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S1 Bootstrapping Sample Upper- and Lower-quantiles

and Their Asymptotic Results

In this section, we consider the bootstrapping inferential procedure for
upper- and lower-quantiles themselves for practical purposes.

It is well understood that standard bootstrap fails for sample classi-
cal quantiles under discrete populations, because neither the CDF nor the
quantile function of a discrete distribution is differentiable (DasGuptay, 2008}
Jentsch and Leucht| 2016)). Although our upper- and lower-quantiles func-
tions are continuous, except for one point, they are not differentiable at the

supporting points of X. Therefore, the standard bootstrap may not deliver
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satisfactory performance for upper- and lower-quantiles. This section in-
vestigates the m-out-of-n bootstrap approach, which has been successfully
used in the inference for mid-quantile (Jentsch and Leucht, 2016]).

Given the independent and identically distributed sample X5, Xo,--- , X,
from the discrete population X, suppose that X 1T , XzT, .-+, XTI are indepen-
dent and identically distributed bootstrap replicates, where bootstrap sam-
ple size m is less than n. For [ = 1,2,--- , L, denote by r;m the frequency
of XI, X],--- X! taking the value ;. Furthermore, let ﬁ;}m = r;’m/m, and
ﬁﬁn = Zizl ﬁj’m, [ =1,2,---,L. Based on this bootstrap sample, defini-

tions of upper- and lower-quantiles in Section 4.1, the bootstrap counter-

parts could be easily written as

(

Iy, 0<a<ﬁ>{j[ma
Ty, a:ﬁﬂn7121727'“7[1_1;

wzy + (1 — w)riy, Pﬁn <a= WﬁZTm +(1— w>ﬁﬁ-l7m < ﬁ;ll,m%

O<w<1,1=1,2--,L—1,
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and

Z, Oé:ﬁgki17mal:27”'7[/;

way + (1 o W),I‘l+17 ﬁgkil,m <a= wﬁ;‘iLm + (1 - W)ﬁ;(;n < ﬁzin’

Q@) =
O<w<1,l=1,2--,L—1.

xr, ﬁf_lvm <a<l,

\

respectively. In addition, in the subsequent description, we continue to
adopt the notations in Sections 2, 3, 4.1, and 4.2.
The following theorem states the asymptotic properties of m-out-of-n

bootstrap for sample upper-quantile.

Theorem S1. Define g = 1, T(];,m =0. Let 0 < a < 1, as m = o(n),

m — 0o, the following results hold:
(1) If a < py, then QTUm(Oé) converges to xy in probability.
(2) If a =wpf + (1 —w)pyy for some1 <1< L—1and0<w <1, then
VinlQ(0) = Qua(@) o [Qu(@)] = N[0, a1~ a) + w’pror —wpri]

in probability, where Qu.n(c) is described in Section 4 and fy(z) is

defined in Theorem 2.
(3) If o = pj for some 2 <1< L —1, then

V@l (@) = Qu()]fulQf,n (@), Qu(e)] = N[0, a(1 - a)]
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in probability and fy(x,x;) is defined in Theorem 2.
(4) If « = py, then

VmlQ); (@) — Qu(a)] fu i (21) —= ZI(Z > 0)

in probability, where Qu(a) = x1, Z ~ N[0,a(1 — a)] and fy4+(x1) =

po/(xo — x1) is defined in Theorem 2.

Theorem S1 shows that the m-out-of-n bootstrap works well for all
cases considered in Theorem 2. The differing results arise from the distinct
local differentiability properties of the upper-CDF, with the result in Case
4 additionally reflecting a boundary effect. Another notable distinction lies
in the centering: Case 2 differs from Cases 3 and 4, which share the same
centering. In Case 2, ng(a) is centered at Qp.,(a), whereas in Cases 3
and 4, it is centered at Qp ().

Similar to Theorem S1, we could get access to the bootstrap asymptotic

properties for sample lower-quantile, which are depicted in the following

Theorem S2.

Theorem S2. Define vp11 = xp, rTLH’m =0. Let0 <a <1, asm=o(n),

m — 00, the following results hold:

(1) If > p}_4, then @TLm(CY) converges to xy, in probability.
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(2) Ifa=wpf ;+ (1 —w)p} forsomel <I<L—1and0<w <1, then

Vm[QL (@) = Qra(@)] f11Q1()] == N[0,a(1 — @) +w’p — wpi]

in probability, where QL,n(a) is described in Section j and fr(x) is

defined in Theorem 3.

(3) If a =p;_, for some 2 <1 <L —1, then

Vm[Qh (@) = Q) f[QF (), Qr(a)] - N[0,a(1 — a)]

in probability, where Qr(a) = x; and fr(x,x;) is defined in Theorem

3.
(4) If o =pj_,, then
VmlQh (@) = Qr(a)fr—(x1) - ZI(Z < 0)

in probability, where Qr(a) = xr, Z ~ N[0,a(1 — )] and fr_(xr) =

pr—1/(xp — xp_1) is defined in Theorem 3.

The results in Theorem S2 are much like those in Theorem S1, and thus
similar remarks could be composed. To avoid repetition, it is not described
again.

Notwithstanding the asymptotic results for m-out-of-n bootstrap are
achieved in Theorems S1 and S2, they remain futile. To the end of real ap-

plications, we prove that the m-out-of-n bootstrap asymptotics is still valid
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when QTUm(a) is centered around Q. () and QLm(a) is centered around
Q Ln(a) for all scenarios, respectively. These conclusions are presented in

the following corollaries.

Corollary S1. For 0 < a <1, if m = o(n), m — oo, then it holds that

s (Vi(@}(0) ~ Quinl)), Vit(Quinl) ~ Qu(0)) — 0

in probability as n — oo, where dgs(Y, Z) is the Kolmogorov-Smirnov dis-

tance between the CDFs of Y and Z.

Corollary S2. For 0 < a <1, if m = o(n), m — oo, then it holds that

s (VI (QL (@) — Q1.n(0)). VA(Qr.(0) — Qu()) — 0

in probability as n — oo, where dgs(Y, Z) is the Kolmogorov-Smirnov dis-

tance between the CDFs of Y and Z.

Corollary S1 states that the asymptotic distribution of \/ﬁ[QUm(a) —
QU(a)} could be well approximated by the bootstrap asymptotic distribu-
tion of \/E[Qz,m(a) —QUm(a)] for any v € (0, 1). This corollary makes the
inference for Qy («) feasible. For the same reason, Corollary S2 provides the
theoretical foundations for the use of bootstrap inference of lower-sample
Qr(«a). For the m-out-of-n bootstrap, the choice of bootstrap sample size

m is frequently important. However, in our current context, the bootstrap
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is robust to the choice of order of m based on our limited experience. We
have tried m = n?3,n3* n*? and all these options perform very satisfac-
torily in our simulation studies. So, for the sake of space, we do not further

investigate this matter here.

S2 Width Inflation Problem

Following the notations in Sections 2 and 3, the results about the width
inflation of prediction intervals obtained through upper- and lower-quantiles

relative to mid-quantile are summarized in the following proposition.
Proposition S1. For any 0 < a < 1, the following results hold:

(1) If there exists an integer 0 < Iy < L such that pj, < o < pj 4+ (pi,4+1)/2,
then, Qu(a) = w1z, +(1—w)xy 41 and Qar(a) = woxy, +(1—wa) w41,
where 0 < wy < wy < 1. Furthermore, the difference of endpoints of

the right-sided prediction intervals is

0, [y =0,
Qu(a) — Qu(a) =

(w1 — w2)(a:ll+1 — .13[1), 1< ll < L.

(2) If there exists an integer 0 < ly < L such that pj,_, +p;,/2 <1—a <
i, then Qur(1 — ) = wyy, + (1 — ws)iyr and Qu(1 — 0) = wy, +

(1 —wy)x1y41, where 0 < wy < wg < 1. Furthermore, the difference of
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endpoints of the left-sided prediction intervals is

(CU3 - W4)($12+1 - xlz)v 1<l < L>
QL(l — O{) — QM(l — Oé) =
0, I, = L.

(3) If there exist two integers 0 < Iy < ly < L such that p; < a/2 <
P+ pua1/2 and pi_y + /2 < 1 —a/2 < pj, then Qu(a/2) =
wizy, + (1 —wi)xy, 41, Qua/2) = wemy, + (1 —ws)xy, 41, Qu(l—a/2) =
w3z, + (1 — ws)z,1 and Qp(1 — a/2) = wyzy, + (1 — wy)xyy11, where
0<wy<w <1and 0 < wy <ws < 1. Furthermore, the increase of

prediction interval width is

{Q(l = a/2) = Qu(a/2)} = {Qu(1 — a/2) = Qu(a/2)}

0, lh=0, ls=1L,

B (w3 — wa) (@141 — 21,), L=0, 1<ly<L,
(w1 — wo) (41 — 21,), 1<h<L, =1L,
(w1 —wo) (T 41 — 21,) + (W3 — wa) (T 41 —a1,), 1< U <lp < L.

The proof of this proposition is deferred to the next section.
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S3 Proofs of the Propositions, Theorems and Corol-

laries

Proof of Proposition 2: (1) When there exists 0 < [; < L such that
Py, < a < pj, + pu+1/2, we consider the following two cases:
(a) If I = 0, thatis 0 < o < p1/2, then Qp(a) = z1 and Pr(X < Qu(«)) =
0 <.
(b) If 0 < I3, according to the definition of mid-distribution, we have z;, <
Qu(a) < 2p41. Thus Pr(X < Qu(a)) = Pr(X <z,4) =p), < a.

When there exists [y such that pj, + p,41/2 < a < pj ., 2,11 <
Qu(a) < xy42. Thus, Pr(X < Qu(a)) = Pr(X < x,41) = pj . > a.

(2) When there exists [y such that p;,_, +p,/2 < 1 —a < pj, we
consider the following two cases:
(2a) If Iy = L, that is p; | +pr/2<1—a <1, then Qn(1 — ) =2 and
PriX <@Qu(l—a)=Pr(X <zp)=1>1-a.
(2b) If Iy < L, according to the definition of mid-distribution, we have
PriX <Qu(l—a)=FQu(l—a)) > Fuy(Qu(l—a))=1-a.

When there exists Iy such that p;,_; < 1—a < pj,_; +p,/2, Pr(X <
Qu(l—a)=FQu(l—a)) < Fyu(Qu(l —a))=1-a.

(3) This result could be concluded directly from (1) and (2). O
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Proof of Proposition 3: (1) If a < py, note that Qu(a) = z1. So Pr(X <
Qu(a)) = Pr(X < z;) =0 < a. If @ > py, according to the definition of
Fy(x), we have Pr(X < Qu(a)) < F(Qu(a)) < Fy(Qu(a)) = a.

(2) If pr+po+---+pr-1 < 1—q, it concludes that Q(1—«) = z. Thus
PriX <Qrl-a))=F(zy)=121-a.lfpi+p+-+p1>1-a,
according to definition of Fy(x), we can obtain that Pr(X < Q.(1 — «)) =
FQL(l — ) 2 FL(Qr(l —a)) =1—a.

(3) It is noted that Pr(Qu(a/2) < X < Qr(1 —«a/2)) = Pr(X <
Qr(l —a/2)) — Pr(X < Qu(a/2)). Thus, the conclusion follows from the
results in (1) and (2). O
Proof of Theorem 1: Here, we only prove the result of lower-quantile in
this Theorem, while that of upper-quantile could be obtained in the similar
way.

If pj <, Qu(a) = 2. As n goes to oo, p;_;, converges to pj
with probability 1. Thus, as n goes to oo, it holds that p7 _;, < a with
probability tending to 1. Consequently, QL,n(CY) = xp with probability
tending to 1, as n goes to oo. Therefore, QL,n(a) converges to Qr(«) in
probability, as n goes to co.

If0<a<p;y,and a # p/ 4, | = 2,3,---,L, then there exist

1<l< Land0<w < 1such that « = wp; ; + (1 —w)p;. So Qr(a) =
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wr; + (1 — w)x;11. As n goes to 0o, Pi_1., and pf, converge to pj_; and pj
with probability 1, respectively. Thus, as n goes to oo, it holds that p;, , <

a < pj, with probability tending to 1, that is there exists 0 < w, < 1 so

*
I,n

that o = w.p;_;,, + (1 — @,)Pj,, with probability tending to 1. Therefore,
QL,n(a) = Wpx; + (1 — @yp) x4 with probability tending to 1 as n goes to

oo. From the equation
d)nﬁzll,n + (1 - @n)ﬁzn = WPTA + (1 - w)p?<7

we have that

~

Wn = [p] = Dip +w (@i — PO/ (D10 — Pin)-

This expression implies that w,, converges to w with probability 1 as n goes
to co. Thus, we arrive at that Q,(a) converges to Qp(a) in probability
as n goes to oo.

At last, we consider the scenarios of « = p; |, 1 =2,3,---, L. Note that
Di_a,, and py,, converge to pj_, and p; almost surely, as n goes to co. Thus,
as n goes to 0o, it holds that pj_,, < o < pj, with probability tending to 1,
that is there exist 0 < @y1,Wn2 < 1such that o = @, 1p; 5, +(1=Wn1)P] 1
or a = (1 —Wn2)pPj 1, + Wna2pf, With probability tending to 1. As in the
proof in the last paragraph, we could find that @, ; and @, > converge to 0

with probability 1 as n goes to oco. After some simple algebraic calculations,
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a could be equivalently expressed as
@ = ﬁ;—l,n + [(& > ﬁ?{—l,n)a)n,z(ﬁz:n - ﬁ?—l,n) - [(CM < ﬁ?—l,n)djml(ﬁ;{—l,n - 13;—2,71)-

Because p;_y ., D[_s,, and pj,, converge to p;;, pj_, and p;, we finally could
conclude that Q;,,(a) converges to @y (a) in probability as n goes to co. [

Proof of Corollary 1: Note that
Prix, 0 {X ¢ [Qua(/2), Qua(l = a/2)]}
= Prix.x{X < Quala/2)} + Prx x){X > Qrn(1—a/2)}. (S1)

Firstly, we deal with the first term of (S1). For any positive constant €, we

have

PI'(ny){X < QUJL(CY/Q)}

IN

Prix x){X < Qua(e/2), Quala/2) < Qu(a/2) + ¢}

+Prix x){|Qua(a/2) — Qu(a/2)| > €}

IN

Prox x){X < Qu(a/2) + €} + Prix,x){|Qunla/2) — Qu(e/2)| > €}.

(52)

From Theorem 1, it is easy to know that Q. (v/2) converges to Qu(cr/2)

in probability as n goes to oo. Thus,

Prix.x){|Qua(a/2) — Qua/2)| > €} = o(1), (S3)

as n goes to infinity.



S3. PROOFS OF THE PROPOSITIONS, THEOREMS AND COROLLARIES

As for the first term of (S2), Prix x){X < Qu(a/2)+¢} = F(Qu(a/2)+
€), where F'is the cumulative distribution function of X. From the definition
of upper-CDF and the assumption in this theorem, it could be obtained that
the F(Qu(a/2) + €) < a/2 for sufficiently small positive number e. This

result, together with (S2) and (S3), leads to

Prix.x){X < Qua(a/2)} < a/2+ o(1). (S4)

Secondly, we deal with the second term of (S1). For any positive con-

stant e,

Prix x){X > Qr.(1 — a/2)}

< PrixxiX > Qrall —a/2),Qrn(1—a/2) > Qr(l — a/2) — ¢}
+Prx ) {|Qrna(l — /2) — Qr(1 — a/2)| > ¢}
< PI'(X’X){X > QL(l — 04/2) — E}

P {Qua(l — a/2) = Qu(l - /2)] > ¢},

(S5)

From Theorem 1, QLm(l —av/2) converges to Qr(1—a/2) in probability

as n goes to co. Thus,

Procao {1Qra(l — 0/2) — Qu(l —a/2)| = ¢} = o(1). (S6)
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For the first term of (S5),
Prix x{X > Qr(l —/2) — e} =1 - F(QL(1 — /2) —¢). (S7)

From the definition of lower-distribution and the assumption in this the-
orem, it could be obtained that the F(Qr(1 — a/2) —¢€) > 1 — «/2 for
sufficiently small positive number e. This result, together with (S5) to

(S7), produces that
Prix x){X > Qrn(1 — a/2)} < a/2+o(1). (S8)
From (S1), (S4) and (S8), we arrive at

Prix ) {X ¢ [Qun(a/2),Qra(l — a/2)]} < a+o(1).

Eventually, it is concluded the result of this theorem, that is

Prix x){X € [Qua(e/2),Qrn(1 — a/2)]}
= 1—Prxx){X ¢ [Qua(/2), Qrn(1 — a/2)]}

> 1—a+o(l).

O
Proof of Theorem 2: (1) When n is sufficiently large, with probability
to 1, we can find 0 < @,, < 1 such that a = @, (ro,/n) + (1 — @) (r1./n).
Hence, as n goes to oo, with probability tending to 1, Qan(a) = WpTo +

(1 — (J:]n>$1 =XT.
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(2) When n is sufficiently large, with probability to 1, we can find

0 < @, < 1 such that

. rn_i_..._i_rn . rn_i_..._i_r n
a= (D i) 4 (1 ) (1 )

n n
Thus
. T+ +Tgan)/n—a A ~ A
PG /20 (@) =+ (1 - @),
rl—l—l,n/n
Furthermore,

A ~

Qun(a) — Qu(a) = Quala) —wz — (1 —w)ri1 = (Wn — W) (21 — T111),

where

O — = ("1 + -+ Ty1n)/n—a B (pr+p+-+p) —a
" 7“z+1,n/n Di+1

Because x; — ;41 is constant, we only need to investigate the asymptotic
normality of w,, — w.

Note that the random vector (ry,,79m, " ,7141,)" follows the multi-
nomial distribution with the mean vector (np;,nps, -+ ,np;1)? and the
covariance matrix X, = (Gpm,ms)(+1)x(14+1); Where oy mm = MPp (1 — pm)
form =1,2,--- I+ 1 and 0pimymy = —NPm Py fOr my # Mo, my, mg =

1,2,--- .1+ 1. So as n goes to oo,

\/ﬁ[(ﬁ,m Tom, " 77’l+1,n)T/n — (p1,p2, "+ 7Pl+1)T] — N(0141, E(l+1)><(l+1))
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in distribution, where 0;,; is a (I + 1)-dimensional vector with every com-
ponent being 0 and Y y1)xq41) = (Uz',j)(l+1)x(l+1) is the covariance matrix
whose diagonal entries are 0y, ;, = P (1 —py,) and whose off-diagonal entries

are Opm, my = —DmyPmsy 10T My 7# Ma.
Through the delta method, after some straightforward calculations, we

can obtain that as n goes to oo,

V(@ —w) — N(0,07)

in distribution, where o7 = p; 2 [a(1 — ) + w?pri1 — wpii1).

It is noted that

N

VilQuan(a) — Qu(a)l fulQu(a)] = Vn(@n —w)(z1 — zi11) fulQu(a)]
= \/ﬁ(@n - w)<_pl+1)7

Therefore, as n goes to oo,

A

Vn[Qua(a) = Qu(a)] fulQu(a)] — N [0,a(1 — a) + w?pi1 — wpigd]

in distribution.
(3) Let s? = p(1—py), for { =1,2,--- , L. Note that (r1,+---+r.,)/n

converges almost surely to p; +ps + -+ p = p; = « as n goes to oo.
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Hence, for n sufficiently large n, we can get 0 < @, 1,wy, 2 < 1 such that

~ n++ —1,n
w 1, T1—1, +(

n, n

Tl,n+"'+7'l,n Tl,n+"'+"'l,n > a:
— )

n ’ n

11— ajn,l)

)—T1’”+"'+”v" W it Trign rintoFrin
n n,2 n ) n

(]_ —(;}mg < o

We consolidate the two cases into the one form as

Tip o +7 Tip+ 47T LT
a = 1,n l,n_I( 1,n l,n2a> I,n

wn,l
n n n
T1in +-+ Tin ~ Tl+1,n
+I< < a)Wppo
n

Define U,, = v/n (a - Zlmzl Tmn/ n) By some simple algebraic manip-

ulations, we have

Quial)
= ](Un S 0) [d}n,lxl—l + (1 — d}n,l)xl} + ](Un > 0) [(1 — (,:)mg)fbl + (,:}mQZEl_H}

T, +

ﬂ{ T — T
Vvl or,/n

Thus, for any a < 0, we have

Li+1 — 2
(U, <0)+ ———1(U,>0)¢.
(U £ 0) + 12— LI (U, > 0)

. —x_ U,
Pr{y/n[Qua(a)—z] < a} = Pr{@% <a}=rr{ T 1

T — T
From the definition of U, the central limit theorem and the law of large

numbers, note that

U, U,
= — +40,(1).
Tz,n/n bi p( )

In addition, denote Y; = \/n(r,,/n —p;)/si, for L =1,2,--- L. Then

l

(- $575) = i) = S

m=1 m=1
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Thus

lim Pr {v/n[Qua(e) — z] < a}

n—oo

U, a
= lim Pr <
n—o0 T /N T X — T

l
_ Y,
_ limPr{ Yoy Sm¥m @ }

n—00 Y2 XX

Similar to the proof in (2), it could be shown that n goes to oo,

l
=Y " swYm/p — N(0,03)

m=1

in distribution, where

! !
g =Y -2y pmlpm)
m=1 mq,mo=1
mq<mg
o !
= 2| D pm(l=pm) =2 > pmlpm]
_m:1 ml,m2:1
m1<mg
= pla(l—a).
Therefore, we obtain that
. a
lim Pr{vn[Qu.(a) — 2] <a :(1)[—]
n—o0 { [ v, ( ) l] } O'Q(CL’[ — xl—l)

for any a < 0.

For any a > 0, we have

lim Pr {\/ﬁ[@Un(Oé) — 1] < a}

n—o0

Ti4+1 — Xy

= lim Pr{Un§00r0<Un— Sa}
rl-&-l,n/n

n—oo
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. Tip1 — X
= lim Pr{UnL < a}
n—oo Tl-f—l,n/n
l
. — 1 SmY, a
= lim Pr{ Zm’I UL }
n—00 Pi+1 Li41 — Xy

Similar to the proof in (2), it could be shown that n goes to oo,

l
> swYm/prs — N(0,03)

m=1

in distribution, where 02 = p; 4 [a(1 — «)]. Thus, we have

lim Pr {\/ﬁ[QUn(a) — 1) < a} =0 [#}

n—00 Tiy1 — xl)
(4) Define U,,; = v/n{a — r1,/n}. Since a = py, by the central limit
theorem, U, ; Ly N[0, a(1 — a)]. Moreover, ry,/n —+ p, and Pr{a <

%} — 1. Hence, with probability tending to 1,

A To — 1

\/E[QU,n(CY) - IL‘l] = Un,l 7"2771/71 I(Un,l > 0)

Therefore, by the continuous mapping theorem and the law of large num-

bers,

L T2 — X1

VilQua(a) = Qu(e)] = p

Z1(Z > 0),

where Z ~ N[0, a(1 — «)]. O
Proof of Theorem 3: The proof of Theorem 3 is similar to that of The-
orem 2, and is therefore omitted.

Proof of Theorem 4: (1) When n is sufficiently large, with probability
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to 1, we can find 0 < @, < 1 and [ > 1 such that

~ Tin + -+ Tln ~ \T1n + Tl+1,n
a = W, + (1 =)
n n

= wnFU,n<Zl) + (]— - ®n>FU,n(Zl+1)'

Hence, QU,n(a) = W2 + (1 — @) Z141. For an arbitrary constant a, we

have
Pr{Qu(0) < Q(a) +n~%a} = Pr{F[Qun(a))) < FIQ(a) + n"%a]}.

Because Z; < Qua() < Zipr, F(Z) < F[Qun(a)] < F(Z,1). Therefore,
we have

1

Pr{F(Z1) < FlQ(e) + n"2d]}

1

Pr{F[Qun(a)] < F[Q(a) + n"2a]}

IN

1

Pr{F(Z) < FlQ(a)+n za]}.

IN

In the following, we prove that

lim Pr{F(Z,) < F[Q(a) + nza)} = @{M}
n—oo
form=1and [+ 1.
Let N = 32" I{F(X,) < F]Q(a)+n"2a]}. Then N follows the bino-
mial distribution with parameters n and F[Q(a)4+n"2a]. By the Liapounov

central limit theorem, it could be shown that as n goes to oo,

N — n
ST N(0,1)
nen(l —¢p)
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in distribution, where ¢, = F[Q(a) + n"2a).

It is noted that

Pr[F(Z,) < ¢,
- PI‘[N > Tin + -+ Tm,n]

P N —ne, Tim+ o+ Typn — nCy
= Pr

ne,(1—¢,) nen(1—¢)

From the assumption in the theorem, it holds that

e = a+n 2a{flQ(a)] + 2.}

where ¢,, — 0 as n — oo. Then

ncy — (Tl,n + -+ Tm,n) o no — (rl,n +-+ Tm,n) + CLf[Q(O[)]
nen(1 —¢) B nen (1 —¢) a(l — )

+o(1).
It is easily verified that [na—(r1,+- - - +7mn)| < rin+7ri1, for bothm =1
and [ + 1. In addition, because F(z) is differentiable and f(z) is positive
in the neighborhood of Q(«), r;,, = 1 and 741, = 1 with probability 1. So
{TLCY - (7“1,71 + Tm,n)}/\/_ - OP(1>' Thus?

ney, — (P14 4 Tmn) _ aflQ(a)]
nea(1—¢) a(l —a)

+0,(1).
Therefore,

lim Pr[F(Z,,) < ¢,

N—ncn _  aflQ()

e | el —c) . a(l—a)
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e { af[Q(a)] }
a(l — a)

Finally, we obtain that

Jim Pr{Qua(a) < Q(a) +n"2a}

= lim Pr {F[QUyn(a)] < FlQ(a) + n_%a]}

n—>00
o { af[Q(0) }
a(l — )
This completes the proof for (1).
(2) When n is sufficiently large, with probability to 1, we can find
0 <w, <1and!>1 such that

~ T1in + -+ Tlin ~ \T1n + Tl+1,n
a = W, + (1 =)
n n

- ajnFU,n<Zl) + (1 - wn>FU,n(Zl+1)'

Hence, QUJL(Oé) =nZi+ (1 —On) 2111

For an arbitrary constant a < 0, we have
Pr{Qun(a) < Q(a) +n~2a} = Pr {F|Qua(e)] < FIQ(a) +n a]}.

Following the proof in (1) with f[Q(«)] replaced by f_[Q(«)], we have that

lim Pr{F(Z,) < c,} = @{M}

for m =1 and [ + 1. Therefore,

A 1

lim Pr{f[Qua(e), Q(@)]Qua(e) < fQua(a), Q(@)][Q(er) + n~2a]}

n—oo
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= lim Pr{Qun() < Q(a) +n"a}

= lim Pr {F[QUn(oz)] < FlQ(a) + n_%a]}

_ oJarlew)
a(l—a) |’
or equivalently,

lim Pr
n—oo

{ﬁf[QU,n(a% Q()[Qun(e) = Q)] a} = 2(a)

a(l —a)

For an arbitrary constant a > 0, we have

T { Vi 1Qun(e), Q(@)][Qua(e) = Q)] _ }

e a(l —a)
~ i P { ﬁf{@U,n<a>,@<(al>]_[@U),n<a> — Q) _ O}
i Py {O ) ﬁf{@U,n<a>,@<(al>]_[@U),n<a> — Q) _ }
— lw D {ﬁf+[Q<a>][@U,n<a> Q)] _ }
= (a),

where the last equality is derived by following exactly the same procedure
as for the situation of a < 0, and replacing f_[Q(«)] by f[Q(a)]. O
Proof of Theorem 5: The proof of Theorem 5 follows from the similar
arguments as that of Theorem 4, and is therefore omitted.

Proof of Theorem S1: By the laws of large numbers for the sample mean

and the bootstrap mean (Csérgo, (1992), it holds that 7, /n and r;rm/m
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converge to p; almost surely for [ =1,2,--- | L as n and m go to oo.

(1) When n and m are sufficiently large, with probability tending to 1,
we can find 0 < @ < 1 such that a = d}lz(rg’m/m) + (1 - dj;fn)(rim/m)
Hence as n and m go to oo, with probability tending to 1, ng(a) =
Of zo+ (1 — @ Yy = 27.

(2) When n and m are sufficiently large, with probability tending to 1,

we can find 0 < &,,@! < 1 such that

R Tn+...+rn R rn+...+r n
o = wn( 1, 1, >+<1_Wn)< 1, l+1,>

n n
T T T 1
ot (Tl T+, . Tim T+ T,
= ol () el (P ),
Thus
“ (7”1,n+"'+7“l+1,n)/n—04 of — (TJ{,m+ +T1T+1m)/m_04
' T /1 " Tl1m/ M ,
and
Qunl@) = Gz + (1 — Gp)zip1,  Qf (@) = &l 2+ (1 — &f )z
Furthermore,

Q&m(a)—QU,n(Oé) = @:nxl—i-(l—wjn)xlﬂ—[@niﬁl-i-(l—@n)xlﬂ] = (@L—@n)(ﬁﬁl—lﬂl%

NG P U0 R Y
! T;—H,m/m Tiyin/M '
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Because x; — ;11 is constant, we only need to investigate the asymptotic
normality of @i — @,.
In the proof of Theorem 2, it has been shown that as n goes to oo,

VI[(Pins oy 5 Tisin) /= (01,02, 5 pie1) "] — N(Or1, Sgyx 1))

in distribution, where 041 and X(i1)x4+1) are specified in the proof of
Theorem 2. Furthermore, by Theorem 2 of Bickel and Freedman| (1981)),

we have

L
VI[(r] )T M= (P o )T /n) = N (O, S x4,

in probability as n and m go to co. Once more, in the proof of Theorem 2,

we have
Vn(o, —w) — N |:Oapl_+21 [04(1 —a)+ W — Wpl+1]]>

in distribution as n goes to co. Therefore, by the theorem of delta method

for bootstrap (van Der Vaart, [1998)), we obtain that
@l — &) = N [O,pl_fl [a(1 — @) + w’prsr — wleH

in probability as n and m go to oo.

Thus, as n and m go to oo,

Vm[Ql (@) = Qua(@)] fulQu(a)] = N[0,a(1 — ) + w?pier — wpre]

almost surely.
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(3) Define Uf, = /m{ Fir(21)—FY, (1) }. Equivalently, Uf, = ——&= 37" {I(X] <

;) — Fyyn(2)}. Similar to the proof in (2), we get that
Ul 5 N(0,a(1 - ),
in probability. Define Ul = /m{a — F(T]m(xl)} Then

0, = Ul + Ve~ Figa()} = UL, =2V Fin) ~ Foa)

Since /n{ Fyn(x1)— Fy(x1)} = O,(1) and m = o(n), it follows that \/m{a—
Fun(z)} = 0,(1). Consequently, U, N N(0,a(1 — «)) in probability.
Because Fy(z;) — Fy(z—1) = pr > 0 and Fy(zi41) — Fu () = pryr > 0,

the bootstrap law of large numbers implies that PrT{F&m(Jcl,l) < a<

~

F&m(xlﬂ)} 2 1. Moreover,

TZT 7“; 1
AT _ ;1 p ~T o +1,m p
pl,m - m b, pl+1,m -

Pi+1-

On the event F&m(xl_l) <a< F[}m(xlﬂ), the definition of the boot-
strap upper-quantile gives

Vim{Qh (@) =} = UL == (T, <0+ O} =3—1(T], > 0)
l,m I+1,m

The function gi(2) = ==*21(z < 0) + #==21(z > 0) is continuous.

Therefore, the continuous mapping theorem and the bootstrap law of large
numbers yield

VI{Ql,(a) — ) 5 %ZI(Z <0)+ %Z[(Z > 0)
+1
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in probability, where Z ~ N[0, a(1 — «)].

Finally, on the negative and positive sides of x;, respectively,

Dbi P+
fo—(m) = ———, fos(m)=—-"—.
Ty — X1 Ti+1 — Ty

Hence,

VI QL (@)=} fulQF (), z) = U:n{ 20, < 021U, > o>}.
Then we have

V{Q}; (@) = Qu(a)} fu [0, (@), Qu(a)] = N(0,a(1 — a))

in probability.

(4) Define U/

m

1= vmia - F(Bm(xl)} As in the proof of (3),

Ul -5 N[0,a(1 - )]
in probability. Moreover, the bootstrap law of large numbers implies that

, rh
Pri{a < Fgm(l'g)} Ly, ﬁ;m =20 Py
’ ' m

Hence, with conditional probability tending to 1,
To — X1

\/E[er]m<a) — 1] = U:nl 7 I<U7];1,1 > 0).

pZ,m

Therefore,

L T2 —T1

VinlQh(0) - Qula)] 5

ZI(Z > 0)
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in probability, where Z ~ N[0, a(1 — «)]. O
Proof of Theorem S2: The proofs of Theorem S2 is similar to that of
Theorem S1, and is therefore omitted.
Proof of Corollary S1: We prove the result in this corollary by consid-
ering different situations separately.

(1) In the first case, we consider the situation o < p;. By the formula
of Qu.n(c) and QTUm(a) and the strong law of large numbers, we have that
Quan(a) converges to Qu(a) almost surely as n goes to co and QTUm(a)

strongly converges to Qy,n(a) almost surely as m goes to co. Then

sup
< sup Prf (\/E@B,m(a) - QU,n(a)> < 17) +sup Pr <\/5<Qu,n(04) - QU(a)> < :r)

+sup |1 - P (m(@amm) ~ Quale) < ) sup 1 P (ﬁ(@mm) Qule) < ) ‘
<

Pt (Vi (@) = Qun@) <0) + Pr (Vi Quate) - Q@) <0)

1Py (m(@amm) ~ Quale) < o) f1oPr (ﬁ(@an(@) ~Qulo) < o)
= Pr'(Qlu(@) < Quia(@)) + Pr (Quin(@) < Qu@)) + Prf(Qh, (@) > Quale))
+Pr (Quala) > Qua))

= 0y(1).
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(2) Secondly, let’s check the situation that o = p;. Note that

IN

TER

sup P! (VT (@) ) = Quit) < ) = 1 (Vi Quate) - Qu(e)

/)

sup P (Vi (@) () = Quafe)) <) = Pr (Vi Quale) ~ Qo) <)

IA

<0

Pt (Vin(Qh(e) = Quale)) < ) = Pr (Vii(Quun(e) - Qula)) <)

~+ sup
>0

Besides, under m = o(n), we have
i (@) )~ Qut@)) i (@) 0 0)-Quin(@) = 2 V(@) -ut)) ) = yt0).

which means that ﬁ(@gm(a) — QU(a)> and \/E(ng(a) — QU,n(a)>
have the same limiting distribution in probability as m goes to co. With

the aid of this fact, similar to the proof of Pélya’s theorem, we could show

that

sup
x>0

Pt (Vi ()~ Quate)) < ) =Pr (Vi Quua()-Quta)) <)

Furthermore,

sup P (Vi (@) 0) = Quate)

<0

IA

sup P (Vi (@) ) = Qe

<0

IN
-
H—l—
~~
B
/N
o=
3
L
O
S
2.
2
N—
IN
o
~
_|_
}U
=
e
B
/N
O
S
2
L
|
O
=
=2
SN—
IN
o
~
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g = e (Vi Qo) = Quafe)) <0) + = Pr (Vi Quale) ~ Qu(e) <0)

< pif (M(Q&m(a) . QU,n(a)) < o) 4 Pr (\/ﬁ(@w(a) - QU(Q)) < o> +o0,(1)
= P (@l (0) < Qual@)) + Pr (Quala) < Qu(a)) + 0,(1)
= 0,(1).

Thus, we could conclude that

sup
zER

Pt (Vi ()~ Quate)) < 2 )~Pr (Vi Quua()-Quta)) <) ‘ = 0,(1).

(3) Thirdly, we show the scenario that a = wp} + (1 — w)p;,; for some

1<I<L-1and0<w<1. In Theorems 2 and S1, we have proven that
Vit Qua(@) = Qu@)] fulQu(@)) = N[0, a(1 = @) + wprss — wpini]
as n goes to oo, and
\/E[QTUm(a) - Qun(a)] folQu(a)] e N[O, a(l —a) + W pry1 — wpz+1}

in probability as n and m goes to co. Therefore, by the Pdlya’s theorem,

we get

sup
TER

Pt (Vi ()~ Quate)) < 2 )=Pr (ViA(Qura()-Quta)) <) ‘ = 0,(1).

(4) Finally, we consider the case that a = p} for some 2 <[ < L. Once

more, according to Theorems 2 and S1, we have that

V| Qua(@) — Qula)| frlQuala), Qu(a)] ==+ N[0,a(l — a)]
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as n goes to co, and
V| Q@) = Qu(@)| fu(Qlu(@), Qual@)) = N[0,a(1 = a)]

in probability as n and m goes to co. Recall the fact that ﬁ(@gm(a) —
QU(a)> and ﬂ(@gm(a) — QUm(a)) have the same limiting distribution
in probability as m = o(n), n and m goes to co. This fact, together with

the Pélya’s theorem, indicates that

sup
z€ER

Proof of Corollary S2: The proof of this corollary is similar to that of
Corollary S1. Thus, we simply omit it here. O
Proof of Proposition S1: (1) If [; = 0, it is easy to see that Qu(«a) =
Qnr(a) = 1. Therefore, the additional leftward extension is zero. If 1 <
[y < L, from the definition of upper-quantile and mid-quantile, we have
that both Qu(a) and Qu(«) lie in [z, x;,41]. To be specific, Qu(a) =
{wizy, + (1 —wi)xy 41}, Qu(a) = {wexy, + (1 — wo)xy 41}, where 0 < wy <
1 and 0 < wy < 1. Moreover, from the fact that Qu(a) < @), we obtain
that w; > wy. Therefore, the additional leftward extension is Q(a) —
Qu(a) = (w1 — wa) (@111 — 1)

(2) If Iy = L, it is easy to see that Qu(1 —a) = Qr(1 — a) = 2.

Pt (Vi (@) ) Quae) < 2) =1 (Vi (@) -Quta)) <) ‘ = 0,(1).
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Therefore, the additional rightward extension is zero. If 1 < [, < L,
from the definition of lower-quantile and mid-quantile, we have that both
Qu(l —a) and Qp(1 — ) lie in [x;,, 21,11]. To be specific, Qp (1 — «) =
{wszy, + (1 —ws3)x,41} and Qp(l — ) = {waxy, + (1 — wa)xy41 ), Where
0 <wy <1and0<ws<1. Moreover, from the fact that @ (1 — a) <
Qr(1 — «), we obtain that w3 > wy. Therefore, the additional rightward
extension is Qr(1 — a) — Qu(l — @) = (w3 — wa)(Tlr1 — T1,)-

(3) It is noted that {Qr(1 — a/2) — Qu(a/2)} — {Qu (1 — a/2) —
Qu(a/2)} = {Q@u(a/2) — Qula/2)} +{QL(l — @/2) — Qu(l — a/2)}.
Then, the conclusion follows immediately by substituting o with a//2 in the

(1) and (2). O

S4 Additional illustrations and simulation studies

S4.1 Illustration of Propositions 2 and 3

In Propositions 2 and 3, we have proved that under some circumstances
the mid-quantile could not be used to construct prediction interval for X
with guaranteed coverage probability, while the upper- and lower-quantiles
could overcome this problem. The following example presents three con-

crete cases to illustrate Propositions 2 and 3, and highlight the importance
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of our upper- and lower-quantiles. For simplicity, we only display the re-
sults for two-sided intervals and focus on the failures of mid-quantile, that
is, circumstances in which mid-quantiles could not provide intervals with
guaranteed coverage probabilities. In all these cases, we aim to construct
one interval with 95% coverage probability.
Example S1 (a) The first case is an artificial discrete distribution.
Suppose that X is a discrete random variable with possible values and corre-
sponding probability masses 1,2, 3,4,5,6,7 and 0.01,0.025,0.31,0.31,0.31,0.025, 0.01,
respectively. After some tedious calculations, we obtain Q/(0.025) =

2.0149, Q4(0.975) = 5.9851, Qy;(0.025) = 1.6, and Q1(0.975) = 6.4 with

Pr(Qa(0.025) < X < Qun(0.975)) = 0.93 < 0.95

and

Pr(Qu(0.025) < X < Q.(0.975)) = 0.98 > 0.95.

(b) The second case is a Binomial distribution. Assume that the random
variable X follows the Binomial distribution B(16,0.5). Then we could
acquire Qy7(0.025) ~ 4.0101, Q(0.975) ~ 11.9899, Qr(0.025) ~ 3.5172,

and Qr,(0.975) ~ 12.4828 with

Pr(Qar(0.025) < X < Qun(0.975)) ~ 0.9232 < 0.95
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and

Pr(Qu(0.025) < X < Q(0.975)) ~ 0.9787 > 0.95.

(¢) The third case concerns a Poisson distribution. Suppose that X has
a Poisson distribution with mean 5. Direct calculations lead to ()(0.025) ~
1.0337, Qs (0.975) = 9.9177, Qy(0.025) ~ 0.5421, and @1(0.975) ~ 10.3766
with

Pr(Qx(0.025) < X < Q1,(0.975)) ~ 0.9277 < 0.95

and

Pr(Qu(0.025) < X < Q1(0.975)) ~ 0.9796 > 0.95.

From the results in Example S1, we could clearly see that the mid-
quantile may not produce an interval with guaranteed coverage probability,

while our upper- and lower-quantiles could.

S4.2 Additional simulation studies to evaluate of the established

theoretical results

In this subsection, we provide two additional numerical examples to eval-
uate the theoretical results in both the main body of this article and the
supplementary material.

Example S2 In the first example, we revisit Example S1 to compare

the empirical coverage probabilities of prediction intervals based on mid-
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Table S1: Empirical coverage probabilities in Example S2.

Case (a) Case (b) Case (c)

Mid  0.9346 0.9303 0.9277

UL 0.9800 0.9787 0.9696

quantiles, upper- and lower-quantiles. In these three cases, we set the sam-
ple size n = 5,000, 100,000 and 5,000, respectively. Based on 500 replica-
tions, we obtain empirical 95% coverage probabilities. The results are listed

in Table S1.

Table S1 implies that the empirical coverage probabilities of intervals
based on mid-quantiles, upper- and lower-quantiles are consistent with the
corresponding theoretical coverage probabilities presented in Example S1.

In this example, the mid-quantiles Q5;(0.025)s and Q,(0.975)s are very
close to the support points of the discrete random variables. For example,
in Case (a), Q(0.025) = 2.0149 is very close to support point 2. Besides,
the CDF's are discontinuous at the support points. Therefore, in order to
estimate the coverage probabilities as accurately as possible, we need to

acquire rather accurate estimators of (,(0.025)s and Qp/(0.975)s. This is
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the reason why the sample sizes are very large in this example.

In the next example, we examine the performances of the bootstrapping
procedure and evaluate its theoretical properties.

Example S3 In this example, we aim to construct 95% confidence
interval for upper- and lower-medians of binomial distribution Bin(L,0.5)
with L = 2,3,6,7,10, 11 via the bootstrapping procedure. L = 2,6, 10 are
corresponding to Case 2 of Theorems 2 and 3, while L = 3,7,11 belong to
Case 3. For the m-out-of-n bootstrap, we choose m = n?3, n3/* n** which
all satisfy m = o(n). Moreover, the sample size n is set to be 500, 1000 and
2000. All simulation results are based on 1000 data repetitions with 1000
bootstrap replications in each repetition.

The empirical 95% coverage probabilities for upper-medians are listed
in Table S2 and imply that the empirical coverage probabilities fluctuate
around the nominal confidence level 95%, and the bootstrap method be-
haves equally well as the asymptotically normal approximation. We do not
exhibit the empirical coverage probabilities for lower-medians here. This is

because that these results are almost the same as those of upper-medians.
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Table S2: Results for the bootstrap confidence intervals for upper-median in Example

S3.
n
m 500 1000 2000 500 1000 2000
L=2 L=3
n?/3 0.958 0.970 0.957 0.908 0.933 0.934
n3/4 0.957 0.966 0.956 0.912 0.934 0.943
n*/5 0.958 0.968 0.955 0.917 0.939 0.946
CLT approx. 0.951 0.966 0.955 0.943 0.960 0.964
L=6 L=
n?/3 0.970 0.959 0.964 0.933 0.921 0.933
n3/4 0.967 0.957 0.963 0.933 0.923 0.940
nt/5 0.964 0.958 0.962 0.938 0.929 0.942
CLT approx. 0.956 0.953 0.962 0.955 0.942 0.957
L=10 L=11
n?/3 0.971 0977 0.975 0.943 0.943 0.926
n3/4 0.968 0.971 0.971 0.944 0.947 0.928
n*/5 0.968 0.970 0.967 0.939 0.949 0.931
CLT approx. 0.960 0.964 0.965 0.952 0.959 0.942
1 CLT approx. represents the method of asymptotically normal approximation.
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