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S1 Proof of Proposition 1

Proof of Proposition 1: The score function for γ and β´1 denoted by Sγpy,x, zq and

Sβpy,x, zq is obtained as

Sγpy,x, zq “ ´
f 1
ϵpϵ,x, zq

fϵpϵ,x, zq
x, Sβpy,x, zq “ ´

f 1
ϵpϵ,x, zq

fϵpϵ,x, zq
g1

pzTβqz´1.

The nuisance tangent space for the three nuisance parameters fϵpϵ,x, zq, fx,zpx, zq and

gpzTβq can be verified to be

Λ “ pf1pϵ,x, zq ` f2px, zq ` f3pzTβqf 1
ϵpϵ,x, zq{fϵpϵ,x, zq : @f1pϵ,x, zq

s.t. Etf1pϵ,x, zq|x, zu “ 0, ErtIpϵ ă 0q ´ τuf1pϵ,x, zq|x, zs “ 0,

@f2px, zq s.t. Etf2px, zqu “ 0, @f3pz
Tβqq,
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and the orthogonal complement of Λ is

ΛK
“

˜

fϵp0,x, zq

τp1 ´ τq
tIpϵ ă 0q ´ τurapx, zq ´

Etf 2
ϵ p0,x, zqapx, zq|zTβu

Etf 2
ϵ p0,x, zq|zTβu

s : @apx, zq

¸

.

We now decompose Sβpϵ,x, zq and Sγpϵ,x, zq as

Sγpϵ,x, zq “ ´

„

f 1
ϵpϵ,x, zq

fϵpϵ,x, zq
´
fϵp0,x, zq

τp1 ´ τq
tIpϵ ă 0q ´ τu

ȷ

x

´
fϵp0,x, zq

τp1 ´ τq
tIpϵ ă 0q ´ τu

Etf 2
ϵ p0,x, zqx|zTβu

Etf 2
ϵ p0,x, zq|zTβu

´
fϵp0,x, zq

τp1 ´ τq
tIpϵ ă 0q ´ τu

„

x ´
Etf 2

ϵ p0,x, zqx|zTβu

Etf 2
ϵ p0,x, zq|zTβu

ȷ

,

Sβpϵ,x, zq “ ´

„

f 1
ϵpϵ,x, zq

fϵpϵ,x, zq
´
fϵp0,x, zq

τp1 ´ τq
tIpϵ ă 0q ´ τu

ȷ

g1
pzTβqz´1

´
fϵp0,x, zq

τp1 ´ τq
tIpϵ ă 0q ´ τug1

pzTβq
Etf 2

ϵ p0,x, zqz´1|zTβu

Etf 2
ϵ p0,x, zq|zTβu

´
fϵp0,x, zq

τp1 ´ τq
tIpϵ ă 0q ´ τug1

pzTβq

„

z´1 ´
Etf 2

ϵ p0,x, zqz´1|z
Tβu

Etf 2
ϵ p0,x, zq|zTβu

ȷ

.

It is easily verified that the first two terms of tST
γ pϵ,x, zq,ST

βpϵ,x, zquT are elements in the

nuisance tangent space Λ, while the last term belongs to the orthogonal complement ΛK.

Hence the efficient score function which is the projection of the score function is the last

component.

S2 Notations

To ease the description, we first introduce several notations. Define

xc
i ” xi ´

Etf˚
ϵ
2
p0,xi, ziqxi|z

T
i βu

Etf˚
ϵ
2
p0,xi, ziq|zTi βu

,

zc´1,i ” z´1,i ´
Etf˚

ϵ
2
p0,xi, ziqz´1,i|z

T
i βu

Etf˚
ϵ
2
p0,xi, ziq|zTi βu

,
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P pxi, ziq ” tpxc
iq

T, g1
pzTi βqpzc´1,iq

T
u
T,

pP pxi, ziq ” tppxc
iq

T, rg1
pzTi

rβ, rγqppzc´1,iq
T

u
T,

α ” sup
x,z

}P px, zq},

V0 ” E

$

’

’

&

’

’

%

f˚
ϵ
2
p0,xi, ziq

τp1 ´ τq

¨

˚

˚

˝

xc
i

g1pzTi βqzc´1,i

˛

‹

‹

‚

ˆ

xT
i g1pzTi βqzT´1,i

˙

,

/

/

.

/

/

-

,

Gitrγ, rβ, rgpzTi
rβ, rγqu

”
f˚
ϵ p0,xi, ziq

τp1 ´ τq
rτ ´ ItYi ´ xT

i rγ ´ rgpzTi
rβ, rγq ă 0usP pxi, ziq,

Gitγ,β, gpzTi βqu

”
f˚
ϵ p0,xi, ziq

τp1 ´ τq
rτ ´ ItYi ´ xT

i γ ´ gpzTi βq ă 0usP pxi, ziq,

Gpitrγ, rβ, rgpzTi
rβ, rγqu

”
f˚
ϵ p0,xi, ziq

τp1 ´ τq
pτ ´ Fϵrtx

T
i prγ ´ γq ` rgpzTi

rβ, rγq ´ gpzTi βqu,xi, zisqP pxi, ziq,

rGpitrγ, rβ, rgpzTi
rβ, rγqu

”
f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

´τp1 ´ τq
txT

i prγ ´ γq ` rgpzTi
rβ, rγq ´ gpzTi βquP pxi, ziq.

Finally, let

ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu

” Gitγ
˚,β˚, rgpzTi β

˚,γ˚
qu ´ Gitγ,β, gpzTi βqu ´ Gpitγ

˚,β˚, rgpzTi β
˚,γ˚

qu,

and D ” tpβ˚T,γ˚TqT : }β˚
´ β} ď Cn´1{2, }γ˚ ´ γ} ď Cn´1{2,β˚

1 “ 1u. Note that here,

ErGitγ,β, gpzTi βqu|xi, zis “ 0. With the dependence of the estimates on the data ignored,

Gpitrγ, rβ, rgpzTi
rβ, rγqu can be viewed as the expectation of Gitrγ, rβ, rgpzTi

rβ, rγqu given xi and

zi. Further, rGpitrγ, rβ, rgpzTi
rβ, rγqu is the first order approximation of Gpitrγ, rβ, rgpzTi

rβ, rγqu.
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Define

xc0
i ” xi ´

Etfϵp0,xi, ziqxi|z
T
i βu

Etfϵp0,xi, ziq|zTi βu
,

zc0´1,i ” z´1,i ´
Etfϵp0,xi, ziqz´1,i|z

T
i βu

Etfϵp0,xi, ziq|zTi βu
,

P 0
pxi, ziq ” tpxc0

i q
T, g1

pzTi βqpzc0´1,iq
T

u
T,

V ” E

"

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τq
P pxi, ziqP

0
pxi, ziq

T

*

.

S3 Proof of Theorem 1

Define

rFppϕ,γ,βq ”

ř

jPI1
Kh1pzTj β ´ zTi βqprtYj ´ xT

j γ ´ ϕ ă 0|zTj βu
ř

jPI1
Kh1pzTj β ´ zTi βq

.

We first introduce a new notation rgppzTi βq, which is defined as the solution of ϕ that solves

rFppϕ,γ,βq “ τ . Thus, we always have rFptrgppzTi βq,γ,βu “ τ . We first prove two lemmas.

Lemma 1. Under the Regularity Conditions C2-C5, rgppzTi βq ´ gpzTi βq “ Optkpn, h1qu.

Proof. We aim to show that there exists a constant C ą 0 such that prtgpzTi βq´Ckpn, h1q ď

rgppzTi βq ď gpzTi βq ` Ckpn, h1qu Ñ 1 as n Ñ 8. It is equivalent to prove that, for arbitrary

C1 ą C ą 0, prt|rgppzTi βq ´ gpzTi βq| ą C1kpn, h1qu Ñ 0 as n Ñ 8. We prove this by

contradiction. If |rgppzTi βq ´ gpzTi βq| ą C1kpn, h1q, then rgppzTi βq ą gpzTi βq ` C1kpn, h1q or

rgppzTi βq ă gpzTi βq ´ C1kpn, h1q, then by the monotonicity of the conditional distribution

function, we have

prtYi ´ xT
i γ ă rgppzTi βq|zTi βu ě prtϵi ă C1kpn, h1q|zTi βu, (S3.1)
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or

prtYi ´ xT
i γ ă rgppzTi βq|zTi βu ď prtϵi ă ´C1kpn, h1q|zTi βu. (S3.2)

For any C1, under Conditions C2, C4 and C5, standard kernel regression analysis leads to

rFptrgppzTi βq,γ,βu “

ř

jPI1
Kh1pzTj β ´ zTi βqprtYj ´ xT

j γ ă rgppzTi βq|zTj βu
ř

jPI1
Kh1pzTj β ´ zTi βq

“ prtYi ´ xT
i γ ă rgppzTi βq|zTi βu ` Optkpn, h1qu.

Thus, for any δ ą 0, there exists a constant C2 ą 0, so that with probability at least 1 ´ δ,

prtYi ´ xT
i γ ă rgppzTi βq|zTi βu ď rFptrgppzTi βq,γ,βu ` C2kpn, h1q,

and

rFptrgppzTi βq,γ,βu ´ C2kpn, h1q ď prtYi ´ xT
i γ ă rgppzTi βq|zTi βu.

Note that rFptrgppzTi βq,γ,βu “ τ and prpϵi ă 0|zTi βq “ τ . Then the above equations become

prtYi ´ xT
i γ ă rgppzTi βq|zTi βu ď prpϵi ă 0|zTi βq ` C2kpn, h1q, (S3.3)

and

prpϵi ă 0|zTi βq ´ C2kpn, h1q ď prtYi ´ xT
i γ ă rgppzTi βq|zTi βu. (S3.4)
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Combining (S3.1), (S3.2), (S3.3) and (S3.4), we get

prtϵi ă C1kpn, h1q|zTi βu ´ prpϵi ă 0|zTi βq ď C2kpn, h1q,

or

´C2kpn, h1q ď prtϵi ă ´C1kpn, h1q|zTi βu ´ prpϵi ă 0|zTi βq.

But by a first-order Taylor series expansion and Condition C2,

prpϵi ă 0|zTi βq ` fϵ|zTβp0, zTi βqC1kpn, h1q{2 ď prtϵi ă C1kpn, h1q|zTi βu,

and

prtϵi ă ´C1kpn, h1q|zTi βu ď prpϵi ă 0|zTi βq ´ fϵ|zTβp0, zTi βqC1kpn, h1q{2.

This leads to fϵ|zTβp0, zTi βqC1kpn, h1q{2 ď C2kpn, h1q, which is impossible to hold for a fixed

C2 and arbitrary C1 ą C ą 0 under Condition C2. Thus,

prt|rgppzTi βq ´ gpzTi βq| ą C1kpn, h1qu ď prtrgppzTi βq ą gpzTi βq ` C1kpn, h1qu

`prtrgppzTi βq ă gpzTi βq ´ C1kpn, h1qu Ñ 0.

Lemma 1 is proved.

Lemma 2. Under the Regularity Conditions C1-C8, rgpzTi
rβ, rγq ´ rgppzTi βq “ Optkpn, h1qu.
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Proof. Recall that

rF pϕ, rγ, rβq ”

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqIpYj ´ xT

j rγ ´ ϕ ă 0q
ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

.

Note that rF trgpzTi
rβ, rγq, rγ, rβu “ τ .

We aim to show that there exists a constant C ą 0 such that prtrgppzTi βq ´Ckpn, h1q ď

rgpzTi
rβ, rγq ď rgppzTi βq ` Ckpn, h1qu Ñ 1 as n Ñ 8. It is equivalent to prove that, for

arbitrary C1 ą C ą 0, prt|rgpzTi
rβ, rγq ´ rgppzTi βq| ą C1kpn, h1qu Ñ 0 as n Ñ 8. We

prove this by contradiction. If |rgpzTi
rβ, rγq ´ rgppzTi βq| ą C1kpn, h1q, then either rgpzTi

rβ, rγq ą

rgppzTi βq ` C1kpn, h1q or rgpzTi
rβ, rγq ă rgppzTi βq ´ C1kpn, h1q.

Consider first the case when rgpzTi
rβ, rγq ă rgppzTi βq ´ C1kpn, h1q. By the monotonicity of

the conditional distribution function, we have

prtYi ´ xT
i γ ă rgpzTi

rβ, rγq|zTi βu

ď prtYi ´ xT
i γ ă rgppzTi βq ´ C1kpn, h1q|zTi βu. (S3.5)

Under Conditions C2, C4 and C5, standard kernel regression analysis leads to

rFptrgpzTi
rβ, rγq,γ,βu “

ř

jPI1
Kh1pzTj β ´ zTi βqprtYj ´ xT

j γ ă rgpzTi
rβ, rγq|zTj βu

ř

jPI1
Kh1pzTj β ´ zTi βq

“ prtYi ´ xT
i γ ă rgpzTi

rβ, rγq|zTi βu ` Optkpn, h1qu.

rFptrgppzTi βq ´ C1kpn, h1q,γ,βu

“

ř

jPI1
Kh1pzTj β ´ zTi βqprtYj ´ xT

j γ ă rgppzTi βq ´ C1kpn, h1q|zTj βu
ř

jPI1
Kh1pzTj β ´ zTi βq

“ prtYi ´ xT
i γ ă rgppzTi βq ´ C1kpn, h1q|zTi βu ` Optkpn, h1qu.
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Thus, for any δ ą 0, there exists a constant C2 ą 0, so that with probability at least 1 ´ δ,

rFptrgpzTi
rβ, rγq,γ,βu ´ C2kpn, h1q ď prtYi ´ xT

i γ ă rgpzTi
rβ, rγq|zTi βu, (S3.6)

prtYi ´ xT
i γ ă rgppzTi βq ´ C1kpn, h1q|zTi βu

ď rFptrgppzTi βq ´ C1kpn, h1q,γ,βu ` C2kpn, h1q. (S3.7)

Combining (S3.5), (S3.6) and (S3.7), we get

rFptrgpzTi
rβ, rγq,γ,βu ď rFptrgppzTi βq ´ C1kpn, h1q,γ,βu ` 2C2kpn, h1q. (S3.8)

By direct calculation, we get

rF trgpzTi
rβ, rγq, rγ, rβu ´ rF trgpzTi

rβ, rγq, rγ,βu

“

ř

jPI1
tKh1pzTj

rβ ´ zTi
rβq ´ Kh1pzTj β ´ zTi βquItYj ´ xT

j rγ ă rgpzTi
rβ, rγqu

ř

jPI1
Kh1pzTj β ´ zTi βq

`

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqItYj ´ xT

j rγ ă rgpzTi
rβ, rγqu

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

ˆ

ř

jPI1
tKh1pzTj β ´ zTi βq ´ Kh1pzTj

rβ ´ zTi
rβqu

ř

jPI1
Kh1pzTj β ´ zTi βq

. (S3.9)

For notational brevity, let

ξjpzi,βq ” Kh1pzTj β ´ zTi βqItYj ´ xT
j rγ ă rgpzTi

rβ, rγqu, j P I1.
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Under Conditions C1,C5, and C6, for all zi and ||β˚
´ β|| “ Oppn´1{2q,

Etξjpzi,β
˚
q ´ ξjpzi,βqu

2
“ Oppn´1h´4

1 q. (S3.10)

By Chebyshev’s inequality, we can get

prp|ξjpzi,β
˚
q ´ ξjpzi,βq| ě 1q ď Etξjpzi,β

˚
q ´ ξjpzi,βqu

2. (S3.11)

Let ζpzi,β
˚,βq “ 1{n

ř

jPI1
tξjpzi,β

˚
q´ξjpzi,βqu. Under Condition C4, (S3.10) and (S3.11),

together with Lemma 18 (page 20), Lemma 25 (page 27), Lemma 28 (page 30), the proof of

Lemma 33 (page 31-33) and Theorem 37 (page 34) in Pollard (1984), yield

sup
}β˚´β}“Oppn´1{2q

sup
zi

|ζpzi,β
˚,βq ´ Eζpzi,β

˚,βq| “ Oppn´1h´2
1 lognq “ oppn´1{2

q (S3.12)

under Condition C4. By direct derivation, at fixed zi, for any β˚ satisfying }β˚
´ β} “

Oppn´1{2q, we have

Etξjpzi,β
˚
qu “

ż

Kh1pzTj β
˚

´ zTi β
˚
qwpzTj β

˚
qdzTj β

˚
“ wpzTi β

˚
q ` Opph41q. (S3.13)

where wpzTj β
˚
q ” prtYj ´ xT

j rγ ă rgpzTi
rβ, rγq|zi, z

T
j β

˚
ufzTβ˚pzTj β

˚
q. Similarly, it can be

shown that Eξjpzi,βq “ wpzTi βq ` Opph41q. Then under Conditions C7 and C8, we have

|Eζpzi,β
˚,βqu| “ |Etξjpzi,β

˚
q ´ ξjpzi,βqu| “ |wpzTi β

˚
q ´ wpzTi βq| ` Opph41q. This means

sup
}β˚´β}“Oppn´1{2q

sup
zi

|Eζpzi,β
˚,βq| “ Oppn´1{2

` h41q. (S3.14)

Under Condition C4, combining (S3.12) and (S3.14), it is obtained that the first term in
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(S3.9) is Oppn´1{2q. Similarly, we can prove the second term in (S3.9) is Oppn´1{2q. Then we

have

rF trgpzTi
rβ, rγq, rγ, rβu ´ rF trgpzTi

rβ, rγq, rγ,βu “ Oppn´1{2
q. (S3.15)

Under Conditions C2, C4 and C5, standard kernel regression analysis leads to

rF trgpzTi
rβ, rγq, rγ,βu ´ rFptrgpzTi

rβ, rγq, rγ,βu “ Optkpn, h1qu. (S3.16)

Under Conditions C1 and C3, we also have

rFptrgpzTi
rβ, rγq, rγ,βu ´ rFptrgpzTi

rβ, rγq,γ,βu “ Oppn´1{2
q. (S3.17)

Combining (S3.15), (S3.16) and (S3.17), we get

rF trgpzTi
rβ, rγq, rγ, rβu ´ rFptrgpzTi

rβ, rγq,γ,βu “ Optkpn, h1qu.

Thus, for any δ ą 0, there exists a constant C3 ą 0, so that with probability at least 1 ´ δ,

rF trgpzTi
rβ, rγq, rγ, rβu ´ C3kpn, h1q ď rFptrgpzTi

rβ, rγq,γ,βu. (S3.18)

Combining (S3.8) and (S3.18), we get

rF trgpzTi
rβ, rγq, rγ, rβu ´ C3kpn, h1q ď rFptrgppzTi βq ´ C1kpn, h1q,γ,βu ` 2C2kpn, h1q.
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That is

rF trgpzTi
rβ, rγq, rγ, rβu ď rFptrgppzTi βq ´ C1kpn, h1q,γ,βu ` C4kpn, h1q,

where C4 “ 2C2 ` C3. Note that rF trgpzTi
rβ, rγq, rγ, rβu “ τ and rFptrgppzTi βq,γ,βu “ τ .

Combining this and the above equation, we get

rFptrgppzTi βq,γ,βu ď rFptrgppzTi βq ´ C1kpn, h1q,γ,βu ` C4kpn, h1q. (S3.19)

By a first-order Taylor series expansion, we get

rFptrgppzTi βq ´ C1kpn, h1q,γ,βu

“ rFptrgppzTi βq,γ,βu ´ rF 1
ptrg˚

pzTi βq,γ,βuC1kpn, h1q, (S3.20)

where

rF 1
ptrg˚

pzTi βq,γ,βu “

ř

jPI1
Kh1pzTj β ´ zTi βqfϵ|zTβtrg˚pzTi βq ´ gpzTj βq|zTj βu

ř

jPI1
Kh1pzTj β ´ zTi βq

,

and rg˚pzTi βq is between rgppzTi βq´C1kpn, h1q and rgppzTi βq. Combining (S3.20), using Lemma

1 and standard kernel regression analysis, we get

rFptrgppzTi βq ´ C1kpn, h1q,γ,βu (S3.21)

“ rFptrgppzTi βq,γ,βu ´ fϵ|zTβp0|zTi βqC1kpn, h1q ` Optkpn, h1qu.

So for any δ ą 0, there exists a constant C5 ą 0, so that with probability at least 1 ´ δ,
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under Condition C2,

rFptrgppzTi βq ´ C1kpn, h1q,γ,βu (S3.22)

ď rFptrgppzTi βq,γ,βu ´ 1{2fϵ|zTβp0|zTi βqC1kpn, h1q ` C5kpn, h1q.

(S3.19) and (S3.22) lead to 1{2fϵ|zTβp0|zTi βqC1kpn, h1q ď pC4 `C5qkpn, h1q, which is impos-

sible to hold for fixed constants C4 and C5 and arbitrary C1 ą C ą 0 under Condition C2.

This means

prtrgpzTi
rβ, rγq ă rgppzTi βq ´ C1kpn, h1qu Ñ 0.

Similarly we can consider the case rgpzTi
rβ, rγq ą rgppzTi βq`C1kpn, h1q and prove prtrgpzTi

rβ, rγq ą

rgppzTi βq ` C1kpn, h1qu Ñ 0. Thus, for arbitrary C1 ą C ą 0, prt|rgpzTi
rβ, rγq ´ rgppzTi βq| ą

C1kpn, h1qu Ñ 0 as n Ñ 8. Lemma 2 is proved.

Proof of Theorem 1. Combining the results in Lemmas 1 and 2, Theorem 1 is shown.

S4 Proof of Theorem 2

We first define some notations used in the proof of Theorem 2. Let an ” kpn, h1qlogn. For

any possibly random β˚ and γ˚ satisfying }β˚
´ β} ď Cn´1{2, }γ˚ ´ γ} ď Cn´1{2, let

Tnpη,γ˚,β˚
q ” rUpη,γ˚,β˚

q ´ rUtgpzTi β
˚
q,γ˚,β˚

u

´r rUppη,γ˚,β˚
q ´ rUptgpzTi β

˚
q,γ˚,β˚

us,

T´
n pη,γ˚,β˚

q ” rU´
pη,γ˚,β˚

q ´ rU´
tgpzTi β

˚
q,γ˚,β˚

u

´r rU´
p pη,γ˚,β˚

q ´ rU´
p tgpzTi β

˚
q,γ˚,β˚

us,
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rUpη,γ˚,β˚
q ”

1

n

ÿ

jPI1

Kh1pzTj β
˚

´ zTi β
˚
qIpYj ´ xT

j γ
˚

´ η ă 0q,

rUppη,γ˚,β˚
q ”

1

n

ÿ

jPI1

Kh1pzTj β
˚

´ zTi β
˚
qprpYj ´ xT

j γ
˚

´ η ă 0|zTj β
˚
q,

rU`
pη,γ˚,β˚

q ”
1

n

ÿ

jPI1

K`
h1

pzTj β
˚

´ zTi β
˚
qIpYj ´ xT

j γ
˚

´ η ă 0q,

rU´
pη,γ˚,β˚

q ”
1

n

ÿ

jPI1

K´
h1

pzTj β
˚

´ zTi β
˚
qIpYj ´ xT

j γ
˚

´ η ă 0q,

rU`
p pη,γ˚,β˚

q ”
1

n

ÿ

jPI1

K`
h1

pzTj β
˚

´ zTi β
˚
qprpYj ´ xT

j γ
˚

´ η ă 0|zTj β
˚
q,

rU´
p pη,γ˚,β˚

q ”
1

n

ÿ

jPI1

K´
h1

pzTj β
˚

´ zTi β
˚
qprpYj ´ xT

j γ
˚

´ η ă 0|zTj β
˚
q,

where, for j P I1,

K`
h1

pzTj β
˚

´ zTi β
˚
q ”

$

’

’

&

’

’

%

Kh1pzTj β
˚

´ zTi β
˚
q, Kh1pzTj β

˚
´ zTi β

˚
q ě 0,

0, Kh1pzTj β
˚

´ zTi β
˚
q ă 0.

K´
h1

pzTj β
˚

´ zTi β
˚
q ”

$

’

’

&

’

’

%

´Kh1pzTj β
˚

´ zTi β
˚
q, Kh1pzTj β

˚
´ zTi β

˚
q ď 0,

0, Kh1pzTj β
˚

´ zTi β
˚
q ą 0.

It is obvious that

rUp¨,γ˚,β˚
q “ rU`

p¨,γ˚,β˚
q ´ rU´

p¨,γ˚,β˚
q,

rUpp¨,γ˚,β˚
q “ rU`

p p¨,γ˚,β˚
q ´ rU´

p p¨,γ˚,β˚
q,

Tnpη,γ˚,β˚
q “ rU`

pη,γ˚,β˚
q ´ rU´

pη,γ˚,β˚
q ´ rUtgpzTi β

˚
q,γ˚,β˚

u

´r rU`
p pη,γ˚,β˚

q ´ rU´
p pη,γ˚,β˚

q ´ rUptgpzTi β
˚
q,γ˚,β˚

us. (S4.1)
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Define bn ” r1{h1s. The interval rgpzTi β
˚
q ´ an, gpzTi β

˚
q ` ans is devided into 2bn eqaual

intervals:

Jn,r “ rgpzTi β
˚
q ` ran{bn, gpzTi β

˚
q ` pr ` 1qan{bns “ rηn,r, ηn,r`1s,

r “ ´bn, ¨ ¨ ¨ ,´1, 0, 1, , ¨ ¨ ¨ , bn ´ 1, each length an{bn satisfies kpn, h1qh1logn{

p1 ` h1q ď an{bn ď kpn, h1qh1logn. Finally, define

rF ˚
tgpzTi β

˚
q,γ˚,βu

”

ř

jPI1
Kh1pzTj β ´ zTi βqprtYj ´ xT

j γ
˚ ´ gpzTi β

˚
q ă 0|xj, zju

ř

jPI1
Kh1pzTj β ´ zTi βq

,

∆pγ˚,β˚
q “ rF tgpzTi β

˚
q,γ˚,βu ´ rF tgpzTi βq,γ,βu

´r rF ˚
tgpzTi β

˚
q,γ˚,βu ´ rF ˚

tgpzTi βq,γ,βus.

We now prove three lemmas which will be used to prove Theorem 2.

Lemma 3. Under the Regularity Conditions C3, C4 and C5, we have

T ˚´
n pγ˚,β˚

q ” sup
|η´gpzTi β

˚q|ďan

|T´
n pη,γ˚,β˚

q| “ Optkpn, h1qh1lognu,

for any β˚ and γ˚ satisfying }β˚
´ β} ď Cn´1{2, }γ˚ ´ γ} ď Cn´1{2.

Proof. By the monotonicity of rU´p¨,γ˚,β˚
q and rU´

p p¨,γ˚,β˚
q, for η P Jn,r “ rηn,r, ηn,r`1s,

we get

rU´
tηn,r,γ

˚,β˚
u ´ rU´

tgpzTi β
˚
q,γ˚,β˚

u ´ r rU´
p tηn,r`1,γ

˚,β˚
u

´ rU´
p tgpzTi β

˚
q,γ˚,β˚

us ď T´
n pη,γ˚,β˚

q ď rU´
tηn,r`1,γ

˚,β˚
u

´ rU´
tgpzTi β

˚
q,γ˚,β˚

u ´ r rU´
p tηn,r,γ

˚,β˚
u ´ rU´

p tgpzTi β
˚
q,γ˚,β˚

us.
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This can be written as

T´
n pηn,r,γ

˚,β˚
q ´ α´

nr ď T´
n tη,γ˚,β˚

u ď T´
n pηn,r`1,γ

˚,β˚
q ` α´

nr,

where α´
nr “ rU´

p pηn,r`1,γ
˚,β˚

q ´ rU´
p pηn,r,γ

˚,β˚
q. Hence

T ˚´
n pγ˚,β˚

q ď max
´bnďrďbn

|T´
n pηn,r,γ

˚,β˚
q| ` max

´bnďrďbn´1
α´
nr. (S4.2)

It is easy to show that

max
´bnďrďbn´1

α´
nr “ Optkpn, h1qh1lognu. (S4.3)

Let A “ σpzT1 β
˚, zT2 β

˚, ¨ ¨ ¨ , zTnβ
˚
q. For notational brevity, let

L´
nj ” K´

h1
pzTj β

˚
´ zTi β

˚
qprIpYj ´ xT

j γ
˚

´ ηn,r ă 0q

´ItYj ´ xT
j γ

˚
´ gpzTi β

˚
q ă 0us ´ rprpYj ´ xT

j γ
˚

´ ηn,r ă 0|zTj β
˚
q

´prtYj ´ xT
j γ

˚
´ gpzTi β

˚
q ă 0|zTj β

˚
usq.

Then,

T´
n pηn,r,γ

˚,β˚
q “

1

n

ÿ

jPI1

L´
nj.

By Bernstein inequality on page 95 of Serfling (1980), we have

prt|T´
n pηn,r,γ

˚,β˚
q| ě kpn, h1qh1logn|A u (S4.4)

ď 2 expr´
tnkpn, h1qh21lognu2

2
ř

jPI1
varph1L

´
nj|A q ` 4C1nkpn, h1qh21logn{3

s.
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By simple derivation, we get

varph1L
´
nj|A q “ Eth21pL

´
njq

2
|A u ď C2h

2
1tK

´
h1

pzTj β
˚

´ zTi β
˚
qu

2
|ηn,r ´ gpzTi β

˚
q|.

The above inequality holds under Condition C3. Then, under Conditions C4 and C5, it can

be shown that

ÿ

jPI1

varph1L
´
nj|A q ď C3nh1|ηn,r ´ gpzTi β

˚
q| ď C3nh1kpn, h1qlogn.

Then, under Condition C4, we have

tnkpn, h1qh
2
1lognu2

2
ř

jPI1
varph1L

´
nj|A q ` 4C1nkpn, h1qh21logn{3

ě C4tnkpn, h1qh21lognu
2
{tnkpn, h1qh1lognu “ C4nh

3
1kpn, h1qlogn. (S4.5)

Also we have

prt max
´bnďrďbn

|T´
n pηn,r,γ

˚,β˚
q| ě kpn, h1qh1lognu

ď 2bn max
´bnďrďbn

prt|T´
n pηn,r,γ

˚,β˚
q| ě kpn, h1qh1lognu

“ 2bn max
´bnďrďbn

Erprt|T´
n pηn,r,γ

˚,β˚
q| ě kpn, h1qh1logn|A us. (S4.6)

Then combining (S4.4), (S4.5), and (S4.6), recalling that bn “ rh´1
1 s, we get

prt max
´bnďrďbn

|T´
n pηn,r,γ

˚,β˚
q| ě kpn, h1qh1lognu

ď 2ph´1
1 ` 1q expt´C4nh

3
1kpn, h1qlognu ď 3 expt´logh1 ´ C4nh

3
1kpn, h1qlognu,

which goes to zero under C4. Combining this result, (S4.2) and (S4.3), Lemma 3 is proved.
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Lemma 4. Under the Regularity Conditions C3, C4 and C5, we have

T ˚
n pγ˚,β˚

q ” sup
|η´gpzTi β

˚q|ďan

|Tnpη,γ˚,β˚
q| “ Optkpn, h1qh1lognu,

for any β˚ and γ˚ satisfying }β˚
´ β} ď Cn´1{2, }γ˚ ´ γ} ď Cn´1{2.

Proof. By the monotonicity of rU`p¨,γ˚,β˚
q, rU´p¨,γ˚,β˚

q, rU`
p p¨,γ˚,β˚

q and rU´
p p¨,γ˚,β˚

q,

for η P Jn,r “ rηn,r, ηn,r`1s, we have

rU`
pηn,r,γ

˚,β˚
q ď rU`

pη,γ˚,β˚
q ď rU`

pηn,r`1,γ
˚,β˚

q,

rU´
pηn,r,γ

˚,β˚
q ď rU´

pη,γ˚,β˚
q ď rU´

pηn,r`1,γ
˚,β˚

q,

rU`
p pηn,r,γ

˚,β˚
q ď rU`

p pη,γ˚,β˚
q ď rU`

p pηn,r`1,γ
˚,β˚

q,

rU´
p pηn,r,γ

˚,β˚
q ď rU´

p pη,γ˚,β˚
q ď rU´

p pηn,r`1,γ
˚,β˚

q.

Then we have

rU`
pηn,r,γ

˚,β˚
q ´ rU´

pηn,r`1,γ
˚,β˚

q ´ t rU`
p pηn,r`1,γ

˚,β˚
q

´ rU´
p pηn,r,γ

˚,β˚
qu ď rU`

pηn,r`1,γ
˚,β˚

q ´ rU´
pηn,r,γ

˚,β˚
q

´t rU`
p pηn,r,γ

˚,β˚
q ´ rU´

p pηn,r`1,γ
˚,β˚

qu. (S4.7)

Note that

rU`
pηn,r,γ

˚,β˚
q ´ rU´

pηn,r`1,γ
˚,β˚

q ´ t rU`
p pηn,r`1,γ

˚,β˚
q ´ rU´

p pηn,r,γ
˚,β˚

qu

“ rUpηn,r,γ
˚,β˚

q ´ rUppηn,r,γ
˚,β˚

q ´ αnr,
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and

rU`
pηn,r`1,γ

˚,β˚
q ´ rU´

pηn,r,γ
˚,β˚

q ´ t rU`
p pηn,r,γ

˚,β˚
q

´ rU´
p pηn,r`1,γ

˚,β˚
qu “ rUpηn,r`1,γ

˚,β˚
q ´ rUppηn,r`1,γ

˚,β˚
q ` αnr,

where αnr “ rU´pηn,r`1,γ
˚,β˚

q´ rU´pηn,r,γ
˚,β˚

q` rU`
p pηn,r`1,γ

˚,β˚
q´ rU`

p pηn,r,γ
˚,β˚

q and

αnr ě 0. Combining the above results, (S4.1), (S4.7) and the definition of Tnp¨,γ˚,β˚
q, we

get

Tnpηn,r,γ
˚,β˚

q ´ αnr ď Tntη,γ˚,β˚
u ď Tnpηn,r`1,γ

˚,β˚
q ` αnr.

Hence

T ˚
n pγ˚,β˚

q ď max
´bnďrďbn

|Tnpηn,r,γ
˚,β˚

q| ` max
´bnďrďbn´1

αnr. (S4.8)

Note that αnr can be written as

αnr “ T´
n pηn,r`1,γ

˚,β˚
q ´ T´

n pηn,r,γ
˚,β˚

q ` t rU`
p pηn,r`1,γ

˚,β˚
q

´ rU`
p pηn,r,γ

˚,β˚
qu ` t rU´

p pηn,r`1,γ
˚,β˚

q ´ rU´
p pηn,r,γ

˚,β˚
qu.

Combining the above relation, Lemma 3, and Conditions C3, C4 and C5, we get

max
´bnďrďbn´1

αnr “ Optkpn, h1qh1lognu. (S4.9)
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For notational brevity, let

Lnj ” Kh1pzTj β
˚

´ zTi β
˚
qprIpYj ´ xT

j γ
˚

´ ηn,r ă 0q

´ItYj ´ xT
j γ

˚
´ gpzTi β

˚
q ă 0us ´ rprpYj ´ xT

j γ
˚

´ ηn,r ă 0|zTj β
˚
q

´prtYj ´ xT
j γ

˚
´ gpzTi β

˚
q ă 0|zTj β

˚
usq.

Then,

Tnpηn,r,γ
˚,β˚

q “
1

n

ÿ

jPI1

Lnj.

Similar to the analysis of T´
n pηn,r,γ

˚,β˚
q in Lemma 3, we can get

prt max
´bnďrďbn

|Tnpηn,r,γ
˚,β˚

q| ě kpn, h1qh1lognu ď 3 expt´logh1 ´ C4nh
3
1kpn, h1qlognu,

which goes to zero under C4. Combining this result, (S4.8) and (S4.9), Lemma 4 is proved.

Lemma 5. Under the Regularity Conditions C1, C3, C4 and C5,

sup
}β˚´β}ďCn´1{2

}γ˚´γ}ďCn´1{2

|∆pγ˚,β˚
q| “ oppn´1{2

q.

Proof. For notational brevity, let

sjpγ
˚,β˚,γ,β, ziq

“ Kh1pzTj β ´ zTi βqprItYj ´ xT
j γ

˚
´ gpzTi β

˚
q ă 0u

´ItYj ´ xT
j γ ´ gpzTi βq ă 0us ´ rprtYj ´ xT

j γ
˚

´ gpzTi β
˚
q ă 0|xj, zju

´prtYj ´ xT
j γ ´ gpzTi βq ă 0|xj, zjusq
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and δ1
j “ xT

j pγ˚ ´ γq ` tgpzTi β
˚
q ´ gpzTi βqu.

Ersup
D

|sjpγ
˚,β˚,γ,β, ziq|

2
s

“ ErK2
h1

pzTj β ´ zTi βq sup
D

|Itϵj ă δ1
j ` gpzTi βq ´ gpzTj βqu

´Itϵj ă gpzTi βq ´ gpzTj βqu ´ Fϵtδ
1
j ` gpzTi βq ´ gpzTj βq,xj, zju

`FϵtgpzTi βq ´ gpzTj βq,xj, zju|
2
s

ď Ch´2
1 Ersup

D
|Itϵj ă |δ1

j| ` gpzTi βq ´ gpzTj βqu

´Itϵj ă ´|δ1
j| ` gpzTi βq ´ gpzTj βqu ´ Fϵt´|δ1

j| ` gpzTi βq ´ gpzTj βq,xj, zju

`Fϵt|δ1
j| ` gpzTi βq ´ gpzTj βq,xj, zju|

2
s

ď 2Ch´2
1 Etsup

D
prItϵj ă |δ1

j| ` gpzTi βq ´ gpzTj βqu

´Itϵj ă ´|δ1
j| ` gpzTi βq ´ gpzTj βqus

2
` rFϵt|δ1

j| ` gpzTi βq ´ gpzTj βq,xj, zju

´Fϵt´|δ1
j| ` gpzTi βq ´ gpzTj βq,xj, zjus

2
qu

“ 2Ch´2
1 Etsup

D
prItϵj ă |δ1

j| ` gpzTi βq ´ gpzTj βqu

´Itϵj ă ´|δ1
j| ` gpzTi βq ´ gpzTj βqus ` rFϵt|δ1

j| ` gpzTi βq ´ gpzTj βq,xj, zju

´Fϵt´|δ1
j| ` gpzTi βq ´ gpzTj βq,xj, zjus

2
qu

“ 2Ch´2
1 Etsup

D
pFϵt|δ1

j| ` gpzTi βq ´ gpzTj βq,xj, zju

´Fϵt´|δ1
j| ` gpzTi βq ´ gpzTj βq,xj, zju ` rFϵt|δ1

j| ` gpzTi βq ´ gpzTj βq,xj, zju

´Fϵt´|δ1
j| ` gpzTi βq ´ gpzTj βq,xj, zjus

2
qu

ď 6Ch´2
1 E

˜

sup
D

«

Fϵt|δ1
j| ` gpzTi βq ´ gpzTj βq,xj, zju

´Fϵt´|δ1
j| ` gpzTi βq ´ gpzTj βq,xj, zju

ff¸

ď C 1h´2
1 Epsup

D
|δ1

j|q
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ď C 1h´2
1 Ersup

D
}xj}}γ˚

´ γ} ` |gpzTi β
˚
q ´ gpzTi βq|s “ Optpnh41q

´1{2
u. (S4.10)

In the above derivation, the first inequality uses the monotonicity of indicator function and

Fϵp¨,xj, zjq, as well as Condition C5. The fourth inequality uses Condition C3. The last

equality uses Conditions C1 and C9. Note that EtsupD |sjpγ
˚,β˚,γ,β, ziq|2u actually does

not depend on j, and, under Condition C4, we can get

max
jPI1

Etsup
D

|sjpγ
˚,β˚,γ,β, ziq|

2
u “ Etsup

D
|sjpγ

˚,β˚,γ,β, ziq|
2
u ď C, (S4.11)

ÿ

jPI1

Etsup
D

|sjpγ
˚,β˚,γ,β, ziq|

2
u

“ nEtsup
D

|sjpγ
˚,β˚,γ,β, ziq|

2
u “ Optnpnh41q

´1{2
u, (S4.12)

where C is a constant. By Markov’s inequality and (S4.10), we get

sup
D

|sjpγ
˚,β˚,γ,β, ziq|

2
“ Optpnh41q

´1{2
u.

Then we get

ÿ

jPI1

sup
D

|sjpγ
˚,β˚,γ,β, ziq|

2
“ n sup

D
|sjpγ

˚,β˚,γ,β, ziq|
2

“ Optnpnh41q
´1{2

u. (S4.13)

Based on (S4.11), (S4.12) , (S4.13) and Lemma 3.3 of He and Shao (2000), we get

sup
D

|
ÿ

jPI1

sjpγ
˚,β˚,γ,β, ziq| “ Optn1{2

pnh41q
´1{4

plognq
1{2

u.

By Condition C4, Lemma 5 is shown.

Proof of Theorem 2. By Theorem 1, Lemma 4 and the convergence rate of rβ and rγ, we
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have

TntrgpzTi
rβ, rγq, rγ, rβu “ Optkpn, h1qh1lognu.

So under Conditions C2, C4, C5 and the consistency of rβ, we have

rF trgpzTi
rβ, rγq, rγ, rβu ´ rF tgpzTi

rβq, rγ, rβu ´ r rFptrgpzTi
rβ, rγq, rγ, rβu ´ rFptgpzTi

rβq, rγ, rβus

“ TntrgpzTi
rβ, rγq, rγ, rβu{t

ÿ

jPI1

Kh1pzTj
rβ ´ zTi

rβq{nu “ Optkpn, h1qh1lognu,

where

rF trgpzTi
rβ, rγq, rγ, rβu

“

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqItYj ´ xT

j rγ ´ rgpzTi
rβ, rγq ă 0u

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

“ τ,

rF tgpzTi
rβq, rγ, rβu “

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqItYj ´ xT

j rγ ´ gpzTi
rβq ă 0u

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

,

rFptrgpzTi
rβ, rγq, rγ, rβu

“

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqprtYj ´ xT

j rγ ´ rgpzTi
rβ, rγq ă 0|zTj

rβu
ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

,

rFptgpzTi
rβq, rγ, rβu

“

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqprtYj ´ xT

j rγ ´ gpzTi
rβq ă 0|zTj

rβu
ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

.

Because

rFptrgpzTi
rβ, rγq, rγ, rβu ´ rFptgpzTi

rβq, rγ, rβu

“ fϵ|zTβp0, zTi βqtrgpzTi
rβ, rγq ´ gpzTi

rβqu ` Optkpn, h1q
2
u,
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hence

rgpzTi
rβ, rγq ´ gpzTi

rβq

“ tfϵ|zTβp0, zTi βqu
´1

r rFptrgpzTi
rβ, rγq, rγ, rβu ´ rFptgpzTi

rβq, rγ, rβus ` Optkpn, h1q
2
u

“ tfϵ|zTβp0, zTi βqu
´1

r rF trgpzTi
rβ, rγq, rγ, rβu ´ rF tgpzTi

rβq, rγ, rβu

´TntrgpzTi
rβ, rγq, rγ, rβu{t

ÿ

jPI1

Kh1pzTj
rβ ´ zTi

rβq{nus ` Optkpn, h1q
2
u

“ tfϵ|zTβp0, zTi βqu
´1

rτ ´ rF tgpzTi
rβq, rγ, rβus ` Optkpn, h1qh1lognu. (S4.14)

The last equality holds under Condition C4.

By direct calculation, we have

rF tgpzTi
rβq, rγ, rβu

“

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqItYj ´ xT

j rγ ´ gpzTi
rβq ă 0u

ř

jPI1
Kh1pzTj β ´ zTi βq

`

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqItYj ´ xT

j rγ ´ gpzTi
rβq ă 0u

ř

jPI1
Kh1pzTj β ´ zTi βq

ˆ

ř

jPI1
tKh1pzTj β ´ zTi βq ´ Kh1pzTj

rβ ´ zTi
rβqu

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

.

Thus,

rF tgpzTi
rβq, rγ, rβu ´ rF tgpzTi

rβq, rγ,βu

“

ř

jPI1
tKh1pzTj

rβ ´ zTi
rβq ´ Kh1pzTj β ´ zTi βquItYj ´ xT

j rγ ´ gpzTi
rβq ă 0u

ř

jPI1
Kh1pzTj β ´ zTi βq

`

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβqItYj ´ xT

j rγ ´ gpzTi
rβq ă 0u

ř

jPI1
Kh1pzTj

rβ ´ zTi
rβq

ˆ

ř

jPI1
tKh1pzTj β ´ zTi βq ´ Kh1pzTj

rβ ´ zTi
rβqu

ř

jPI1
Kh1pzTj β ´ zTi βq
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“ A1 ` A2. (S4.15)

Similar to the derivation of (S3.12) and (S3.13) from (S3.9), we get

A1 “
prtYi ´ xT

i rγ ´ gpzTi
rβq ă 0|zTi

rβufpzTi
rβq ´ prtYi ´ xT

i rγ ´ gpzTi
rβq ă 0|zTi βufpzTi βq

fpzTi βq

`oppn´1{2
q ` Opph41q,

A2 “
prtYi ´ xT

i rγ ´ gpzTi
rβq ă 0|zTi

rβutfpzTi βq ´ fpzTi
rβqu

fpzTi βq
` oppn´1{2

q ` Opph41q

“
prtYi ´ xT

i rγ ´ gpzTi
rβq ă 0|zTi βutfpzTi βq ´ fpzTi

rβqu

fpzTi βq
` oppn´1{2

q ` Opph41q.

Then, under Condition C4, we have

A1 ` A2 (S4.16)

“ prtYi ´ xT
i rγ ´ gpzTi

rβq ă 0|zTi
rβu ´ prtYi ´ xT

i rγ ´ gpzTi
rβq ă 0|zTi βu ` oppn´1{2

q.

Note that for any i P I2,

prtYi ´ xT
i rγ ´ gpzTi

rβq ă 0|zTi
rβu

“ τ ` Etfϵp0,xi, ziqx
T
i |zTi βuprγ ´ γq ` g1

pzTi βqEpzT´1,i|z
T
i βqprβ´1 ´ β´1q ` oppn´1{2

q,

and

prtYi ´ xT
i rγ ´ gpzTi

rβq ă 0|zTi βu

“ τ ` Etfϵp0,xi, ziqx
T
i |zTi βuprγ ´ γq ` g1

pzTi βqEpzT´1,i|z
T
i βqprβ´1 ´ β´1q ` oppn´1{2

q.
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Thus

prtYi ´ xT
i rγ ´ gpzTi

rβq ă 0|zTi
rβu ´ prtYi ´ xT

i rγ ´ gpzTi
rβq ă 0|zTi βu “ oppn´1{2

q. (S4.17)

Combining (S4.15), (S4.16) and (S4.17), we get

rF tgpzTi
rβq, rγ, rβu ´ rF tgpzTi

rβq, rγ,βu “ oppn´1{2
q. (S4.18)

By (S4.14) and (S4.18), we get

rgpzTi
rβ, rγq ´ gpzTi

rβq “ tfϵ|zTβp0, zTi βqu
´1

rτ ´ rF tgpzTi
rβq, rγ,βus

`oppn´1{2
q ` Optkpn, h1qh1lognu, (S4.19)

Combining ∆prγ, rβq “ oppn´1{2q from Lemma 5 and (S4.19), we obtain

rgpzTi
rβ, rγq ´ gpzTi

rβq

“ tfϵ|zTβp0, zTi βqu
´1

rτ ´ rF tgpzTi βq,γ,βus

´tfϵ|zTβp0, zTi βqu
´1

r rF ˚
tgpzTi

rβq, rγ,βu ´ rF ˚
tgpzTi βq,γ,βus ` oppn´1{2

q. (S4.20)

Also we can show

rF ˚
tgpzTi

rβq, rγ,βu

“
ÿ

jPI1

Kh1pzTj β ´ zTi βqprrϵj ă xT
j prγ ´ γq ` tgpzTi

rβq ´ gpzTi βqu

`tgpzTi βq ´ gpzTj βqu|xj, zjs{
ÿ

jPI1

Kh1pzTj β ´ zTi βq,
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and

rF ˚
tgpzTi βq,γ,βu “

ÿ

jPI1

Kh1pzTj β ´ zTi βqprtϵj ă gpzTi βq ´ gpzTj βq|xj, zjus

{
ÿ

jPI1

Kh1pzTj β ´ zTi βq.

Then combining the above results, under Conditions C1 and C2, we have

rF ˚
tgpzTi

rβq, rγ,βu ´ rF ˚
tgpzTi βq,γ,βu

“ Etfϵp0,xi, ziqx
T
i |zTi βuprγ ´ γq ` g1

pzTi βqEtfϵp0,xi, ziqz
T
´1,i|z

T
i βu

ˆprβ´1 ´ β´1q ` oppn´1{2
q. (S4.21)

Combining (S4.20) and (S4.21), we get

rgpzTi
rβ, rγq ´ gpzTi

rβq

“ tfϵ|zTβp0, zTi βqu
´1

rτ ´ rF tgpzTi βq,γ,βus

´tfϵ|zTβp0, zTi βqu
´1Etfϵp0,xi, ziqx

T
i |zTi βuprγ ´ γq

´tfϵ|zTβp0, zTi βqu
´1g1

pzTi βqEtfϵp0,xi, ziqz
T
´1,i|z

T
i βuprβ´1 ´ β´1q ` oppn´1{2

q.

Theorem 2 is proved.

S5 Partial Results for the Proof of Theorem 3

We first state a result regarding g1pzTβq.
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Proposition 2. Under the Regularity Conditions C1, C3, C4, C5-C8, we have

rg1
pzTi

rβ, rγq ´ g1
pzTi βq “ opp1q,

for all zi P I2.

The proof of Proposition 2 is similar to that of Theorem 2, so we omit it here.

The following five lemmas are used to prove Lemma 11.

Lemma 6. Under the Regularity Conditions C1, C3 and C4,

sup
D

}
1

m

ÿ

iPI2

ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu} “ oppm´1{2
q.

Proof. For convenience, denote δi ” xT
i pγ˚ ´ γq ` trgpzTi β

˚,γ˚q ´ gpzTi βqu. First, by the

definition of ηmip¨q and Gip¨q,

Ersup
D

}ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚, γ˚

qu}
2
s

“ ErP pxi, ziq
TP pxi, ziq

f˚
ϵ
2
p0,xi, ziq

τ 2p1 ´ τq2
sup

D
|ItYi ´ xT

i γ
˚

´ rgpzTi β
˚,γ˚

q ă 0u

´ItYi ´ xT
i γ ´ gpzTi βq ă 0u

´FϵprxT
i pγ˚

´ γq ` trgpzTi β
˚,γ˚

q ´ gpzTi βqus,xi, ziq ` τ |
2
s

“ ErP pxi, ziq
TP pxi, ziq

f˚
ϵ
2
p0,xi, ziq

τ 2p1 ´ τq2

ˆ sup
D

|Itϵi ` xT
i γ ` gpzTi βq ´ xT

i γ
˚

´ rgpzTi β
˚,γ˚

q ă 0u ´ Ipϵi ă 0q

´FϵprxT
i pγ˚

´ γq ` trgpzTi β
˚,γ˚

q ´ gpzTi βqus,xi, ziq ` Fϵp0,xi, ziq|
2
s

“ ErP pxi, ziq
TP pxi, ziq

f˚
ϵ
2
p0,xi, ziq

τ 2p1 ´ τq2
sup

D
|Ipϵi ă δiq ´ Ipϵi ă 0q

´Fϵpδi,xi, ziq ` Fϵp0,xi, ziq|
2
s
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ď CEtsup
D

|Ipϵi ă |δi|q ´ Ipϵi ă ´|δi|q ´ Fϵp´|δi|,xi, ziq ` Fϵp|δi|,xi, ziq|
2
u

ď 2CE

ˆ

sup
D

“

tIpϵi ă |δi|q ´ Ipϵi ă ´|δi|qu
2

` tFϵp|δi|,xi, ziq ´ Fϵp´|δi|,xi, ziqu
2
‰

˙

“ 2CE

ˆ

sup
D

“

Ipϵi ă |δi|q ´ Ipϵi ă ´|δi|q ` tFϵp|δi|,xi, ziq ´ Fϵp´|δi|,xi, ziqu
2
‰

˙

“ 2CE

ˆ

sup
D

“

Fϵp|δi|,xi, ziq ´ Fϵp´|δi|,xi, ziq ` tFϵp|δi|,xi, ziq ´ Fϵp´|δi|,xi, ziqu
2
‰

˙

ď 6CE

„

sup
D

tFϵp|δi|,xi, ziq ´ Fϵp´|δi|,xi, ziqu

ȷ

ď C 1Epsup
D

|δi|q

ď C 1Ersup
D

}xi}}γ˚
´ γ} ` |rgpzTi β

˚,γ˚
q ´ gpzTi βq|s

“ Optpnh1q
´1{2

` h41u. (S5.22)

In the above derivation, the first inequality uses the monotonicity of indicator function

and Fϵp¨,xi, ziq, as well as Condition C1 and the boundedness of the proposed f˚
ϵ p0,xi, ziq.

The fourth inequality uses Condition C3. The last equality uses Conditions C1, C4 and

Theorem 1. Note that ErsupD }ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚, γ˚qu}2s actually does not

depend on i, and, under Condition C4, we can get

max
iPI2

Ersup
D

}ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚, γ˚

qu}
2
s

“ Ersup
D

}ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚, γ˚

qu}
2
s ď C, (S5.23)

ÿ

iPI2

Ersup
D

}ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu}
2
s

“ mErsup
D

}ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu}
2
s

“ Oprmth41 ` pnh1q
´1{2

us, (S5.24)



S5. PARTIAL RESULTS FOR THE PROOF OF THEOREM 3

where C is a constant. By Markov’s inequality and (S5.22), we get

sup
D

}ηnitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu}
2

“ Opth41 ` pnh1q
´1{2

u.

Then we have

ÿ

iPI2

sup
D

}ηnitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu}
2

“ m sup
D

}ηnitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu}
2

“ Oprmth41 ` pnh1q
´1{2

us. (S5.25)

Based on (S5.23), (S5.24), (S5.25) and Lemma 3.3 of He and Shao (2000), we get

sup
D

}
ÿ

iPI2

ηmitγ,β, gpzTi βq,γ˚,β˚, rgpzTi β
˚,γ˚

qu}

“ Oprm1{2
th21 ` pnh1q

´1{4
uplogmq

1{2
s.

By Condition C4, Lemma 6 is shown.

Lemma 7. Under the Regularity conditions C1, C2 and C4, we have

1

m

ÿ

iPI2

rGpitrγ, rβ, rgpzTi
rβ, rγqu ´ rGpitrγ, rβ, rgpzTi

rβ, rγqus “ oppm´1{2
q.

Lemma 7 can be proven by combining a second-order Taylor series expansion and several

inequalities hence is omitted.

Lemma 8. Let

Wns ”
1

n

ÿ

jPI1

1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziqPspxi, ziqKh1pzTj β ´ zTi βq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq
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prItϵj ă gpzTi βq ´ gpzTj βqu ´ Ipϵj ă 0qs ´

rprtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βqsq,

where Pspxi, ziq is the sth element of P pxi, ziq. Under the Regularity Conditions C1-C5 and

C9, we have Wns “ oppn´1{2q, for s “ 1, 2, ¨ ¨ ¨ , dγ ` dβ ´ 1.

Proof. For notational brevity, for i P I2, let

Lnjspxi, zi,βq

”
f˚
ϵ p0,xi, ziqfϵp0,xi, ziqPspxi, ziqKh1pzTj β ´ zTi βq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq

prItϵj ă gpzTi βq ´ gpzTj βqu ´ Ipϵj ă 0qs

´rprtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βqsq.

Then,

Wns “
1

n

ÿ

jPI1

1

m

ÿ

iPI2

Lnjspxi, zi,βq.

Let A “ σpzTj β, j P I1,xi, zi, i P I2q and c “ 1{p2α1q ` 1{4. Note that under Condition C4,

c ą 2. By Bernstein inequality on page 95 of Serfling (1980), we have

prp|Wns| ě hc1logn|A q ď 2 expt´
pnhc`1

1 lognq2

2
ř

jPI1
varpLnjs|A q ` 4C1nh

c`1
1 logn{3

u,

where Lnjs “ m´1
ř

iPI2
h1Lnjspxi, zi,βq, j P I1 and C1 “ sup |h1Lnjspxi, zi,βq|, which is a

finite constant under Conditions C1, C2, C5 and C9. By simple derivation, we get

varpLnjs|A q “ EpL2
njs|A q
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“
1

m2

ÿ

iPI2

h21EtL2
njspxi, zi,βq|A u

`
2

m2

ÿ

p­“q,p,qPI2

h21EtLnjspxp, zp,βqLnjspxq, zq,βq|A u. (S5.26)

Note that

EtprItϵj ă gpzTi βq ´ gpzTj βqu ´ Ipϵj ă 0qs

´rprtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βqsq

2
|A u

“ |prtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βq|

ˆr1 ´ |prtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βq|s.

We first analyze the first term of (S5.26). We have

1

m2

ÿ

iPI2

h21EtL2
njspxi, zi,βq|A u

ď
1

m2

ÿ

iPI2

h21K
2
h1

pzTj β ´ zTi βq

"

f˚
ϵ p0,xi, ziqfϵp0,xi, ziqPspxi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq

*2

ˆ|prtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βq|

ď
C 1

2

m2

ÿ

iPI2

h21K
2
h1

pzTj β ´ zTi βq|zTj β ´ zTi β|

ď
C2

2

m2

ÿ

iPI2

h31K
2
h1

pzTj β ´ zTi βq

“
C2

2h
2
1

m
t

1

mh1

ÿ

iPI2

h21K
2
h1

pzTj β ´ zTi βqu

“
C2

2h
2
1

m
r

ż

k2puqdufzTβpzTj βq ` Optkpn, h1qus

ď
C2h

2
1

m
(S5.27)

in probability, where C 1
2, C

2
2 , and C2 are constants. The second inequality holds under
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Conditions C1, C2, C3 and C9, the third inequality holds under Condition C5, the second last

equality holds under Condition C4 and C5, and the last inequality holds under Conditions

C2 and C5. Next we analyze the second term of (S5.26). Similar as the first term,

2

m2

ÿ

p­“q,p,qPI2

h21EtLnjspxp, zp,βqLnjspxq, zq,βq|A u

ď
C3

m2

ÿ

p­“q,p,qPI2

h21|Kh1pzTj β ´ zTpβqKh1pzTj β ´ zTq βq|

ˆr|prtϵj ă gpzTpβq ´ gpzTj βq|zTpβ, z
T
j βu ´ prpϵj ă 0|zTj βq|

`|prtϵj ă gpzTq βq ´ gpzTj βq|zTq β, z
T
j βu ´ prpϵj ă 0|zTj βq|s

ď
C4

m2
t

ÿ

iPI2

Ip|zTj β ´ zTi β| ď h1qu
2h1

“ C4h
3
1t

1

mh1

ÿ

iPI2

Ip|zTj β ´ zTi β| ď h1qu
2

“ C4h
3
1rfzTβpzTj βq ` Optkpn, h1qus

2

ď C5h
3
1

in probability. The first inequality holds under Conditions C1, C2, C3, C5 and C9. The

second inequality holds under Conditions C3, C5 and C9, the second last equality and the

last inequality hold under Conditions C2 and C4. Then combining(S5.26), (S5.27) and

(S5.28), we obtain

ÿ

jPI1

varpLnjs|A q ď
ÿ

jPI1

p
C2h

2
1

m
` C5h

3
1q ď C6ph

2
1 ` nh31q ď C7nh

3
1logn (S5.28)

in probability. Then we can get

pnhc`1
1 lognq2

2
ř

jPI1
varpLnjs|A q ` 4C1nh

c`1
1 logn{3

ě C8pnh
c`1
1 lognq

2
{nh31logn

“ C8nh
2c´1
1 logn (S5.29)
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in probability. Also we have

prp|Wns| ě hc1lognq “ Etprp|Wns| ě hc1logn|A qu. (S5.30)

Then combining (S5.26), (S5.29), and (S5.30), we get

prp|Wns| ě hc1lognq ď expp´C8nh
2c´1
1 lognq

which goes to zero under Condition C4. This meansWns “ Opphc1lognq “ Oppn´1{2´α1{4lognq “

oppn´1{2q. Lemma 8 is proved.

Lemma 9. Under the Regularity Conditions C1-C5 and C9, we have

1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βq
P pxi, ziq rF tgpzTi βq,γ,βu

“
1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqn´1
ř

kPI1
Kh1pzTkβ ´ zTi βq

P pxi, ziq

1

n

ÿ

jPI1

Kh1pzTj β ´ zTi βqpIpϵj ă 0q ` rprtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu

´prpϵj ă 0|zTj βqsq ` oppn´1{2
q.

Lemma 9 can be proven by combining Lemma 8 and standard kernel regression analysis

and is omitted.

Lemma 10. For notational brevity, let

W ˚
n ”

1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqn´1
ř

kPI1
Kh1pzTkβ ´ zTi βq

P pxi, ziq

?
m

n

ÿ

jPI1

Kh1pzTj β ´ zTi βqptτ ´ Ipϵj ă 0qu

´rprtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βqsq.



RUIMIAO LUO, SEUNGCHUL BAEK AND YANYUAN MA

Under the Regularity Conditions C1, C2, C4, C5,C9 and C10, we have

W ˚
n “

?
m

n

ÿ

jPI1

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵp0, zTj βq
ψjtγ, gpzTj βqu ` opp1q,

where ψjtγ, gpzTj βqu ” τ ´ ItYj ´ xT
j γ ´ gpzTj βq ă 0u “ τ ´ Ipϵj ă 0q.

Proof.

W ˚
n “

1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq
P pxi, ziq

?
m

n

ÿ

jPI1

Kh1pzTj β ´ zTi βqptτ ´ Ipϵj ă 0qu

´rprtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu ´ prpϵj ă 0|zTj βqsq

`
1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq
P pxi, ziq

?
m

n

ÿ

jPI1

Kh1pzTj β ´ zTi βq
fzTβpzTi βq ´ n´1

ř

kPI1
Kh1pzTkβ ´ zTi βq

n´1
ř

kPI1
Kh1pzTkβ ´ zTi βq

ˆptτ ´ Ipϵj ă 0qu ´ rprtϵj ă gpzTi βq ´ gpzTj βq|zTi β, z
T
j βu

´prpϵj ă 0|zTj βqsq “ B1 ` B2. (S5.31)

Note that

1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq
P pxi, ziq

?
m

n

ÿ

jPI1

Kh1pzTj β ´ zTi βqψjtγ, gpzTj βqu

“

?
m

n

ÿ

jPI1

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵp0, zTj βq
ψjtγ, gpzTj βqu

`opp1q. (S5.32)

The above equality is obtained by using standard kernel regression analysis and by noting
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that Erψjtγ, gpzTj βqu | zTj βs “ 0. For notational brevity, let

Sispz
T
j βq ”

Kh1pzTj β ´ zTi βqf˚
ϵ p0,xi, ziqfϵp0,xi, ziqPspxi, ziq

fϵ|zTβp0, zTi βqfzTβpzTi βq
tgpzTi βq ´ gpzTj βqu,

where i P I2, j P I1, and s “ 1, 2, ¨ ¨ ¨ , dγ`dβ´1. Let Sipz
T
j βq “ tSi1pzTj βq, . . . , Sidγ`dβ´1pz

T
j βquT.

Then we also have

1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq
P pxi, ziq

?
m

n

ÿ

jPI1

Kh1pzTj β ´ zTi βqrprtYj ´ xT
j γ ´ gpzTi βq ă 0|zTj βu

´prtYj ´ xT
j γ ´ gpzTj βq ă 0|zTj βus

“
1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq
P pxi, ziq

?
m

n

ÿ

jPI1

Kh1pzTj β ´ zTi βqrfϵ|zTβp0, zTj βqtgpzTi βq ´ gpzTj βqu

`2´1f 1
ϵ|zTβpg˚

ij, z
T
j βqtgpzTi βq ´ gpzTj βqu

2
s

“

?
m

n

ÿ

jPI1

fϵ|zTβp0, zTj βq

τp1 ´ τq

1

m

ÿ

iPI2

Sipz
T
j βq

`

?
m

2n

ÿ

jPI1

1

m

ÿ

iPI2

tgpzTi βq ´ gpzTj βquSipz
T
j βq

f 1
ϵ|zTβpg˚

ij, z
T
j βq

τp1 ´ τq
,

(S5.33)

where g˚
ij is between gpzTi βq ´ gpzTj βq and 0. By standard kernel regression analysis, under

Conditions C5 and C10, we have

EtSispz
T
j βq|zTj βu “ Opph41q. (S5.34)
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We can also get

EtS2
ispz

T
j βq|zTj βu ď CE

˜

K2
h1

pzTj β ´ zTi βq

fzTβpzTi βq
pzTi β ´ zTj βq

2
|zTj β

¸

“ C

ż

K2
h1

pt ´ zTj βq

fzTβptq
pt ´ zTj βq

2fzTβptqdt

“ C

ż

K2
puq{h21ph1uq

2h1du ď C 1h1. (S5.35)

The first inequality holds under Conditions C1, C2, andC9, and the last inequality holds

under Condition C5. By Chebyshev’s inequality, we can get

prt|Sispz
T
j βq| ě 1u ď EtS2

ispz
T
j βqu ď C 1h1. (S5.36)

Let Sspz
T
j βq “ m´1

ř

iPI2
Sispz

T
j βq, j P I1. Under Condition C4, (S5.35) and (S5.36), to-

gether with Lemma 18 (page 20), Lemma 25 (page 27), Lemma 28 (page 30), the proof of

Lemma 33 (page 31-33) and theorem 37 (page 34) in Pollard (1984), yield

sup
zj

|Sspz
T
j βq ´ ESspz

T
j βq| “ Oppm´1{2h

1{2
1 logmq. (S5.37)

By (S5.34) and (S5.37), we get

sup
zj

Sspz
T
j βq ď sup

zj

|SpzTj βq ´ ESpzTj βq| ` sup
zj

|EtSspz
T
j βqu|

“ Oppm´1{2h
1{2
1 logmq ` Opph41q. (S5.38)

By (S5.38), we get the first term of (S5.33) is Opph
1{2
1 logmq ` Oppm1{2h41q “ opp1q under

Conditions C2 and C4. Similarly we can prove the second term of (S5.33) is opp1q. Combining
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these results and (S5.33), we get

1

m

ÿ

iPI2

f˚
ϵ p0,xi, ziqfϵp0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βqfzTβpzTi βq
P pxi, ziq

?
m

n

ÿ

jPI1

Kh1pzTj β ´ zTi βqrprtYj ´ xT
j γ ´ gpzTi βq ă 0|zTj βu

´prtYj ´ xT
j γ ´ gpzTj βq ă 0|zTj βus “ opp1q. (S5.39)

By (S5.32) and (S5.39), we get

B1 “

?
m

n

ÿ

jPI1

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵp0, zTj βq
ψjtγ, gpzTj βqu

`opp1q. (S5.40)

Using the results of (S5.40) and similar standard kernel regression analysis, we can get

B2 “ opp1q. Combining these results, (S5.31) and (S5.40), Lemma 10 is proved.

S6 Proof of Theorem 3

Lemma 11. Under the Regularity Conditions C1-C5,C9 and C10,we have

1
?
m

ÿ

iPI2

Gitrγ, rβ, rgpzTi
rβ, rγqu

“
1

?
m

ÿ

iPI2

Gitγ,β, gpzTi βqu ´ V

¨

˚

˚

˝

?
mprγ ´ γq

?
mprβ´1 ´ β´1q

˛

‹

‹

‚

´

?
m

n

ÿ

jPI1

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵ|zTβp0, zTj βq
ψjtγ, gpzTj βqu

`opp1q.

Lemma 11 can be proven by using Lemma 6, Lemma 7, Lemma 9, Lemma 10, the
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convergence rate of rγ and rβ and the law of large numbers.

Lemma 12. Under the Regularity Conditions C1, C3, C4, C5-C8, we have

sup
iPI2

t pP pxi, ziq ´ P pxi, ziqu “ opp1q.

Lemma 12 can be proven by combining the definitions of pP pxi, ziq and P pxi, ziq, Propo-

sition 2 and the standard kernel regression properties.

Lemma 13. Under the Regularity Conditions C1-C10, we have

ppV0q
´1 1

?
m

ÿ

iPI2

f˚
ϵ p0,xi, ziq

τp1 ´ τq
rτ ´ ItYi ´ xT

i rγ ´ rgpzTi
rβ, rγq ă 0us pP pxi, ziq

“ V ´1
0

1
?
m

ÿ

iPI2

Gitrγ, rβ, rgpzTi
rβ, rγqu ` opp1q,

where V0 is defined in Section S2.

Lemma 13 can be proven by using Lemma 11, Lemma 12 and the similar proof of Lemma

12.

Lemma 14. Under the Regularity Conditions, C1-C10, we have

¨

˚

˚

˝

?
mppγ ´ γq

?
mppβ´1 ´ β´1q

˛

‹

‹

‚

“ V ´1
0 pV0 ´ V q

¨

˚

˚

˝

?
mprγ ´ γq

?
mprβ´1 ´ β´1q

˛

‹

‹

‚

`V ´1
0

1
?
m

ÿ

iPI2

f˚
ϵ p0,xi, ziq

τp1 ´ τq
P pxi, ziqψitγ, gpzTi βqu

´V ´1
0

?
m

n

ÿ

jPI1

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵ|zTβp0, zTj βq
ψjtγ, gpzTj βqu
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`opp1q.

Lemma 14 can be proven by Lemma 11 and Lemma 13.

Proof of Theorem 3. Repeating all the analysis for pβ´1 and pγ, we can get

¨

˚

˚

˝

?
nppγ 1

´ γq

?
nppβ

1

´1 ´ β´1q

˛

‹

‹

‚

“ V ´1
0 pV0 ´ V q

¨

˚

˚

˝

?
nprγ 1

´ γq

?
nprβ

1

´1 ´ β´1q

˛

‹

‹

‚

`V ´1
0

1
?
n

ÿ

iPI1

f˚
ϵ p0,xi, ziq

τp1 ´ τq
P pxi, ziqψitγ, gpzTi βqu

´V ´1
0

?
n

m

ÿ

jPI2

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵ|zTβp0, zTj βq
ψjtγ, gpzTj βqu

`opp1q, (S6.41)

where pγ 1 and pβ
1

´1 are the initial estimators of γ and β´1 based on the data from the group

I2. Combining Lemma 14 and (S6.41), we have

?
N

¨

˚

˚

˝

ppγ ` pγ 1
q{2 ´ γ

ppβ´1 ` pβ
1

´1q{2 ´ β´1q

˛

‹

‹

‚

“ V ´1
0 pV0 ´ V q

?
N

2

¨

˚

˚

˝

prγ ´ γq ` prγ 1
´ γq

prβ´1 ´ β´1q ` prβ
1

´1 ´ β´1q

˛

‹

‹

‚

`V ´1
0

1
?
N

N
ÿ

i“1

f˚
ϵ p0,xi, ziq

τp1 ´ τq
P pxi, ziqψitγ, gpzTi βqu

´V ´1
0

1
?
N

N
ÿ

j“1

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵ|zTβp0, zTj βq
ψjtγ, gpzTj βqu

`opp1q
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“ V ´1
0 tpV0 ´ V qM1 ` M2 ´ M3qu ` opp1q,

where M1 satisfies

?
N

2

¨

˚

˚

˝

prγ ´ γq ` prγ 1
´ γq

prβ´1 ´ β´1q ` prβ
1

´1 ´ β´1q

˛

‹

‹

‚

“ M1 ` opp1q,

M2 “
1

?
N

N
ÿ

i“1

f˚
ϵ p0,xi, ziq

τp1 ´ τq
P pxi, ziqψitγ, gpzTi βqu,

M3 “
1

?
N

N
ÿ

j“1

Etf˚
ϵ p0,xj, zjqfϵp0,xj, zjqP pxj, zjq|zTj βu

τp1 ´ τqfϵ|zTβp0, zTj βq
ψjtγ, gpzTj βqu.

Write J ” pV0 ´ V q. Then we get

¨

˚

˚

˝

?
Npγ ´ γq

?
Npβ´1 ´ β´1q

˛

‹

‹

‚

Ñ Np0,Σq

in distribution with

Σ “ V ´1
0 tcovpJM1q ` covpM2q ` covpM3q ` 2covpJM1,M2q

´2covpJM1,M3q ´ 2covpM2,M3quV ´1
0 , (S6.42)

where

covpM2q “ V0,

covpM3q “ E

˜

rEtf˚
ϵ p0,xi, ziqfϵp0,xi, ziqP pxi, ziq|zTi βusb2

τp1 ´ τqf 2
ϵ|zTβ

p0, zTi βq

¸

,

covpM2,M3q “ E

«

f˚
ϵ p0,xi, ziq

τp1 ´ τqfϵ|zTβp0, zTi βq
P pxi, ziqEtf˚

ϵ p0,xi, ziq
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fϵp0,xi, ziqP pxi, ziq|zTi βu
T

ff

.

Theorem 3 is proved.

Remark 1. We now provide the detailed form of M1 and related quantities if the initial

estimators of γ and β´1 are obtained by the method proposed in Ma and He (2016). Theorem

2 in Ma and He (2016) provided the asymptotic results of the initial estimators of γ and

β under their parameterization. Using the delta method, we can obtain the corresponding

results for rγ and rβ´1. Specifically, letD ” diag
`

Idγˆdγ ,A
˘

,A ” }rβ}2p´rβ´1, Ipdβ´1qˆpdβ´1qq,

where Ipdβ´1qˆpdβ´1q and Idγˆdγ are identity matrices, and let

Ω ” Etfϵp0,x, zqP 0
px, zq

b2
u.

Note that D is matrix with full row rank and Ω is a positive definite matrix. Let D` satisfy

DD` “ Idβ`dγ´1. Then, following Ma and He (2016),

¨

˚

˚

˝

?
nprγ ´ γq

?
nprβ´1 ´ β´1q

˛

‹

‹

‚

“ DpDTΩDq
`DT 1

?
n

ÿ

jPI1

ψjtγ, gpzTj βquP 0
pxj, zjq ` opp1q

“ Ω´1 1
?
n

ÿ

jPI1

ψjtγ, gpzTj βquP 0
pxj, zjq ` opp1q. (S6.43)

By the same derivation, the corresponding results for rγ 1 and rβ
1

´1 are

¨

˚

˚

˝

?
nprγ 1

´ γq

?
nprβ

1

´1 ´ β´1q

˛

‹

‹

‚
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“ Ω´1 1
?
m

ÿ

jPI2

ψjtγ, gpzTj βquP 0
pxj, zjq ` opp1q. (S6.44)

Based on (S6.43) and (S6.44), we can get

?
N

2

¨

˚

˚

˝

prγ ´ γq ` prγ 1
´ γq

prβ´1 ´ β´1q ` prβ
1

´1 ´ β´1q

˛

‹

‹

‚

“
1

?
N
Ω´1

N
ÿ

j“1

ψjtγ, gpzTj βquP 0
pxj, zjq ` opp1q.

This means M1 “ Ω´1 1
?
N

N
ÿ

j“1

ψjtγ, gpzTj βquP 0
pxj, zjq. Then covpJM1q “ JΩ1JT, where

Ω1 “ τp1 ´ τqΩ´1EtP 0pxj, zjq
b2uΩ´1.

covpJM1,M2q “ JΩ´1E
“

f˚
ϵ p0,xi, ziqP

0
pxi, ziqP pxi, ziq

T
‰

,

covpJM1,M3q “ JΩ´1E

«

P 0
pxi, ziq

Etf˚
ϵ p0,xi, ziqfϵp0,xi, ziqP pxi, ziq|zTi βuT

fϵ|zTβp0, zTi βq

ff

.

S7 Figures for Setting 2 of Simulation 2
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Figure S.1: Plots of estimators for gp¨q in Simulation 2, Setting 2: The true error ϵi “ σpxi, ziqtrϵi´F´1pτqu,
where rϵi “ F p¨q and σpxi, ziq “

a

|rxi2|. Estimation is based on our proposed method with the correct model
rϵi „ SNp0, 1, 3q. Top to bottom panels: τ “ 0.4, 0.5, 0.6. Left panels: n “ 400, right panels: n “ 1000. The
black sold lines are the true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5%
quantile, and the darkgreen dotted lines are 97.5% quantile.
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Figure S.2: Plots of estimators for gp¨q in Simulation 2, Setting 2: The true error ϵi “ σpxi, ziqtrϵi´F´1pτqu,
where rϵi “ F p¨q and σpxi, ziq “

a

|rxi2|. Estimation is based on our proposed method with the first
misspecified error model rϵ˚

i „ Np0, 1q. Top to bottom panels: τ “ 0.4, 0.5, 0.6. Left panels: n “ 400, right
panels: n “ 1000. The black sold lines are the true, the dashed red lines are the mean curve, the blue
dot-dashed lines are 2.5% quantile, and the darkgreen dotted lines are 97.5% quantile.
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Figure S.3: Plots of estimators for gp¨q in Simulation 2, Setting 2: The true error ϵi “ σpxi, ziqtrϵi´F´1pτqu,
where rϵi „ F p¨q and σpxi, ziq “

a

|rxi2|. Estimation is based on our proposed method with the second
misspecified error model rϵ˚

i „ tp3q. Top to bottom panels: τ “ 0.4, 0.5, 0.6. Left panels: n “ 400, right
panels: n “ 1000. The black sold lines are the true, the dashed red lines are the mean curve, the blue
dot-dashed lines are 2.5% quantile, and the darkgreen dotted lines are 97.5% quantile.
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