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S1 The Derivatives of Log-Likelihood Function

In this part, we give the first and second derivatives of the log-likelihood
function given in (3.12). For convenience, we denote £(8) = 3", £,(0) with

0,(0) =log P, (X = 24| Fi—1), where

[(n—z¢)/2]
n xt . . ”)"Lf{ll‘tf .
Pn(%t) = Pn(Xt = xt|ft71) = Z (1715 +j j) Oy ﬂoz;(l — p — 062) 2]-

Jj=max(0,~z¢)

By Lemma [2] given in supplementary materials [S4]

oP, (x 1
80<.t2 t) = 5 (]Pn—l(‘rt - 1) + Pn—l(xt + 1) - Q]Pn—l(mt)) s
QPn(%) pe 1 pe 1 21
A7 U - N R (R 1) — 2P, (x).
alut (n + 2 Pn l(xt )+ n 2 Pn 1<xt+ ) n Pn 1(.],})
Therefore, VO € O,
—1 < 0P, (2,)/00? < 1 and — 9/2 < P, (x,) /O < 9/2. (S1.1)

In subsequent, we give the first derivatives of £(8) with respect to 8, which

is given as 00(0)/00 = 3. 0¢,(8)/00. Specially,

(00,0) 1 0P.(z)  04(0) 1 0P,(x)
OJayg Pn(%) aMt ’ 0p Pn<xt) 8/% fe=t,
Do P, (z;) 0o? oy P,(z;) 0o 'V
ol (0 1 0P, ol (0 1 oP,
H(0) (xt)Xt—la +(0) _ (ft)|Xt—1|-

( Oa;  Pu(x) O 01 P.(z;) Oo;
Therefore, Vi =1,--- ,6,Vj =1,--- .6, by (SI.1) and Lemma ,

|00,(0)/00;| < 9Incoy ' /2 and |94,(0)/00;00,(0)/00;| < 81n*wwy?/4. (S1.3)
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To compute 9*¢(0

)/0000 | we denote

1 (0P () 1 0P, (zy)
e =g (Tan) By
f( ) . 1 aPn(l’t) 6Pn(xt) 1 82Pn(xt)
2\ P2(x;) Oy do? P, (z;) Oudo?’
1 (0P () 1 %P, (zy)
falwn) = P2 (z,) ( 0?2 ) T B, (1) 902002
where
o*P,, 1 1 2
° # = H]P)n—l(xt — 1) + EPn_l(It + 1) — EPn_l(It)
N pe 1 0P,y (xy — 1) N pe 1 OP,—1(xy 4+ 1) B %8]}””,1(%)
n 2 O n 2 O n ouy
o 82pn<l’t) . laPn_l(It — 1) 1(91?”_1(@ + 1) _ (9]P’n_1(xt)
(9/14/80}2 N 2 3ut 2 aut aut ’
aQ]P)n(I't> _ lapn_l(l’t — ]_) lapn_l(xt + 1) . apn_l(l‘t)
do2do? 2 do? 2 do? do?
Therefore,
82&(9) B 82&(0) B 82€t(9) B
(’9043 = fl(xt), m = f1($t)ut—1, m = f2($t)7
82&(0) 9 82€t(9) 82&(9)
_— = = _ == X —
Do fa(wi)oy_y, Dorndony fi(@) Xe, Drdaby fo(@e)| X1l
PLO) o, 0(6) *LO) o,
8/8% - fl(xt)ut—17 aﬁlaQSO - f2(xt),U/t717 aﬁlawl - f2(37t)0-t—1,ut71>
9%(,(0) 9%(,(0) 09%(,(0)

f— _ _ — T _ X _ — T
95,00, fi(xe) Xe—1 -1, 95,00, fo(@e)pe—1|Xe-1], 962 f3(x),
82€t(0) 9 62&(9) 82€t(0)

— = _ —_— = X —
8¢08¢1 f3(xt)0t_17 8¢08a1 fZ(xt)Xt 1, 8@508@51 f3(37t>| t 1|7
920,(6) A ,  O(0) ,

507 f3(xi)op_y, Jinda, fo(@) Xo a0y, D00, fo(@e)oi 1| Xel,
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920,(9)

2
Oaj

520,(6)
0a109,

9°0,()
007

= fi(z) X7, = fo(@) X1 | X1, = fa() | X7

Similarly, one can compute 9*/,(0)/90,0,;0y, ¥ (i, j, k) € {1,2,--- ,6}3. Here,

we omit them.

S2 Proof

In this part, we give the proofs of Propositions 1-3, Remark 2, Lemma 1

and Theorems 1-2, respectively.

Proposition 1

The first item holds by Proposition 3 in Omair et al.| (2016]), and it is easy
to see the third item holds. Here, we only illustrate the second item. If {Z;}
is an independent random variable sequence and Z; ~ TD(1, ay, ), then
{|Z;|} is a sequence of mutually independent and identically distributed

random variables with P(|Z1| = 1) = ay +ag = 1 —P(|Z;| = 0). Therefore,
Zé_l |Z;| ~ Bin(n, a1 + az).

The proof is complete.

Proposition 2

Denote 1 = a1 + ag and 79 = 51 + S2. By (2) in |Gibbs and Su| (2002]),
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TV<TD1<7L,&1,CY2),TD1(TL, 61,ﬁ2)) (SQl)
=05 ) (Z(Jm T ad( Zcm +J’@g(1—r2)w3) :
k=—n Jj=w1 Jj=w1

where w; = max(0, —k),ws = [(n — k)/2], w3 =n — k —2j and C(k,j) =
(kﬂ]) Ifn=1,

TV(TDI1(1, o4, a2), TD1(1, By, B2)) = 0.5 | (r1 — 72) + ((1 — 1) — (1 = 12))|

<n—7ll=1-0~n—7l).

For all n > 1, we assume TV(TDI1(n,ay, ), TD1(n, f1,52)) < 1 — (1 —
|71 —72||)™ and denote w; = max(0, —k) and wy = [(n+1—k)/2]. It is easy
to see that Cy11(k,7) = Co(k—1,4) + Cp(k+1,5— 1) + Cy(k, j). Then we

denote d =n + 1 — k — 275 and consider the case of n + 1 based on (S2.1)).

2TVHDMn+Lah@LTDMn+Lﬁh&D

n+1

= Z Z Cny1(k, ) < el ]( Tl)d—ﬁfﬂﬁg(l—ﬁ)d)

k=—(n+1) j=

n+1

< > icn(k—l,ﬁ( Fag(1 =)’ = BB 1))

—_ . ’
k=—(n+1) J=w,

/
n+1 Wy

> Y Gtk 15— 1) (el (1 = ) - BB r))

—_ . /
k=—(n+1) J=wy
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’I'L+1 ’LU2
30D Gtk (alPad1 =)t = BB )
k=—(n+1) | j=u,

<oy X 2TV(TD1(TZ, Qaq, Oég), TD].(’I’L,Bl,BQ)) + |Oél — 61|
+ a9 X 2TV(TD1<H, aq, OéQ), TDl(n, ﬁl, 52)) + ‘ag - ﬁ2|

+ (1 - T?) X QTV(TDl(nv g, a?)a TDl(”v 617 62)) + ||7—1 - 7_2“‘
Hence,

TV(TD1(n + 1,01, ), TDL(n + 1, B1, 5a))
< (1= (ry — 1)) x TV(TD1(n, a1, ), TD1(n, 1, B2)) + |11 — 72|

=1-(1—[ln—rl)""

To sum up, for all n > 1, TV(TD1(n,aq,as), TD1(n, 51,5)) < 1 — (1 —
71 — 7)™

Note that |71 — || = |ag — fi] + | — 2| = (a1 — B1) + (e — o) =
(g + ) — (1 + Po) =11 —rg for all a; > 1 > n/(20) > 0 and ag > B >

n/(2) > 0. In addition,

7”1—7“2_1 T2

r r

ry—ry <

Hence, 1 —(1— |1 —7|)" =1—(1—=(r1—r))" <1—(1— (1 —ry/m))" =

1 — (ry/ry)" . Furthermore, for all a3 > 1 > 6/(2n) > 0 and ap > [y >
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n/(20) > 0, it follows 1 > ry > n/§ > 0. Thus,

Q:1+T1—T2 gexp(|rl_r2|> SeXp<|7“1—7“2|)
Ty Ty Ty n/o

by using exp(z) > 1 + z,Vz > 0. Therefore,

|7“1—7”2|

T n
1- (i) <1—exp (_nn—/5> =1—exp(—=d|r; —rq|).
Thus, TV(TD1(n, a1, as), TD1(n, f1,02)) < 1 —exp(—d|r; —re]) = 1 —

exp(—d||m1 — 72||). The proof is complete.

Theorem 1
(1) Let Zy = (X, s, 02) " with
Mt = Qg + OélXt_l + ﬁl,ut—l and 0t2 = ¢0 + ¢1|Xt_1‘ + ¢1Ut2—1' (82.2)

Under Assumption 1, we have || < 1 and [¢;| < 1. Iterating the recursions

in (S2.2) backward yields

o
L=

Nt—l_ﬁl

+ay Z BiXi—1-; and o} = + ¢ Z VX 14 (S2.3)
=0 i=0

It is easy to see that {u;} and {o?} converge absolutely by |3;| < 1, 0 <
¢y < 1 and the finiteness of { X},

Let {st}tez be an ii.d. sequence of Uniform(0,1) random variables
such that X; = Fl;}atg(st), where Fu_ig denotes the quantile function of

the conditional distribution. Substituting X, ;_; = F ! N CT

Ht—1—i04_1_;
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into (S2.3)), there exist some measurable functions j and 62 such that

pe = (..., 80 9,8_1) and 02 = G2(...,8t_9,51). Thus, {X;} is reex-
pressed as X; = Fll_(itfl,St727---)7&Q(St—175t72,---)(st) = G(s4, S4-1,St—2,...) for

some measurable function G. Therefore,

~ ~ T
Zt = (Xta K, 07§2>T = (G(5t7 St—15 - ')a M(St—la . ')7 O-Q(St—lv e )) )

i.e., {Z;} admits a Bernoulli-shift representation with i.i.d. innovations {s, }.

(2) By using Theorem 12.0.1 in Meyn and Tweedie (2009), it suffices
to show that {A;} is bounded in probability on average. First, VA;, Ay =
3, + AX; + BY] by (2.7). By Proposition 1, E(Yi| A1) = (p1, p2/n+02)7,
BE(Y1|A1) = BM\ + (0,012 /n)T < BM\ + (0,n¢1)" := B\; + 65. Hence,
E(XA2|A1) = 61 + AN + BE(Y3| A1) <6 + (A + B)A, where § = §; + 5.

By introduction,

EAis1| A1) <8+ (A + B)E(XA)

<{I+(A+B)+ -+ (A+B)"")é+ (A+B)'A.

By p(A+ B) < 1, then I — A — B is nonsingular, [I —(A+ B)}_1 =

TS(A+ B)! and (A + B)! — 0, as t — oo. Therefore,

EAiA) < [IT—(A+B)] 6+ (A+ B)'A,.
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Subsequently,

P' (A1 € CIAL) = P(A 1 g1 < iy, Aagpr < ka|Ap)

>1—=P(A41 > k1| A1) = P(Ag41 > ka| A1)

oy BOwald) - EQeelA)
- ky ko

=1— (k{" k3 D (EN 1 A), EQAapsa] A1) T

=1-v'EAwi|M) >1—v [T (A+B)) '+ (A+ B)'\].

It is easy to see that there exist k&; € R and ky; € R large enough such
that vTE(A11]A1) < e Hence, P!(Ay € C|A) > 1 — ¢, ie., Vb >
LETLSSE P A1 € CIA) < 1 — e Therefore, {\;} is boundedness in
probability on average. Thus, there exists at least one stationary distribu-
tion of {A;}.

In the following, we illustrate the uniqueness of its stationary distribu-
tion. By Assumption 1, ||A||, < 1,p € [1,00). For all [ > 1, {\;} is a reach-
able. In subsequent, we prove that {A;} is an e-chain, i.e., |P¥ f—P% f| <,
if ||z1 — z1]| < n, for all £ > 1. Let |f| < 1.

First, we consider k& = 1, using Proposition 2 and ||AB||, < [|A|,||B|l,,

HPfBlf - ]lefH

= Z Z (f(61 + Az + B(m,n)P(m,n|x,) — f(8; + Az + B(m,n) " )P(m,n|z)) ||
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< |[If(8:1 + Az, + B(m,n) )| ZZ [P(m, n|@1) — P(m, n|z)||
+ (1)) CPm,nlz0) || £(81 + Azy + B(m,n)") = f(81 + Az + B(m,n)")||
<Y S IP(m.nf@y) — P(m,nlz)|| + [|f (81 + Az + B(m,n)") — f(8 + Az + B(m,n)")]|

<1 —exp(—(lles — z1]]) + [|A(z1 — 21)]lp
<1 —exp(—(Cllz1 — 21]]) + [|Allpller — 21|,

< L—exp(—(flzr = =) +¢

Second, we consider the case of k = 2, xy = 8, + Az, + B(m,n),

2o =01+ Az + B(m,n), ||lzs — 2o|| < [|Allp]|®1 — 215, then
1B f =P fll = ZZ (m, n|@1)Py, f — P(m,n|z1)Ps, f) ||
<D0 Plm,nj@) (Payf — Poy f) || + ] ZZ m,n|x) — P(m, n|z1)) Pz, ||
< Pap f = Poy fll + | ZZ (m,n|x1) — P(m,n|z1)) ||
<€ +[1 - exp(—([l@s — 2o]))] + [1 — exp(—([l@r — 2 )]
<€ 4 [1—exp(—CllAllpller — z1ll,)] + [1 — exp(—=C|l@r — z1],)].
Similarly, for all £ > 1,

) — zil| = |A(Tro1 — 201) ]| = - = | A% (®p—s — 20— |

< HASHPH.’,B]C,S — Zksz?S = 1’27 . ’k_
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Using exp(—z) > 1 —z,z < 0,

P57 —BE fll < €+ 30 (1= exp(—C[ A%l — 2l,)]
<+ Al — zll, = € + Al

Therefore, {\;} is an e-chain. Thus, its stationary distribution is unique.

(3) Denote A = (i1,02) ", Fy'(s) = (F(s1), Fu_l (s2)) with F71(s) =

2/n+0-2

inf{t >0, F,(t) > s}, s = (s1,82) € (0,1)% By Proposition 2,

/wa ~ Fa(8)lhds = [1( 12/n + %) = G0y 2 /m + 02) I

= [ID(X = Xo)|[1 < [[D1[IA = Xoll1 < 3[[A = Xoll1,

where

1 0
D =

(1 + po)/m 1

and [ Dy = 1+ i+ pol /n < 3, ¥, i) € [—m, ]
Hence,
E[[A1(A) = Ai(Xo)]lp, = / |61 + AN+ BF;I(S) — (01 + AXo + BF;(}(S))deS
= [ 1A = 20) + B (6) ~ F(5)) s
< AL IA = Nally Bl [ 1557(5) = B (9) s

< [|Allp[[A = Aollp + HBHp/ IFX*(s) — F5, (8)]l1ds
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< LAl [IA = Aollp + (1 + |1z + prol /) | B[ X = Aol

= (max(|B1],¢1) +3 x 2P (L+ |u+ pol /) max(|aa |, ¢1)) [ A = Xoll,

By Assumption 1, max (]3], 1) +3x 21"V (14| put-pio| /n) max (||, 1) <
1. Therefore, {\;} is geometric moment contraction process by Proposition
4.2.1 in Liu/ (2012)). Therefore, there exists a unique stationary distribu-
tion. According to Theorem 6.4.1 in |Doukhan and Wintenberger| (2008]),
it is also 7-weakly dependent process and constitutes an ergodic causal

Bernoulli shift, thereby completing this proof.

Remark 2

Denote Z; = (X;,02). It is easy to see {Z;} is a time-homogeneous Markov
chain. In the following, we first denote Y; = |X;|, then {o?} is rewritten as

02 :=g(Yi 1,02 ) = ¢o+ ¢1Yi1 + 102 . Thus, for all y; < yo,0? < 03,

19(y1,07) — 9(y2,03)| < d1lyr — yo| + ¥l — a3). (52.4)

Hence, (A1) in Doukhan et al| (2021) holds by (S2.4), if ¢9 > 0, ¢ €
(0,1),% € (0,1) and 0 < ¢1 + 91 < 1.

Second, if X ~ TD2(n,0,02/n), then E(X?) = o2 Subsequently,
we denote Qp(z) = P(X < x) and ¢g(b) = b, where @Qy(x) is the cumu-

lative distribution of the TD2(n,0,0%/n) with [2?dQ,(z) = b. Hence,
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g(b) maps from (0,n) to (0,n) and is a strictly monotonic function with
[ 22dTD2(n,0,g(b)/n) = b. Assume Uy, Us,--- ,U, be independent and
uniformly distributed on [0,n]. Let b, € (0,n), then X := >"  I(U; <
g(b) ~ Qp and X' = Y0 I(U; < g(b)) ~ Qy. Thus, X < X' with
probability one, if b < ', i.e., X is stochastically less than or equal to X
Therefore, (A2) in [Doukhan et al.| (2021) holds.

To sum up, Theorem 2.4 and Theorem 2.6 in|Doukhan et al.| (2021) hold.
Hence, the first two items of Theorem 1 hold for the TDGV(1,1) model.
By |Doukhan| (1994), S-mixing implies strong mixing, so {X;} is stationary
and strongly mixing at a geometric rate, i.e., {X;} is ergodic. Similar to

Proposition 2 in Davis and Liu (2016), {07} is also ergodic. Thus, the third

item of Theorem 1 holds for the TDGV(1,1) model. The proof is closed.

Proposition 3

By Definition 2, E(X;|F; 1) = s, E(X}) = E(we) := px = ap/(1 — a1 — S1),

Var(X;|F;_1) = o7 and
E(0f) = ¢o + S1E[Xi| + 1 E(0)) = (do + ¢iE[X]) /(1 — ). (S2.5)
By Proposition 1, | X;||F;_; ~ Bin(n, p? + 14), thus,

B(X.]) = BE(X.||F 1)) = Epi2/n + Eo?. (52.6)
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Substituting ((S2.6) into (S2.5) yields n(1 — )Eo? = ngg + &1 E(u?) +

n¢1Eo?. Thus,

Eo? = b i E(12). (S2.7)

1—¢1— 1 n(1—¢1—¢1)

Therefore,

Var(X;) = E(Var(X;|F,)) + Var(E(X,|F;)) = E(07) + Var(u)

(SPH) ®o n P1

I—¢1 =1 n(l—¢1— )

n(1— ¢y — 1) Var(Xy) = ngo + ¢1ux + (¢1 + n(l — ¢1 — 1)) Var(ue),

(Var(u:) + p%) + Var(m,),

n(1— ¢y — ¥1)(1 — B7)Var(Xy)=(ngo + pr1px ) (1 — 57) + of (¢1 + n(1 — ¢1 — ¥1)) Var(X,),

hence,

n(1—B})do + o1 (1 — Bk
n(l—¢1 —n)(1 —aj = f7) — draf

Var(X;) =

The proof is closed.

Lemma 1

By Definition 2, if there exists a t > 1 such that X;(60) = Xy(0), P,(z|Fi_1)e
a.s., then Eg(Xy|Fi—1) = E5(Xy|Fi—1) and Varg(Xy|Fi—1) = Varg(X;|Fi—1),
ie.,

g+ on Xy 1+ i1 = do + a1 Xe1 + By,

b0 + O1] Xi—1| + ¢10t271 = &0 + €51|th1’ + 1;1%2717
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if and only if ag = dg, 1 = a1, B1 = 1, b0 = o, 1 = b1, = 1. Hence,

the TDGMV((1,1),(1,1)) model is identifiable.

Theorem 2

By Assumption 1, ® is compact and 6 is an interior points in ©. By
supplementary material S1, [;(0) is twice continuously differentiable with
respect to @ for each X; in an open and convex neighbourhood N(6) of

6. Thus, [;(0) is a continuous function of @ for each X;. By Lemma [3|

E( sup [L(0)])] < ooand sup |2, lt(O)/T—Elt(G)‘ — 0,(1), and
0N (6o) <N (60)

El;(€) has a unique maximum at 6y. Consequently, we have established all
the conditions for consistency of Theorem 4.1.2 in |Amemiya; (1985)), thus
the first item of Theorem 2 holds.

The proof of the second item rests on the Taylor series expansion of the

score vector around 8, i.e.,

0="T""%90(6)/06

= T7200(80)/00 + (T~10°0(07) /00007 ) VT (01 — 6,),  (S2.8)

where 0* lies in between 87 and 6. According to Theorem 4.1.3 of Amemiya

(1985), we need to show that

1 0060) 4 10%(6%)
1/2— - o
TP N0,V (8)) and oosns s~ M(6). (S2.9)
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The former one holds by Lemma and Lemma and T—10%0(60,) /0000 2~ —
M (6,) by Lemma [6]

By supplementary materials[S1] it is easy to see V(i, j, k) € {1,2,---,6}%,
0%0,(0)/00;0,0), exists and is continuous with respect to 8. By Lemma
given in supplementary materials [S4] and , there exists some constant
c such that supgeg [0°¢,(0)/06,0;0,| < c.

Let h(7) = v 0%1,(0p + 7(0 — 6y)) /0000 " vy, where v; € RC i = 1,2.

By using mean value theorem and Lemma 1 in Jensen and Rahbek| (2004]),

|h(1) — h(0)] = |vy (8%1:(0))/06006" — 5°1,(6,))/0606 ") 1|

< | ll|0 = 8oll|villc — 0, as 6 — 6. (52.10)

Thus, by using Lemma [6] and (S2.10))

1 0%0(6)

L 19°0(6") 1 0%(8y)
T 90067

——M(6o)| < [l

- 1 6%(60)
T 90067 T 00007

I+l

— 0.

Therefore, T~292((0*) /00007 — — M (8y). Hence, by using (52.8), (52.9)
and Theorem 4.1.3 in |[Amemiyal (1985)), it is direct to obtain that v/T'(6 —

00)—=N (0, M~ (8,)V (80) M~ (6y)).
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S3 Simulation Results

This section starts with the simulation results for the specified TDGV(1,1)
and TDGMV ((1,1),(1,1)). Next, we examine the model performance under

misspecified settings. Finally, we discuss the performance of the forecasting.

S3.1 Scenario I: Specified TDGV and TDGMYV Models

Without loss of generality, we perform the analysis with n = 10 and sample
size T = 300 and 1000. Within each scenario, we simulate 1000 replica-
tions and employ the constrOptim function from the stats package in R to
optimize the function given by equation (3.12), yielding 6. Performance
metrics, including the empirical bias, ESD and ASD, are summarized in
Tables [TTHTE

In addition, to provide additional graphical information, we present
their boxplots of (B1) and (C1) in Figures [F1] and [F2] and their quantile-
quantile plots (qqplots) with 7" = 1000 in Figures [F3] and Other graph-

ical results are similar, and we omit the details for brevity.



CONTENTS

Table T1: Simulation results of (B1)-(B4) for the specified TDGV model.

Po P1 (0
300 1000 300 1000 300 1000
(B1) = (0.5,0.2,0.4)
Bias 0.0756 0.0048 —0.0706  0.0315 0.0013 —0.0287
ESD 0.2651 0.1194  0.2582 0.2253 0.0678 0.2198
ASD 0.6462 0.1284  0.6318 0.3083 0.0734 0.3052
(B2) = (0.5,0.2,0.5)
Bias 0.0632 0.0478  0.0094 0.0051 —0.0532 —0.0389
ESD 0.3167 0.2694  0.1377 0.0781 0.2751 0.2257
ASD 0.6836 0.3250  0.1373 0.0776 0.5500 0.2640
(B3) = (0.5,0.3,0.4)
Bias 0.0619 0.0402  0.0060 0.0002 —0.0526 —0.0333
ESD 0.2761 0.1971  0.1430 0.0820 0.2561 0.1796
ASD 0.4629 0.2139  0.1456 0.0793 0.4156 0.1923
(B4) = (0.5,0.3,0.5)
Bias 0.0786 0.0343 0.0094 —0.0003 —0.0561 —0.0233
ESD 0.3001 0.2277  0.1598 0.0885 0.2337 0.1741
ASD 0.5307 0.2536  0.1588 0.0865 0.3870 0.1866
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Table T2: Simulation results of (B5)-(B8) for the specified TDGV model.

b0 $1 V1
300 1000 300 1000 300 1000
(B5) = (0.5,0.4,0.4)
Bias  0.0686  0.0215  —0.0047 —0.0003 —0.0454 —0.0146
ESD 02811  0.1802  0.1602  0.0891  0.2339  0.1487
ASD 03750  0.1771  0.1571  0.0857  0.3027  0.1460
(B6) = (0.5,0.4,0.3)
Bias  0.0216  0.0148  —0.0041 —0.0038 —0.0101 —0.0100
ESD  0.2295  0.1450  0.1517  0.0791  0.2252  0.1447
ASD  0.3223  0.1519  0.1510  0.0799  0.3157  0.1494
(B7) = (1,0.3,0.4)
Bias —0.2179 —0.1636 —0.0182 —0.0159  0.1060  0.0805
ESD  0.3025  0.2342  0.1834  0.1041  0.1762  0.1270
ASD  1.0201 05872  0.2034  0.1233  0.5211  0.2996
(B8) = (1,0.4,0.3)
Bias —0.1997 —0.1319 —0.0191 —0.0118 0.1029  0.0698
ESD 02674  0.1976  0.1891  0.1059  0.1797  0.1220
ASD  0.8561  0.3963  0.2184  0.1137  0.4955  0.2220
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Table T3: Simulation results of (C1)-(C3) for the specified TDGMV model.

Qg Qi B1 %o 1
300 1000 300 1000 300 1000 300 1000 300 1000 300 1000

(C1) = (0.5,-0.1,0.1,0.5,0.2, 0.3)

Bias —0.0054 —0.0137 —0.0054 —0.0014  0.0203 0.0248 0.0027  0.0162 0.0024 —0.0006 —0.0083 —0.0195

ESD 0.2353 0.1652 0.0648 0.0351 0.4538 0.3247 0.2434  0.1715 0.1047  0.0571 0.2721 0.1988

ASD 0.2234 0.1365 0.0576 0.0329 0.4219 0.2633 0.4123 0.1916 0.1012  0.0553 0.4778 0.2205
(C2) = (~0.5,0.1,0.2,0.5,0.2,0.3)

Bias —0.0469 —0.0300 —0.0034 —0.0007 —0.0631 —0.0414 —0.0155 0.0119 0.0159 0.0005 —0.0010 —0.0116

ESD 0.2845 0.2099 0.0658 0.0344 0.4212 0.3005 0.2504  0.1655 0.1179  0.0498 0.2712 0.1865

ASD 0.3119 0.1871 0.0575 0.0327 0.4385 0.2660 0.3183 0.1628 0.0948 0.0477 0.3611 0.1829
(C3) = (~0.5,-0.1,0.1,0.5,0.2,0.3)

Bias 0.0309 0.0072  —0.0050 —0.0002  0.0637 0.0150 0.0130  0.0155 0.0001 —0.0004 —0.0212 —0.0165

ESD 0.2421 0.1664 0.0652 0.0335 0.4761 0.3231 0.2319 0.1761 0.1044  0.0570 0.2628 0.2048

ASD  0.1985 0.1440 0.0565 0.0333 0.3719 0.2773 0.4102  0.2002 0.1033  0.0579 0.4756 0.2318
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Table T5: Simulation results of (C7)-(C9) for the specified TDGMV model.

Qo o B Po ®1
300 1000 300 1000 300 1000 300 1000 300 1000 300 1000

(C7) = (0.5,—0.1, -0.2,0.5,0.2,0.3)

Bias —0.0376 —0.0142 —0.0065 —0.0018 0.0940 0.0384 0.0245 0.0087 —0.0039 —0.0015 —0.0269 —0.0101

ESD 0.1859 0.1245 0.0631 0.0337  0.4590 0.3130 0.2290 0.1733 0.1131 0.0604 0.2662 0.2030

ASD  0.1695 0.1106 0.0570 0.0332  0.3979 0.2713 0.4793 0.2109  0.1083 0.0602 0.5608 0.2443
(C8) = (0.5,-0.1,—0.1,0.5,0.2,0.3)

Bias —0.0261 —-0.0177 —0.0056  0.0011 0.0651 0.0368 0.0073 0.0210 —0.0071 0.0008 —0.0025 —0.0243

ESD 0.2005 0.1457 0.0642 0.0335  0.4693 0.3407 0.2417 0.1737  0.1070 0.0588 0.2777 0.2000

ASD 0.1771 0.1218 0.0569 0.0333  0.3864 0.2796 0.4088 0.2206  0.1058 0.0597 0.4794 0.2538
(C9) = (~0.5,-0.1,-0.2,0.5,0.2,0.3)

Bias 0.0265 0.0152  —0.0042 —0.0006 0.0903 0.0453 0.0097 0.0187 —0.0078 —0.0014 —0.0089 —0.0186

ESD 0.1907 0.1242 0.0616 0.0336  0.4579 0.3136 0.2359 0.1783  0.1020 0.0597 0.2720 0.2046

ASD  0.1796 0.1086 0.0569 0.0334 0.4136 0.2648 0.4420 0.2331 0.1084 0.0601 0.5217 0.2673
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Figure F1: Boxplots of (B1) for the specified TDGV model.
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S3.2 Scenario II: Misspecified TDGV and TDGMYV Models

In this part, we first generate samples with sizes 300 and 1000 from the
truncated Skellam GARCH model (n = 10) using the same parameter
combinations and replication times. We then compute 0 by employing
the constrOptim function to optimize the function in (3.12). Finally, we
summarize the empirical bias, ESD and ASD, are summarized in Tables

‘110, and some additional graphical information in Figures

Remark 1. Similar to the CML estimator of the classic INGARCH model
(Fokianos et al., [2009), the numerical results, especially for ag, are sensitive
to the choice of initial value and sample size. This sensitivity leads to

violations from normality when the sample size is small.

S3.3 Forecasting Performance Evaluation

To address the forecasting performance under distributional misspecifica-
tion, we evaluate the calibration of the one-step-ahead predictive distribu-
tions using the probability integral transform (PIT). Here, we adopt the

randomized PIT proposed by (Czado et al. (2009), which is defined as

u=F(y—1)+ V- [Fly) - Fly. — 1], V~U(0,1),
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Table T6: Simulation results of (B1)-(B4) for the misspecified TDGV model.

Po P1
300 1000 300 1000 300 1000
(B1) = (0.5,0.2,0.4)
Bias 0.0445 0.0236 —0.0004 —0.0046 —0.0529 —0.0330
ESD 0.2796 0.2303  0.1216 0.0707 0.2831 0.2349
ASD 0.5705 0.2700  0.1225 0.0702 0.5769 0.2748
(B2) = (0.5,0.2,0.5)
Bias 0.0626 0.0328  0.0071 0.0039 —0.0630 —0.0386
ESD 0.3185 0.2736  0.1390 0.0797 0.2788 0.2337
ASD 0.6839 0.2938 0.1351 0.0751 0.5661 0.2452
(B3) = (0.5,0.3,0.4)
Bias 0.0493 0.0279 0.0027 —0.0044 —0.0541 —0.0339
ESD 0.2738 0.2044  0.1460 0.0820 0.2633 0.1878
ASD 0.4334 0.2057  0.1395 0.0775 0.4008 0.1902
(B4) = (0.5,0.3,0.5)
Bias 0.0669 0.0259 0.0061  —0.0037 —0.0588 —0.0268
ESD 0.3043 0.2293  0.1598 0.0859 0.2417 0.1770
ASD 0.5247 0.2387  0.1531 0.0840 0.3913 0.1802
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Table T7: Simulation results of (B5)-(B8) for the misspecified TDGV model.

b0 $1 V1
300 1000 300 1000 300 1000
(B5) = (0.5,0.4,0.4)
Bias  0.0551  0.0087 —0.0067 —0.0049 —0.0468 —0.0153
ESD 02764  0.1808  0.1610  0.0946  0.2366  0.1540
ASD  0.3585  0.1676  0.1547  0.0839  0.2966  0.1425
(B6) = (0.5,0.4,0.3)
Bias  0.0153  0.0043  —0.0097 —0.0116 —0.0162 —0.0109
ESD  0.2257  0.1457  0.1559  0.0810  0.2259  0.1498
ASD 03176  0.1464  0.1446  0.0784  0.3235  0.1480
(B7) = (1,0.3,0.4)
Bias —0.2193 —0.1703 —0.0166 —0.0143  0.0992  0.0752
ESD  0.3031 02395 01918  0.1052  0.1782  0.1322
ASD  1.0527 05561  0.2016  0.1179  0.5476  0.2878
(B8) = (1,0.4,0.3)
Bias —0.2041 —0.1440 —0.0182 —0.0097 0.0969  0.0655
ESD 02722  0.1975 01959  0.1110  0.1840  0.1248
ASD  0.7563  0.3717  0.2033  0.1113  0.4425  0.2126
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Table T8: Simulation results of (C1)-(C3) for the misspecified TDGMV model.

a1 B %o é1 (1
300 1000 300 1000 300 1000 300 1000 300 1000 300 1000
(C1) = (0.5,-0.1,0.1,0.5,0.2,0.3)
Bias —0.0000  0.0010 —0.0077 —0.0051 0.00564  —0.0001 0.0023 —0.0081 0.0014 —0.0022 —0.0387 —0.0209
ESD 0.1363 0.1190 0.0640 0.0332 0.2720 0.2359 0.1563 0.1297 0.0949 0.0518 0.1893 0.1560
ASD  0.2971 0.1771 0.0586 0.0332 0.5766 0.3459 0.4324 0.1993 0.1025 0.0539 0.5276 0.2406
(C2) = (~0.5,0.1,0.2,0.5,0.2,0.3)
Bias —0.0346 —0.0196  0.0041 0.0020 —0.0571 —0.0317 —0.0087 —0.0170 —0.0083 —0.0126 —0.0345 —0.0166
ESD 0.1438 0.1283 0.0616 0.0318 0.2213 0.1868 0.1537 0.1277 0.0816 0.0440 0.1859 0.1545
ASD  0.4130 0.2385 0.0618 0.0334 0.5886 0.3424 0.3063 0.1621 0.0824 0.0444 0.3719 0.1966
(C3) = (=0.5,-0.1,0.1,0.5,0.2,0.3)
Bias 0.0121 —0.0006 —0.0092 —0.0030  0.0245 0.0019 0.0074 —0.0103 —0.0012 —0.0003 —0.0467 —0.0195
ESD 0.1397 0.1219 0.0641 0.0325 0.2744 0.2411 0.1541 0.1294 0.0904 0.0548 0.1875 0.1599
ASD  0.2796 0.1706 0.0588 0.0331 0.5493 0.3312 0.4204 0.1877 0.0996 0.0539 0.5136 0.2273
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Table T10: Simulation results of (C7)-(C9) for the misspecified TDGMV model.

Qg aq b1 %o
300 1000 300 1000 300 1000 300 1000 300 1000 300 1000

(C7) = (0.5,—0.1, -0.2,0.5,0.2,0.3)

Bias —0.0446 —0.0224 —0.0126 —0.0047 0.1172 0.0604 0.0236 0.0062 —0.0045 —0.0034 —0.0553 —0.0289

ESD 0.1304 0.0969 0.0628 0.0323  0.2974 0.2385 0.1515 0.1383  0.1041 0.0562 0.1874 0.1654

ASD  0.2239 0.1341 0.0597 0.0340  0.5636 0.3363 0.5023 0.2273  0.1078 0.0599 0.6207 0.2738
(C8) = (0.5,-0.1,—0.1,0.5,0.2,0.3)

Bias —0.0287 —0.0187 —0.0111 —0.0034 0.0748 0.0448 0.0092 0.0055 —0.0047 —0.0016 —0.0369 —0.0346

ESD 0.1355 0.1085 0.0623 0.0335 0.3065 0.2520 0.1545 0.1376  0.1013 0.0601 0.1882 0.1684

ASD  0.2550 0.1390 0.0597 0.0335 0.5866 0.3240 0.4729 0.2118 0.1080 0.0588 0.5787 0.2581

(C9) = (~0.5,-0.1,-0.2,0.5,0.2,0.3)

Bias 0.0372 0.0231 —0.0092 —0.0031 0.1180 0.0658 0.0108 0.0010 —0.0063 —0.0060 —0.0394 —0.0237

ESD 0.1340 0.1019 0.0619 0.0331  0.3022 0.2458 0.1549 0.1370  0.0980 0.0582 0.1886 0.1654

ASD  0.2342 0.1396 0.0594 0.0340  0.5786 0.3478 0.4915 0.2284  0.1100 0.0592 0.6019 0.2760
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Figure F5: Boxplots of (B1) for the misspecified TDGV model.
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Figure F6: Boxplots of (C1) for the misspecified TDGMV model.
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Figure F7: QQ-plots of (B1) for the misspecified TDGV model.
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Figure F8: QQ-plots of (C1) for the misspecified TDGMV model.
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where F(-) denotes the cumulative distribution function of the one-step-
ahead predictive distribution and y,; is the realized observation. If the
predictive distribution is correctly specified, The sequence {u;} follows a
uniform distribution on [0, 1].

In what follows, we take ¢y = 0.5,¢; = 0.1,¢; = 0.3 for the TDGV
model and ag = —0.5, a1 = —0.1, 81 = 0.1, ¢9 = 0.5, 91 = 0.2, = 0.3 for
the TDGMV model for example, and then employ PIT to examine whether
the predictive cumulative distribution functions are uniformly distributed.
Figures [F9 and display their PIT histograms for the one-step-ahead

predictive distributions under scenarios I and II.

Specified TDGV model Misspecified TDGV model

1
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Figure F9: PIT histograms for the TDGV model under scenarios I and II.
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Figure F10: PIT histograms for the TDGMYV model under scenarios I and II.

From Figures [F9 and in general, all the histograms are approxi-
mately uniform, i.e., the proposed models possess a certain degree of robust-
ness to distributional misspecification in terms of predictive calibration.

In addition, we employ the kolmogorov-smirnov (KS) test for uniformity
and report the KS test statistic and its corresponding p-value. Furthermore,
we also report the sample mean and standard deviation (sd) of the Pear-
son residuals to present diagnostic information, which are summarized in
Table [TT1]

From Table[TTI] the KS tests fail to reject the null hypothesis of unifor-

mity in most cases, and the means and standard deviations of the Pearson
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Table T11: Results of KS test and the Pearson residuals’ mean and sd.

Size  Models KS statistic p-value mean sd

300  Specified TDGV 0.0225 0.6931  —0.0023 0.9993
Misspecified TDGV 0.0157 0.9669 —0.0037 1.0110
Specified TDGMV 0.0193 0.8513  —0.0100 1.0340
Misspecified TDGMV  0.0212 0.7576 ~ —0.0010 1.0240

1000  Specified TDGV 0.0157 0.9666  0.0007 0.9993
Misspecified TDGV 0.0267 0.4752  0.0005 1.0110
Specified TDGMV 0.0240 0.6107  —0.0003 0.9991
Misspecified TDGMV  0.0379 0.1137  —0.0006 1.0220

residuals are close to 0 and 1, respectively, providing additional evidence

that the predictive distributions are well calibrated.

S4 Some Auxiliary Results

In this part, we give some auxiliary results.

S4.1 Auxiliary Lemma

Lemma 1. If Z ~ TDI1(n,ry,re) with its pmf taking form (2.2), then
there exist two positive constants wy and wy such that wy < P,(k) < wo,

Vk=0,%1, -, 4n.
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Proof. As discussed in Chen et al.(2025a), the pmf of the trinomial differ-
ence distribution is unimodal and attains its maximum at [n(r; — rg)] or

[n(r1 — re) + 1], where [x] stands for the integer part of z. Hence,
min{P, (n), Pn(—n)} < P(k) < max{P,([n(ry —r2)]), Pu(n(rs —r2) + 1))},
where k = 0,%1,--- ,£n. Specially, let @, = min{P,(n),P,(—n)} and
wy = max{P,([n(ry —r)]), Pu([n(ry — ) +1]) }. O
Lemma 2. If Z ~ TD1(n,r, 1) with its pmf taking form (2.2), then
P.(k) =rPp1(k—1)+ (1 —ry —1r9)Pp_1(k) + moPp_1(k + 1),
OP,(k)/or1 =n(P,_1(k—1) —P,_1(k)),
0P, (k)/Ors =n (Pp_y(k+1) = Puy(k)),
wheren € ZT,0<r; <1l andri+ry < 1,i=1,2, P,(5) =0, if |j| > n.

Proof. By Proposition 1, there exist an independent and identically dis-

tributed random variable sequence {Z;} such that Z = >""" | Z;. Therefore,

Bu(k) =Bu(Z = k) =Pu(Y . Zi+ Z, = k)

= 7“1]P)n,1<k — 1) + (1 —7ry — 7“2)]}])71,1(]{> + T’Q}P}nfl(k + 1)

Denote r = r1+ry. By (2.2), OP,(k)/0r1 = > (kﬂj) ((k+]) hetj— (11—

T)n_k_Zj (n—Fk—2j)ry s 17’%(1 ke ke 1) _nZ(k n1+1”) i 1+]T%(1

)R 3T () (L) R = (B (K — 1) = Paoy (K)) and

k+3,J
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O, (k) /Orz = 32 (.05 ,) (g (L= )87 — (= k= 29)ry (1
)n k—2j— 1) _ nz (kfjjl 1) k—HT% 1(1 _r)n717k72] nz <k+]J) k—HT’%(l

PR (B (k1) — Py (K) -

Lemma 3. If Assumption 1 holds, then

E< sup |lt(9)|> < 0o and sup ’Z 0)/T — El(0)| = 0,(1),

6N (6o) 0N (6
where 0,(1) converges to 0 as T — +o00. Furthermore, El,(0) has a unique

maximum at 6.

Proof. By Lemma 1, logw; < logP,(2:(0)) < w9,V € O. Hence, there

exist some positive constant M = max{|logw|, |logws|} such that

E (SUPeeN(eo) ‘lt(0)|) =E (SUpaeN(eo) | log Pn@t(e))‘) <M.

By using Theorem 3.1 in |Ling and McAleer| (2003)), %Zthl 1,(0) — El,(0)
in probability as T" — co. By Jensen’s inequality, we have

E((8)) - E(l:(80)) = E1 %

P (Xi| Fi1)e )
<lopcE| ——————~ | =0.
=08 (m(xtm_l)eo

Thus, El;(€) attains a strict local maximum at 6. ]
. 0L:(6) 01:(6)
L 4. If A 1 E
emma 'f Assumption 1 holds, then (9:}3&) ‘ 0 007 < 0
T 100,(0)0l,(0) 0l,(0) 01,(0)
d — —E = 1).
Y oenton 3T 00 007 o6 oo |~ W
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Proof. By (S1.3), then E (supgey(ay) |01,(6)/06001,(6)/06T||) < oo. Simi-

larly, we obtain that

L L(6) 9(6) _ OL(6) 91:(6)

el _ — o.(1
oo | 2= T 06 067 00 007 | o0(1)
by Theorem 3.1 in [Ling and McAleer| (2003)). O

Lemma 5. If Assumption 1 holds, then E (01,(6,)/0001,(6y)/00") = V (6,) >

0, and T2 5" 01,(60)/00—5N (0, V (8y)).

Proof. Denote n;_1(6y) = ( He—1,

OPy (24(60)) OPn(z
do? 7 do

0P, (x4(600)) OP,(x(600)) x OP,, (2(60))
6;Lt ’ Oy b Oy

-
5 ))|Xt_1| (@ g ))at1> . By (S1.2), we obtain
0% Oy

V(8y) = E (01:(60)/0001:(60)/00 ") = E (P, *(x+(60))m-1(60)n, 1(60)) -

If V(6y) is not positive definite, then there exists a constant vector ¢ =

(c1,-+- ,c)" such that ¢"V(6y)e = 0, and then

c'E (P;Q(ft(eo))"?t—l(00)"7:—1(90)) c=E ((]P)ZQ(%(OO)) ("7;—10)2> = 0.

This is impossible. Therefore, V' (6y) is positive definite. Then, by using

the martingale central limit theorem and Cramér-Wold device, it is direct

to obtain T-Y2 5T 91,(64)/00—5N (0, V (). O
Lemma 6. If Assumption 1 holds, then E [ su O°L,(6) < 00, and
' P ’ eeN}i,o) 90907 ’

1 Za?zt(e) (e
JT 5, 00007 aeam

sup
OEN 90)
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Proof. By Lemma (1| given in supplementary materials |S4 and (S1.1f), there

exist two constants ¢ and ¢ such that ¢ < fi(x;) < ¢, = 1,2,3. There-

0%(,(0)
06:00,

)H = 0,(1) by Theorem 3.1 in |Ling and

fore, Vi = 1,2,--- ,6,Vj =1,2,--- 6,

L L 0(8) o (9°1(6))
JT &= 00007 20007

McAleer| (2003)). O

< n?max{|c|, [¢|}. Thus,

S4.2 Auxiliary Discussion with regard to TD2 Distribution

To account for the characteristics of the Z ~ TD2(n, o, v), we present the
histogram of Z in Figure for p € {—5,0,2} and o2 € {4.5,5.6,6} with
n = 10, when k varies from —10 to 10 with increment one.

(1) mu=-5 (2) mu=0 (3) mu=2

0.20
0.20
0.20

o?=45

oo
s
015

—0
0.05
o .
—""
0.05

SR —
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0.10 0.15
—
b
e .
,
P(X=K)
0.10 0.15
ee—
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0.10

0.05 .
. .
—
O

0.00
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[

Figure F11: PMF of TD2(n, a, v).

By Figure the sample from TD2(n, «,v) distribution seems uni-

modal. For fixed 02, when p = 0, the TD distribution is symmetric about



CONTENTS

the x = 0 and its peak is located at zero. As pu changes, the graph shifts
horizontally. If p increases (decreases), the graph shifts to the right (left).
The entire curve moves along the x-axis while maintaining its shape with
the peak now located at p. For fixed u, if 0® decreases (increases), the
graph becomes narrower and taller (wider and flatter), the data are more

concentrated around the mean (spread out).
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