˆ︁κ⊤Σˆ︁κ⃓⃓⃓ ≥ c̄

2
∥ˆ︁κ∥22.

Therefore, ⃓⃓⃓ˆ︁κ⊤ ˆ︁Σˆ︁κ⃓⃓⃓ ≥ ⃓⃓⃓ˆ︁κ⊤Σˆ︁κ⃓⃓⃓− ⃓⃓⃓ˆ︁κ⊤(ˆ︁Σ−Σ)ˆ︁κ⃓⃓⃓
≥ c̄

2
∥ˆ︁κ∥22 − ∥ˆ︁Σ−Σ∥max∥ˆ︁κ∥21.

By (S4.49) and Lemma 5, on the event G2,⃓⃓⃓ˆ︁κ⊤ ˆ︁Σˆ︁κ⃓⃓⃓ ≥ [︃ c̄
2
− 4(2d0 + 1)c3L

2 log(nT ∨ d)

√︃
log(nT ∨ d)

nT

]︃
∥ˆ︁κ∥22.

Under L ≍ (nT )1/(2m−1) with m ≥ 3, for all sufficiently large nT ,

c̄

2
− 4(2d0 + 1)c3L

2 log(nT ∨ d)

√︃
log(nT ∨ d)

nT
≥ c̄

4
. (S4.50)
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Combining the upper and lower bounds for the quadratic form, on the event

G1 ∩ G2, yields

c̄

4
∥ˆ︁κ∥22 ≤ 4λ

√︁
2d0 + 1 ∥ˆ︁κ∥2.

Thus, ∥ˆ︁κ∥2 ≲ λ
√
d0. Since λ ≍

√
L log(nT ∨ d)/

√
nT , we obtain

∥ˆ︁κ∥2 ≲ log(nT ∨ d)√
nT

√︁
d0L.

Equation (S4.49) further gives

∥ˆ︁κ∥1 ≲ log(nT ∨ d)√
nT

d0L.

These bounds hold on the event G1 ∩ G2, where

P (G1 ∩ G2) ≥ 1− exp{−c2 log(nT ∨ d)} − exp{−c4 log(nT ∨ d)}.

We finally consider the special case where d = O(1). By Lemma 7, on

the event G3,

∥ˆ︁Σ−Σ∥2 ≤ c5dL

{︃
log(nT ∨ d)√

nT
+

{log(nT ∨ d)}2

nT

}︃
.

Since ⃓⃓⃓ˆ︁κ⊤(ˆ︁Σ−Σ)ˆ︁κ⃓⃓⃓ ≤ ∥ˆ︁Σ−Σ∥2∥ˆ︁κ∥22,
condition (S4.50) can be replaced by

c̄

2
− c5dL

{︃
log(nT ∨ d)√

nT
+

{log(nT ∨ d)}2

nT

}︃
≥ c̄

4
.
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Under d = O(1), it is sufficient that

L

{︃
log(nT ∨ d)√

nT
+

{log(nT ∨ d)}2

nT

}︃
= o(1).

Recall that the feasibility requires

(nT )1/(2m)

L
= o(1).

In particular, if L ≍ (nT )1/(2m−1), this condition holds whenever 2m−1 > 2.

On the event G1 ∩ G3, the same argument then gives the preceding ℓ2- and

ℓ1-error bounds, where

P (G1 ∩ G3) ≥ 1− exp{−c2 log(nT ∨ d)} − exp{−c6 log(nT ∨ d)}.

S4.2 Proof of Theorem 6

Proof. Throughout this proof, C1, C2, . . . denote positive constants that are

local to the present proof and are re-indexed from C1. They are distinct

from the lowercase constants c1, c2, . . . appearing in the statements of the

results.

It follows from the triangle inequality that

|V̂ π(x̃)− V π(x̃)| ≤ |V̂ π(x̃)− V π∗(x̃)|+ |V π∗(x̃)− V π(x̃)|.

From inequality (3.5), we have

|V π(x̃)− V π∗(x̃)| ≤ d0C1L
−m,
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and

Ex̃|V π(x̃)− V π∗(x̃)| ≤ d0C1L
−m.

Thus, the remaining proof focuses on the estimation error

|V̂ π(x̃)− V π∗(x̃)|.

We have

|V̂ π(x̃)− V π∗(x̃)| = |UT (x̃)κ̂|

=

⃓⃓⃓⃓
⃓

2d∑︂
k=0

UT
Gk
(x̃)κ̂Gk

⃓⃓⃓⃓
⃓

≤
2d∑︂
k=0

⃓⃓
UT
Gk
(x̃)κ̂Gk

⃓⃓
≤

2d∑︂
k=0

∥UT
Gk
(x̃)∥2∥κ̂Gk

∥2.

(S4.51)

Note that

∥UT
G0
(x̃)∥2 =

{︁
π(0 | x̃)2 + π(1 | x̃)2

}︁1/2 ≤ 1.

Moreover, for every 1 ≤ s ≤ d,

∥UT
Gs
(x̃)∥2 = π(0 | x̃)∥Φs(x̃s)∥2 ≤ ∥Φs(x̃s)∥2,

and

∥UT
Gs+d

(x̃)∥2 = π(1 | x̃)∥Φs(x̃s)∥2 ≤ ∥Φs(x̃s)∥2.

Combined with Remark 1, we have

2d∑︂
k=0

∥UT
Gk
(x̃)∥2∥κ̂Gk

∥2 ≤ cm
√
L

2d∑︂
k=0

∥κ̂Gk
∥2

≤
√︁

4c2mL(2d0 + 1)∥κ̂∥2.

(S4.52)
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The second inequality follows from equation (S4.48). Combined with The-

orem 5, on the event G1 ∩ G2, we have

sup
x̃∈X d

|V̂ π(x̃)− V π∗(x̃)| ≲ d0L
log(nT ∨ d)√

nT
. (S4.53)

Under the choice L = (nT )1/(2m−1), the functional approximation error

satisfies

|V π(x̃)− V π∗(x̃)| ≤ d0C1L
−m = d0C1(

√
nT )−2m/(2m−1) ≲ d0(

√
nT )−1.

Therefore, on the same event,

sup
x̃∈X d

|V̂ π(x̃)− V π(x̃)| ≲ d0L
log(nT ∨ d)√

nT
+ d0(

√
nT )−1

≲ d0L
log(nT ∨ d)√

nT
.

(S4.54)

Next, we establish the bound for the generalized test error. Assume

that the density µx̃ is uniformly bounded by c̃µ. By definition,

⃓⃓⃓
Ex̃V̂

π(x̃)− Ex̃V
π∗(x̃)

⃓⃓⃓
=

⃓⃓⃓⃓∫︂
x̃∈X d

UT (x̃)κ̂µx̃ dx̃

⃓⃓⃓⃓
≤ c̃µ

2d∑︂
k=0

∫︂
x̃∈X d

⃓⃓
UT
Gk
(x̃)κ̂Gk

⃓⃓
dx̃. (S4.55)
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It follows from the Cauchy–Schwarz inequality that∫︂
x̃∈X d

⃓⃓
UT
Gk
(x̃)κ̂Gk

⃓⃓
dx̃

=

∫︂
x̃∈X d

{︁
κ̂T

Gk
UGk

(x̃)UT
Gk
(x̃)κ̂Gk

}︁1/2
dx̃

≲

{︃∫︂
x̃∈X d

κ̂T
Gk
UGk

(x̃)UT
Gk
(x̃)κ̂Gk

dx̃

}︃1/2

=

[︃
κ̂T

Gk

{︃∫︂
x̃∈X d

UGk
(x̃)UT

Gk
(x̃) dx̃

}︃
κ̂Gk

]︃1/2
, (S4.56)

where the first inequality also uses the boundedness of X d.

When π is a stationary deterministic policy, we have 0 ≤ π(a | x̃) ≤ 1.

For every 1 ≤ s ≤ d, the action-specific group definitions give

UGs(x̃) = Φs(x̃s)π(0 | x̃), UGs+d
(x̃) = Φs(x̃s)π(1 | x̃).

Therefore,

UGs(x̃)U
T
Gs
(x̃) = Φs(x̃s)Φ

T
s (x̃s)π(0 | x̃)2,

and

UGs+d
(x̃)UT

Gs+d
(x̃) = Φs(x̃s)Φ

T
s (x̃s)π(1 | x̃)2.

Since 0 ≤ π(a | x̃)2 ≤ 1, we have, in the positive-semidefinite order,∫︂
X d

UGs(x̃)U
T
Gs
(x̃) dx̃ ⪯

∫︂
X d

Φs(x̃s)Φ
T
s (x̃s) dx̃,

and ∫︂
X d

UGs+d
(x̃)UT

Gs+d
(x̃) dx̃ ⪯

∫︂
X d

Φs(x̃s)Φ
T
s (x̃s) dx̃.
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Because X = [0, 1], integration over the remaining state coordinates gives∫︂
X d

Φs(x̃s)Φ
T
s (x̃s) dx̃ =

∫︂
X
Φs(z)Φ

T
s (z) dz.

Hence, Remark 1 implies

λmax

{︃∫︂
X d

UGk
(x̃)UT

Gk
(x̃) dx̃

}︃
≲ 1, 1 ≤ k ≤ 2d.

For the intercept group,

UG0(x̃) = {π(0 | x̃), π(1 | x̃)}T ,

and therefore

λmax

{︃∫︂
X d

UG0(x̃)U
T
G0
(x̃) dx̃

}︃
≤
∫︂
X d

∥UG0(x̃)∥22 dx̃

≤ 1.

Consequently,

λmax

{︃∫︂
X d

UGk
(x̃)UT

Gk
(x̃) dx̃

}︃
≲ 1, 0 ≤ k ≤ 2d. (S4.57)

Combining (S4.56) and (S4.57), we obtain⃓⃓⃓
Ex̃V̂

π(x̃)− Ex̃V
π∗(x̃)

⃓⃓⃓
≲

2d∑︂
k=0

∥κ̂Gk
∥2. (S4.58)

Combining this result with Theorem 5, on the event G1 ∩ G2, we obtain⃓⃓⃓
Ex̃V̂

π(x̃)− Ex̃V
π∗(x̃)

⃓⃓⃓
≲ d0

√
L
log(nT ∨ d)√

nT
. (S4.59)

Moreover, by inequality (3.5),

|Ex̃ [V
π∗(x̃)− V π(x̃)]| ≤ Ex̃ |V π∗(x̃)− V π(x̃)|

≤ d0C1L
−m.

(S4.60)
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Therefore, by the triangle inequality, on G1 ∩ G2,⃓⃓⃓
Ex̃V̂

π(x̃)− Ex̃V
π(x̃)

⃓⃓⃓
≤
⃓⃓⃓
Ex̃V̂

π(x̃)− Ex̃V
π∗(x̃)

⃓⃓⃓
+ |Ex̃V

π∗(x̃)− Ex̃V
π(x̃)|

≲ d0
√
L
log(nT ∨ d)√

nT
+ d0L

−m.

(S4.61)

Under the choice L = (nT )1/(2m−1), the approximation error d0L
−m is dom-

inated by the preceding estimation error. Hence, on the same event,

⃓⃓⃓
Ex̃V̂

π(x̃)− Ex̃V
π(x̃)

⃓⃓⃓
≲ d0

√
L
log(nT ∨ d)√

nT
. (S4.62)

Finally,

P (G1 ∩ G2) ≥ 1− exp{−c2 log(nT ∨ d)} − exp{−c4 log(nT ∨ d)}.

This completes the proof.

S4.3 Proof of Theorem 7

Proof. Throughout this proof, C1, C2, . . . denote positive constants that are

local to the present proof and are re-indexed from C1. They are distinct

from the lowercase constants c1, c2, . . . appearing in the statements of the

results.

Denote

qπ∗s,a(xs) = ΦT
s (xs)β

∗
s,a.
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In this proof, we omit the superscript π from q, ˆ︁q, and q∗ for simplicity.

The expectation is taken with respect to the reference distribution x ∼ G.

Consider an active feature xs, where s ∈ K. Under the condition in

Theorem 7, there exists an action a ∈ {0, 1} such that

E
{︁
q2s,a(xs)

}︁
≥ v.

By (3.5), ⃓⃓
qs,a(xs)− q∗s,a(xs)

⃓⃓
≤ C1L

−m

uniformly over all action-state pairs. We have

E
{︁
q2s,a(xs)

}︁
= E

[︂{︁
q∗s,a(xs) + qs,a(xs)− q∗s,a(xs)

}︁2]︂
≤ 2E

{︂(︁
q∗s,a(xs)

)︁2}︂
+ 2E

[︂{︁
qs,a(xs)− q∗s,a(xs)

}︁2]︂
≤ 2E

{︂(︁
q∗s,a(xs)

)︁2}︂
+ 2C2

1L
−2m.

(S4.63)

Thus,

E
{︂(︁

q∗s,a(xs)
)︁2}︂ ≥ v

2
− C2

1L
−2m.

Since

L ≍ (nT )1/(2m−1),

for all sufficiently large nT ,

E
{︂(︁

q∗s,a(xs)
)︁2}︂ ≥ v

4
.

On the event G1 ∩ G2, Theorem 5 implies that

∥ˆ︁κ∥2 ≤ cκ
√
L
log(nT ∨ d)√

nT
.
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Using the same inequality as in (S4.63), we have

E
{︂(︁

q∗s,a(xs)
)︁2}︂

= E
[︂{︁ˆ︁qs,a(xs) + q∗s,a(xs)− ˆ︁qs,a(xs)

}︁2]︂
≤ (1 + 0.5)E

{︁ˆ︁q2s,a(xs)
}︁
+ (1 + 2)E

[︂{︁ˆ︁qs,a(xs)− q∗s,a(xs)
}︁2]︂

≤ 1.5E
{︁ˆ︁q2s,a(xs)

}︁
+ 3E

{︁
∥Φs(xs)∥22∥ˆ︁κGs∥22

}︁
≤ 1.5E

{︁ˆ︁q2s,a(xs)
}︁
+ 3

{︃
cmcκL

log(nT ∨ d)√
nT

}︃2

.

(S4.64)

The last inequality follows from

∥ˆ︁κGs∥2 ≤ ∥ˆ︁κ∥2
and the definition

cκ =
8c1

√
2d0 + 1

c̄
.

Suppose that there exists an index s such that s ∈ K but s /∈ ˆ︁K. Then,

for every a ∈ {0, 1},

E
{︁ˆ︁q2s,a(xs)

}︁
≤ E

{︂
∥Φs(xs)∥22∥ˆ︁βGs

∥22
}︂

≤ (cm
√
L)2h2

≤ v

8
.

(S4.65)

Combining (S4.63), (S4.64), and (S4.65), we obtain

v

4
≤ 3v

16
+ 3

{︃
cmcκL

log(nT ∨ d)√
nT

}︃2

.

Consequently,

v

16
≤ 3

{︃
cmcκL

log(nT ∨ d)√
nT

}︃2

,
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and hence

v ≲

{︃
L
log(nT ∨ d)√

nT

}︃2

.

However, under

L ≍ (nT )1/(2m−1),

we have

L
log(nT ∨ d)√

nT
−→ 0

as nT → ∞. This contradicts the assumption that v is bounded away from

zero. Therefore, on the event G1 ∩ G2,

K ⊆ ˆ︁K.

Since G1 ∩ G2 occurs with the probability stated in Theorem 5, the

desired result follows.

S5 Numerical Results
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Table 1: Simulation results for d = 10. Each entry reports bias (SD).

n\T T = 20 T = 30 T = 40

n = 20

SAVE 0.12 (0.46)

LFQ -0.17 (0.01)

GD 0.02 (0.17)

0.01 (0.25)

-0.16 (0.02)

-0.03 (0.16)

0.05 (0.15)

-0.14 (0.06)

0.01 (0.12)

n = 30

SAVE -0.02 (0.19)

LFQ -0.17 (0.00)

GD 0.02 (0.10)

-0.02 (0.14)

-0.16 (0.01)

-0.03 (0.11)

0.03 (0.12)

-0.15 (0.04)

0.02 (0.10)

n = 40

SAVE 0.03 (0.11)

LFQ -0.17 (0.00)

GD 0.02 (0.08)

-0.01 (0.09)

-0.17 (0.01)

-0.01 (0.08)

0.03 (0.09)

-0.15 (0.03)

0.02 (0.09)

n = 50

SAVE 0.04 (0.13)

LFQ -0.17 (0.00)

GD 0.01 (0.07)

0.01 (0.09)

-0.17 (0.01)

0.01 (0.08)

0.03 (0.07)

-0.15 (0.02)

0.02 (0.07)

Table 2: Simulation results for d = 100. Each entry reports bias (SD).

n\T T = 20 T = 30 T = 40

n = 20

SAVE 0.09 (0.18)

LFQ 0.73 (0.19)

GD 0.03 (0.21)

0.07 (0.24)

0.42 (0.23)

-0.01 (0.18)

-0.03 (0.28)

0.23 (0.19)

-0.06 (0.20)

n = 30

SAVE 0.07 (0.15)

LFQ 0.66 (0.15)

GD 0.02 (0.14)

-0.02 (0.22)

0.43 (0.16)

-0.02 (0.16)

-1.83 (5.64)

0.26 (0.14)

-0.05 (0.16)

n = 40

SAVE 0.09 (0.11)

LFQ 0.66 (0.13)

GD 0.03 (0.12)

-1.34 (2.95)

0.44 (0.09)

0.00 (0.15)

0.58 (1.78)

0.25 (0.14)

-0.05 (0.12)

n = 50

SAVE 0.05 (0.16)

LFQ 0.65 (0.11)

GD 0.01 (0.10)

7.68 (17.78)

0.42 (0.09)

-0.03 (0.12)

0.27 (1.49)

0.24 (0.15)

-0.04 (0.12)
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Table 3: Simulation Results of Cartpole Environment. Each entry reports bias (SD)

n\T T = 50 T = 60 T = 70

n = 50

SAVE -0.33 (12.85)

LFQ -12.85 (0.07)

GD 8.18 (3.28)

-9.46 (58.79)

-7.38 (0.20)

2.66 (1.04)

0.59 (5.43)

-3.25 (0.33)

1.75 (0.61)

n = 60

SAVE -0.88 (14.76)

LFQ -12.84 (0.07)

GD 6.25 (2.32)

0.95 (25.33)

-7.52 (0.21)

2.97 (1.00)

-0.31 (4.06)

-3.43 (0.17)

1.66 (0.91)

n = 70

SAVE -6.14 (16.76)

LFQ -12.87 (0.08)

GD 6.57 (3.13)

-8.80 (24.89)

-7.49 (0.16)

2.52 (0.90)

0.42 (6.61)

-3.47 (0.19)

1.54 (0.64)

n = 80

SAVE -82.87 (357.27)

LFQ -12.88 (0.05)

GD 4.61 (1.34)

-3.05 (18.03)

-7.56 (0.13)

2.12 (0.94)

2.41 (9.88)

-3.46 (0.15)

1.30 (0.41)
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