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Supplementary Material

The supplementary material includes detailed proofs of Theorems 1–5 from the main paper,

along with auxiliary explanations, lemmas, and propositions. Additionally, we present supple-

mentary simulation results that complement the findings in the main paper. In the rest of the

paper, ⌈u⌉ means the smallest integer greater than or equal to u.

S1 Estimation of propensity score function

For the estimation of Π(z), following Hirano et al. (2003) and Deuber et al.

(2024), we set

Π̂(z) :=
1

1 + exp{−Hhn(z)
T π̂n}

,

whereHhn = (Hhn,j)j=1,2,...,hn : Rr → Rhn is a vector of sieve basis functions,

and

π̂n := arg max
π∈Rhn

n∑
i=1

Di logL(Hhn(Zi)
Tπ)+(1−Di) log(1−L(Hhn(Zi)

Tπ)),
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and L(u) = 1/(1 + e−u).

For Hhn , the span of these basis functions contains all polynomials up

to order m if hn > (m+ 1)r. Define

ζ(hn) = sup
z∈Z

∥Hhn(z)∥.

If Hhn consists of orthonormal polynomials, it follows that ζ(hn) = O(hn),

see, e.g. Newey (1994) and Deuber et al. (2024).

For the estimation of Π(z) in simulations with n = 1000, 2000, we set

hn = ⌊5 × n1/11⌋ in Sections 3.1–3.2 under the one-dimensional covariate

setting, which satisfies Assumption (g). In Section S7, under the two-

dimensional covariate setting, we set m = ⌊2× n1/11⌋.

S2 Assumption (g)

Assumption (g) consists of the following two assumptions.

Assumption (g1). Assume that as n→ ∞,

sup
z∈Z

|Π̂(z)− Π(z)| = op(n
−1/4).



S2. ASSUMPTION (g)

Assumption (g2). We assume that the following limits exist:

H̃1 = lim
n→∞

n

k
E
[
Pr{Y (1) > UY (1)(n/k)|Z}

Π(Z)

]
,

H̃0 = lim
n→∞

n

k
E
[
Pr{Y (0) > UY (0)(n/k)|Z}

1− Π(Z)

]
,

G̃1 = lim
n→∞

n

k
E
[

1

Π(Z)
E[S2

1,n|Z]

]
,

G̃0 = lim
n→∞

n

k
E
[

1

1− Π(Z)
E[S2

0,n|Z]

]
,

J̃1 = lim
n→∞

n

k
E
[

1

Π(Z)
E[S1,n|Z]

]
,

J̃0 = lim
n→∞

n

k
E
[

1

1− Π(Z)
E[S0,n|Z]

]
,

where Sj,n = γj log
(

k
n(1−FY (j)(Y (j)))

)
I{Y (j) > UY (j)(n/k)} for j = 0, 1.

Remark S1. Assumption (g1) can be obtained by the following sufficient

conditions through Assumptions (a) and Lemma G.3 in Deuber et al. (2024):

• Assume that Z has a compact support Z, and Z is continuous and

there exists c′ > 0 such that c′ ≤ fZ(z) ≤ 1/c′ holds uniformly on

z ∈ Z.

• Π(z) is s-order continuously differentiable with s ≥ 4r and all deriva-

tives are bounded, where r is the dimension of Z. Also, we assume

that 0 ≤ hn = O(nh), and ζ(hn)2hn√
n

→ 0. In addition, s, h satisfy that

ζ(hn)h
−s/2r
n = o(n−1/4).

Assumption (g2) represents the moment conditions for the asymptotic
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distributions of γ̂j.

S3 Preliminary lemmas

The following lemma shows the asymptotic properties of γ̂1 and γ̂0, which

can be obtained by combining the results of Theorems 1, 2 and Lemma G.6

in Deuber et al. (2024).

Lemma S1. Suppose that Assumptions (a), (b), (e) and (g) hold. More-

over, assume that k = O(n1/2) and
√
k{|A1(n/k)| + |A0(n/k)|} → 0, as

n→ ∞. Then, we have that,

√
k(γ̂1 − γ1) =

1√
n

n∑
i=1

(ψi,1,n − γ1ϕi,1,n) + op(1) =: Γn1 + op(1),

√
k(γ̂0 − γ0) =

1√
n

n∑
i=1

(ψi,0,n − γ0ϕi,0,n) + op(1) =: Γn0 + op(1),

where

ψi,0,n =

√
n

k

(
1−Di

1− Π(Zi)
Si,0,n −

kγ0
n

)
,

ψi,1,n =

√
n

k

(
Di

Π(Zi)
Si,1,n −

kγ1
n

)
,

ϕi,0,n =

√
n

k

1−Di

1− Π(Zi)
Ti,0,n,

ϕi,1,n =

√
n

k

Di

Π(Zi)
Ti,1,n,



S3. PRELIMINARY LEMMAS

and for j = 0, 1,

Si,j,n = γj log

(
k

n(1− FY (j)(Yi(j)))

)
I{Yi(j) > UY (j)(n/k)},

Ti,j,n = I{Yi(j) > UY (j)(n/k)} − k/n.

Moreover, we have that,

(Γn1,Γn0)
d→ (Γ1,Γ0) ∼ N(0, BΣ̃BT ),

where

Σ̃ :=



G̃1 0 J̃1 0

0 G̃0 0 J̃0

J̃1 0 H̃1 0

0 J̃0 0 H̃0


.

Remark S2. In the proof of Theorem 1 in Deuber et al. (2024), we can

show that
√
kG4

n = op(1) under the condition k = O(n1/2). This condi-

tion simplifies the asymptotic analysis, which aids in the potential variance

estimation. In addition, the condition k = O(n1/2) removes the need for

Assumption 4, B.1 (iii) and the last three limit expressions in (iv) of Deuber

et al. (2024).

The following lemma establishes the Lipschitz continuity of R̃(1)(x, y)

and R̃(0)(x, y), which aids in establishing the continuity of the associated

Gaussian processes.
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Lemma S2. The functions R̃(1)(x, y) and R̃(0)(x, y) are Lipschitz continu-

ous with respect to (x, y) ∈ [0,∞)2.

Proof of Lemma S2. Without loss of generality, we focus on R̃(1)(x, y),

as the analysis for R̃(0)(x, y) is analogous.

Note that

|R̃(1)(x1, y1)− R̃(1)(x2, y2)|

≤|R̃(1)(x1, y1)− R̃(1)(x1, y2)|+ |R̃(1)(x1, y2)− R̃(1)(x2, y2)|

≤|R̃(1)(∞, y1)− R̃(1)(∞, y2)|+ |R̃(1)(x1,∞)− R̃(1)(x2,∞)|.

Then by the condition that Π(z) ∈ (c, 1−c), we have that for any (x1, y1) ∈

[0,∞)2, (x2, y2) ∈ [0,∞)2,

|R̃(1)(x1, y1)− R̃(1)(x2, y2)|

≤ lim
n→∞

n

k
E
[

1

Π(Z)
I{1− FX(X) < kx1/n, 1− FY (1)(Y (1)) ∈ [ky1/n, ky2/n]}

]
+ lim

n→∞

n

k
E
[

1

Π(Z)
I{1− FX(X) ∈ [kx1/n, kx2/n], 1− FY (1)(Y (1)) < ky2/n}

]
≤1

c
lim
n→∞

n

k
E[I{1− FY (1)(Y (1)) ∈ [ky1/n, ky2/n]}]

+
1

c
lim
n→∞

n

k
E[I{1− FX(X) ∈ [kx1/n, kx2/n]}]

=
1

c
|y1 − y2|+

1

c
|x1 − x2| .

Thus, Lemma S2 holds.
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S4 Variance Estimation

In Section 2.4, we propose the variance estimator for ĈTE2(p). Specifically,

we estimate Σ̃ by

Σ̂ :=



Ĝ1 0 Ĵ1 0

0 Ĝ0 0 Ĵ0

Ĵ1 0 Ĥ1 0

0 Ĵ0 0 Ĥ0


,

where

Ĥ1 :=
1

k

n∑
i=1

Di

Π̂(Zi)2
I{Yi > Q̂Y (1)(1− k/n)},

Ĥ0 :=
1

k

n∑
i=1

1−Di

(1− Π̂(Zi))2
I{Yi > Q̂Y (0)(1− k/n)},

Ĝ1 :=
1

k

n∑
i=1

(log(Yi)− log(Q̂Y (1)(1− k/n)))2
Di

Π̂(Zi)2
I{Yi > Q̂Y (1)(1− k/n)},

Ĝ0 :=
1

k

n∑
i=1

(log(Yi)− log(Q̂Y (0)(1− k/n)))2
1−Di

(1− Π̂(Zi))2
I{Yi > Q̂Y (0)(1− k/n)},

Ĵ1 :=
1

k

n∑
i=1

(log(Yi)− log(Q̂Y (1)(1− k/n)))
Di

Π̂(Zi)2
I{Yi > Q̂Y (1)(1− k/n)},

Ĵ0 :=
1

k

n∑
i=1

(log(Yi)− log(Q̂Y (0)(1− k/n)))
1−Di

(1− Π̂(Zi))2
I{Yi > Q̂Y (0)(1− k/n)}.

Then we can obtain the following variance estimator of σ2:

σ̂2 := v̂Tκ B̂Σ̂B̂T v̂κ,
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where

B̂ :=

1 0 −γ̂1 0

0 1 0 −γ̂0

 , v̂κ :=

 min{1, κ̂}

−min{1, 1/κ̂}


with κ̂ = θ̂p

(1)
/θ̂p

(0)
.

S5 Multivariate Causal Tail Empirical Process

In this section, we define multivariate causal tail empirical process (MCTEP)

and explore its asymptotic properties. These results provide the theoretical

foundation for the proofs of the main theorems in our paper.

For i = 1, 2, . . . , n, define

Hn,i =
1√
k

1−Di

1− Π(Zi)
δ{(n

k
(1−FX(Xi)),

n
k
(1−FY (0)(Yi(0))),0)}

+
1√
k

Di

Π(Zi)
δ{(n

k
(1−FX(Xi)),

n
k
(1−FY (1)(Yi(1))),1)}

+
1√
k
δ{(n

k
(1−FX(Xi)),

n
k
(1−FY (0)(Yi(0))),2)}

+
1√
k
δ{(n

k
(1−FX(Xi)),

n
k
(1−FY (1)(Yi(1))),3)},

where δU (·) is the Dirac measure satisfying

δU (S) =


1, if U ∈ S,

0, otherwise.

For any function f , define Hn,i(f) =
∫
fdHn,i. For fixed T > 0, and for
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all 0 < x, y ≤ T, a ∈ {0, 1, 2, 3}, we define that

fx,y,a =
I[0,x)×[0,y)×{a}

yη
,

f (1)
x,a =

I[0,x)×[0,∞]×{a}

xη
,

f (2)
y,a =

I[0,∞]×[0,y)×{a}

yη
,

where η ∈ [0, 1/2) is fixed.

Define

T (a)
n (x, y) =



1√
k

n∑
i=1

1−Di

1− Π(Zi)
I
{
1− FX(Xi) <

kx

n
, 1− FY (0)(Yi(0)) <

ky

n

}
, if a = 0,

1√
k

n∑
i=1

Di

Π(Zi)
I
{
1− FX(Xi) <

kx

n
, 1− FY (1)(Yi(1)) <

ky

n

}
, if a = 1,

1√
k

n∑
i=1

I
{
1− FX(Xi) <

kx

n
, 1− FY (0)(Yi(0)) <

ky

n

}
, if a = 2,

1√
k

n∑
i=1

I
{
1− FX(Xi) <

kx

n
, 1− FY (1)(Yi(1)) <

ky

n

}
, if a = 3,

and

R(a)
n (x, y) =


n

k
Pr

{
1− FX(X) <

kx

n
, 1− FY (0)(Y (0)) <

ky

n

}
, if a = 0 or 2,

n

k
Pr

{
1− FX(X) <

kx

n
, 1− FY (1)(Y (1)) <

ky

n

}
, if a = 1 or 3.

Then we have that

T (a)
n (x, y) = yηHn,i(fx,y,a), R(a)

n (x, y) = E[T (a)
n (x, y)],

T (a)
n (x,∞) = xηHn,i(f

(1)
x,a), R(a)

n (x,∞) = E[T (a)
n (x,∞)],

T (a)
n (∞, y) = yηHn,i(f

(2)
y,a), R(a)

n (∞, y) = E[T (a)
n (∞, y)].
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We define a mean zero Gaussian process W (a)(x, y), where (x, y) ∈

[0,∞]2\{(∞,∞)}, a ∈ {0, 1, 2, 3}. For any (a, x, y), W (a)(x, y) follows a

normal distribution with mean zero. The covariance structure is given by

Cov(W (a)(x, y),W (b)(x′, y′)) =



R̃(0)(x ∧ x′, y ∧ y′), if a = b = 0,

R̃(1)(x ∧ x′, y ∧ y′), if a = b = 1,

R(0)(x ∧ x′, y ∧ y′), if a = b = 2,

R(1)(x ∧ x′, y ∧ y′), if a = b = 3,

R(0)(x ∧ x′, y ∧ y′), if (a, b) = (0, 2), (2, 0)

R(1)(x ∧ x′, y ∧ y′), if (a, b) = (1, 3), (3, 1),

RX,Y (0),Y (1)(x ∧ x′, y′, y), if (a, b) = (3, 2),

RX,Y (0),Y (1)(x ∧ x′, y, y′), if (a, b) = (2, 3),

RX,Y (0),Y (1)(x ∧ x′, y, y′), if (a, b) = (0, 3),

RX,Y (0),Y (1)(x ∧ x′, y′, y), if (a, b) = (3, 0),

RX,Y (0),Y (1)(x ∧ x′, y′, y), if (a, b) = (1, 2),

RX,Y (0),Y (1)(x ∧ x′, y, y′), if (a, b) = (2, 1),

0, if (a, b) = (0, 1), (1, 0).

Then we have that for any fixed a, W (a)(x, y) is a continuous Gaussian

process with regard to (x, y) by Corollary 1.11 in Adler (1990). In the rest
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of the paper, we denote

WR̃(0)(x, y) :=W
(0)(x, y), WR̃(1)(x, y) := W (1)(x, y),

WR(0)(x, y) :=W (2)(x, y), WR(1)(x, y) := W (3)(x, y).

The following lemma, analogous to Lemma 3.2 in Einmahl et al. (2006),

shows the boundedness of W (a)(x, y) with proper weighting function.

Lemma S3. For any T > 0, η ∈ [0, 1/2) and a ∈ {0, 1, 2, 3}, we have that

with probability 1,

sup
0<x<∞,0<y≤T

|W (a)(x, y)|
yη

<∞, sup
0<x≤T,0<y<∞

|W (a)(x, y)|
xη

<∞.

Proof of Lemma S3. We only give the proof of the first statement of

Lemma S3 with a = 1, since the proofs in other cases are analogous.

Let λ > 0 be a constant. We intend to derive upper bounds of the

following probabilities:

J1 :=Pr

{
sup

x,y∈(0,T ]

|WR̃(1)(x, y)|
yη

> λ

}
,

J2 :=Pr

{
sup

x≥T,y∈(0,T ]

|WR̃(1)(x, y)|
yη

> λ

}
.

We start with J1. Define

Al,m =

{
(x, y) :

T

2l+1
≤ x ≤ T,

T

2m+1
≤ y ≤ T

2m

}
,

Am =

{
(x, y) : 0 < x ≤ T,

T

2m+1
≤ y ≤ T

2m

}
.

It follows that A0,m ⊆ A1,m . . . , and lim
l→∞

Al,m = Am, (0, T ] × (0, T ] =
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∪∞
m=0Am. Moreover, we have that,

Pr

{
sup

x,y∈Al,m

|WR̃(1)(x, y)|
yη

> λ

}

≤Pr

{
sup

x,y∈Al,m

|WR̃(1)(x, y)| ≥ λ

(
T

2m+1

)η
}

≤4Pr

{∣∣∣∣WR̃(1)

(
T,

T

2m

)∣∣∣∣ ≥ λ

(
T

2m+1

)η}
=4Pr

{(
R̃(1)

(
T,

T

2m

))1/2

|Z| ≥ λ

(
T

2m+1

)η
}

≤4Pr

{
|Z| ≥

(
2mc

T

)1/2

λ

(
T

2m+1

)η
}

≤8 exp

(
−2m(1−2η)cλ2

T 1−2η22η+1

)
,

where Z ∼ N(0, 1). The second inequality can be similarly derived from

Lemma 3.2 in Einmahl et al. (2006) or an adaptation of Lemma 1.2 in Orey

and Pruitt (1973). The equality in the third line follows from the fact that

WR̃(1)(x, y) is equal to (R̃(1)(x, y))1/2|Z| in distribution. The third inequality

holds by Assumption (a). The last inequality can be derived from Mill’s

ratio.

Since the upper bound above is irrelevant to l, we have that

Pr

{
sup

x,y∈Am

|WR̃(1)(x, y)|
yη

> λ

}
=Pr

{
lim
l→∞

sup
x,y∈Al,m

|WR̃(1)(x, y)|
yη

> λ

}

= lim
l→∞

Pr

{
sup

x,y∈Al,m

|WR̃(1)(x, y)|
yη

> λ

}

≤ 8 exp

(
−2m(1−2η)cλ2

T 1−2η22η+1

)
.
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The first equality follows from the fact that{
ω : lim

l→∞
sup

x,y∈Al,m

|WR̃(1)(x, y)(ω)|
yη

> λ

}
=

{
ω : sup

x,y∈Am

|WR̃(1)(x, y)(ω)|
yη

> λ

}
.

The second equality follows from the monotone convergence theorem. Con-

sequently, we obtain that

J1 =Pr

{
sup

x,y∈(0,T ]

|WR̃(1)(x, y)|
yη

> λ

}

≤
∞∑

m=0

Pr

{
sup

x,y∈Am

|WR̃(1)(x, y)|
yη

> λ

}
≤

∞∑
m=0

8 exp

(
−2m(1−2η)c2λ2

T 1−2η22η+1

)
.

Next, we derive the upper bound of J2. Define

Bb,m =

{
(x, y) : T ≤ x ≤ 2bT,

T

2m+1
≤ y ≤ T

2m

}
,

Bm = lim
b→∞

Bb,m =

{
(x, y) : T ≤ x <∞,

T

2m+1
≤ y ≤ T

2m

}
.

It follows that B1,m ⊆ B2,m . . . , and lim
b→∞

Bb,m = Bm, [T,∞) × (0, T ] =

∪∞
m=0Bm. Similarly, we have that

Pr

{
sup

x,y∈Bb,m

|WR̃(1)(x, y)|
yη

> λ

}

≤Pr

{
sup

x,y∈Bb,m

|WR̃(1)(x, y)| ≥ λ

(
T

2m+1

)η
}

≤4Pr

{∣∣∣∣WR̃(1)

(
2bT,

T

2m

)∣∣∣∣ ≥ λ

(
T

2m+1

)η}
≤4Pr

{
|Z| ≥

(
2mc

T

)1/2

λ

(
T

2m+1

)η
}

≤8 exp

(
−2m(1−2η)cλ2

T 1−2η22η+1

)
.
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where Z ∼ N(0, 1). It follows that

Pr

{
sup

x,y∈Bm

|WR̃(1)(x, y)|
yη

> λ

}
= lim

b→∞
Pr

{
sup

x,y∈Bb,m

|WR̃(1)(x, y)|
yη

> λ

}

≤8 exp

(
−2m(1−2η)cλ2

T 1−2η22η+1

)
,

and

J2 =Pr

{
sup

x≥T,y∈(0,T ]

|WR̃(1)(x, y)|
yη

> λ

}

≤
∞∑

m=0

Pr

{
sup

x,y∈Bm

|WR̃(1)(x, y)|
yη

> λ

}
≤

∞∑
m=0

8 exp

(
−2m(1−2η)cλ2

T 1−2η22η+1

)
.

Combining the upper bounds of J1 and J2, we obtain that,

Pr

{
sup

x≥T,y∈(0,T ]

|WR̃(1)(x, y)|
yη

> λ

}
≤

∞∑
m=0

8 exp

(
−2m(1−2η)cλ2

T 1−2η22η+1

)
.

Thus, for any ε > 0, there exists λ > 0 such that,
∞∑

m=0

8 exp

(
−2m(1−2η)cλ2

T 1−2η22η+1

)
< ε.

The proof of Lemma S3 is then complete.

The following lemma establishes the convergence of the MCTEP. For

convenient presentation, all the processes are defined on the same proba-

bility space, via the Skorohod constructions.

Lemma S4. Suppose that condition (2.2), Assumptions (a) and (d) hold.

Let T > 0 be a constant. There exists a sequence of Gaussian processes
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{W (a)
n (x, y)}, satisfying W

(a)
n (x, y)

d
= W (a)(x, y), such that for any η ∈

[0, 1/2) and a ∈ {0, 1, 2, 3},

sup
x,y∈(0,T ]

∣∣∣∣∣
√
k{T (a)

n (x, y)−R
(a)
n (x, y)} −W

(a)
n (x, y)

yη

∣∣∣∣∣ P→0,

sup
x∈(0,T ]

∣∣∣∣∣
√
k{T (a)

n (x,∞)− x} −W
(a)
n (x,∞)

xη

∣∣∣∣∣ P→0,

sup
y∈(0,T ]

∣∣∣∣∣
√
k{T (a)

n (∞, y)− y} −W
(a)
n (∞, y)

yη

∣∣∣∣∣ P→0.

Proof of Lemma S4. We only provide the proofs for a = 1. The proofs

for a ∈ {0, 2, 3} are similar and thus omitted. Thus, we only prove that,

for any η ∈ [0, 1/2),

√
k(T (1)

n (x, y)−R(1)
n (x, y))/yη

d→ WR̃(1)(x, y)/y
η, x, y ∈ (0, T ], (S5.1)

√
k(T (1)

n (x,∞)−R(1)
n (x,∞))/xη

d→ WR̃(1)(x,∞)/xη, x ∈ (0, T ], (S5.2)
√
k(T (1)

n (∞, y)−R(1)
n (∞, y))/yη

d→ WR̃(1)(∞, y)/yη, y ∈ (0, T ]. (S5.3)

We only provide the proofs for (S5.1). The proofs for (S5.2) and (S5.3) are

similar and thus omitted.

Let F2,1 be the set of all forms of fx,y,1. Then, (S5.1) is equivalent to

the weak convergence of the process{
n∑

i=1

[Hn,i(f)− EHn,i(f)], f ∈ F2,1

}

to the related Gaussian process. We equip F2,1 with the following semi-
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metric d, defined by

d2(fx,y,1, fu,v,1) =E
[
W (1)(x, y)

yη
− W (1)(u, v)

vη

]2
=E

[
WR̃(1)(x, y)

yη
−
WR̃(1)(u, v)

vη

]2
=
v2ηR̃(1)(x, y)− 2yηvηR̃(1)(u ∧ x, v ∧ y) + y2ηR̃(1)(u, v)

(yv)2η
.

By Theorem 2.11.9 of van der Vaart and Wellner (1996), we divide the

proof of (S5.1) into three steps. In the first step, we prove (F2,1, d) is to-

tally bounded. In the second step, we prove the asymptotic tightness of the

process {
∑n

i=1[Hn,i(f)− EHn,i(f)], f ∈ F2,1}. In the third step, we prove

the weak convergence of the finite-dimensional distributions.

Step 1. We prove (F2,1, d) is totally bounded.

For any δ > 0, assume that |x − u| ≤ δ, |y − v| ≤ δ. We distinguish

eight cases below.

1. If v ≤ δ, y ≥ v, we have that

d2(fx,y,1, fu,v,1) ≤
R̃(1)(x, y)

y2η
+

2R̃(1)(u, v)

v2η
+
R̃(1)(u, v)

v2η

≤ 1

c
(y1−2η + 3v1−2η) ≤ 1

c
5δ1−2η

by Assumption (a).
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2. If v ≤ δ, y ≤ v, we have

d2(fx,y,1, fu,v,1) ≤
R̃(1)(x, y)

y2η
+

2R̃(1)(x, y)

y2η
+
R̃(1)(u, v)

v2η

≤ 1

c
(3y1−2η + v1−2η) ≤ 1

c
4δ1−2η.

3. If v > δ, x ≥ u, y ≥ v, due to the fact that

R̃(1)(x, y) ≤ R̃(1)(u, v)+R̃(1)([u, x]×[0,∞])+R̃(1)([0,∞]×[v, y]) ≤ R̃(1)(u, v)+
2δ

c
,

we obtain that

d2(fx,y,1, fu,v,1) ≤
R̃(1)(u, v)(yη − vη)2

(yv)2η
+

2δv2η

c(yv)2η

≤ 1

c
v1−4η(yη − vη)2 +

2δ1−2η

c

≤ 1

c
(v1−4ηy2η−2(y − v)2 + 2δ1−2η)

≤ 1

c
(v−1−2η(y − v)2 + 2δ1−2η) ≤ 3δ1−2η

c
.

4. If v > δ, x < u, y ≥ v, we have that

R̃(1)(x, y) ≤ R̃(1)(x, v) +
δ

c
, R̃(1)(u, v) ≤ R̃(1)(x, v) +

δ

c
.

It follows that

d2(fx,y,1, fu,v,1) ≤
R̃(1)(x, v)(yη − vη)2

(yv)2η
+

δv2η

c(yv)2η
+

δy2η

c(yv)2η

≤ 1

c
v1−4η(yη − vη)2 +

2δ1−2η

c

≤ 1

c
(v1−4ηy2η−2(y − v)2 + 2δ1−2η)

≤ 1

c
(v−1−2η(y − v)2 + 2δ1−2η) ≤ 3δ1−2η

c
.
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5. If v > δ, x < u, δ ≤ y < v, we have that

R̃(1)(u, v) ≤ R̃(1)(x, y) +
2δ

c
,

and hence

d2(fx,y,1, fu,v,1) ≤
R̃(1)(x, y)(yη − vη)2

(yv)2η
+

2δy2η

c(yv)2η

≤ 1

c
y1−4η(vη − yη)2 +

2δ1−2η

c

≤ 1

c
(y1−4ηv2η−2(v − y)2 + 2δ1−2η)

≤ 1

c
(y−1−2η(v − y)2 + 2δ1−2η) ≤ 3δ1−2η

c
.

6. If v > δ, x < u, y < v, y < δ, we have δ < v < 2δ, and

R̃(1)(u, v)

v2η
≤ v1−2η

c
<

2δ1−2η

c
, R̃(1)(x, y) ≤ y

c
.

It follows that

d2(fx,y,1, fu,v,1) ≤
1

c
(y1−2η + 2y1−2η + 2δ1−2η) ≤ 5δ1−2η

c
.

7. If v > δ, x ≥ u, δ ≤ y < v, we have that

R̃(1)(x, y) ≤ R̃(1)(u, y) +
δ

c
, R̃(1)(u, v) ≤ R̃(1)(u, y) +

δ

c
.

Thus,

d2(fx,y,1, fu,v,1) ≤
R̃(1)(u, y)(yη − vη)2

(yv)2η
+

δy2η

c(yv)2η
+

δv2η

c(yv)2η

≤ 1

c
y1−4η(vη − yη)2 +

2δ1−2η

c

≤ 1

c
(y1−4ηv2η−2(v − y)2 + 2δ1−2η)

≤ 1

c
(y−1−2η(v − y)2 + 2δ1−2η) ≤ 3δ1−2η

c
.



S5. MULTIVARIATE CAUSAL TAIL EMPIRICAL PROCESS

8. If v > δ, x ≥ u, y < v, y < δ, we have that

R̃(1)(u, v) ≤ R̃(1)(x, v) ≤ R̃(1)(x, y) +
δ

c
≤ 2δ

c
,

and hence
d2(fx,y,1, fu,v,1) ≤

1

c
(y1−2η + 2y1−2η + 2δ1−2η)

≤ 5δ1−2η

c
.

From the above analysis, and under the condition 1− 2η > 0, we con-

clude that for any ϵ > 0, there exists δ > 0 such that for all |x−u| < δ and

|y − v| < δ, we have that d2(fx,y,1, fu,v,1) < ϵ. Therefore, (F2,1, d) is totally

bounded, since [0, T ]2 is totally bounded in Euclidean space.

Step 2. We prove the asymptotic tightness of {
∑n

i=1[Hn,i(f)− EHn,i(f)], f ∈ F2,1}.

For any ϵ > 0, define the bracketing number N[](ϵ,F2,1) as the minimal

number of sets Nϵ in a partition of F2,1 = ∪Nϵ
j=1F

j,ϵ
2,1, such that for each

partitioning set F j,ϵ
2,1, we have

n∑
i=1

E∗ sup
f,g∈Fj,ϵ

2,1

|Hn,i(f)−Hn,i(g)|2 ≤ ϵ2,

where E∗ denotes the outer expectation (Chapter 1 in van der Vaart and

Wellner (1996)). By Theorem 2.11.9 in van der Vaart and Wellner (1996),

we only need to prove that for any λ > 0,

n∑
i=1

E∗∥Hn,i∥F2,1I{∥Hn,i∥F2,1 > λ} → 0, (S5.4)
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and for every δn → 0 ∫ δn

0

√
logN[](ϵ,F2,1)dϵ→ 0, (S5.5)

where ∥Hn,i∥F2,1 = supf∈F2,1
|Hn,i(f)|.

Define (Ui, Vi) = (1−FX(Xi), 1−FY (1)(Yi(1))). Under Assumption (a),

for η ∈ (0, 1/2), we have that

sup
x,y∈(0,T ]

1√
k

Di

Π(Zi)
I{1− FX(Xi) < (k/n)x, 1− FY (1)(Yi) < (k/n)y}/yη

≤ 1

c
√
k

1

(n
k
(1− FY (1)(Yi(1))))η

=
1

c
√
k

1

(n
k
Vi)η

.

Then for η ∈ (0, 1/2), we have that
n∑

i=1

E∗∥Hn,i∥F2,1I{∥Hn,i∥F2,1 > λ}

≤ n

c
√
k
E

(
1(

nV1

k

)η I {n
k
V1 ≤ (

√
kλc)−1/η

})

=
n

c
√
k

(n
k

)−η
∫ (

√
kλc)−1/η k

n

0

x−ηdx

=
1

c(1− η)

n√
k

k

n
k

η−1
2η (λc)

η−1
η =

(λc)
η−1
η

c(1− η)
k1−

1
2η → 0.

For η = 0, since E∗∥Hn,i∥F2,1 ≤ 1
c
√
k

by ∥Hn,i∥F2,1 ≤ 1
c
√
k
, it follows that

for any λ > 0, by taking k > λ−2, we have that I{∥Hn,i∥F2,1 > λ} = 0 (for

i = 1, . . . , n).

Thus, we conclude that (S5.4) holds for η ∈ [0, 1/2).

Next, we prove (S5.5). Without loss of generality, we set T = 1. Let

ϵ > 0 be a small constant, to be chosen later. Define

ξ = ϵ
3

1−2η , θ = 1− ϵ3, θ̃ = 1− ξ.
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Note that, we can choose ϵ sufficiently small and C sufficiently large, such

that,

4

c2(1− 2η)
ξ1−2η ≤ ϵ2, (S5.6)

θ̃l(1− θ̃)

θ2η(m+1)
= ϵ

3
1−2η θ̃lθ−2η(m+1) ≤Cϵ

3
1−2η ξ−2η = Cϵ

3−6η
1−2η = Cϵ3, (S5.7)

(1− ϵ3)−2η ≤ (1− ϵ3)−1 < 1/2,
1√

1− ϵ3
− 1 ≤ Cϵ3, (S5.8)

for l = 1, 2, . . . , ⌈log ξ/ log θ̃⌉,m = 1, 2, . . . , ⌈log ξ/ log θ⌉.

Define

F (1)(ξ) = {fx,y,1 ∈ F2,1 : y ≤ ξ},

F (2)(ξ) = {fx,y,1 ∈ F2,1 : y > ξ, x ≤ ξ},

F(l,m) = {fx,y,1 ∈ F2,1 : θ̃
l+1 ≤ x ≤ θ̃l, θm+1 ≤ y ≤ θm}.

Then, we have that,

F2,1 = F (1)(ξ) ∪ F (2)(ξ) ∪ {∪⌈log ξ/ log θ⌉
m=0 ∪⌈log ξ/ log θ̃⌉

l=0 F(l,m)}.
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For F (1), we have that
n∑

i=1

E∗ sup
f,g∈F(1)(ξ)

(Hn,i(f)−Hn,i(g))
2

=nE∗ sup
f,g∈F(1)(ξ)

(Hn,1(f)−Hn,1(g))
2

≤4nE∗ sup
f∈F(1)(ξ)

H2
n,1(f)

≤4nE∗ sup
x,y>0,y≤ξ

H2
n,1(f)

≤ 4n

kc2
E
(n
k
V1

)−2η

I

{
nV1
k

< ξ

}

=
4n

kc2

∫ kξ
n

0

(n
k
x
)−2η

dx =
4

c2(1− 2η)
ξ1−2η ≤ ϵ2,

where the last inequality follows from (S5.6).

For F (2), we have that
n∑

i=1

E∗ sup
f,g∈F(2)(ξ)

(Hn,i(f)−Hn,i(g))
2

=nE∗ sup
f,g∈F(2)(ξ)

(Hn,1(f)−Hn,1(g))
2

≤4nE∗ sup
f∈F(2)(ξ)

H2
n,1(f)

≤4nE∗ sup
y>ξ,0<x≤ξ

H2
n,1(f)

≤ 4n

kc2
ξ(−2η)EI

{
nU1

k
< ξ

}

=
4n

kc2
ξ(−2η)

∫ kξ
n

0

dx =
4

c2
ξ1−2η ≤ ϵ2,

where the last inequality follows from (S5.6).
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For F(l,m), note that

E
(
I{U1 < kθ̃l+1/n, V1 < kθm+1/n}

(
1

θηm
− 1

θη(m+1)

)
+
(
I{U1 < kθ̃l+1/n, V1 < kθm+1/n} − I{U1 < kθ̃l/n, V1 < kθm/n}

) 1

θη(m+1)

)2

=E
(
I{U1 < kθ̃l+1/n, V1 < kθm+1/n}

(
1

θη(m+1)
− 1

θηm

)2)
+ E

((
I{U1 < kθ̃l/n, V1 < kθm/n} − I{U1 < kθ̃l+1/n, V1 < kθm+1/n}

) 1

θ2η(m+1)

)
.

It follows that,
n∑

i=1

E∗ sup
f,g∈F(l,m)

(Hn,i(f)−Hn,i(g))
2

≤nE∗

(
sup

f∈F(l,m)

Hn,1(f)− inf
f∈F(l,m)

Hn,1(f)

)2

≤ n

c2k
E

(
I{U1 < kθ̃l/n, V1 < kθm/n}

(θm+1)η
− I{U1 < kθ̃l+1/n, V1 < kθm+1/n}

(θm)η

)2

=
n

c2k
E
(
I{U1 < kθ̃l+1/n, V1 < kθm+1/n}

(
1

θη(m+1)
− 1

θηm

)2)
+ E

((
I{U1 < kθ̃l/n, V1 < kθm/n} − I{U1 < kθ̃l+1/n, V1 < kθm+1/n}

) 1

θ2η(m+1)

)
=
n

kc2

(
C(1)

(
k

n
θ̃l+1,

k

n
θm+1

)
1

θ2ηm

(
1

θη
− 1

)2

+

[
C(1)

(
k

n
θ̃l,

k

n
θm
)
− C(1)

(
k

n
θ̃l+1,

k

n
θm+1

)]
1

θ2η(m+1)

)
≤ n

c2k

[
kθm

nθ2ηm

(
1

θη
− 1

)2

+
kθm

nθ2η(m+1)
(1− θ) +

kθ̃l(1− θ̃)

nθ2η(m+1)

]
.

By using (S5.7) and (S5.8), we have that

n∑
i=1

E∗ sup
f,g∈F(l,m)

(Hn,i(f)−Hn,i(g))
2 ≤ 2(θ−1/2 − 1)2 + 2(1− θ) + Cϵ3

c2
≤ ϵ2.
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Consequently, we obtain the partition F2,1 = F (1)(ξ)∪F (2)(ξ)∪{∪[log ξ/ log θ]
m=0 ∪[log ξ/ log θ̃]

l=0

F(l,m)} and the covering number of this partition is bounded by the or-

der of ϵ−4−3/(1−2η). Therefore (S5.5) holds, and asymptotic tightness follows.

Step 3. We prove the weak convergence of the finite-dimensional distribu-

tions of the process {
∑n

i=1[Hn,i(f)− EHn,i(f)], f ∈ F2,1}.

Note that, for sufficient large n and any f ∈ F2,1,

I{|Hn,i(f)| > λ} = 0, i = 1, 2, . . . , n.

Hence, we have that

n∑
i=1

E[|Hn,i(f)− EHn,i(f)|2I{|Hn,i(f)| > λ}] → 0,

for all λ > 0. Then, by applying the Lindeberg-Feller central limit theo-

rem, we can prove that, the finite-dimensional distributions of our process

converge weakly.
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S6 Proofs of main results

Proof of Lemma 1. Using the property of conditional expectation and

Assumption (a), we obtain that

1

p
E

[
Y DI{X > QX(1− p)}

Π(Z)

]
,

=
1

p
E

[
E

[
Y (1)DI{X > QX(1− p)}

Π(Z)

∣∣∣∣Y (1), Z

]]

=
1

p
E

[
Y (1)I{X > QX(1− p)}

Π(Z)
E[D|Y (1), Z]

]

=
1

p
E

[
Y (1)I{X > QX(1− p)}

Π(Z)
E[D|Z]

]

=
1

p
E

[
Y (1)I{X > QX(1− p)}

]

=θ(1)p .

For θ(0)p , the proof is similar and thus omitted. Thus, Lemma 1 holds.

Before proving the asymptotic normality of θ̂(j)k/n in Theorem 1, we es-

tablish the asymptotic behavior of the following pseudo estimators:

θ
(1)

k/n =
1

k

n∑
i=1

YiDi

Π(Zi)
I{Xi > Xn−k,n}, θ

(0)

k/n =
1

k

n∑
i=1

Yi(1−Di)

1− Π(Zi)
I{Xi > Xn−k,n}.

Define

θ̃
(1)
kx/n =

1

kx

n∑
i=1

DiYi
Π(Zi)

I{Xi > UX(n/(kx))},

θ̃
(0)
kx/n =

1

kx

n∑
i=1

(1−Di)Yi
1− Π(Zi)

I{Xi > UX(n/(kx))}.
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Then, we have that,

θ
(j)

k/n = enθ̃
(j)
ken/n

, j = 0, 1,

where

en :=
n

k
{1− FX(Xn−k,n)}

P→ 1.

We intend to establish the asymptotic behavior of θ̃(j)kx/n, on the interval

[1/2, 2]. Then by applying the result for x = en, we can obtain the asymp-

totic normality of θ(j)k/n. The asymptotic behavior of θ̃(1)kx/n and θ̃
(0)
kx/n are

established in the following proposition.

Proposition S1. Suppose that conditions (2.1) and (2.2), Assumptions (a)

and (d) hold with γj ∈ (0, 1/2). Then, we have that, as n→ ∞, for j = 0, 1,

sup
1/2≤x≤2

∣∣∣∣∣
√
k

UY (j)(n/k)
(θ̃

(j)
kx/n − θ

(j)
kx/n) +

1

x

∫ ∞

0

WR̃(j),n(x, s)ds
−γj

∣∣∣∣∣ P→ 0.

Proof. We only provide the proof for j = 1. The proof for j = 0 is similar

and thus omitted. Simple calculation yields

xθ̃
(1)
kx/n = −UY (1)(n/k)

∫ ∞

0

T (1)
n (x, sn(y))dy

−γ1 ,

where

sn(y) = (n/k)[1− FY (1)(UY (1)(n/k)y
−γ1)], y > 0.
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For any fixed T > 0, we have

sup
1/2≤x≤2

∣∣∣∣∣
√
k

UY (1)(n/k)
(xθ̃

(1)
kx/n − xθ

(1)
kx/n) +

∫ ∞

0

WR̃(1),n(x, s)ds
−γ1

∣∣∣∣∣
= sup

1/2≤x≤2

∣∣∣∣∫ ∞

0

√
k[T (1)

n (x, sn(y))−R(1)
n (x, sn(y))]dy

−γ1 −
∫ ∞

0

WR̃(1),n(x, y)dy
−γ1

∣∣∣∣
≤ sup

1/2≤x≤2

∣∣∣∣∫ ∞

T

WR̃(1),n(x, y)dy
−γ1

∣∣∣∣+ sup
1/2≤x≤2

∣∣∣∣∫ ∞

T

√
k[T (1)

n (x, sn(y))−R(1)
n (x, sn(y))]dy

−γ1

∣∣∣∣
+ sup

1/2≤x≤2

∣∣∣∣∫ T

0

√
k[T (1)

n (x, sn(y))−R(1)
n (x, sn(y))]−WR̃(1),n(x, y)dy

−γ1

∣∣∣∣
= : I1(T ) + I2,n(T ) + I3,n(T ).

We intend to prove that, for any ϵ > 0, there exist T0 = T0(ϵ), n0 =

n0(T0), such that for n > n0,

Pr{I1(T ) > ϵ} ≤ ϵ, Pr{I2,n(T ) > ϵ} ≤ ϵ, Pr{I3,n(T ) > ϵ} ≤ ϵ.

For I1(T ), by Lemma S3, we have that for any ϵ > 0, there exists

T1 = T1(ϵ) such that

Pr{ sup
1/2≤x≤2,0<y<∞

|WR̃(1),n(x, y)| > T γ1
1 ϵ} < ϵ.

So for any T > T1,

Pr{I1(T ) > ϵ} < ϵ.

Next, we handle I2,n(T ). Let P̃ , P̃n be the probability measure and

empirical probability measure defined by (1−FX(X), 1−FY (1)(Y (1))) and

{1− FX(Xi), 1− FY (1)(Yi(1))}ni=1, respectively.
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Without loss of generality, we assume that X is the first component of

Z. For any x, y, define the (random) function

f(x,y) :=
D

Π(Z)
I{1− FX(X) < kx/n, 1− FY (1)(Y ) < ksn(y)/n}.

Consider the following function class F̃n:

F̃n :=
{
f(x,y)|y > T, 0.5 ≤ x ≤ 2

}
.

with envelope

Gn =
1

c
I{1− FX(X) ≤ 2k/n}.

It follows that,

Pr{I2,n(T ) > ϵ} = Pr

{
sup

1/2≤x≤2

∣∣∣∣∫ ∞

T

√
k[T (1)

n (x, sn(y))−R(1)
n (x, sn(y))]dy

−γ1

∣∣∣∣ > ϵ

}

≤ Pr

{
sup

1/2≤x≤2,y>T

|
√
k[T (1)

n (x, sn(y))−R(1)
n (x, sn(y))]| > ϵT γ1

}

= Pr

{
sup
f∈F̃n

|
√
n(P̃n − P̃ )(f)| > ϵT γ1

√
k/n

}

≤
√
nE∗[supf∈F̃n

|
√
n(P̃n − P )(f)|]

ϵT γ1
√
k

,

where the last inequality above comes from Markov inequality. By Theorem

2.14.2 in van der Vaart and Wellner (1996), we have the following inequality:

E∗∥ sup
f∈F̃n

|
√
n(Pn−P )(f)|∥ ≲

∫ 1

0

√
1 + logN[](ϵ∥Gn∥P,2, F̃n, L2(P ))dϵ∥Gn∥P,2,

where

∥Gn∥P,2 = (EG2
n)

1/2 =

(
2k

c2n

)1/2

.
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Thus, if the Dudley entropy integral
∫ 1

0

√
1 + logN[](ϵ∥Gn∥P,2, F̃n, L2(P ))dϵ

exists and is bounded, then there exists constants C1 > 0, C ′
1 > 0, such that

E∗[ sup
f∈F̃n

|
√
n(Pn − P )(f)|] ≤ C1∥Gn∥P,2, Pr{I2,n(T ) > ϵ} ≤ C ′

1

ϵT γ
1

,

and hence there exists T2(ϵ) such that for T > T2(ϵ),

Pr{I2,n(T ) > ϵ} ≤ ϵ. (S6.9)

Now, we prove that the Dudley entropy integral
∫ 1

0

√
1 + logN[](ϵ∥Gn∥P,2, F̃n, L2(P ))dϵ

exists and is bounded.

Note that

E|f(x1,y1) − f(x2,y2)|

≤E
[

D

Π(Z)
I
{
U ≤ k(x1 ∨ x2)

n
,
k(sn(y1) ∧ sn(y2))

n
≤ V ≤ k(sn(y1) ∨ sn(y2))

n

}]
+ E

[
D

Π(Z)
I
{
k(x1 ∧ x2)

n
≤ U ≤ k(x1 ∨ x2)

n
, V ≤ k(sn(y1) ∨ sn(y2))

n

}]
≤k
n
(|R(1)

n (2, sn(y1))−R(1)
n (2, sn(y2))|

+ |R(1)
n (x2, sn(y1) ∨ sn(y2))−R(1)

n (x1, sn(y1) ∨ sn(y2))|)

≤k
n
(|sn(y1)− sn(y2)|+ |x1 − x2|).

Since sn(y) is monotonically increasing and continuous for y, we have that

if |x1−x2|+ |y1−y2| → 0, then |sn(x1)−sn(x2)|+ |y1−y2| → 0. Therefore,

E(f(x,y)) is continuous at (x, y). Moreover, note that, E(f(x,y)) ≤ 1/c. Thus,

for any sufficiently small ϵ > 0, we can choose two sequences of points
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{xi}m1
i=1, {yi}

m2
i=1 such that

0.5 = x1 < x2 < · · · < xm1 = 2, T = y1 < y2 < · · · < ym2 = ∞,

and for all i1 = 2, 3, . . . ,m1, i2 = 2, 3, . . . ,m2, we have

0 ≤ E[f(xi1
,∞) − f(xi1−1,∞)] <

2kϵ

cn
, 0 ≤ E[f(2,yi2 ) − f(2,yi2−1)] <

2kϵ

cn
.

The integers m1,m2 can be chosen to satisfy that m1 ≤ 2/ϵ,m2 ≤ 2/ϵ by

E∗[supf∈F̃n
|f(x,y)|] ≤ E[Gn] =

2k
cn

. Then, we have that

logN[](ϵ∥Gn∥P,2, F̃n, L2(P )) ≤ −C2 log ϵ,

where C2 is a positive constant that only depends on c. So the Dudley

entropy integral

∫ 1

0

√
1 + logN[](ϵ∥Gn∥P,2, F̃n, L2(P ))dϵ

exists and is bounded for n. Therefore, (S6.9) holds.

Next, we consider I3,n(T ). Note that

Pr{I3,n(T ) > ϵ}

≤ Pr

{
sup

1/2≤x≤2

∣∣∣∣∫ T

0

√
k[T (1)

n (x, sn(y))−R(1)
n (x, sn(y))]−WR̃(1),n(x, sn(y))dy

−γ1

∣∣∣∣ > ϵ/2

}

+ Pr

{
sup

1/2≤x≤2

∣∣∣∣∫ T

0

WR̃(1),n(x, sn(y))−WR̃(1),n(x, y)dy
−γ1

∣∣∣∣ > ϵ/2

}

=: p31 + p32.
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For p31, for any T > 0, there exists n1 = n1(T ) such that for any n > n1,

we have sn(T ) < T + 1. Then for n > n1, and any η0 ∈ (γ1, 1/2), we have

that

p31 ≤ Pr

{
sup

1/2≤x≤2,0<s≤T+1

∣∣∣∣∣
√
k(T

(1)
n (x, s)−R

(1)
n (x, s))−WR̃(1),n(x, s)

sη0

∣∣∣∣∣
∣∣∣∣∫ T

0

sn(y)
η0dy−γ1

∣∣∣∣ > ϵ/2

}

By expression (14) of Lemma 3 in Cai et al. (2015), we have that as

n→ ∞, ∣∣∣∣∫ T

0

sn(y)
η0dy−γ1

∣∣∣∣→ γ1
η0 − γ1

T η0−γ1 .

Then combined with Lemma S4, there exists n2(T ) > n1(T ) such that for

any n > n2(T ), we have p31 < ϵ/2.

For p32, there exists λ0 = λ0(η0, ϵ), such that

Pr

{
sup

1/2≤x≤2,0<y<∞

|WR̃(1),n(x, y)|
yη0

≥ λ0

}
≤ ϵ/3.

By Lemma 3 in Cai et al. (2015) and the continuity of WR̃(1),n(x, y)

on [1/2, 2] × (0,∞) with g = WR̃(1) , S = T and S0 = T + 1, we conclude

that, there exists n3 = n3(T ) such that for n > n3, we have p32 < ϵ/2.

Thus there exists n4 = n3(T ) + n2(T ) such that, for n > n4, we have

Pr{I3,n(T ) > ϵ} < ϵ.

To conclude, there exists T0(ϵ) = T1(ϵ) + T2(ϵ) and nϵ,T0 =
∑3

s=0 ns(T )

such that, for T = T0(ϵ) and n > nϵ,T0 , we have Pr{I1(T ) > ϵ} < ϵ,Pr{I2,n(T ) >

ϵ} < ϵ, and Pr{I3,n(T ) > ϵ} < ϵ. Hence, Proposition S1 holds.
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Next proposition shows asymptotic properties of θ(j)k/n for j = 0, 1.

Proposition S2. Suppose that Assumptions (a)-(d), (f) hold with γ0, γ1 ∈

(0, 1/2). Then for j = 0, 1,

√
k

θ(j)k/n

θ
(j)
k/n

− 1

 d→ Θj,

where

Θj = (γj − 1)WR(j)(1,∞)−
{∫ ∞

0

R(j)(1, s−1/γj)ds

}−1 ∫ ∞

0

WR̃(j)(1, s)ds
−γj .

Proof. We only give the proof for j = 1, since the proof for j = 0 is

analogous. Define

Θj,n = (γ1−1)WR(j),n(1,∞)−
{∫ ∞

0

R(j)(1, s−1/γj)ds

}−1 ∫ ∞

0

WR̃(j),n(1, s)ds
−γj ,

then Θj,n
d
= Θj.

By Lemma S4, T (3)
n (en,∞) = 1 and the continuity of WR(1)(1,∞), we

have that
√
k(en − 1) = −WR(1),n(1,∞) + op(1), and thus

lim
n→∞

Pr{|en − 1| > k−1/4} = 0.
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By θ(1)k/n = enθ̃
(1)
ken/n

with probability 1, we have that
√
k

UY (1)(n/k)
(enθ̃

(1)
ken/n

− θ
(1)
k/n)−Θ1,n

∫ ∞

0

R(1)(1, s−1/γ1)ds

=

{ √
k

UY (1)(n/k)
(enθ̃

(1)
ken/n

− enθ
(1)
ken/n

) +

∫ ∞

0

WR̃(1),n(1, s)ds
−γ1

}

+

{ √
k

UY (1)(n/k)
(enθ

(1)
ken/n

− θ
(1)
k/n)−WR(1),n(1,∞)(γ1 − 1)

∫ ∞

0

R(1)(1, s−1/γ1)ds

}

= : J1 + J2.

For J1, we have that with probability tending to 1,

|J1| ≤ sup
|x−1|<k−1/4

∣∣∣∣∣
√
k

UY (1)(n/k)
(xθ̃

(1)
kx/n − xθ

(1)
kx/n) +

∫ ∞

0

WR̃(1),n(x, s)ds
−γ1

∣∣∣∣∣
+ sup

|x−1|<k−1/4

∣∣∣∣∫ ∞

0

(WR̃(1),n(x, s)−WR̃(1),n(1, s))ds
−γ1

∣∣∣∣
=: J11 + J12.

By Proposition S1, we have that J11 = op(1). For J12, for any ϵ > 0, 0 <

δ < 1, and η ∈ (γ1, 1/2), we have
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Pr

{
sup

|x−1|<k−1/4

∣∣∣∣∫ ∞

0

WR̃(1),n(x, s)−WR̃(1),n(1, s)ds
−γ1

∣∣∣∣ > ϵ

}

≤Pr

{
sup

|x−1|<k−1/4

∣∣∣∣∫ δ

0

WR̃(1),n(x, s)−WR̃(1),n(1, s)ds
−γ1

∣∣∣∣ > ϵ/2

}

+ Pr

{
sup

|x−1|<k−1/4

∣∣∣∣∫ ∞

δ

WR̃(1),n(x, s)−WR̃(1),n(1, s)ds
−γ1

∣∣∣∣ > ϵ/2

}

≤Pr

 sup
1/2≤x≤2,s>0

∣∣∣WR̃(1),n(x, s)
∣∣∣

sη
>
ϵ(η − γ1)

4γ1
δγ1−η


+ Pr

{
sup

|x−1|<k−1/4,s>0

|WR̃(1),n(x, s)−WR̃(1),n(1, s)|δ
−γ1 > ϵ/2

}

=:p11 + p12.

For p11, for fixed ϵ, applying Lemma S3, there exists δ(ϵ) such that for any

δ < δ(ϵ), we have p11 < ϵ.

For p12, as n→ ∞,

sup
|x−1|<k−1/4,s>0

|WR̃(1),n(x, s)−WR̃(1),n(1, s)|
P→ 0,

by Corollary 1.11 in Adler (1990). So for fixed δ, there exists n(δ) such that

for any n > n(δ), we have p12 < ϵ.

Thus, we conclude that, J12 = oP (1) and hence J1 = oP (1).

For J2, by relationship (27) in Cai et al. (2015), we have

sup
1/2≤x≤2

√
k

∣∣∣∣∫ ∞

0

R(1)
n (x, sn(y))−R(1)(x, y)dy−γ1

∣∣∣∣→ 0.
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Hence,

θ
(1)

k/n

UY (1)(n/k)
= −

∫ ∞

0

R(1)
n (1, sn(y))dy

−γ1 = −
∫ ∞

0

R(1)(1, y)dy−γ1 + o(1/
√
k), (S6.10)

enθ
(1)
ken/n

UY (1)(n/k)
= −

∫ ∞

0

R(1)
n (en, sn(y))dy

−γ1 = −
∫ ∞

0

R(1)(en, y)dy
−γ1+o(1/

√
k).

By the following homogenous property of R(1)(x, y):

∫ ∞

0

R(1)(x, y)dy−γ1 = x1−γ1

∫ ∞

0

R(1)(1, y)dy−γ1 ,

we have that

enθ
(1)
ken/n

= e1−γ1
n θ

(1)
k/n + op

(
UY (1)(n/k)√

k

)
.

Then √
k

UY (1)(n/k)
(enθ

(1)
ken/n

− θ
(1)
k/n)

=
√
k(e1−γ1

n − 1)
θ
(1)
k/n

UY (1)(n/k)
+ op(1)

=(γ1 − 1)WR(1),n(1,∞)

∫ ∞

0

R(1)(1, s−1/γ1)ds+ op(1).

So we have that J2
P→ 0.

Thus Proposition S2 holds.

Combining with Propositions S1 and S2, we can continue the proof of

Theorem 1.

Proof of Theorem 1. Recall that θ(1)k/n = 1
k

∑n
i=1

YiDi

Π(Zi)
I{Xi > Xn−k,n},
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and write
√
k

UY (1)(n/k)
(θ̂

(1)
k/n − θ

(1)
k/n)

=

√
k

UY (1)(n/k)
(θ̂

(1)
k/n − θ

(1)

k/n) +

√
k

UY (1)(n/k)
(θ

(1)

k/n − θ
(1)
k/n).

Note that
√
k

UY (1)(n/k)
(θ̂

(1)
k/n − θ

(1)

k/n)

=

√
k

UY (1)(n/k)

1

k

n∑
i=1

YiDiI{Xi > Xn−k,n}

(
1

Π̂(Zi)
− 1

Π(Zi)

)

=

√
k

UY (1)(n/k)

1

k

n∑
i=1

YiDiI{Xi > Xn−k,n}
Π(Zi)

(
Π(Zi)− Π̂(Zi)

Π̂(Zi)

)
.

Then, we obtain that∣∣∣∣∣
√
k

UY (1)(n/k)
(θ̂

(1)
k/n − θ

(1)

k/n)

∣∣∣∣∣
≤ sup

z∈Z

∣∣∣∣∣Π(z)− Π̂(z)

Π̂(z)

∣∣∣∣∣
√
k

UY (1)(n/k)

1

k

n∑
i=1

YiDiI{Xi > Xn−k,n}
Π(Zi)

= sup
z∈Z

∣∣∣∣∣Π(z)− Π̂(z)

Π̂(z)

∣∣∣∣∣
√
k

UY (1)(n/k)
× θ

(1)

k/n

=op(n
−1/4

√
k) = op(1)

by Remark S1, the following asymptotic relationship

θ
(1)
p

UY (1)(1/p)
→
∫ ∞

0

R(1)(1, y−1/γ1)dy,

and
√
k

UY (1)(n/k)
(θ

(1)

k/n − θ
(1)
k/n) = Op(1)

by Proposition S2.
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It follows that,
√
k

UY (1)(n/k)
(θ̂

(1)
k/n − θ

(1)
k/n) =

√
k

UY (1)(n/k)
(θ

(1)

k/n − θ
(1)
k/n) + op(1),

√
k

(
θ̂
(1)
k/n

θ
(1)
k/n

− 1

)
=

√
k

θ(1)k/n

θ
(1)
k/n

− 1

+
√
k
θ̂
(1)
k/n − θ

(1)

k/n

θ
(1)
k/n

=
√
k

θ(1)k/n

θ
(1)
k/n

− 1

+ op(1).

Therefore, we have that
√
k

UY (1)(n/k)
(θ̂

(1)
k/n − θ

(1)
k/n) =

√
k

UY (1)(n/k)
(θ

(1)

k/n − θ
(1)
k/n) + op(1),

and
√
k

(
θ̂
(1)
k/n

θ
(1)
k/n

− 1

)
d→ Θ1

by Propositions S1 and S2.

For the variance of Θ1, we have that

Var(Θ1) = (γ1 − 1)2 +

{∫ ∞

0

R(1)(1, s−1/γ1)ds

}−2

E

[(∫ ∞

0

WR̃(1)(1, s)ds
−γ1

)2
]

− 2(γ1 − 1)

{∫ ∞

0

R(1)(1, s−1/γ1)ds

}
Cov

[
WR(1)(1,∞),

∫ ∞

0

WR̃(1)(1, s)ds
−γ1

]
= (γ1 − 1)2 +

{∫ ∞

0

R(1)(1, s−1/γ1)ds

}−2 ∫ ∞

0

∫ ∞

0

R̃(1)(1, s ∧ t)ds−γ1dt−γ1

− 2(γ1 − 1)

{∫ ∞

0

R(1)(1, s−1/γ1)ds

}∫ ∞

0

R(1)(1, s)ds−γ1

= γ21 − 1−
{∫ ∞

0

R(1)(1, s−1/γ1)ds

}−2 ∫ ∞

0

R̃(1)(1, s)ds−2γ1 .

Since the proof in θ̂
(0)
k/n is similar, the proof of Theorem 1 is complete.
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Proof of Theorem 2. Write

θ̂
(j)
p

θ
(j)
p

=
d
γ̂j
n

d
γj
n

θ̂
(j)
k/n

θ
(j)
k/n

d
γj
n θ

(j)
k/n

θ
(j)
p

=: L1jL2jL3j.

For L1j, we have that
√
k

log(dn)
(log(L1j)) =

√
k

log(dn)
(log(dn)(γ̂j − γj))

= Γnj + op(1)

by Lemma S1. Hence,
√
k

log(dn)
(L1j − 1) = Γnj + op(1).

For L2j, we have L2j = 1 +Op(1/
√
k) by Theorem 1.

For L3j, under the assumption that
√
kAj(n/k) → 0, and applying

UY (j)(1/p)

UY (j)(n/k)d
γj
n

− 1 = O(Aj(n/k))

by Assumption (b), we obtain that

UY (j)(1/p)

UY (j)(n/k)d
γj
n

− 1 = o(1/
√
k).

Also, similar to the previous analysis in (S6.10) in Proposition S2 for

p ≤ k/n, we have that

θ
(j)
p

UY (j)(1/p)
−
∫ ∞

0

R(j)(1, s−1/γj)ds = o(1/
√
k).

Then we obtain that

L3j =
θ
(j)
k/n/UY (j)(n/k)

θ
(j)
p /UY (j)(1/p)

UY (j)(n/k)d
γj
n

UY (j)(1/p)
= 1 + o(1/

√
k).
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Finally, we obtain that

θ̂
(j)
p

θ
(j)
p

− 1 = L1jL2jL3j − 1

=
log(dn)√

k
Γnj +Op

(
1√
k

)
+ op

(
log(dn)√

k

)
+ op

(
1√
k

)
=

log(dn)√
k

Γnj + op

(
log(dn)√

k

)
.

Then
√
k

log(dn)

(
θ̂
(j)
p

θ
(j)
p

− 1

)
= Γnj + op(1),

and( √
k

log(dn)

(
θ̂(1)p /θ(1)p − 1

)
,

√
k

log(dn)

(
θ̂(0)p /θ(0)p − 1

))
d→ (Γ1,Γ0) .

The proof of Theorem 2 is complete.

Proof of Theorem 3. Note that under Assumption (h),

βn(ĈTE2(p)− CTE2(p))

=

√
k

log(dn)

θ
(1)
p

max{θ(1)p , θ
(0)
p }

θ̂
(1)
p − θ

(1)
p

θ
(1)
p

−
√
k

log(dn)

θ
(0)
p

max{θ(1)p , θ
(0)
p }

θ̂
(0)
p − θ

(0)
p

θ
(0)
p

d→min{1, κ}Γ1 −min{1, 1/κ}Γ0.

Also, for κ ̸= 1, we have that
√
k

log(dn)

(
ĈTE2(p)

CTE2(p)
− 1

)

=

√
k

log(dn)

θ̂
(1)
p − θ

(1)
p

θ
(1)
p

θ
(1)
p

θ
(1)
p − θ

(0)
p

−
√
k

log(dn)

θ̂
(0)
p − θ

(0)
p

θ
(0)
p

θ
(0)
p

θ
(1)
p − θ

(0)
p

d→ κ

κ− 1
Γ1 −

1

κ− 1
Γ0.
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Thus, Theorem 3 holds.

Proof of Theorem 4. For p ≤ k/n and j = 0, 1, by the proof of Theorem

2 in Cai et al. (2015), we can conclude that Assumptions (a)-(d) still hold for

(X,Y (1)+) and (X,Y (0)+). Furthermore, for any sufficiently small ϵ > 0,

we have

θ
(j)
p

θ
(j+)
p

= 1 +
E{Y (j)|X > UX(1/p)}

θ
(j+)
p

= 1 + O

{
p−1+(1−τj)(1−γj)

UY (j)(1/p)

}
= 1 + O(p−τj(1−γj)).

Then we obtain that

θ
(j+)
k/n /θ

(j)
k/n = 1 + o(1/

√
k), θ(j+)

p /θ(j)p = 1 + o(1/
√
k)

by Assumption (j). Therefore, Theorems 1–3 still hold for θ̂(j+)
k/n and θ̂

(j+)
p ,

combined with the fact that the extreme value indices for Y (1)+ and Y (0)+

are the same as those for Y (1) and Y (0), respectively.

Thus, Theorem 4 holds.

The proof of Theorem 5 is similar to Theorem 4 in Deuber et al. (2024)

and thus omitted.
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S7 Additional simulations and figures

We extend our framework to accommodate 2-dimensional covariates by

defining the covariate vector as Z = (X,V ) ∈ R2. Set propensity score

function as Π(z) = Pr{D = 1|Z = z}.

Similar to Section 3 of the main paper, we first generate the three-

dimensional random vector (X,W1,W0) from either a t-copula or Gumbel

copula distribution. Let V ∼ Unif[2, 5] be independent of (X,Y (1), Y (0)),

and let U ∼ Unif[0, 1] be a uniform random variable independent of (X,W1,W0, V ).

We set treatment assignment as D = I{U ≤ Π(Z)}, where the propen-

sity score function is given by

Π(z) =
e−0.1x+0.2v

1 + e−0.1x+0.2v
− 0.1.

For Y (1) and Y (0), we set them as the same as in Models (1) and (2),

i.e.,

(1-m) Y (1) = 6F−1
t5 ((1 +W1)/2), Y (0) = 2F−1

t5 ((1 +W0)/2).

(2-m) Y (1) = 8/(− log(W1))
1/6, Y (0) = 4/(− log(W0))

1/6.

For i = 1, 2, denote Model (i-t-m) and Model (i-g-m) as Model (i-m)

in which (X,W1,W0) generated from t-copula and Gumbel copula, respec-

tively. In Model (1-m), Y (1)/6, Y (0)/2 follow the absolute t5-distribution,

and κ = 3. In Model (2-m), Y (1)/8, Y (0)/4 follow the Fréchet(6) distri-



Zi Miao, Liujun Chen and Deyuan Li

bution, and κ = 2. Our target is to estimate CTE2(p) at extreme levels

p = 0.005, 0.001, 0.0005.

Figures S1-S2 show the simulation results in terms of boxplots and

rMSEs in Section 3.1 for Models (1-g) and (2-g). The simulation results in

terms of boxplots and rMSEs in Section 3.2 and Section S7 are shown in Fig-

ure S5-S8 and S11-S14, respectively. The additional results show patterns

consistent with those in Figures 1-2 of the main paper and demonstrate the

performance of our estimator under varying tail dependence structures.

Figures S15 and S16 show the empirical coverage probabilities of CIs for

ĈTE2(p) across different values of k in Models (1-m) and (2-m). In general,

the empirical coverage probabilities of CIs for ĈTE2(p) in Models (1-m)

and (2-m) are lower than those in Models (1)-(2), with the performance

in Models (1-t-m) and (2-t-m) being particularly inferior to that of Model

(2-t). Besides the differences between the t-copula and the Gumbel copula,

and those between the absulute t-distribution and the Fréchet distribution,

one additional factor contributing to this phenomenon is the increased es-

timation error of the propensity score function Π(z) in the multicovariate

setting. Specifically, the two-dimensional Z can increase the complexity

and difficulty of accurately estimating Π(z) via sieve method. This may

adversely affect the performance of our proposed ĈTE2(p), thus leading to
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the lower empirical coverage probabilities of the corresponding CIs.
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Figure S1: Boxplots for simulations under Models (1-g) and (2-g). Here, δp, δ̂p and

δ̂p,naive denote CTE2(p), ĈTE2(p) and ĈTE2,naive(p), respectively. The values of p con-

sidered are (p1, p2, p3) = (0.005, 0.001, 0.0005).
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Figure S2: rMSE curves from simulation results of Models (1-g) and (2-g).
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Figure S3: Plots of empirical coverage of CIs under Models (1-t) and (2-t). The vertical

dashed line indicates k = 0.05n.
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Figure S4: Plots of empirical coverage of CIs under Models (1-g) and (2-g). The vertical

dashed line indicates k = 0.05n.
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Figure S5: Boxplots for simulations under Models (3-t) and (4-t). Here, δp, δ̂p and δ̂p,naive

denote CTE2(p), ĈTE2(p) and ĈTE2,naive(p), respectively. The values of p considered

are (p1, p2, p3) = (0.005, 0.001, 0.0005).
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Figure S6: Boxplots for simulations under Models (3-g) and (4-g). Here, δp, δ̂p and

δ̂p,naive denote CTE2(p), ĈTE2(p) and ĈTE2,naive(p), respectively. The values of p con-

sidered are (p1, p2, p3) = (0.005, 0.001, 0.0005).
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Figure S7: rMSE curves from simulation results of Models (3-t) and (4-t).
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Figure S8: rMSE curves from simulation results of Models (3-g) and (4-g).
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Figure S9: Plots of empirical coverage of CIs under Models (3-t) and (4-t). The vertical

dashed line indicates k = 0.05n.
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Figure S10: Plots of empirical coverage of CIs under Models (3-g) and (4-g). The vertical

dashed line indicates k = 0.05n.
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Figure S11: Boxplots for simulations under Models (1-t-m) and (2-t-m). Here, δp, δ̂p

and δ̂p,naive denote CTE2(p), ĈTE2(p) and ĈTE2,naive(p), respectively. The values of p

considered are (p1, p2, p3) = (0.005, 0.001, 0.0005).
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Figure S12: Boxplots for simulations under Models (1-g-m) and (2-g-m). Here, δp, δ̂p

and δ̂p,naive denote CTE2(p), ĈTE2(p) and ĈTE2,naive(p), respectively. The values of p

considered are (p1, p2, p3) = (0.005, 0.001, 0.0005).
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Figure S13: rMSE curves from simulation results of Models (1-t-m) and (2-t-m).
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Figure S14: rMSE curves from simulation results of Models (1-g-m) and (2-g-m).
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Figure S15: Plots of empirical coverage of CIs under Models (1-t-m) and (2-t-m). The

vertical dashed line indicates k = 0.05n.
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Figure S16: Plots of empirical coverage of CIs under Models (1-g-m) and (2-g-m). The

vertical dashed line indicates k = 0.05n.
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