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S1 The Derivatives of Log-Likelihood Function

In this part, we give the first and second derivatives of the log-likelihood

function given in (3.12). For convenience, we denote ℓ(θ) =
∑T

t=1 ℓt(θ) with

ℓt(θ) = logPn(Xt = xt|Ft−1), where

Pn(xt) = Pn(Xt = xt|Ft−1) =

[(n−xt)/2]∑
j=max(0,−xt)

(
n

xt + j, j

)
αxt+j
1 αj

2(1− α1 − α2)
n−xt−2j.

By Lemma 2 given in supplementary materials S4,

∂Pn(xt)

∂σ2
t

=
1

2
(Pn−1(xt − 1) + Pn−1(xt + 1)− 2Pn−1(xt)) ,

∂Pn(xt)

∂µt

=

(
µt

n
+

1

2

)
Pn−1(xt − 1) +

(
µt

n
− 1

2

)
Pn−1(xt + 1)− 2µt

n
Pn−1(xt).

Therefore, ∀θ ∈ Θ,

−1 ≤ ∂Pn(xt)/∂σ
2
t < 1 and − 9/2 ≤ ∂Pn(xt)/∂µt ≤ 9/2. (S1.1)

In subsequent, we give the first derivatives of ℓ(θ) with respect to θ, which

is given as ∂ℓ(θ)/∂θ =
∑T

t=1 ∂ℓt(θ)/∂θ. Specially,

∂ℓt(θ)

∂α0

=
1

Pn(xt)

∂Pn(xt)

∂µt

,
∂ℓt(θ)

∂β1
=

1

Pn(xt)

∂Pn(xt)

∂µt

µt−1,

∂ℓt(θ)

∂ϕ0

=
1

Pn(xt)

∂Pn(xt)

∂σ2
t

,
∂ℓt(θ)

∂ψ1

=
1

Pn(xt)

∂Pn(xt)

∂σ2
t

σ2
t−1,

∂ℓt(θ)

∂α1

=
1

Pn(xt)

∂Pn(xt)

∂µt

Xt−1,
∂ℓt(θ)

∂ϕ1

=
1

Pn(xt)

∂Pn(xt)

∂σ2
t

|Xt−1|.

(S1.2)

Therefore, ∀i = 1, · · · , 6,∀j = 1, · · · , 6, by (S1.1) and Lemma 1,

|∂ℓt(θ)/∂θi| ≤ 9nϖ−1
2 /2 and |∂ℓt(θ)/∂θi∂ℓt(θ)/∂θj| ≤ 81n2ϖ−2

2 /4. (S1.3)
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To compute ∂2ℓ(θ)/∂θ∂θ⊤, we denote

f1(xt) = − 1

P2
n(xt)

(
∂Pn(xt)

∂µt

)2

+
1

Pn(xt)

∂2Pn(xt)

∂µ2
t

,

f2(xt) = − 1

P2
n(xt)

∂Pn(xt)

∂µt

∂Pn(xt)

∂σ2
t

+
1

Pn(xt)

∂2Pn(xt)

∂µt∂σ2
t

,

f3(xt) = − 1

P2
n(xt)

(
∂Pn(xt)

∂σ2
t

)2

+
1

Pn(xt)

∂2Pn(xt)

∂σ2
t ∂σ

2
t

,

where

• ∂2Pn(xt)

∂µ2
t

=
1

n
Pn−1(xt − 1) +

1

n
Pn−1(xt + 1)− 2

n
Pn−1(xt)

+

(
µt

n
+

1

2

)
∂Pn−1(xt − 1)

∂µt

+

(
µt

n
− 1

2

)
∂Pn−1(xt + 1)

∂µt

− 2µt

n

∂Pn−1(xt)

∂µt

,

• ∂2Pn(xt)

∂µt∂σ2
t

=
1

2

∂Pn−1(xt − 1)

∂µt

+
1

2

∂Pn−1(xt + 1)

∂µt

− ∂Pn−1(xt)

∂µt

,

• ∂2Pn(xt)

∂σ2
t ∂σ

2
t

=
1

2

∂Pn−1(xt − 1)

∂σ2
t

+
1

2

∂Pn−1(xt + 1)

∂σ2
t

− ∂Pn−1(xt)

∂σ2
t

.

Therefore,

∂2ℓt(θ)

∂α2
0

= f1(xt),
∂2ℓt(θ)

∂α0∂β1
= f1(xt)µt−1,

∂2ℓt(θ)

∂α0∂ϕ0

= f2(xt),

∂2ℓt(θ)

∂α0∂ψ1

= f2(xt)σ
2
t−1,

∂2ℓt(θ)

∂α0∂α1

= f1(xt)Xt−1,
∂2ℓt(θ)

∂α0∂ϕ1

= f2(xt)|Xt−1|,

∂2ℓt(θ)

∂β2
1

= f1(xt)µ
2
t−1,

∂2ℓt(θ)

∂β1∂ϕ0

= f2(xt)µt−1,
∂2ℓt(θ)

∂β1∂ψ1

= f2(xt)σ
2
t−1µt−1,

∂2ℓt(θ)

∂β1∂α1

= f1(xt)Xt−1µt−1,
∂2ℓt(θ)

∂β1∂ϕ1

= f2(xt)µt−1|Xt−1|,
∂2ℓt(θ)

∂ϕ2
0

= f3(xt),

∂2ℓt(θ)

∂ϕ0∂ψ1

= f3(xt)σ
2
t−1,

∂2ℓt(θ)

∂ϕ0∂α1

= f2(xt)Xt−1,
∂2ℓt(θ)

∂ϕ0∂ϕ1

= f3(xt)|Xt−1|,

∂2ℓt(θ)

∂ψ2
1

= f3(xt)σ
4
t−1,

∂2ℓt(θ)

∂ψ1∂α1

= f2(xt)Xt−1σ
2
t−1,

∂2ℓt(θ)

∂ψ1∂ϕ1

= f2(xt)σ
2
t−1|Xt−1|,
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∂2ℓt(θ)

∂α2
1

= f1(xt)X
2
t−1,

∂2ℓt(θ)

∂α1∂ϕ1

= f2(xt)Xt−1|Xt−1|,
∂2ℓt(θ)

∂ϕ2
1

= f3(xt)|X2
t−1|.

Similarly, one can compute ∂3ℓt(θ)/∂θiθjθk, ∀(i, j, k) ∈ {1, 2, · · · , 6}3. Here,

we omit them.

S2 Proof

In this part, we give the proofs of Propositions 1-3, Remark 2, Lemma 1

and Theorems 1-2, respectively.

Proposition 1

The first item holds by Proposition 3 in Omair et al. (2016), and it is easy

to see the third item holds. Here, we only illustrate the second item. If {Zi}

is an independent random variable sequence and Zi ∼ TD(1, α1, α2), then

{|Zi|} is a sequence of mutually independent and identically distributed

random variables with P(|Z1| = 1) = α1 +α2 = 1−P(|Z1| = 0). Therefore,

∑n

i=1
|Zi| ∼ Bin(n, α1 + α2).

The proof is complete.

Proposition 2

Denote r1 = α1 + α2 and r2 = β1 + β2. By (2) in Gibbs and Su (2002),
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TV(TD1(n, α1, α2),TD1(n, β1, β2)) (S2.1)

= 0.5
n∑

k=−n

∣∣∣∣∣
(

w2∑
j=w1

C(k, j)αk+j
1 αj

2(1− r1)
w3 −

w2∑
j=w1

C(k, j)βk+j
1 βj

2(1− r2)
w3

)∣∣∣∣∣ ,
where w1 = max(0,−k), w2 = [(n − k)/2], w3 = n − k − 2j and C(k, j) =(

n
k+j,j

)
. If n = 1,

TV(TD1(1, α1, α2),TD1(1, β1, β2)) = 0.5
∣∣(r1 − r2

)
+
(
(1− r1)− (1− r2)

)∣∣
≤ ∥τ1 − τ2∥ = 1− (1− ∥τ1 − τ2∥).

For all n > 1, we assume TV(TD1(n, α1, α2),TD1(n, β1, β2)) ≤ 1 − (1 −

∥τ1−τ2∥)n and denote w
′
1 = max(0,−k) and w′

2 = [(n+1−k)/2]. It is easy

to see that Cn+1(k, j) = Cn(k− 1, j)+Cn(k+1, j− 1)+Cn(k, j). Then we

denote d = n+ 1− k − 2j and consider the case of n+ 1 based on (S2.1).

2TV(TD1(n+ 1, α1, α2),TD1(n+ 1, β1, β2))

=
n+1∑

k=−(n+1)

∣∣∣∣∣∣
w

′
2∑

j=w
′
1

Cn+1(k, j)
(
αk+j
1 αj

2(1− r1)
d − βk+j

1 βj
2(1− r2)

d
)∣∣∣∣∣∣

≤
n+1∑

k=−(n+1)

∣∣∣∣∣∣
w

′
2∑

j=w
′
1

Cn(k − 1, j)
(
αk+j
1 αj

2(1− r1)
d − βk+j

1 βj
2(1− r2)

d
)∣∣∣∣∣∣

+
n+1∑

k=−(n+1)

∣∣∣∣∣∣
w

′
2∑

j=w
′
1

Cn(k + 1, j − 1)
(
αk+j
1 αj

2(1− r1)
d − βk+j

1 βj
2(1− r2)

d
)∣∣∣∣∣∣
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+
n+1∑

k=−(n+1)

∣∣∣∣∣∣
w

′
2∑

j=w
′
1

Cn(k, j)
(
αk+j
1 αj

2(1− r1)
d − βk+j

1 βj
2(1− r2)

d
)∣∣∣∣∣∣

≤ α1 × 2TV(TD1(n, α1, α2),TD1(n, β1, β2)) + |α1 − β1|

+ α2 × 2TV(TD1(n, α1, α2),TD1(n, β1, β2)) + |α2 − β2|

+ (1− r2)× 2TV(TD1(n, α1, α2),TD1(n, β1, β2)) + ∥τ1 − τ2∥.

Hence,

TV(TD1(n+ 1, α1, α2),TD1(n+ 1, β1, β2))

≤ (1− (r1 − r2))× TV(TD1(n, α1, α2),TD1(n, β1, β2)) + ∥τ1 − τ2∥

= 1− (1− ∥τ1 − τ2∥)n+1.

To sum up, for all n ≥ 1, TV(TD1(n, α1, α2),TD1(n, β1, β2)) ≤ 1 − (1 −

∥τ1 − τ2∥)n.

Note that ∥τ1 − τ2∥ = |α1 − β1| + |α2 − β2| = (α1 − β1) + (α2 − β2) =

(α1 +α2)− (β1 + β2) = r1 − r2 for all α1 ≥ β1 > n/(2δ) > 0 and α2 ≥ β2 >

n/(2δ) > 0. In addition,

r1 − r2 ≤
r1 − r2
r1

= 1− r2
r1
.

Hence, 1− (1−∥τ1− τ2∥)n = 1− (1− (r1− r2))
n ≤ 1− (1− (1− r2/r1))

n =

1 − (r2/r1)
n . Furthermore, for all α1 ≥ β1 > δ/(2n) > 0 and α2 ≥ β2 >
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n/(2δ) > 0, it follows r1 ≥ r2 ≥ n/δ > 0. Thus,

r1
r2

= 1 +
r1 − r2
r2

≤ exp

(
|r1 − r2|

r2

)
≤ exp

(
|r1 − r2|
n/δ

)
by using exp(x) ≥ 1 + x,∀x ≥ 0. Therefore,

1−
(
r2
r1

)n

≤ 1− exp

(
−n |r1 − r2|

n/δ

)
= 1− exp(−δ|r1 − r2|).

Thus, TV(TD1(n, α1, α2),TD1(n, β1, β2)) ≤ 1 − exp(−δ|r1 − r2|) = 1 −

exp(−δ∥τ1 − τ2∥). The proof is complete.

Theorem 1

(1) Let Zt = (Xt, µt, σ
2
t )

⊤ with

µt = α0 + α1Xt−1 + β1µt−1 and σ2
t = ϕ0 + ϕ1|Xt−1|+ ψ1σ

2
t−1. (S2.2)

Under Assumption 1, we have |β1| < 1 and |ψ1| < 1. Iterating the recursions

in (S2.2) backward yields

µt =
α0

1− β1
+α1

∞∑
i=0

βi
1Xt−1−i and σ

2
t =

ϕ0

1− ψ1

+ϕ1

∞∑
i=0

ψi
1|Xt−1−i|. (S2.3)

It is easy to see that {µt} and {σ2
t } converge absolutely by |β1| < 1, 0 <

ψ1 < 1 and the finiteness of {Xt},

Let {st}t∈Z be an i.i.d. sequence of Uniform(0, 1) random variables

such that Xt = F−1
µt,σ2

t
(st), where F−1

µ,σ2 denotes the quantile function of

the conditional distribution. Substituting Xt−1−i = F−1
µt−1−i,σ2

t−1−i
(st−1−i)
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into (S2.3), there exist some measurable functions µ̃ and σ̃2 such that

µt = µ̃(. . . , st−2, st−1) and σ2
t = σ̃2(. . . , st−2, st−1). Thus, {Xt} is reex-

pressed as Xt = F−1
µ̃(st−1,st−2,...), σ̃2(st−1,st−2,...)

(st) = G(st, st−1, st−2, . . .) for

some measurable function G. Therefore,

Zt = (Xt, µt, σ
2
t )

⊤ =
(
G(st, st−1, . . .), µ̃(st−1, . . .), σ̃

2(st−1, . . .)
)⊤
,

i.e., {Zt} admits a Bernoulli-shift representation with i.i.d. innovations {st}.

(2) By using Theorem 12.0.1 in Meyn and Tweedie (2009), it suffices

to show that {λt} is bounded in probability on average. First, ∀λ1, λ2 =

δ1 +Aλ1 +BY1 by (2.7). By Proposition 1, E(Y1|λ1) = (µ1, µ
2
1/n+ σ2

1)
⊤,

BE(Y1|λ1) = Bλ1 + (0, ϕ1µ
2
1/n)

⊤ ≤ Bλ1 + (0, nϕ1)
⊤ := Bλ1 + δ2. Hence,

E(λ2|λ1) = δ1 +Aλ1 +BE(Y1|λ1) ≤ δ + (A +B)λ1, where δ = δ1 + δ2.

By introduction,

E(λt+1|λ1) ≤ δ + (A+B)E
(
λt|λ1

)
≤
(
I + (A+B) + · · ·+ (A+B)t−1

)
δ + (A+B)tλ1.

By ρ(A+B) < 1, then I −A−B is nonsingular,
[
I − (A+B)

]−1
=∑+∞

t=0 (A+B)t and (A+B)t → 0, as t→ ∞. Therefore,

E(λt+1|λ1) ≤
[
I − (A+B)

]−1
δ + (A+B)tλ1.
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Subsequently,

Pt(λt+1 ∈ C|λ1) = P(λ1,t+1 ≤ k1, λ2,t+1 ≤ k2|λ1)

≥ 1− P(λ1,t+1 > k1|λ1)− P(λ2,t+1 > k2|λ1)

≥ 1− E(λ1,t+1|λ1)

k1
− E(λ2,t+1|λ1)

k2

= 1− (k−1
1 , k−1

2 )(E(λ1,t+1|λ1),E(λ2,t+1|λ1))
⊤

= 1− ν⊤E(λt+1|λ1) ≥ 1− ν⊤
[
(I − (A+B))−1δ + (A+B)tλ1

]
.

It is easy to see that there exist k1 ∈ R and k2 ∈ R large enough such

that ν⊤E(λt+1|λ1) < ϵ. Hence, Pt(λt+1 ∈ C|λ1) ≥ 1 − ϵ, i.e., ∀k ≥

1, k−1
∑k

t=1 Pt(λt+1 ∈ C|λ1) ≤ 1 − ϵ. Therefore, {λt} is boundedness in

probability on average. Thus, there exists at least one stationary distribu-

tion of {λt}.

In the following, we illustrate the uniqueness of its stationary distribu-

tion. By Assumption 1, ∥A∥p ≤ 1, p ∈ [1,∞). For all l ≥ 1, {λt} is a reach-

able. In subsequent, we prove that {λt} is an e-chain, i.e., ∥Pk
x1
f−Pk

z1
f∥ < ϵ,

if ∥x1 − z1∥ < η, for all k ≥ 1. Let |f | ≤ 1.

First, we consider k = 1, using Proposition 2 and ∥AB∥p ≤ ∥A∥p∥B∥p,

∥Px1f − Pz1f∥

= ∥
∑
m

∑
n

(
f(δ1 +Ax1 +B(m,n)⊤)P(m,n|x1)− f(δ1 +Az1 +B(m,n)⊤)P(m,n|z1)

)
∥
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≤ ∥f(δ1 +Ax1 +B(m,n)⊤)∥∥
∑
m

∑
n

∥P(m,n|x1)− P(m,n|z1)∥

+ ∥
∑
m

∑
n

P(m,n|z1)∥∥f(δ1 +Ax1 +B(m,n)⊤)− f(δ1 +Az1 +B(m,n)⊤)∥

≤
∑
m

∑
n

∥P(m,n|x1)− P(m,n|z1)∥+ ∥f(δ1 +Ax1 +B(m,n)⊤)− f(δ1 +Az1 +B(m,n)⊤)∥

≤ 1− exp(−ζ∥x1 − z1∥) + ∥A(x1 − z1)∥p

≤ 1− exp(−ζ∥x1 − z1∥) + ∥A∥p∥x1 − z1∥p

≤ 1− exp(−ζ∥x1 − z1∥) + ϵ
′
.

Second, we consider the case of k = 2, x2 = δ1 + Ax1 + B(m,n)
′
,

z2 = δ1 +Az1 +B(m,n)
′
, ∥x2 − z2∥ ≤ ∥A∥p∥x1 − z1∥p, then

∥P2
x1
f − P2

z1
f∥ = ∥

∑
m

∑
n

(P(m,n|x1)Px2f − P(m,n|z1)Pz2f) ∥

≤ ∥
∑
m

∑
n

P(m,n|x1) (Px2f − Pz2f) ∥+ ∥
∑
m

∑
n

(P(m,n|x1)− P(m,n|z1))Pz2f∥

≤ ∥Px2f − Pz2f∥+ ∥
∑
m

∑
n

(P(m,n|x1)− P(m,n|z1)) ∥

≤ ϵ
′
+ [1− exp(−ζ∥x2 − z2∥)] + [1− exp(−ζ∥x1 − z1∥)]

≤ ϵ
′
+ [1− exp(−ζ∥A∥p∥x1 − z1∥p)] + [1− exp(−ζ∥x1 − z1∥p)].

Similarly, for all k ≥ 1,

∥xk − zk∥ = ∥A(xk−1 − zk−1)∥ = · · · = ∥As(xk−s − zk−s)∥

≤ ∥As∥p∥xk−s − zk−s∥, s = 1, 2, · · · , k.
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Using exp(−x) ≥ 1− x, x < 0,

∥Pk
x1
f − Pk

z1
f∥ ≤ ϵ

′
+
∑k−1

s=0
[1− exp(−ζ∥As∥p∥x1 − z1∥p)]

≤ ϵ
′
+
∑k−1

s=0
ζ∥As∥p∥x1 − z1∥p = ϵ

′
+ ηζ∥A∥−1

p .

Therefore, {λt} is an e-chain. Thus, its stationary distribution is unique.

(3) Denote λ = (µ, σ2)⊤, F−1
λ (s) = (F−1

µ (s1), F
−1
µ2/n+σ2(s2)) with F

−1
x (s) =

inf{t ≥ 0, Fx(t) ≥ s}, s = (s1, s2) ∈ (0, 1)2. By Proposition 2,

∫
∥Fλ(s)− Fλ0(s)∥1ds = ∥(µ, µ2/n+ σ2)⊤ − (µ0, µ

2
0/n+ σ2

0)
⊤∥1

= ∥D(λ− λ0)∥1 ≤ ∥D∥1||λ− λ0∥1 ≤ 3∥λ− λ0∥1,

where

D =

 1 0

(µ+ µ0)/n 1


and ∥D∥1 = 1 + |µ+ µ0|/n ≤ 3, ∀(µ, µ0) ∈ [−n, n]2.

Hence,

E∥λ1(λ)− λ1(λ0)∥p =
∫

∥δ1 +Aλ+BF−1
λ (s)− (δ1 +Aλ0 +BF−1

λ0
(s))∥pds

=

∫
∥A(λ− λ0) +B(F−1

λ (s)− F−1
λ0

(s))∥pds

≤ ∥A∥p∥λ− λ0∥p + ∥B∥p
∫

∥F−1
λ (s)− F−1

λ0
(s)∥pds

≤ ∥A∥p∥λ− λ0∥p + ∥B∥p
∫

∥F−1
λ (s)− F−1

λ0
(s)∥1ds
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≤ ∥A∥p∥λ− λ0∥p + (1 + |µ+ µ0|/n)∥B∥p∥λ− λ0∥1

=
(
max(|β1|, ψ1) + 3× 21−1/p(1 + |µ+ µ0|/n)max(|α1|, ϕ1)

)
∥λ− λ0∥p

By Assumption 1, max(|β1|, ψ1)+3×21−1/p(1+|µ+µ0|/n)max(|α1|, ϕ1) <

1. Therefore, {λt} is geometric moment contraction process by Proposition

4.2.1 in Liu (2012). Therefore, there exists a unique stationary distribu-

tion. According to Theorem 6.4.1 in Doukhan and Wintenberger (2008),

it is also τ -weakly dependent process and constitutes an ergodic causal

Bernoulli shift, thereby completing this proof.

Remark 2

Denote Zt = (Xt, σ
2
t ). It is easy to see {Zt} is a time-homogeneous Markov

chain. In the following, we first denote Yt = |Xt|, then {σ2
t } is rewritten as

σ2
t := g(Yt−1, σ

2
t−1) = ϕ0 + ϕ1Yt−1 + ψ1σ

2
t−1. Thus, for all y1 < y2, σ

2
1 < σ2

2,

|g(y1, σ2
1)− g(y2, σ

2
2)| ≤ ϕ1|y1 − y2|+ ψ1|σ2

1 − σ2
2|. (S2.4)

Hence, (A1) in Doukhan et al. (2021) holds by (S2.4), if ϕ0 > 0, ϕ1 ∈

(0, 1), ψ ∈ (0, 1) and 0 < ϕ1 + ψ1 < 1.

Second, if X ∼ TD2(n, 0, σ2/n), then E(X2) = σ2. Subsequently,

we denote Qb(x) = P(X ≤ x) and g(b) = b, where Qb(x) is the cumu-

lative distribution of the TD2(n, 0, σ2/n) with
∫
x2dQb(x) = b. Hence,
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g(b) maps from (0, n) to (0, n) and is a strictly monotonic function with∫
x2dTD2(n, 0, g(b)/n) = b. Assume U1, U2, · · · , Un be independent and

uniformly distributed on [0,n]. Let b, b
′ ∈ (0, n), then X :=

∑n
i=1 I(Ui ≤

g(b)) ∼ Qb and X
′
=
∑n

i=1 I(Ui ≤ g(b
′
)) ∼ Qb′ . Thus, X ≤ X

′
with

probability one, if b ≤ b
′
, i.e., X is stochastically less than or equal to X

′
.

Therefore, (A2) in Doukhan et al. (2021) holds.

To sum up, Theorem 2.4 and Theorem 2.6 in Doukhan et al. (2021) hold.

Hence, the first two items of Theorem 1 hold for the TDGV(1,1) model.

By Doukhan (1994), β-mixing implies strong mixing, so {Xt} is stationary

and strongly mixing at a geometric rate, i.e., {Xt} is ergodic. Similar to

Proposition 2 in Davis and Liu (2016), {σ2
t } is also ergodic. Thus, the third

item of Theorem 1 holds for the TDGV(1,1) model. The proof is closed.

Proposition 3

By Definition 2, E(Xt|Ft−1) = µt,E(Xt) = E(µt) := µX = α0/(1− α1 − β1),

Var(Xt|Ft−1) = σ2
t and

E(σ2
t ) = ϕ0 + ϕ1E|Xt|+ ψ1E(σ

2
t ) = (ϕ0 + ϕ1E|Xt|)/(1− ψ1). (S2.5)

By Proposition 1, |Xt||Ft−1 ∼ Bin(n, p2t + νt), thus,

E(|Xt|) = E(E(|Xt||Ft−1)) = Eµ2
t/n+ Eσ2

t . (S2.6)
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Substituting (S2.6) into (S2.5) yields n(1 − ψ1)Eσ
2
t = nϕ0 + ϕ1E(µ

2
t ) +

nϕ1Eσ
2
t . Thus,

Eσ2
t =

ϕ0

1− ϕ1 − ψ1

+
ϕ1

n(1− ϕ1 − ψ1)
E(µ2

t ). (S2.7)

Therefore,

Var(Xt) = E
(
Var(Xt|Ft)

)
+Var(E(Xt|Ft)) = E(σ2

t ) + Var(µt)

(S2.7)
=

ϕ0

1− ϕ1 − ψ1

+
ϕ1

n(1− ϕ1 − ψ1)

(
Var(µt) + µ2

X

)
+Var(µt),

n(1− ϕ1 − ψ1)Var(Xt) = nϕ0 + ϕ1µ
2
X +

(
ϕ1 + n(1− ϕ1 − ψ1)

)
Var(µt),

n(1− ϕ1 − ψ1)(1− β2
1)Var(Xt)=(nϕ0 + ϕ1µ

2
X)(1− β2

1) + α2
1

(
ϕ1 + n(1− ϕ1 − ψ1)

)
Var(Xt),

hence,

Var(Xt) =
n(1− β2

1)ϕ0 + ϕ1(1− β2
1)µ

2
X

n(1− ϕ1 − ψ1)(1− α2
1 − β2

1)− ϕ1α2
1

.

The proof is closed.

Lemma 1

By Definition 2, if there exists a t ≥ 1 such thatXt(θ) = Xt(θ̃), Pn(x|Ft−1)θ

a.s., then Eθ(Xt|Ft−1) = Eθ̃(Xt|Ft−1) and Varθ(Xt|Ft−1) = Varθ̃(Xt|Ft−1),

i.e.,

α0 + α1Xt−1 + β1µt−1 = α̃0 + α̃1Xt−1 + β̃1µt−1,

ϕ0 + ϕ1|Xt−1|+ ψ1σ
2
t−1 = ϕ̃0 + ϕ̃1|Xt−1|+ ψ̃1σ

2
t−1,
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if and only if α0 = α̃0, α1 = α̃1, β1 = β̃1, ϕ0 = ϕ̃0, ϕ1 = ϕ̃1, ψ1 = ψ̃1. Hence,

the TDGMV((1,1),(1,1)) model is identifiable.

Theorem 2

By Assumption 1, Θ is compact and θ0 is an interior points in Θ. By

supplementary material S1, lt(θ) is twice continuously differentiable with

respect to θ for each Xt in an open and convex neighbourhood N(θ0) of

θ0. Thus, lt(θ) is a continuous function of θ for each Xt. By Lemma 3,

E

(
sup

θ∈N(θ0)

|lt(θ)|

)
< ∞ and sup

θ∈N(θ0)

∣∣∣∑T
t=2 lt(θ)/T − Elt(θ)

∣∣∣ = op(1), and

Elt(θ) has a unique maximum at θ0. Consequently, we have established all

the conditions for consistency of Theorem 4.1.2 in Amemiya (1985), thus

the first item of Theorem 2 holds.

The proof of the second item rests on the Taylor series expansion of the

score vector around θ0, i.e.,

0 = T−1/2∂ℓ(θ̂T )/∂θ

= T−1/2∂ℓ(θ0)/∂θ +
(
T−1∂2ℓ(θ∗)/∂θ∂θ⊤)√T (θ̂T − θ0), (S2.8)

where θ⋆ lies in between θ̂T and θ0. According to Theorem 4.1.3 of Amemiya

(1985), we need to show that

T−1/2∂ℓ(θ0)

∂θ

d−→N (0,V (θ0)) and
1

T

∂2ℓ(θ⋆)

∂θ∂θ⊤
p−→ −M(θ0). (S2.9)
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The former one holds by Lemma 4 and Lemma 5, and T−1∂2ℓ(θ0)/∂θ∂θ
⊤ p−→−

M (θ0) by Lemma 6.

By supplementary materials S1, it is easy to see ∀(i, j, k) ∈ {1, 2, · · · , 6}3,

∂3ℓt(θ)/∂θiθjθk exists and is continuous with respect to θ. By Lemma 1

given in supplementary materials S4 and (S1.1), there exists some constant

c such that supθ∈Θ |∂3ℓt(θ)/∂θiθjθk| < c.

Let h(τ) = ν⊤
1 ∂

2lt(θ0 + τ(θ − θ0))/∂θ∂θ
⊤ν2, where νi ∈ R6, i = 1, 2.

By using mean value theorem and Lemma 1 in Jensen and Rahbek (2004),

|h(1)− h(0)| =
∣∣ν⊤1 (∂2lt(θ))/∂θ∂θ⊤ − ∂2lt(θ0))/∂θ∂θ

⊤) ν2∣∣
≤ ∥ν1∥∥θ − θ0∥∥ν1∥c→ 0, as θ → θ0. (S2.10)

Thus, by using Lemma 6 and (S2.10)

∥ 1
T

∂2ℓ(θ⋆)

∂θ∂θ⊤ −−M(θ0)∥ ≤ ∥ 1
T

∂2ℓ(θ⋆)

∂θ∂θ⊤ − 1

T

∂2ℓ(θ0)

∂θ∂θ⊤ ∥+ ∥ 1
T

∂2ℓ(θ0)

∂θ∂θ⊤ −M (θ0)∥

→ 0.

Therefore, T−1∂2ℓ(θ⋆)/∂θ∂θ⊤ p−→ −M(θ0). Hence, by using (S2.8), (S2.9)

and Theorem 4.1.3 in Amemiya (1985), it is direct to obtain that
√
T (θ̂ −

θ0)
d−→N (0,M−1(θ0)V (θ0)M

−1(θ0)).
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S3 Simulation Results

This section starts with the simulation results for the specified TDGV(1,1)

and TDGMV ((1,1),(1,1)). Next, we examine the model performance under

misspecified settings. Finally, we discuss the performance of the forecasting.

S3.1 Scenario I: Specified TDGV and TDGMV Models

Without loss of generality, we perform the analysis with n = 10 and sample

size T = 300 and 1000. Within each scenario, we simulate 1000 replica-

tions and employ the constrOptim function from the stats package in R to

optimize the function given by equation (3.12), yielding θ̂. Performance

metrics, including the empirical bias, ESD and ASD, are summarized in

Tables T1–T5.

In addition, to provide additional graphical information, we present

their boxplots of (B1) and (C1) in Figures F1 and F2, and their quantile-

quantile plots (qqplots) with T = 1000 in Figures F3 and F4. Other graph-

ical results are similar, and we omit the details for brevity.
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Table T1: Simulation results of (B1)-(B4) for the specified TDGV model.

ϕ0 ϕ1 ψ1

300 1000 300 1000 300 1000

(B1) = (0.5, 0.2, 0.4)

Bias 0.0756 0.0048 −0.0706 0.0315 0.0013 −0.0287

ESD 0.2651 0.1194 0.2582 0.2253 0.0678 0.2198

ASD 0.6462 0.1284 0.6318 0.3083 0.0734 0.3052

(B2) = (0.5, 0.2, 0.5)

Bias 0.0632 0.0478 0.0094 0.0051 −0.0532 −0.0389

ESD 0.3167 0.2694 0.1377 0.0781 0.2751 0.2257

ASD 0.6836 0.3250 0.1373 0.0776 0.5500 0.2640

(B3) = (0.5, 0.3, 0.4)

Bias 0.0619 0.0402 0.0060 0.0002 −0.0526 −0.0333

ESD 0.2761 0.1971 0.1430 0.0820 0.2561 0.1796

ASD 0.4629 0.2139 0.1456 0.0793 0.4156 0.1923

(B4) = (0.5, 0.3, 0.5)

Bias 0.0786 0.0343 0.0094 −0.0003 −0.0561 −0.0233

ESD 0.3001 0.2277 0.1598 0.0885 0.2337 0.1741

ASD 0.5307 0.2536 0.1588 0.0865 0.3870 0.1866
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Table T2: Simulation results of (B5)-(B8) for the specified TDGV model.

ϕ0 ϕ1 ψ1

300 1000 300 1000 300 1000

(B5) = (0.5, 0.4, 0.4)

Bias 0.0686 0.0215 −0.0047 −0.0003 −0.0454 −0.0146

ESD 0.2811 0.1802 0.1602 0.0891 0.2339 0.1487

ASD 0.3750 0.1771 0.1571 0.0857 0.3027 0.1460

(B6) = (0.5, 0.4, 0.3)

Bias 0.0216 0.0148 −0.0041 −0.0038 −0.0101 −0.0100

ESD 0.2295 0.1450 0.1517 0.0791 0.2252 0.1447

ASD 0.3223 0.1519 0.1510 0.0799 0.3157 0.1494

(B7) = (1, 0.3, 0.4)

Bias −0.2179 −0.1636 −0.0182 −0.0159 0.1060 0.0805

ESD 0.3025 0.2342 0.1834 0.1041 0.1762 0.1270

ASD 1.0201 0.5872 0.2034 0.1233 0.5211 0.2996

(B8) = (1, 0.4, 0.3)

Bias −0.1997 −0.1319 −0.0191 −0.0118 0.1029 0.0698

ESD 0.2674 0.1976 0.1891 0.1059 0.1797 0.1220

ASD 0.8561 0.3963 0.2184 0.1137 0.4955 0.2220
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Figure F1: Boxplots of (B1) for the specified TDGV model.
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Figure F2: Boxplots of (C1) for the specifited TDGMV model.
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Figure F3: QQ-plots of (B1) for the specified TDGV model.
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Figure F4: QQ-plots of (C1) for the specifited TDGMV model.
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S3.2 Scenario II: Misspecified TDGV and TDGMV Models

In this part, we first generate samples with sizes 300 and 1000 from the

truncated Skellam GARCH model (n = 10) using the same parameter

combinations and replication times. We then compute θ̂ by employing

the constrOptim function to optimize the function in (3.12). Finally, we

summarize the empirical bias, ESD and ASD, are summarized in Tables

T6-T10, and some additional graphical information in Figures F5-F8.

Remark 1. Similar to the CML estimator of the classic INGARCH model

(Fokianos et al., 2009), the numerical results, especially for α0, are sensitive

to the choice of initial value and sample size. This sensitivity leads to

violations from normality when the sample size is small.

S3.3 Forecasting Performance Evaluation

To address the forecasting performance under distributional misspecifica-

tion, we evaluate the calibration of the one-step-ahead predictive distribu-

tions using the probability integral transform (PIT). Here, we adopt the

randomized PIT proposed by Czado et al. (2009), which is defined as

ut = F (yt − 1) + V · [F (yt)− F (yt − 1)], V ∼ U(0, 1),
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Table T6: Simulation results of (B1)-(B4) for the misspecified TDGV model.

ϕ0 ϕ1 ψ1

300 1000 300 1000 300 1000

(B1) = (0.5, 0.2, 0.4)

Bias 0.0445 0.0236 −0.0004 −0.0046 −0.0529 −0.0330

ESD 0.2796 0.2303 0.1216 0.0707 0.2831 0.2349

ASD 0.5705 0.2700 0.1225 0.0702 0.5769 0.2748

(B2) = (0.5, 0.2, 0.5)

Bias 0.0626 0.0328 0.0071 0.0039 −0.0630 −0.0386

ESD 0.3185 0.2736 0.1390 0.0797 0.2788 0.2337

ASD 0.6839 0.2938 0.1351 0.0751 0.5661 0.2452

(B3) = (0.5, 0.3, 0.4)

Bias 0.0493 0.0279 0.0027 −0.0044 −0.0541 −0.0339

ESD 0.2738 0.2044 0.1460 0.0820 0.2633 0.1878

ASD 0.4334 0.2057 0.1395 0.0775 0.4008 0.1902

(B4) = (0.5, 0.3, 0.5)

Bias 0.0669 0.0259 0.0061 −0.0037 −0.0588 −0.0268

ESD 0.3043 0.2293 0.1598 0.0859 0.2417 0.1770

ASD 0.5247 0.2387 0.1531 0.0840 0.3913 0.1802
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Table T7: Simulation results of (B5)-(B8) for the misspecified TDGV model.

ϕ0 ϕ1 ψ1

300 1000 300 1000 300 1000

(B5) = (0.5, 0.4, 0.4)

Bias 0.0551 0.0087 −0.0067 −0.0049 −0.0468 −0.0153

ESD 0.2764 0.1808 0.1610 0.0946 0.2366 0.1540

ASD 0.3585 0.1676 0.1547 0.0839 0.2966 0.1425

(B6) = (0.5, 0.4, 0.3)

Bias 0.0153 0.0043 −0.0097 −0.0116 −0.0162 −0.0109

ESD 0.2257 0.1457 0.1559 0.0810 0.2259 0.1498

ASD 0.3176 0.1464 0.1446 0.0784 0.3235 0.1480

(B7) = (1, 0.3, 0.4)

Bias −0.2193 −0.1703 −0.0166 −0.0143 0.0992 0.0752

ESD 0.3031 0.2395 0.1918 0.1052 0.1782 0.1322

ASD 1.0527 0.5561 0.2016 0.1179 0.5476 0.2878

(B8) = (1, 0.4, 0.3)

Bias −0.2041 −0.1440 −0.0182 −0.0097 0.0969 0.0655

ESD 0.2722 0.1975 0.1959 0.1110 0.1840 0.1248

ASD 0.7563 0.3717 0.2033 0.1113 0.4425 0.2126
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Figure F5: Boxplots of (B1) for the misspecified TDGV model.
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Figure F6: Boxplots of (C1) for the misspecified TDGMV model.
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Figure F7: QQ-plots of (B1) for the misspecified TDGV model.
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Figure F8: QQ-plots of (C1) for the misspecified TDGMV model.
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where F (·) denotes the cumulative distribution function of the one-step-

ahead predictive distribution and yt is the realized observation. If the

predictive distribution is correctly specified, The sequence {ut} follows a

uniform distribution on [0, 1].

In what follows, we take ϕ0 = 0.5, ϕ1 = 0.1, ψ1 = 0.3 for the TDGV

model and α0 = −0.5, α1 = −0.1, β1 = 0.1, ϕ0 = 0.5, ϕ1 = 0.2, ψ1 = 0.3 for

the TDGMV model for example, and then employ PIT to examine whether

the predictive cumulative distribution functions are uniformly distributed.

Figures F9 and F10 display their PIT histograms for the one-step-ahead

predictive distributions under scenarios I and II.
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Figure F9: PIT histograms for the TDGV model under scenarios I and II.
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Figure F10: PIT histograms for the TDGMV model under scenarios I and II.

From Figures F9 and F10, in general, all the histograms are approxi-

mately uniform, i.e., the proposed models possess a certain degree of robust-

ness to distributional misspecification in terms of predictive calibration.

In addition, we employ the kolmogorov-smirnov (KS) test for uniformity

and report the KS test statistic and its corresponding p-value. Furthermore,

we also report the sample mean and standard deviation (sd) of the Pear-

son residuals to present diagnostic information, which are summarized in

Table T11.

From Table T11, the KS tests fail to reject the null hypothesis of unifor-

mity in most cases, and the means and standard deviations of the Pearson
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Table T11: Results of KS test and the Pearson residuals’ mean and sd.

Size Models KS statistic p-value mean sd

300 Specified TDGV 0.0225 0.6931 −0.0023 0.9993

Misspecified TDGV 0.0157 0.9669 −0.0037 1.0110

Specified TDGMV 0.0193 0.8513 −0.0100 1.0340

Misspecified TDGMV 0.0212 0.7576 −0.0010 1.0240

1000 Specified TDGV 0.0157 0.9666 0.0007 0.9993

Misspecified TDGV 0.0267 0.4752 0.0005 1.0110

Specified TDGMV 0.0240 0.6107 −0.0003 0.9991

Misspecified TDGMV 0.0379 0.1137 −0.0006 1.0220

residuals are close to 0 and 1, respectively, providing additional evidence

that the predictive distributions are well calibrated.

S4 Some Auxiliary Results

In this part, we give some auxiliary results.

S4.1 Auxiliary Lemma

Lemma 1. If Z ∼ TD1(n, r1, r2) with its pmf taking form (2.2), then

there exist two positive constants ϖ1 and ϖ2 such that ϖ1 ≤ Pn(k) ≤ ϖ2,

∀k = 0,±1, · · · ,±n.
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Proof. As discussed in Chen et al.(2025a), the pmf of the trinomial differ-

ence distribution is unimodal and attains its maximum at [n(r1 − r2)] or

[n(r1 − r2) + 1], where [x] stands for the integer part of x. Hence,

min{Pn(n),Pn(−n)} ≤ Pn(k) ≤ max{Pn([n(r1 − r2)]),Pn([n(r1 − r2) + 1])},

where k = 0,±1, · · · ,±n. Specially, let ϖ1 = min{Pn(n),Pn(−n)} and

ϖ2 = max{Pn([n(r1 − r2)]),Pn([n(r1 − r2) + 1])}.

Lemma 2. If Z ∼ TD1(n, r1, r2) with its pmf taking form (2.2), then

Pn(k) = r1Pn−1(k − 1) + (1− r1 − r2)Pn−1(k) + r2Pn−1(k + 1),

∂Pn(k)/∂r1 = n (Pn−1(k − 1)− Pn−1(k)) ,

∂Pn(k)/∂r2 = n (Pn−1(k + 1)− Pn−1(k)) ,

where n ∈ Z+, 0 < ri < 1 and r1 + r2 < 1, i = 1, 2, Pn(j) = 0, if |j| > n.

Proof. By Proposition 1, there exist an independent and identically dis-

tributed random variable sequence {Zi} such that Z =
∑n

i=1 Zi. Therefore,

Pn(k) = Pn(Z = k) = Pn(
∑n−1

i=1
Zi + Zn = k)

= r1Pn−1(k − 1) + (1− r1 − r2)Pn−1(k) + r2Pn−1(k + 1).

Denote r = r1+r2. By (2.2), ∂Pn(k)/∂r1 =
∑(

n
k+j,j

)(
(k+j)rk+j−1

1 rj2(1−

r)n−k−2j − (n−k−2j)rk+j−1
1 rj2(1− r)n−k−2j−1

)
= n

∑(
n−1

k−1+j,j

)
rk−1+j
1 rj2(1−

r)n−k−2j−n
∑(

n−1
k+j,j

)
rk+j
1 rj2(1−r)n−1−k−2j = n (Pn−1(k − 1)− Pn−1(k)) and
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∂Pn(k)/∂r2 =
∑(

n
k+j,j

)(
jrk+j

1 rj−1
2 (1− r)n−k−2j − (n− k − 2j)rk+j−1

1 rj2(1−

r)n−k−2j−1
)
= n

∑(
n−1

k+j,j−1

)
rk+j
1 rj−1

2 (1− r)n−1−k−2j − n
∑
j

(
n−1
k+j,j

)
rk+j
1 rj2(1−

r)n−1−k−2j = n (Pn−1(k + 1)− Pn−1(k)) .

Lemma 3. If Assumption 1 holds, then

E

(
sup

θ∈N(θ0)

|lt(θ)|

)
<∞ and sup

θ∈N(θ0)

∣∣∣∑T

t=2
lt(θ)/T − Elt(θ)

∣∣∣ = op(1),

where op(1) converges to 0 as T → +∞. Furthermore, Elt(θ) has a unique

maximum at θ0.

Proof. By Lemma 1, logϖ1 ≤ logPn(xt(θ)) ≤ ϖ2,∀θ ∈ Θ. Hence, there

exist some positive constant M = max{| logϖ1|, | logϖ2|} such that

E
(
supθ∈N(θ0) |lt(θ)|

)
= E

(
supθ∈N(θ0) | logPn(xt(θ))|

)
< M.

By using Theorem 3.1 in Ling and McAleer (2003), 1
T

∑T
t=1 lt(θ) → Elt(θ)

in probability as T → ∞. By Jensen’s inequality, we have

E(lt(θ))− E(lt(θ0)) = E log
Pn(Xt|Ft−1)θ
Pn(Xt|Ft−1)θ0

≤ log E

(
Pn(Xt|Ft−1)θ
Pn(Xt|Ft−1)θ0

)
= 0.

Thus, Elt(θ) attains a strict local maximum at θ0.

Lemma 4. If Assumption 1 holds, then E

(
sup

θ∈N(θ0)

∥∥∥∥∂lt(θ)∂θ

∂lt(θ)

∂θ⊤

∥∥∥∥
)
< ∞

and sup
θ∈N(θ0)

∥∥∥∥ T∑
t=2

1

T

∂lt(θ)

∂θ

∂lt(θ)

∂θ⊤ − E
∂lt(θ)

∂θ

∂lt(θ)

∂θ⊤

∥∥∥∥ = op(1).
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Proof. By (S1.3), then E
(
supθ∈N(θ0)

∥∥∂lt(θ)/∂θ∂lt(θ)/∂θ⊤
∥∥) < ∞. Simi-

larly, we obtain that

sup
θ∈N(θ0)

∥∥∥∥∥
T∑
t=2

1

T

∂lt(θ)

∂θ

∂lt(θ)

∂θ⊤ − E
∂lt(θ)

∂θ

∂lt(θ)

∂θ⊤

∥∥∥∥∥ = op(1)

by Theorem 3.1 in Ling and McAleer (2003).

Lemma 5. If Assumption 1 holds, then E
(
∂lt(θ0)/∂θ∂lt(θ0)/∂θ

⊤) = V (θ0) >

0, and T−1/2
∑T

t=2 ∂lt(θ0)/∂θ
d−→N (0,V (θ0)).

Proof. Denote ηt−1(θ0) =

(
∂Pn(xt(θ0))

∂µt

,
∂Pn(xt(θ0))

∂µt

Xt−1,
∂Pn(xt(θ0))

∂µt

µt−1,

∂Pn(xt(θ0))

∂σ2
t

,
∂Pn(xt(θ0))

∂σ2
t

|Xt−1|,
∂Pn(xt(θ0))

∂σ2
t

σ2
t−1

)⊤

. By (S1.2), we obtain

V (θ0) = E
(
∂lt(θ0)/∂θ∂lt(θ0)/∂θ

⊤) = E
(
P−2
n (xt(θ0))ηt−1(θ0)η

⊤
t−1(θ0)

)
.

If V (θ0) is not positive definite, then there exists a constant vector c =

(c1, · · · , c6)⊤ such that c⊤V (θ0)c = 0, and then

c⊤E
(
P−2
n (xt(θ0))ηt−1(θ0)η

⊤
t−1(θ0)

)
c = E

(
(P−2

n (xt(θ0))
(
η⊤
t−1c

)2)
= 0.

This is impossible. Therefore, V (θ0) is positive definite. Then, by using

the martingale central limit theorem and Cramér-Wold device, it is direct

to obtain T−1/2
∑T

t=2 ∂lt(θ0)/∂θ
d−→N (0,V (θ0)).

Lemma 6. If Assumption 1 holds, then E

(
sup

θ∈N(θ0)

∥∥∥∥∂2lt(θ)∂θ∂θ⊤

∥∥∥∥
)
< ∞, and

sup
θ∈N(θ0)

∥∥∥∥ 1√
T

T∑
t=2

∂2lt(θ)

∂θ∂θ⊤ − E

(
∂2lt(θ)

∂θ∂θ⊤

)∥∥∥∥ = op(1).
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Proof. By Lemma 1 given in supplementary materials S4 and (S1.1), there

exist two constants c and c such that c ≤ fi(xt) ≤ c, i = 1, 2, 3. There-

fore, ∀i = 1, 2, · · · , 6, ∀j = 1, 2, · · · , 6,
∣∣∣∣∂2ℓt(θ)∂θi∂θj

∣∣∣∣ ≤ n2max{|c|, |c|}. Thus,∥∥∥∥ 1√
T

T∑
t=2

∂2lt(θ0)

∂θ∂θ⊤ − E

(
∂2lt(θ0)

∂θ∂θ⊤

)∥∥∥∥ = op(1) by Theorem 3.1 in Ling and

McAleer (2003).

S4.2 Auxiliary Discussion with regard to TD2 Distribution

To account for the characteristics of the Z ∼ TD2(n, α, ν), we present the

histogram of Z in Figure F11 for µ ∈ {−5, 0, 2} and σ2 ∈ {4.5, 5.6, 6} with

n = 10, when k varies from −10 to 10 with increment one.
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Figure F11: PMF of TD2(n, α, ν).

By Figure F11, the sample from TD2(n, α, ν) distribution seems uni-

modal. For fixed σ2, when µ = 0, the TD distribution is symmetric about
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the x = 0 and its peak is located at zero. As µ changes, the graph shifts

horizontally. If µ increases (decreases), the graph shifts to the right (left).

The entire curve moves along the x-axis while maintaining its shape with

the peak now located at µ. For fixed µ, if σ2 decreases (increases), the

graph becomes narrower and taller (wider and flatter), the data are more

concentrated around the mean (spread out).
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