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This document succinctly compiles the supplementary materials accompanying the main text,
including the complete proofs of all theorems and corollaries, the solving algorithm presented
in Section [S1} the differential privacy lemmas and guarantees in Section and the full exper-
imental results in Section along with additional supplementary experiments.

Section provides the detailed proofs for Section 2, where we derive convergence rates
and estimation error bounds for the nonparametric components, establish asymptotic normal-
ity for the parametric component, and present the corresponding solving algorithm. Section [S2]
contains the proofs for Section 3, establishing convergence rates and error bounds for the dif-
ferentially private procedures, together with the supporting lemmas required for the analysis
of the DP algorithms. Finally, Section presents additional experiments that further support

the proposed methods
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S1 Proof of Section 2

S1.1 Solving Algorithm for the Spline-Based Estimator

Algorithm 1 Alternating Optimization for SIM

Input: Data {(Y;, X;)}icq,, initial values (7(9, 4(D) with ||7(9| < 1, tolerance € > 0

Output: (7,79)

1: Sett =0

2: repeat

3:  Compute ugt) = a(tM)TX;, where a(T) = (/1 — |||, T

4. Update y*+1 = [% Yica, BB (u!") } o { icc, YiB /Lg ))}

5: Compute Vi, = %ZiGGJ (Y ,-},(t—l-l)TB ) (ﬁy(t"_l)TB/ (t))) J7 (T(t))X
(n

6:  Compute V21, = JT (7)) {1 Ziecj ( 1T B’ (t))) X. XT} J(r®)

7. Update () = 7() — (v21,)7' V1,
g If |7 > 1, set 7D = (1 — )7 /||7EHD | for a small > 0
9: Sett=t+1

10: until |7 — 7D < e and |[y® — D] <€

11: Return # = 7® and 4 = ~®

Building on the algorithmic paradigms proposed by Zhang and Lian
(2018)); Wang and Caol| (2018)), we use an alternating optimization strategy
to estimate the nonparametric and parametric components of the single-
index model.

At iteration ¢, we first fix the current index parameter 7 and compute



S1. PROOF OF SECTION 2

the projected covariates
Mz(t) _ a(T(t))TXi'

Given 7@, the spline coefficients 4 are then updated by ordinary least
squares. Since the loss is quadratic in v when 7 is fixed, this step admits
a closed-form solution.

Next, with v+ fixed, we update the index parameter T using a quasi-
Newton-type step based on the gradient and an approximate Hessian of
l.(T,7). After each update, we apply a step to ensure that the constraint
IIT|| < 1is satisfied.

The algorithm iterates between these two steps until the successive
changes in both 7 and -« are below a prescribed tolerance. This alternating
scheme combines the closed-form update for the spline coefficients with
an efficient low-dimensional update for the index parameter, leading to a

practical estimation procedure for the SIM.

S1.2 Technical lemmas for Section 2

We present several technical lemmas that will be employed to establish the
principal results discussed in Section 2. Based on the result of (De Boor)
1978), for any function g € H,n > 1, there exists a function § € S,,, such

that [|g — ¢]|,, < ChP?, where C' is some fixed positive constant. Thus, we
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< Ch?, and fU)(u) is the

have fU) = 9T B(u), such that Hf(j) — fo

best least-squares projection of fy(u) in the space S,. This leads to

(f9u) = folu), Bu)) =0,7=1,2,..,s. (S1.1)
For convenience, we define
4 1 .
=) — N —— - T )2
TV = arg:nm o Z(Y; fla' (7)X)))7,
ZEG]'
o [TV a0 [TV T
and let 8 = L0 = , 07 = et Urgi = ' (10) X5

~ '7(]) ,3,(])

Lemma 1. Under assumption (A1)-(A5), we have
V(9 — 1) = N(0,A7'Z A7),

and
Vi(@? — ag) = N(0, (1) A=A T (19)),

where
2 =E[f (Uro) I (10) X X " I(70) f'(Uroi)]
A=E [{fé(UT,Oi)}2 JT(TO)XXTJ(TO)’]

Proof. Let @ = v/n(¥Y% — 7y), note that @ minimizes the function

iaTJTﬁ)XZ-))Z =3 (Vi U

[(a) = % > (3@ — f(Urpi + NG ’
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Then we have

(@) = =Y (Yi— f(Uro))(f(Urgi + %JJ%“))X» — f(Urai))
i€G,
+% (f(UT 0i _G’TJT(‘F(]))X1> - f(UT 01))2

Using Taylor expansion for f, we have

l(a) = - Z(Y fw >) ) T+ 5 e ST FO)X XTI )al

i€qGj \/ﬁ
. 1 - . . 2
-Z[ Us0i) TJT(%(J))XHL%]“”( T,Oi)aTJT(‘T-(J))XiXIJ(‘T-(j))a} :
1€Gy

where U, o; lies between U, o; and U, g; + \/iﬁaTJT(f'(j))Xi, which is inde-

pendent of Y;. Thus, we get

(@) = = 32 (¥: = F(U0)) = (U)a 37 (F9) X, + 3T A1 + on(1)
i€G;
where
_1 2 21 ; P = () Ty(70)
A= 5 {0} 4 500 = FUa) )| T X XTI
i€G;

From the structure of A, and (Carroll et al.| (1997)), there exist large con-

stants ¢; and ¢y such that

A _lz {{fo( TO’L)} + 1(Y folUroi) /(U Toz))] I (1o)X X[ J(70)

1€Gj

= Op % Z(Cl |}/z| + CQ) = 0]p>(1).

iGGj
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The law of large numbers implies that

%Z [{fo'(UT,oi)}2 + %(Yi — folUro)) f (U Tm)} T(10) X X, J(10)

-y [{ Fo(Uron) ¥ JT(TO)XxTJ(TO)} + op(1).

Thus, we have

— B [{f3{Uro) " I (o) XX T3(70)| +06(1) = A+ 02(1).

Note that
Z= (V= FU-00)F (W)
1 PO ) 4 N U N (U
= %(K - f(UT,Oz))f (UT,OZ> + \/ﬁ(f(UT,OZ) f(UT,Oz)) (UT,Oz)
1 ’ ) L - ) g N )
- %(Y; - f(UT,Oz))f (UT,O’L> + \/ﬁ(Y; f(U‘r,Ol))< (U‘r,Oz) f (Ur,Oz))

+

(f( TOz) f( TOz))(f (UT,Oi) - f/(UT,Oi))

+

-5l

(f( 7'01) f( TOZ))f (UT,0i>'

Based on |De Boor| (1978), = O(h?~!), we have

XG: \/_ f TOZ))];( 7'01) (TO)Xi
= \/—Zgz -rOz TO)X +OIF>< )
1€Gj

By the convexity lemma of Pollard| (1991)), we get

= \/_ 281 TO’L T())X +OP(1)

1€Gj
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Let
Var {Z‘ff/(U7—70i)JT(T0)X}
= E[Ef(Uo) (1) XX T I(m0) f'(Uroi)] = =.

We get that

V(FY —75) = N(0, A7’ A7),

Applying the delta method, we can obtain the distribution of v/n(&Y) —ay),

that is
V(@Y — ag) = N(0,1(19) A'Z AT (7).
O
Let
v 'B'(a' (1) X;)J " (T) 0
De,i = 5
0 B(a'(7)X))
and
T T
Wae=—> Do, Dy, Wo=FE | Dy, Dy,
n , 7
i 1 1 1 1

We have the following lemma.

Lemma 2 (Lemma S.4 in the supplement of (Wang and Cao, [2018))). There

exists a positive constant C such that

sup HW;1H2 <C, and sup ||W;},H2 < C,a.s...
0 0
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Lemma 3. Under assumptions (A1)-(A5), we have

470)  50)

07 —0"|| = 0p(J?n Y2 4 hP).
Proof. Note that
a1 (9) a1 () 0°17 () A0 20)
- = T (0 -0 )a
00 |o_ 00 |g_ 0000 |o_g

where 0 lies between é(j) and é(j). Since é(j) minimizes the function 1%/’ (9),

we have
. —1 .
A0 A) 0’13 (8) o1 (8)
0" -0 =—| ——= .
0000 |4_5 90 | ,_gt)
We have
() B FO (T (79 X )T (79 X,
al"aée) = (- [T (R X))
0=6"" e B(aT(#9X)
(S1.2)
Thus, the first term in (S1.2)) can be expressed as follows
- Z ( — f9(a’ (ro)X Z)) fY (T (FIX)IT(FU) X,
zGG
= LS e ) X0) (@R X)) X,
n i€Gj
1 ~ S 4 4
+ > (fo(aT(To)Xz‘) - f(j)(aT(To)Xi)> fP " (FIX3)IT(F) X,
i€G;
LY (@ () X (@ (79 X0) T (o) X X 3(r) (o — 79) + Ol 2)
ZEG

(S1.3)
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The first term in (S1.3]) can be expressed

1 . ) ‘
= Z e f (T (FVX)IT(FV) X,

= _Z€’f0 (o X)) (10) X
+2 Z (9 @TENX)ITED) - filaT (1) X )T (10)) X

- % Z eifo (e (10) X3) " (10) X p (1+ Og(1)).

i€G;
The Bersten’s inequity leads to
1
Fll— Z €if0/(aT(T0)XZ’)JT(TQ)XZ' S C’n_l.
n:
ZEGj
Thus
1 <o : .
= (Vi = fola" (1) X3)) O (@ (FOX)IT(F) X4|| = Op(n~'/?).
n iEGj
Note that Hf(j) — fOH < Ch?, we have
1 0 . i L
=3 (ol (o) X)) = FO (T () X0)) FO' (@ (FUX)IT(E) X | = Op(h?),
iEGj
and by using Lemma [I] we get

3 PO @T () X7 (@ (RO X (70) XX I (o) (70 = 79) | = s,

ZEG
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The second term in Eq. (S1.2) can be formulated as follows

ieGy
+%Z€ZG (fo(aT( (3))X2) — f(j)(aT(T(j))Xi)> B(OCT(?(]))XZ)
i€G;
Note that
2
FE %ieZGjEiBa ) <0Jn/n
Thus we have
- Z e, B (j X )
zeG
— —ZEZG ;B X[ + %ZEZG € (B(aT(f(j))Xl) — B(a (TO)X1)>
) %zeZG 8iB(aT(TO)Xi) ' lz‘eG.ng (aT( )X )X J(To)( @ — TO) =+ 0(

Op(J3/*n~'/?).

Since Hf(j) — fOH < ChP, Lemmaand Eq. [S1.1{lead to

S (e GD)X) — [ @l (7)X0) BlaT (7)) X,)

iEGj

LY e () X)B

’iEG]'

(@' (F) X)X I(ro) (9 — 70)
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Thus, we have

GIC))
00

= Op(J?n =12 4 pp).

9:5(1)
For the second order derivative, we have

219 9)  0%19)(6)
oroT " oTovy T

g _
vn70 - . .
821 (9) 210D ()

oyoT " oyovy T

.
1 X; X
= — > Dy, Dy,
n iEGj 1 1
1
—= 3" (- flaT (X))
iGGj

y (e (1) X)IT(1) X, X[ I(r) Blla’(1)X)I(1)X,

B'(a"(1)X )" (1) X, 0
B(a"(1)X){ZJ} X, 0

—%Z (Yi - fla' (1) X3)) tor )
i€G; 0 0

From Lemma , we have supg H(Viﬁfg)’l = O(1). This leads to

‘ 2

R | UG
HO(J) B 0(]) < sup H(V£L3)9>—1H A — OP(J;/zn—l/Q + hP).
0 ’ 2 00 |o_

[
Lemma 4. Under assumptions (A1)-(A5), we have

%XS: Z <Yz - f(j)(aT(‘F(j))Xij)) f(j),(aT(?(j))Xij)JT(%(j))Xij — OP(N_1/2+hp>.

j=11ieG;
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Proof. Tt follows that

—l—% Z Z (fO(aT(TO)Xij) _ f(j)(aT(To)Xij)) F9' (a7 (N X )T (F9) X,

j=11ieGj;

S 0T () X)L I X X JIEE 7o),

Jj=11ieG;
Utilizing an analogous procedure as outlined in Lemma [3, we have
1< o y p
T2 el (@ (FX )T (F) X
j=1 i€G;
1 @ o < o »
N > (fo(aT(To)Xz’j) - f(])(aT(To)Xz’j)> F (@ (FD) X)) T (F) X
j=1ieG;
Subsequently, we shall establish the bound for the third term in [SI.4 By
Lemma [} we have
~ (i 41
T(J) — Ty = A 15 Z 81f6(a(—|)—XZ])JT(’T0)X” + O]}D(l),
i€Gj

where A = E [{f})(Uyr0)}? I (1o)X X TJ(70)]. Then, we get

Z{f(j)’(aT(;(j))Xij)} J(F UNT X, XTJ( (J))( ()—To)

_ Zgi{ﬁj)'(aqgﬁ)xw)} JENTX o),

iEG]'

= Op(N7'?),

— Op(h?).
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where v = >ica, f[’)(agXij)X;J(f-(j))A_lJT(TO)XU. Thus, we have

2
1 ° o » 2 o
FEI S I @ ED) Xy | IED) XX [IED)(FD — 7o)
j=11ieG;
2
1 5 o . 2 . .
- mE Z Z & {f(]) (aT(%(]))XZ-j)} J(FNT X o0
j=11ieG;
02 < ST 2 T 2
< mEZZ{{f”) (a (Tu))XU)} J(F9) Xijvm} .
j=1ieG;
By Lemma [I], we know that
1 VR 2 »
=S AT @TEN X | IED)TXGXJIED) = A+ ox(1).
iEGj
Observing that
., . 2 . R
3 {{fm (aT(;(J)>XZ,j)} J(;m)TXijU(y)}
iEGj
= S {M@TENX)} @) IE) XX IE) )
iEGj
-
L e 1 . e 2 i
= n(v(J)f(]) (aT(T(]))Xij)> (E Z {f(J) (aT(T(J))Xij>} J(T(J))TX”X;;J(TU))>
i€G

" (vm 7O (o (79)) XU))
- (X nx <ro>XU)T (7 S AXIEIT X, ),

zGG zeG
where fi; = filad Xi;)f9 (aT(#9)X,;). The central limit theorem and

Slutsky’s theorem give that

EY {{ <9))X,])}2 J(%@’))T)(ijv(j)}2 — 0p(1).

i€Gj
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Therefore we have

! 2 . . .
S S {39 X)) IE) X XGIED)ED )| = 0N
j 14ieGy
This leads to

%Z > (Y- FQTFN X)) F (@ (RO X )ITFD) X || = O (N 2407),

j=1icq,

Lemma 5. Baseed on the assumptions (A1)-(A5), we have

lec( — [T (F)) X)) BlaT (F9)X ) | = O:(1PNTP).

Proof. Tt follows that

s

LYY (- 97 (39)x,) BT (79)x,)
7j=1 iEGj
- Y Y BT EIX,)
Jj=1ieG;

(S1.4)

Employing analogous procedure as applied in Lemma [3] and Lemma [4] we
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have

1O .
v 2. 2 =Bl (FI)Xy)| = 0p( 1PN,

j=1 iGG]'

%Z > <f(j)(aT(7:(j))Xij) - fO(aT(%(j)>Xz’j)> B(a" (X ;)| =0,

j:1 iGGj

%Z Z <f0(aT(7-0)Xij) — fo(aT(q"-(j))Xij)) B(aT(f'(j))Xij) _ OIP’(J711/2N71/2).

Jj=1 iEGj

Thus, we have

%XS: Z (Y; _ f(j)(aT(i;(j))Xij)) B(aT(;(j))Xij) _ OP(JSL/QN_UQ).

Jj=1 iEGj

S1.3 Proof of Theorem 1

Proof. Tt follows that

f9 — fo

2
— ||f9 — f9 4 fo) — f0H2

~

f(j) _ J?(j)

IN

2 + Hf(j) B fng’

(SL.5)
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The first term in Eq. can be expressed as
. . 2
Hf(])(u) _ f(J)(u)H
2
(u) =57 B(u)
2

= (Y =34 E[BwB' (w)] 3V =5

&

2

A('

N7 T
7])_;)./ SC,HH(J)_B(J)H ‘

< C

By Lemma [2, we have

H 7O _ f0) Op(J1/2n =112 4 o).

Note that Hf(j) - fOH < Ch?, we have
2

93, =oas
[

S1.4 Proof of Theorem 2

Proof. We use the notation U,; = o (#9) X, and U, = ' (#+¥)X. For

any v € Rt we define

and
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Note that 7 minimizes the function I() = 35 >, (Vi — m(X,))” for all

m € M,, when v = 0, thus we have

Denote ) = fOU,;: a7 (#9) = 49T B(U,,), thus get

i

ol (1)
0 =
ov |,
1 N
= (y;_mz(ﬁ) FO0.)IT(FN X,
ZGGJ'
1 .
= =3 (¥—n?) fi(Un)I T (1) X,
’LEG]'
1 ; ~
LS () A (07 (o) TR,
lGGj
1 N [ -
=7 (v ) (£ (0n) - £3(Un0) ) IT (D)X,
n
ZGG]'
(S1.6)
Note that

A Y

f(j)’((jm.) — i (Ures) = f(j)/(Um) — fOU,00) + f(j)/(UT,m‘) — fo(Ur0:)

~

=[O0 (1o)X (Y = 70) + [ (Urgi) = f5(Uroi) + 0p(n?).
According to Lemma 7 of (Stone, |1986) and Theorem 2.1, we have

()

i

-t

< CJV?

o0

= Op(J,n~ Y2 4+ JY21P).
2
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and by Lemma [3, we have

- < [ -l -

= Op(JY?n7 V2 4 hp).

The definition of X; gives that

U (Vi) (FO ()~ Fy(Un00)) TTEO) X,

’iEG]'
1 ; Al N~
= > (=) (J9 Ur) = iUz00)) TTEO) X,
n’iEGj
1 . _ ~ .
=3 (mi— ) fO (0T GO X XTI (o) (7Y = 70)
niEGj
1 . e =
> (9 Unoi) = fi{Unoi) ) T X,
nz’EG]
+= Y e fON (U )IT ()X X ] I (1) (F9 — 7o) + 0p(n71/?)
i€G;
= 0 (n_l/Q)

We note that
1 (i (DN S _
LS (V) (U0 (0T (r0) — ITED) X, = 0p(n™2).
iEGj
This gives to

S () O (0,00 (o) X,

1€Gj

= % Z 5if6(UT,Oi)JT(TO)Xi + % Z (mz — mE])> f(l)(UTVOi)JT(To)XZ‘.

iGGj iEGj
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Note that

~

mi— i = foUrot) — J9(Ur)
= —fo(Uroi) — fo(UT,i)+f0(Ur,i) —f(j)(Uf,i)

= U)X, I(T0)FD = 1) + f5(Ur00)®(X,) I (70) (79 = 70)

~

+fo(Ura) — fOU,) + op(n~V?).

Thus, the second term in Eq. can be expressed

% Z (mz - mg;‘)) U0 (10) X

1€Gj

= ——Z{fo o) (o) XX I(F9 — 7y)

1€Gj

+= Z{fo Uy 00) 7 (10) X:®(X,) T I (7o) (79 — 7)
zEG

+% Z (fo(Um‘) — fONU, )) P (U037 (10) X .

iEGj

The Lemma [l and Theorem 2.1 leads to

% Z (fO(UT’i) - f ( )> fO( 7'01) (TO)XZ‘ = 0]1»(77,_1/2)’
iEGj
% Z {2 (Uro) T (10) X @ (X ) T I (10) (D — 7¢) = op(nY/?2).
i€G;

Then we have

— % Z eifo(Uroi)I " (T0) X

i€Gj

S R U T () KR 3r0) (79 7o) + on(n ™),

1€Gj
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The central limit theorem gives that
V(#Y —1g) = N(0,A7'S AT,
where

A = B[{f)Y (U (r) XX J(ro)] .

> = E[{gfg(UT,())JT(TO)X}@?]

By using the delta method, we have the distribution of v/n(&Y) — ay) as

follows

V(@Y — ap) = N(0,J(10) ATTZ AT (10)).

O
S1.5 Proof of Theorem 3
Proof. The triangle inequality shows that
1F-rnl, < [t y ) — lif(j) ~ ) _ ol s1.7)
2= 5 4 :
Jj=1 j=1 j=1 9

The first term in Eq. can be bounded as follows

S S 2
1 f(j) _ lz )
5

2

S

- 522&‘ 39)TE [B(u)BT ()] (34 ~4Y)

=1

%Z(é(j) B 0~)

j=1

2 2

IN
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In the following we focus on the term

%ijl(é(j) — é(j))H. The Lemma

gives that

69 _g» _ _ (82l(j)(0)

I EI)
90007 |,_j 6

0:§(j>

Note that H(fo;)e)_l , = O(1), a.s., then the term %ijl(ém - é(j)) is
equivalent to
f(j)’(aT(;.(j))Xij)JT(;.(j))Xij
—Zz(y fO e (79) X)) |
J=1 €6, B(a(79)X ;)

The Lemma M and [l leads to

1 < o , ,

T (= FOENX )T ENX,) TEDX | = Os(N )

7j=1 ieGj

I (Vi T F)X,) BlaT (R9)X)| = OuEN ),

j=1i€eG;

Thus, we have

= Op(JY2N~Y2 4 hP),

which implies that

DI WE

Now we give the bound of the second term in Eq. [SI.7] Note that

Z o) — fo (f(]) fo>

1/2N 1/2+hp)

] 1 2
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From Hf(j) — fo

< C'hP, we have
o0

s

15 jo

=1

= Op(R?).

2

Thus, we have

1f = foll, = Os(J2PN~V2 + hP).

S1.6 Proof of Theorem 4

Proof. We first prove that E(#9) — 7¢) = op(N~'/2). Similar to the proof

of Theorem 2.2, we will show that

% Z (Yz — m,gj)) <f(j)/(UT,i) — fé(Uﬁoi)) JT(f-(J'))Xi _ OP(N_I/Q),

iGGj

From Theorem 2.1, we know that

H.;-(j) _ TOH — OP<J71L/2n—1/2 + hP),

= Op(Jun Y2+ J/2hP).

‘ o0
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Thus, we have

LS (V) (P9 ) = 100 37 (201K,

i€Gj
1 ; Al A . L~
= =3 (mi= ) (J9(Or) = fi(020)) TGO X,
n
lGGj
L2 Z (mz _ m(a)) F9" (U, IT (N XX I(r0) (79 = 7)
16 j
+— Z <f(j TOZ fO( TO’L)) (%(]))Xz
ZGG
e S O (0T RO KX Hro) (7 = o)+ 0p (™ + S 20
’LEG

= op(Jun Tt + TV 2T 2RP).
The assumption n > N%/® leads to
1 LN [ s = B
~> (Yi - mgj)) (f(]) (Ur01) = fol 70@)> JITFD) X, = op(N712),
i€Gj

and

LS (Ve ) U000 () = 3T () K = 0o (N 1)
ieG,

Thus, we have

0 = =3 (vi ) JO (0,01 (r) X,

ZEG]‘

- % Z “ifi(Uron) " (7o)X + % Z (m, > Fo (U0 (10) X + op(N72).

iGG]' iEGj
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where the second term can be expressed

3 (=) iU () X,

"ica,
= ISP W) () XX (o) (79 — )
i€G,
—l—% Z {f6}2 (UT,Oz‘)JT(TO)Xi(I)(Xi)TJ(TO)(f(j) ~To)
=e
—I—l Z <fO(UT,i) — fO(U, )) F5(Ur0i) 7" (10) X
ieq,

Note that

n Z {5} Ur0)T T (70) Xi®(X3) "I (1) (7Y — 7o) = 0p(JY*n ™" + 07 21P) = 0p(N7'72),
zEG

%Z(fo(ﬁm‘)—f (U2)) J3(Ur0)d" (70) X i = 02(Jum

iEGj

L JY2pT2ppY = op(N T2,

Then, we have

1 , ~
0 = EzgifD(UT,Oi)JT(TO)XZ

i€G
+- Z{fo Ur o) 3T (1o)X X, J(0) (39 — 1) + 0p(N712)
ZEG
Note that
0<C<E —Z{fo TOz) T(TO)X X;FJ(TO) <C

1€G;

This leads to
B(#9) — 14) = op(N~1/?).

Theorem 2.2 gives that

Vn(#Y —1g) = N(0,A7'=A7Y),
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where

A = B[ U ()X X J(ro)].
S = B {efiUn0)) (1o)X},
Thus, we have
VN(F —7¢) > N(0,A7'ZA™).

From the delta method, we can obtain the distribution of VN (& — ay) as

follows

VN (6 — ag) = N(0,J(10) A 'S AT (1)),

S2 Proof of Section 3

S2.1 Supplementary Differential Privacy Results

In this appendix we collect the standard results on differential privacy that

are used throughout the paper.

Lemma 6 (Composition Theorem (Dwork et al., [2006))). Let My : X" —

RY be (g, 6)-differentially private. Fori=1,....k—1, let

M; X" x RE, — RY
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be (e, 9)-differentially private conditioned on the output of M;_1. Then the

composed mechanism M = My_j0---0 My is (ke, kd)-differentially private.

Lemma 7 (Post-processing (Dwork et al|, [2006)). Let M : X* — R?
be (g,0)-differentially private. Then for any measurable g : R — R™,

g(M(Z)) is also (e, 0)-differentially private.

Lemma 8 (Moments Accountant and Rényi Divergence (Abadi et al., 2016}
Mironovl, 2017))). Let M be a randomized mechanism and Z,Z' neighboring
datasets. For any A\ > 0, define the A-th moment of the privacy loss as

Pr[M(Z)=0] \ A
am(N) = ZSUIZ), log Eoupm(2) [(Pr[[/\/t((Z’)):o}]) ]

If M(Z) ~ P and M(Z') ~ @Q admit densities, then

am(A) = A Dy (PlQ),
where Dyy1 is the Rényi divergence of order A + 1.
Lemma 9 (Parallel Composition (Dwork et al., 2006)). Let M, : X" —
RY, i=1,...,k, be (e,0)-differentially private mechanisms, where Z; €
XU are mutually disjoint datasets. Then the joint mechanism M(Zy, ..., Zy) =
(Mi(Z1), ..., My(Zy)) is also (,6)-differentially private.

Together with the Gaussian mechanism (Definition 2.2 in the main
text), these results provide the core privacy-accounting tools used in our

algorithms.
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S2.2 Proof of Lemma 4

Proof. Define the joint parameter 8 := (ZE;;) and set u; := a(T7Y)TX,.

The empirical loss is given by

The gradient with respect to 0 is
V.o LY n (Y OB(w) - Y;) B(w)
. vy 1 Y Uy 7 U
VoLV (0) = | :EZ B . o
VT(]’)L%” =1 ('7 (j)B(ui) _Y;) 70) B'(u;)J (T(j))Xz‘
Using || B(u)|| < e, | B'(u)]| < ¢, [¥V] < co, IO < G, [ X]| <
cx, and |Y;] < R, we obtain
!BT(ui)'y(j) —Y:| < oo+ R, "y(j)TB'(ui)‘ < cocy.
Then the gradient norms satisfy

||Vﬂy<j>L£zj)(9)” < (eco + R)ey, ||V LY U)o 0)| < (cheo + R)cocyChrcx.

Therefore,

HV@L H (cpco + R \/ + (coc,Crex)? =: Ly.

Hence, Lglj)(H) is Lg-Lipschitz.
The Hessian with respect to @ is block-structured:

, Hyy Hy.
VoL (6) = ,
H‘r’y HTT
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> [(OTB )T X BT () + (BT () = Y)IT (7 X B ()
> | TB ()T () X X ()

+ (BT(Ui)'Y(j) _ Y;)(’Y(j)TB"(ui))JT(T(j)) X, XiTJ(T(j))
; , 2T ()

T\~ _ v: DT !, '

(BT = ¥)(0) B () 5 T X

By assumptions, we have

"y(j)TB’(ui)‘ < ¢oc, |’y(j)TB'/(ui)| < oGy,

, , I (+) )
‘BT@M)’Y(” - YQ‘ < coep + R, HJ(T(]))HQ < Cy, Ha%])) <C

K
2

X < ex,

Thus, we can bound these three terms,

||H"/’Y|l S 012)7

| Hyr || < cocy,Crexey + (cpeo + R)Crexch,

HHTTH S (COCZ)zcEC?X + (CbCO + R)COCZCEC2X + (CbCO + R)COC;)C;C%(.
Therefore,

VL5 (0)|, < max{c}, (coc})*C2ck + (csco + R)cocy Cack + (cvco + R)cochClck

+ CoCZCHCXCb + (CbCO + R)CV,{CXC?7 = Mg.
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Hence, Lg)(e) is Lg-Lipschitz and My-smooth. This completes the

proof. n

S2.3 proof of Theorem 5

Proof. In each iteration ¢ of Algorithm 1, the update rule follows projected

noisy gradient descent:

7t+)1 = H (PYt ) |:V’YL£LJ)(T7EJ)7 775])) + sz ) w;}’ ~ N(07 U;LLH—P-H);
Tg-)l - Hc-r (T§ |:V L (Tt )>7§ )) —FQJZ]) ) th ~ N(an'gjdfl%

Define the constraint set C = ¢, x ¢; and the gradient mapping with step

size 1 as:
G,(0) := %(0 —TIc(0 — nVeLY)(8))).
Thus, the update can be compactly written as
oY), =T (9 N[VeL9(09) —l—wt]) ,

where w; = (Zg) ~ N(0,0%L,) and p = (J,, + p+ 1) + (d — 1). For clarity,
we denote it by Vg, (stacking the two blocks), rather than the gradient of
any post-processed iterate.

To ensure privacy, we apply the Gaussian mechanism to the stacked

vector:

Met = V@t+N(O 0'9 )
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where p is the dimension of 6. The released noisy statistic is then post-
processed (projection and parameter update), which preserves privacy.
Let Z and Z’ be neighboring datasets differing in one sample. Define

the output distributions:
P=N (69,t(z)7 Ug[) ) Q =N (ﬁe,t(zl% 031> :
By the moments accountant, the A-th moment of the privacy loss is

amy,(A) = A- Daa(P | @),

and by the Gaussian Rényi divergence formula (Mironov, 2017)),

A+1 2

202

Daa(P || Q) = S ||Voul2) = Vou(2)

From Lemma 4, there exists a constant Ly such that

- 2o

H%t(Z)—%,t(z') .

Substituting yields

2LAN+1) _ L3N’

n2o2 - n?o}

AMg ¢ ()‘) <

?

for some absolute constant ¢ > 0. By composition over T" rounds,

T L2
O[Me ()\) S C- 7’L20'g .

Hence, to ensure (g, §)-differential privacy for the entire procedure, it suffices

to choose
T Lilog(1/6)

2
o, = C-
0 n2e?
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for a universal constant C > 0. Then there exists A > 0 such that

which implies that the joint mechanism My is (g, 0)-DP. By post-processing,
the released iterates and each block’s update (including the 7- and ~-
components) are also (g, §)-DP.

The above analysis establishes that the local mechanism executed on
each machine satisfies (¢, §)-differential privacy. Since the local datasets are
mutually disjoint, Lemma [9] implies that the collection of all local outputs
is also (g, 6)-differentially private. Finally, the aggregated estimators are
obtained by averaging the local outputs, which is a deterministic post-
processing operation. Therefore, by Lemma [7], the aggregated estimators

also satisfy (e, d)-differential privacy. O

S2.4 Proof of Theorem 6

Proof. We analyze the convergence of the private estimator under the fol-

lowing high-probability events:

51 = {HR(Y;) = Y;,VZ S [TL]} .
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The update rule follows projected noisy gradient descent:

Vi =T, (V) =0 [VAED D 4) 4wl ]) Wl ~ N0, 0L, p10),

Tg-)l = Hc-r (Ti(f |:v L (Tt )771(5 )) + WZ]> ) w; ~ N(Oﬂjg[dfl)?

where the step size is fixed at n = 1/Mjy, and the loss is Mp-smooth in

0= (7).
Define the constraint set C = ¢, x ¢, and the gradient mapping with

step size n as:
G,(6) = ~ (6 ~TIe(6 ~ yVuLL(9))).
Thus, the update can be compactly written as
67}, =T (67 — n[VoLY (69) + wi))
where w; = (zg) Then, we have:

L0 < L90F) = 2|60 + 7 el

Now, summing over all iterations ¢ = 0 to T'— 1 and dividing by 7', we

define the average gradient norm:

-7l
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Then summing the inequality gives:

_ 2M, , , , , 2
Gr < =503 (L907) ~ LOO) + 75l
t=0 t=0
T-1
2Mo ( ()W) _ 1) (gt 2
=7 (L005) = LY0F) + 7.3l

Now we control the noise term. By standard concentration inequalities,

we have

1

T—-1
=l S o3+ T+ p),
t=0

with probability at least 1 — exp(—c;vVT(d + J, + p).

Finally, under the event &;, we have:

o< Lo/ Mylog(1/6) N Lo(d + J, + p)\/Mylog(1/0)
T ~
ne

ne

with probability at least 1 — exp(—c;vVT(d + J, + p)).
Similarly, we have & occurs with probability at least 1 — ¢y exp(—c3n).

Thus, we conclude that

Mylog(1/5) | Lo(d+ T, + p) /My log(1/)
ne

ne

with probability at least 1 — ¢y exp(—csn) — exp(—aVT(d + J, + p)). O

S3 Supplementary Simulation Results

Unless otherwise specified, all supplementary simulations use cubic splines

with degree p = 3, equally spaced knots, and spline basis dimensions J,, €
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{n'/5 n'/6 nl/7} We consider the following additional data-generating

models:

My Y =sin(ax)4e, where o = (1/4/6, 1/4/6, 1/v6, —1/v/6, 1/v/6, 1//6) T,

e ~N(0,0.2%), and  ~ U[-1,1]°.

My : Y = exp{sin(a’x)} + ¢, where a = (1/v/4, 1/v4, 1/V4, 1/V/4)7T,

e~N(0,1), and & ~ U[-1, 1]~

S3.1 Distributed estimation of SIM

This appendix presents additional DC simulation results for Models M,
and M3, complementing the representative findings reported in the main
text. The simulation setup is the same as in the main text: we consider
N e {21 212 213 211 915} " s ¢ {1,4,16,64,128}, and n = N/s, under
spline basis dimensions J,, € {n'/®,n'/6 n'/7}.

Figure [1] reports the average MSE of the aggregated nonparametric
estimator f under Models My and Ms. Tables [1| and [2| further report
the nonparametric and index-estimation results for N = 16384 and J,, =

nt/7.

The benchmark methods first estimate the index parameter using
SIR, MAVE, or IDC, respectively, and then estimate the nonparametric

component using the same B-spline procedure with the estimated index

fixed. For the index parameter, we report the mean squared error (MSE)
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D S, (45 — ;) and the absolute bias sum (ABS) D S lag — ay),
where m denotes the dimension of a and ¢ denotes the number of Monte
Carlo repetitions.

The results show that the proposed DC estimator performs compara-
bly to the benchmark methods when s is small or moderate. Table [2] also
shows that its index-estimation errors are generally comparable to those
of the benchmark methods in these settings. As s increases and the local
sample size decreases, IDC-Spline and MAVE-Spline can achieve smaller
MSE and ABS values, particularly when the local sample size is extremely
small. This improvement in index estimation is also reflected in Table [1]
where the adapted benchmark methods and the two-stage refitting strategy
generally yield smaller nonparametric MSEs, especially under Mj3. These
gains require either additional communication or separate index-estimation
steps, whereas the proposed estimator only requires one round of aggrega-
tion. Overall, the results illustrate the trade-off between statistical accuracy
and communication cost.

Figures [2| and [3| report the empirical coverage probabilities of nomi-
nal 95% confidence regions for the aggregated parametric estimator under
Models My and M3, respectively. In both figures, the top row corresponds

to marginal coverage and the bottom row to joint coverage, with columns
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Figure 1: Average MSE of the aggregated estimator f under Models My (top row) and
M3 (bottom row). Columns correspond to different spline basis dimensions J,, and

curves correspond to different numbers of machines s.

representing different spline basis dimensions. The same qualitative pattern
as in the main text is observed: when the local sample size is sufficiently
large, both marginal and joint coverages remain close to the nominal level,
whereas increasing s too aggressively leads to substantial undercoverage,
especially for the joint confidence region. These supplementary results fur-

ther support the theoretical scaling condition required for valid distributed
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Table 1: Nonparametric MSE comparison under Models My and M3 for N = 16384

and J, = nt/7.

Model s Proposed DC  SIR-Spline IDC-Spline MAVE-Spline Two-stage refit

1 0.000023 0.000019 0.000019 0.000019 0.000019
4 0.000020 0.000017 0.000017 0.000017 0.000017
Mo 16 0.000021 0.000017 0.000017 0.000017 0.000017
64 0.000022 0.000020 0.000020 0.000020 0.000020
128 0.000026 0.000021 0.000021 0.000021 0.000021
1 0.000457 0.000455 0.000456 0.000456 0.000457
4 0.000401 0.000394 0.000395 0.000394 0.000395
Ms 16 0.000503 0.000476 0.000478 0.000477 0.000478
64 0.000660 0.000477 0.000474 0.000474 0.000476
128 0.001314 0.000666 0.000572 0.000572 0.000682
inference.

Tables summarize the finite-sample performance of the aggregated
parametric estimator & under Models M;—-M3. Across all three models,
the same qualitative pattern is observed: for fixed s, both ABS and MSE
decrease as NN increases, indicating improved parametric estimation with
larger total sample size. For fixed N, the estimation error remains stable
when s is small or moderate, but increases substantially when s becomes too

large, reflecting the deterioration caused by insufficient local sample size.
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Table 2: Estimation errors of the index parameter under Models M7, My, and M3 for

N = 16384 and J,, = n'/7.

Model s Proposed DC SIR-Spline IDC-Spline MAVE-Spline
ABS 0.037806 0.044529 0.037809 0.042701
! MSE 0.000439 0.000628 0.000439 0.000582
ABS 0.038455 0.047086 0.038459 0.044493
! MSE 0.000466 0.000690 0.000466 0.000602
ABS 0.040028 0.045444 0.040059 0.044501
M 1o MSE 0.000498 0.000656 0.000499 0.000628
ABS 0.067533 0.086261 0.067692 0.076274
o4 MSE 0.001438 0.002377 0.001445 0.001825
ABS 0.169194 0.208512 0.142781 0.147175
128 MSE 0.009077 0.013378 0.006470 0.006923
ABS 0.013265 0.015083 0.013266 0.013775
! MSE 0.000047 0.000062 0.000047 0.000052
ABS 0.012173 0.014002 0.012172 0.012525
! MSE 0.000040 0.000054 0.000040 0.000042
ABS 0.012770 0.014874 0.012771 0.013000
Mz 10 MSE 0.000043 0.000058 0.000043 0.000045
ABS 0.014734 0.018389 0.014746 0.014980
o4 MSE 0.000056 0.000087 0.000057 0.000058
ABS 0.019093 0.024882 0.019197 0.019760
128 MSE 0.000098 0.000169 0.000100 0.000104
ABS 0.036590 0.041770 0.036590 0.038315
! MSE 0.000517 0.000663 0.000517 0.000562
ABS 0.036436 0.040031 0.036449 0.037141
! MSE 0.000524 0.000635 0.000524 0.000532
ABS 0.040988 0.045221 0.041014 0.042641
Ms 10 MSE 0.000637 0.000786 0.000638 0.000687
ABS 0.064765 0.076076 0.063120 0.059869
o4 MSE 0.001617 0.002185 0.001501 0.001403
195 ABS 0.240886 0.233312 0.143380 0.143462

MSE 0.019712 0.018258 0.007135 0.007343
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Figure 2: Empirical coverage probabilities of nominal 95% confidence regions for the ag-
gregated parametric estimator under Model My. The top row shows marginal coverage,
and the bottom row shows joint coverage. Columns correspond to different spline basis

dimensions .J,,, and curves correspond to different numbers of machines s.

Overall, these results are consistent with the theoretical conclusion that the
accuracy of the aggregated parametric estimator is primarily governed by

the effective local sample size n = N/s.



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Table 3: The ABS and MSE of parameter estimation for the model Mj under different

setting
N 2048 4096 8192 16384 32768
ABS 0.10765 0.07286 0.05321 0.03874  0.02755
s=1
MSE 0.00359 0.00162 0.00091 0.00046 0.00024
ABS 0.10731 0.08034 0.05734 0.03740 0.02805
s=4

MSE 0.00354 0.00198 0.00100 0.00045 0.00025
ABS 0.18868 0.09906 0.06246 0.04078 0.02886
MSE 0.01124 0.00319 0.00122 0.00052  0.00026
ABS 0.62862 0.36120 0.15824 0.06948  0.03660

s=0 MSE 0.10453 0.03827 0.00798 0.00161  0.00042
ABS 0.84472 0.63827 0.35610 0.16133 0.06737
=128 MSE 0.17547 0.10567 0.03610 0.00812  0.00147
ABS 0.10496 0.08060 0.05028 0.03914 0.02689
o= MSE 0.00355 0.00206 0.00081 0.00048  0.00022
. ABS 0.11089 0.07584 0.05559 0.03801 0.02635

s =

MSE 0.00398 0.00179 0.00098 0.00046  0.00022
ABS 0.18506 0.09946 0.05922 0.04058 0.02685
MSE 0.01081 0.00311 0.00111 0.00052 0.00023

Jn=1/6 s=16

ABS 0.63237 0.36081 0.14662 0.07016  0.03933

o= MSE 0.10577 0.03773 0.00693 0.00162  0.00048
ABS 0.84443 0.62519 0.35910 0.14420 0.06547
o= 128 MSE 0.17522 0.10173 0.03665 0.00657  0.00141
ABS 0.11333 0.07051 0.05539 0.03781 0.02717
s=1 MSE 0.00399 0.00155 0.00092 0.00044 0.00023
. ABS 0.11001 0.08151 0.05011 0.03845 0.02672

s =

MSE 0.00382 0.00208 0.00080  0.00047  0.00022
ABS 0.17943 0.09032 0.06286 0.04005 0.02662
MSE 0.00996 0.00262 0.00129  0.00050  0.00022
ABS 0.62754 0.35401 0.14959 0.06802  0.03880
MSE 0.10384 0.03672 0.00713 0.00146  0.00046
ABS 0.85428 0.62973 0.36013 0.14806 0.06148
MSE 0.17899 0.10297 0.03676  0.00692  0.00124

s =128
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Table 4: The ABS and MSE of parameter estimation for the model My under different

settings
N 2048 4096 8192 16384 32768
ABS 0.03687 0.02688 0.01882 0.01339  0.00960
s=1
MSE 0.00036 0.00019 0.00010 0.00005 0.00003
ABS 0.03771 0.02777 0.01924 0.01258 0.00937
s=4

MSE 0.00038 0.00020 0.00009 0.00004 0.00002
ABS 0.04174 0.02744 0.01876 0.01330 0.00934
MSE 0.00046 0.00020 0.00009 0.00005 0.00002
ABS 0.09535 0.04033 0.02239 0.01500 0.00963

s=0 MSE 0.00273 0.00044 0.00013 0.00006  0.00002
ABS 047472 0.08977 0.03408 0.02036 0.01241
=128 MSE 0.05736 0.00249 0.00033 0.00011  0.00004
ABS 0.03509 0.02526 0.02007 0.01285 0.01005
o=t MSE 0.00032 0.00017 0.00011 0.00004 0.00003
. ABS 0.03782 0.02719 0.01845 0.01286  0.00937

s =

MSE 0.00037 0.00020 0.00009 0.00004 0.00002
ABS 0.04222 0.02883 0.01933 0.01301 0.00937
MSE 0.00046 0.00021 0.00010 0.00005 0.00002
ABS 0.09818 0.04425 0.02299 0.01451 0.01037

Jn=1/6 s=16

o= MSE 0.00285 0.00053 0.00014 0.00006  0.00003
ABS 0.48577 0.08788 0.03323 0.01934 0.01139
o= 128 MSE 0.05980 0.00236 0.00031 0.00010 0.00003
ABS 0.03547 0.02618 0.01952 0.01327  0.00910
s=1 MSE 0.00033 0.00018 0.00010 0.00005 0.00002
. ABS 0.03645 0.02583 0.01990 0.01217  0.00955

s =

MSE 0.00035 0.00018 0.00011 0.00004 0.00002

ABS 0.04079 0.02711 0.01879 0.01277 0.00997
MSE 0.00042 0.00020 0.00009 0.00004 0.00003
ABS 0.09553 0.04082 0.02318 0.01473  0.00995
MSE 0.00269 0.00045 0.00015 0.00006 0.00003
ABS 047949 0.08947 0.03603 0.01909 0.01119
MSE 0.05829 0.00245 0.00036  0.00010  0.00003

s =128
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Table 5: The ABS and MSE of parameter estimation for the model M3 under different

settings
N 2048 4096 8192 16384 32768
ABS 0.10576 0.07778 0.05240 0.03732 0.02544
s=1
MSE 0.00442 0.00230 0.00112 0.00058 0.00024
ABS 0.10932 0.07370 0.04828 0.03488 0.02541
s=4

MSE 0.00471 0.00210 0.00094 0.00047  0.00024
ABS 0.21041 0.10372 0.05961 0.03828  0.02683
MSE 0.01680 0.00423 0.00136  0.00059  0.00029
ABS 0.62078 0.37538 0.19179 0.07311 0.03453

s=0 MSE 0.11319 0.04506 0.01286 0.00201 0.00047
ABS 0.80747 0.63012 0.37068 0.18349 0.06932
=128 MSE 0.18150 0.11447 0.04272 0.01139 0.00176
ABS 0.09242 0.07440 0.05592 0.03655 0.02305
o=t MSE 0.00352 0.00221 0.00121 0.00054  0.00021
. ABS 0.10905 0.07629 0.05220 0.03754 0.02366

s =

MSE 0.00459 0.00220 0.00105 0.00053  0.00022
ABS 0.18496 0.10219 0.05678 0.04025 0.02638
MSE 0.01320 0.00415 0.00125 0.00061 0.00027

Jn=1/6 s=16

ABS 0.61758 0.37832 0.16298 0.07252 0.03663

o= MSE 0.11211 0.04598 0.00941 0.00198 0.00051
ABS 0.81503 0.62022 0.36868 0.15432 0.06906
o= 128 MSE 0.18465 0.11116 0.04231 0.00819 0.00181
ABS 0.10644 0.07675 0.05452 0.03659 0.02679
s=1 MSE 0.00434 0.00236 0.00113 0.00052  0.00029
. ABS 0.09776 0.06732 0.05686 0.03645 0.02371

s =

MSE 0.00385 0.00180 0.00118 0.00052  0.00023
ABS 0.17330 0.09377 0.05714 0.04099 0.02486
MSE 0.01156 0.00344 0.00120 0.00064 0.00024
ABS 0.61532 0.36316 0.16221 0.06341 0.03634
MSE 0.11127 0.04264 0.00947 0.00151  0.00051
ABS 0.80955 0.63492 0.36366 0.15551 0.06090
MSE 0.18247 0.11605 0.04097 0.00832  0.00135

s =128
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Figure 3: Empirical coverage probabilities of nominal 95% confidence regions for the ag-
gregated parametric estimator under Model M3s. The top row shows marginal coverage,
and the bottom row shows joint coverage. Columns correspond to different spline basis

dimensions .J,,, and curves correspond to different numbers of machines s.

S3.2 Distributed estimation with differential privacy

In addition to the single-machine differentially private results reported in
the main text, we provide the corresponding supplementary results for Mod-
els My and Mj3. The simulation setup is the same as in the main text: we

consider n € [5000, 50000], use cubic splines with p = 3 and equally spaced
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knots, set J, = n'/7, and take (¢,6) € {(0.2,1/n),(0.5,1/n),(0.8,1/n)},
with 100 replications for each configuration. Figure {4] presents the corre-
sponding estimation error curves, and Table [6] reports the average absolute
bias (ABS) and mean squared error (MSE) of &. Across both models, the
same qualitative pattern as in the main text is observed: for fixed privacy
level, the estimation error decreases as n increases, while for fixed n, the
error decreases as € increases, reflecting the standard privacy—utility trade-
off. Compared with the non-private benchmark, differential privacy leads
to a noticeable loss in estimation accuracy, especially when n is small or
the privacy level is strong. Overall, these supplementary results confirm
that the private estimator becomes increasingly stable as the sample size
grows and that the main conclusions are robust across different regression
functions.

In addition to the private DC results reported in the main text, we
provide the corresponding supplementary results for Models My and M.
The simulation setup is the same as in the main text: we consider total
sample sizes N € [5000, 50000] and numbers of machines s € {1,5,25,50}.
Under parallel composition, each machine uses the same privacy budget
(¢,6) = (0.5,1/N), and each configuration is repeated 100 times. Figure

presents the corresponding estimation error curves, and Table 7| reports the
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Table 6: ABS and MSE of the single-machine estimator « under Models My and M3

for privacy levels (0.2,1/n), (0.5,1/n), and (0.8,1/n).

n 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000

non ABS 0.02626 0.01769 0.01416 0.01204 0.01089 0.01015 0.00925 0.00864 0.00807 0.00776

private MSE 0.00018 0.00008 0.00005 0.00004 0.00003 0.00003 0.00002 0.00002 0.00002 0.00002

ABS 0.81164 0.86970 0.85037 0.77963 0.76738 0.74238 0.67485 0.65619 0.53290 0.60224

oo MSE 0.16775 0.19437 0.19114 0.15965 0.15120 0.14865 0.12643 0.11762 0.07614 0.09997
M ABS 0.81199 0.63318 0.54048 0.52188 0.44025 0.34646 0.36930 0.34664 0.29861 0.32262
T MSE 0.16807 0.10841 0.07936 0.07751 0.05435 0.03333 0.04054 0.03581 0.02663 0.03128
ABS 0.70435 0.50018 0.41081 0.35750 0.32334 0.29783 0.28106 0.26149 0.24914 0.23582
e MSE 0.12739 0.06690 0.05111 0.03976 0.03268 0.02803 0.02553 0.02174 0.01966 0.01796
non ABS 0.06736 0.04642 0.03746 0.03161 0.02709 0.02377 0.02246 0.02138 0.02086 0.01988
private  MSE  0.00172 0.00079 0.00056 0.00039 0.00029 0.00022 0.00020 0.00018 0.00017 0.00015
ABS 0.87140 0.94878 0.85642 0.83030 0.78977 0.74331 0.72155 0.61485 0.54908 0.52664
oo MSE 0.24950 0.32727 0.26557 0.24354 0.22653 0.20153 0.19043 0.15537 0.12981 0.12327
Ms

ABS 0.82336 0.68149 0.54001 0.55564 0.46956 0.31701 0.35000 0.27132 0.27760 0.28149

MSE 0.23069 0.17285 0.11799 0.12262 0.09417 0.05012 0.05623 0.03760 0.03853 0.04112

ABS 0.79188 0.49360 0.37085 0.35294 0.31604 0.27718 0.24773 0.19056 0.19581 0.18109

MSE 0.20732 0.10123 0.06626 0.06008 0.04766 0.04003 0.03568 0.01949 0.01848 0.01802
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Figure 4: Estimation error of the single-machine differentially private estimator under

Models My and M3 for different privacy levels.

average absolute bias (ABS) and mean squared error (MSE) of the aggre-
gated estimator a. Across both models, the supplementary results exhibit
patterns consistent with those observed in the main text. For fixed s, the
estimation error decreases as N increases, while more distributed settings
generally lead to larger estimation errors. Compared with the non-private
benchmark, the private estimators exhibit larger ABS and MSE, indicating
the accuracy loss introduced by differential privacy. This degradation be-
comes more evident when the number of machines is large. Overall, these

results further confirm the impact of privacy protection on the accuracy of

distributed estimation.
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Table 7: ABS and MSE of the aggregated estimator & under Models My and M3 in

the private DC setting.

N 5000 10000 15000 20000 25000 30000 35000 40000 45000 50000

ABS 0.02626 0.01769 0.01416 0.01204 0.01089 0.01015 0.00925 0.00864 0.00807 0.00776

! MSE 0.00018 0.00008 0.00005 0.00004 0.00003 0.00003 0.00002 0.00002 0.00002 0.00002
ABS 0.02644 0.01774 0.01420 0.01205 0.01091 0.01014 0.00926 0.00867 0.00808 0.00778
=5
non T MSE 0.00018 0.00008 0.00005 0.00004 0.00003 0.00003 0.00002 0.00002 0.00002 0.00002
private ABS 0.02817 0.01834 0.01462 0.01231 0.01109 0.01029 0.00933 0.00876 0.00814 0.00781
s =25

MSE  0.00020 0.00009 0.00005 0.00004 0.00003 0.00003 0.00002 0.00002 0.00002 0.00002

ABS 0.03280 0.01985 0.01544 0.01290 0.01163 0.01060 0.00958 0.00894 0.00830 0.00796

MSE 0.00028 0.00010 0.00006 0.00004 0.00003 0.00003 0.00002 0.00002 0.00002 0.00002

e ABS 0.73465 0.64248 0.51191 0.49152 0.42635 0.42130 0.35135 0.32973 0.32350 0.32045
o MSE 0.13750 0.11062 0.07250 0.06942 0.05272 0.05115 0.03786 0.03178 0.03126 0.02946
ABS 0.80663 0.76155 0.74437 0.70995 0.68726 0.67301 0.65137 0.59876 0.56606 0.54064
_5
T MSE 0.16107 0.14624 0.13795 0.12647 0.11971 0.11594 0.10919 0.09513 0.08587 0.07857
e ABS 091892 0.83299 0.82267 0.78103 0.78450 0.78111 0.78093 0.76934 0.77023 0.75602
—_ o5

e MSE 0.19587 0.16490 0.16061 0.14666 0.14691 0.14601 0.14653 0.14197 0.14237 0.13791
ABS 1.72488 0.90942 0.86997 0.84551 0.79412 0.80188 0.79755 0.80227 0.80285 0.80111
o MSE 0.57211 0.18965 0.17436 0.16598 0.14876 0.15138 0.15020 0.15141 0.15186 0.15111
ABS 0.06736 0.04642 0.03746 0.03161 0.02709 0.02377 0.02246 0.02138 0.02086 0.01988
! MSE 0.00172 0.00079 0.00056 0.00039 0.00029 0.00022 0.00020 0.00018 0.00017 0.00015
ABS  0.06746 0.04636 0.03786 0.03162 0.02743 0.02396 0.02262 0.02150 0.02095 0.02008
non e MSE 0.00173 0.00080 0.00057 0.00039 0.00029 0.00022 0.00020 0.00018 0.00017 0.00015
private ABS 0.12996 0.06875 0.04943 0.03813 0.03200 0.02788 0.02539 0.02354 0.02259 0.02105
T MSE 0.00622 0.00175 0.00091 0.00057 0.00040 0.00029 0.00026 0.00022 0.00020 0.00017
ABS 0.23963 0.12384 0.08202 0.05912 0.04817 0.04017 0.03552 0.03125 0.02900 0.02628
e MSE 0.01943 0.00549 0.00243 0.00130 0.00087 0.00061 0.00048 0.00038 0.00033 0.00027
M ABS 0.78131 0.65242 0.58732 0.48255 0.50125 0.37858 0.37160 0.32381 0.33648 0.25685
T MSE 0.20160 0.15201 0.13051 0.09586 0.10459 0.06707 0.06494 0.05429 0.05476 0.03315
ABS 0.88394 0.82927 0.80991 0.79940 0.80119 0.79769 0.78560 0.78209 0.76756 0.68070
Y MSE 0.23708 0.20872 0.19100 0.18522 0.18663 0.18426 0.17982 0.17866 0.17138 0.14586

e=0.5

ABS 095147 0.88516 0.85413 0.89411 0.87023 0.86519 0.85335 0.85705 0.83950 0.85100

MSE 0.25334 0.21905 0.20397 0.22355 0.21280 0.20886 0.20372 0.20486 0.19697 0.20187

ABS 1.36242 097817 0.86273 0.89551 0.90935 0.86847 0.88419 0.86178 0.87887 0.85240

MSE 0.48784 0.26199 0.20651 0.22101 0.22767 0.20830 0.21571 0.20502 0.21285 0.20121
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Figure 5: Estimation error of the private aggregated estimator in the DC setting under

Models My and M3.
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