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We summarize the main results in Section S1 and discuss the construction of the stratifi-

cation variables used for the proposed method in Section S2. Details of the proposed adjusted

tests are presented in Section S3, and the proofs of the theoretical results are given in Section S4.

Additional discussions on the validity of Assumption 3.1.5 and the numerical implementation

of GEE are provided in Section S5. Supplementary numerical studies for continuous and binary

outcomes are presented in Section S6. Finally, the description of the covariate effects estimated

from the outcome model considered in Section 6 of the main text is provided in Section S7.

S1 Summary of Main Results

In this section, we summarize the framework, assumptions, and theo-

retical results. We consider the following outcome model:
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E[Yij|Ai,Xi,j] =Aiµ(η
1
i,j) + (1− Ai)µ(η

0
i,j),

and ηai,j =γa +X⊤
i,jβ for a ∈ {0, 1}, (2.1)

where µ(·) represents the correctly specified link function; γ1 and γ0 are the

effects of treatment and control, respectively; and β represents the effect of

covariates. The working model used for the adjustment can be written as

E[Yi,j|Ai,Xi,j] ∼Aim(η∗1i,j) + (1− Ai)m(η∗0i,j),

and η∗ai,j =g⊤
i,j,aθ

∗
in for a ∈ {0, 1}, (2.2)

where gi,j,a = (a, 1 − a,X⊤
i,j,in)

⊤, m(·) is the given link function used for

estimating the parameter of interest θ∗ = (γ∗
1 , γ

∗
0 ,β

∗⊤
in )⊤, and the ∗ on the

superscript indicates that the value of the parameters may be different from

the true value, sincem(·) can be different from η(·) and the covariatesXi,j,in

may not equal to Xi,j.

For a ∈ {0, 1}, let Yi(a) = (Yi,1(a), . . . , Yi,ni
(a))⊤,mi(a) = (mi,1(a), . . . ,mi,ni

(a))⊤,

m′
i,j(a) =

d
dη
m(η)|η=η∗ai,j

and denote vi,j(a) as the model-based estimator for

Var[Yi,j(a)|Xi,j,in]. Furthermore, let M̃i(a) = diag{m′
i,1(a), . . . ,m

′
i,ni

(a)},

Gi,a = (gi,1,a, . . . , gi,ni,a)
⊤, andΛi,a = diag{vi,1(a), . . . , vi,ni

(a)}, Yi = AiYi(1)+
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(1 − Ai)Yi(0), and mi = Aimi(1) + (1 − Ai)mi(0). Then, the generalized

estimation equation associated with (2.2) considers solving

0p0+2 = ΨN,α∗(θ∗) =
N∑
i=1

(
∂mi

∂θ∗

)⊤

V −1
i (α∗) (Yi −mi)

=
N∑
i=1

I{Ai = a}L⊤
i,a(θ

∗,α∗)ri(a), (2.3)

where ri(a) = Yi(a) − mi(a), Li,a(θ
∗,α∗) = V −1

i (α∗)M̃i(a)Gi,a for a ∈

{0, 1}, Vi(α
∗) is the working covariance matrix used to improve the esti-

mation of θ∗, and α∗ is a q-vector of parameters used for estimating the

covariances.

Based on (2.3), the estimate of θ∗ is denoted by θ̂∗ = (γ̂∗
1 , γ̂

∗
0 , β̂

∗⊤
in )⊤ and

the corresponding estimate for τ ∗ = γ∗
1 − γ∗

0 is τ̂ ∗ = γ̂∗
1 − γ̂∗

0 . To conduct

the inference of τ , we consider the hypothesis H0 : τ = 0 against H1 : τ ̸= 0

with the following Wald test statistic TWald = se−1
Wald(τ̂

∗)τ̂ ∗, where

Nse2Wald(τ̂
∗) = l⊤Ψ̃−1

N (θ̂∗, α̂∗)Σ̂ΨΨ(θ̂
∗, α̂∗)Ψ̃−1

N (θ̂∗, α̂∗)l, (S1.1)

Ψ̃N(θ̂
∗, α̂∗) = 1

N

∑N
i=1

[
AiL

⊤
i,1(θ̂

∗, α̂∗)Vi(α̂
∗)Li,1(θ̂

∗, α̂∗)

+ (1− Ai)L
⊤
i,0(θ̂

∗, α̂∗)Vi(α̂
∗)Li,0(θ̂

∗, α̂∗)
]
,

Σ̂ΨΨ(θ̂
∗, α̂∗) = 1

N

∑N
i=1

[
AiL

⊤
i,1(θ̂

∗, α̂∗)(Yi − m̂i(1))(Yi − m̂i(1))
⊤Li,1(θ̂

∗, α̂∗)

+ (1− Ai)L
⊤
i,0(θ̂

∗, α̂∗)(Yi − m̂i(0))(Yi − m̂i(0))
⊤Li,0(θ̂

∗, α̂∗)
]
,



where l = (1,−1,0⊤
p0
)⊤, and m̂i(a) are the estimated values of mi(a) by

replacing (θ∗,α∗) with (θ̂∗, α̂∗).

The assumptions used for developing our theoretical results are sum-

marized as follows.

Assumption 3.1. 1. smax and kmax are finite, {Ki, Si} are i.i.d. as {K,S}

and {Xi,Yi(1),Yi(0)} are i.i.d. as {Xk,Y k(1),Y k(0)} with finite

third moments given Ki = k for 1 ≤ k ≤ kmax and 1 ≤ i ≤ N .

2. Given Xi and Ai, Yi satisfies (2.1) for 1 ≤ i ≤ N .

3. On the support of m(·), m(·) is bounded and twice differentiable.

4. Let {V k(α),Gk
1,G

k
0,L

k
1(θ,α),Lk

0(θ,α),M̃ k(1),M̃ k(0), rk(1), rk(0)}

denote the population analogue of {Vi(α),Gi,1,Gi,0,Li,1(θ,α),Li,0(θ,α),

M̃i(1),M̃i(0), r(1), r(0)} givenKi = k. Suppose α̂∗−α∗ = Op(N
−1/2)

for someα∗ = α(θ∗), each element of V k(α) is continuous and bounded

in α for 1 ≤ k ≤ kmax.

5. Let

Ψα(θ) = 2−1
∑kmax

k=1 π·,k
∑

a∈{0,1}E
[
Lk⊤

a (θ,α)rk(a)
]
,

Ψ̃α(θ) = 2−1
∑kmax

k=1 π·,k
∑

a∈{0,1}E[L
k⊤
a (θ,α)V k(α)Lk

a(θ,α)],

T1,1 = 2−1
∑kmax

k=1 π·,k
∑

a∈{0,1}E
[
Gk⊤

a

{
∂
∂θ
M̃ (a)

}{
V k(α)

}−1
rk(a)

]
,
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T1,2 = 2−1
∑kmax

k=1 π·,k
∑

a∈{0,1}E
[
Gk⊤

a M̃ k(a) ∂
∂θ
{Λk}−1/2

{
Ck(α)

}−1 {Λk}−1/2rk(a)
]
,

T1,3 = 2−1
∑kmax

k=1 π·,k
∑

a∈{0,1}E
[
Gk⊤

a M̃ k(a){Λk}−1/2
{
Ck(α)

}−1 ∂
∂θ
{Λk}−1/2rk(a)

]
,

and T2(α) = 2−1
∑kmax

k=1 π·,k
∑

a∈{0,1}E
[
Gk⊤

a M̃ k(a) ∂
∂α

{
V k(α)

}−1
rk(a)

]
.

Then Ψ̃α∗(θ∗) is positive definite, T1 = T1,1 + T1,2 + T1,3 = 0, and

T2(α) = 0 for all α in the neighborhood of α∗.

Assumption 3.2. Let Fi−1 = σ{{Sj,Xj,Yj(1),Yj(0), Kj}i−1
j=1, Si} denote

the cumulated information before the assignment of the i-th patient. For

1 ≤ s ≤ smax and 1 ≤ k ≤ kmax, the joint imbalance satisfies

DN(s, k) =
N∑
i=1

di(s, k) + ε(s, k),

where (i) E[ϵ2(s, k)] = o(N), and (ii) {di(s, k), 1 ≤ s ≤ smax and 1 ≤ k ≤

kmax}Ni=1 is a sequence of zero-mean martingale differences with respect to

Fi−1 and has a covariance kernel γ{(s1, k1), (s2, k2)} < ∞ such that for

1 ≤ s1, s2 ≤ smax and 1 ≤ k1, k2 ≤ kmax

1

N

N∑
i=1

E [di(s1, k1)di(s2, k2)| Fi−1] = γ{(s1, k1), (s2, k2)}+ op(1).

Theorem 3.1. Suppose Assumptions 3.1 and 3.2 hold and the working



model (2.2) is implemented with the GEE (2.3). Let

R(s, k) = E
[
Lk⊤

1 (θ∗,α∗)rk(1)−Lk⊤
0 (θ∗,α∗)rk(0)|S = s

]

for 1 ≤ s ≤ smax and 1 ≤ k ≤ kmax. Then

√
N
(
θ̂∗ − θ∗

)
= 2

{
Ψ̃α∗(θ∗)

}−1√
NΨN,α∗(θ∗) + op(1),

and
√
NΨN,α∗(θ∗)

P−→ N (0p0+2, 2
−1ΞΨΨ(θ

∗,α∗)),

where ΞΨΨ(θ
∗,α∗) = ΣΨΨ(θ

∗,α∗)− 2−1 [ΣCR(θ
∗,α∗)− ΣCAR(θ

∗,α∗)] ,

ΣΨΨ(θ
∗,α∗) =

kmax∑
k=1

π·,k
∑

a∈{0,1}

E
[
Lk⊤

a (θ∗,α∗)rk(a)rk⊤(a)Lk
a(θ

∗,α∗)
]
,

ΣCR(θ
∗,α∗) =

kmax∑
k=1

smax∑
s=1

πs,kR(s, k)R⊤(s, k),

and ΣCAR(θ
∗,α∗) =

∑
k1,k2

∑
s1,s2

γ{(s1, k1), (s2, k2)}R(s1, k1)R
⊤(s2, k2).

For CR and the class of CAR procedures satisfying

DN(s, ·) = op(N
−1/2) for 1 ≤ s ≤ smax, (3.1)

the covariance γ
(
(s1, k1), (s2, k2)

)
admits closed-form expressions. We ana-

lyze their properties in the following corollary.
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Corollary 3.1. 1. Under CR, Assumption 3.2 holds with

γ{(s1, k1), (s2, k2)} = I{s1 = s2 = s, k1 = k2 = k}πs,k

for 1 ≤ s1, s2 ≤ smax and 1 ≤ k1, k2 ≤ kmax and thus ΣCR(θ
∗,α∗) =

ΣCAR(θ
∗,α∗).

2. If the CAR procedure satisfies (3.1), then Assumption 3.2 holds with

γ{(s1, k1), (s2, k2)} = I{s1 = s2 = s, k1 = k2 = k}πs,k

−I{s1 = s2 = s}πk1|sπk2|sπs,·

for 1 ≤ s1, s2 ≤ smax and 1 ≤ k1, k2 ≤ kmax and thus

ΣCR(θ
∗,α∗)− ΣCAR(θ

∗,α∗) =
smax∑
s=1

πs,·
∑
k1,k2

πk1|sπk2|sR(s, k1)R
⊤(s, k2)

is positive definite.

Based on the above results, we next evaluate the property of the Wald

tests in the following corollary.

Corollary 3.2. Under the conditions of Theorem 3.1 and the true response

model (2.1), the following statements hold.



1. Let l = (1,−1,0⊤
p0
)⊤, then

√
N (τ̂ ∗ − τ ∗)

D−→ N
(
0, 2σ2

τ (θ
∗,α∗)

)
,

and Nse2Wald(τ̂
∗) = 2σ2

Wald(θ
∗,α∗) + op(1),

where σ2
τ (θ

∗,α∗) = l⊤
{
Ψ̃α∗(θ∗)

}−1

ΞΨΨ(θ
∗,α∗)

{[
Ψ̃α∗(θ∗)

]−1
}⊤

l,

and σ2
Wald(θ

∗,α∗) = l⊤
{
Ψ̃α∗(θ∗)

}−1

ΣΨΨ(θ
∗,α∗)

{[
Ψ̃α∗(θ∗)

]−1
}⊤

l.

Here, ΞΨΨ(θ
∗,α∗) and ΣΨΨ(θ

∗,α∗) are given in Theorem 3.1.

2. Under H0 : γ1 = γ0, τ̂
∗ = Op(N

−1/2) and TWald converges to a normal

random variable with mean zero and variance

λ2
Wald = σ−2

Wald(θ
∗,α∗)σ2

τ (θ
∗,α∗) ≤ 1.

Then, TWald following CAR procedures may be conservative in terms

of having reduced Type I error.

3. Under H1 : γ1 − γ0 = δ/
√
N with δ > 0, there exists δ∗ such that

√
N(γ∗

1 − γ∗
0) = δ∗, and TWald − {2σ2

Wald(θ
∗,α∗)}−1/2δ∗ converges to a

normal random variable with mean zero and variance λ2
Wald. Further-

more, let c denote the significance level of the test, then the power of

TWald is
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1− Φ

(
z1−c/2

λWald
− δ∗√

2σ2
τ (θ

∗,α∗)

)
+ Φ

(
− z1−c/2

λWald
− δ∗√

2σ2
τ (θ

∗,α∗)

)
+ o(1), (3.2)

where Φ(x) is the cumulated distribution function for a standard nor-

mal distribution and z1−c/2 is its (1− c/2)-th quantile.

Theorem 4.1. Under the conditions of Corollary 3.2, the following state-

ments hold.

1. Under H0 : γ1 = γ0, Tadj converges to a standard normal random vari-

able. In this case, Tadj following CAR procedures attains the nominal

level of the test.

2. Under H1 : γ1 − γ0 = δ/
√
N with δ > 0, there exists δ∗ such that

√
N(γ∗

1 − γ∗
0) = δ∗ and Tadj − {2σ2

τ (θ
∗,α∗)}−1/2δ∗ converges to a stan-

dard normal random variable. Furthermore, the power of Tadj is

1− Φ

(
z1−c/2

λWald
− δ∗√

2σ2
τ (θ

∗,α∗)

)
+ Φ

(
− z1−c/2

λWald
− δ∗√

2σ2
τ (θ

∗,α∗)

)
+ o(1).



S2 Construction of the Stratification Variables

In this section, we describe the construction of the stratification vari-

ables (Si, Ki). Here, Si is used in the design of the CAR procedure, while

Ki denotes an additional stratification variable associated with potential

missingness or unbalanced observations, which may in turn affect the sub-

sequent inference.

S2.1 The Stratification Variable Used for Design

LetXi,Ex = (Xi,1, . . . , Xi,q)
⊤ denote the q baseline covariates used at the

design stage. These covariates are observed prior to randomization and may

differ from those used in the analysis stage. Furthermore, some components

of Xi,Ex may be continuous. Let C = {j : Xi,j is continuous, 1 ≤ j ≤ q}

denote the index set of continuous covariates. For each j ∈ C, define a

discrete function dj(·) that maps Xi,j into sj discrete levels {xl
j}

sj
l=1. The

resulting discretized covariate X̃i,j can be defined as

X̃i,j =


dj(Xi,j) = xl

j, if j ∈ C,

Xi,j, if j /∈ C.

For j /∈ C, Xi,j is discrete and is assumed to have sj levels. Consequently,

the induced stratification scheme yields a total of smax =
∏q

j=1 sj strata.
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In practice, discretization is often guided by clinically meaningful thresh-

olds or data-driven criteria such as quantiles. For example, as noted in Sec-

tion 2.2.7 of ICH (1998), diastolic blood pressure is often dichotomized at

90 mmHg based on clinical relevance. In modern oncology trials, including

umbrella or basket trials (FDA, 2022), continuous or high-dimensional ge-

nomic variables are routinely discretized into biomarker-defined subgroups

to facilitate treatment allocation.

When the number of baseline covariates is large, the resulting num-

ber of strata smax may become substantial relative to the sample size N . In

such settings, over-stratification can deteriorate the performance of the ran-

domization procedure and is generally discouraged in practice (ICH, 1998).

Accordingly, it is common to restrict stratification to a small set of key

prognostic covariates, and the number of stratification factors is typically

limited in practical applications (see, e.g., Section 3.2 of ICH, 1998).

Nevertheless, in many contemporary applications, a large number of

strata may be unavoidable. A prominent example arises in multicenter

clinical trials, where the number of participating sites can be substantial,

and site indicators are routinely incorporated into the stratification scheme

to account for between-center heterogeneity. In such settings, smax may be

large even when only a small number of additional covariates are included.



As discussed in ICH (1998), a common practical strategy is to combine

similar strata, for example, by grouping geographically proximate sites or

sites with similar clinical characteristics, so as to reduce the effective number

of strata while preserving the main sources of heterogeneity. Alternatively,

one may select only the most important covariates for stratification, thereby

reducing the dimensionality of the strata, as considered in Guo et al. (2025).

S2.2 Additional Stratification Variable

We introduce Ki to account for the impact of potential imbalance on

inference in longitudinal data arising from CAR experiments. Ki is defined

as the stratification variable, such that, if Ki = k then ni = nk,Ci(α) =

Ck(α), for 1 ≤ k ≤ kmax. Here, kmax represents the number of distinct

values of the pair {ni,Ci(α)}, where ni denotes the number of observations

for subject i, and Ci(α) represents the working correlation matrix, respec-

tively. Below, we provide additional details on how Ki can be incorporated

in practical applications.

Example 1 (Independent and Exchangeable Correlations). The indepen-

dence or exchangeable working correlation structures can be specified as

Ci(α) = Ini
or Ci(α) = (1− α)Ini

+ α1ni
1⊤
ni
,
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where In denotes the n × n identity matrix and 1n denotes the n-vector

of ones. In either case, Ci(α) is uniquely determined by the number of

observations ni. Hence, kmax represents the number of distinct values taken

by ni, such that Ki = k whenever ni = nk. In particular, when ni = n for

all 1 ≤ i ≤ N , that is, the study is balanced, kmax = 1 and, Ki may be

omitted.

Example 2 (AR(1) Correlation). Let n denote the total number of sched-

uled visits. In practice, the patient may occasionally miss a scheduled visit.

Hence, the number of observed measurements for the i-th patient ni, may

be less than n. For 1 ≤ k ≤ ni, let tk denote the time of the k-th observed

visit, where 1 ≤ t1 ≤ . . . ≤ tni
≤ n. Then, the AR(1) correlation matrix is

specified by

[Ci(α)]k1,k2 = α|tk1−tk2 |, 1 ≤ k1, k2 ≤ ni.

To further illustrate the role of Ki under the AR(1) structure, consider

the case where n = 4 and ni ∈ {4, 3}. Suppose that when ni = 3, the

observed visit times are either {1, 2, 4} or {1, 3, 4}. Then there are three

distinct correlation patterns in total, so that kmax = 3, that is, when ni = 4,



we have

Ci(α) =



1 α α2 α3

α 1 α α2

α2 α 1 α

α3 α2 α 1


.

When ni = 3, for observed visit times {1, 2, 4} and {1, 3, 4}, the correspond-

ing correlation matrices are

Ci(α) =


1 α α3

α 1 α2

α3 α2 1

 , and Ci(α) =


1 α2 α3

α2 1 α

α3 α 1

 ,

respectively.

In summary, the value of kmax depends on the choice of the working

correlation matrix Ci(α) and the distinct values of {ni}Ni=1. Under the in-

dependence and exchangeable working correlation structures, kmax depends

only on the distinct values of {ni}Ni=1 and may remain relatively small when

the number of such distinct values is limited. For other working correlation

structures that depend on the observation times, such as the AR(1) corre-

lation structure, the unbalanced visit schedules may lead to a larger value

of kmax. In such cases, one may combine levels of Ki that contain only a
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small number of subjects, thereby keeping kmax in a reasonable scale.

In Example 2, we assume that all N subjects have the same number

of scheduled visits, although the number of observed visits may vary across

subjects. In some applications, however, the planned number of visits may

itself differ across subjects due to differences in patients’ health conditions

or treatment pathways. For example, patients in better health may require

fewer follow-up visits than those in poorer health. In such settings, addi-

tional modeling adjustments may be required to account for this source of

heterogeneity together with potential missing visits. We leave extensions of

the GEE framework to these more general settings for future research.



S3 Additional Details for the Adjusted Tests

We first present a detailed description of the bootstrap procedure in

Algorithm 1. Define the plug-in sample analogues of πs,k, πk|s, R(s, k),

Ψ̃α∗(θ∗), and ΣCR(θ
∗,α∗) as π̂s,k, π̂k|s,R̂(s, k), and

Ψ̃N,α̂(θ̂
∗) =

1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}L⊤
i,a(θ̂

∗, α̂∗)Vi(α̂
∗)Li,a(θ̂

∗, α̂∗),

Σ̂CR(θ̂
∗, α̂∗) =

kmax∑
k=1

smax∑
s=1

π̂s,kR̂(s, k)R̂⊤(s, k).

Algorithm 1 CAR Bootstrap procedure for Longitudinal Study

1: Input: Observed Stratification Data {(Si,Ki)}Ni=1; the number of bootstrap repli-
cations B; and the CAR procedure used in the original trial.

2: for b = 1 to B do

3: Draw a random sample of sizeN with replacement from the empirical distribution
of {(Si,Ki)}Ni=1, denoted as {(S∗b

i ,K∗b
i )}Ni=1.

4: Generate {A∗b
i }Ni=1 based on the resampled covariate sequence {S∗b

i }Ni=1 according
to the original CAR procedure.

5: Evaluate the imbalance {D∗b
N (s, k) : 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax}, where

D∗b
N (s, k) =

N∑
i=1

(2A∗b
i − 1)I{Sb

i = s,Kb
i = k}.

6: end for

7: Output: {D∗b
N (s, k) : 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax}Bb=1.

Based on Algorithm 1, we compute {D∗b
N (s, k)}s,k and

O∗
b = N−1/2

kmax∑
k=1

smax∑
s=1

D∗b
N (s, k)R̂(s, k) for 1 ≤ b ≤ B.
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Consequently, ΣCAR(θ
∗,α∗) can be estimated by the sample variance-covariance

matrix of {O∗
b}Bb=1, denoted by S2

O. Furthermore, the proposed adjusted

standard error can be calculated as

Nse2adj(τ̂
∗) = Nse2Wald(τ̂

∗)−

l⊤
{
Ψ̃N,α̂∗(θ̂∗)

}−1

4−1
[
Σ̂CR(θ̂

∗, α̂∗)− S2
O

]{
Ψ̃N,α̂∗(θ̂∗)

}−1

l. (S3.1)

S4 Proof of the Main Results

We prove our theoretical results in the following subsections.

S4.1 Proof of Theorem 3.1

We begin the proof of Theorem 3.1 starting from introducing some

additional notation and some ancillary results. Let Ns,k =
∑N

i=1 I{Si =

s,Ki = k}, N·,k =
∑N

i=1 I{Ki = k}, and Ns,· =
∑N

i=1 I{Si = s}, denote

the number of patients under different levels of stratifications. With a

slight abuse of notation, we will use {Xk
i ,Y

k
i (1),Y

k
i (0)}

N·,k
i=1 to represent

the observed data for the i-th patient, with Ki = k for 1 ≤ i ≤ N·,k and

1 ≤ k ≤ kmax. For a ∈ {0, 1}, let ha(·|θ∗,α∗) be a scalar function, such that

ha(·|θ∗,α∗) is continuous and twice differentiable in θ∗ and α∗. Set h =

(h1, h0), and let Ha denote the class of functions of ha and H = H1⊗H0.



For Wi = vec(Xi,Yi(1),Yi(0)), denote Wi(h) = Wi ◦ h = h(Wi|θ∗,α∗),

such that Wi(h1 + h0) = h1(Wi|θ∗,α∗) + h0(Wi|θ∗,α∗). Let PN(h) =

N−1
∑N

i=1[AiWi(h1) + (1 − Ai)Wi(h0)], P(h) = 2−1
∑kmax

k=1 πkE[W
k(h1) +

Wk(h0)], and GN(h) = PN(h)−P(h). The following proposition provides

the basis for our theoretical analysis.

Proposition 1. 1. The class of functions H is VC-subgraph class sat-

isfying that supha∈Ha
E[{W (ha)}2] < ∞, for a ∈ {0, 1}, then

suph∈H |PN(h)−P(h)| converges to zero in probability.

2. Suppose P(h) = 0, then GN(h) converges to a zero-mean normal vari-

able with variance 4−1{2σ2
W (h)− [σ2

CR(h)− σ2
CAR(h)]}, where

σ2
W(h) =

kmax∑
k=1

π·,k{E[{W k(h1)}2] + E[{W k(h0)}2]},

σ2
CR(h) =

kmax∑
k=1

smax∑
s=1

πs,k{E[W k(h1 − h0)|S = s]2}

σ2
CAR(h) =

∑
k1,k2

∑
s1,s2

γ{(s1, k1), (s2, k2)}E[W k1(h1 − h0)|S = s1]E[W
k2(h1 − h0)|S = s2].

Proof of Proposition 1. Regarding the first argument, it follows from As-

sumption 3.1.1 and Assumption 3.1.2 that

N∑
i=1

(2Ai − 1)E[Wi(h1 − h0)|Si, Ki]
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=
N∑
i=1

∑
s,k

(2Ai − 1)I{Si = s,Ki = k}E[Wi(h1 − h0)|Si = s,Ki = k]

=
∑
s,k

DN(s, k)E[W
k(h1 − h0)|S = s],

then we can obtain the following decomposition

PN(h)−P(h) = 2−1{PN,1(h) + PN,2(h) + PN,3(h) + PN,4(h)},

where PN,1(h) = N−1

N∑
i=1

(2Ai − 1) {Wi(h1 − h0)− E[Wi(h1 − h0)|Si, Ki]} ,

PN,2(h) = N−1

smax,kmax∑
s,k=1

DN(s, k)E[W
k(h1 − h0)|S = s],

PN,3(h) =
kmax∑
k=1

N·,k

N
· 1

N·,k

N·,k∑
i=1

[
W k

i (h1 + h0)− E
[
W k(h1 + h0)

]]
,

and PN,4(h) =
kmax∑
k=1

(
N·,k

N
− π·,k

)
E
[
W k(h1 + h0)

]
.

Notice that

E [Wi(h1 − h0)− E[Wi(h1 − h0)|Si, Ki]|Fi−1]

= E [E[Wi(h1 − h0)|Si, Ki]− E[Wi(h1 − h0)|Si, Ki]|Fi−1] = 0.

Consequently, (2Ai−1){Wi(h1−h0)−E[Wi(h1−h0)|Si, Ki]}Ni=1 is a sequence

of zero-mean martingale differences. Then, following a similar proof of

Lemma S1.3 in the supplementary materials of Liu et al. (2025), we can



show that suph∈H |PN,k(h)| = op(1) for 1 ≤ k ≤ 4. This completes the

proof for the first argument.

For the second argument, notice that

GN(h) =
1

2
{GN,1(h) +GN,2(h) +GN,3(h) +GN,4(h)}+ op(1)

where GN,j(h) =
N∑
i=1

Zi,j(h) for 1 ≤ j ≤ 4,

Zi,1(h) =(2Ai − 1){Wi(h1 − h0)− E[Wi(h1 − h0)|Si, Ki]}

Zi,2(h) =
∑
s,k

di(s, k)E[Wi(h1 − h0)|Si = s,Ki = k]

Zi,3(h) =Wi(h1 + h0)− E[Wi(h1 + h0)|Si = s,Ki = k]

and Zi,4(h) =
∑
s,k

I{Si+1 = s,Ki+1 = k}

× E[Wi+1(h1 + h0)|Si+1 = s,Ki+1 = k].

Let Zi(h) = (Zi,1(h), Zi,2(h), Zi,3(h), Zi,4(h)
⊤, then under Assumption 3.1

and supha∈Ha
E[{W (ha)}2] < ∞ for a ∈ {0, 1}, {Zi(h)

⊤}Ni=1 is sequence of

multivariate martingale difference with respect to Fi satisfyingE[∥Zi(h)∥2] <

∞. We next derive the conditional variances for {Zi(h)}Ni=1 as follows:

1

N

N∑
i=1

E[{Zi,1(h)}2|Fi−1] =
∑
s,k

πs,kV[W k(h1 − h0)|S = s] + op(1),
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1

N

N∑
i=1

E[{Zi,2(h)}2|Fi−1] =
∑

s1,s2,k1,k2

γ{(s1, k1), (s2, k2)}

×E[W k1(h1 − h0)|S = s1]E[W
k2(h1 − h0)|S = s2] + op(1)

=σ2
CAR(h) + op(1),

1

N

N∑
i=1

E[{Zi,3(h)}2|Fi−1] =
∑
s,k

πs,kV[W k(h1 + h0)|S = s] + op(1),

1

N

N∑
i=1

E[{Zi,4(h)}2|Fi−1] =
∑
s,k

πs,kE[W
k(h1 + h0)|S = s]2 + op(1).

Furthermore, it is easy to check that the conditional covariances between

{Zi,j(h), 1 ≤ j ≤ 4} are zero, and thus the asymptotic variance of
√
NGN(h)

equals to

1

N

4∑
j=1

N∑
i=1

E[{Zi,j(h)}2|Fi−1]

=
∑
s,k

πs,k

(
V[W k(h1 − h0)|S = s] + E[W k(h1 − h0)|S = s]2

)
−

(∑
s,k

πs,kE[W
k(h1 − h0)|S = s]2 − σ2

CAR(h)

)

+
∑
s,k

πs,k

(
V[W k(h1 + h0)|S = s] + E[W k(h1 + h0)|S = s]2

)
+ op(1)

=
∑
s,k

πs,k

(
E[
{
W k(h1 − h2)

}2
+
{
W k(h1 + h2)

}2
]
)



−

(∑
s,k

πs,kE[W
k(h1 − h0)|S = s]2 − σ2

CAR(h)

)
+ op(1)

= 2σ2
W(h)−

(
σ2
CR(h)− σ2

CAR(h)
)
+ op(1).

Finally, checking the conditional Lindeberg’s condition (Corollary 3.1 of

Hall and Heyde, 1980) for {Zi(h)}Ni=1 yields the asymptotic normality of

GN(h).

Next, we prove Theorem 3.1 by combining Liang and Zeger (1986) and

the asymptotic property of M-estimation as in Theorem 5.21 of van der

Vaart (1998) by utilizing Proposition 1. Write α̃ = α̂(θ∗) = α̂∗, then θ̂∗

should satisfy ΨN,α̃(θ̂
∗) = op(n

−1/2). Now the derivative of ΨN,α̃(θ
∗) can

be written as

∂

∂θ∗ΨN,α̃(θ
∗) = TN,1 + TN,2(α̃)

∂

∂θ∗ α̃− Ψ̃N,α̃(θ
∗), (S4.1)

TN,1 = TN,1,1 + TN,1,2 + TN,1,3,

TN,1,1 =
1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}G⊤
i,a

∂

∂θ∗M̃i(a)V
−1
i (α̃)ri(a),

TN,1,2 =
1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}G⊤
i,aM̃i(a)

∂

∂θ∗Λ
−1/2
i {Ci(α̃)}−1Λ

−1/2
i ri(a),

TN,1,3 =
1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}G⊤
i,aM̃i(a)Λ

−1/2
i {Ci(α̃)}−1 ∂

∂θ∗Λ
−1/2
i ri(a),
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TN,2(α̃) =
1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}G⊤
i,aM̃i(a)

[
∂

∂α̃
V −1

i (α̃)

]
ri(a),

and Ψ̃N,α̃(θ
∗) =

1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}G⊤
i,aM̃i(a)V

−1
i (α̃)M̃i(a)Gi,a.

Proposition 1.1 implies that

TN,1 = T1 + op(1), TN,2 = T2 + op(1), and Ψ̃N,α̃(θ
∗) = Ψ̃α∗(θ∗) + op(1),

as α̃ = α∗ + op(1). Assumption 3.1.5 further yields that

∂

∂θ∗ΨN,α̃(θ
∗) = −2−1Ψ̃α∗(θ∗) + op(1), (S4.2)

and Ψ̃α(θ
∗) is continuous in α. Since m(·) and V (·) are continuous and

twice differentiable, we shall take Wi(ha) := L⊤
i,a(θ,α)ri(a) for a ∈ {0, 1},

and set h ∈ (h1, h0). Then following Lemma S1.3 of Liu et al. (2025), we

can show that H formed by h is a Donsker class. By Theorem 5.21 of

van der Vaart (1998) and (S4.2), we have

√
N
(
θ̂∗ − θ∗

)
= 2

{
Ψ̃α∗(θ∗)

}−1√
NΨN,α̃(θ

∗) + op(1). (S4.3)

By Assumption 3.1.3, i.e., α̃ − α∗ = Op(N
−1/2), it follows the Taylor ex-



pansion of
√
NΨN,α̃(θ

∗) that

√
NΨN,α̃(θ

∗)

=
√
NΨN,α∗(θ∗) +

{
∂

∂α∗ΨN,α∗(θ∗)

}√
N (α̃−α∗) +Op(∥α̃−α∗∥)

=
√
NΨN,α∗(θ∗) + op(1), (S4.4)

where

∂

∂α∗ΨN,α∗(θ∗) =
1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}G⊤
i,aM̃i(a)

[
∂

∂α∗V
−1
i (α∗)

]
ri(a)

= op(1)

follows from Proposition 1.1 and the last part of Assumption 3.2.3. Then

putting (S4.3) and (S4.4) together, we have

√
N
(
θ̂∗ − θ∗

)
=
{
Ψ̃α∗(θ∗)/2

}−1√
NΨN,α∗(θ∗) + op(1).

This yields the representation given in Theorem 3.1. Finally, applying

Proposition 1.2 to the h described above, we obtain

√
NΨN,α∗(θ∗)

D−→ N (0p0+2, 2
−1ΞΨΨ(θ

∗,α∗)),
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where ΞΨΨ(θ
∗,α∗) = ΣΨΨ(θ

∗,α∗)− 2−1 [ΣCR(θ
∗,α∗)− ΣCAR(θ

∗,α∗)] ,

ΣΨΨ(θ
∗,α∗) =

kmax∑
k=1

π·,k
∑

a∈{0,1}

E
[
Lk⊤

a (θ∗,α∗)rk(a)rk⊤(a)Lk
a(θ

∗,α∗)
]
,

ΣCR(θ
∗,α∗) =

kmax∑
k=1

smax∑
s=1

πs,kR(s, k)R⊤(s, k),

ΣCAR(θ
∗,α∗) =

∑
k1,k2

∑
s1,s2

γ{(s1, k1), (s2, k2)}R(s1, k1)R
⊤(s2, k2),

and R(s, k) = E
[
Lk⊤

1 (θ∗,α∗)rk(1)−Lk⊤
0 (θ∗,α∗)rk(0)|S = s

]
.

This completes the proof of this theorem.

S4.2 Proof of Corollary 3.1

1. Under CR, it is easy to see that Assumption 3.2 holds with

E[(2Ti − 1)(2Tj − 1)I{Si = s1, Ki = k1}I{Sj = s2, Kj = k2}] = 0,

for any s1, s2 and k1, k2, and

E[(2Ti − 1)2I{Si = s1, Ki = k1}I{Si = s2, Ki = k2}]

= I{s1 = s2 = s, k1 = k2 = k}πs,k.

Consequently, ΣCAR(θ
∗,α∗) = ΣCR(θ

∗,α∗).



2. We shall consider Ki as unobserved covariates. By the proof given

in the supplementary materials of Liu and Hu (2022), the CAR that

satisfies (3.1) leads to

di(s, k) = (2Ti − 1)
{
I{Ki = k} − πk|s

}
I{Si = s},

and thus

1

N

N∑
i=1

E [di(s1, k1)di(s2, k2)|Fi−1]

= I{s1 = s2 = s, k1 = k2 = k}πs,·πk|s(1− πk|s)

− I{s1 = s2 = s, k1 ̸= k2}πs,·πk1|sπk2|s + op(1).

Furthermore, we have

ΣCR(θ
∗,α∗)− ΣCAR(θ

∗,α∗) =
smax∑
s=1

πs,·
∑
k1,k2

πk1|sπk2|sR(s, k1)R
⊤(s, k2)

= V[E[R(S,K)|S]]

is positive definite, unless R(S,K) is a constant of S. This completes

the proof for Corollary 3.1.
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S4.3 Proof of Corollary 3.2

We first claim the following result that ensures the mean of TWald is zero

under H0 : γ1 = γ0.

Proposition 2. Suppose (2.1) holds and (2.2) is used as the adjustment

with GEE. Then under H0 : γ1 = γ0, γ
∗
1 = γ∗

0 and τ̂ ∗ is a consistent estimate

of zero.

Proof of Proposition 2. Under the true outcome model (2.1) and H0 : γ1 =

γ0, then the conditional expectations of the first and second elements of

Ψα∗(θ∗) are equal. This further yields that γ∗
1 = γ∗

0 , since θ
∗ = (γ∗

1 , γ
∗
0 ,β

∗⊤)⊤

is the root of Ψα∗(θ∗) = 0p0+2.

Next, by Proposition 2, under H0 : γ1 = γ0, we have

√
Nτ̂ ∗

D−→ N
(
0, 2σ2

τ (θ
∗,α∗)

)
,

and thus

TWald
D−→ N (0, λ2

Wald),

where λ2
Wald = σ−2

Wald(θ
∗,α∗)σ2

τ (θ
∗,α∗).



By (S1.1), Proposition 1.1, and some calculations, we can show that

Ψ̃N,α̂∗(θ̂∗) = 2−1Ψ̃α∗(θ∗) + op(1),

and Σ̂ΨΨ(θ̂
∗, α̂∗) = 2−1ΣΨΨ(θ

∗,α∗) + op(1).

It thus follows that

Nse2Wald(τ̂
∗) = l⊤

{
Ψ̃α∗(θ∗)/2

}−1

ΣΨΨ(θ
∗,α∗)/2

{
Ψ̃α∗(θ∗)/2

}−1

l + op(1)

= 2σ2
Wald(θ

∗,α∗) + op(1).

This completes the first part of Corollary 3.2.

Now considering the alternative hypothesis, we first illustrate the exis-

tence of δ∗ under H1 : γ1−γ0 = N−1/2δ. Recall that the pseudo-true param-

eter θ∗ = (γ∗
1 , γ

∗
0 ,β

∗⊤
in )⊤ is defined as the unique solution to the population

estimating equation E[Ψα(θ
∗)] = 0p0+2. Consequently, δ

∗ = γ∗
1−γ∗

0 = l⊤θ∗,

where l = (1,−1,0⊤
p0
)⊤, is well defined as a linear transformation of θ∗.

On the other hand, to see the relationships between δ∗ and δ, under

the local alternative τ = γ1− γ0 = N−1/2δ, the pseudo-true parameter may

be regarded as a function of τ , denoted by θ∗(τ). By Assumption 3.1.5,

Ψ̃α(θ
∗(τ)) with respect to θ∗(τ) is nonsingular. Hence, by the implicit

function theorem, θ∗(τ) is continuously differentiable in a neighborhood of
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τ = 0. Applying a first-order Taylor expansion to l⊤θ∗(τ) around τ = 0

establishes that

δ∗ ≈ 2δ · l⊤
{
Ψ̃α∗(θ∗)

∣∣∣∣
γ1=γ0

}−1
∂

∂τ
Ψα∗(θ∗)

∣∣∣∣
γ1=γ0

.

Lastly, by Theorem 3.1, we have

√
N(τ̂ ∗ − τ ∗)

D−→ N
(
0, 2σ2

τ (θ
∗,α∗)

)
,

where σ2
τ (θ

∗,α∗) = l⊤
{
Ψ̃α∗(θ∗)

}−1

ΞΨΨ(θ
∗,α∗)

{
Ψ̃α∗(θ∗)

}−1

l. Then ap-

plying the same argument used in the proof of the first part of Corollary 3.2

yields the conclusion for the second part of this corollary.

S4.4 Proof of Theorem 4.1

We begin the proof by restating our adjustment approach. First, we utilize

Σ̂CR(θ̂
∗, α̂∗) =

kmax∑
k=1

smax∑
s=1

π̂s,kR̂(s, k)R̂⊤(s, k)

for estimating ΣCR(θ
∗,α∗), where π̂s,k and R̂(s, k) are the empirical esti-

mates of πs,k and R(s, k). Second, we consider estimating ΣCAR(θ
∗,α∗)

with the following bootstrap based approach. Let B denote the number of

simulations. For 1 ≤ b ≤ B, generate {{S∗b
i , K∗b

i }Ni=1}Bb=1 from the empiri-



cal distribution of {Si, Ki}Ni=1. Then, generate {{A∗b
i }Ni=1}Bb=1 according to

the same CAR procedure used as the one used for the trial and evaluate

the imbalance {D∗b
N (s, k), 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax}Bb=1. Next, calcu-

late Ob = N−1/2
∑kmax

k=1

∑smax

s=1 D
∗b
N (s, k)R̂(s, k) for 1 ≤ b ≤ B and estimate

ΣCAR(θ
∗,α∗) with the sample variance of {Ob}Bb=1 denoted by S2

O. Then

our proposed adjusted standard error satisfies

Nse2adj(τ̂
∗) = Nse2Wald(τ̂

∗)

− l⊤{Ψ̃N,α̂∗(θ̂∗)}−14−1
[
Σ̂CR(θ̂

∗, α̂∗)− S2
O

]
{Ψ̃N,α̂∗(θ̂∗)}−1l,

where Ψ̃N,α̂∗(θ̂∗) =
1

N

N∑
i=1

∑
a∈{0,1}

I{Ai = a}L̂⊤
i,a(θ̂

∗, α̂∗)Vi(α̂
∗)L⊤

i,a(θ̂
∗, α̂∗).

Then the adjusted test statistics is Tadj = se−1
adj(τ̂

∗)τ̂ ∗.

The proof consists of two steps. First, it follows from Proposition 1

that R̂(s, k) = R(s, k) + op(1) and thus Σ̂CR(θ̂
∗, α̂∗) = ΣCR(θ

∗,α∗) + op(1).

For the second step, we aim to show that S2
O = ΣCAR(θ

∗,α∗) + op(1).

Since R̂(s, k) is consistent, it remains to show that {D∗b
N (s, k), 1 ≤ s ≤

smax, 1 ≤ k ≤ kmax}Bb=1 has the same distribution as {DN(s, k), 1 ≤ s ≤

smax, 1 ≤ k ≤ kmax}. To see this, let Πs,k denote the probabilities of the

joint strata for {πs,k, 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax}, Π∗
s,k denote the empirical

probabilities of {π̂s,k, 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax}, and PΠ and PΠ∗ denote
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the associated probability measures. Let DN(s,k) be the vector of be the

joint imbalance {DN(s, k), 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax} following the prob-

ability measure PΠ. In a similar manner, the vector of the joint imbalance

{D∗
N(s, k), 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax} evaluated from bootstrap, which

is denoted by D∗
N(s,k), can be demonstrated as DN(s,k) following the

probability measure PΠ∗ . By Assumption 3.2, the martingale central limit

theorem yields that

N−1/2DN(s,k)
D−→
PΠ

N (0smaxkmax , ΞD(s,k))

under the probability measure PΠ for some covariance matrix ΞD(s,k). It

remains to show that

N−1/2DN(s,k)
D−→

PΠ∗
N (0smaxkmax , ΞD(s,k)) , (S4.5)

i.e., N−1/2DN(s,k) under the probability measure PΠ∗ converges to the

same asymptotic distribution as N−1/2DN(s,k) under the probability mea-

sure PΠ. The proof of (S4.5) employs Le Cam’s third lemma (Example 6.7

of van der Vaart, 1998) in a similar manner as (Lemma S3.1 of Liu and

Hu, 2023) by adapting {DN(s, ·), 1 ≤ s ≤ smax} and {πs,·, 1 ≤ s ≤ smax} to

{DN(s, k), 1 ≤ s ≤ smax, 1 ≤ k ≤ kmax} and {πs,k, 1 ≤ s ≤ smax and 1 ≤



k ≤ kmax}. Applying (S4.5) and Beran (1997) to {Ob}Bb=1 yields

S2
O

PΠ∗−→ ΣCAR(θ
∗,α∗),

and consequently,

Nse2adj(τ̂
∗) = l⊤

{
Ψ̃α∗(θ∗)/2

}−1

2−1ΞΨΨ(θ
∗,α∗)

{
Ψ̃α∗(θ∗)/2

}−1

l + op(1)

= 2l⊤
{
Ψ̃α∗(θ∗)

}−1

ΞΨΨ(θ
∗,α∗)

{
Ψ̃α∗(θ∗)

}−1

l + op(1)

= 2σ2
τ (θ

∗,α∗) + op(1).

Consequently, under H0 : γ1 = γ2,

se−1
adj(τ̂

∗)τ̂ ∗
D−→ N (0, 1).

Then, the rest of the proof follows from a similar argument as the proof of

Theorem 3.1.

S5 Additional Details Regarding the Numerical Im-

plementation of GEE and Assumption 3.1.5

We evaluate several common settings under which T1 = 0 or T2(α) = 0



S5. ADDITIONAL DETAILS REGARDING THE NUMERICAL
IMPLEMENTATION OF GEE AND ASSUMPTION 3.1.5

in Section S5.1. Section S5.2 further examines the relative magnitudes of T1

and T2(α
∗) compared with Ψ̃α(θ

∗). Lastly, we compare the standard Fisher-

scoring implementation of GEE, which ignores T1 and T2(α
∗), with the

Newton–Raphson algorithm that incorporates these terms into the gradient.

Overall, the numerical results indicate that ignoring T1 and T2(α
∗) has

limited impact on the implementation of GEE for estimating τ ∗.

S5.1 Common Settings

The common settings under which T1 = 0 or T2(α) = 0 are listed in

the following proposition.

Proposition 3. 1. If the working model is correctly specified, i.e., µ(·) =

m(·) and Xi,in = Xi,j, then T1 = 0 and T2(α
∗) = 0.

2. If the identity matrix is assumed for the working correlation, then

T2(α
∗) = 0; in addition, if m(·) considers a canonical link for the

exponential family, then T1 = 0 and T2(α
∗) = 0.

3. If the Gaussian-identity link function is used , i.e., the dispersion pa-

rameter ϕi is not considered or does not depend on θ∗, then T1 = 0.

4. If m(·) considers the a canonical link for the exponential family and the



covariates used for adjustment are subject-invariant, i.e., Xi,j = Xi

and ηai,j = ηai , then T1 = 0.

We note that a correctly specified working model or a canonical link

with working independence correlation guarantee T1 = 0 and T2(α
∗) =

0. On the other hand, the identity link function or the canonical link

with subject-invariant covariates imply T1 = 0. We evaluate the relative

magnitude of T2(α
∗) in Section S5.2.

Proof of Proposition 3. We derive for each of the four cases considered in

Proposition 3 as given below.

1. Under the correctly specified working model, i.e., µ(·) = m(·) and

Xi,in = Xi, we have

E[ri,j(a)|Xi] = E[Yi,j(a)−mi,j(a)|Xi]

= E[Yi,j(a)− µi,j(a)|Xi] = 0.

This implies T1 = 0 and T2(α
∗) = 0.

2. Under the independent working correlation, i.e., Ci(α
∗) = Ini

, it is

straightforward to see that ∂
∂α

Ck
i (α

∗) = 0, Vi(α
∗) = Λ

1/2
i,a C

k
i (α

∗)Λ
1/2
i,a =

Λi,a, and T2(α
∗) = 0.

Next, suppose the working model utilizes the canonical link for the
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exponential family, it is easy to check that ϕi · m′
i,j(a) = vi,j(a) and thus

ϕiM̃i(a) = Λi,a and M̃i(a){Vi(α
∗)}−1 = ϕ−1

i Λi,aΛ
−1
i,a = ϕ−1

i Ini
, where ϕi

represent the dispersion parameter (McCullagh and J. A., 2019). This

suggests that the score function becomes

ΨN,α∗(θ∗) =
1

N

N∑
i=1

[
AiG

⊤
i,1ri(1) + (1− Ai)G

⊤
i,0ri(0)

]
ϕ−1
i .

The derivative of ΨN,α∗(θ∗) can be calculated as

∂

∂θ∗ΨN,α∗(θ∗) = − 1

N

N∑
i=1

[
AiG

⊤
i,1M̃i(1)Gi,1 + (1− Ai)G

⊤
i,0M̃i(0)Gi,0

]
ϕ−1
i

= −Ψ̃N,α∗(θ∗),

which implies that TN,1 = 0 and TN,2(α
∗) = 0.

3. Now consider the identity link function m(η) = η. Since m′(η) = 1,

and m′′(η) = 0, it can be shown that M̃i(a) = Ini
, and ∂

∂θ∗M̃i(a) =

0. Furthermore, identity link is a special case of canonical link, so that

ϕiM̃i(a) = ϕiIni
= Λi,a. Hence, ∂

∂θ∗Λi,a = 0. These results imply TN,1,1 =

TN,1,2 = TN,1,3 = 0.

4. If m(·) corresponds to the canonical link for the exponential family,

then ϕiM̃i(a) = Λi,a. Suppose further that the covariates used for adjust-

ment are subject-invariant, i.e., Xi,j = Xi. Then the linear predictor is



constant over repeated measurements within subject, and vi,j(·) is a func-

tion of Xi,j only. Denote vi(θ
∗) as the working variance for the i-th subject,

then we have Λi,a = vi(θ
∗)Ini

and

M̃i(a) [Vi(α
∗)]−1 = ϕ−1

i vi(θ
∗)Ini

[v
1/2
i (θ∗)Ci(α

∗)v1/2(θ∗)]−1

= ϕ−1
i [Ci(α

∗)]−1.

Since ∂
∂θ
M̃i(a) [Vi(α

∗)]−1 = 0, then we have ∂
∂θ∗ΨN,α∗(θ∗) = TN,2(α) −

Ψ̃N,α∗(θ∗) with TN,1 = 0.

S5.2 The Evaluation of the Relative Magnitude of T1 and T2

We complement the common settings stated in Proposition 3 with the

numerical evaluations of T1 and T2(α
∗) in settings where they are not nec-

essarily zeros. Since ∂
∂θ∗α is bounded, the contribution of T2(α

∗) ∂
∂θ∗α

∗

to the Hessian matrix ∂
∂θ∗Ψα(θ

∗) can be majorly due to T2(α
∗). For a

matrix A, we consider the Frobenius norm, i.e., ∥A∥F =
√

tr(A⊤A), to

characterize the magnitude of the matrix. Then the relative magnitude of

T1 and T2(α
∗) is characterized by the ratios, {∥Ψ̃α∗(θ∗)∥F}−1∥T1∥F and

{∥Ψ̃α∗(θ∗)∥F}−1∥T2(α
∗)∥F , respectively.

In each scenario, θ∗ and α∗ are obtained from the geese() function in
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R package geepack, and the expectations defining T1, T2(α
∗), and Ψ̃ are

computed via 10,000 repetitions of Monte Carlo simulations.

Scenario 1: Gaussian Identity Link

Under the Gaussian identity link function, T1 = 0, we evaluate the

magnitude of T2(α
∗) under the same setting as we considered in Section

5 of our main text. We briefly summarize the setting as follows. Suppose

N = 500, Ki are i.i.d. multinomial random variables taking values 3, 4, 5

with probabilities 0.2, 0.3, and 0.5, respectively. Suppose Xi,j are iden-

tical across j and Xi,j = Xi = (Xi,1, Xi,2, Xi,3)
⊤, and Xi,1, Xi,2, Xi,3 are

i.i.d., 2Bernoulli(1/2)− 1, N(0, 1), and N(0, 1), respectively. Consider the

following outcome generating model:

Yi,j = Ai,jγ1 + (1− Ai,j)γ0 +Xi,1β1 +Xi,2β2 +Xi,3β3

+ exp{Xi,1β1 +Xi,2β2}+ ϵi,j, (S5.1)

where γ1 = γ0 = 0.5, β1 = β2 = β3 = 1, and {ϵi,j, 1 ≤ j ≤ ni}Ni=1 are

generated with σ2 = 1.52 and AR(1) correlation matrices with α = 0.7.

Since the consistency of θ̂∗ and α̂∗ does not depend on the design, we

assume Ai are generated according to complete randomization. For the

inference stage, we apply (2.2) with identity link with M1, adjusting no



covariates; M2, adjusting Xi,1 and Xi,2; and M3, adjusting Xi,1, Xi,2 and

Xi,3, with the linear form of the predictor, and compare the exchangeable

(EXCH) and the AR(1) working correlation matrices for the implementa-

tion of GEE. We report ∥T2(α
∗)∥F and {∥Ψ̃α∗(θ∗)∥F}−1∥T2(α

∗)∥F under

exchangeable and AR(1) working correlations in Table S1.

Table S1: Numerical evaluation of ∥T2(α∗)∥F and {∥Ψ̃α∗(θ∗)∥F }−1∥T2(α∗)∥F for con-
tinuous outcomes.

Corr Model ∥T2(α∗)∥F (10−2) ∥T2(α∗)∥F /∥Ψ̃∥F (%)

EXCH
M1 0.81 1.67
M2 0.20 4.84
M3 0.20 3.97

AR(1)
M1 0.11 2.23
M2 0.17 3.99
M3 0.19 3.69

From Table S1, it can be seen that the ratio {∥Ψ̃α∗(θ∗)∥F}−1∥T2(α
∗)∥F

is uniformly below 5% across all combinations of working models and non-

independent working correlation structures. This suggests that T2(α
∗) has

relative small impact compared to Ψ̃α∗(θ∗).

Scenario 2: Binary Outcomes with Subject-Varying Covariates

In this section, we examine a binary-outcome setting in which neither

T1 nor T2(α
∗) is zero according to conditions stated in Proposition 3. We
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consider the following logistic-link data-generating model:

ηi,j = (1− Ai)γ0 + Aiγ1 +Xi,j,1β1 +Xi,j,2β2 +Xi,j,3β3

+ exp{Xi,j,1β1 +Xi,j,2β2},

Yi,j = I(ϵi,j ≤ ηi,j),

where γ0 = 0.5, γ1 = τ + γ0, τ = 0 and β1 = β2 = β3 = 1. To avoid settings

in which T1 = 0, we generate covariates independently across subjects i

and the observations j for 1 ≤ j ≤ ni. Specifically, we let Xi,j,1 be i.i.d.

Uniform(0, 1), Xi,j,2 = 2Zi,j − 1 with Zi,j being Bernoulli(1/2), and Xi,j,3

be i.i.d.N (0, 1). Furthermore, the random errors {ϵi,j : 1 ≤ j ≤ ni}Ni=1

are generated from a multivariate logistic distribution with AR(1) correla-

tion matrix and correlation parameter α = 0.7, using the Gaussian copula

method of Emrich and Piedmonte (1991a).

We implement the same working models M1–M3 considered in Sce-

nario 1, using a logistic link and the corresponding linear working pre-

dictors and Ai is generated according to complete randomization. Be-

cause the data-generating model includes the nonlinear term exp{Xi,j,1β1+

Xi,j,2β2}, whereas the working models M1–M3 do not, the working models

are misspecified. The values of ∥T1∥F , ∥T2(α
∗)∥F , ∥T1∥F/∥Ψ̃α∗(θ∗)∥F , and



∥T2(α
∗)∥F/∥Ψ̃α∗(θ∗)∥F are evaluated in Table S2.

Table S2: Numerical evaluation of ∥T1∥F and ∥T2(α∗)∥F relative to ∥Ψ̃α∗(θ∗)∥F for
binary outcomes.

Corr Model ∥T1∥F (10−18) ∥T2(α∗)∥F (10−2) ∥T1∥F /∥Ψ̃∥F (%, 10−16) ∥T2(α∗)∥F /∥Ψ̃∥F (%)

EXCH
M1 19.70 0.13 17.14 1.17
M2 1.46 0.45 0.97 3.01
M3 2.83 0.52 1.82 3.37

AR(1)
M1 8.74 1.18 7.45 1.01
M2 2.64 7.45 1.80 5.06
M3 2.25 7.91 1.49 5.25

Table S2 suggests that both T1 and T2(α
∗) are small compared to

Ψ̃α∗(θ∗) in the binary-outcome setting. First, although the simulation uses

measurement-level covariates together with non-independent working cor-

relation structures, a setting in which T1 is not expected to be zero, the

Frobenius norm of T1 remains on the order of 10−18 across all scenarios, and

its relative magnitude is on the order of 10−16%. Thus, T1 is numerically

indistinguishable from zero in this setting. Second, T2(α
∗) is nonzero but

remains small in absolute magnitude. Its Frobenius norm is on the order of

10−2, ranging from 0.13× 10−2 to 7.91× 10−2 across different settings. The

magnitude of T2(α
∗) is larger under the AR(1) working correlation than

under the exchangeable working correlation, particularly for the enriched

working models M2 and M3. Finally, after normalization by ∥Ψ̃α∗(θ∗)∥F ,

the relative magnitude of T2(α
∗) ranges from 1.01% to 5.25% and remains

below 6% in all cases, consistent with the findings in Scenario 1.
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S5.3 Impact on the Estimation of τ ∗

In this section, we examine the impact of the additional derivative terms

T1 and T2(α
∗) on the estimation of τ ∗. By (S4.1) and following Liang and

Zeger (1986), for a given current estimate α̃ of the working correlation

parameter, the Newton–Raphson update for solving ΨN,α̃(θ
∗) = 0 is given

by

θ̂
∗(j+1)
NR = θ̂

∗(j)
NR −

[
∂

∂θ∗ΨN,α̃(θ
∗)

∣∣∣∣
θ∗=θ̂

∗(j)
NR

]−1

ΨN,α̃

(
θ̂
∗(j)
NR

)
,

where ∂
∂θ∗ΨN,α̃(θ

∗) = TN,1 + TN,2(α̃) ∂α̃
∂θ∗ − Ψ̃N,α̃(θ

∗). On the other hand,

the Fisher scoring update used in the standard GEE algorithm considers

θ̂
∗(j+1)
FS = θ̂

∗(j)
FS +

[
Ψ̃N,α̃(θ

∗)
∣∣∣
θ∗=θ̂

∗(j)
FS

]−1

ΨN,α̃

(
θ̂
∗(j)
FS

)
.

Thus, the difference between the Newton–Raphson and Fisher Scoring is

due to the additional terms TN,1 and TN,2(α̃) ∂
∂θ∗ α̃ in the derivative of the

estimating equation. In our numerical implementation, the standard GEE

estimator is computed using the geese() function in the geepack package

in R software.

To compare Newton-Raphson with Fisher Scoring, we assume the co-



variates and the outcomes follow the same setting as described in Scenario 2

in Section S5.2 with τ = 0 (γ1 = γ0 = 0.5) and τ = 0.2 (γ1 = 0.7, γ0 = 0.5),

the four randomization procedures (CR, HH, SPB, PS), three working mod-

els (M1, M2, M3), and 10,000 replications per configuration. For trial de-

sign and stratification, we use only the baseline covariates, Xi,1,1 and Xi,1,2

(1 ≤ i ≤ N), consistent with standard practice in longitudinal clinical tri-

als. And Xi,1,2 is discretized to X̃i,1,2 such that X̃i,1,2 = 1 if Xi,1,2 ≥ 0, and

X̃i,1,2 = 0 if Xi,1,2 < 0, yielding a total of smax = 4 strata. We report mean

and standard deviation of τ̂ ∗ from each method, along with their differences

in Table S3.

Table S3 shows that the Newton–Raphson update based on the exact

Hessian and the Fisher scoring update implemented by geese() produce

virtually identical performance on the estimation of τ ∗. Across all random-

ization procedures, working models, and values of τ , the means and
√
N -

scaled standard deviations of τ̂ ∗FS and τ̂ ∗NR are quite close. The differences

in the sample means are only on the order of 10−8, while the differences

in the
√
N -scaled standard deviations are on the order of 10−7. These dis-

crepancies are therefore almost negligible. This confirms that, although T1

and T2(α
∗) are used in the exact Hessian and hence may affect the itera-

tive path, their contribution has essentially limited effect on the numerical
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Table S3: Comparison of τ̂∗ between Newton–Raphson (NR, exact Hessian) and Fisher
scoring (FS, geese()).

τ Assignment Model
τ̂∗FS τ̂∗NR Difference

mean (
√
Nsd) mean (

√
Nsd) mean (10−8)

√
Nsd (10−7)

0.0

CR
M1 0.001 (2.521) 0.001 (2.521) 0.580 2.503
M2 0.001 (2.485) 0.001 (2.485) 0.754 3.997
M3 0.000 (2.471) 0.000 (2.471) 5.303 -11.452

HH
M1 0.000 (2.433) 0.000 (2.433) 0.075 0.052
M2 0.000 (2.481) 0.000 (2.481) 0.147 0.155
M3 0.000 (2.474) 0.000 (2.474) -2.610 -2.842

SPB
M1 -0.000 (2.421) -0.000 (2.421) -0.891 2.988
M2 -0.000 (2.467) -0.000 (2.467) -2.564 1.261
M3 -0.000 (2.462) -0.000 (2.462) -0.338 3.271

PS
M1 0.000 (2.419) 0.000 (2.419) 0.094 -0.046
M2 0.000 (2.465) 0.000 (2.465) 0.164 0.070
M3 0.000 (2.447) 0.000 (2.447) 0.172 0.157

0.2

CR
M1 0.100 (2.557) 0.100 (2.557) 2.719 1.091
M2 0.102 (2.522) 0.102 (2.522) 9.042 5.063
M3 0.102 (2.507) 0.102 (2.507) 19.229 5.648

HH
M1 0.100 (2.474) 0.100 (2.474) -1.014 2.686
M2 0.102 (2.522) 0.102 (2.522) 1.594 7.766
M3 0.103 (2.513) 0.103 (2.513) 12.659 -1.188

SPB
M1 0.099 (2.452) 0.099 (2.452) 0.558 4.340
M2 0.101 (2.496) 0.101 (2.496) 4.606 11.852
M3 0.101 (2.492) 0.101 (2.492) 13.901 20.145

PS
M1 0.099 (2.457) 0.099 (2.457) -1.250 0.173
M2 0.101 (2.502) 0.101 (2.502) 3.473 0.755
M3 0.102 (2.482) 0.102 (2.482) 7.619 0.514

solution of ΨN(θ, α̂) = 0.

We also observe that, when τ = 0.2, the estimated pseudo-true treat-

ment contrast τ̂ ∗ is approximately 0.10 across all settings, which is substan-

tially smaller than τ = 0.2. This difference is not caused by the numerical

algorithm; rather, it reflects the pseudo-true parameter targeted by the

misspecified logistic working model. This is consistent with the bias phe-

nomenon for misspecified GLM discussed by Gail et al. (1984).



S5.4 Summary

Overall, the results in Section S5.1–Section S5.3 suggest that the addi-

tional derivative terms T1 and T2(α
∗) have limited practical impact on the

implementation of GEE for estimating τ ∗. First, Proposition 3 identifies

several common settings in which these terms are zero. In particular, both

terms are zero when the working mean model is correctly specified, and

T2(α
∗) equals zero under working independence. Moreover, under canon-

ical links with working independence, both T1 and T2(α
∗) are zero. The

term T1 also equals zero under the Gaussian identity-link working model

and under canonical-link models with subject-invariant covariates. These

results show that the additional terms are absent in many standard GEE

settings.

Second, in settings where these terms are not necessarily zero, their nu-

merical magnitudes remain small relative to Ψ̃α∗(θ∗). For continuous out-

comes under the Gaussian identity link, T1 = 0 analytically, and the relative

magnitude of T2(α
∗) is uniformly below 5% across all working models and

working correlation structures. For binary outcomes with subject-varying

covariates and misspecified logistic working models, T1 is not expected to be

zero, but its Frobenius norm is on the order of 10−18, making it numerically

indistinguishable from zero. The term T2(α
∗) is nonzero but remains mod-
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erate, with relative magnitude ranging from 1.01% to 5.25% and staying

below 6% in all cases.

Finally, the direct comparison between Newton–Raphson, which incor-

porates the exact Hessian including T1 and T2(α
∗), and the standard Fisher

scoring algorithm implemented by geese(), shows virtually identical esti-

mates of τ ∗. Across all randomization procedures, working models, and

values of τ , the differences in the sample means of τ̂ ∗ are on the order of

10−8, and the differences in the
√
N -scaled standard deviations are on the

order of 10−7. These findings indicate that, although T1 and T2(α
∗) ap-

pear in the exact derivative of the estimating equation, ignoring them in

the Fisher scoring implementation has negligible numerical effect on the

resulting estimator in the scenarios considered.

Taken together, these theoretical and numerical results justify the use

of the standard Fisher scoring implementation of GEE for computing τ̂ ∗,

while treating the additional derivative terms as having negligible impact

on the numerical solution in the settings considered.

S6 Additional Simulation Results

In this section, we present two additional numerical studies to fur-

ther demonstrate the properties of proposed procedure. In particular, we



consider continuous outcome in Section S6.1 and binary outcome in Sec-

tion S6.2.

For both of the two studies, we assume the sample size N = 500 and

the following covariates settings. Suppose Ki are i.i.d. multinomial ran-

dom variables taking values 3, 4, 5 with probabilities 0.2, 0.3, and 0.5, re-

spectively. Suppose there are three baseline covariates such that Xi,j are

identical across j and Xi,j = Xi = (Xi,1, Xi,2, Xi,3)
⊤, and Xi,1, Xi,2, Xi,3

are i.i.d., 2Bernoulli(1/2) − 1, N(0, 1), and N(0, 1), respectively. For the

design stage, Xi,1 and Xi,2 are used and Xi,2 is discretized to X̃i,2 such that

X̃i,2 = 1 if Xi,2 ≥ 0, and X̃i,2 = 0 if Xi,2 < 0, yielding a total of smax = 4

strata. Based on {Xi,1, X̃i,2}500i=1, we consider the following four designs: (1)

complete randomization (CR), (2) stratified permuted-block randomization

(STRPB), (3) Pocock and Simon’s procedure (PS), and (4) Hu and Hu’s

procedure (HH). For the inference stage, we apply (2.2) with M1, adjusting

no covariates; M2, adjusting the covariates used in CAR, i.e., Xi,1 and Xi,2;

and M3, adjusting Xi,1, Xi,2 and Xi,3. We consider the identity link for the

continuous outcome evaluated in Section S6.1, and the logistic link for the

binary outcome evaluated in Section S6.2. We also compare the indepen-

dent (IND), the exchangeable (EXCH) and the AR(1) working correlation

matrices for the implementation of GEE. The nominal level of the test is
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c = 0.05 and all simulation results are evaluated with 10,000 repetitions.

S6.1 Study 1: Continuous Outcome

We consider the following outcome generating model:

Yi,j = Aiγ1 + (1− Ai)γ0 +Xi,1β1 +Xi,2β2 +Xi,3β3 + ϵi,j, (S6.1)

where γ0 = 0.5, γ1 = γ0 + τ , β1 = β2 = β3 = 1 for 1 ≤ i ≤ 500. Here,

{ϵi,j, 1 ≤ j ≤ ni}Ni=1 are independent and follow a multivariate normal

distribution with mean 0ni
and variance-covariance matrix σ2Ci(α), σ2 =

1.52 and Ci(α) is the ni × ni AR(1) correlation matrix with the parameter

α = 0.7. We report the bias, standard deviation of τ̂ ∗ when τ = 0 as well

as the Type I error rates of TWald in Table S4. We compare the performance

of TWald and the proposed Tadj on controlling the Type I errors in Table S5.

The power curves of the two tests with the exchangeable working correlation

matrix are evaluated in Figures S1–S3.

Table S4 yields three main conclusions. First, the estimator τ̂ ∗ is con-

sistent even when some baseline covariates are omitted from the working

model under H0 : τ = 0. The biases of τ̂ ∗ under models M1, M2, and M3

are all close to zero across different designs and working correlation struc-

tures used in GEE. Second, when the covariates used in the CAR procedure



Table S4: The bias (10−1) and standard deviation (s.d.) of τ̂∗, and the Type I error
rates (%) of TWald under τ = 0 for Study 1 (Cor: correlation).

Design Cor
M1 M2 M3

τ̂∗:bias(
√
Nsd) Type I τ̂∗:bias(

√
Nsd) Type I τ̂∗:bias(

√
Nsd) Type I

CR
IND 0.03(4.27) 4.84 0.02(3.16) 4.82 0.01(2.42) 4.95
EXCH 0.02(4.22) 5.02 0.02(3.13) 4.90 0.01(2.41) 4.93
AR(1) 0.02(4.19) 5.04 0.02(3.09) 4.84 0.01(2.36) 4.95

PS
IND 0.00(3.48) 1.63 -0.02(3.20) 5.53 -0.00(2.43) 5.10
EXCH -0.01(3.42) 1.52 -0.02(3.16) 5.30 -0.01(2.42) 4.70
AR(1) -0.00(3.38) 1.38 -0.02(3.12) 5.18 -0.00(2.36) 4.80

STRPB
IND -0.00(3.41) 1.42 -0.01(3.16) 4.95 -0.01(2.43) 5.01
EXCH -0.01(3.35) 1.37 -0.01(3.13) 4.83 -0.01(2.42) 4.98
AR(1) -0.01(3.34) 1.30 -0.01(3.10) 4.94 -0.01(2.36) 5.02

HH
IND 0.01(3.39) 1.33 0.01(3.15) 5.00 0.01(2.45) 5.07
EXCH 0.01(3.33) 1.25 0.02(3.12) 4.87 0.02(2.44) 5.13
AR(1) 0.01(3.32) 1.29 0.02(3.09) 4.74 0.01(2.39) 5.29

Table S5: Type I error rates (%) and Powers of TWald and Tadj under τ = 0 and τ = 0.4
for Study 1 (Cor: correlation).

Design τ
Cor M1 M2 M3

for GEE TWald Tadj TWald Tadj TWald Tadj

CR

0
IND 4.84 - 4.82 - 4.95 -
EXCH 5.02 - 4.90 - 4.93 -
AR(1) 5.04 - 4.84 - 4.95 -

0.4
IND 55.68 - 80.85 - 95.87 -
EXCH 56.52 - 81.77 - 96.10 -
AR(1) 56.82 - 82.30 - 96.66 -

PS

0
IND 1.63 5.05 5.05 5.10 5.10 5.08
EXCH 1.52 4.85 5.30 5.20 4.70 4.72
AR(1) 1.38 5.25 5.17 5.17 4.80 4.67

0.4
IND 56.35 75.85 80.65 80.70 96.20 96.15
EXCH 56.55 73.85 80.55 80.50 95.35 95.30
AR(1) 59.25 78.30 82.85 82.80 97.30 97.30

STRPB

0
IND 1.42 4.73 4.95 4.95 5.01 5.01
EXCH 1.37 4.71 4.83 4.82 4.98 5.00
AR(1) 1.30 4.79 4.94 4.92 5.02 5.01

0.4
IND 56.27 74.15 80.56 80.54 95.73 95.73
EXCH 57.77 75.27 80.98 80.95 95.95 95.94
AR(1) 57.78 75.95 81.98 81.93 96.46 96.44

HH

0
IND 1.33 4.88 5.00 5.00 5.07 5.07
EXCH 1.25 4.97 4.87 4.85 5.13 5.13
AR(1) 1.29 4.87 4.74 4.72 5.29 5.29

0.4
IND 56.07 72.98 79.99 80.00 95.41 95.41
EXCH 57.17 74.58 80.68 80.65 95.61 95.61
AR(1) 57.67 75.73 81.76 81.76 96.17 96.16
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Figure S1: Power curves of TWald and Tadj under the exchangeable working correlation
matrix for Study 1.

are not properly adjusted in the working model, the unadjusted Wald test

TWald can exhibit conservative Type I error rates. Specifically, under M1,

the Type I errors of TWald for the PS, STRPB, and HH designs fall below

the nominal level of 5%, whereas they are close to 5% under the working

model that adjusts the covariates used in design, i.e., M2 and M3. Third, as

more influential covariates are included or the working correlation structure

is correctly specified as the true data generating process, the efficiency for

estimating τ ∗ improves. In particular, the standard deviations of τ̂ ∗ under

the AR(1) correlation structure are moderately smaller than those obtained

using exchangeable or independent working correlations, demonstrating the



benefit of GEE-based covariate adjustment for enhancing the efficiency for

estimating the treatment effect.

Figure S2: Power curves of TWald and Tadj under the independence working correlation
martix for Study 1.

Table S5 demonstrates the desirable properties of Tadj compared with

TWald. Since TWald under M1 does not include the covariates used in CAR,

its Type I error rates are below the nominal level of 5% under the CAR

procedures. It is worth noting that TWald adjusted with M2 and M3 can

be regarded as model-based adjustments that incorporate the covariates

used in the design. In this study, the outcome model (S6.1) is linear and

correctly specified by the working model M3. Consequently, the model-
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based adjustment performs well: the Type I errors of TWald with M2 and

M3 attain the nominal 5% level across the PS, STRPB, and HH. In contrast,

Tadj explicitly adjusts for the impact of CAR on subsequent inference and

maintains nominal Type I error rates regardless of the working model used

and the CAR procedure used for design. Consequently, Tadj may achieve

higher empirical power after correcting the conservativeness of TWald.

Figure S3: Power curves of TWald and Tadj under the AR(1) working correlation matrix
for Study 1.

The results in Table S5 and Figures S1-S3 highlight the advantages

of covariate adjustment using GEE. Comparing the powers of Tadj across

models from M1 to M3, we observe that as more influential covariates are

incorporated, the power of the tests increases, illustrating the benefit of



adjusting for prognostic covariates. Furthermore, incorporating correlation

information through GEE further improves efficiency and test power. For

example, the power of the adjusted tests increases by approximately 2%

when using the AR(1) working correlation structure under M1 and M2,

and by about 1% under M3, compared with using an independent working

correlation.

S6.2 Study 2: Binary Outcome

Consider the following outcome model:

ηi = (1− Ai)γ0 + Aiγ1 +Xi,1β1 +Xi,2β2 +Xi,3β3,

and Yi,j = I(ϵi,j ≤ ηi),

where γ0 = 0.5, γ1 = γ0 + τ , β1 = β2 = β3 = 1 and {ϵi,j, 1 ≤ j ≤ ni}Ni=1

follows a multivariate distribution with logistic margins and exchangeable

correlation matrices with α = 0.7 based on the Gaussian copula (Emrich

and Piedmonte, 1991b). We report the bias, standard deviation of τ̂ ∗ when

τ = 0 together with the Type I error rates of TWald in Table S6. We compare

the performance of TWald and the proposed Tadj on controlling Type I errors

in Table S7. The power curves of the two tests with the AR(1) working

correlation matrix are evaluated in Figure S4.
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Table S6: The bias(10−1) and standard deviation (s.d.) of τ̂∗, and the Type I error rates
(%) of TWald under τ = 0 (Cor: correlation).

Design
Cor M1 M2 M3

for GEE τ̂∗:bias(
√
Nsd) Type I τ̂∗:bias(

√
Nsd) Type I τ̂∗:bias(

√
Nsd) Type I

CR
IND -0.00(3.74) 5.32 -0.03(4.05) 5.21 -0.02(4.35) 5.20

EXCH -0.02(3.69) 5.32 -0.03(3.99) 5.10 -0.01(4.30) 5.17
AR(1) -0.02(3.79) 5.30 -0.03(4.12) 5.07 -0.01(4.40) 5.34

PS
IND -0.01(3.16) 2.09 -0.01(4.03) 5.20 0.03(4.34) 5.46

EXCH -0.01(3.14) 2.18 -0.01(4.02) 5.45 0.02(4.36) 5.53
AR(1) 0.00(3.17) 2.18 -0.00(4.04) 4.80 0.03(4.36) 5.10

SPB
IND 0.00(3.17) 2.25 0.00(4.06) 5.13 -0.01(4.32) 4.99

EXCH 0.00(3.12) 2.24 -0.00(4.02) 5.25 -0.01(4.28) 4.90
AR(1) 0.00(3.23) 2.27 -0.00(4.12) 5.47 -0.01(4.37) 4.82

HH
IND 0.01(3.14) 2.10 0.01(4.01) 5.00 0.01(4.31) 4.94

EXCH 0.01(3.08) 2.06 0.01(4.00) 4.82 0.01(4.27) 5.03
AR(1) 0.02(3.19) 2.06 0.02(4.06) 4.74 0.01(4.36) 4.98

Table S6 delivers the following three folds of conclusions. First, the

GEE estimator τ̂ ∗ remains consistent under the null hypothesis H0 : τ =

0, even when certain baseline covariates are excluded from the working

logistic model. Across different CAR designs and GEE working correlation

structures, the biases of τ̂ ∗ under models M1, M2, and M3 are consistently

close to zero. Second, when the working model fails to account for the

covariates incorporated in the CAR procedure, the unadjusted Wald test

TWald tends to yield reduced Type I errors. In particular, under model M1,

the Type I error rates of TWald for the PS, STRPB, and HH fall below the

nominal level 5%, while under M2 and M3, they are close to nominal level.

Third, incorporating more prognostic covariates or specifying the working

correlation structure in accordance with the true data-generating process

enhances the efficiency of τ̂ ∗ estimation. Notably, the standard deviations



Table S7: Type I error rates (%) and Powers of TWald and Tadj under τ = 0 and τ = 0.7
(Cor: correlation).

Design τ
Cor M1 M2 M3

for GEE TWald Tadj TWald Tadj TWald Tadj

CR

0
IND 5.32 - 5.21 - 5.20 -
EXCH 5.32 - 5.10 - 5.17 -
AR(1) 5.30 - 5.07 - 5.34 -

0.7
IND 81.22 - 92.65 - 97.44 -
EXCH 82.09 - 92.99 - 97.66 -
AR(1) 65.22 - 78.88 - 94.10 -

PS

0
IND 2.09 5.40 5.19 5.06 5.46 5.45
EXCH 2.18 5.28 5.45 5.33 5.53 5.45
AR(1) 2.18 4.90 4.80 4.73 5.10 5.05

0.7
IND 86.00 91.50 93.20 93.20 97.65 97.65
EXCH 86.65 92.40 93.80 93.80 97.85 97.85
AR(1) 66.55 77.45 78.60 78.55 94.50 94.40

STRPB

0
IND 3.62 4.93 4.89 4.89 4.98 4.99
EXCH 3.75 5.07 4.89 4.87 5.12 5.10
AR(1) 3.84 5.17 5.08 5.07 5.09 5.08

0.7
IND 84.85 90.74 92.80 92.79 97.48 97.49
EXCH 85.93 91.60 93.33 93.33 97.63 97.62
AR(1) 67.66 77.76 78.85 78.72 94.27 94.21

HH

0
IND 2.87 4.79 4.45 4.41 4.75 4.75
EXCH 3.06 4.78 4.62 4.63 4.81 4.80
AR(1) 3.00 4.87 4.70 4.67 4.65 4.62

0.7
IND 85.09 90.85 92.94 92.90 97.52 97.51
EXCH 85.89 91.84 93.45 93.43 97.66 97.63
AR(1) 68.12 77.90 79.45 79.31 94.35 94.31

of τ̂ ∗ obtained under the exchangeable structure are moderately smaller

than those under independence or AR(1) structures.

Table S7 demonstrates the superior performance of Tadj compared with

TWald. Similar to Table S5 in Study 1, TWald with M1 has reduced Type I er-

rors. For HH, the Type I error rates of TWald with M1 are 2.87%, 3.06%, and

3.00%, all below the nominal 5% level, under the independence, exchange-

able, and AR(1) working correlation structures, respectively. In contrast,

across various CAR designs and working correlation structures under mod-
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els from M1 to M3, the Type I error rates of Tadj remain consistently close

to the nominal 5% level. Consequently, Tadj attains higher empirical power

by correcting the conservativeness in TWald.

In addition, the power of the test increases as more covariates are in-

cluded in the adjustment. From Table S7, it can be seen that the powers of

Tadj under STRPB using AR(1) working correlation structure together with

M1, M2 and M3 are 77.76%, 78.72% and 94.21%, respectively, exhibiting a

clear increasing trend. A similar pattern can be observed from Figure S4,

where, for the same treatment effect τ = 0.4, the power of Tadj increases

progressively from model M1 to M2 and M3.

Figure S4: Power curves of TWald and Tadj under the AR(1) working correlation for Study
2.



Lastly, Study 2 suggests that, even when correlation exists, adjusting

for correlation using GEE does not necessarily improve the efficiency of

treatment effect estimation. In this study, the true correlation structure is

exchangeable. As shown in Table S6, the standard deviations of τ̂ ∗ esti-

mated with the independent working correlation can be smaller than those

obtained with the AR(1) working correlation. For instance, in Table S6,

under HH and M3, the asymptotic standard deviation of τ̂ ∗ with the ex-

changeable working correlation matrix is 4.27, whereas those with indepen-

dence and AR(1) structures are 4.31 and 4.36, respectively. However, when

the true correlation structure is correctly specified as the working corre-

lation in GEE, the resulting standard deviation of τ̂ ∗ remains lower than

that under the independent working correlation. Meanwhile, the smaller

standard deviation of τ̂ ∗ under the independence structure is accompanied

by increased power. For instance, under HH, the power of Tadj with M2 and

the independence working correlation structure is 92.90%, which is higher

than that under the AR(1) structure (79.31%) but lower than that under

the exchangeable structure (93.43%). Among the three, the exchangeable

working correlation yields the highest power. For readers interested in this

phenomenon, we refer to Wang and Carey (2003) for more technical and

numerical details. These findings suggest that the use of GEE for covariate
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adjustment may require model selection for the working correlation struc-

ture prior to conducting inference on the treatment effect. We leave this as

an open problem for future research.

In conclusion, the two studies given in this section demonstrate the de-

sirable performance of the proposed Tadj for covariate adjustment with GEE

for longitudinal CAR trials. The results indicate that Tadj can effectively

maintain the nominal Type I error rate and achieve higher power across var-

ious CAR designs and working correlation structures, further confirming its

robustness and reliability when applied to different outcome types.



S7 Supplement to Section 6

The effect of Cocaine and PreHAMD are fitted according to cubic basis spline

function. We present the effects of Cocaine and PreHAMD in Figure S5. As

can be seen from the figure, the effects of both cocaine use and the level of

preHAMD tend to be quadratic or cubic.

Figure S5: Estimated smooth effects of the covariates under the additive model for the
cocaine dependence data.
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