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Notation and Definition

Throughout the supplementary material, we employ the following notation,

not necessarily introduced in the text.

||| For any column vector x, ||z| = V& x.

| M| For a square matrix M € R?*? | M| = sup{||Mz| :

z € R, [lz] = 1}.

X, =0,(1) For any sequence of real-valued vectors X, if X, LN

0, then we denote X,, = 0,(1).
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For any sequence of real-valued vectors X, if || X, || is

bounded in probability, then we denote X,, = O,(1).

For any sequence of real-valued square matrices M, €
R4 if every element of M ,, converges in probability

to 0, then we denote M,, = 0,(1).

For any sequence of real-valued square matrices M, €
R4 if every element of M, is bounded in probabil-

ity, then we denote M,, = O,(1).

{1,...,K}.

{1,..., Smax}-

(Y;(0),...,Yi(K))", where Y;(k) is the potential out-

come of the i-th patient in treatment group k.

(Y(0),...,Y(K),X), where Y (k) is the treatment
outcome of patients in treatment group k£ and X are

baseline covariates .
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Tk

ng(s)

g

(Y;(0),...,Y;(K), X;), where X; are baseline covari-

ates.

Stratification variable with possible values s € [Spyax]-

Treatment indicator (1 if i-th patient is assigned to

treatment k € 0 U [K], 0 otherwise) .
(T, T},..., T).

)

Number of patients assigned to treatment k within

stratum s € [Spax)-

Number of patients assigned to treatment k.

Number of patients within stratum s € [$yax]-

Imbalance measure for treatment & in stratum s.

Parameter vector of dimension K + 1 + g.
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" () Estimating equation for treatment group k, defined
as Y"(Y(k), X;0), where 6 is the parameter vector,
X are baseline covariates and Y (k) is the potential

outcome under treatment k.

5 (0) The estimating equation for the i-th patient under

treatment k, which is defined as " (Y;(k), X;; 6).

Yk (0) The j-th component (scalar) of the vector-valued es-

timating function 1" (8).

() The j-th component (scalar) of the vector-valued es-

timating function ¥ (8).

1!)5(0) First derivative matrix with respect to 6: 8% f (9).

1#5](0) Second derivative matrix for the j-th component with
respect to 0: ae%QeT z/;f’j(a).

e; Standard basis vector in RE*! (1 in position 7, 0 else-

where).

lIl ﬁZkGOU[K]E [%wk(y(k)7x70>‘9:9*:|



h(X:0) (R(X;0),....h"(X;0))T.

h<Xi;0) (hO(XiSO)v---ahK(XiSG))T'

m (Fio .-, i) T, where fix = n=' 3" h*(X,,0) for all
k=0, K

r(0) (r°(0), ...,r%(0))", where 7%(0) = Y (k) — h*(X,0)

S1 Assumptions

Assumption 1 (Reproduced from Assumption [1|in the main text).

1. {(X;,Yi(0), ..., Yi(K)} are independently identically distributed as

(X,Y(0),...,Y(K)), with E[|| X]|?] < oo, maxgequx) Var[Y (k)] < oo.

2. Let g denote the proportion of observations in stratum s. For any s €

[Smax), we have 0 < 7y <1, and ) T = 1.

EIS [Smax]

3. Recall that Fi_1 = Xjex ® Ti1 ® X1 ® Vio1 and the assignment rule



satisfies ¢; = E[T;|Fi—1] fori € [n]. Let us define the imbalance within

stratum s and treatment arm k as D¥(s) with the following decomposition

D) = 30 (1 - ) 1= )

i=1

—ZMk )+ di(s), 5€[smax), kEOU[K].
We assume that the CAR procedure satisfies

(a) E[{d;(s)}*] = o(n); and
(b) {MF(s)}r, is a sequence of bounded zero-mean martingale differ-

ences with respect to F;_1. Further with vectorized

. k Smax (K+1
M, = Vec<(Mi (8))se[smax1,ke[f<l> RenstE,

the averaged conditional second moment converges in probability to
a block covariance matriz:

%Zn:]E[MZ M'LT ‘E—l] £> ECAR c RS"‘aX(K+1)X5max(K+1)‘

Entrywise, if we index MR by (s5,5") € [Smax] X [Smax] as a block

matriz:

ECAR [ECAR(S, S/)] ECAR(S, Sl) c R(K+1)X(K+1)’

575,6[5max]7

and defined the (k, k')-th element in TR (s, s") as AR (s, 8'), then



1 — ,
- ZE[Mf(S)Mf (s) | Fica] B ZEpR(s, 8).

i=1
Assumption S2 (Regularity conditions for the Z-estimator).
1. Compactness of the parameter space: @ € © C RETH9 with © compact.
2. Existence of a unique solution and the invertibility condition: There ex-

ists a unique 8* € int(®) such that:

| K

71 2 Ewie] =0,
k=0

and O = Y r E[p*(0*)]/(K + 1) is invertible.

3. Bounded second moment:

s E[[9(0)|7] < oo, sup E[H(6"))] < ox.

6O, kcOU[K] ke0U|K]

4. Differentiability and bounded second derivatives: For each k € 0U [K],
o " (0) is twice continuously differentiable for every (y, x) in the support
of (Y(k), X) and is dominated by an integrable function u(Y (k), X).
e Bounded second derivatives: 3 C' > 0 and integrable v(Y (k), X) s.t.

Vie{l,.,.K+1+q}:
1457 (8)| < v(Y (k), X) for || — 6| < C.

5. Conditions for the estimating equation: 0 satisfies

K

S TEE(Yi(k), Xi;6) = 0,(n ).

k=0 i=1



S2 Proof of Theoretical Results

S2.1 Proof of Proposition 1

Proposition 1 (Reproduced from Proposition 1 in the main text). Under

Assumptions 1 and [S,

~ 1 R
6—-6 :Op(%)a I

S2.1.1 Lemmas

Lemma 1. Under Assumption |1}, for each k € 0U [K] and s € [Smax],

ne(s) 1 _
= =t o(l) and Di(s) = 0,(vn).

Lemma 2. Under Assumption [1], let Z;(0) := Z(V;0), i = 1,--- ,n, be
ii.d. as Z(0) := Z(V;0) for some measurable real-valued function Z, and
0 € ©. Further, for each s € [Symay], let Z®) denote the conditional process
of Z ={2(8) : 6 € ©} given S = 5. Then, if supgee |E[Z2*)(8)]] < oo
and Z©) is P-Glivenko-Cantelli for each s € [Smax], we have

1 & 1
=N 1F7,(0) - ——FE[Z(0)]| 50, forall ke 0U[K].
gggngz() K+1[()] or a (K]

Lemma 3. For each k € 0U [K] and s € [Smax], holds.

Lemma 4 (Consistency of 5) Under Assumptz'ons and the Z-estimator

0 is consistent.
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Lemma 5. Under Assumptions[1] and[S3, we have:

\/_Z > Thpl(er) % N(0,A),

i=1 keOU[K]

where

A =Var |E Z ¥* (") Z E [Var [¢*(6") | S]]

keOU[K] kGOU[K ]

+ Y Y %R [k(O*)|S:3}E[¢k'(0*)|S:s’]T

k,k'€0U[K] s,58' €[sSmax]

Lemma 6. Under Assumptions and the estimator 0 is asymptotically

linear. Specifically, we have the following result:

V(6 — 0%) = —%iqllz/;m,xi,n;e*) +0,(1). (S2.1)

Lemma 7. Under Assumptions|[1] and [S3, we have:

V(@ —6%) 5 N, T A{T 1T,

Lemma 8. Under Assumptions[l] and[S3, @ is consistent.

Lemma 9. Under Assumptions (1] and [S3, the population mean estimator

W have the asymptotic linearity:

Vil =) = = Y (h(X07) - }—@Z SO THRN(X40%) - Vider + op(1).

i=1 k€OU[K]
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Lemma 10. Under Assumptions [l and [S9, we have:
V(i — p) % N(0,T), (82.2)
where

I' = (K + 1)diag {Var [r°(6")],..., Var [r"(6%)]} + Var [Y] — Var [r]

DD IR HE Sk (s,8) (s, k) L(s', )T,

k,k’€0U[K] s,5' €[Smax]

L(s,k) =E [r*(6") | S = s] ey

S2.1.2 Main proof of Proposition

Proof. The result follows immediately from Lemmas [7] [10] O

S2.1.3 Proof of lemmas

Proof of Lemma [l The proof follows similarly from Proposition 1.1 in (Liu

and Hu, 2023) O

Proof of Lemma[Z The proof contains three steps. In the first step, we re-
arrange the samples and transform the sample function into a sorted sample
function. In the second step, we prove that the sample function is equiva-
lent to the sum of the sample functions at each stratum. In the third step,
we prove that the sample function of each stratum satisfies uniform conver-
gence by using Lemma [3] Then, by combining the conclusions of the first
and second steps, we prove the uniform convergence of the sample function.

Step 1: Let (Tl, V... T, ‘771) be a permutation of (T'1, Vy,...,T,,V,)
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such that each (T';, V) is first ordered by strata (starting with those hav-
ing S; = 1, then S; = 2, and so on) and then by treatment group (with

T? = 1 coming first) within each stratum. By construction, the process

{L3°"  TFZ;(0) : 0 € ©} is identical to {% S TFZ(V;;0) : 0 € @}. Thus,
with probability 1, we have

1

= sup ZT’“ (Vi;0) —mE[Z(O)]. (S2.3)

0c®

1
su Tk - ——E[Z(0
eeg nz K+1 [2(

Step 2: For each s € [Smax|, let Vgs),...,ng) be i.i.d. copies of V)
independent of (Tl, . ,T’n) and (‘71, . ‘7n) We use the notation Vgsi)
to denote > . I{S; = S}VZ(S). Let S; denote the stratum variable

encoded in V. Then, we have the following derivation:

P(vl, . -7‘7n|T1;§17 o e ;Tlagn) — P(Vl, ey ‘7n‘§17 . 7§n)

=[[rwvisS) =]r(vi)
=1 =1
— (v, VEIT, S, TS,

By the chain rule of joint probability, we obtain the following equality

of the joint distributions:

(T, Vy,....,T1,V,) =B(T,, V®, ... T, V)
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> 5) . (52.4)

unconditionally. This implies that, for any € > 0,

6cO

1= e 1
P (SUP - > TFZ(Vi;6) - K—HE[Z(H)]
=1

6coO

1~ 3,
=P (SUP - ZTZEZ(VESZ); 6) - K——HE[Z<0)]
=1

Step 3: Based on our construction of (’_ﬁ, ‘71), we have

N(s)+X5 g (s)

STV~ Y Y. z(vyie
=1

SG[Smax] z:N(s)-i-Zf;é 5 (S)J’_l

N(s)+35 o mj(s)

=y 3 Z(0), (S2.5)

5€[Smax] i=N(s)+Z§;& n;(s)+1
where N(s) = Y i I{S; < s}, n(s) = > TFI{S; = s} and Z(0) =
Z(Vi7:6).

The fact that the corresponding joint distributions are identical implies:

(s) (s) _ (s) (s)
IP)<VN(S)+E§;& nj(s)—i-l’ ceey VN(S)—‘—Z;C;& TL](S)—‘rTLk(S)) - P(Vl g e ey Vnk(s)).

Therefore, for any € > 0,

N(s)+XE_o n;(s)

1
P - 79 (0) — AVASIC)
sup |~ > i7(0) = 4 mEIZD0)]] > €

S

~

k(s

A ()=

i=1

mE[Z®(0)]]| > ¢ | . (S2.6)

1
=P | sup |—
Be(gn K+1




S2.1 Proof of Proposition 1

By Lemma [3], we know:

ni(s)
1
- N 7299) — E[Z90)]] & 0. S2.7
gggn;ﬂz() KHW[ (0)] (S2.7)

Combing (S2.3), (S2.4)), (S2.5), (S2.6) and (S2.7)), we finish this proof. O

Proof of Lemma[3 By Lemma |1} we know that me(s) Py _ms Then

n K+1°
1 ng(s) " 1 ©
-l 75(0) — SB[ 24 (0
Szgn; i (0) — = mElZ7(0)]
_l8) o |2 nkz(i) 70(0) — ———=__E[7)(0)]
no ece n(s) = (K 4+ D)nk(s)
<) G |2 nkf Z\*(0) - E[Z(9)]
u ; -
o n 968 nk}(s) i=1 ’
1
£ 18 [ BT ) Bz e))
n gco ni(s)

+0p(1) sup E[Z)(0)]].

Since supgeg |E[Z*)(0)]] < co by assumption, it suffices to show that

for each k € 0U [K] and s € [Spax],

1 ng(s)

sup

e Z)(0) — E[Z¢)(8)]| & 0. (S2.8)

i=1

To this end, by the Skorokhod’s representation theorem, we can construct

—ﬁ’jgs) such that —ﬁ’;fs) has the same distribution as n’jgs), ﬁ’“rfs) — #oq almost
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surely and ") s independent of (). ZPY. Since (T4, ..., T,) and

Si,...,S,) are independent of {Z\*, ..., Z%)}, we have, for any £ > 0 and
1

n > 0,
1 nk(s) " “
P | su 7:7(0) —E[Z¥(0)]| > ¢
p | 2 270) ~E(20 )
g (s)
1 ~ ()
=P | sup | —— 7Z9(0) —E[Z4)(0)]] > ¢
| Z (6) - Eiz9)(6)
[~ ”k(s) ~
<E [P ]| su - Z (5)0 >€nk—<8) S2.9
<B P ol 3 ©)] > ¢ ™ (529)

Recall that by assumption, Z©) is a P-Glivenko-Cantelli process. This

implies that for any sequence {n,} such that ny — oo as k — oo, we have

sup Z Z E[Z“)(0)]| & 0.

0coO | Nk

Since the almost sure convergence of 7 (s) to infinity and the independence

of nkT(S) from the sequence {Z{”, ..., Z;"}, we have:
P X(I) 70(0) —E[Z(0)]| > [ | S5 (52.10)
sup |- | _ — 7 a.s., .
GE(I')) nk’<8) i=1 "

then by (52.9), (52.10) and the dominated convergence theorem, we finish

the proof of (S2.8). This concludes the proof of the entire lemma. O

Proof of Lemmal{l The proof leverages the decomposition of the estimating
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function:

%2%( \/_Z > Tl (S2.11)

1=1 keO0U[K]

By Assumption .3 and @.4, we know {1*(0) : 8 € @} is P-Glivenko-
Cantelli class, then by Lemma [2] we establish the uniform convergence:
1 k P
sup Z Z TFap)! Z E [4"(0)]|| = 0.
0c® || 1 keOU[K] K+l kEOU[K]
The result follows since 8 satisfies the empirical version of the estimat-

ing equation:

_Z Z Tk (_1/2)7

=1 keO0U[K

combined with the uniqueness of 8* and Theorem 5.9 of Van der Vaart

(2000). 0
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Proof of Lemma[] we rewrite n= /2370 37, g TFpr(07) as

\/_Z Z Tk 0*

=1 keO0U[K
1=1 keOU[K 1=1 keOU[K]
IZZ

Z > (T = o) [wi(67) —E [91(6") | 5]

1=1 keOU[K]

+% > > DiS)E[¢*(67) | S =]

S$€[Smax] kEOU[K]

=G, 1 (¥) + G, ,(¥) + G 3(9),
where

G () = ZZwe*

i=1 keOU[K

i) = = Ly S @ - o) — B [whe) | 5]

i=1 keOU[K]

G 5(1p Z > DES)E[f(67) ]S =s].

se[smax] ke0U[K]

By Assumption [1]3, we can rewrite

J=DAE[44(07) | 5 =] = ZM’“ $H(07) | S = 5] +0,(1).

Define a vector of martingale differences:

AGZ(U)) = ((AGM('{#))T, (AGi,2(¢))T7 (AGiB(’lp))T? (AGZ'A(’(/J))T)T?
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where
1
AGii(¥) = =7 2. [Wi(0) —E[i(67) ] S]],
kE0U[K]
1
AGis() = 3 (TF = 7o) WO —E[$(07) | 5i]],
ke0U[K]
= > > MIE[O7) ]S =],
k€OU[K] SE€[Smax]
K;—f—l > keouir] E [ 1(67) | Sisa], for1<i<n-—1
and AG%Q(’(/J) =

0, fori=n

with this construction, we have
* 1 g
Ga(¥) = 7= D _(AGia () + AGia(w) + 0p(1),
i=1

* 1 .
G oY) = % Z AG;3(9)
Gl ZAGM )+ 0,(1).
Since Assumption [I}2 implies that T"; L V/; given S;, we have
E[AG;(¢) | Fia] =0

so {AG;(¢)}, is a sequence of zero-mean martingale differences with re-
spect to the filtration F;_;.

Additionally, since E[4"(0*)||> < oo for all k € {0,..., K} and As-
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sumption [1}4, we obtain

E = O(n).

>_lAGiw)|

Therefore, the conditional Lindeberg condition (Hall and Heyde, 2014,
Corollary 3.1) holds for {AG;(¢)}!,. To derive the normality, it suffices to

calculate the conditional covariance matrices for {AG; ()} ;. Let ¢(0) =

(K +1)7" Y coux ¥"(0). The following results hold:
if;E[AGi,l(wXAGm(w»Wﬂﬂ =E [Cov [(6"),%:(6")" | 5] +0,(1),
2 FIAGA(8)(AGua(w) T ia] =Cov [E(0") |51 5 [307) 18] +on(0),
Tllizn;E[AGi,s(w)(AGi,s(ib))TIFi1} zﬁ > E|[Cov [p07), %" (6" | 5]]

keEOU[K]

_E [cov [¢(9*),¢(0*)T | SH +op(1).

In addition, we have

E[AG;1($)(AGia(9)) | Fima] = E[AG (%) (AGia(¥)) | Fici]
= E[AG;5(¢)(AG; 5(¢)) | Fizi]
= E[AG4(¥)(AG;2(¥)) | Fiii]

— E[AG,3() (AG;4(4))T|Fi] = 0.
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Moreover,
1 n
;ZE[AGi,z),(w)(AGi,l<¢>>Tm,1]

ST X Y M= BT - )

SE[Smax] kf k' GOU[K]

xE [[}(67) —E [5(8%) | Si]] x [¢}(6) — E [¢5(6) | SZ-HT|Sz-:s]
S S CER R B S )

Since {1(S; = s)(TF —E[TF|F;_1])} forms a sequence of bounded martingale

differences, by the martingale convergence theorem, we have

Dk ZH T = W Fial} = 0p(1).

By Lemma [1] n"'DE(s) = 0,(1), which implies

Ly 1
5;]1(5@'25)]]5[( ! K—|-1)‘]:Z 1] = o0,(1).

Consequently,

%ZE[Aai,g(w)(AGi,l(w))TIE—ﬂ = 0p(1).



S2.1 Proof of Proposition 1

Assumptions [1}2 and [1}3 further imply that

% Z E[AG;4(%)(AG;4(9) T Fii]

:%ZE S S MESE[$E6)] S =]

k€0U[K] s€[Smax]

Y S MEGE[ 0 5= ] 1| 4o,

k'€0U[K] s’ €[smax]

= Y Y SRR 5= E[6F(0) | 5=5] +o01)

k,k’€0U[K] 5,5’ €[Smax]

Combining the above results, we obtain

1 n 4 4

EZE ZAG” Z AG; (¥ 11}
=1 Jj=1 Jj=1

- [Cov [zp(e*),«p(e*f | SH + Cov [E [(87) | Si] ,E [w(ﬂ*)T | SH

= S S E[ac, @A, @)

j=1i=1

t T > E[Cov [wh(e7). k)T | S]]~ [Cov [w(07).w07) | S]]

keOU[K]

Y Y SB[ [ s= B[00 5= 5] 4o,

k,k’€0U[K] s,s’ €[smax]

— Var [E (4(6") | — > E[Var[ *)|SH

kEOU[K]

Y Y SR | s= B[00 5= 5] 4o,
k,k’€0U[K] s,s’ €[smax]
= A+ o0p(1).
By the martingale central limit theorem (Hall and Heyde, 2014]) and

Slutsky’s theorem, we finish the proof of this lemma. n

Proof of Lemma[fl. By Assumption[S2]5 and performing a multivariate Tay-
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lor expansion of the function » i, >, o i TFyp*¥(@) around O = 0*, we

obtain
SYY TheE)
i=1 k€OU[K]
:_Z y ' TRy Z > Tkap: (6°)(0 — 07)
=1 keOU[K] =1 keOU[K]
K+1+q
+ Z 9 6*) ( Z Z Tk (8) )9—0*)ej:op(n1/2).

i=1 keOU[K

From Assumption [S24, there exists a ball @ centered at 6 such that
H@bfj(O)H is dominated by an integrable function v(Y;(k), X;) for each
j€[K+14¢q and 8 € Q. Since 6 lies on the line segment between
6 and 6* and P(0 € Q) — 1, we have

1 & ko~

i=1 keOU[K]

— 0,(1), (S2.12)

and thus the last term in the Taylor expansion is Op(1)||§ Al

By Lemma [2] and Assumption [S2]2, we have
ISy ey st Y B [den] - w
n 4 L K+1 o

i=1 keOU[K] kEOU[K]

Combining the above, we get the equation

—Zlkz TpE(07) = —W(6 — 07) — 0,(1)[6 — 0°|* + 0,(1)(6 — 67).

(52.13)
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Multiplying both sides of by v/n and by Lemma , we have:
—Vn® (0 — 6") — v/ 0,(1)|[0 — 67| + v/ 0,(1)(8 — 67) = O,(1).
Since W is invertible, we get
Vill6 — 67| < W[V (8 — 6°)]| = O,(1) + 0,(1)v/n]|6 — 67,

which implies /(0 — 6*) = O,(1), then the asymptotic linearity of 0

follows from ([S2.13]). O]

Proof of Lemma[7. The result follows immediately from Lemmas [5], [6] and

Slutsky’s theorem. O

Proof of Lemma[8 Note that for all k € 0U[K], the definition of 9% (Y;(k), X;; 6)

implies that E[Y (k)] = E[h*(X;0%)]; and thus
%ihk(xi,e*) = E[Y (k)] + 0,(1). (S2.14)

Next, by the multivariate Taylor’s expansion of > "  h(X;; 5) around the
point @ = 6*, there exists a 0 (which depends on b\) on the line segment

between 6 and 6* such that

—Z{ (X::0) — (X167 }
- {Ez_: %h(xi;e)‘”*} -0

I & ~\ =
- 0 o)’ hk(X,;0) | (6 —0*

keOu[K]
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From Assumption .4 and ([S2.12), we know HZ

1 G (X3 0) /]| =

O,(1), and thus the last term in the Taylor expansion is Op(l)HH — 67)?,

By Lemma [4], we have

—Z{ (X:8) ~ h(X:0") } = 0,(1).

Combined with ((S2.14]), we complete the proof of this lemma. m

Proof of Lemma[9 Denote C = ((K + 1)I(K+1)X(K+1), Ox+1) Xq) from the
definition of W, it follows that
E [%hO(X; 9)|6:9*]

E [%hl(X; 9)|9:9*]

E[Zh"(X;0)|o—0-]

_ZkeOU[K] . [a%iplf(X, Y; 9)|9:9*]_
_ 1 E [Zh(X;0)|o=0-]

A S reoux) E [25€"(X,Y;0)0-0-]

Moreover, since W1 = Ik 4149)x(K+1+q), We have

0
- 1 E [Zh(X;0)|o-e-] -
P = X O = Tk 1gyx(K+14q)-

Zkeou[K] E [a%fk(Xy Y; 9)|0:9*]

Then,

E[aaeh(X 0)|o— 9} x ¥ =(K+1)C.
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By the multivariate Taylor’s expansion and Lemma [0, we have:
fZ{ (X::0) — h(X:6")
~ —~ 2
— =3 h(Xi:6) 6-0 66| 0,0
{n;ae ( >H}ﬁ< )+ Vi 0

- _\LF {E Ljeh(x 9)‘926*} + op<1)} Zn:ql—lzp(T@-,X@-,K; 0") +0,(1)

i=1

1 < .

_ K“Z N THK(X:67) — Yites + 0,(1).

i=1 keOU[K]

Combined with ((S2.14]), we finish the proof of this lemma. O]

Proof of Lemma[I(. By simple calculations, we have the variance-covariance

matrix of imbalance measure under complete randomization, denoted as

Sp(l) 0 .- 0
sex_ | O $p(2) - 0
0 0 - 3p(Smax)

where,

. 1 1
3p(s) =7 [dlag <K—I}il> - (K—i—l)QlKl;{ :
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By Lemma [0, we have:

Vil - 1) = <=3 (07— = LSS S @ e+ o,0)

i=1 ke0U[K]

kEOU[K]

_Kjﬁl 3 Epk [ )ek|s:s]

S€[smax] k€EOU[K

S S e e[ ]

i=1 k€OU[K
Z w-2tL sy p S)E |rE(0")]S = 5] ex
=1 S€[smax] kEOU[K]

- 72 > gy 07 ~E [0 18] ex + 0p1).

1
=1 keOU[K

:%Z{h(Xi;G*)—u— Yo ri@)er}

Following a similar derivation of Lemma [, we know

V(i — p) 5 N(0,T),

I'=Var[Y]+ (K +1) Z E[Var[ )|SHekek—E[Var[ | S]]
kGOU
N ESY S SR(s, s )erE [r’“(e*) 1S = s] E [rk’(e*) 1S = s'] el

k,k'€0U[K] 5,5’ €[smax]

— Var[Y] — Var [r] + {Var[r] - E [Var[r | S]] + (K +1) > E[Var[ *)\s]]ekeg

keOU[K]

HE+D)? Y S =R, )enE [rk(e*) 1S = s] E [rk’(e*) 1S = s/] el

k,k’€0U[K] s,s’ €[sSmax]

= Var[Y] — Var[r] + (K +1) Y E[(rk(O*))z] evel —(K+1) > E{E[r’ﬂ(a*nsﬂ erer

kEOU[K] kEOU[K]

+Var[E[r | S]]+ (K+1)2 Y S =ORG, ')E[rk(ﬂ*)\S:s]E[rk/(B*)\st/}ekez/

k,k’€0U[K] s,s’ €[smax]

= (K + 1)diag {Var [7°(6")],..., Var [TK(G*)] } + Var [Y] — Var [r]

—(K+1* Y > =k (s 8) = B (s, )} L(s, k) L(s K

k,k’€0U[K] s,s’ €[smax]



S2.2  Proof of Theorem 2 and Corollary 3

S2.2 Proof of Theorem 2 and Corollary 3

Theorem 2 (Reproduced from Theorem 2 in the main text). Under As-

sumptions and o in satisfies:
Vi(f — p) % N(0,T), (52.15)
with T' = Fbase — Fadj — FCAR,adj- Here,

o I'aee = (K + 1)diag{Var[Y(0)],..., Var [Y(K)|} represents the base-
line covariance matrix that does not account for covariate adjustment

or the CAR procedures.

o With r*(8%) = Y (k) — h*(X,0") and r = (r°(8"),....75(6"))7,

I.q = (K + 1)diag { Var [Y(0)] — Var [r°(8")] , ..., Var [Y(K)] — Var [r*

+ Var [r] — Var [Y]
captures the contribution from covariate adjustment in Z-estimation.

o With L(s, k) =E [r*(0%) | S = s] ey,

(071}

Tearag = (K+1)* Y Y {Z50(s,8) =R (s, )} L(s, k) L(s', k)T

k,k'€0U[K] s,8" €[Smax]

depicts the interplay between covariate adjustment in Z-estimation and

the CAR procedures.



S2.2  Proof of Theorem 2 and Corollary 3

S2.2.1 Corollary

Corollary 3 (Reproduced from Corollary 3 in the main text). 1. Under
CR, Assumptzonl holds with BLK (s,5") = 25hR (s, 8') for s,5" € [Smax]

and k, kK eou [K], and FCAR,adj =0.
2. When q = 0 in the Z-estimation, I'yq; = 0.

3. Under HH or STRPB, T'car aqj 1S positive definite because EEQR(S, §') =

0 for all k,k' € 0U[K] and s,5" € [Smax]-

S2.2.2 Main proof of Theorem

Proof. By Lemma [10] we decompose I' into three parts:

I' = (K + 1)diag {Var [*(6%)] ,..., Var [r*(8")]} + Var [Y] — Var [r]

(K+1* > > {Z%s) - SR8 8} L(s b LK)

k,k'€0U[K] s,s' €[Smax]
= (K + 1)diag {Var [Y'(0)],..., Var [Y(K)|} + Var [Y] — Var [r]
+ (K + 1)diag { Var [r°(6")] — Var[Y(0)],..., Var [r"(6")] — Var [Y'(K)]}

— (K +1)? Z Z {ZEF (5, 8") — SBR(s, ')} L(s, k) L(s', k')

k k‘IGOU[K] 8,8 E[Smdx}

= D'pase — I'agj — I'car,adj-
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Furthermore, to facilitate estimation, we expand I',g; as follows:

g = (K +1)-diag {Var[Y(O)] — Var[r?(6*)],..., Var[Y (K)] — Var[TK(H*)]}
+ Var[r] — Var[Y]
= (K +1) - diag { Var[Y'(0)] — Var[r*(6")],..., Var[Y (K)] — Var[r" (6")]}

+ Var[h(X; 6*)] — Cov[h(X;0%),Y] — Cov[h(X;0%),Y]",

where the second to fourth lines are obtained by substituting » = h(X;60")
and expanding the expression using the relationship between covariance and

variance, thereby yielding a form more amenable to estimation. O]

S2.2.3 Proof of Corollary

Proof. For the first claim, since the complete randomization procedure sat-
isfies Assumption [I] the result follows directly from Theorem

For the second claim, when ¢ = 0, i.e., when no covariate is included, we
have h*(X, 0*) = h*(0*), which is a constant. Consequently, Var[r*(6*)] =
Var[Y (k)] and Var[r] = Var[Y].

For the third claim, it is straightforward to verify that D¥(s) = O,(1)
for k € 0U [K] and s € [Syax] under the STRPB procedure. Under the HH
procedure, where w; > 0 as noted in (Hu et al., 2023)), and by Theorem
3.2 in (Hu et al., [2023), we also have D¥(s) = O,(1) for k € 0 U [K] and

5 € [Smax). Consequently, Z¢A%(s,s') = 0 for all k, k' € 0U [K] and for all
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8, 8" € [Smax] under both the STRPB and HH procedures.

S2.3 Proof of Theorem {4

Theorem 4 (Reproduced from Theorem 4 in the main text). Consider the

parameter of interest & = (g(p1) — g(po), - - -, 9(px) — g(uo)) ", and denote

by S its estimator obtained by replacing p with . Then under Assumptions

and[53

~

Vn(8 —8) % N(0,GTG"), (S2.16)

where G = % is the K x (K +1) Jacobian matriz of § evaluated at p, and

T is defined in Theorem[3,

S2.3.1 Main proof of Theorem
Proof. The result follows immediately from Theorem [2/and the delta method
(Casella and Berger} 2002, Theorem 5.5.28). ]
S2.4 Proof of Proposition

Proposition 5 (Reproduced from Proposition 5 in the main text). Under

Assumptions and fcon\, 2 Teonv and T 2T.



S2.4  Proof of Proposition

S2.4.1 Lemmas

Lemma 11. Under Assumptions |1 and the estimator T' = f‘base —

~

I'.gj — Ucaradj are consistent, where:

i_‘\base = diag {%\7&\1« [Y(())] T %(K) [Y(K)]} )

~

T4 = Var [h(X;6%)] — Cov [h(X;6"),Y] — Cov [h(X;6),Y]"

Var [0 .. L U —Var [K (0"
+d1ag{ﬂ{\/ar[ (0)]—Var[7" (6 )}}, ’%(K){V [Y(K)] -V [ (6 )}}},

I'caradj := I'ck — I'car, with

~ ACR ~ ~
Teri= > Y —~=—3(s,s)L(s, k) L(s',K)",

k,k'€0U[K] s,s E[Smax

=~ 1 goar ~ ~
Lcar = E E Y. (s,8)L(s, k)L(s',k)".
k,k'€0U[K] s,s G[smax]

—_—

Var Y ()] = - Zmn Y0P Yk = niZTY

LS THY; — Y (0)}h(X;;0)}T

LS THY: — V() h(X56)7

LS, TE(Y: - V()X 0)

— . 1 <«
Var [r*(0*)] = =) ZTf(rk

i 1 " -
Ts i= ®, ZTk (s, k) Zﬂkrf(O)]I(Si = s)ey.

~ nas) i=1



S2.4  Proof of Proposition

~CR
First, by substituting %, and 7(k), we can compute S, (s,s'). Next, we

estimate chR using a bootstrap-based approach. Let B denote the number

of bootstrap replicates, for each 1 < b < B, generate {{S;s}"_, Y., from the
empirical distribution of {S;}i_,. Then, generate {{T,}_,}., according

to the same CAR procedure as used in the trial, and evaluate the imbalance
{D;’fb(s), 1 <5< Smax, 0 < k< K}2 . Subsequently, each element of fJCAR

can be estimated as

ECAR (5.5) = 1 D *k, a *k,

s (i) 1)

~ ~CAR =
By plugging in L(s, k) and X, (s,s"), we obtain I'car. Furthermore,

~CAR
when the dimension of X 15 large and memory efficiency is a concern,
we can instead compute
K smax
O,=>_ > Di(s)L(s,k), 1<b<B,
k=0 s=1

and directly estimate f‘CAR using the sample covariance of {Oy}£_,, that is,

B T
1
-
P — —zobo 1 ( zob) (Ebzlob)
It is straightforward to verify that both methods yield equivalent estimates

of fCAR-

Lemma 12. Under Assumptz'ons and Cov [h(X;0%),Y] is consistent.
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. SCAR .
Lemma 13. Under Assumptwn 3 1s consistent.

Lemma 14. For any 7w € ﬂo(n), where the latter is defined in the proof of

Lemma 13, (S2.18]) holds.

S2.4.2 Main proof of Proposition

Proof. The result follows immediately from Lemma [11} O

S2.4.3 Proof of lemmas

Proof of Lemma[I]. By Lemma [I2] we know
Cov [h(X;6%),Y] 5 Cov [h(X;0%),Y].

Similarly, we can prove the consistency of fbase, fadj and rf(@) By Lemma
and Slutsky’s theorem, we can prove the consistency of fCAR and fCR,

then we finish the proof of this theorem. O

Proof of Lemma[I3 By the multivariate Taylor’s expansion of > 1 | TFY;h(X;; 5)
around the point @ = 0*, there exists a 0 (which depends on 5) on the line

segment between 0 and 6* such that

1 & ~ ~
= N1k Lh(X 4 0) — h(X,:67) Thy, £ the‘ 9-0
2T {R(X8) ~ h(X 6} = {nkz ,>H}< )

0>
+ 0 )" T’“ W (X.:0) ] (0 — 6%)eu.

k’eOU[K]
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. n 2 /
From Assumptlons.l,and S2.12)), we know HZZ 1TkY;aeaaeT R (X 0)/nkH =

O,(1), and thus the last term in the Taylor expansion is O,(1 )HO 0" 2.

By Lemma [4], we have
1 © ~
— N 1y, {h(Xi; 9) — h(X; e*)} — 0,(1).
e

Then, by Assumption [[}1 and Lemma [§ we have

nikzn:TfE{h(Xi;@)—ﬁ = ZT’“Y{h(XZ,e*) )+ 0,(1)

=1

=E[Y(k)(h(X:;07) — p)] + 0,(1),
so we finish the proof of this lemma. n

Proof of Lemma[I3. Let DY(S) € RE+Dxsmax denote the vector of ob-
served within-stratum imbalances {DF(s), k € {0} U [K],s € [Smax]}. De-
note the vector of true stratum probabilities {7, s € [Smax]} by 7°, and the
vector of corresponding empirical probabilities {7 = n"'n(s),s € [Smax}
by ™. Let Pro and Pr» denote the probability measures associated with
the parameters w° and 7", respectively. Under Assumption 7 there exists

a covariance matrix Zp(w®) (which may depend on 7°) such that

DnTEf) S, N(OM, ED(WO))a (S2.17)

where |V| = (K +1) X Syax and the subscript Pro indicates that convergence

holds under that probability measure. Given (S2.17)), we can employ the
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bootstrap framework based on local asymptotic normality (Beran, [1997) to
establish the desired result.
The proof proceeds as follows. To apply the local asymptotic normality

framework, define the local neighborhood

ﬁo(n) ={m:w=n"+ n_l/QK,},

where kK € R*»x is a local parameter. For any 7 € 1:/[0(/1)7 we use Le Cam’s
third lemma (see (Van der Vaart, 2000, Example 6.7, p. 90)) to show that
under Pz the distribution of n~/2DX(S) remains as in (52.17), i.e.,

K S J .
D"sz) s N( v, Ep(m ))- (S52.18)

Consequently, the sample covariance matrix = p(7) computed from B
random draws {Df}b(S)}{f:l of DX(S) under Pz converges to Ep(w°) by
and the law of large numbers. Because holds for every
k € RISl it holds in particular for the  that satisfies n'/?(w" — 7%) =
k + 0,(1). By the central limit theorem, n'/?(x" — 7% = O,(1), so
S ﬁo(n) for some k € RISI. Hence, by the extended continuous map-
ping theorem (Van der Vaart and Wellner, (1996, Theorem 1.11.1, p. 67),

ED(W”) converges to Zp(w’) under Prn. Noting that the bootstrap sam-

ples {D;%(8)}2, in Lemma [11] are precisely {D},(S)}, under Prn, we
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obtain

~CAR
Sew (5,8) = ZpR(s,8) + op(1).

O

Proof of Lemma[1j] For notational simplicity, write the probability mass

function of &; under parameter 7 as
m(@i) = [ [m] =,
seS

and let 7(x;) and 7°(x;) denote the analogous functions with parameters
7 and 7°, respectively. To apply Le Cam’s third lemma, consider the log-
likelihood ratio
= Zlog{ﬁ(ii)/ﬁo(@i)}-
i=1

Let rs be the sth component of k. Expanding log(1 4 =) via Taylor series

gives
Lo (7, 7°) = Z log{ I1 (%)H{ii:m)}}
Z Zﬂ{mlfm }log{1+f7ro}

s$€[smax] 1=1 °

_Z Z Hz; = z(s) \/ﬁwo_i Z Zﬂ{wz—w (K—;) + 0,(nY?)

1=1 s€[smax] s€[smax] i=1

\rz S (@ = a(s) 0)%f% > S ta),

=1 s€[smax] S€[smax]

provided Y ks = v/ Y cg(ms —m0) = 0.
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We now establish joint normality of (n=*/2D}/(S)", I,(, WO))T. Define

Ali(, ) = Blla (7, ) | F-BlL (7, m) | Foal = 30 (M = 2(s)}-n) 25

seS

and let M; = (ME(S)T, Ali(ﬁ',ﬂ))T, where MX(S) is the |V|-vector of
martingale differences {MF(s),k € {0} U[K], s € [Smax)}. The last compo-
nent of M; is bounded, so M; is a sequence of (|V| + 1)-dimensional zero-
mean martingale differences satisfying the conditional Lindeberg condition.

Moreover, under Assumption [I] we have

1 n
5ZIE[1\4@-“(5)1\4-“(6‘)T | Fior] ==p, En(n”),
ZEM’C ) Al(7, ) | Fioi]

- ZE (MES) | Fia B[3(H@in = w()} ) | Fioa] o5 = 0.

seS

and

S IIEE 3/ BRSS9

seS $ s#s’
2
L5 (g fo
0"
s
seS seS se§ §

Applying the martingale central limit theorem and the Cramér—Wold device

yields

S

Y
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where 12 = 3" _o(7?)"'k2. Le Cam’s third lemma therefore implies that

(S2.18)) holds. m

S2.5 Proof of Theorem [6l and Theorem [Tl

Theorem 6 (Reproduced from Theorem 6 in the main text). Under As-
sumptions 1 and [Sg, we consider the individual hypothesis test Hy : §p = 0
versus Hy : 0 > 0. Define the individual conventional and model-robust

Wald test statistics for k € [K| as

5 5
Wlsonv — \/ﬁ k and Wkrobust — \/ﬁ k

\/[é fconv é—r](k,k) \/ [é f éT](k,k)

W,;°b“5t always produces a valid type I error by Theorem |4 and Proposition

[1 Because Teony — I is positive definite under HH and STRPB, the conven-

conv

tional statistic W™ exhibits a reduced type I error under these procedures.

Theorem 7 (Reproduced from Theorem 7 in the main text). Under As-

sumptions 1] and [SF, we aim to conduct the following hypothesis test

In particular, (WiePust ... WWiebust)T A N(0, R) with

[GTG i)
\/[GPGT] (k,]f) [GI‘GT] (kl7k/) ’

Ry = kK € K]



S2.5 Proof of Theorem @ and Theorem EI

S2.5.1 Main proof of Theorem [6]

Proof. By Theoremand Proposition the robust statistic WPt satisfies
JJ/jobust AN (0,1), and therefore controls the type I error at the nominal
level. In contrast, Corollaryimplies that I'cony — I is positive definite under
the HH and STRPB procedures. Consequently, the conventional statistic
Wen converges in distribution to N (0, ) for some 0 < p < 1, leading to a

reduced type I error under these randomization schemes. O

S2.5.2 Main proof of Theorem [7]

Proof. For any fixed vector a € R¥, consider the linear combination
T robust robust\ T
a (WPt o WEeessh)

since & is asymptotically normal and GT G is consistent, Slutsky’s the-
orem implies that this linear combination converges in distribution to a
univariate normal random variable. Because this holds for every a, the
Cramér-Wold theorem ensures that (W7°Pust ... WePust)T ig jointly asymp-
totically multivariate normal. Moreover, a direct computation verifies that
its limiting covariance matrix is

[GI‘GT](k7k/)

R — ,
= IGTG on |GG i)

which matches the correlation matrix stated in the theorem. O



S3 Additional Numerical Results

S3.1 Example 1

In this section, Tables [S2] and Figures [ST], [S2| present additional
simulation results from Example 1. More specifically, Table [S2| reports the
results of conventional Wald tests across different estimands and random-
ization procedures; Tables and compare the conventional Wald test
with the proposed model-robust version for the LOR and ATE metrics,
respectively; Figures and display the statistical power of the con-
ventional and model-robust tests under different randomization schemes as

Lmax increases for LOR and ATE, respectively.
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Table S2: Results from conventional Wald tests for Example 1, the logistic model: test statistics, SD (x+/n),
Type I error rates (in %) for Stage 1, Stage 2, and the overall Type I error, evaluated across different working

models and randomization schemes: (t1,t2) = (0,0).

Metric Procedure Stage 1 Stage 2 Overall

Mean (SD) TypeI Mean (SD)

Type I Type I

Ao 0.0664 (2.9292) 5.15 -0.0004 (2.6664) 5.02 5.11

CR A1 0.0631 (2.8222) 5.13 -0.0004 (2.5550)  5.05 4.85
Az 0.0511 (2.2592) 5.49 -0.0273 (0.0908) 5.22 5.14

Ao 0.0502 (2.4190) 1.76  0.0009 (2.1713)  2.41 1.53

STRPB A 0.0502 (2.4189) 2.23  0.0009 (2.1702) 2.84 2.01
logRR Az 0.0460 (2.2209) 4.84  0.0091 (0.0884)  4.70 4.62
Ao 0.0532 (2.3964) 1.62  0.0004 (2.2353)  2.67 1.60

HH A1 0.0531 (2.3946) 2.17  0.0004 (2.2336)  3.21 2.15
Az 0.0491 (2.1902) 5.00  0.0021 (0.0912) 5.23 4.96

Ao 0.0529 (2.4672) 1.76  0.0009 (2.2249) 2.23 1.61

PS A1 0.0528 (2.4663) 2.37  0.0008 (2.2233) 2.88 2.07
Aa  0.0477 (2.2283) 4.87  0.0107 (0.0908) 4.97  4.95

Ao 0.1040 (4.6484) 5.23 -0.0007 (4.1738) 5.05 5.26

CR A1 0.0989 (4.4781) 5.13  -0.0006 (3.9998) 5.11 4.99
Az 0.0801 (3.5755) 5.51 -0.0426 (0.1422) 5.25 5.30

Ao 0.0786 (3.8335) 1.78  0.0013 (3.4012) 2.43 1.56

STRPB A1 0.0785 (3.8333) 2.27  0.0013 (3.3995) 2.88 2.05
LOR Az 0.0720 (3.5149) 4.88  0.0141 (0.1385) 477  4.70
Ao 0.0833 (3.7977) 1.65  0.0006 (3.4996)  2.69 1.61

HH A1 0.0832 (3.7949) 222 0.0006 (3.4969)  3.23 2.20
Aa  0.0770 (3.4677) 5.05 0.0021 (0.1427) 5.28 5.07

Ao 0.0828 (3.9043) 1.82  0.0013 (3.4826) 2.28 1.62

PS A1 0.0826 (3.9028) 242  0.0013 (3.4801)  2.89 2.12
Az 0.0747 (3.5217) 4.93  0.0171 (0.1420)  5.04 5.02

Ao 0.0239 (1.0774) 5.33 -0.0002 (0.9599) 5.10 5.38

CR 1 0.0227 (1.0379) 5.28 -0.0002 (0.9201) 5.14 5.21
Az 0.0184 (0.8285) 5.60 -0.0097 (0.0327) 5.28 5.38

Ao 0.0180 (0.8888) 1.81  0.0003 (0.7831)  2.46 1.58

STRPB A1 0.0180 (0.8887) 2.33  0.0003 (0.7827) 2.88 2.12
ATE Az 0.0165 (0.8145) 4.92  0.0032 (0.0319) 4.81  4.76
Ao 0.0191 (0.8805) 1.67  0.0001 (0.8054) 2.74 1.71

o A1 0.0191 (0.8799) 2.27  0.0001 (0.8048)  3.29 2.27
Az 0.0177 (0.8039) 5.17  0.0003 (0.0328) 5.35 5.18

Ao 0.0190 (0.9043) 1.89  0.0003 (0.8013)  2.38 1.64

PS A1 0.0190 (0.9039) 2.51  0.0003 (0.8008)  2.92 2.19
Az 0.0172 (0.8154)  4.99  0.0040 (0.0327)  5.06 5.07
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Table S3: LOR results for Example 1, the logistic model: Type I error rates and power (in %) for
Stage 1, Stage 2, and the combined analysis, evaluated across different working models and randomiza-

tion schemes.

Procedure Test Type I Power

Stage 1 Stage 2 All Stage 1 Stage 2 All
(¢1,t2) = (0,0) (¢1,t2) =(0.3,0.4)

CR 5.23 5.05 5.26  21.77 29.72  38.84
STRPB conv 1.78 2.43 1.56 14.76 26.48  31.89
robust 4.89 4.92 5.04  28.42 39.29  51.01
A, HH conv 1.65 2.69 1.61 15.90 26.56  32.22
robust 5.08 5.47 526  29.69 39.63  51.79
PS conv 1.82 2.28 1.62 15.46 26.69  32.59
robust 4.90 4.90 4.86  28.50 39.31 51.07
CR 5.13 5.11 4.99  23.76 31.94  41.80
STRPB conv 2.27 2.88 2.05 17.69 29.34  36.12
robust 4.90 5.02 5.04 2845 39.35  51.10
A, HH conv 2.22 3.23 2.20 18.57 29.58  36.74
robust 5.11 5.45 5.17  29.67 39.63  51.77
PS conv 2.42 2.89 2.12 18.25 29.80  37.02
robust 4.93 4.88 4.93  28.58 39.39  51.02
CR 5.51 5.25 5.30  33.18 43.80 5791
STRPB conv 4.88 4.77 4.70  31.59 44.55  56.97
robust 4.95 4.78 4.75  31.95 44.66  57.17
A, HH conv 5.05 5.28 5.07  32.37 44.15  58.00
robust 5.21 5.30 5.16  32.64 44.18  58.29
PS conv 4.93 5.04 5.02  31.92 43.98  58.11

robust 4.98 5.05 5.04  32.07 43.98  58.19
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Table S4: ATE results for Example 1, the logistic model: Type I error rates and power (in %) for
Stage 1, Stage 2, and the combined analysis, evaluated across different working models and randomiza-

tion schemes.

Procedure Test Type I Power

Stage 1 Stage 2 All Stage 1 Stage 2 All
(¢1,t2) = (0,0) (¢1,t2) =(0.3,0.4)

CR 5.33 5.10 5.38  22.27 30.02  39.39
STRPB conv 1.81 2.46 1.58 15.10 26.70  32.25
robust 4.96 4.95 5.10 28.65 39.40  51.37
A, HH conv 1.67 2.74 1.71 16.25 26.87  32.69
robust 5.16 5.52 5.33  29.89 39.83  52.16
PS conv 1.89 2.38 1.64 15.87 27.01 32.97
robust 4.97 4.98 4.99  28.73 39.48  51.38
CR 5.28 5.14 5.21 24.18 32.18  42.24
STRPB conv 2.33 2.88 2.12 18.00 29.58  36.57
robust 4.99 5.03 5.11 28.71 39.56  51.45
A, HH conv 2.27 3.29 2.27  18.87 29.78  37.16
robust 5.17 5.51 5.28  30.04 39.79  52.05
PS conv 2.51 2.92 2.19 18.64 30.06  37.36
robust 5.05 4.99 5.08  28.86 39.59 51.34
CR 5.60 5.28 5.38  33.43 43.99  58.16
STRPB conv 4.92 4.81 4.76  31.83 44.69  57.19
robust 5.00 4.82 4.79  32.22 44.79  57.39
A, HH conv 5.17 5.35 5.18  32.59 44.21 58.29
robust 5.28 5.37 5.25  32.87 44.31 58.56
PS conv 4.99 5.06 5.07  32.20 44.08  58.29

robust 5.03 5.06 5.07  32.35 44.11 58.37
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Figure S1: LOR for Example 1, power comparison of conventional and model-robust

tests under (Ag, A1, A2) aCross tmax; the red dashed line denotes o = 0.05 under the null

hypothesis.
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Figure S2: ATE for Example 1, power comparison of conventional and model-robust

tests under (Ag, A1, A2) across tmax; the red dashed line denotes o = 0.05 under the null

hypothesis.
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S3.2 Example 2

In this section, Tables [S5] [S6}, [S7] and Figures [S3] [S4], [S5] present additional
simulation results from Example 2. More specifically, Table [S5| reports the
results of conventional Wald tests across different estimands and random-
ization procedures; Tables [S6] and [S7] compare the conventional Wald test
with the proposed model-robust version for the LOR and ATE metrics,
respectively; Figures [S3] [S4] and [S5] display the statistical power of the con-
ventional and model-robust tests under different randomization schemes as

Lmax increases for logRR, LOR and ATE, respectively.
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Table S5: Results from conventional Wald tests for Example 2, the probit model: test statistics, SD (x+/n),
Type I error rates (in %) for Stage 1, Stage 2, and the overall Type I error, evaluated across different working

models and randomization schemes: (t1,t2) = (0,0).

Metric Procedure Stage 1 Stage 2 Overall

Mean (SD) TypeI Mean (SD)

Type I Type I

Ap 0.0433 (1.9857) 4.92 -0.0001 (1.8169) 5.16  5.13

CR A1 0.0394 (1.8350) 5.30 -0.0006 (1.6594) 5.16  5.54
As 0.0384 (1.7727) 5.29 -0.0005 (1.6108) 5.31  5.55

Ao 0.0375 (1.7606) 2.59 -0.0002 (1.5993) 3.16  2.47

STRPB A1 00364 (1.7021) 3.75 -0.0000 (1.5422) 4.15  3.85
RR As 0.0351 (1.6381) 3.51 -0.0001 (1.4839) 4.10  3.62
Ao 0.0368 (1.7593) 2.68 -0.0015 (1.5987) 3.18  2.58

HH A1 0.0358 (1.6961) 3.67 -0.0013 (1.5368) 3.81  3.64
As 0.0351 (1.6419) 3.79 -0.0011 (1.4861) 3.90  3.76

Ao 0.0389 (1.8800) 3.63 0.0014 (1.6782) 3.78  3.72

PS A1 0.0380 (1.8354) 5.21  0.0014 (1.6172) 4.97  4.84
As 0.0370 (1.7732)  5.06 0.0013 (1.5671) 4.96  4.89

Ao 0.0976 (4.5811) 4.85 -0.0003 (4.0916) 5.24  5.18

CR A1 0.0889 (4.2311) 5.18 -0.0015 (3.7427) 5.14  5.51
As  0.0867 (4.0834) 5.20 -0.0013 (3.6324) 529  5.51

Ao 0.0848 (4.0654) 2.58 -0.0006 (3.6036) 3.18  2.50

STRPB A1 00823 (3.9315) 3.59 -0.0001 (3.4761) 4.19  3.80
LOR Az 0.0794 (3.7797)  3.47 -0.0002 (3.3440) 4.14  3.61
Ao 0.0833 (4.0511) 2.63 -0.0033 (3.6028) 3.18  2.59

HH A1 0.0811 (3.9080) 3.61 -0.0030 (3.4645) 3.81  3.62
Az 0.0794 (3.7791) 3.74 -0.0024 (3.3487) 3.91  3.76

Ao 0.0876 (4.3333) 3.60 0.0033 (3.7798) 3.80  3.73

PS A1 0.0858 (4.2351) 5.10 0.0032 (3.6474) 4.99  4.78
Az 0.0835 (4.0882) 4.96 0.0030 (3.5322) 5.02  4.87

Ap 0.0239 (1.1167) 5.12 -0.0001 (1.0058) 5.30  5.48

CR 1 0.0218 (1.0321)  5.37 -0.0004 (0.9200) 5.23  5.70
Az 0.0213 (0.9967) 5.45 -0.0003 (0.8930) 5.38  5.70

Ap 0.0208 (0.9917) 2.77 -0.0001 (0.8860) 3.19  2.74

STRPB A1 00202 (0.9592) 3.81 -0.0000 (0.8547) 4.27  4.00
ATE Az 0.0195 (0.9227) 3.60 -0.0000 (0.8224) 4.17  3.76
Ap 0.0204 (0.9890) 2.89 -0.0008 (0.8859) 3.21  2.73

HH A1 0.0199 (0.9541) 3.77 -0.0007 (0.8519) 3.84  3.80
As 0.0195 (0.9231) 3.84 -0.0006 (0.8236) 3.95  3.85

Ao 0.0215 (1.0569) 3.95 0.0008 (0.9292) 3.87  3.91

PS A1 0.0211 (1.0329) 5.17  0.0008 (0.8966) 5.08  4.96
A 0.0205 (0.9976) 5.11  0.0007 (0.8685) 5.05  5.05
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Table S6: LOR results for Example 2, the probit model: Type I error rates and power (in %) for
Stage 1, Stage 2, and the combined analysis, evaluated across different working models and randomiza-

tion schemes.

Procedure Test Type I Power

Stage 1 Stage 2 All Stage 1 Stage 2 All
(¢1,t2) = (0,0) (¢1,t2) = (0.2,0.3)

CR 5.18 5.24 4.85  26.47 37.46  48.59
STRPB conv 2.58 3.18 2.50  23.72 36.22  46.83
robust 4.71 4.84 5.06 31.45 43.57  56.82
A, HH conv 2.63 3.18 2.59 2275 35.96  46.77
robust 4.54 4.91 4.85  30.77 42.56  55.88
PS conv 3.60 3.80 3.73  25.00 37.13  48.16
robust 4.79 5.25 4.92 28.70 4142  53.21
CR 5.51 5.14 5.18  29.87 41.52  54.06
STRPB conv 3.59 4.19 3.80  28.62 41.83  53.51
robust 4.99 5.02 5.11  33.11 45.55  58.63
A, HH conv 3.61 3.81 3.62  27.42 41.34  53.57
robust 4.89 4.85 4.84  32.07 44.99  58.41
PS conv 5.10 4.99 4.78  30.31 43.09 5541
robust 5.02 5.01 4.80  30.00 43.07  55.32
CR 5.51 5.29 520 31.84 43.54  56.22
STRPB conv 3.47 4.14 3.61 29.86 44.29  56.11
robust 4.81 5.06 4.93  35.04 48.36  61.68
A, HH conv 3.74 3.91 3.76  29.27 43.78  56.44
robust 4.90 4.91 4.96  34.38 47.66  61.40
PS conv 5.08 4.97 4.94 3178 45.16  57.69

robust 4.96 5.02 4.87  31.50 45.29  57.55
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Table S7: ATE results for Example 2, the probit model: Type I error rates and power (in %) for
Stage 1, Stage 2, and the combined analysis, evaluated across different working models and randomiza-

tion schemes.

Procedure Test Type I Power

Stage 1 Stage 2 All Stage 1 Stage 2 All
(L17 L2) = (07 0) (L17 L2) = (027 03)

CR 5.48 5.30 5.12  49.36 3770  27.22
STRPB conv 2.77 3.19 2.74 2451 36.59  47.51
robust 4.94 4.89 520  32.29 43.74 5749
A, HH conv 2.89 3.21 2.73  23.57 36.17  47.47
robust 4.79 4.97 5.03  31.52 42.76  56.47
PS conv 3.95 3.87 3.91 25.87 37.44  48.89
robust 4.97 5.32 5.10  29.55 41.62  53.84
CR 5.70 5.23 5.37  54.84 41.72  30.75
STRPB conv 3.81 4.27 4.00  29.52 41.99  54.10
robust 5.19 5.07 526  33.95 45.73  59.35
A, HH conv 3.77 3.84 3.80  28.12 41.56  54.21
robust 5.03 4.87 5.02  32.78 45.12  59.05
PS conv 5.28 5.07 4.93  31.06 43.24  56.12
robust 5.17 5.08 4.96  30.75 43.26  55.97
CR 5.70 5.38 545  56.79 43.71 32.65
STRPB conv 3.60 4.17 3.76  30.60 44.51 56.84
robust 4.95 5.08 5.09 35.86 48.52  62.07
A, HH conv 3.84 3.95 3.85  30.17 43.98  56.94
robust 5.12 4.94 5.09 35.12 47.87  62.07
PS conv 5.23 5.01 5.11  32.64 45.42  58.35

robust 5.11 5.05 5.05  32.24 45.48  58.04
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Figure S3: logRR for Example 2, power comparison of conventional and model-robust

tests under (Ag, A1, A2) aCross tmax; the red dashed line denotes o = 0.05 under the null

hypothesis.
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Figure S4: LOR for Example 2, power comparison of conventional and model-robust

tests under (Ag, A1, A2) across tmax; the red dashed line denotes o = 0.05 under the null

hypothesis.
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Figure S5: ATE for Example 2, power comparison of conventional and model-robust
tests under (Ag, A1, A2) aCross tmax; the red dashed line denotes o = 0.05 under the null

hypothesis.

S3.3 Hypothetical Trial Example

In this section, Tables [S8| [S9 and present additional results from the
hypothetical trial example. More specifically, Table [S8 reports the results
of conventional Wald tests across different estimands and randomization
procedures; Tables [S9 and compare the conventional Wald test with

the proposed model-robust version for the LOR and ATE metrics.
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Table S8: Results from conventional Wald tests for the hypothetical trial: test statistics, SD (x+/n), Type I
error rates (in %) for Stage 1, Stage 2, and the overall Type I error, evaluated across different working models

and randomization schemes: (¢1,t2) = (0,0).

Metric Procedure Stage 1 Stage 2 Overall
Mean (SD) Typel Mean (SD) Typel Typel

Ao 0.1040 (4.6883) 4.90 -0.0013 (4.2830) 4.86  4.76

CR A1 0.1003 (4.6080) 4.73  0.0019 (4.1792) 5.12  4.87

A 0.0976 (4.4921) 4.74  0.0019 (4.0624) 5.18 5.09

Ao 0.0960 (4.4737) 3.99 -0.0025 (4.0903) 3.81 3.33

STRPB A1 0.0960 (4.4548) 4.36 -0.0026 (4.0635) 4.11 3.76

logRR Az 0.1017 (4.4499) 5.05 -0.0013 (4.0527) 4.79 4.81
Ao 0.0988 (4.5224) 3.89 -0.0001 (4.1135)  4.30 4.11

o A1 0.0984 (4.4997)  4.07 -0.0000 (4.0993) 4.74  4.54

Az 0.1004 (4.4611) 4.83  0.0004 (4.0596) 4.64  4.90

Ao 0.1005 (4.5501) 4.23  0.0008 (4.1135)  4.10 3.98

PS A1 0.1002 (4.5288) 4.69  0.0008 (4.0896) 4.46  4.43

Az 0.0957 (4.4654) 4.67  0.0025 (4.0555) 4.96  4.68

Ao 0.1273 (5.7768) 4.97 -0.0015 (5.2392) 4.98 4.86

CR Ar 01227 (5.6778)  4.82  0.0024 (5.1142) 5.17  5.01

Az 0.1194 (5.5356) 4.86  0.0023 (4.9712) 5.21 5.24

Ao 0.1175 (5.5109) 4.10 -0.0030 (5.0007)  3.89 3.50

STRPB A1 0.1174 (5.4879)  4.46 -0.0032 (4.9681) 4.16 3.86

LOR Ay 0.1244 (5.4822) 5.19 -0.0016 (4.9581) 4.83  4.92
Ao 0.1208 (5.5749) 4.00 -0.0002 (5.0325) 4.36  4.18

HH A1 0.1204 (5.5461) 4.19  0.0000 (5.0150)  4.81 4.62

Az 0.1229 (5.4960) 4.97  0.0004 (4.9639)  4.68 5.00

Ao 0.1230 (5.6039) 4.34  0.0010 (5.0305) 4.16  4.08

PS Ar 01225 (5.5769) 4.81  0.0009 (5.0016) 4.56  4.56

Az 0.1171 (5.5024) 479  0.0031 (4.9601) 5.02  4.90

Ao 0.0189 (0.8828) 5.12 -0.0002 (0.7813) 5.04 5.08

CR A1 0.0182 (0.8679) 4.98  0.0004 (0.7637) 5.27  5.24

Az 0.0177 (0.8467) 4.99  0.0004 (0.7424)  5.34 5.41

Ao 0.0174 (0.8418) 4.23 -0.0004 (0.7445)  4.06 3.68

STRPB A1 0.0174 (0.8385) 4.58 -0.0005 (0.7397) 4.21 4.00

ATE Az 0.0185 (0.8377) 5.31 -0.0002 (0.7397)  4.94 5.21
Ao 0.0179 (0.8535) 4.09 -0.0000 (0.7509) 4.49  4.36

HH Ai 00178 (0.8488) 4.31  0.0000 (0.7482)  5.00 4.82

As  0.0183 (0.8398) 5.09  0.0000 (0.7393)  4.81 5.18

Ao 0.0182 (0.8554) 4.45 0.0002 (0.7496) 4.34  4.27

PS Ar 00182 (0.8509) 4.90  0.0002 (0.7455) 4.68  4.72

A 0.0174 (0.8413) 4.97  0.0005 (0.7394)  5.10 5.09
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Table S9: LOR results for the hypothetical trial: Type I error rates and power (in 10_2) for Stage 1, Stage 2,

and the combined analysis, across different working models and randomization schemes.

Procedure Test pe I Power

Ty
Stage 1 Stage 2 All Stage 1 Stage 2 All
(t1,t2) = (0,0) (t1,02) =(0.2,0.9)
4.97 4.98 28.42 4217 52

> . 4.86 .52
STRPB conv 4.10 3.89 3.50  26.52 42.17  51.90
robust 5.11 5.07 5.06 30.28 45.16  56.43

Ao HH conv 4.00 4.36 4.18  26.75 41.50  51.47
robust 4.83 4.90 4.82  30.71 44.70  55.85

PS conv 4.34 4.16 4.08  27.47 42.07  52.00
robust 5.37 4.91 5.07  30.68 44.95  55.84

CR 4.82 5.17 5.0  28.99 44.14  54.23
STRPB conv 4.46 4.16 3.86  28.10 43.58  54.18
robust 5.08 4.55 4.55  30.75 45.66  57.09

A1 HH conv 4.19 4.81 4.62  28.38 43.16  53.92
robust 4.82 5.35 5.30 31.10 45.44  56.62

PS conv 4.81 4.56 4.56  29.30 43.61  54.07
robust 5.38 5.02 5.18  31.12 45.31  56.66

CR 4.86 5.21 5.24  30.53 45.68  56.85
STRPB conv 5.19 4.83 4.92  30.64 45.72  56.97
robust 5.17 4.60 4.58  30.90 45.77  57.12

Az HH conv 4.97 4.68 5.00  30.77 45.39  56.33
robust 4.90 5.38 5.33 31.11 45.45  56.50

PS conv 4.79 5.02 4.90 31.33 45.39  56.97
robust 5.35 5.03 5.21  31.52 45.41  57.04

Table S10: ATE results for the hypothetical trial: Type I error rates and power (in %) for Stage 1,
Stage 2, and the combined analysis, evaluated across different working models and randomization

schemes.

Procedure Test Type I Power

Stage 1 Stage 2 All Stage 1 Stage 2 All
(¢1,t2) = (0,0) (¢1,t2) = (0.2,0.4)

CR 5.12 5.04 5.08 28.71 42.51 53.10
STRPB conv 4.23 4.06 3.68  26.83 42.50  52.36
robust 5.28 5.21 5.28  30.69 45.49  56.92
A, HH conv 4.09 4.49 4.36  26.99 41.96  51.99
robust 4.96 4.96 5.10 31.11 45.04  56.40
PS conv 4.45 4.34 4.27  27.65 42.52  52.36
robust 5.52 4.99 5.34  30.97 45.25  56.30
CR 4.98 5.27 5.24  29.22 44.51 54.77
STRPB conv 4.58 4.21 4.00 28.45 43.93  54.64
robust 5.21 4.70 4.77  31.13 46.01 57.46
A, HH conv 4.31 5.00 4.82  28.82 43.49  54.36
robust 4.98 5.48 545  31.49 45.77  56.98
PS conv 4.90 4.68 4.72  29.55 43.94  54.48
robust 5.52 5.13 5.43  31.43 45.65  57.19
CR 4.99 5.34 541  30.87 46.05  57.29
STRPB conv 5.31 4.94 5.21  31.06 46.03  57.42
robust 5.35 4.76 4.73  31.29 46.05  57.58
A, HH conv 5.09 4.81 5.18  31.28 45.78  56.94
robust 5.06 5.50 5.56  31.55 45.82  57.05
PS conv 4.97 5.10 5.09 31.73 45.71 57.38

robust 5.44 5.14 5.41 31.87 45.73 57.47




S4 An additional example of estimand: the average

treatment effect (ATE)

The ATE captures absolute risk differences and is widely used for policy

and clinical decision making. For arm &,

.
ATE; = i — po, 6 = (b1 — po, - fic — o) -

Estimation can proceed from generalized linear working models (including
logistic regression for binary outcomes), with inference carried out analo-

gously to logRR and LOR.

Lemma 14. For the ATE, g(x) =z and

Gate = (_1Ka diag{1,..., 1))7 éATE - GATE‘MZN

m

Hence Theorem []) implies
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