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S1 Discussions on Sparsity Assumptions

S1.1 Sparse QQ Function and Sparse Completeness

Recall the sparse completeness. Let Gx = {f : X9 x A — R| f(z,a) =
f(zx,a)}. Given the target policy 7, define the following operator,

I f(x,a) =r(z,a) + YE™[f (2, d’)|x, a].

Assumption 1. sparse completeness. Given the target policy 7, there
exists an active set K C [d],|K] < dy such that Gg is closed under the

operator I'".

The sparse completeness of target policy m guarantees the Gx can cap-
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ture the operator I'". Note that f = 0 belongs to Gx for all I, Sparse
completeness under the target policy m guarantees that Gx is closed under
the operator I'™. r € G. As such, E™[f(2/,d')|x,a] € Gk if f € Gk. Denote

r®(z,a) =E" (Roy | Xoo =, Agg = a), 79 (x,a) = r(x,a). And hence,

Q" (z,a) = nytr(t)(a:,a). (S1.1)

t>0

To prove QQ € G, we only need to prove
r®(z,a) = r®(zc, a) (51.2)

By CMIA,
T(t) (CC, CL) =FE" (RO,t ’ XO,() =T, A0,0 = CL)
= EW[EW (RO,t | XO,l = f, AO,l = a’) |X0,0 = iU,Ao,o = a]

(S1.3)
= E”[T(t_l)(a:’, a')| Xoo =z, Agp = a]

Note that O(z,a) = r(z,a) € Gk. If r@V(x,a) € Gk, rD(z,a) =
Er[r¢D (2, a")| Xo0 = 7, Aop = a] € Gx. Q € Gx is proved by induction.

We proved the sparse completeness implied Assumption [I] directly.

S1.2 Sufficient State

Definition 1. Sufficient State. Ma et al.| (2026) We say the sufficient

state X]C in an MDP if Rt A Xt’](:c | (Xt,lCaAt) and X,H,L]C A XtJCC |
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(Xix, Ar), for all £ > 0.

If we further consider an online learning problem, then, based on the
definition of a sufficient state, Ma et al.| (2026) prove the following the

proposition,

Proposition 1. If X is a sufficient state, then there exists an optimal

policy that depends only on Xi.

This proposition implies that the optimal policy 7* only depend on the
sufficient state X, and allows us to only focus on policies that are functions

of sufficient states.

S1.3 Proof of Proposition

Proof. For an index set IC C [d], define
G = {f :X'x A= R: f(z,a) = f(zx,a) for some bounded function f} :

Thus, Gk is the class of bounded functions that depend on the state only
through x.
For any bounded function f, define the target-policy transition operator

P e = [ 3 ey | P | a,0),

a’'eA
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where P(- | z,a) denotes the transition kernel. The corresponding Bellman
operator is
(") (@, a) = r(x,a) ++(P"f)(z, a).
We show that, under either sufficient condition, I'™ maps Gx into itself.
First, suppose that Sufficient Condition 1 holds. Let x,7 € X% satisfy
rx = Tx. Because the full transition kernel depends on the current state
only through zx, we have P(- | z,a) = P(- | Z,a). Therefore, for any

bounded function f,

P e = [ 3 e d)la’ | )P’ | a.0)

aeA

= [\ X st | )P’ 2,0)

a'eA
= (P"f)(2,a).

Thus, (P™f)(z,a) depends on the current state only through xx. Since
r(z,a) = r(zk,a), it follows that I'" f € Gk whenever f € Gi.

Next, suppose that Sufficient Condition 2 holds. Let f € Gi, so that
fl@ d) = f(:vjc,a’) for some bounded function f. Let Pc(- | z,a) denote
the marginal transition kernel of Xj.. Because the target policy depends
only on the active coordinates, we have mw(a’ | 2') = w(a’ | ). Conse-

quently,

P Haa) = [ S T d)nla’ | ) Peldoi | a,0).

aeA
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The assumed reduced transition property implies that Pi(- | z,a) = Px(- |

T,a), whenever xx = Zx. Hence,

(P"f)(@,a) = (PTf)(%,a),

so that P™f € Gx. Together with r € G, this gives I'"f € G.

Thus, under either sufficient condition, Gi is closed under the Bellman
operator I'". To complete the argument, let fy = 0 and define the Bellman
iterates f1 = 1" f,, m > 0. Because fy € G and Gi is closed under I'",

we have f,, € G for every m. Moreover, since v < 1,

IT"f = T7gllo <ANf — 9lloo-

Therefore, the Bellman iterates converge uniformly to the unique bounded
fixed point of I'". Since Q)™ is a fixed point, the limit must equal Q™. As

Gi is closed under uniform limits, it follows that Q™ € Gx. Equivalently,
Q" (z,a) = Q" (zx, a) for every (z,a) € X% x A.

Taking S, = K for every a € A and using |K| < d establishes Assumption 1]
O
S2 Properties of B-spline basis functions

In this section, we summarize several properties of the B-spline basis func-

tions used in our analysis. Let L denote the number of basis functions,
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and let m denote the order of the B-splines, where m is fixed and chosen

according to the smoothness parameter v. Let

T

b(z) = (bi(z),...,br(x))

be the normalized B-spline basis associated with a knot sequence {7;}
(de Boor, |1976). We augment the knot sequence at the two boundaries

such that
TOo=T1= =Ty < Tp1 <+ <Tp 1 <TL=TL41 =" = TLim-
We further assume that the distinct knots are equally spaced, namely,

Tm+1 — Tm = =T —TL-1-

Define

d. = Tj+m — Tj
J m

for all admissible j. Since m is fixed and the knots are equally spaced, we
have d; < L' uniformly in j.

Throughout the proofs, we use the rescaled B-spline basis
Bj(fi,t) :\/ij(xijt), j: 1,...,L, tZ 1
Lemma 1. For the knot sequence defined above and any x € X,

d biw)=1  and 0<bi(x)<1, j=1,...,L



S2. PROPERTIES OF B-SPLINE BASIS FUNCTIONS

Moreover, there exists a constant c,, > 0, depending only on the order m,

such that

sup [|b(z)||2 < ¢
rzeX

Proof. The partition-of-unity property

follows from Marsden’s identity (de Boor, [1976). In addition, the B-spline
basis functions are nonnegative, and therefore 0 < b;(z) <1 for every j.
Since B-splines of order m have local support, at most m components

of b(z) are nonzero at any fixed x. It follows that

1b()]3 = ij(w)2 < Co-

This bound is purely a property of the B-spline basis and does not depend

on the distribution of X. O]

Lemma 2. There exists a constant ¢ > 0, independent of L, such that

sup | B(x)l < VL,  sup||B(z)]2 < cnVL,
reX

reX

and

()" < Amin {/XB(QS)B($)T dx} < Amax {/XB(ZL‘)B(QS)T d:r} <"
(S2.4)
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Proof. By Lemma[l]

sup [b(z)]| <1 and  sup [[b(2)2 < cn.
TeEX TEX

Since B(z) = v/Lb(z), the first two claims follow immediately.
It remains to establish the eigenvalue bounds. A standard stability
property of B-spline bases implies that there exist constants cy,co > 0,

depending only on the order m, such that, for every ¢ = (cy,...,c)" € RL,

L L
2 2 E
C1 dej S Cjbj
Jj=1 Jj=1

see, for example, de Boor| (1976)). Because the knots are equally spaced and

2

L
< Co Z d]cf, (825>
j=1

Lo(X)

m is fixed, d; < L~ uniformly in j. Hence, there exist constants ¢, > 0,

independent of L, such that
2

cL™e|lz < <eL™ell3.

L
E oLy
=1

La(X)

Equivalently,

L Yef2 < e {/ b(2)b(x)" dx} c <L Y|
X

Therefore,

cL™' < Ain { /X b(x)b(x)" dx} < Amax { /X b(x)b(x)" dx} <eL ™.

Finally, since B(x) = v/ Lb(z),

/XB(SB)B(:E)T dz = L/Xb(x)b(:v)T de.
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The desired result follows by taking ¢* = max{c™!,¢}. O

Remark 1. In the main paper, we use the augmented basis vector

®(z) = (1, ®1(x1)", ..., ®a(za)")"

For each £k =1,...,d, let
B — T L+1
Bk(l’k) = (Bkvl(xk),...,Bk,LH(:Ck)) eR

denote the rescaled B-spline basis constructed using a deterministic se-
quence of equally spaced knots over the support of xp. Thus, Lemma
applies to By, with L + 1 in place of L.

Let
x
and let A;, € REFDXE have orthonormal columns spanning the orthogonal

complement of my, so that
AlA =1, Almy,=0.
We define the centered B-spline contrast basis by
@, (v) = A} By(2i) € RE

By construction,
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In particular, no nonzero linear combination of the components of ®; is a
constant function. Therefore, the explicit intercept and the spline coeffi-
cients are identified under this parameterization.

This construction preserves the standard spline approximation rate.
Indeed, centering any spline approximation formed from B produces an
element of the linear span of ®;. Since the target component functions are
centered under Gy, the uniform approximation error remains of order L=,
up to a constant factor.

Moreover, since A;, has orthonormal columns, Lemma [2] gives

sup || ®x(2x)||2 < sup | Be(ze)||2 < VL + 1 < VL.

rreEX rpeEX

Consequently,

sup [|P(2)]|o0 < \/Z, max sup ||®r(zr)]2 < VL.

rexd = —d.Z‘EXd

In addition,

/X B, (2)®1.(2) dz = AT { /X B.(2)Bi(2)" dz} e

It follows from Lemma [2 that there exists a constant ¢* > 0, independent

of L, such that

() < Auin {/X By (=) By ()T dz} < Ao {/X By (=) By (=) dz} <
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S3 Additional technical details

Lemma 3. Under assumption (A2) and (A3), AT . (X) > ¢/2.

Proof. Denote the marginal distribution of Xy, by p; and the average dis-
tribution i1 = Zf:_ol p:/T. By the definition of 3, we have

=
Y= E{T Z(So,t<€0,t - ”YUO,tJrl)T)}

t=0

- /EXd Zf(l’, a)(é(m, CL) - VE[U(XO,INXO,O =2, AO,O = a])Tb(a|x)la(;p)d;p

acA

-/ Dl )€l 0) e, o)) blale) i)

acA
- / S [, @), a)F — 1€ (z, a)u(z, o) Jb(ale)i(z)d
zeXd acA
(53.6)
For Va € R2(+4L)  denote
m(a) = / S {a’€(r, )} b(alw)a(x)ds
zeX? acA
mla)= [ Y {a"ulw,0)Walo)p(e)ds (83.7)
zexd acA

It follows from Cauchy-Schwarz inequality that

Y la"é(x, a)u(z,a)" alb(alz)ji(x)dr < mi(a)*na(a)'/?  (S3.8)

d
TeEX acA
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Therefore

1/2 1/2 _

na(a)'’? = n(a)?( m(a) —y°nz(a)

m(a)t’? +ym(a)t/?
(93.9)

a"Ya > 771(“) - 7771(0)

Under the assumption (A3), if a € C, ni(a) — ¥*pe(a) > ¢|al3 > 0,

m(a)'/? > yny(a)'/?. We have

a’Sa > guaug Va € C ($3.10)

Lemma 4. There exists a good event Gy satisfying
P(G1) > 1 —exp{—calog(nT Vv d)}

such that, on Gy, (a*,B8%)a given by (3.5)) is feasible for the optimization
problem (3.11)) with

log(nT' V d)
A=c \/Z—,
' vnl

where ¢y and ¢y are positive constants.

Proof. Throughout this proof, C7, Cs, . .. denote positive constants that are
local to the present proof and are re-indexed from C;. They are distinct
from the lowercase constants ci, cs, ... appearing in the statements of the

results.
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Define

gip =Ry +7 Z Q" (X1, a)m(a | Xigy1) — Q7 (Xiy, Ain), (53.11)
acA

and
d

€it =7 Z {Qﬂ(Xi,t+1> a) —ag, — Z ‘I)g(Xk,i,tH),B;a}W(@ | Xite1)

acA k=1

d
- {QW<Xi,t7 Ai,t) - O{Zi’t - Z ®£(Xk,i,t)/327,4i7t } .
k=1
(S3.12)

Under the smoothness condition on g ,(-) and the sparsity assumption,

Q™ (z, a) is uniformly bounded by a constant Cy. It follows that
leitl <+ (1+79)Cr < ¢ +2C) =c., Vi, t. (S3.13)
Combined with , the definition of e;; implies that
leit] < (14 v)doCoL™™ < 2dgCoL™™, Vi, t. (S3.14)
Our goal is to prove that, with high probability,

< (93.15)

max
k

1
nT Z £Gk7i7t(€i,t — €iy)
it

For any k =1,...,d, by (53.14)),

2

1 1
n_T ; EGk,i,t€i7t S n_T lzt HéGk,i,tei,t”Q
’ 2 )

w1
< 240G L7 — Z; €6, el - (S3.16)
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Moreover,
1€6,.14ll, < maxsup||®, (x)]l; (83.17)
reX

Together with the bound in Remark [T, we have

< 2oy, Co LM, (S3.18)

1
T E €Gk,z‘,t€i,t
2,

2

By the triangle inequality, we have

1
Pl ZSGk,i,t<€i,t —eig)|| = A
R 2
1 1
<P T Zﬁck,z,tfi,t > A= T ZgGk,ztelt
it 9 it 9
1 —m
S P Tl—T ZtEGk,i,tELt > A — 2d06m02L1/2 . (8319)
t 2
Denote
X =\ — 2doc Co L2, (S3.20)

For any integer 1 < g < nT, let i(g) and t(g) be defined by

i(g) = VT”J P g =g (il 1T -1 ($3.21)

Then
g = {ilg) — )T+ t(g) + 1, (53.22)
where 1 <i(g) <mnand 0 <t(g) <T — 1.

We define the following filtration {o(F@)}"Z, iteratively. Begin with

FO = {X,0,A10}.
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For 1 < g < nT, define

FO = FO VU Ritg a9, Xito a1 Aitarawe } - i tlg) <T =1,

F9 = FO DU {Rig)r-1, Xig)1: Xigy+1.0, Aiggy10} > 1 t(g) =T — 1 and i(g) < n,
F9O = FO D U{Ry 11, Xn1}, if t(g) =T — 1 and i(g) = n.

By the Bellman equation, together with MA and CMIA,

E {cigue) | o(FU™)} =E{cig o | Xiwe) Aiga} =0.  (S3.23)

Notice that &, ;, is a deterministic function of Xj; and A; ;. Therefore,

E{&c,.i 1050 o) | G(FOV)} =0. (S3.24)

This indicates that {gGk,i(g),t(g)gi(Q)J(Q)}Zzl is a vector-valued martingale
difference sequence with respect to the filtration {o"(F@)}Z.
The martingale difference sequence S(ngg(g) satisfies the following almost-

sure bound:

H 90

< ¢ maxsup || Py(2)]|2 < ceem VL. (S3.25)
2 ko zex

Moreover,

nT T
S E { (5(525@)) €90 | U(;(gn)}
g=1

2

ST
<Y [(e2) €4
g=1 2
<nTcc L, (S3.26)
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and

nT T
Y E {ggzg(m (Egzzg(g)) | U(;(g—l))}
g=1
nT T
<@ |e (¢2)
g=1

<nTcc L. (S3.27)

2

2

By the matrix Freedman inequality (Tropp, 2011, Corollary 1.3), we

have
~ nTA2/2
P €a iCitl| =nTA| <(L+1)expq — .
%: G, i,t <1t ) ( ) { CgcgnL+C€Cmm{/3}
(S3.28)
Let

~ log(nT V d)
A=c \/Z—7
g vnT

where ¢\ > 0 is a sufficiently large constant. By (S3.28)),

~ 2L 1 TV d 2 9
P ZfekitEi,t >nTA| < (L+1)exp [_ cx L{log(nT Vv d)}*/ |
W 5 c2c2 L + c.epenLlog(nT VvV d)/(3vnT)
(53.29)
Using

the exponent in the preceding display is bounded above by

— min { A{log(nT v d)}? 3eav/nT log(nT V d) }

4e2c2, ’ 4ezcp,
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Since L < (nT)"?™=1) we have
log(L + 1) < Cslog(nT V d)

for some constant C'3 > 0. Therefore, by choosing ¢, sufficiently large, there

exists a constant Cy > 2 such that

Z £aiEit

i,t

P >nTA | <exp{—Cylog(nT Vd)}. (S3.30)

2

With L < (nT)"?™=1 | we have

1

J S ——
vnT

Therefore,
do

2doc, Co L2 =< 2
0 2 /—nT

Under the condition dy = o(v/L),

_ log(nT'V d)
2oy Co L2 = 0{\/3—} )
0CmC2 —=

Thus, for all sufficiently large nT,

2y, Cy L2 < Jlog(nT v d)

== (S3.31)

Recalling that
X =\ — 2doc, Co LV/>™,

we may take

log(nT V d)
A=c \/Z—7
! vnl

0120)\"‘1.
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Finally, taking the finite union of (S3.30) over all £ = 1,...,2d, we

obtain
1 log(nT' Vv d
P x| Z; €c, (it —eir)|| < cl\/z% > 1—exp{—colog(nT v d)}.
K 2

(S3.32)

Note that [[£s, ;[l2 = 1. Using the same argument as above, we have

1 log(nT V d)
P S € unlei — e 8L VA S ) exp {—cylog(nT v d)} .
‘ nT — EGo,z,t(E )t € 7t) >0 \/ﬁ = eXp{ C2 Og(n )}

2

(S3.33)

Therefore, there exists a good event that,
P(G1) > 1 —exp{—colog(nT Vv d)}.

On the event Gy, (a*,3")g satisfies all the constraints in (3.11) and is

therefore feasible. This completes the proof. m

Lemma 5. There exist positive constants cs and ¢4 and a good event Go
satisfying

P(G2) > 1 — exp {—cylog(nT'V d)}

such that, on G,

1 Tvd
< ¢3Llog(nT Vv d) Og(n—T)'
max n

[=-=

Proof. Throughout this proof, C, Cs, ... denote positive constants that are

local to the present proof and are re-indexed from ;. They are distinct
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from the lowercase constants ci, cs, ... appearing in the statements of the
results.
The main argument of this proof follows from the proof of Lemma 3 in
Shi et al.| (2022). The major difference is the matrix norm considered here.
Let O(l, k) be the (I, k)th entry of

n T-1
1

nT

i=1 t=

fi,t (Szt - 7Uz‘,t+1)T )

and let ©;,(1, k) be the corresponding entry of &;,(&;, — YU;1)". The
following argument holds for every pair (I, k) and does not depend on the
specific values of (I, k). Thus, we suppress (I, k) and write © and ©,; for
simplicity.

For 1 <1,k <2+ 2dL, define ©; = T~' 31 ©,,. We have
196l < €illoo (I€ielloo + 1T sp41llc) < 20| (Xi0)lI5 < 2L.

Consequently,

0., — EO,;,| < AL. (93.34)

We divide the proof into two scenarios: (i) 7"is bounded and (ii) 7" diverges.
We first consider the case where T'is bounded. By (|S3.34)),

T-1
1
©: —E6; < = > 10i, —EOyy| <4L.

t=0
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Since ©1, ..., 0, are independent, Hoeffding’s inequality gives

2
Pr( >7‘) §2exp{—3212}.

Taking 7 = C1 L+/log(nT V d)/n, we obtain

n

Y {e; -E6,}

=1

1

n

log(nT' V d)

0 —EO| < (L
n

with probability at least 1 — exp{—Cylog(nT V d)}. Since T is bounded,

the factor T2 can be absorbed into the constant C;. Therefore,

log(nT' V d)

0 —-EB6| < C{L
‘ |_ ! nT

(S3.35)

with probability at least 1 — exp{—Cslog(nT Vv d)}.
We next consider the case where T diverges. We first derive a tighter
high-probability bound for ©; —EO; than the deterministic bound of order

L. Define
O5; =E [0 | Xou, Aoe), O =E [0}, | Xog] -
We use the decomposition
Op: —EOg; = (@O,t — @SJ) + (@37,5 — @Sft) + (@Sft — E@Qt) . (S3.36)
Consider the first term in . Let

Fi=0 {Xo,o, Ao,o, X0,17 . ,Xo,t, Ao,t, XO,t+1} .
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Then ©¢; — O, is Fi-measurable and
E [@O,t - @S,t | }—t—l] =E [E [@07:: - @37,5 ‘ XO,t7A07t] |~Ft—1] =0

Thus, {©o,; — O5}:>0 is a martingale difference sequence with respect to
{Fi}i=0. Moreover, by (S3.34), [©¢; — Op,| < 4L. Azuma’s inequality

therefore gives

T) < 2exp {—327-%} . (S3.37)
Consider the second term in . Since the behavior policy is a
fixed stationary Markov policy and X, is F;_;-measurable,
E 05, — Op; | Fir] =E [65, | Fia] — O,
=E [@;J | XOJ] —©y; =0.
Therefore, {©f, — O }i>0 is also a martingale difference sequence with

respect to {F;}e>0. Moreover, |6F, — O5%| < 4L. By Azuma’s inequality,

2
Pr ( 7') < 2exp {_32227’} : (S3.38)

We now consider the last term in (S3.36)). Let éo,t = @SZ_E@OJ- Then éO,t

T-1

S (65, - 65%)

t=0

is a deterministic function of Xy, and |@0,t| < 4L. By Assumption (A4),
the Markov chain {Xo;}+>0 is exponentially S-mixing, so that 8(q) < Cgp?
for some p € (0,1).

Following the proof of Theorem 4.2 in |Chen and Christensen (2015), we

extend the probability space and construct coupled blocks using Berbee’s
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lemma. Let M = |T/q| and define
Yk = {XO,(k—l)q7"'7X0,kq—1}7 k= 17_”7m_

There exist coupled blocks Y)* such that Y} and Y} are identically dis-
tributed, Pr(Yy, # Y) < B(¢), the odd-numbered blocks Y}*, Y ... are
independent, and the even-numbered blocks Y5, Y/, ... are independent.

Let X, denote the coupled process within these blocks and define
@)S’t = (:)07t(X§,t). Let I, and I, be the sets of time indices belonging to
the odd- and even-numbered complete blocks, respectively, and let I, =
{mgq,...,T — 1} be the set of remaining indices. Then {0,...,7 — 1} =
I,Ul, Ul and |I,| < q.

By the triangle inequality,

re( (S - o)
sm(ZéO,t >T>—|—Pr< >T>+Pr( >T>

tel,
+ Pr <Z 1{Y, # Y} > o) . (S3.39)

k=1

> e,

tele

> ey,

tel,

When 7 > 4qL, the first probability on the right-hand side of ({S3.39))

is zero. For the odd-numbered blocks, the block sums

q—1
Z O0,(k—1)g+5 k=1,3,...,
7=0
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are independent, mean-zero random variables bounded in absolute value by

4qL. Hence, Hoeffding’s inequality gives

~ 037'2
Pr ZGW >7 ] <2exp LT |

tel,
The same argument applies to the even-numbered blocks. Moreover, by the

union bound and Berbee’s coupling,

M T
Pr (Z Y, #Y)} > 0) <mf(q) < =Csp?.

k=1 q

Combining these results, we obtain

— Cyr? T
~ 4
Pr < t:EO @O,t > 47’) < 4exp {_qL—?T} + gcﬂpq. (S340)

Combining ([S3.37)), (S3.38)), and (S3.40)), we have

( (© > 67‘)
t=0

Cs7? CsT? T
§4exp{— }+4exp{—qL2T +ECB’OQ

L2
T
C; } + G (S3.41)

T-1

0,t _]EGOt

T
2
< 8exp ;—T

Set

_ | _5log(nT Vv d)
= log p

and 7 = max{Cy Llog(nT V d)v/T, 5¢L}. When T is sufficiently large, 7 =

CiLlog(nT V d)v/T. Substituting these choices into (S3.41])) and absorbing
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fixed constants into Cy gives
Pr (

Since {R; ¢, Xit, Ait}i>0, 1 = 1,...,n, are independent copies of { Ro 1, Xo+, Aot }t>0,

T-1

> (©0 — EOy)

t=0

> Cy Llog(nT Vv d)ﬁ) < exp{—Cglog(nT vd)}.

(S3.42)

the bound ([S3.42)) holds for every 7. Define

-1
Zi=) (0 —EB;y), B = CyLlog(nT v d)VT.
=0
Then Zi,...,Z, are independent and mean zero, and Pr(|Z;] > B) <

exp{—Cslog(nT V d)}. Define

The variables Z1, ..., Z, are independent, mean zero, and satisfy |Z;| < 2.

Therefore, Hoeffding’s inequality gives

n 2
Pr ( ZZi > a:) < 2exp {_SZBQ} : (S3.43)

i=1
Since EZ; = 0 and |Z;| < 4LT,

|E[Z1{|Z;| < B}]| = |E[Z;1{|Z:;| > B}]| < ALT exp {—Cslog(nT VvV d)} .
Consequently, after adjusting the constants, the total truncation bias is
smaller than C} L{log(nTVvd)}*/?>v/nT. Taking x = c3L{log(nTVd)}*/*/nT

in ((S3.43)), and using

Pr <max | Z:| > B) <nexp{—Cslog(nT Vd)},

1<i<n
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we obtain

(O —EOyy)

> c3L{log(nT V d)}3/2\/n_T)
exp {—(c3/C1)*log(nT Vv d)/8} . (S3.44)

Dividing both sides of the event in (S3.44)) by nT" gives

log(nT V d)

Pr (]@ —EB| < csLlog(nT Vv d) "

) > 1—exp{—Cylog(nT vV d)}.
(S3.45)

Finally, define

.- {[5->]

Taking a finite union over all entries of the matrix and combining ([S3.35|)

and (|S3.45)), we obtain

1 TvVvd
< cgLlog(nT Vv d) %} :

P(Gy) > 1—{24+2dL}* exp {— min(Cy, Cy) log(nT V d)} > 1—exp {—cylog(nT Vv d)} .
This completes the proof. n

Lemma 6 (Matrix concentration inequalities). Let p1,ps > 1 and write

D = py + ps.

o Let {Z;}", be independent, mean-zero random matrices of dimension

1 X po. Suppose that | Z;|l2 < R almost surely, and define

m

Y E(z;2])

=1

m

Y E(Z]z))

=1

v = max )

2 2
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Then, for any u > 0,

> Z;
j=1

In particular, if v?> < mR2, then

2R
Pr > v/2v2{u +log D} + ?{u +log D} | < exp(—u).

2

m

> 2,

J=1

2
Pr > Ry/2m{u +log D} + ?R{u +log D} | < exp(—u).

2

o Let {X;, F;}L, be an adapted sequence of random matrices of dimen-

sion py X po satisfying E(X; | Fj—1) = 0. Suppose that | X ;|2 < R; al-

most surely, where Ry, ..., R,, are deterministic. Then, for anyu > 0,
Pr Z.Xj > 8{u+logD}ZR§ < exp(—u).
J=1 9 j=1

In particular, if R; < R for all j, then
> X,
j=1

Proof. For a p; X ps matrix M, define its self-adjoint dilation as

Pr > Ry/8m{u +log D} | < exp(—u).

2

D(M) =
M"T 0

The dilation satisfies
Amax{D(M)} = | M]||>

and

MM’ 0
D(M)* =
0 MM
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For part (i), the rectangular matrix Bernstein inequality (Tropp, 2012,

Theorem 1.6) gives, for every t > 0,

t?/2

m

> Z

Jj=1

Pr

2

Let x = u + log D and set
2R
t = V 2V2.I' + ?l'

A direct calculation gives

2
2 — 21 (1/2 + %) = ?Rmv 2021 > 0.

It follows that

t2/2
——— > .
v2+ Rt/3 —
Therefore,
Pr Z Z;|| >t| < Dexp(—z) =exp(—u),
Jj=1 2

which proves the first assertion. The second follows immediately from 2 <
mR2.
For part (ii), consider the self-adjoint matrix differences D(X ;). They
satisfy
E[D(X;) [ Fj-1] =0
and

D(X;)? < R p.
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The matrix Azuma inequality and its rectangular extension (Tropp, 2012,

Theorem 7.1 and Remark 7.3) therefore imply that

t2
J= J

m

> X,

Jj=1

Pr

2

Taking

t= 8{u+logD}ZR§-

Jj=1

yields the desired probability bound. The final assertion follows by using

Z;nzl R? < mRZ2. m

Lemma 7. There exist constants cs > 0 and cg > 0 and a good event G
satisfying

Pr(Gs) > 1 — exp{—cglog(nT Vv d)}

such that, on Gs,

Hi B EHQ < c5dL{log(nT\/d) N {log(nT\/d)}2}'

vnT nT

Proof. Throughout this proof, C7, (s, ... denote positive constants that are
local to the present proof and are re-indexed from ;. They are distinct
from the lowercase constants ci, cs, ... appearing in the statements of the
results.

All matrix concentration inequalities used in this proof are equivalent

reformulations of those in (Tropp| (2012); see Lemma@ for their derivations.
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Let p/ =2+ 2dL and

®;; = €i,t (Ezt - 7Ui,t+1)T

Then

n T-1

ZZ zt_EGzt

21t0

By Remark [I] [|€;, ]2 < /IT+d&L and |[Uspnills < /1+de2,L.

Hence,

1©iell2 < (1 +7)(1 +dc,L).

Write R = (14 7)(1 + dc?,L). Notice that R < (1 +~)(1 + ¢2,)dL.

Note that L =< (nT)"/(m=1_ There exists a constant C; > 0 such that
log(2p') < Cylog(nT V d).

We first consider the case where T' is bounded. Let Cy > 0 satisfy

T < (s, and define

=
Z; = T (@i —EO;).
t=0
The matrices Z1,...,Z, are independent and mean zero, with ||Z;|2 <

2R. Their matrix variance parameter is bounded by 4nR%  Therefore,

Lemma, @(1) gives, for every u > 0,

1 n
il Z;

log(2p’ 4
> 9W2R U%—OTg(p) + 3—§{u + log(2p’)}] < exp(—u).
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Taking v = 4log(nT V d), the quantity u + log(2p’) is bounded by (4 +
Ci)log(nT V d). Since T < Cy and log(nT V d) > 1 for sufficiently large

nT' V d, it follows that

log(nT V d)
vnT

with probability at least 1 — (nT V d)™*, where

53], <
2

4C5(4 + C)

We next consider the case where T diverges. Define @;, = E(©,; |

Xi,t7 Amg) and @;k; = E(G;t | X@t). Then

®i,t — Egi,t - (@iﬂg - @Zt) + (@Zt - 6::;) + (G);k; - E(az',t) .

Accordingly, write

n T-1
- E@i7t> - Sl + SQ + 53,
i=1 t:O
where
Si=) (0.,-0;). S:=) (8;,-0;),
it it
and

Ss=> (85 —E®,).

it

Order the trajectories by ¢ = 1,...,n. For each 7, let X_; be the

sigma-field generated by the complete trajectories 1,...,7 — 1. Define the
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within-trajectory filtration by

Hi,2t =0 {X<i7 Xi,O) Ai,0> Xz‘,b e :Ai,t—la Xi,t} )
Hiotr1 = Hio Vo(Aiy),

Hiotro = Hiorr1 V 0(Xit1), t=0,...,T -1

These sigma-fields, ordered first by ¢ and then by the second index, form a
filtration.

For S, place the increment ©,, — @f}t between H; 2111 and H; 2412, and
place a zero increment between H,; o, and H; 9,+1. The increment is H,; o;40-
measurable. Moreover, by the Markov property and the independence of

the trajectories,

E[©;, — e, | Hipr1] =E (O | Hioes] — O,
=E [0 | Xiy, Ais] — O;,

=0.

Thus, the summands in S5, together with the inserted zero increments,
form a matrix martingale difference sequence.
For S, place the increment ©;, — O} between H,;o; and H,; 9411, and

place a zero increment between H; 941 and H;o10. Since the behavior
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policy is a fixed stationary Markov policy,
E[©;, — O} | Hix] =E [0, | Hin] — O

=K [@Zt ‘ Xi,t} - @?’2

=0.
Therefore, the summands in S5, together with the inserted zero increments,
also form a matrix martingale difference sequence. Because conditional
expectations preserve the almost-sure bound ||®;,||> < R, every increment
in S; and S5 has operator norm at most 2R. Lemma @(ii) therefore yields,

for j = 1,2 and every u > 0,

Pr |||S;]l2 > 4V2R\/nT{u + log(2p’)}} < exp(—u).

Taking v = 4log(nT V d) and combining the two bounds gives

1 TvVvd
||51||2n+T||52||2 < 8/2(4+ (1) Ry /% (S3.46)

with probability at least 1 — 2(nT V d)~*.

It remains to control S3. Let éz‘,t = 0;;—E®,;. This is a deterministic
matrix-valued function of X;,, satisfies Eéi,t = 0, and has operator norm
at most 2R.

By Assumption (A4), the state process is exponentially S-mixing, with
B(q) < Cgp? for some Cg > 0 and p € (0,1). Set

_ | 5log(nT Vv d)
- log p
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and m = [T/q]. By the growth conditions, ¢ < T for all sufficiently large
nT V d. Partition {0,...,7 — 1} into consecutive blocks Z;,...,Z,,, each
containing ¢ time points except possibly the last block.

For each i and k, let Y, = (X, : t € Z;) and define

Wir= Z ézt

tely

Since éi,t is a deterministic function of X ;, the matrix W, j, is a measurable
function of Yk, and hence o(W ) C o(Yi ).

Fix 7 and first consider the odd block sums W, W,3,.... Regard
each p x p random matrix as a random element of R? through vector-
ization. Berbee’s coupling lemma can then be applied recursively to this
sequence. On an enlarged probability space, it produces random matrices

i1, Wis, ... such that each W7, has the same distribution as W, the

coupled odd block sums are mutually independent, and

Pr ( ik W) < B(qg)

for every odd k. Indeed, the preceding odd blocks and the current odd

block are separated by an intervening block of length ¢, and

B(o{Wi1,....Wirat,o(W,1)) < 5(q),

because the sigma-fields generated by the matrix block sums are contained

in those generated by the corresponding state blocks.
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Applying the same construction to the even block sums produces Wi, W7, ...

which are mutually independent and satisfy the same marginal-distribution
and mismatch-probability properties. Since the n trajectories are indepen-
dent, the auxiliary variables in these coupling constructions may be chosen

independently across i. Consequently,
(Wi, :1<i<n, kodd}

is a mutually independent family, and the same is true for the even-numbered
coupled block sums.

Let &1 be the event on which W;kk = W, for every ¢ and k. Since
m < 2T/q,

Pr(€g,) < nmf(q)

<2l
q

< 205(nT Vv d)™,
where the last inequality follows from p? < (nT V d)~°.
Each W7, is mean zero and satisfies |W7 || < 2qR. For either parity,

there are at most 2nT/q such block sums. Therefore, the corresponding

matrix variance parameter is bounded by

2nT
nT(QqR)2 = 8nTqR>.
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Lemma [f](i) gives, for every u > 0,

. 4qR
Pr(|> > Wii| > 4RVaTafu+1og@)} + ~5{u -+ log(2p)} | < exp(—u).
i=1 1<k<m
k odd 2

and the same bound holds for the even block sums.

On &1, S5 is the sum of the coupled odd and even block sums. Taking

u = 4log(nT V d) and combining the two parity bounds yields

Hsﬂz§8R¢44+Cgmgmrv@_%&Ru+fmk%mTV® (83.47)

nT nT 3nT

except on an event of probability at most
2(nT Vv d)~* 4 2Cs(nT v d)~*.

Let
5

Cy=— +1.
log p

Since ¢ < Cylog(nT Vv d) for all sufficiently large nT' Vv d, (S3.46|) and ({S3.47))

imply

log(nT V d) Lc {log(nT Vv d)}?
vnT 6 nT’

o], = [
2

The total failure probability in the diverging-T case is at most (4 +
2C5)(nTVvd)~*, which is bounded by exp{—3log(nTVd)} for all sufficiently
large nT'Vd. The same probability bound holds in the bounded-T case after

increasing the threshold if necessary.
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Define

Gy — {Hi B ZH2 < endl [log(nTvd) N {log(nTvd)}Q] }

vnT nT’

Finally, since R < (14 7)(1 + ¢2,)dL, the result follows by taking
cg =3
and any cj satisfying
cs > (14+7)(1 + ) max{Cs, C5, Cg}.

Thus,

Pr(Gs) > 1 — exp{—cglog(nT Vv d)}.

This completes the proof. n

S4 Proofs of Results in Section 4

S4.1 Proof of Theorem [5

Proof. Throughout this proof, C7, (s, ... denote positive constants that are
local to the present proof and are re-indexed from ;. They are distinct
from the lowercase constants ci, cs, ... appearing in the statements of the
results.

Recall that & = (& — o, 8 — 8")a. Define S = Sy U{d+k: ke S}

and § = Go U (UgesGy). By construction, |S| < 2dy. For convenience, let
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Kg, =a—a* and, for k=1,...,2d, let kg, = BGk - B,
By the definition of the estimator, 32¢ | H,@Gk o < 324 8¢, |l2- More-

over, Bg, = 0 for k ¢ S. Hence,

2d
SNBG N > 18, + Raull, + D Re, |2
k=1

kesS k¢S
> 118Gl = Y Rallz + Y IRay o
keS keS k¢S

It follows that

Do lRall: < ) IR, Il

k¢S kesS

Consequently,

2d
Yo lRellz < IRaolls +2 1Rl
k=0

kesS

<2 ) [Ral

keSU{0} (54.48)
< 24y/2dy + 1||Rs]|2
< 24/2dy + 1||K]|2.

Since each group contains at most L coordinates, ||Kg, |1 < VL|Rea, |-

Therefore,
2d 2d
IRl = Ralh < VLY [IRe,
k=0 k=0

Combining this inequality with ((S4.48]) gives

K|l < 24/ L(2dy + 1)||K||2- (54.49)
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We next bound the quadratic form R 3K By Lemma , the oracle
coefficient vector is feasible on the event G;. Since the estimated coefficient

vector is feasible by construction, on Gy, the triangle inequality gives

|[54],,

It follows that, on Gy,

<2\, k=0,...,2d

2

~ATOA~
)I{ ER’ =

2d
~T [~
Z Kg, [En] G
k=0
2d
<D lRe
k=0
2d
<22 [Rall2
k=0

< 4\\/2dy + 1|2

On the other hand, Lemma |3 implies

b A

=TSR > DRI,

N O

Therefore,

(aTia‘ > ‘aTza‘ - ]aT@ - 2)@‘

v

C~ S ~
CIRIZ = 15 = Sl RIE-

By (54.49)) and Lemma , on the event G,

ATSA g 1 Tvd)], -
‘,Jzn‘ > E — 4(2dy + 1)es L2 log(nT V d) M} %12,
Under L < (nT)Y®m™=Y with m > 3, for all sufficiently large nT,
c 1 Tvd C
g — 4(2dy + 1)es L2 log(nT V d) Og("—T) > 2 (S4.50)
n
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Combining the upper and lower bounds for the quadratic form, on the event

gl N g27 yleldS

C i~ ~
RIS < 4AAv2do + 1[&]».
Thus, |82 < A\W/do. Since A < V/Llog(nT V d)/v/nT, we obtain

. log(nT V d
1Rl < %\/dob

Equation (54.49) further gives
< log(nT V d) 4oL,

K
These bounds hold on the event G; N Gy, where

P(G1NGy) > 1 —exp{—colog(nT Vd)} —exp{—cqlog(nT Vv d)}.

We finally consider the special case where d = O(1). By Lemma [7} on

the event Gs,

5 1 T 1 T 2
||2—E||2§c5dL{ og(nT v d) | {log(nT v d) }

vnT nT

Since
~T,4 ~ 3 ~
RS - DR < |12 - SlLlIRIE,

condition (S4.50)) can be replaced by
log(nT V d) N {log(nT Vv d)}?

— c5dL
@ { vnT nT

H,_/
V4
=] 0l

| Ol
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Under d = O(1), it is sufficient that

log(nTvd) {log(nTVd)}*\
L { Ve + T } =o(1).

Recall that the feasibility requires

WT\L/2m)
% = o(1).

In particular, if L < (nT)"/™=1 this condition holds whenever 2m—1 > 2.

On the event G; N G3, the same argument then gives the preceding ¢5- and

(1-error bounds, where

P(GiNG;) > 1—exp{—calog(nT Vd)} — exp{—cglog(nT Vv d)}.

S4.2 Proof of Theorem

Proof. Throughout this proof, C7, Cy, ... denote positive constants that are
local to the present proof and are re-indexed from C;. They are distinct
from the lowercase constants ci, cs, ... appearing in the statements of the
results.

It follows from the triangle inequality that
V(&) = V(@) < V(@) = V@) + [VT(F) = V(7).
From inequality (3.5]), we have

V™ (z) = V™(Z)| < doCL L™,
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and
Ez|[V™(2) — V™(2)] < dgCLL™™

Thus, the remaining proof focuses on the estimation error

V(@) - V@)

We have
V(@) = V(@) = [UT (@)&l
2d
k=0
(54.51)
< Z U, (@)l2]|Ac, 2-
Note that
1/2
|08, @)l = {=(0 | 92 + =(1] &2} < 1.
Moreover, for every 1 < s < d,
UG, (@)l = 7(0 [ 2)[|®s(s)[l2 < [|Ds(5) 2,
and
1UG,, @)z = 7(1]| 2)[|Ds(Zs)[l2 < [[@(Ts)l2-
Combined with Remark [I}, we have
Z UG, @)ll2llkcllz < Cm\/_z JezeniE
(54.52)

< /42, L(2dy + 1)||&|2.
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The second inequality follows from equation (S4.48]). Combined with The-

orem 5], on the event G; N Gy, we have

N 1 TvVd
sup [V7(7) = V(@) < dpr 28TV D)

_ S4.53
Fexd vnT ( )

Under the choice L = (nT')"/?=1) the functional approximation error

satisfies
V™ (&) = V™(&)| < dgC1L™™ = doCy (vnT) =2/ Cm=1 < g (vnT) L.

Therefore, on the same event,

A 3 log(nT' V d)
sup |V™(z2) = V™(2)| < dyL———+-—%
sup [77() = V()| S L B0

log(nT' Vv d)
VnT

+ do(\/ nT)*l
(S4.54)
< doL

Next, we establish the bound for the generalized test error. Assume

that the density p; is uniformly bounded by ¢,. By definition,

<y / \UE (2)ka,| d. (84.55)
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It follows from the Cauchy—Schwarz inequality that

/i  Va @k ai

. N o 1/2
- | ARGV @S @k}

di
1/2
< { | Ve @)U, 2k, df}
FeXxd
1/2
= {ng { / y Ug, (2)UE (%) di}kgk} , (S4.56)
Te

where the first inequality also uses the boundedness of X¢.
When 7 is a stationary deterministic policy, we have 0 < 7(a | ) < 1.

For every 1 < s < d, the action-specific group definitions give
U, (T) = @s(2)m(0 ] 2),  Ug,,,(T) = Ps(Ts)m(1 ] 2).
Therefore,
U, (2)UG, () = @4(2,) 5 (2)7(0 | )7,

and

UGs+d(f)Ugs+d(j) = CDS(*%S)(D?(%S)WO ‘ 57)2-

Since 0 < 7w(a | Z)? < 1, we have, in the positive-semidefinite order,

/Xd U, (2)UG,(7) dfi“j/ O, (i,)®T (z,) dz,

Xxd

and

/ Us,.,(D)UG, (%) dT = / d,(7,)(z,) dz.
xd ° xd
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Because X = [0, 1], integration over the remaining state coordinates gives

/Xd q)s(@)q)g(js)df:/@s(z)q’f(Z) dz.

X

Hence, Remark [T} implies

Amax {/Xd Uc, (2)U4, (%) da?} <1, 1<k<2d
For the intercept group,
Ug, () = {x(0| 2),m(1 | 2)}",
and therefore
v [ Ve @ < [ 0@l di

<1

Consequently,
Amax { Uc, (2)U¢, (%) di} <1, 0<k<2d (S4.57)
Xd

Combining ((S4.56|) and (S4.57)), we obtain

2d
E,V™(7) — E;V™ (z)( S lRa (54.58)
k=0

Combining this result with Theorem [5, on the event G; N Gy, we obtain

N . log(nT V d)
B, V™ (7) — EsV™ (3 ‘ < dpy/ T8 S4.59
() (#)] < do /nT (S4.59)
Moreover, by inequality ,
Bz [V™(2) = VT(@)]] < Bz [V™(2) = V7(Z)]
(54.60)

< doclL_m.
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Therefore, by the triangle inequality, on G; N Gs,

B, V™ (%) — IE;CV”(:i)’ < [E.V7(2) - BV (#)

+[EV™ (&) — BV (3)] (S4.61)

log(nT V d
< doﬁ% do L™,
n

Under the choice L = (nT)"/?™=1) the approximation error dyL ™™ is dom-

inated by the preceding estimation error. Hence, on the same event,

E: V™ (%) — E;V™(7)| < doﬁw. (54.62)

Finally,
P(G1NGy) > 1 —exp{—colog(nT Vd)} —exp{—cqlog(nT Vd)}.

This completes the proof. O

S4.3 Proof of Theorem [Tl

Proof. Throughout this proof, Cy, Cs, ... denote positive constants that are
local to the present proof and are re-indexed from C'. They are distinct
from the lowercase constants ¢y, cs, ... appearing in the statements of the
results.

Denote

Gon(ws) = @ (2:) B, o-
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In this proof, we omit the superscript 7 from ¢, ¢, and ¢* for simplicity.
The expectation is taken with respect to the reference distribution z ~ G.
Consider an active feature x,, where s € K. Under the condition in

Theorem |7}, there exists an action a € {0, 1} such that
E{q, (x5} > 0.
By (3.5),
[50(22) = @) < CLLT™
uniformly over all action-state pairs. We have
E{g2,(e2)} = E [{g00(5) + gual) = a0)}]
< 2B {(g0(20))"} + 2B [{goa(e,) — @5 (00) ] (5463)
< 2 {(¢:(2,)"} + 203072
Thus,
E{(6u(00)'} 2 5 - CRL7m
Since

L = (nT)Y@m=1),

for all sufficiently large nT’,

* 2 v
E{(qs,a(xs)) } Z Z
On the event G; N Gy, Theorem 5| implies that

log(nT' V d)

K <c,€\/z .
7 < e
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Using the same inequality as in (S4.63)), we have
E{(60(2)"} = E[{@a(m) + Gue2) ~ Gualw) )]
< (1+05)E (@, (@)} + (1 + 2B [{Gal,) — a2al)}]
< LOE {Ga(w) } + 3E {[| @ () 3R |13}

W log(nT V d) }2
< 1.5E ?a Ts)p+ 3 {cmc,@L— )
{@ales)) JnT
(S4.64)

The last inequality follows from
k.2 < [|%]l2
and the definition

801 vV 2d0 +1

C

Cp =
Suppose that there exists an index s such that s € K but s ¢ K. Then,

for every a € {0, 1},

E{7(z.)} < E {0z I3Bc,

)

< (enVD)2h? (S4.65)
v
< —.
-8
Combining (S4.63)), (S4.64])), and (S4.65]), we obtain
v 3v log(nT Vv d))°
- < — L————; .
1516 +3 {cmcﬂ N }
Consequently,
2
g {Cmanlog(nT V d) } |
16 vnT
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and hence

g flesi v

However, under
L =< (nT)"/Em=1),
we have

log(nT V d)
vnT

as nT" — oo. This contradicts the assumption that v is bounded away from

L

zero. Therefore, on the event G; N G,
KCK.

Since G; N Gy occurs with the probability stated in Theorem [5] the

desired result follows. O]

S5 Numerical Results
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Table 1: Simulation results for d = 10. Each entry reports bias (SD).

n\T T =20 T =30 T = 40
SAVE 0.12 (0.46)  0.01 (0.25)  0.05 (0.15)
n=20 LFQ -0.17 (0.01) -0.16 (0.02) -0.14 (0.06)
GD  0.02 (0.17) -0.03 (0.16)  0.01 (0.12)
SAVE -0.02 (0.19) -0.02 (0.14)  0.03 (0.12)
n=30 LFQ -0.17 (0.00) -0.16 (0.01) -0.15 (0.04)
GD  0.02 (0.10) -0.03 (0.11)  0.02 (0.10)
SAVE 0.03 (0.11) -0.01 (0.09)  0.03 (0.09)
n=40 LFQ -0.17 (0.00) -0.17 (0.01) -0.15 (0.03)
GD  0.02 (0.08) -0.01 (0.08)  0.02 (0.09)
SAVE 0.04 (0.13)  0.01 (0.09)  0.03 (0.07)
n=50 LFQ -0.17 (0.00) -0.17 (0.01) -0.15 (0.02)
GD  0.01 (0.07)  0.01 (0.08)  0.02 (0.07)

Table 2: Simulation

results for d = 100. Each entry reports bias (SD).

n\T T =20 T =30 T = 40
SAVE 0.09 (0.18)  0.07 (0.24) -0.03 (0.28)
n =20 LFQ 0.73 (0.19) 0.42 (0.23)  0.23 (0.19)
GD 0.03 (0.21) -0.01 (0.18) -0.06 (0.20)
SAVE 0.07 (0.15) -0.02 (0.22) -1.83 (5.64)
n =30 LFQ 0.66 (0.15) 0.43 (0.16)  0.26 (0.14)
GD 0.02 (0.14) -0.02 (0.16) -0.05 (0.16)
SAVE 0.09 (0.11) -1.34 (2.95)  0.58 (1.78)
n=40 LFQ 0.66 (0.13)  0.44 (0.09)  0.25 (0.14)
GD 0.03 (0.12)  0.00 (0.15) -0.05 (0.12)
SAVE 0.05 (0.16)  7.68 (17.78)  0.27 (1.49)
n =50 LFQ 0.65(0.11)  0.42 (0.09) 0.24 (0.15)
GD 0.01 (0.10) -0.03 (0.12) -0.04 (0.12)
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Table 3: Simulation Results of Cartpole Environment. Each entry reports bias (SD)

n\T T =50 T = 60 T =170

SAVE -0.33 (12.85)  -9.46 (58.79)  0.59 (5.43)
n=50 LFQ -12.85 (0.07) -7.38 (0.20) -3.25 (0.33)

GD  8.18 (3.28) 2.66 (1.04) 1.75 (0.61)

SAVE -0.88 (14.76)  0.95 (25.33) -0.31 (4.06)
n=60 LFQ -12.84 (0.07)  -7.52 (0.21) -3.43 (0.17)

GD  6.25 (2.32) 2.97 (1.00)  1.66 (0.91)

SAVE -6.14 (16.76)  -8.80 (24.89)  0.42 (6.61)
n=70 LFQ -12.87 (0.08)  -7.49 (0.16) -3.47 (0.19)

GD  6.57 (3.13) 2.52 (0.90)  1.54 (0.64)

SAVE -82.87 (357.27) -3.05 (18.03) 2.41 (9.88)
n=80 LFQ  -12.88 (0.05) -7.56 (0.13) -3.46 (0.15)

GD 4.61 (1.34) 212 (0.94) 1.30 (0.41)
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