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S1 Proof of Proposition

Proof of Proposition : The score function for « and B_; denoted by S,(y,x,z) and

Ss(y,x,2) is obtained as

S"/(Z%X,Z) = —Mx Sﬂ(y7x, z) = —%g’(zTﬁ)z_l.

The nuisance tangent space for the three nuisance parameters f.(e,x,2z), fxz(x,z) and

g(zTB) can be verified to be

A = (fi(e,x,2) + fa(x,2) + (2" 8) f/(e,x,2)/f.(e, x,2) : Vi (e, %, 2)
s.t. E{fi(e,x,z)|x,2} = 0, E[{I(e < 0) — 7}fi1(€,%x,2)|x,2] = 0,

vy (x,2z) s.t. BE{fy(x,2)} = 0,Yf5(z B3)),
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and the orthogonal complement of A is

. [ f(0,%x,2) ) C alx 2 _E{ff(O,x,z)a(x,z)]zTﬁ} Valx.z
b (7(1—T> =0 mlabes) = = a0 apangy )Y ))'

We now decompose Sg(e, x,z) and S, (€, x,2z) as

[ flexz)  f(0,%,2) c<0) 7
S, (e,x,2) = {f cxz) t0-7) {I(e <0) }}

A0x) o B{R0.x2)xB)
om0 TR0 < 0B

h0.x.2) [ EUR0x2x(a"8)

(17 U€=0 }[ E{fzm,x,z)zw}]

sptena) = - [FEG - R e <0 - s

1.(0.%.2) g B0 x 2) 1)
1) =0 B 00 )
f€(07X7 Z) - / ZT P . E{ff(o,x, Z)Z_1|ZTIB}
1o He=0 =g h) [ E{72(0, %, 2)[2"B) ]

It is easily verified that the first two terms of {ST(e,x,z),S§(e, x,2)}T are elements in the
nuisance tangent space A, while the last term belongs to the orthogonal complement A*.
Hence the efficient score function which is the projection of the score function is the last

component.

S2 Notations

To ease the description, we first introduce several notations. Define

«¢ = % — E{fe*2(07Xi, z:)Xi|z; B}
LT B0, %, 2) |27 B
c E{fe*2(07Xi7zi)z—1,i|z?ﬂ}

21 =2-1i— ;

E{f**(0,%;,2;)|zf B}
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Finally, let

and 2 = {(B*"

P(Xi7 Zi)

{(Xf)Ta g’(z?ﬁ) (Zil,i)T}Tv

P(xi,z:) = (X)), 7 (27 B,3) (@, )T},

a = sup || P(x,2z)],

X,Z

_ £22(0,%:, ;) Xi
Ww=FE ﬁ ' XiT g/(ZiTIB>ZT1,i ’

Gl{%’a E? g(Z;FB7 %’)}

FQX 20 14y, -7y~ 36TB.3) < )Pl ).

Gi{v, 8, g(zzTﬁ>}

fe* (07 Xi, Zi)
oo ¢

sz‘{:);, /éa g(z;rﬁ, ’7)}

J202 (- RIS - ) + 0B — 9(a ) ) PO ),

Gpild, B, 5z B, 7))

QX BB (05— ) 4 90T B.3) ~ 90 0)) P 20,

[T — I{Y; = x{'v — 9(2 B) < 0}] P(xi, 2:),

Mmi{Y. B, 9(2! B),7*, 8%, §(z! B*,v*)}
Gy, 8%, §(2 B*,7")} — Gi{~,B.9(2! B)} — Gpi{~*,. B*.5(2] B*, )},

T B = Bl < Cn~'2 |v* — 4] < Cn7V?, B} = 1}. Note that here,

E[Gi{~,B,9(zfB)}|x;, 2] = 0. With the dependence of the estimates on the data ignored,

Gpi{;?v By g(ZT

z;. Further,

; B,’?)} can be viewed as the expectation of Gl{ﬁ,,@,ﬁ(z?,@,ﬁ)} given x; and

(N}’piﬁ/, B, ﬁ(ziTB, )} is the first order approximation of G, {7, B, ﬁ(ziTB, )}



RUIMIAO LUO, SEUNGCHUL BAEK AND YANYUAN MA

Define
<0 = x. _ E{f(0,%;,2;)x;|z; B}
' ' E{fG(O,Xi,Zi)’Z;F,B} 7
20— E{f(0,%;,2;)2_1,|z] B}
e B0, x5,2) 278}
P(xi,z;) = {(x{")",9'(2; B)(z2 )"},
V o= E{ <0, X“(l)_ i()] X Z)P(Xz‘yzi)PO(Xi,Zi)T} .

S3 Proof of Theorem 1

Define

Djen K (2] B — 2! B)pr{Y; — xjv — ¢ < OIZTﬁ}

(Cb Y, /6) Z]GIlKhl( TB _ ZTﬁ>

We first introduce a new notation g,(z; 3), which is defined as the solution of ¢ that solves

ﬁp(¢, ~,3) = 7. Thus, we always have ﬁp{ﬁp(zfﬁ), v, 3} = 7. We first prove two lemmas.
Lemma 1. Under the Regularity Conditions |[C2/C5| §,(zf3) — g(z] B) = O,{k(n, h1)}.

Proof. We aim to show that there exists a constant C' > 0 such that pr{g(z} 3) —Ck(n, hi) <
Gy(z; B) < g(z!B) + Ck(n,hy)} — 1 as n — 0. It is equivalent to prove that, for arbitrary
Cy > C > 0, pr{|gp(z'B) — 9(z;B)| > Cik(n,h1)} — 0 as n — . We prove this by
contradiction. If |g,(z} B) — g(z; B)| > Cik(n,hy), then §,(zf B) > g(zB) + C1k(n, hy) or

Gp(z7B) < g(z]B) — Cik(n, hy), then by the monotonicity of the conditional distribution

function, we have

pr{Y; — x v < G,(z; B)|z; B} = pr{e; < Cik(n, h1)|z] B}, (S3.1)
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or

pr{Y; — X1y < (21 8)[2] B} < pr{e; < —Cik(n, hn)|z! B}. (53.2)

For any C}, under Conditions [C2] [C4] and [C5] standard kernel regression analysis leads to

Yiier, K (2] B — 2 B)pr{Y; — xjv < §,(2 B)|z] B}
Z]‘e[lKlu (Z;FIB - Z?B)
= pr{Y; — x/ v < §,(z; B)|z! B} + Op{k(n, h1)}.

E{5,(27B8). 7.8} =

Thus, for any ¢ > 0, there exists a constant Cy > 0, so that with probability at least 1 — 9,

pr{YZ - X'LTPY < ap(z?/a)|zzTﬂ} < ﬁp{.&p(zg‘la)avvﬁ} + CQk(n7 h1)7

and

Ey{9p(2] B),7: B} — Cak(n, hy) < pr{Yi — x[y < (= B)|= B}.

Note that F,{3,(zX3),~,8} = 7 and pr(e; < 0|zF3) = 7. Then the above equations become

pr{Y; —x;v < Gy(2; B)|z; B} < pr(e; < 0lz; B) + Cak(n, hy), (S3.3)

and

pr(e; < O\Z;Fﬁ) — Cok(n, hy) < pr{Y; - XiT’Y < gp(zgﬁ)‘z?ﬁ}- (53.4)
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Combining (53.1)), (S3.2)), (S3.3)) and (S3.4), we get

prie; < Cik(n, h1)|ZiT/8} —pr(e < 0|ZiTﬁ) < Cyk(n, hy),
or
—Csk(n, h1) < prie; < —=Cik(n, h1)|z; B} — pr(e; < 0]z B).
But by a first-order Taylor series expansion and Condition [C2]
pr(e; < 0lz; B) + f1s15(0,2; B)Cik(n, n)/2 < prie < Cik(n, h)lz; B,
and
pr{e; < —Cik(n,h1)|z; B} < pr(e <0|z; B) = fo,rp(0, 2] B)Cik(n, hy)/2.

This leads to f,,r5(0,2; B)Cik(n, hy)/2 < Cok(n, hy), which is impossible to hold for a fixed

Cy and arbitrary C; > C' > 0 under Condition [C2l Thus,

pr{[gp(zi B) — g(z; B)| > Cik(n, h)} < pr{7,(z; B) > 9(z; B) + Cik(n, h)}

+pr(G,(25B) < g(z18) — Cuk(n, hy)} — 0.

Lemma [I] is proved.

Lemma 2. Under the Regularity Conditions , §(z1B8,5) - Gp(zi B) = Op{k(n, hy)}.
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Proof. Recall that

Note that F{j(z'3,5),5,8} = 7.

We aim to show that there exists a constant C' > 0 such that pr{g,(z; 3) — Ck(n, h;) <
3(zB,7) < Gp(zi B) + Ck(n,h1)} — 1 as n — . It is equivalent to prove that, for
arbitrary ¢, > C > 0, pr{[§(zI3,5) — G,(ziB)] > Cik(n,h1)} — 0 asn — . We
prove this by contradiction. If |§(zX3,5) — Gp(z7B)| > Cik(n, hy), then either §(z18,5) >
Gp(21 B) + Cik(n, ) or §(z!'B,7) < Gy(2! B) — Cik(n, hy).

Consider first the case when §(zI3,5) < §,(zX3) — Cik(n, hy). By the monotonicity of

the conditional distribution function, we have

pr{Yi —xjy < §(z; B,7)lzi B}

< pr{Yi —x;y < Gp(2i B) — Cik(n, hn)|z; B. (53.5)
Under Conditions [C2] [C4] and [C5], standard kernel regression analysis leads to
e K (2] 8 — 2 B)pr{Y; — x]y < §(2!B, 7|2 B}

ZjeIlKhl (Z;Fﬁ - Z;Fﬂ>
= pr{Yi—xy < §(z] B, )|z B} + Op{k(n, h)}.

ﬁp{g(z;’raaﬁ)a %> /6} =

ﬁp{gp(z?ﬁ) — Cik(n, h1),v, B}
Zje]lKhl(ZgT/B - ZiTIB)Pr{Y} - XJT')’ < gp(Zin;) — C1k(n, h1)|Z;-F5}
ZjehKhl(Z]T/B - Zz'Tﬁ)
= pr{Yi —x/v < G,(z/ B) — Cik(n, h)|z; B} + Op{k(n, hy)}.
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Thus, for any § > 0, there exists a constant Cy > 0, so that with probability at least 1 — 9,

Fo {5z B,7),7, B} — Cok(n, hn) < pr{Yi — x[y < Gi(z B, %) |2 B}, (S3.6)

pr{Y; — x; v < Gp(2,; B) — Cik(n, h)|z; B}

< E{5,(278) — Cik(n, hy),~, B} + Cok(n, hy). (S3.7)
Combining (S3.9), (S3.6) and (S377), we get
F {328 B,7), 7, B} < Fp{§,(25B) — Cik(n, hy),, B} + 2Csk(n, hy). (83.8)

By direct calculation, we get

F{§(zB,%).7, B} — F{j(z] B.7).7. 8}
S En (2] B — 2] B) — K, (2] B — 2] B)}{Y; — xT7 < §(27 B,7)}
Yier, Ky (2] B — 21 B)
e K (27 - z?B)I{Yi -xj7 < 3(zFB,3)}
Zjell Kh, (Z]TB - ZZTIB)
 Zjer K (2] 8 — 218) — K0, (2] 3 — 7] B)}
Zjeh Kp, (Z;'FB - Z;FB) '

(93.9)

For notational brevity, let

&i(2:,B) = K, (2] B — 2! B)I{Y; — x5 < §(2 B,3)}.j € .
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Under Conditions [C1|[C5| and [C6], for all z; and ||8* — B]| = O,(n?),

B{&(2i, B7) — (21, B)}7 = Op(n™ 7). (53.10)

By Chebyshev’s inequality, we can get

pr(l;(z:, B%) — &(2:, B)| = 1) < E{&;(2:,8) — &;(zi, B)}*. (S3.11)

Let ((z;, B%,8) = 1/n2j€h{5j(zi,6*)—fj(zi,ﬁ)}. Under Condition (S3.10) and (S3.11)),

together with Lemma 18 (page 20), Lemma 25 (page 27), Lemma 28 (page 30), the proof of

Lemma 33 (page 31-33) and Theorem 37 (page 34) in [Pollard, (1984), yield

o suplClan B 8) = BG(an B B) = Oy~ i logn) = o,(n71) (5312
B*—B|=0p(n—1/2) 2i

under Condition [C4l By direct derivation, at fixed z;, for any 8* satisfying |38 — 8| =

0,(n~%2), we have
E{¢(z;, 8%)} = JK;“(ZJT,@* —z; B w(z,; B")dz; B* = w(z; B) + Oy(hi).  (S3.13)

where w(z; B*) = pr{¥; — x5 < ﬁ(z?,@,’?ﬂzi,Z;P,B*}fZTﬁ*(z;rﬁ*). Similarly, it can be
shown that F¢;(z;,3) = w(z B) + Oy(hi). Then under Conditions and [C8] we have

|EC(zi, 8%, B)} = [E{&;(2i, B7) — &(2:, B)} = w(z B*) — w(z; B)| + Op(hi). This means

S IEC G B B)] = Opln ™ 4 hi). (53.14)
18%—B|=0p(n=1/2) 2

Under Condition combining (S3.12)) and ([S3.14]), it is obtained that the first term in
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(S3.9) is O, (n~%2). Similarly, we can prove the second term in (S3.9) is O,(n~"/2). Then we

have

F{g(z]B,3).7, B} — F{§(27 B.7),7, B} = O,(n"?).

Under Conditions [C2] [C4] and [C5], standard kernel regression analysis leads to

F{G(z1B,3),3, 8} — E{5(2! B,7),%, B} = Op{k(n, )}

Under Conditions and we also have

~ ~

F{3(21B,79), 7, B} — E§(25B8,7),7, 8} = 0,(n™?).

Combining (53.15)), (S3.16) and (S3.17)), we get

~ ~

F{y(z! B.7),3. B} — Fp{3(2! B,3), 7. B} = Op{k(n, h)}.

(S3.15)

(S3.16)

(S3.17)

Thus, for any § > 0, there exists a constant C5 > 0, so that with probability at least 1 — 9,

F{3(z!B,7),5, B} — Csk(n, ) < E,{§(2B,7),7, B}

Combining (S3.8)) and (S3.18)), we get

F{G(z1B,3),7, B} — Csk(n, 1) < E{G,(2F B) — Cik(n, h1),, B} + 2Cok(n, ).

(S3.18)
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That is

F{3(27 B.7),%. B} < Fp{g,(2] B) — Cik(n, 1), ~, B} + Cuk(n, hy),

where Cy, = 2C5 + C5. Note that ﬁ{ﬁ(z?é,%),‘?,,@} = 7 and ﬁp{ﬁp(z?,@),'y,ﬁ} = T

Combining this and the above equation, we get

Fy{3,(2! B),7. B} < F{3,(21 B) — Cik(n, h1), v, B} + Cuke(n, hy). (S3.19)

By a first-order Taylor series expansion, we get

F{g,(2F B) — Cik(n, ), ~, B}

F{G,(278). 7, B) — E{G*(218), v, B} Cik(n, hy), (53.20)

where

Y jer K (2] B — 2 B) fuprp{5* (2 B) — 9(2; B) |2} B}

ﬁ;{ﬁ*(zfﬁ)a%ﬁ} = Z el Ky, (ZTﬂ - ZTﬂ)

and §*(z; B) is between §,(z; 3) —Cik(n, hy) and g,(z; 3). Combining (S3.20)), using Lemma

and standard kernel regression analysis, we get

Fo{G, (2! B) — Cik(n, h),, B} (S3.21)

ﬁp{§p<zrir13)7 v, 6} - fe|zTﬁ(0|ZiTﬁ)Olk(n’ hl) + Op{k:(n7 hl)}

So for any 0 > 0, there exists a constant C's > 0, so that with probability at least 1 — ¢,
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under Condition [C2]

F,{G,(2] B) — Cik(n, h), v, B} (53.22)

< Fo{5,(27B), 7, B) — 1/2f4,m5(012F B)Cik(n, hn) + Csk(n, hy).

(53.19) and (S3.22) lead to 1/2f.,75(0|zf B)Cik(n, hy) < (Cy+ C5)k(n, hy), which is impos-
sible to hold for fixed constants Cy and Cj and arbitrary C; > C' > 0 under Condition [C2]

This means

pr{G(zX B, %) < 5,(2FB) — Cik(n, hy)} — 0.

Similarly we can consider the case ﬁ(zzTB, ) > Gp(z B)+C1k(n, hy) and prove pr{ﬁ(z;rw, ) >
3,(zB) + Cik(n,hy)} — 0. Thus, for arbitrary C; > C > 0, pr{|§(zX3,5) — §,(zF8)| >
Cik(n,hi)} — 0 as n — co. Lemma [2is proved.

Proof of Theorem [1l Combining the results in Lemmas [I] and [2|, Theorem [I] is shown.

S4 Proof of Theorem 2

We first define some notations used in the proof of Theorem . Let a,, = k(n, hy)logn. For

any possibly random B* and ~4* satisfying |3* — 8| < Cn™Y2, |v* — 4| < Cn™12, let

T.(n,v* B*) = Uln,~*,B%) — Ulg(zl B%),v* 8"}
_[ﬁp<n77*>ﬁ*) - fjp{g(zg‘ﬁ*)?’y*aﬁ*}]a

T, (n,~*,B%) = U (n,v* B*) — U {g(z! B).~" B}

—[U; (n,~*,B%) — U, {g(z] B*).~*, B},
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~

Uln,~y*,B%) =

Jjeh
U,(n,~*, B%) =

jeh
U*(n,v*, 8% =

jeh
U~ (n,v*,8") =

Jjeh

~

U (n,~v*,8%)

Jjeh

~

U, (n,~*, B8%)

jeh

where, for j € Iy,

K, (28" — 2 B%) = 4

K, (2 B* — 2 B") = 1

r

It is obvious that

LS K (a8 AT, Xy 0 <)
%ZKM(ZJT,B* —z; B")pr(Y; — x;v" —n < 0lz; %),
LS K 8RB Xy - <),
LS K (a8 AEBY Y Xy <),
%ZKi(zfﬁ* —z; B%)pr(Y; — xjv* —n < 0lz; 87),

1 — * * * *
=D G (2] 7 — 2l B)pr(Y; — xjy* — < 0]z BY),

K, (2, 8* —2; B%), Kn, (2, 8" — 2; B%) = 0,
0, Khl(zJTﬁ* —z;3%) <0.
— Ky, (2 B* — 2 B%), Ky, (z; B* — 2] B¥) <0,

0, Khl(z;rﬁ* —z; 3%) > 0.

[7(77*7/8*) = 17+('77*718*> - (77('7’7*7/6*)7

Oy(v*, B%) = Ut (7", 8°) — Uy (-, ~*, 8),

Tn(n77*716*> = (7+(7777*7ﬂ*) - (7_<T]77*76*) - (7{9(2?16*)77*75*}

—[OF (7", 8%) = Uy (n,7*, B%) — Up{g(z B), 7", B*}]. (S4.1)
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Define b, = [1/hy|. The interval [g(z] 3%) — a,, g(z] B*) + a,] is devided into 2b, eqaual

intervals:

Jng = [9(2] B*) + ran/by, g(z; B*) + (r + )an/ba] = [N, M1,

r=—by,---,-1,0,1,,--- b, — 1, each length a, /b, satisfies k(n, hi)hilogn/

(14 hy) < a,/by, < k(n, hi)hilogn. Finally, define

F*{g(z "), 7", B}
ien Kn (2] B — 2 B)pr{Y; — x[v* — g(z{ B) < 0x;,2;}
Dier, Ky (2] B — 2] B) 7
A(Y*.B8%) = Flg(z]B),v*.8} — F{g(z]B),~. 8}

—[F*{g(z] B*),~*, B} — F*{g(2}B).~, B}]-

We now prove three lemmas which will be used to prove Theorem [2]

Lemma 3. Under the Regularity Conditions [C3] [C4] and [CH], we have

T (v*,B") = sup T, (n,7*, B%)| = Op{k(n, hi)hilogn},

In—g(2] B*)|<an
for any B* and v* satisfying |8* — B < Cn=Y2, |v* —~| < Cn~Y2.

Proof. By the monotonicity of ﬁ’(',’y*,,@*) and (7;(-,7*,6*), for n € Jnr = [N Tnrt1l,

we get

ﬁi{nn,ﬁv*aﬁ*} - ﬁi{g<zzT/6*)77*7/6*} - [ﬁ;{nn7T+177*7ﬁ*}
~U {g(zEB*),~*, B*}] < Ty (0,7*, B) < U™ {1, 7", B}

~U{g(z! B). 7" B*} — [T, {hrv* 8%} — Uy {g(2] B%),7*, B*}].
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This can be written as

T, (Mo, Y B*) — oy, < T {n, v, B*} < T, (i1, Y, B%) + oy,
where ar, = Uy (ur1,7%, 8%) — Uy (0., 7", B%). Hence
max  a,,. (54.2)

*— * * —_— * *
T (v*,B") < 7&%}2%% (T, Y™, B)| + L max

It is easy to show that

_bnrgrizgn_la& = Op{k(n, hy)hilogn}. (54.3)
Let & = o(zi 3%, 25 8%, - ,z:3"). For notational brevity, let
Ly = K (2,8 —2/B")(I(Y; —x;7* = 0, <0)
—I{Y; = xj " — g(2; B) < 0}] — [pr(Y; — X} ¥ — 1 < 0|2} B%)
—pr{Yj — x;v* — g(z; B) < 0[2; B*}]).
Then,
T; B = N1
n (77%,?"77 7/8 ) - EZ nj:
jeh
By Bernstein inequality on page 95 of [Serfling| (1980), we have
pr{|T,; (1, ¥*, B%)| = k(n, hi)hilogn|</} (54.4)

< 2exp| {nk(n, hy)h3logn}? |
< X - .
P 2> jen,var (b Lyl o) + 4Cink(n, hi)hilogn/3
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By simple derivation, we get
var(hy Ly;le/) = BE{N(Ly,;)*| o/} < Colii{ Ky, (27 B — 2 B%) [0 — 9(2i B7)].

The above inequality holds under Condition [C3] Then, under Conditions [C4] and it can

be shown that

Zvar(hlL;jpzf) < Csnhy|nn, — g(z; B*)| < Csnhik(n, hy)logn.

jeh

Then, under Condition [C4] we have

{nk(n, hi)h3logn}?
2 e, var(hi Ly ;197 ) + 4Cink(n, hy)hilogn/3

> COy{nk(n, hy)hilogn}?/{nk(n, hy)hilogn} = Cynh3k(n, hi)logn. (54.5)

Also we have

pr{ max |T, (s ¥" B)| = k(n, h1)hilogn}

—bp<r<b,
< 26, max pr{|T; (s, 7", B7) > k(n, ha)hlogn}
= 2b, _max, Elpr{|T, (Nnr,v*, B%)| = k(n, h1)hilogn|7}]. (54.6)

Then combining (S4.4] - and (S4.6)), recalling that b, = [h;'], we get

pr{_max [T, (s, ¥, 8%) = k(n, hi)hilogn}

—bn<r<by

< 2(hyt 4+ 1) exp{—Cynhik(n, hy)logn} < 3exp{—logh, — Cynhik(n, hy)logn},

which goes to zero under [C4. Combining this result, (S4.2) and (S4.3), Lemma [3]is proved.
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Lemma 4. Under the Regularity Conditions [C3] [C4] and [CH], we have

Ti (v, 5°) =

sup T (n,v*, B%)| = Op{k(n, hy)hilogn},

In—g(zf B*%)|<an

for any B3* and v* satisfying |8* — B < Cn=Y2, |v* — | < Cn=Y2.

Proof. By the monotonicity of U*(-,v*, 8%), U~(-,~*, 8%), 17;(-,7*,6*) and (71)_(-,7*,[3*),

forne J,,

~

= [nn,h 77n,r+1], we have

U™ (M, ¥, B%) < U™ (0, 7",

~

=

~

+ +
o (e Y™ 8%) < U (0,77,

Uy (o, v*,8%) < U, (0,77,

Then we have

Q
+
<)
3
2
. *
=
N
St
+
s
\Q*
-
N
+
<)
3
i
!
. *
<

7(77n,7"+17 ’7*7 ﬁ*)7
*) < ;(nn,r-i-la’y*alg*)a

*) < Np_(nn,r+l77*a/6*)-

(7+(nn,T77*7/6*) - fji(nn,TJrh’y*aB*) - {fj;(nn,TJrl)’Y*aﬁ*)

Uy (s ¥ B} < U (it ¥ B5) = U™ (o v, B%)

_{ﬁ;(nn,ra')’*aﬁ*) - ﬁ;(nn,r+177*;,6*)}~

Note that

e

I
o)

(nn,r77*7 13*) -

~

Up(nn,ra 7*7/3*) — Oy,

(S4.7)

+<77n,r77*>/6*) - [7_(7771,1”4-1’7*7/8*) - {[7;(7771,1“4-1’7*7/8*) - ﬁp_(nn,h’y*n@*)}
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and

(7+(77n,7‘+17'7*7/6*) - ﬁ_(nn,ra7*7/6*) - {ﬁ;(nn,mv*aﬁ*)

U (7]nr+1;'7 5)} (nnr+la')’ :3) ﬁp(nn,r+177*u@*)+anm

~

where App = Uﬁ(nnﬂ”+1a’7*7/8*>_ﬁi(nn,h’y*wﬁ*)_{—ﬁ (nnT+1a7 /8 ) (nnT77 /6 )and

Qi = 0. Combining the above results, (S4.1]), (S4.7) and the definition of T,,(-,v*, 3%), we

get

Tn(nn,r,’v*,ﬂ*) — apr < To{n,y*, B} < (nnr+177 ,B%) + oy

Hence

Ti(’)’*,ﬁ*)g max ‘Tn(nn,rv'y*u@*”"i' max Q. (84'8)

—bp<r<b, —bp <r<bn—1

Note that «,, can be written as

e = Ty (M1, Y5, 8%) =T, (o, Y™, B )+{ﬁ;(nn,r+177*aﬁ*)

T (s ¥ B%)} + AT i1, ¥, BY) = Uy (1 7, B) )

Combining the above relation, Lemma [3, and Conditions [C3] and [C5], we get

max  ay, = Op{k(n, h1)hilogn}. (54.9)

—bp<r<b,—1
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For notational brevity, let

Lnj = Kh1 (Z]TIB* - Z;TB*)([I(YY - X;r'y* — My < 0)
—I{Y; —x;v" — g(z; B*) < 0}] — [pr(Y; — x;¥* = 1 < 0]2; %)

—pr{Y; — x;v* — g(z; B*) < 0|z, B*}]).
Then,

* % 1
Tn(’r/n,mfy 7/3 ) = EZLnj

jel

Similar to the analysis of T}, (1., v*,8") in Lemma [3| we can get

pI‘{ max ’Tn(nn,ra'y*a/@*)’ = k(”a hl)hIIOgn} < 36Xp{_10gh1 - C4nh?k(n7 hl)logn}a

—bn<r<by

which goes to zero under [C4. Combining this result, (S4.8) and (S4.9), Lemma [4] is proved.

Lemma 5. Under the Regularity Conditions [C1] [C3] and [C5]

sup  |A(Y,8%) = op(n”).
|B*—Bl<Cn~1/2
Iy*—~l<Cn=1/2

Proof. For notational brevity, let

Sj(7*’ﬂ*77’ﬂ7zi>
= K, (28— 2 B)([I{Y; — xjv" — g(2;8") < 0}
~IY; —xjv — 9(z{ B) < 0}] — [pr{Y) — x;v* — g(2; B") < Olx;, 2}

—pr{Y; —x; v — g(z; B) < 0[x;,2;}])
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and ¢} = x;»F(’)/* — )+ {9(z! B%) — 9(z; B)}.

N

N

N

N

Blsupls; (", 8", 8,2’

E[K} (z; 8 — 2, B) sup|I{e; < 8+ g(z; B) — g(z; B)}

~Ie; < g(2z; B) — 9(2; B)} — F{; + g(2; B) — 9(2; B), ;,2;}
+FAg(z; B) — 9(2] B),%;,2;}|”]

ChIQE[S;p [H{e; < |85| + g(z; B) — 9(z; B)}

~IHe; < —16j] + g(2; B) — 9(2; B)} — F{~0}] + 9(2; B) — 9(2] B), x;,2;}
+FA|05] + g(2i B) — 9(z; B), %, 2} ]

QChng{S;p([f{Gj < |85 + g(zi B) — g(z; B)}

—Iej < —|07| + 9(2] B) — g(z; B)}) + [FAI5;] + (2 B) — 9(2; B),%;,2;}
—F A8} + g(z; B) — 9(z; B), x;,2;}]*)}

QChng{Sgp([f{Gj < |85 + g(zi B) — g(z; B)}

—Iej < —|05| + 9(2] B) — g(z; B)}] + [FAI5}] + (2 B) — 9(z; B),x;, 25}
—F A8} + g(z; B) — 9(z; B), x;,2;}]*)}

QChl_QE{sgp(Fe{wﬂ +9(z; B) — 9(z; B), x;, 2}

—F A8} + g(z; B) — g(2; B), x;, 25} + [F{|0}| + 9(2 B) — 9(z] B),%;,2;}
—FA=15] + 9(2; B) — 9(2; B), x;,2;}])}

6Ch,*E <Sgp [Fe{l5§-| +9(2! B) — g(z; B),x;,2;}

—F{~|0}] + g(z; B) — g(z;-rﬁ),xy‘azj}])

C’hﬁE(Sgp [
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< C’hﬁE[S;p Iill7* =~ + l9(zF B%) = 92! B)|] = Op{(nhi) =} (54.10)

In the above derivation, the first inequality uses the monotonicity of indicator function and
F.(-,x;,2;), as well as Condition The fourth inequality uses Condition . The last
equality uses Conditions and . Note that E{supy, |s;(v*, 8%, 3,2:)|*} actually does
not depend on j, and, under Condition [C4], we can get

max E{sup |s;(v*, 8,7, 8,2:) "} = E{sup |s;(v*, 8%, 7, B,z:)"} < C, (S4.11)

ZE{Sgp |55 (7%, 8%, B,2:)|*}

jeh

= nbf{sup [5;(7*, 8%,7, B, 2:)*} = Op{n(nh})~"?}, (S4.12)
where C' is a constant. By Markov’s inequality and (S4.10)), we get
sup [5;(v*, 8%,7, B, 2:)> = Op{(nh})""?}.

Then we get

> sup [s;(v", 8%, 7, 8,2:)[* = nsup |5;(7*, B%,7. B, 2:)° = Op{n(nh})""?}.  (S4.13)

Jjeh

Based on ([S4.11)), (S4.12)) , (S4.13) and Lemma 3.3 of He and Shao| (2000), we get

Sup 208507 857, B,2:)| = Op{n'?(nh) ™ (logn)'/?}.

jeh

By Condition Lemma [5 is shown.

Proof of Theorem [2l By Theorem (1, Lemma 4 and the convergence rate of E and v, we
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have

T,{5(28B,%), 4, B} = Op{k(n, hy)hlogn}.

So under Conditions , and the consistency of 3, we have

~ ~ ~

F{y(z! B.7),3. B} — F{g(z! B),%. B} — [F{3(z! B.7),7. B} — Fyp{g(z! B), 7, B}]

= Tu{g(=B,3), %, BYA D K (2] B — 2! B)/n} = Op{k(n, hn)hilogn},

jel

where
F{3(21B,7),7, B}
e K (B ABIY; - x5~ §(4BA) <0}
Zje[l K, (ZJT/G - Z;FIB) ’
Plotal .5, ) = 288 AP~ 5 —y(el) <0)
Zje[l Kp, (ZJTB —z;3)
E {327 B,7),7, B)
e Kn (2] B — 2 B)pr{Y; — xT¥ — (2] B,7) < 0|z] B}
- Yjen K (Z]TB i) ’
F,{g(zB).7. 8}
 Yen Kn (2] B — 2 B)pr{Y; — x5 — g(2] B) < 0]z] B}
- e K (225 — 2B) |
Because

~ ~

F{3(2! B,7).9, B} — Fp{g(2B). 7, B}

felzTﬁ<0’ Z;F/B){a(zrzr/@7 :7;) - g(ZzTB>} + Op{k(nv hl)Q}v
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hence

iz B, %) — 9(z'B)
— {Feurp(0,2] B)} M [F{3(2 B.3), 7. BY — Fp{g(z! B), 4, BY] + Oplk(n, h1)*}
= {f4a75(0,2 B)} ' [F{3(2) B, %), 7. B} — Flg(2/B), 7, B}

~Tu {2 B,3), 7, BY/{ Y Kn, (2] B — 2 B)/n}] + Op{k(n, 1)}

Jjeh

= {farp(0,2]8)} ' [r — Fig(z/B), 7, BY] + Op{k(n, hn)hlogn}. (54.14)

The last equality holds under Condition [C4]

By direct calculation, we have

F{g(z'B),%, 8}
Yier, K, (218 — 27 B)I{Y; — x5 — g(z7B) < 0}
Dier, Ky (2] B — 2] B)
o Zier K (2B — 2! B)I{Y; — xI5 — g(z] B) < 0}
Zjelehl (ZjT/B - Zz'Tﬁ)
 Zien 1K (2] 8 ~2[B) — K, (2]B — 2 B)}
Zje[l K, (ZjTﬁ - Z;rﬁ)

Thus,

F{g(zB). 7.8} — Flg(z!B), 7.8}
 Yen 1B (2] B —2!B) — Ki, (2] 8 — 2l B)}{Y; — x]F — g(a] B) < 0}
Dier, Ky (2] B — 2! B)
 Zen K (218 - z;fﬁﬂ{yj: x]4 - g(z7B) < 0}
Zjell Kh, (Z]TIG - ZZTIB)
 Djer UK (28 — 218) — Ko (2] B — 7] B)}
Zjeh Kp, (Z}fﬁ - Z;FB)
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= A+ A, (S4.15)

Similar to the derivation of (S3.12)) and ([S3.13|) from (S3.9), we get

pr{Y; — x5 — g(zI B) < 0]z B} (2] B) — pr{Y; — xI¥ — g(zI B) < 0|27 B} f (2 B)

Al =
f(z!B)
+op(n~Y?) + Oy (h}),
o pr{Y; — X;F'? - g(z;FB) < 0|ZZTB}{f(Z;FB) - f(Z;FB)} o (n~1/2 4
A ) +o,(n %) + O,(hf)
_pr{Yi— X[y — (27 B) < 01z} BH/ (27 B) — [ (27 B)} iy i
f(Z;T,B) + Op(n ) + Op(hl)

Then, under Condition [C4] we have

A1+ A (54.16)

= pr{Y; — x5 — g(z] B) < 0]z B} — pr{¥; — x/F — g(2{ B) < 0|z} B} + 0,(n"?).
Note that for any i € I,

pr{Y; — x/¥ — g(z B) < 0[z] B}

= 7+ E{f(0,x;,2:)x] |2 B}(F — ) + g/(zfﬁ)E@Tu’Z?ﬁ) (B—1 - B+ 0p<n71/2)7

and

pr{Y; — x5 — g(z7 B) < 0|z} B}

= 7+ B0, x0,2)x] |2} BY (3 =) + 9/ (& B)E (&L |2f B)(B_y — B1) + 0p(n ).
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Thus

pr{Y; —x/¥ — g(z B) < 0[z{ B} — pr{Y¥; — x[7 — g(z B) < 0[z] B} = 0,(n""*). (S4.17)

Combining (54.15)), (S4.16) and (54.17)), we get

ﬁ’{g(Z?B)a’%B} - ﬁ{g(zf@)fyng} = op(n*1/2),
By (54.14) and (54.18), we get

32! B,3) — 92! B) = {f4urp(0,2;B)} [T — Flg(z!B). 7, B}]

+0,(n"2) + O, {k(n, hi)hilogn},
Combining A(¥, 8) = 0,(n~Y/2) from Lemma [5| and (S4.19)), we obtain

= {frp(0,27 B)} ' [r — F{g(2]B),~.8}]

(S4.18)

(S4.19)

~{fiarp (0,27 B) T [F*{9(27 B), 7. B) — F*{g(z] B),v,B}] + 0,(n~"?). (S4.20)

Also we can show

F*{g(=B),, 8}
= D En(zB—2/B)prle; < x[ (¥ =) + {9z B) — 9(z! B)}

jeh

+{g(z!' B) — (2] B)}x;, 2,1/ Y K, (2] B — 2! B),

jely
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and

F*{g(z]B).7.8} = > Knl(z]B—1z;B)prie; < g(z!B) — g(z] B)x;,2;}]

jel
/> Ky, (2] 3 - 2! B).

jeh

Then combining the above results, under Conditions [CI] and we have

F*{g(2]B).7, 8} — F*{9(zB).~. 8}
= E{fE(()? Xi; ZZ)X1T|ZZT:3}(;7 - '7) + g/(Z;F/S)E{fE(Oa Xi, Zi)ZTI,i|ZiT:3}

x(B_y — B_y) +0p(n 7). (S4.21)
Combining (54.20) and (S4.21)), we get

~

(2 B,7) - 9(z/ B)

Q0

= {Jf4urp(0.278)) [T — Flg(z] B), 7. 8}]
_{f6|zT[3(07 Z;P )}71E{f6(07 Xi; ZZ)XHZ;F/B}(%I - 7)

~{Sawrp(0,2] B)} g/ (27 B E{f(0. 30, 2)2L, ,|2] BY(B_y — B_y) + 0p(n1).

Theorem [2] is proved.

S5 Partial Results for the Proof of Theorem 3

We first state a result regarding ¢'(z'3).
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Proposition 2. Under the Regularity Conditions [CI], [C4], [CHHCS], we have
7(2; B,7) — g'(2 B) = 0,(1),
for all z; € I,.

The proof of Proposition [2] is similar to that of Theorem [2 so we omit it here.

The following five lemmas are used to prove Lemma |11}

Lemma 6. Under the Regularity Conditions [C1], [C3] and [C4]

1 * kv £ * —
Sup HEEM{%B,Q(Z?B),W B9z B )} = op(m™).

1612

Proof. For convenience, denote §; = x; (v* — ) + {9(z} B*,7*) — g(z}3)}. First, by the

definition of 7,,;(-) and G,(+),

E[Slojlp 1mi{y, B, 9(zi B),¥*, 8%, §(z; B*,v*)}*]

jzk2 07)(i7zi % ~ * %k
— B[P(x ) Pl z) 00T ey T 5, 4) < 0)
72(1 —7) 2

—I{Y; — x; v — g(z; B) < 0}

—F([x (v =) + {3z B*,7*) — 9(2{ B)}], 1, 2:) + 7I7]

fe*2(07 Xi, Zi)

= E[P(Xi,zi)TP(XiaZi) (1 —1)2

x sup |I{e; + X,L»T")’ + g(z;f,B) — xiT'y* — @'(z;f,@*,'y*) <0} —1(e; <0)
2

—F([xF (v =) +{3(2 B, ") — 9(2; B)}], xi,2:) + Fo(0,%;,2) ]

fe*2(07Xi7Zi)
—— Su
72(1 —7)2 gp

_Fe(6i7xia Zi) + FE(O,X,', Zz‘)|2]

= E[P(x;,2)" P(xi,2;) |I(e; < 0;) — I(e; <0)
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N

CE{SUP‘I(Q < ’éﬂ) — [(61 < —‘(51‘) — Fe(_’5i|7xiazi) + Fe(léi\,xi,z,-ﬂ?}
9

2CF

A

sup [{I(e: < 16i]) = I(e; < —[0:])}* + {Fe(|6i], x4, 2:) — Fe(—\éi\,xi,zi)}z])

su [1(ei < 10:]) — I(er < —[dil) + {Fe(|dil, xi,2:) — FE(—|6i\,xi,zi)}2])

= 2CFE

I

)

Q

&5
TN TN N

S

sup [Fe(‘51’7X17Z1) - Fe(—‘éi’,Xi,Zi) + {FE(|52|7X27 Zi) - Fe(_|5i|7xi7 Zz)}2])

N

6CE [sup{ﬂ<|@|,xz-,zl-> - FE<—|5Z-|,xz-,zl->}]
_@

VAN

C'E(sup |6;])
2

N

C'E[Sgp Ixilllv* =l + [5(z; B, 7*) — g(z; B)]]

= O,{(nh))~"* + hi}. (S5.22)

In the above derivation, the first inequality uses the monotonicity of indicator function
and F.(-,x;,2;), as well as Condition and the boundedness of the proposed f*(0,x;,2;).
The fourth inequality uses Condition [C3] The last equality uses Conditions [CI] and
Theorem [1} Note that E[supy, [nmi{v, B, 9(zf8),v*, B*,5(zf B*,7*)}|?] actually does not

depend on i, and, under Condition [C4] we can get

max E[S;p [mi{y, B, 9(zi B).v*, B*,§(z; B*,v*)}?]
= E[Slg;p Immily. B, 9(z8 B),~*, 8%, 3(zF B*,.v*)}|*] < C, (S5.23)
> Elsup [1ity, B, 9(z; B),7*, 8%, 9(z; B, v*)}]
i€ls

= mE[S;p |y, B, 9(z! B),v*, 8%, 4(z! B*,v*)}]

= Oy[m{ht + (nhy)~V?}], (S5.24)
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where C' is a constant. By Markov’s inequality and (55.22), we get

sup Immidys B, 925 B), 7, B, 3(2z] B*,v*)}* = Op{hi + (nhy)'?}.

Then we have

2. 5up iy, B, 9z B), 7. B*. 3(zf B ")}

i€ls

= msup 1Mnily, B, 9(z TB) v, 8%, 4(z TIB Y )}”2

Op[m{hi + (nh1)~2}]. (95.25)

Based on ([S5.23)), (S5.24)), (S5.25) and Lemma 3.3 of He and Shao (2000)), we get

sup | D mnily, B.9(218). 7", 8%, 3(2 B, v") ]|

iEIg

= O,[m"2{13 + (nhy) "} (logm)"”].

By Condition Lemma [6] is shown.

Lemma 7. Under the Regularity conditions [CI] and [C4], we have

~

— Z (Goil¥, B, 52 B, 3)} — Gl ¥, B, 5(21 B, H)}] = 0,(m~"/2).

Lemmal/[7]can be proven by combining a second-order Taylor series expansion and several

inequalities hence is omitted.

Lemma 8. Let

_ 1 “(0,%4,2;) fe(0,%x;,2 )Ps(Xi,Zi)Khl(Z?ﬁ - Z;FB)
- Z Z 1 - T)f |zTﬁ(07Z;F )sz,@<Z;Fﬂ)

jEIl ZEIQ
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(U{e; < g(z; B) — g(z] B)} — I(e; < 0)] —
[pr{e; < g(z B) — g(z] B)|z] B,z B} — pr(e; < 0|z] B)]),

where Py(x;,2;) is the sth element of P(x;,z;). Under the Regularity Conditions and

, we have W, = 0,(n"Y2), for s = 1,2, ,dy +dg — 1.

Proof. For notational brevity, for i € I, let

Lnjs(Xi, 2, B)

£5(0,x4,2;) fe(0, %4, 2;) Ps (x4, 2;) Kp, (z;rﬁ —z103)
7(1 = 7)fq4arp(0,2] B) furp(zi B)

([{e; < 9(z; B) — 9(z;B)} — I(¢; < 0)]

—[pr{e; < g(z{ B) — g(z, B)|z; B,z; B} — pr(e; < 0|z, B)]).

Then,
W, _EZLZL o (xi,2i, B)
ns - n 4 m - njs 1y “1y N
Jelr 1€ls
Let o = 0(z; B, € I,X,2;,1 € I5) and ¢ = 1/(201) + 1/4. Note that under Condition ,

¢ > 2. By Bernstein inequality on page 95 of Serfling| (1980), we have

(nh$togn)?
2> e, var(Lnjs|</) + 4CnhS§ ogn /3

pr(|WnS‘ = hilogn’d) < 2exp{— },

where Lyjs = m™' >, hiLnjs(xi,2:,3),j € I and C = sup |y Ly,js(x;, 25, 3)], which is a

iEI2

finite constant under Conditions [C1], [C2] [C5] and [CI} By simple derivation, we get

var(Lyjs| ) = E(Ly ;| /)
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- = Z h{E{L}; (%, 2:, B)| </ }

7,6[2

Z M E{Lnjs(Xp, Zp, B) Lnjs (Xq, 7q, B)| 7 }. (55.26)

p¥+q,p,9€12

Note that

E{([I{ej < 9(z/B) — g(z; B)} — I(¢; < 0)]

~[prie; < (2 B) — 9(2; B)|z; B, 2; B} — pr(e; < 0]z} B)])*| o}
= |pr{e; < g(2i B) — 9(z; B)lz; B,z; B} — pr(e; < 0lz; B)]

x[1— [pr{e; < g(z; B) — 9(2; B)|z; B. 2} B} — pr(e; < 0]z; B)|].

We first analyze the first term of ((S5.26|). We have

Z hiE{L%, (x;,2;, )|}

i€ly
f (0,XZ‘,ZZ')f€(0,XZ‘,Zi)P5(Xi7ZZ‘) }2
< — h2K T 7T
s Zezjz hl ﬁ % IB){ ( _T)fe|zT,8(07Z;'F )szB(Z;Fﬁ)
x|prie; < g(z; B) — g(z; B)|z; B, 2; B} — pr(e; < 0|z B)|
< & S D M (28— 2Bz B~ 2 B
i€ly
Cy 3p2 (T3 _ 4T
< 5 ) WK (28— 2] B)
i€ls
C"h2 1
= ZEZIW“ (2,8 — 2! B))
thQ
= SN[ K ) dutnaa) + Oyfk(n b))
< Cahy (S5.27)
m

in probability, where C%,CY5, and C5 are constants. The second inequality holds under
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Conditions|[CI] and [CY] the third inequality holds under Condition|[C5], the second last
equality holds under Condition [C4] and and the last inequality holds under Conditions

and [C5l Next we analyze the second term of (S5.26). Similar as the first term,

2
W Z h%E{Lan(Xp,Zp,,B)Lnjs(tiZCI7/6)|%}

PF+q,p,q€l2

= %p#q%;zelg hﬂKhl(ZyTﬁ - ZgB)Khl (Z;FB - Z;FB)‘
x[prie; < gz, B) — 9(2] B)|z, B. 2] B} — pr(e; < 0lz; B)|
+lpr{e; < 9(z,8) — 9(2] B)|z, B, 2] B} — pr(e; < 0lz; B)]]

< %QI) 1278 — 28] < )}y

— G S 1B~ 1B < )

iEIQ

iR [fnp(27B) + Op{e(n, b))

N

Csh}

in probability. The first inequality holds under Conditions [C1] [C2] [C3] and [C9l The

second inequality holds under Conditions and [CY| the second last equality and the

last inequality hold under Conditions and [C4. Then combining([S5.26)), (S5.27) and

(S5.28), we obtain

Zvar(Lnjs|ﬂ) < Z (Cj:%

Jeh Jjeh

+ Csh?) < C(h] + nh}) < Cimhilogn  (S5.28)

in probability. Then we can get

(nh$tlogn)?
23 ier,var (Lngs| o) + 4Cinh§*logn/3

> Cg(nh$™logn)?/nhilogn

= Cgnhi“‘logn (S5.29)
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in probability. Also we have

pr(|Wps| = hilogn) = E{pr(|W,s| = h{logn|)}. (55.30)

Then combining (S5.26)), (S5.29), and (S5.30)), we get

pr(|Wos| > htlogn) < exp(—Cynh2logn)

which goes to zero under Condition |[C4, This means W,,, = O, (hSlogn) = O,(n~"/?*=*1/41ogn) =

0,(n=12). Lemma is proved.

Lemma 9. Under the Regularity Conditions and [C9, we have

m Z f 10_}3’74 g(?oX; P(xi,2:)F{g(2 8), . B}

_ _Z fe*(07xiazi)fe(07xi7zi)
1 - T f |ZT,3(O ZT )n_lzkelehq (ZE,B - Z?ﬁ)

_ZKhl (z; 8 —2; B)(I(e; < 0) + [prie; < g(z,/B) — 9(z, B)|z; B, z; B}

3611
—pr(e; < 0|z] B)]) + op(n~"?).

P(XZ‘, Zi)

Lemma[9] can be proven by combining Lemma [§ and standard kernel regression analysis

and is omitted.

Lemma 10. For notational brevity, let

. _ 1 £5(0, x4, 2;) £.(0, %1, ;) -
e Z P ool 0.2 B Sy, Ko, (28— 21B) )
fZKhl 218 - #1B)({r — I(e; < 0)}
Jjeh

—[pr{e; < g(z; B) — g(z, B)|z; B,z; B} — pr(e; < 0|z, B)]).
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Under the Regularity Conditions [C1], [C2] [C4] [C5||CY| and we have

)T
W = \ﬁZE{f (0,x5,25) (0, %5, 2;) P(x;, ;)| 318}

7(1-7)f.(0,278) Vi, 9(z; B)} + 0,(1),

jel

where ¢;{y,9(z; 8)} = 7 — {Y; = xjv — g(2;8) < 0} = 7 — I(¢; < 0).

Proof.
* f* 0 szz)f (07Xiazz‘>
Wy = — P(x;,2;
" 2; =) o 057 B) furp (7T %)
VIS K (218 2P B)({r — I(e; < 0)
jeh
—[pr{e; < 9(2; B) — g(z; B)lz; B, z; B} — pr(e; < 0|z; B)])
f* 0 Xzazz)fe(o Xiy Z z)
T ; (1 =7)fzrp(0,2; B) frrp(z Tﬁ)P(X“ 2
\/7 T T fZTﬁ( /6) -n leehK’H (Zgﬁ - Z;Fﬁ)
]EZhKhl S Y e, K (2, B — 21 B)
x({T = I(e; < 0)} = [prie; < g(z/ B) — 9(z, B)|z; B,2; B}
—pr(e; < 0|z, B)]) = By + Bs. (S5.31)
Note that
1 (0, %, 2;) fe(0, x4, 2;) Plx. .
Z 1 -7 f|zTﬁ(0 'ﬁ)szB( TIB) (XZ’ZJ

ze[

——Zszﬁ—zm%wg< B)}

sz{f (0,x5,2;) f(0,%;,2;) P (vazj)|z;rﬂ}
= (1 — T)fE(O,ZjT )
+0,(1). (S5.32)

Ui, 9(z; B)}

The above equality is obtained by using standard kernel regression analysis and by noting
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that E[y;{v,9(z;8)} | z; 8] = 0. For notational brevity, let

Khl (Z]TIB - Z;F/B)f:([)? Xi, Zi)f€(07 X3y Zi)PS(Xi’ Zi)

Sis T = ;I‘ — T ,
% P) F1ure0.2B) (2 B) e )~ gl B))
wherei e I, je I,ands = 1,2,--- ,dy+dg—1. Let SZ(Z]T,B) {Si (= Tﬁ) <y Sidy+dg— 1(ZT,6)}T.
Then we also have
O y Xy Zz)fe(o X3y Zz)
- P 19 4
ZEZI 1_7— fezTﬁ(O IB)szﬂ( TIB) <X Z)

VIS Ko (1B~ 2 B)pr{Y, — Xy — glz!B) < 0] B)

jeh
—pr{Y; —x;v — g(z; B) < 0lz; B}]
_ = Z f* O szzz)fe(o Xzazz)
~ m S (1= 1) faurp(0,2] B) frp(2] B)

fZKhl (z; B —2z; B)[far5(0,2] B){9(2; B) — 9(z; B)}

Jjeh

P(XZ‘, Zi)

+27 flra(95 27 ){9( B) - 9(z; B)}’]

Jelam 0>ZJ
_ \/72 | (ﬂl_T ZS T/B

jelh 2612

Z Sg(z"B) — 9(z78)}S:(21B) f'zT‘égf’Tj 2

]6[1 1€lo

(S5.33)

where g is between g(zfB) — g(ijﬁ) and 0. By standard kernel regression analysis, under

Conditions [C5| and [C10, we have

E{S;s(z; B)lz; B} = Op(h3). (55.34)
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We can also get

E{S;,(z; B)|z; B}

N

Kj (z; B — 2 B)
CE 1\
( szﬂ(ZiTIB)
K} (t — 27 3)
- | 2
J sz,B(t)
= CJKQ(u)/hf(hlu)thdu < C'hy. (S5.35)

Ern zfmﬂz;ﬂ)

(t —2;B)* frp(t)dt

The first inequality holds under Conditions [CI] [C2] andC9| and the last inequality holds

under Condition [C5 By Chebyshev’s inequality, we can get
pr{|Sis(z; B)| = 1} < E{S}(z, B)} < C'hy. (S5.36)

Let Sy(z]8) = m™'>,.p. Sis(z)B),j € I. Under Condition (S5.35) and (S5.36), to-

gether with Lemma 18 (page 20), Lemma 25 (page 27), Lemma 28 (page 30), the proof of

Lemma 33 (page 31-33) and theorem 37 (page 34) in [Pollard, (1984), yield
sup |Ss(z] B) — ES,(z; B)| = Op(m_l/thﬂlogm). (S5.37)
zj

By (55.34]) and ([S5.37)), we get

sup Ss(zjrﬁ) < sup \S(z}ﬂ) — ES(ZJTﬁ)] + sup |E{Ss(ijﬁ)}\

= 0,(m 21" logm) + O,(h?). (S5.38)

By (S5.38)), we get the first term of (S5.33) is Op(hi/Qlogm) + Op(m'2h1) = 0,(1) under
Conditions[C2|and[C4] Similarly we can prove the second term of (S5.33)) is 0,(1). Combining
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these results and ((S5.33)), we get

_Z f* O Xl,Zl)fE(O Xuzz)
T =7)faarp(0,2;B) frrp(2; B)

VS Ko (228 a8 [prlY; — Iy 9(a18) < 0278

Jjeh

—pr{Y; —x;v — g(z; B) < 0lz; B}] = 0,(1). (55.39)

P(Xi, Zi)

By (55.32)) and (S5.39), we get

- \/> E{f O X],Z]>f (0 vazj)P<Xj7Zj)|ZJTB}
Bo= ) (1-7)1.0,2]B)
+o,(1). (S5.40)

Vi{v.9(z] B)}

Using the results of (S5.40)) and similar standard kernel regression analysis, we can get

By = 0,(1). Combining these results, (S5.31)) and (S5.40), Lemma [10]is proved.

S6 Proof of Theorem 3

Lemma 11. Under the Regularity Conditions [CIHCH|[C9 and [C10,we have

%ﬁ >, Gil3,B. 5z B. )}
= \/%ZG’L'{’YHB?Q<Z;FIB)}_V \/mw(’y_ﬂ
VB, - B_y)

sz{f (0,x;,2;) f(0,%;,2;) P (vazj)|z;rﬂ}

7(1 = 7) fourp(0, Z]T ) V{7, g(zj B)}

jel
+0,(1).

Lemma [T1] can be proven by using Lemma [, Lemma [7, Lemma [9] Lemma [I0] the
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convergence rate of 4 and ,5 and the law of large numbers.

Lemma 12. Under the Regularity Conditions [C1], [C3] [C4] [CFCE| we have

sup{P(x;,2;) — P(x;,2;)} = 0,(1).

iEIQ

Lemma |12 can be proven by combining the definitions of P (x;,2;) and P(x;,2;), Propo-

sition 2| and the standard kernel regression properties.

Lemma 13. Under the Regularity Conditions C10, we have

Z Al 0 i Zz — 1Y; = XI5 = (2! B.7) < 0} P(x;, )

'LEIQ

ZGW@Z]’Z B} + 0p(1),

ZGIQ
where V} is defined in Section [S2|

Lemma[I3|can be proven by using Lemma|[I1] Lemma[l12]and the similar proof of Lemma

Lemma 14. Under the Regularity Conditions, we have

Vm(y =)
\/%(B—l - 5_1)
Z f* 0 X“ ) (Xi,Zi)wi{’y,g(ziTB)}

1,612
1\ﬁ2E{f O X]7Z])f6(0 vazj)P(vazj)‘Z;rﬁ}
(1 - T)fe\zTﬂ(O7z;‘F/3)

%{’7’7 g<Z;FIB)}

jeh
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+0,(1).

Lemma, [T4] can be proven by Lemma [TT] and Lemma

Proof of Theorem [8l Repeating all the analysis for 3 , and 4, we can get

N CE)
VB, - B_y)

y Vi )
-l
VB~ B

o Y L0 bt gta))

’LEI

1\f E{fX(0,x;,2;) f(0,%5,2;) P (Xjazj)|Z'T,3} A T
2 M- fp0am) i)

+0,(1), (S6.41)

where 4" and B_, are the initial estimators of v and B_; based on the data from the group
I,. Combining Lemma [14] and (S6.41)), we have

JE A+9)/2—~
B +B.)/2-8_)

eyt [ G )

B, —B.)+ (B, -B)

2
} > 5 v, a(alB)

E{f*(0,x;,2;)f(0,x;,2;)P(x;,2;) |z B}
Z : 1]— T)feziﬁ(g zTﬁJ) {7, 9(2] )}

+0,(1)
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= Vo H{(Vo = V)M + My — Ms)} + 0,(1),
where M, satisfies

VN Y-7+E& =) Myt o(1)

S W T Y W7 O O

1 al 0 y Xy Z z T
2 \/72 Xuzi)wi{’7>g<zi B)}7

(1—171)

i E{f(0 XJ7ZJ)f (0, XwZJ)P(XjaZj)’ZjTIB}
M= Tn - = —7)faarp(0,2] B)

Vil 9(2; B)}.
Write J = (Vo — V). Then we get

VNF =)
VN@B_,—B,)

~ N(0,%)

in distribution with

Y = Vy Heov(JMy) + cov(Msy) + cov(Ms) + 2cov(J My, My)

—2cov(J My, M3) — 2cov(My, M3)}Vy (S6.42)
where

cov(My) = Vj,

B [E{fe*(oaxiazi)fe(o lezl) (XH )‘ZTB}]
7(1— T)fe\zTg(O z!3) ’

JE0, %, 2)
T(l - T)f5|zTﬂ<07 Zrir )

cov(Msz) =

cov(My, M3) = E

P(xi,z:) E{f7(0,%;,2;)
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fe(0,%i,2:) P(x;, 2:) |2} B}
Theorem [3] is proved.

Remark 1. We now provide the detailed form of M; and related quantities if the initial
estimators of v and B_, are obtained by the method proposed in Ma and He (2016]). Theorem
2 in Ma and He| (2016)) provided the asymptotic results of the initial estimators of ~ and
B under their parameterization. Using the delta method, we can obtain the corresponding
results for ¥ and B_,. Specifically, let D = diag (I, xa,, A), A= 18]2(—B Tag—1)x(ds-1));

where I(4;1)x(dz-1) and I xq, are identity matrices, and let
Q= BE{f(0,%x,2)P’(x,2)%*}.

Note that D is matrix with full row rank and € is a positive definite matrix. Let DT satisfy

DD* =145:4,-1. Then, following Ma and He| (2016),

V(¥ =)
Vi(B_y — B, >

= D(D'QD)" D' — Z@Z)]{'Y 9(z; B} P (x,25) + 0p(1)

\/>]611

= \le/’g{')’ 9(z Tﬁ>}PO(XJ7ZJ) +0p(1). (56.43)

~/
By the same derivation, the corresponding results for 4’ and 3_, are

NG
VB, - B_y)
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= Q7' — > Wi{y, 9(z] B)}P°(x;,2;) + 0,(1). (S6.44)

1
\/mjdz

Based on ([S6.43)) and (S6.44)), we can get

VN F-v+E =)

2 | s ~
Ba=B1)+(B1—-8,)

1 N
= =7y {7, 9(z] B)} P°(x;,2;) + 0,(1).
VN ; ’
| X
This means M; = Qfl\/—ﬁ wj{*y,g(z;r,@)}Po(xj,zj). Then cov(JM;) = JQUJT, where
j=1

O =7(1-1)QE{P(x;,2,;)®*}Q L.

COV(JMl,MQ) = JQ_IE [f:(O,Xi7ZZ‘)PO(Xi,ZZ‘)P(Xi,ZZ‘)T:I,
cov(JMy, M) = JQ'E|P°(xy,2)

E{fe*(oaxiyZi)fe(oaxi7Zi)P(Xi7Zi)|ZriF/8}T
fe|zT5(07 Z;Fﬂ) .

S7 Figures for Setting 2 of Simulation 2
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* = 25% =+ 975% == mean == true * = 25% =+ 975% == mean == true

-05 0o 0’5 10 -05 0o 0’5 10

Figure S.1: Plots of estimators for g(-) in Simulation 2, Setting 2: The true error ¢; = o(x;,2;){¢; — F (1)},
where &; = F(-) and 0(x;,2;) = 1/|X2]. Estimation is based on our proposed method with the correct model
€ ~ SN(0,1,3). Top to bottom panels: 7 = 0.4,0.5,0.6. Left panels: n = 400, right panels: n = 1000. The
black sold lines are the true, the dashed red lines are the mean curve, the blue dot-dashed lines are 2.5%
quantile, and the darkgreen dotted lines are 97.5% quantile.
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* = 25% =+ 975% == mean == true * = 25% =+ 975% == mean == true

-05 0o 0’5 10 -05 0o 0’5 10

Figure S.2: Plots of estimators for g(-) in Simulation 2, Setting 2: The true error ¢; = o(x;,2;){¢; — F (1)},
where & = F(-) and o(x;,2;) = 4/|Xi2|- Estimation is based on our proposed method with the first
misspecified error model €F ~ N(0,1). Top to bottom panels: 7 = 0.4,0.5,0.6. Left panels: n = 400, right
panels: n = 1000. The black sold lines are the true, the dashed red lines are the mean curve, the blue
dot-dashed lines are 2.5% quantile, and the darkgreen dotted lines are 97.5% quantile.
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= 25% =+ 97.5% == mean == true * = 25% =+ 975% == mean == true

Figure S.3: Plots of estimators for g(+) in Simulation 2, Setting 2: The true error ¢; = o(x;,2;){¢; — F (1)},
where € ~ F(-) and o(%;,2;) = 4/|Xi2|- Estimation is based on our proposed method with the second
misspecified error model € ~ t(). Top to bottom panels: 7 = 0.4,0.5,0.6. Left panels: n = 400, right
panels: n = 1000. The black sold lines are the true, the dashed red lines are the mean curve, the blue
dot-dashed lines are 2.5% quantile, and the darkgreen dotted lines are 97.5% quantile.
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