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Supplementary Material

The supplementary material includes detailed proofs of Theorems E]*E from the main paper,
along with auxiliary explanations, lemmas, and propositions. Additionally, we present supple-
mentary simulation results that complement the findings in the main paper. In the rest of the

paper, [u] means the smallest integer greater than or equal to u.

S1 Estimation of propensity score function

For the estimation of I1(z), following Hirano et al) (2003) and Deuber et al.

(2024), we set
~ 1

[(z) :

1 +exp{—Hy, (2)T7,}’

where Hy,, = (Hp, j)j=12. 1n, : B" — R" is a vector of sieve basis functions,

and

T, 1= arg max » D;log L(Hy, (Z;)"w)+(1—D;)log(1— L(H,, (Z;) ")),
=1

wERMN £
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and L(u) = 1/(1+e™).
For Hy,,, the span of these basis functions contains all polynomials up

to order m if h,, > (m + 1)". Define

C(hn) = sup || Hp, (2)]|

zEZ

If Hy, consists of orthonormal polynomials, it follows that ((h,) = O(h,),
see, e.g. Newey (1994) and Deuber et al) (2024).
For the estimation of II(z) in simulations with n = 1000, 2000, we set

hn = |5 x n*/] in Sections @f@ under the one-dimensional covariate

setting, which satisfies Assumption () In Section @, under the two-

dimensional covariate setting, we set m = |2 x n'/!1].

S2 Assumption ()

Assumption () consists of the following two assumptions.

Assumption (gl). Assume that as n — oo,

sup [T1(z) — T1(z)| = o,(n'/*).

zEZ



S2. ASSUMPTION (E)

Assumption (g2). We assume that the following limits exist:

i - nh_)fgo %E :Pr{Y(l) >H((]2()1)(n/k)|Z}1 |
e o [P0 o]
éﬁig&%Eﬁé5M£qu,

G = J 2B [ Elst2]).

~ .oon 1
Jl = nll_I}Olo EE {mE[Sl,n‘Z]l )

~ ..n 1
Jo= lim ~E |:1_—H(Z)E[SO,7L|Z]:| :

where S;,, = v;log <m> Z{Y (j) > Uy(j)(n/k)} for j =0, 1.

Remark S1. Assumption can be obtained by the following sufficient

conditions through Assumptions (B) and Lemma G.3 in|Deuber et al| (2024):

o Assume that Z has a compact support Z, and Z is continuous and
there exists ¢ > 0 such that ¢ < fz(z) < 1/¢ holds uniformly on

z € Z.

o 1I(2) is s-order continuously differentiable with s > 4r and all deriva-
tives are bounded, where r is the dimension of Z. Also, we assume
that 0 < h, = O(n"), and % — 0. In addition, s, h satisfy that
C(ha)hn* " = o(n=1/4).

Assumption represents the moment conditions for the asymptotic
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distributions of 7;.

S3 Preliminary lemmas

The following lemma shows the asymptotic properties of 7; and 7, which
can be obtained by combining the results of Theorems 1, 2 and Lemma G.6

in Deuber et al| (2024).

Lemma S1. Suppose that Assumptions (B), (@), (H} and (B) hold. More-
over, assume that k = O(n'/?) and VE{|A1(n/k)| + |Ao(n/E)|} — 0, as
n — oo. Then, we have that,

VR =10) == 3 (s = 10i10) +0,(1) = Ton +0,(0)
=1

VEFo — 70) :% Z(wi,o,n — %0i0n) + 0p(1) =: I'no + 0p(1),
i=1

where

wi,O,n - \/; (1 _ H(Z,L) Sz,[),n n ) )
_n D; kv
¢i,1,n — \/% (msz,l,n 7) )
, — E———
¢z,07n \/;1 — H(Zz) 3,0,n9

it =\ T Dt
P, \/;H(Zi) N
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and for 7 =0,1,

S;in=nlo -
win =08\ (1 = By, (%i(5)))

)z{m') > Uyg(n/h)},

T jn = Z{Yi(j) > Uy(j)(n/k)} — k/n.

Moreover, we have that,

(Fnla Fn(]) i> (Fl, PO) ~ N(O, BE/J_BT)7

where
G, 0 J, 0
_ 0 Gy 0 Jp
Y=
J 0 H; 0
0 J, 0 Hy

Remark S2. In the proof of Theorem 1 in |Deuber et al| (2024), we can
show that VEG: = 0,(1) under the condition k = O(n/?). This condi-
tion simplifies the asymptotic analysis, which aids in the potential variance
estimation. In addition, the condition k = O(n'/?) removes the need for
Assumption 4, B.1 (iit) and the last three limit expressions in (iv) of |Deuber

et al| (2024).

The following lemma establishes the Lipschitz continuity of é(l)(x, Y)
and R© (x,y), which aids in establishing the continuity of the associated

Gaussian processes.
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Lemma S2. The functions RV (z,y) and RO (z,y) are Lipschitz continu-

ous with respect to (x,y) € [0,00)%.

Proof of Lemma . Without loss of generality, we focus on ﬁ(l)(x,y),
as the analysis for R (z, y) is analogous.

Note that

|§(1)<$1, yl) - é(l)(%, y2)|
§|§(1)(x1,y1) - }N‘z(l)(ﬂﬁhyzﬂ + |§(1)(x17yz) - E(I)($2,y2)|

<R (00, y1) — BY (00, yo)| + [RV (21, 00) = RV (a5, 00)|.

Then by the condition that II(z) € (¢, 1 —c), we have that for any (z1,y1) €

[0700)27 ($27y2) € [0700)27

|§(1)($1, yl) - é(l)(xzny)‘

< lim k:E [%I{l — Fx(X) < kxi/n, 1= Fy)(Y(1)) € [kyi/n, k:yg/n]}]
+ nh_)rgo l{;E [ﬁI{l — Fx(X) € [kx1/n, kxo/n], 1 — Fya)(Y (1)) < kyQ/n}l

gl lim g]E[Z{l — Fy)(Y (1)) € [kyr/n, kya/nl}]

C n—o0

+ D im _E[I{l — Fx(X) € [kzy1/n, kzo/n]}]

C n—00

1
|Z/1 —yo| + — |£E1 — ).

Thus, Lemma @ holds. [



S4. VARIANCE ESTIMATION

S4 Variance Estimation

In Section @, we propose the variance estimator for (TT\EQ (p). Specifically,

we estimate 3. by

G, 0 J 0
. 0 Gy, 0 J
Y= ,
J, 0 H, 0
0 J, 0 H,

= ]_ Dz o
H1 = = Z ﬁ(ZZ)QZ{Y; > QY(I)(l - k/n)}v

~ 1 & 1-D; A
Hy = ; ; mf{ﬁ > Qv (1 —k/n)},

G 1= 5 D 1og(¥) ~ log(Qriay(1  k/n)) P = T(Y; > Qe (L= k/m),

k i=1 (Zz)
Gy = 15 (log(¥) — log(@vi (L k/m))— =210y, 5 Gy 1 — k/m)
0 - L 2 i Y (0) (1 _ ﬁ(Z,L))2 i Y (0) )
Ty = %;(10g(yi) —log(Qy(y(1 - k/”)))ﬁ(gz)2z{yz > Qvy(1—k/n)},
~ 1 ~ 1-D; ~
Jo = 7 ;(bg(yi) — log(Qy o) (1 — k/”)))mz{m > Qyo(1—k/n)}.

Then we can obtain the following variance estimator of o

o g
52 := 9" BSB"%,,
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where
. 10 -3 0 min{l,x}
B = s i]\,‘i =
01 0 -7 —min{l, 1/k}
with 7z = 6, /6,

S5 Multivariate Causal Tail Empirical Process

In this section, we define multivariate causal tail empirical process (MCTEP)

and explore its asymptotic properties. These results provide the theoretical

foundation for the proofs of the main theorems in our paper.
Fori=1,2,...,n, define

1 1-D;

Hni = Vil— H(Zi)6{(%(1*FX(Xz‘))%(1*FY(0)(Y1'(0))):0)}
L D
T T1(Z5) H(FO-Fx (X003 0= Fry (n)1) }
Ls
TR (FO-Fx(X0).3 1= Fy0)(v:0):2)}
1
+

T (R0 £ 0-Fyy ).8) b

where 0y (+) is the Dirac measure satisfying

1, ifU €S,
5U(8) =

0, otherwise.

For any function f, define H,;(f) = [ fdH,;. For fixed T > 0, and for
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all 0 < x,y <T,a €{0,1,2,3}, we define that

110,2)x[0,9)x {a}
faz,y,a = Ta

) _ Lo0)x[0,00]x{a}

X ’

7@ _ Locdlxlow)xia)
Y,a y')’]

where n € [0,1/2) is fixed.
Define

ﬁzl_n(zz,)z{l_FX(Xi)<zyl_FY(O)(Yi(O))<—}, if a =0,
i=1 ?

ﬁ Z H(Z-)I{l — Fx(X;) < Py 1 - FyoYi(1)) < —} , ifa=1,
i=1 v

n

T\ (2, y) = .

Lyl mex) < - Fgmio) < 2L =2

\/Ei_l X\Ag n Y(0)\L: n ’ - 4

1 «— kx ky )

ﬁzz{l_FX(Xi)<771_FY(1)(Y;(1))<W}’ if a =3,

\ =1
and

kx k .

—Pr 1—FX(X)<;,1—Fy(0)(Y(O))<— , ifa=0or2,
RY(z,y) =

n kx

k
Then we have that

k
—Pr{l —Fx(X) < —,1-Fyq)(Y(1)) < —y}, if a=1or 3.
n n

T\ (2, y) = Y Hpi(foya), B9 (x,y) = E[T(z,y)],
T\ (2, 00) = 2"H,;(fY), R (z,00) = E[T\"(z,0)],

z,a

T (00, y) = y"Hai(f2), R (c0,y) = E[T\"(c0,y)].
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We define a mean zero Gaussian process W (z,y), where (z,y) €
[0, 00]2\{(00,00)},a € {0,1,2,3}. For any (a,,y), W@ (x,y) follows a

normal distribution with mean zero. The covariance structure is given by

RO Az yNy), ifa=0b=0,
RV Az yny), ifa=b=1,
RO Az yAy), ifa=0b=2,
RO Az yNy), ifa=0b=3,

ROz Az, yAy), if (a,b) =(0,2),(2,0)
RO A yAy), if (a,b)=(1,3),(3,1),
Cov(W (), W(', ) = { Rxyowm (@A, y,y), if (a,b) = (3,2),
Rxyoym(z A, yy), if(a,d) =(2,3),
Rxyoyo(x A,y y), if (a,b) =(0,3),
Rxyoyulz Ay, y), if (a,b) = (3,0),
Rxyoyay(znayy), if (a,b) = (1,2),

RX,Y(O),Y(l) (l’ A ZL'/, Y, y,)7 if (Cl, b) = (Qa ]-)7

0, if (a,b)=(0,1),(1,0).

Then we have that for any fixed a, W®(z,y) is a continuous Gaussian

process with regard to (z,y) by Corollary 1.11 in Adler (1990). In the rest
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of the paper, we denote
WE(O) (SL’, y) ::W(O) ('ra y)7 Wﬁ(l) ('ra y) = W(l) (Q?, y>7
Wro (z,y) =W (z,y), Wro(z,y) = W (z,y).
The following lemma, analogous to Lemma 3.2 in Einmahl et al} (2006),

shows the boundedness of W (@ (z,y) with proper weighting function.
Lemma S3. For any T >0, n € [0,1/2) and a € {0,1,2,3}, we have that
with probability 1,

W W@ (z,
0<z<00,0<y<T y" 0<z<T,0<y<oco xn

Q.

Proof of Lemma . We only give the proof of the first statement of
Lemma @ with a = 1, since the proofs in other cases are analogous.
Let A > 0 be a constant. We intend to derive upper bounds of the

following probabilities:

W~1 5
J1 ::Pr{ sup M>)\},

2,y€(0,T) y"
Wa
Jo :=Pr sup M >\
«>T,y€(0,T] y"

We start with J;. Define

) 2l+1 om+1 2
T T
Am:{(l',y):0<l’§T,2m+1 SySQ_m}
It follows that Ay, € Ai..., and llim A = A, (0,T] x (0,7] =
—00
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UX®_yAm. Moreover, we have that,

W"l 3
Pr{ wp Wao@ vl

xvyEAl,m yn

T n
<P ~o(z,y)| > A
< r{xvyseugﬁmlWRu(:r y)| > (2m+1> }
T T
o (n2) 245
=) T 1/2 n
core (70 (1.2)) 12 (o)
ome /2 T \"

2m(1—2n)c)\2
<8exp GW) )

where Z ~ N(0,1). The second inequality can be similarly derived from

——

Lemma 3.2 in Einmahl et al| (2006) or an adaptation of Lemma 1.2 in Orey
and Pruitt (1973). The equality in the third line follows from the fact that
W (2, y) is equal to (RM(z, y))/2| Z| in distribution. The third inequality
holds by Assumption (@) The last inequality can be derived from Mill’s
ratio.

Since the upper bound above is irrelevant to [, we have that

Pr{ Sup |W1§(1)(ZL’,?J)| > )\} :Pr{hnl Sup |WE(1)($,y)| > )\}

z,yEAm y" =00 3 ye Ay m Yy
. Wz (x
= lim Pr sup M >\
l—00 z,YEAm y’]

2m(17277) c\2
< 8exp (_ T1-21n92n+1 )
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The first equality follows from the fact that

{w i s IW%mC?waH:>A}::{WZ &H)IW%mC%waH2>A}_

l=o0 4 WEALm Yy z,yEAm y

The second equality follows from the monotone convergence theorem. Con-

sequently, we obtain that

W"'l 3
lepr{ . MA}

2,y€(0,T) y"
o0 W~
SZPY{ sup | R<1>(56’7y)’ > )\}
m—0 z,YyEAm yﬁ

2m(17277) 2 )\2

< Z 8 exp <_ T1-2092n+1 > :
m=0

Next, we derive the upper bound of J;. Define

T
Bun ={ (00 T <0 2T s <y < o)

T T
B, —ILI?OBbm:{(x,y) T <z < o0, 2m+1_y_2m}.

It follows that By,, C Bay, ..., and lim By, = By, [T,00) x (0,7] =

b—o0

UX_B,. Similarly, we have that

Wz
Pr{ sup ’ 1>9(:y > A\

xvyEBb,m

< Pr su Wga (z

N {wnyBIZ,m’ ) y ( mH) }

<ive{ Wi (27.30) |22 (32) |
om . 1/2

arefa= (5 ) (2]

2m(17277) c)\2
<8exp <_ T1-21792n+1 )
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where Z ~ N(0,1). It follows that

Pr{ Sup M>)\}

z,YyEBm y”
= lim Pr¢ sup M > A\
b—oo xzyesb,m yn
2m(172n)c)\2
<8exp <_ T1-2n92n+1 > )
and
W=
x>T,ye(0,T] y"
<Zpr{ |Wﬁ(1>($ay)| > )\}
yEB yn

2m(1 2”7)6)\2
< Z 8 exp ( T 2772277“) .
Combining the upper bounds of J; and J,, we obtain that,

W (2, 9)] - 2m1=2m) )2
PI‘{ sup T>A SZ8€XP —W .

x>T,y€(0,T]

Thus, for any € > 0, there exists A > 0 such that,
2m(1 2n) c\2
>~ s (~ i) <
The proof of Lemma @ is then complete. [

The following lemma establishes the convergence of the MCTEP. For
convenient presentation, all the processes are defined on the same proba-

bility space, via the Skorohod constructions.

Lemma S4. Suppose that condition (@), Assumptions (B} and (H) hold.

Let T > 0 be a constant. There exists a sequence of Gaussian processes
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(Wi (w,y)}, satisfying Wi (z,y) = W (2,y), such that for any 1 €

0,1/2) and a € {0,1,2,3},

wp VR @) = BV (@ )} = Wil@) | mg
2,y€(0,T] y" 7
sup VI{T (2, 00) — 2} — Wi (z, 00) 2y
z€(0,T] il ’
wp | VHI (000) = g} = Wi (o) | 1

ye(0,T] y"

Proof of Lemma @ We only provide the proofs for a = 1. The proofs
for a € {0,2,3} are similar and thus omitted. Thus, we only prove that,

for any n € [0,1/2),

VETD (@,y) — BD(2,9)/y" = Wao (2,9)/y", 2,y € (0,T],  (S5.1)
VE(TD (z,00) — RD(z,00)) /2" % Wi (z,00) /2", € (0,T],  (S5.2)

VI (00, y) — RY (00,9)) /4" < Wiy (00,9) [y y € (0,T].  (S5.3)

We only provide the proofs for () The proofs for () and () are
similar and thus omitted.
Let F;1 be the set of all forms of f;, 1. Then, () is equivalent to
the weak convergence of the process
{Z[Hn,z(f) - EHn,z(f)]a f S f2,1}
i=1

to the related Gaussian process. We equip F3; with the following semi-
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metric d, defined by

dQ(fx,y,la fu,v,l) =K [W(l)(x’ y) _ W(l)(u, U)} 2

y" n
—E [Wﬁ«(” (,y)  Wgo (u, v)] ?

yn v

RO (2, y) — 2y RO (u Az, v Ay) + y* RO (u, )
N ()™ '

By Theorem 2.11.9 of yan der Vaart and Wellner (1996), we divide the
proof of () into three steps. In the first step, we prove (Fy1,d) is to-
tally bounded. In the second step, we prove the asymptotic tightness of the
process {> " [Hyi(f) —EH,;(f)], f € F21}. In the third step, we prove

the weak convergence of the finite-dimensional distributions.

Step 1. We prove (Fy1,d) is totally bounded.

For any § > 0, assume that |z —u| < 0,|y —v| < 0. We distinguish
eight cases below.

1. If v <9,y > v, we have that

RO(y) | 2RO(wr) | FO(u0)

y277 V21 V21

dz(f%y,b fu,v,l) S

1 1
S E(yl—Qn + 3U1—2n) S 2561—277

by Assumption (H)
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2. If v <6,y <wv, we have

Pl fony) < BO@Y) | 2R0@y) | B ()
x,y,1y Ju,v, =

2 2 2
y"l y"l 41

<

Q-

(3y17277 4 ,U17217) < 14517217.
T c
3. If v>4d,x>u,y > v, due to the fact that

RO(e,9) < RO, o)+ B ([, ][0, 00]) + BO ([0, 00] <[, ) < ROt )42,

we obtain that

E(l)(u, v)(y" — v")? 206021
(yv)2 c(yv)*
261—27]
c

d2 (fm,y,b fu,v,l) S

< 11}1*471(2/7 — v”)2 +
c

< L2y — ) + 252)
C

1 3512
< (T My —v)? 4+ 2577 < :
C C

4. If v > 6,2 < u,y > v, we have that

~ ~ 5~ ~ B
RO (x,y) < RW(z,v) + = RO (u,v) < RY(z,v) + =

It follows that

RO (z,v)(y" — v")? S N Sy2"
(yv)*" c(yv)®  c(yv)?
2120
c

d2(f513,y,17 fu,v,l) S

1
_vl—4n(yn _ v”)Q +

IN

1
_(,U17477y2n72(y . ’U)2 4 261727])

c
1 1-2n
E(v_l_zn(y — )2 426172 < 30 .

IA

IA

C
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5. Ifv>d,2 <u,d <y <wv, we have that

~ ~ 20
RW(u,v) < R (z,y) + —

and hence

ﬁ(l) x, AV 952"
d2(f$:y,1>fu,v,1> < ( y)(yQ ) Y 2
(yv> K C(yfu) Ui
20120

C

1
< Sy -y

1
S C(yl 4nv2n 2( ) +251 277)

51—277

1
< = —1-2n 21217
< (o - ) 200 < 2

6. Ifv>d,x<uy<v,y<d, wehave § <v < 24, and

é(l) 1-2n 95121 _
(2: SRR L ROy <
v c - .
It follows that
! 56121
dQ(f:c,y,l, Juwa) < —(y1_277 + 2y1—2n + 2(51—2n) < ‘
¢ c

7. Ifv>0,2>wu,6 <y <w, we have that
(1) (1) 0 =y (1) 0

Thus,

RO (u,y)(y" —v")?  dy* L _ov
(yv)*? c(yv)®n  c(yv)?

251—217

c

dQ(fx,y,la fu,v,l) S

IN

1
Sy )R

1
<y1 4171)217 2( y) +251 2n)

C

1 1-2n
Loy — g g ostmy < 207
C C

| /\

IN
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8. Ifv>d,x>u,y<v,y <3, we have that

> ~ ~ o 20
R(l)(u,v) S R(l)(x7v) S R(l)(x7y) + = S )
C
and hence
1
d2<fa:,y,17 fu,v,l) S _(y1_277 + 2y1_2" + 251—277)
C
551727]
< .
C

From the above analysis, and under the condition 1 — 21 > 0, we con-
clude that for any € > 0, there exists 0 > 0 such that for all |z — u| < ¢ and
ly — v| < 8, we have that d*(fry1, fuv1) < €. Therefore, (Fy1,d) is totally

bounded, since [0, T]? is totally bounded in Euclidean space.

Step 2. We prove the asymptotic tightness of {3 | [H,;(f) —EH,;(f)], f € Fa1}-.
For any € > 0, define the bracketing number Nj(e, F»,1) as the minimal
number of sets N, in a partition of Fy; = U;yzélFi’f, such that for each

partitioning set Fy’], we have

STET sup [Hyi(f) — Huilg)]? < €,

i=1  f.9€F3]

where E* denotes the outer expectation (Chapter 1 in van der Vaart and
Wellner| (1996)). By Theorem 2.11.9 in van der Vaart and Wellner (11996),

we only need to prove that for any A > 0,

ZE*HHn,inz,lI{”Hn,iH]:z,l > )‘} — 07 (854>

=1
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and for every 9, — 0
on
/ log Ny (e, Fo,1)de — 0, (S5.5)
0

where HH’FL,’I:H‘FQJ = Supfefll ‘Hn,z(f)’
Define (U;, Vi) = (1 - Fx(X;),1— Fy1)(Y;(1))). Under Assumption (a),

for n € (0,1/2), we have that

1 Dy
sup  —— {1l — Fx(X;) < (k/n)x,1 — F Y:) < (k/n)y}/y"
Lo RTI(Z) { x (Xi) < (k/n) v (Ys) < (k/n)y}/
1 1 1 1

< = — e

vk (A= Froy(Y(1)" eVE (V)"
Then for n € (0,1/2), we have that

Z E*HHHJH]‘EJI{HHn,i”]ﬁ,l > )‘}

i=1

_ (VEkXe)
ey o
vk \k 0

n—1
1 noko oo, a1 (M) 1
E————— T O Vo) I k72 — 0.
= AT =y

For n = 0, since E*||H, || 7, < #E by | Hnill7, < ﬁg’ it follows that

for any A > 0, by taking k > A\~2, we have that Z{||H, ||, > A} =0 (for
i=1,...,n).

Thus, we conclude that () holds for n € [0,1/2).

Next, we prove () Without loss of generality, we set T = 1. Let

€ > 0 be a small constant, to be chosen later. Define

fzeﬁ, h=1—-¢, 0=1-¢
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Note that, we can choose € sufficiently small and C' sufficiently large, such

that,
4 127 2
mﬁ <€, (S5.6)
% = 61*3277 g'g=2nm+1) SC’eﬁS_zn = Ce% = C¢é, (S5.7)
1-)y<(1-e)1<1/2, 1—53 —1<Cé, (S5.8)

forl=1,2,..., ﬂogé/logm,m =1,2,...,[log&/log].
Define
FOE) = {foy1 € Foq:y <&}
FOE) ={foya € Fan 1y > & <&},
F(l,m) = {foys € Foq : 071 <2 <6 0™ <y <o}

Then, we have that,

For = ]:.(1)<€> U ]_—(2)<£) U {Ufltfé/log(ﬂ Ul@gé/log(ﬂ F(l,m)}.

m=0
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For 1 we have that

n

ZE* sup (Hy,i(f) — Hm(g))Q

=nE* sup (H,1(f) — Hn1(9))?
[,geFM(€)

<4nE* sup HZl(f)
feFM(g)

<4nE* sup Hil(f)

z,y>0,y<¢

4n n —2n nVi
<—E(= —
_kc2E<kV1) I{ k <§}
k&

4n n n —2n 4
_ v d - - 1-2n < 2
kc? /0 <kx> HEIEET A

where the last inequality follows from (S5.6).

For F® we have that

n

ZE* sup  (H,i(f) — Hni(g))?
O feeF©

=nE* sup (H,.(f)— Hn1(9))?
f,9eF (&)

<4nE* sup an(f)
FeF@(¢)

<4nE*  sup Hrzzl(f)

4n nU.
<2l eCmpr) ZHL

kg
4n

" 4
_@5(—271)/ dr = 0_251—277 < 62,
0

where the last inequality follows from (S5.6).
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For F(I,m), note that

onm gn(m+1)

- 1
]E(I{U1 < kO™ n, Vi < kO™ /n} ( ! —>

~ - 1 2
+ (I{U1 < kO n, Vi < kO™ In} — T{U, < k6'/n,V; < k;em/n}) W)

~ 1 1\
:E(I““<k¢“ﬁu%<iwm“ﬁﬁ(%mm3—@%))
G2n(m+1)

_ _ 1
+ ]E((I{Ul < kO'/n, Vi < k0™ /n} — Z{U, < kO /n, V| < kO™ /n}) —)

It follows that,

SOE sup (Huilf) = Huilg))?

2
gn]E*< sup H,i(f)— inf Hnl(f))

feF(l,m) feF(lm)

7 ~ 2
n _ (Z{U, < k@' /n, Vi < k6™ /n}  T{U;, < k6+' /n, V; < kO™ /n}
<—RK _
~ %k (G (m)n

2

- ~ 1
+E(<I{U1 < kel/n,‘/l < ka/n} —I{Ul < k9l+1/n,V1 < k9m+1/n}> W)
2
_ " ko ki 1 1 1
kc? (C (n9 ’ne G2nm \ gn

ko k koo b 1
W Mgl “gm\ _ ~(1) [ Mpl+1 Y pm41
- [C (ne =l ) C (ne 0 )] —ezn(m+1)>

ko™ (1_1)2+ ko™ (1—9)+kél(1_é)].

n

=c2k | ngzm \ gn n@2n(m+1) nQ2n(m+1)

By using (85.7) and (), we have that

-1/2 _ 1)2 _ 3
2(6 1) +22(1 0) + Ce <o

STE sup (Hoi(f) — Hailg))? <
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Consequently, we obtain the partition 5y ; = FM (§)UF @) (¢ yu{ulos/loed]

m=0

F(l,m)} and the covering number of this partition is bounded by the or-

der of e *73/(=2n)  Therefore () holds, and asymptotic tightness follows.

Step 3. We prove the weak convergence of the finite-dimensional distribu-
tions of the process {> " | [Hn:(f) —EH,:(f)], f € Fa1}

Note that, for sufficient large n and any f € Fa 1,
Z{|Hn:(f)| > A} =0, i=1,2,...,n.
Hence, we have that
iE[IHn,i(f) —EHui(N)PT{|Has(f)] > A} =0,
i=1

for all A > 0. Then, by applying the Lindeberg-Feller central limit theo-
rem, we can prove that, the finite-dimensional distributions of our process

converge weakly. O

[log &/ log 6]
Ul:o
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S6 Proofs of main results

Proof of Lemma E Using the property of conditional expectation and

Assumption (Q), we obtain that

. [YDI{X > Qx(1 - p)}

P I(Z) ’
1 | [Y(1)DZ{X > Qx(1—p)}
e £ Y.z
L[ Y(DI{X > Qx(1-p)}
_pE_ 0z) E[D|Y (1), Z]
L [Y(DI{X > Qx(1-p)}
_pE _ 1(Z) [D|Z]
:%E Y(D)Z{X > Qx(1—p)}

For 91(70)’ the proof is similar and thus omitted. Thus, Lemma m holds. [l

5(])

Before proving the asymptotic normality of in Theorem m, we es-

tablish the asymptotic behavior of the following pseudo estimators:

1 1 Y;D; 0 1&Y(1-D)
Qk/n = E Z H( )I{X > Xn kn} ek/n = E Z mI{X, > Xn—k:,n}-

— i=

Define

n

o = s 2 iz X > U/ k),

0= e o Ty TG > Unta )
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Then, we have that,

0 =ed? . j=01,

where
en = %{1 — Fx(Xp_n)} 5 1.

We intend to establish the asymptotic behavior of 5,(;,2 Jn> ON the interval

[1/2,2]. Then by applying the result for x = e, we can obtain the asymp-

totic normality of 5,(5'/)”. The asymptotic behavior of 5,(;)/n and 5,(:;)/” are

established in the following proposition.

Proposition S1. Suppose that conditions (@) and (@), Assumptions (B)

and (H) hold with ~y; € (0,1/2). Then, we have that, asn — oo, forj = 0,1,

vk 0

. 1 o) s
2<s O = Orega) + z /0 W) (2, 8)ds™ | = 0.

1/2<z<2 | Uy (j) (n/k)

Proof. We only provide the proof for j = 1. The proof for 7 = 0 is similar

and thus omitted. Simple calculation yields

o = ~Urar /) [ Ty,
where

sn(y) = (n/K)[1 = Fyq)(Uyy(n/k)y™™)], y>0.
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For any fixed T' > 0, we have

k
\/_ Q(l)

sup ( kx/n xel(;c)/n) + /O WE(I),n(JI? S)ds_,yl

172<a<2 | Uy (1) (n/k)

:wp/\fww%u>mm%@ﬂﬂl/»%%@le

1/2<z<2
< sup / W, (2, y)dy " [+ sup / VE[TM (2, 50(y)) — RO (2, 5, (y))]dy ™
1/2<x<2 ’ 1/2<x<2
sup /Jﬁmwawmmmmmwwwmwwl
1/2<x<2

= Il<T) + [2,n(T) + I3,n(T)
We intend to prove that, for any € > 0, there exist Ty = Ty(€),ng =

no(To), such that for n > ny,
Pr{l,(T) > €} <e, Pr{lb,(T)>¢}<e Pr{l,(T)>¢}<e

For I(T), by Lemma @, we have that for any € > 0, there exists

T, = Ti(€) such that

Pr{ sup (Waw o (2,9)] > T} <e.
1/2<2<2,0<y<oc0

So for any T' > 17,

Pr{[L,(T) > €} <e.

Next, we handle I, (7). Let ﬁ, P, be the probability measure and
empirical probability measure defined by (1 — Fx(X),1 - Fy)(Y(1))) and

{1 = Fx(X;),1 = Fyq)(Yi(1))},, respectively.
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Without loss of generality, we assume that X is the first component of

Z. For any x,y, define the (random) function

D

[y = mI{l — Fx(X) <ka/n,1 = Fyq)(Y) < ksy(y)/n}.

Consider the following function class .7?”:

Foi={famly>T, 05<z<2}.
with envelope
G, = %I{l — Fx(X) < 2k/n}.
It follows that,

Pr{l,,(T) > e} =Pr { sup k:[T (1) (:v, sn(y)) — RS)(ZL‘, sn(y))]dy™

1 /2<:c<2

g

{ sup V[T (@, 50(y)) = B (2, su(y)]] > ET“}

1/2<2<2, y>T

{sup V(. — B)(P) >mlm}

f€Fn

_ VB s, VAP~ PO
- eTVE 7

where the last inequality above comes from Markov inequality. By Theorem

2.14.2 in van der Vaart and Wellner| (1996), we have the following inequality:

1
B sup [V PPN S [ /1 + g Ny(elGall s Fo Lal(P))de] Gl e
0

fe€Fn

where

2k \ /2
(Gallns = (EG2)'2 = (—)

cn
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Thus, if the Dudley entropy integral fol \/1 + log Nyj(€|| Gyl P2, Fo, Lo(P))de

exists and is bounded, then there exists constants C; > 0, C] > 0, such that

!

C
E'[sup V(P — PY)] < CillGullpa,  Pr{lon(T) > e} < &
feFn €T}

and hence there exists T5(€) such that for T > Ty(e),

Pr{l,,(T) > ¢} <e. (56.9)

Now, we prove that the Dudley entropy integral fol \/1 + log Nyj(€e||Grl P2, Fo, Lo(P))de
exists and is bounded.

Note that

]E|f(x1,y1) - f(xz,y2)|

D k(1 V aa) k(sn(y1) A sn(y2)) k(sn(y1) V sn(y2))
s e At st

k(21 V xy) V< k(sn(y1) V sn(y2)) H

<UL <

n n n

1(Z)
<R @0(1)) — R (2 50m)

+ R (@2, 80 (y1) V $n(y2)) — R (w1, 50(31) V 0(y2))])

=

<—=(Isn(y1) = sn(y2)| + |71 — 72|).

3

Since s, (y) is monotonically increasing and continuous for y, we have that
if |21 — x| + |y1 —y2| — 0, then |s,(z1) — sn(z2)|+|y1 — y2| = 0. Therefore,
E(f(z,y)) is continuous at (x,y). Moreover, note that, E(f(5,)) < 1/c. Thus,

for any sufficiently small € > 0, we can choose two sequences of points
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{xi}inilla {yz}2121 such that

and for all iy =2,3,...,mq,i5 = 2,3,...,ms, we have
2ke 2ke
0 < Elfwiy 00 = fan-100] < = 0 Elfeagy,) = fog,-0l < ——

The integers my, my can be chosen to satisfy that m; < 2/e,ms < 2/e by

E*[sup;cz, [fawll < E[Gn] = 2k Then, we have that
log Ny(€l|Gull s Fo. Lo(P)) < —Cloge,

where (5 is a positive constant that only depends on ¢. So the Dudley

entropy integral

1
|1+ 08 NGl Fo La(P) e
0

exists and is bounded for n. Therefore, () holds.

Next, we consider I5,(7). Note that

Pr{l;,(T) > €}
< Pr< sup
1/2<2<2

sup
1/2<2<2

=! p31 + P32-

/ \/_ T(l) fJU 3n< )) Rgzl)(xa 3n<y)>] - Wﬁ’,(l),n(z’ S"(y))dy_%

>e/2}

>e/2}

/ Wiw o (@, 50(y)) = Wra . (2, y)dy ™™
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For ps1, for any T' > 0, there exists ny = ny(T") such that for any n > n,

we have s,(T) < T + 1. Then for n > ny, and any 1y € (71,1/2), we have

>e/2}

By expression (14) of Lemma 3 in Cai et al) (2015), we have that as

that

VRV (z,5) = RV (2,8)) — Wy, (2, 5)

s"o

p31 < Pr sup
1/2<2<2,0<s<T+1

T
/ Sn(y)ﬁody*’h
0

n — oo,

s N Tmo—"

Mo — M

T
/ Sn (y)no dy—%
0

Then combined with Lemma, @, there exists ny(7") > ny(T) such that for
any n > nq(T'), we have p3; < €/2.

For ps, there exists A\g = Ag(no, €), such that

W x,
Pr{ sup —’ 7T Y) > )\0} <¢/3.

1/2<2<2,0<y<oo ym

By Lemma 3 in [Cai et al| (2015) and the continuity of Wxq) (7, y)
on [1/2,2] x (0,00) with g = Wga),S = T and Sy = T + 1, we conclude
that, there exists ng = ng(7T) such that for n > ng, we have p3s < €/2.
Thus there exists ny = n3(T) + no(T) such that, for n > nyg, we have
Pr{l;,(T) > ¢} <e.

To conclude, there exists Ty(e) = Ti(€) 4 Ta(e) and neq = S0y ns(T)
such that, for " = T (e) and n > n. 1, we have Pr{l;(T') > €} < €, Pr{l,,(T) >

e} <€, and Pr{l;,(T) > €} < e. Hence, Proposition @ holds. O
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Next proposition shows asymptotic properties of é,f/)n for 5 =0, 1.

Proposition S2. Suppose that Assumptions (B)-(H), (Hf) hold with ~y,v1 €

(0,1/2). Then for j =0,1,

g(j)

Vi [ 22 1] S e,
9(3)
k/n

where

o —1 (e’
9j=<vj—1>WR<j)<1,oo>—{ / R<j><1,s—1/%'>ds} | Wit s)is
0 0

Proof. We only give the proof for j = 1, since the proof for j = 0 is

analogous. Define

) -1 rco
010 = (u-DWi(1,00)~{ [ R ast [T v, (1),
0 0
d
then ©,, = ©;.
By Lemma @, Tég)(en, o0) = 1 and the continuity of Wy (1, 00), we

have that Vk(e, — 1) = —Wga) (1, 00) + 0,(1), and thus

lim Pr{le, — 1| > k~/4} = 0.
n—oo
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By Hk, In = ene,(;] In with probability 1, we have that

vk ) /Oo
_VE 80 g 0., | RO, sV m)ds
UY(l) (n/k)( ken/n k/n) 1, 0 ( )

= ———(e,0 — et W 1,8)ds™™
{Ly(l)(n/k)< ben/m en /n 0 R(l)’n( )

+ < ————(enb —0 Wpra ,,(1,00) (71 — 1 / R(l) 1, 8*1/71 ds
{(7 (1)(71//{:)( ken /n k/n) RM) ( )( 1 ) 0 ( )

:ZJ1+J2.

For J;, we have that with probability tending to 1,

vk (1) gV
L < sup | (2, — 20,,) / Waay , (2, 8)ds™"
w1j<k-ta | Uy (n/k) ke ka/ RO,
i o / (Wé(l)ﬂ(x’ S) B Wﬁ(l),n(]w S))ds_’yl
|z—1|<k—1/4
= Jll + J12.

By Proposition @, we have that Ji; = 0,(1). For Jyo, for any € > 0,0 <

d <1,and n € (71,1/2), we have
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/ Weza (2, 8) = Wga (1, s)ds™™

>6}
>e/2}

Pr sup
|z—1|<k—1/4

<Pr sup
|z—1|<k—1/4

/ Wz (2, 8) = Wga (1, s)ds™™

+ Pr sup / W (2, 8) = Wi, (1,8)ds™™ | > ¢/2
le—1|<k—1/4 ’
Wi (2, 3)‘ —
<Pr sup : eln—mn) o
1/2<0<2,5>0 s 4y

+ Pr { sup (Wi, (2,8) = Wia , (L, s)[677 > 6/2}

|lz—1|<k=1/4,5>0
=:pu + P2
For p11, for fixed €, applying Lemma @, there exists d(€) such that for any
d < d(€), we have pj; < e.

For p1s, as n — oo,

P
sup (Wazw (@, 8) = Wi ,,(1,8)| =0,

|lz—1|<k=1/4,s>0
by Corollary 1.11 in Adler (1990). So for fixed §, there exists n(J) such that
for any n > n(d), we have ps < €.
Thus, we conclude that, Jj3 = op(1) and hence J; = op(1).

For Jy, by relationship (27) in Cai et al) (2015), we have

sup Vk

1/2<<2

/ RO (2, 50(y)) — RO (2, y)dy ™ | = 0.
0
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Hence,

o

_ Tk/n (1) *71 — / (1) -7
R, 1 sn = R 1,y)d + o(1 \/E, S6.10
LY(l) ”/k / 0 ( y) v ( / ) ( )

(/) _/ R (eny suly)dy ™™ = = / RO (en, y)dy " +o(1/VE).
0 0

By the following homogenous property of RV (z,y):

/ RO (z,y)dy™ " = 2'™m / RY(1,y)dy ™
0 0

we have that

U k
ot = 0, 0, ()

Then
vk (e,0V , — )
Uyy(n/k) honfm “h/n
o))
— 1) —5m 1
\/_( )UY (n/k) +0P< )

=(11 — D))Wxa (1, oo)/ R(l)(l,s_l/”)ds +0,(1).
0

So we have that Js £o.

Thus Proposition @ holds. O

Combining with Propositions @ and @, we can continue the proof of

Theorem m

Proof of Theoremﬁl Recall that 0;1/2 = 230 DL T{X; > Xkl

i=1 T1(Z;)



Zi Miao, Liujun Chen and Deyuan Li

and write
\/E (5(1) _9(1))

Uy(l)(n//{?) k/n k/n

_ Yk gm0y VR g oy
Uy y(n/k) " % T80 Oy (n k) o ki

Note that

\/E ~1) 3z

—( k/n ek/n)

Uy (n/k)

VR I
~Uyy(n/k) k 4 ZYZ'DJ{XZ' > Xnta} (ﬁ(z,.) C1(Z))

Vk YDI{X; > Xp_pnt (1(Z;) —11(Z;)
~ Uyy(n/k) kz 11(Z;) . '

Then, we obtain that

_ vk __gm g
Uy y(n/k)kim 78

M(z) —0(z)|  VE 1 YiDI{X > Xogn}
ST R | Do/ k Z A
o | T2) ~ Ti(2) VE )

—op(n "V 1VE) = 0,(1)

by Remark @, the following asymptotic relationship

L N /oo R(l)(l y_l/“)dy
UY(l)(l/p) 0 7 ’

and

Vk —(1) (1)
—(0,, — 0 =0,(1

by Proposition @
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It follows that,

vk o) (1 vk iy
VR g gy VE gyl 1),
A 70 5(1) 0
9( ) 9(1) 9
k/n k/n k/n
=Vk o LT 0p(1).
gk/n

Therefore, we have that

L . i Z(1)
U (1)(n/k;) (gk/n 9’“/”) Y(l)(n/k) (gk/n gk/n) P(1)>

and

(1)
ek/n

o)
by Propositions @ and @

For the variance of ©1, we have that

Var(01) = (71 — 1) {/ RO(1,571M)d } </ W1>1sds71)]
—2(y — 1) {/0 RW(1,s 1/”1)als} Cov [WRu) 1,00 / W (1, s)ds™ 71}
=m-1°+ {/OOO RW(1,s7Vm)d } / / (1, s At)ds™dt ™™
—2(y — 1) {/0 RW(1,s Wl)ds}/o RW(1,s)ds™™

(e e] —2 o0
=97 —1- {/ RW(1, s—l/%)ds} / RW(1,s)ds™ ™
0 0

Since the proof in @,(3)” is similar, the proof of Theorem m is complete.

]
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Proof of Theorem E Write

0 dy 6, 46y,

o) A o9 09

= LleQngj.

For L,j;, we have that

Vi vk R
o 08(Ly) = (e loB(d) (3 = %)
=Ty + Op(l)

by Lemma @ Hence,

Vk
log(d,)

For Ly;, we have Ly; = 1+ O,(1/v/k) by Theorem m

(Li; — 1) =T, + 0,(1).

For Ls;, under the assumption that \/EAJ- (n/k) — 0, and applying

Uy 4 (1/p)

RNCY Y 1= O(A;(n/k))

by Assumption (), we obtain that

Uy»(1/p)

U 1 = o(1/VE).
Uy (n/k)d A
Also, similar to the previous analysis in () in Proposition @ for

p < k/n, we have that

—_— — RU(1,s7ViYds = 0(1/\/%).
UY(j)<1/p) 0
Then we obtain that

00Uy (0/R) Uy (n/R)d
09 Uy (1fp) Uvi(1/p) 4o/ VR,

37
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Finally, we obtain that
g}(gj)
1 - Llegngj - 1

log(dn) ( 1 ) (log(dn)) ( 1 >
= F’n + O — | +o0 ——= | 4o _
NG j P 2 P NG » -
log(d,) (log(dn)
\/E J p \/E
Then
N é;(jj)
log(dy,) \ oY i T op(1)
and
VE (5 NN .
(1) 79(1) _ (0) /9(0) _
<1og<dn> (3700 = 1) fogray (01687 =1) | = (0. To).
The proof of Theorem E is complete. O

Proof of Theorem E Note that under Assumption (H)7

B, (CTE,(p) — CTE,(p))

R o e VR o0 5O _ g
log(dy,) max{@},l), 07(,0)} 0%1) log(dy,) max{@él), 9(0)} o\

p

N min{1l, k}I"; — min{1,1/k}.

Also, for k # 1, we have that

o (et

log<dn) CTE2<p)

VR e VR o

log(d,) o gV — o log(dn) 9P g — o
1

A, To.
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Thus, Theorem E holds. [

Proof of Theorem @ For p < k/n and j = 0,1, by the proof of Theorem
2 in Cai et al] (2015), we can conclude that Assumptions (H)—(@) still hold for
(X,Y(1)*) and (X,Y(0)"). Furthermore, for any sufficiently small € > 0,

we have

o5 _ . EYO)IX > Ux(1/p)}

01()j+) 0}()]*)
—1+(1-7)(1=v5)
b
:1+O{ }
Uy;)(1/p)

=1+ O(p—Tj(l—’Yj))‘

Then we obtain that
0" " ) 1gY) ) =1+0(1/Vk), 699/69) =1+ 0(1/Vk)

by Assumption (H) Therefore, Theorems |ﬂ~a still hold for /G\Q ) and 5,(? +),
combined with the fact that the extreme value indices for Y'(1)* and Y (0)*
are the same as those for Y (1) and Y'(0), respectively.

Thus, Theorem @ holds. [

The proof of Theorem H is similar to Theorem 4 in Deuber et al, (2024)

and thus omitted.



S7. ADDITIONAL SIMULATIONS AND FIGURES

S7 Additional simulations and figures

We extend our framework to accommodate 2-dimensional covariates by
defining the covariate vector as Z = (X,V) € R2. Set propensity score
function as I(z) = Pr{D = 1|Z = z}.

Similar to Section B of the main paper, we first generate the three-
dimensional random vector (X, Wy, Wy) from either a t-copula or Gumbel
copula distribution. Let V' ~ Unif[2, 5] be independent of (X, Y (1),Y(0)),
and let U ~ Unif[0, 1] be a uniform random variable independent of (X, W7, Wy, V).

We set treatment assignment as D = I{U < II(Z)}, where the propen-

sity score function is given by

670. 1z+0.2v

(z) = 1+ ¢ 01zt020 0.1.

For Y (1) and Y (0), we set them as the same as in Models (1) and (2),
(1-m) V(1) = 6F, (1 + W1)/2), Y(0) = 25, (1 + Wp)/2).
(2-m) Y'(1) = 8/(—log(W1))"/°, Y(0) = 4/(— log(Wy))"/°.

For i = 1,2, denote Model (i-t-m) and Model (i-g-m) as Model (i-m)
in which (X, Wj, W) generated from ¢-copula and Gumbel copula, respec-
tively. In Model (1-m), Y (1)/6,Y(0)/2 follow the absolute t5-distribution,

and x = 3. In Model (2-m), Y(1)/8,Y(0)/4 follow the Fréchet(6) distri-
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bution, and k£ = 2. Our target is to estimate CTEy(p) at extreme levels
p = 0.005,0.001, 0.0005.

Figures @—@ show the simulation results in terms of boxplots and
rMSEs in Section El! for Models (1-g) and (2-g). The simulation results in
terms of boxplots and rMSEs in Section @ and Section @ are shown in Fig-
ure @—@ and —7 respectively. The additional results show patterns
consistent with those in Figures E—E of the main paper and demonstrate the
performance of our estimator under varying tail dependence structures.

Figures and m show the empirical coverage probabilities of Cls for
CTE, (p) across different values of k in Models (1-m) and (2-m). In general,
the empirical coverage probabilities of Cls for (ﬁ\Eg(p) in Models (1-m)
and (2-m) are lower than those in Models (1)-(2), with the performance
in Models (1-t-m) and (2-t-m) being particularly inferior to that of Model
(2-t). Besides the differences between the t-copula and the Gumbel copula,
and those between the absulute ¢-distribution and the Fréchet distribution,
one additional factor contributing to this phenomenon is the increased es-
timation error of the propensity score function II(z) in the multicovariate
setting. Specifically, the two-dimensional Z can increase the complexity
and difficulty of accurately estimating II(z) via sieve method. This may

adversely affect the performance of our proposed C/\TEQ (p), thus leading to
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the lower empirical coverage probabilities of the corresponding Cls.
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Figure S1: Boxplots for simulations under Models (1-g) and (2-g). Here, 6, gp and
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Figure S2: rMSE curves from simulation results of Models (1-g) and (2-g).
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Figure S3: Plots of empirical coverage of CIs under Models (1-t) and (2-t). The vertical

dashed line indicates k = 0.05n.
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Figure S4: Plots of empirical coverage of CIs under Models (1-g) and (2-g). The vertical

dashed line indicates k = 0.05n.
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Figure S5: Boxplots for simulations under Models (3-t) and (4-t). Here, d,, gp and gp,naive
denote CTEz(p), @2 (p) and @27naive(p), respectively. The values of p considered

are (pl,p2,p3) = (0.005,0.001,0.0005).
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Figure S6: Boxplots for simulations under Models (3-g) and (4-g). Here, 6, gp and
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Figure S7: rTMSE curves from simulation results of Models (3-t) and (4-t).
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Figure S8: rMSE curves from simulation results of Models (3-g) and (4-g).
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Figure S9: Plots of empirical coverage of CIs under Models (3-t) and (4-t). The vertical

dashed line indicates k = 0.05n.
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Figure S10: Plots of empirical coverage of CIs under Models (3-g) and (4-g). The vertical

dashed line indicates k = 0.05n.
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Figure S11: Boxplots for simulations under Models (1-t-m) and (2-t-m). Here, 6, gp

and §p7naive denote CTEx(p), @2 (p) and (ﬁgmaive(p), respectively. The values of p

considered are (pl,p2, p3) = (0.005,0.001,0.0005).
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Figure S12: Boxplots for simulations under Models (1-g-m) and (2-g-m). Here, 6, gp
and §p7naive denote CTEx(p), @2 (p) and (ﬁgmaive(p), respectively. The values of p

considered are (pl,p2, p3) = (0.005,0.001,0.0005).
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Figure S13: rMSE curves from simulation results of Models (1-t-m) and (2-t-m).
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Figure S15: Plots of empirical coverage of CIs under Models (1-t-m) and (2-t-m). The

vertical dashed line indicates k = 0.05n.
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Figure S16: Plots of empirical coverage of Cls under Models (1-g-m) and (2-g-m). The

vertical dashed line indicates k = 0.05n.
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