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This appendix presents the technical proofs of the theoretical results in the paper.

S1 Main Content Extensions

S1.1 Algorithm for CM-MRL

We provide pseudocode for the proposed CM-MRL in Algorithm [I}
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Algorithm 1 CM-MRL: Conformal Prediction with Multiple Robust Learning
Require: Data {(X;, R;,Y;)}" ;; nominal coverage rate 1 —« € (0,1); candidate models

M={al}/_, F= {f*}E_|; imputations 7.

Ensure: Prediction interval Cyg () with nominal coverage 1 — a.
1: Randomly split the data set into Zt,, and Z., with sizes ni, and nea.
2: On Ziya, fit {frj}j:l and {fk}ff:l, compute EL weights {; }iez,.., r,=1 that balance
the model moments, and obtain the MR predictor jimg ().
3: For each ¢ € Z., with R; = 1, compute the conformity score é;.

4: For each i € Z., with R; =0 and for each £k =1, ..., K, obtain:
1. Draw Y (b%) ~ fF(- | X;) for t =1,...,T.

i

5: For each k= 1,..., K, obtain ¢\*)_ by (2.11)

6: Compute 87 , ¥, and thus EL weights {‘ji}ielcal,Rizl by G)

T
() _ 1 Ly 4 (k)
2. Imputed score &, = T t_zl | Y (b*) — pr (X;) | and ¢,

7: Solve for gyr as the root of the weighted score equation (2.15)).

8: Output prediction interval. For any x, return

Cvr(z) = | imr(%) — Gur, finr(T) + QMR}-

S1.2 Additional experiment settings and results

Settings in Experiment I

Missingness follows the MAR propensity logit{m(X)} = 3.5 —5.0Xs,

yielding approximately 58% observed outcomes on average and about 42%
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missing. We observe R = 1{Y observed} and (X, R,Y R). We vary the

error law through three scenarios:

(A) homoskedastic Gaussian noise, ey ~ N (0,1) with o = 1;

(B) heavy tails, ey ~ t3 scaled to unit variance with o = 1;

(C) heteroskedasticity, ey ~ N(0, (0.6 + 0.2|X;])?) with ¢ = 1 (variance
rises with | X7]).

This variation of (o, ey ) by scenario is shown in Table .

To study model misspecification and robustness, we provide two candi-
date propensity models and two candidate outcome models. Both propen-
sity models are correctly specified: the first is the true logistic model, and
the second is a larger logistic model that includes the true model as a special

case.
Propensity: logit{r'(a')} = a] + a3 X, (correct),
logit{m*(a®)} = o] + a3 X1 + a3 Xy + aj X3 + a2 X, (correct, larger);
Outcome:a' (') =71 + 7 X1 + 13Xo + 7, X3 + 73Xy (correct),
‘12(72) = 7% + ’Y%X1 + 7§X2 + ’Yng (misspecified).
Thus, in Experiment I, the model misspecification considered here arises

from the candidate outcome model in some settings, not from the two can-

didate propensity score models. We examine the six settings in Table [2]
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which vary the candidates available to the learner; at least one candidate
model is correct in each setting.

We study various methods under these settings over 100 Monte Carlo
replications with simulated sample size n = 3000. For each replicate, we
split one third of the sample into the training set and one third into the cal-
ibration set, fit candidate models on the training set, and construct predic-
tion intervals on the calibration set at target marginal coverage 1 —a = 0.9.
The performance is then validated on testing data of size ns,s = 1000.
We compare our CM-MRL (double-calibrated, multiple-robust confor-

mal) against:
e Impute—SC: impute then split conformal using the available a®):
e SC: complete-case split conformal on observed pairs only;
¢ WCCQR: weighted conformalized quantile regression.

e WCCQR-CV: weighted conformalized quantile regression with cross-

validation.

Settings in Experiment II

The covariates include a mixture of continuous and binary components:

Xo, X1, X5~ N(0,1), X5~ Bernoulli(0.5), X, ~ Unif(—1,1), X5 ~ Bernoulli(0.3).
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The conditional mean is nonlinear,
f(X)=3+1.5X,+2sin(X;) + Xo + 0.8X3X, +0.51(X;5 = 1),
and the outcome is generated by
Y = f(X)+0(X)e, o(X)=0.8+0.61(Xy>0), e~ N(0,1),

so that the data generation is nonlinear and heteroskedastic.
Missingness is MAR: R = 1 indicates Y is observed and R = 0 indicates

Y is missing. We generate R ~ Bernoulli(7(X)) under three scenarios:
e Scenario A (mild MAR): logit{n(X)} = —0.3 + 0.6X, — 0.8X,.

e Scenario B (moderate MAR, nonlinear): logit{n(X)} = —0.5+0.9X,—

11X, 4+ 0.4(X2 —1).

e Scenario C (hard MAR, interactions / weaker overlap): logit{m(X)} =

—1.04 1.2X0 — 1.2X, + 0.8X3X, — 0.5 1(X5 = 1).

Scenario C induces stronger selection and weaker overlap in parts of the
covariate space, which is particularly challenging for weighting-based cali-
bration.

In each repetition, the data are split into training (50%), calibration
(30%), and testing (20%) sets. We compare CM-MRL with the follow-
ing approaches that use different strategies to quantify uncertainty under

missing outcomes:
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e Han-Bootstrap: the bootstrap predictive interval method of [Han

(2016).

e CP-Logit: weighted conformal prediction under MAR with propen-

sity estimated by logistic regression.

e CP-NN: weighted conformal prediction with propensity estimated by

a neural-network classifier.

e CP-RF: weighted conformal prediction with propensity estimated by

random forest.

S1.3 Settings in real data analysis

In the real data ACTG 175, the average age of the subjects is 35 years
with a standard deviation of 8.7 years. The cohort includes 1522 white
subjects and 617 nonwhite subjects. The subjects include 1171 males and
368 females. Among the patients, 1253 have a history of antiretroviral
treatment, and 776 are off-treatment before 96 weeks. Due to some subjects
dropping out of the study, CD4 counts at 96 4+ 5 weeks are missing for 797
subjects (missingness rate of 37%).

We compare our method with weighted conformal prediction methods

whose propensity scores are estimated using machine-learning methods via
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Table 1: Summary statistics for ACTG175 in real analysis overall and by missingness

indicator R. Continuous variables are reported as mean (SD); categorical variables as n

(%).
Variable Level Overall Observed (R =1) Missing (R=0) Type
treat 0 532 (24.9%) 321 (23.9%) 211 (26.5%) Categorical
1 1607 (75.1%) 1021 (76.1%) 586 (73.5%)  Categorical
race 0 1522 (71.2%) 991 (73.8%) 531 (66.6%) Categorical
1 617 (28.8%) 351 (26.2%) 266 (33.4%)  Categorical
age 35.25 (8.71) 35.34 (8.66) 35.09 (8.80) Continuous (mean(sd))
gender 0 368 (17.2%) 218 (16.2%) 150 (18.8%) Categorical
1 1771 (82.8%) 1124 (83.8%) 647 (81.2%) Categorical
wtkg 75.13 (13.26) 74.78 (12.57) 75.70 (14.34) Continuous (mean(sd))
offtrt 0 1363 (63.7%) 1075 (80.1%) 288 (36.1%)  Categorical
1 776 (36.3%) 267 (19.9%) 509 (63.9%)  Categorical
symptom 0 1769 (82.7%) 1106 (82.4%) 663 (83.2%) Categorical
1 370 (17.3%) 236 (17.6%) 134 (16.8%) Categorical
¢d40 350.50 (118.57)  354.99 (116.91) 342.95 (121.03)  Continuous (mean(sd))

Outcome summary
N 2139 1342 797

cd496 328.57 (174.66) 328.57 (174.66) Continuous (mean(sd))

the SuperLearner package in R]

e Split conformal: The mean regression parameters are estimated by
the multiple robust method. We then impute the missing values and
use simple split conformal prediction to construct the prediction inter-

val.

https://cran.r-project.org/web/packages/SuperLearner/index.html
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e CP-NN: The propensity 7(x) is estimated using a neural network
classifier. The resulting IPW weights are used to compute the weighted

calibration quantile.

e CP-RF: The IPW weights based on the random forest propensity
are applied to observed calibration residuals to obtain the weighted

quantile.

S1.4 Interval Length under Misspecification

Let i1 : X — R be any predictor fitted on the training split with a possibly
misspecified model. On the calibration split, define &; = |Y; — i(X;)| and
let ¢1-o(€) be the 1 — a-quantile of £. Construct the CM-MRL weight vec-
tor {dAi}iEIcaly Rri=1 by solving the empirical-likelihood program (2.14)), which
enforces f. Let gur solve the weighted score equation , and
define the CM-MRL interval length Lenygr = 2 ¢ur-

For any single-model calibration scheme S that enforces only one of
the moment blocks in —, i.e., either a single propensity constraint
for some 7, or a single 1,_,-moment constraint for some k, let s denote
the corresponding weighted quantile estimator and Leng = 2 ¢g its interval

length.

Theorem 1 (Interval-length under misspecification). Assume (C1)-(C5)
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hold. For every e > 0 and é € (0,1), there exists N such that for alln > N,
IED( Lenyr < Leng —I—e) > 1-06.

Thus, even when [i is misspecified, the CM-MRL interval is asymptotically

no longer than any single-model interval that satisfies only one of ([2.4]) -

3.

Remark 1 (Condition for strict dominance). If the extra balancing mo-
ments in f (beyond the single constraint used by .S) have nonzero
linear correlation with Z, i.e., they explain residual variation in 1{& <
¢1-a(€)}, then kyr < kg and the dominance is strict. Equality occurs only

if the added moments are L2-orthogonal to Z.

Remark 2 (From fixed center to consistent center). If i = [yr and
fmr — po in probability, then ¢_(¢) — ¢i_, and Theorem |[I| reduces
to Theorem [2| with the same variance ordering. The result thus implies
shorter or equal asymptotic lengths at the nominal coverage when the MR
center is consistent, and the no-longer-than guarantee remains valid even

under misspecification of the center.

S1.5 Extension to quantile conformity scores

On the first calibration split, for each observed response Y; (R; = 1), we



WENLU TANG, HONGNI WANG, XINGCAI ZHOU, BEI JIANG, AND LINGLONG KONG

compute the quantile conformity score,

8 = max { i = fu (X)), fu (X)) = Vi} |
where fU and fL are the lower and upper quantile estimates. Usually, fU
is the 1 — a/2 conditional quantile estimator and fr is the a /2 conditional
quantile estimator.

For the second calibration, for each missing Y; (R; = 0), we impute Y;

from each outcome model k and compute imputed scores
1
517 = 3 max VI = fo (X0, fo (X0) = YN}

VEER) ~ fi (-] Xis8)
Following the paper’s second calibration in (2.11), with € replaced by S,

for each k& we obtain a model-wise score quantile cﬁk_)a by minimizing the

1 — a-check loss over the whole calibration set,

(k) 1 { ( A (k) ) ( A (k) ) }
c Rip1_o (S™) — 1—R)pra(S® — .
G- € argmin — E p1 i —q) +( ) P1 i —q

ZeIcal

Now the EL weights {czz} on complete calibration cases can be de-
€T e ,Ri=1
rived using the same EL program (2.14), but with the moment vector built

from propensity balancing moments and score-quantile balancing moments.

Thus, we can define ¢y/r as the root of the weighted score equation

Z diahr_q <5'z — @MR) = 0.

ieanl 7Ri:]-
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Finally, we can construct the missing-data MR-CQR interval using both
quantile estimators and ¢y/g:

~

Cur(x) = | fr(z) — dur, fU(x) + @MR] :

For the above conformalized quantile-based interval, we can derive theoret-

ical results similar to those in Section 3 under the following conditions.
(C1*) (X, R;,Y;) are i.i.d., split independent, MAR R L Y | X, and overlap

0 < inf mo(x) < supmo(x) < 1.

x

(C2*) Assume the cdf Fg« is continuous in a neighborhood of ¢j_,. The

density fg- (qf_a) > 0 and fg« is continuously differentiable at qj_, .

(C3*) At least one propensity model in II is correctly specified and at least
one outcome/imputation model in F is correctly specified for Y | X.
In other words, the MR weighted quantile estimators fL, fU are con-
sistent for fo ., fo with convergence rate /n, i.e., HfL — fO’LH +

o0

‘ =0, (n‘1/2) )

|fo = fow

(C4*) Assume that {m;(-;)} and the outcome model classes are Donsker
classes. Thus, the induced class {(z,y) — ¥1_o (max{y — fu(x), fr(z) —y} —q¢)}

also comes from a Donsker class.

(C5*) Quantile check losses for v € {a/2,1 — /2} and subgradients 1., (u) =
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v — 1(u < 0) are bounded. The conditional density fy|x(- | x) exists

and is bounded and bounded away from 0.

Then, we can derive the same asymptotic results as shown in Section 3.

Theorem 2. Under (C1%*)-(C5%), the EL-calibrated estimator qypr built

from the CQR score satisfies Gur — ¢, Moreover, if fg is continuously

differentiable at qi_,, then \/Meal (Gur — ¢f_0) = N (O, ﬁ . ,{MR) '
S*\d1_q

where kyr < 1 1s the same type of EL efficiency factor as in the paper.

S1.6 Extension of Condition (C4) to DML

Let D; = (X;, Ri, R;Y;) and let ¢ = |Y — po(X)| be the oracle conformity
score with 1 — a-quantile ¢j_,. Recall ¢;_,(u) =1 —a — 1(u < 0). The

quantile ¢j_,, is equivalently characterized as the unique solution to
U(g) =E[r—ale* —q@)] =0, V(g ) =—f=(di_o) <0.  (SL1)
Under MAR, £* is observed only when R = 1. Define two nuisance objects:
mo(r) =P(R=1| X =x), mo(z,q) =E[i_a(e" —q) | X = z].
Consider the orthogonal (doubly robust) score

W) = m(X.q) + —= (e =) =m(X.g)}. = (mm)

(S1.2)
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where € = |Y — po(X)| when R = 1. Then

E[o(W;q,m)] = E[¢1_a(e” — q)] = ¥(q), (S1.3)
S0 ¢;i_, 1s also the unique root of E[p(W;q,n0)] = 0.

Lemma 1 (Neyman orthogonality). Let ¥, (q,n) = E[p(W;q,n)] with ¢

defined in (S1.2). Then the Gateauz derivative of V,(q,n) with respect to

n vanishes at (q,n) = (¢{_.,M0):

anqlw(‘ﬁ—ou 77)‘ =0

=m0

Proof. Write ¢ = t1_(e* — ¢f_,) and mo(X) = mo(X, qf_,) for brevity.

For a perturbation m; = mg + tA,,,

B[+ o - mx)} _-E a0 (1- )]
-l o]

since E[R | X] = mo(X). For a perturbation m, = m + tA,,

d R R

FE|mX) + Tt =m0} ~E| o - mo(}A )] o,

because E[t) — mo(X) | X] = 0 by definition of mo(X,¢]_,). Combining

the two derivatives yields the claim. O

Let the calibration index set be partitioned into K folds {Z,,...,Zx}

of equal size, and let k(i) denote the fold containing i. For each fold k,
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estimate nuisances 7% = (F(-*) m(=*)) using data excluding fold k with
any ML method. Define the cross-fitted sample moment

~ 1 ) R ~
qjcf(‘]) = Z @(Wu q, n/\(_k(Z))) ) et solves \chf(QCf) =0. (Sl4)

Ncal

1€ZLcal

When the main algorithm uses a single train/calibration split, it already
implements a special case of sample splitting; cross-fitting is an optional

refinement to reuse data more efficiently.

Replacement for (C4): a DML-type condition. We replace (C4) by the

following high-level requirement.

|2+6

1. mo(x) is bounded away from 0 and 1, and E|o(W;q¢i_,,m0) < o0

for some § > 0.

2. The nuisance estimators n(~* are trained excluding fold k, so that
conditional on the training sample, {@(W;; -, 77F@)) : i € T} are

independent across .

3. There exists a deterministic neighborhood N of ¢}__, such that

sup 1R, ) =mo(, @)llzary = 0p(1), 17T =m0l o) = 0p(1),
q

uniformly over folds k, and the second-order remainder condition holds:

Ve (sup [ (0) = mol ey ) 177 = molla,ir) = 0(1)
q

(S1.5)
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uniformly over k. A sufficient condition is sup, ¢ MR (-, q)—mo(-, q) oy =

—1/4
cal

71/4)

Op(m ) and H%(_k) - WOHL2(P) = Op(mcal

The next theorem shows that the DML /cross-fitted estimator g.; achieves
the same root-me, limit as the complete-case empirical quantile, without

requiring Donsker conditions.

Theorem 3. Assume (C1)-(C3) and (C5) from the main text, replace (C4)
by (C41), and keep (C2). Then G 2> ¢t_,,. If fo- is continuously differen-

tiable at qi_,,, then

{fe(ai-0)}?

Proof. We give a step-by-step derivation in the style of Chernozhukov et al.

V. VV7 *70[7
Ve (G — ¢_,) = ,/\/’<()7 ar (o(W; q; 770))>.

(2018).
Step 1 (Identification and Jacobian). By (S1.3), V,(q,m0) = ¥(¢) and
¥(gi_,) = 0. Condition (C2) ensures W, (q7 4, m0) = V'(q7 o) = —fe= (41 _0) #

0.

Step 2 (Z-estimator linearization). Since Gy solves Ut(q) = 0, a mean-value

expansion yields

0= \/I\fcf(qffa) + 0,V (q) (Ger — ¢i_,), for some q between s and ¢]_,,.

Thus,

vV mcal(/q\cf — QIfo) = - (aq\llcf(@> B V Mecal \/I\[Cf(qffa)' (Sl6>
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Under (C2) and the uniform consistency in (C4%), 8q\ffcf(® —p — [ (¢_0)-

Step 3 (Decomposition of the empirical term). Write P, for the empirical

measure on Z., and P for expectation. Decompose

Ver(gi o) =(Pn = P)o(1 610 0) + Po(5 61 0o 1) — (5 €1 T0)]
+ (Pn = P) [0 610 ) — (5 @10 0)]
where 7 stands for the fold-specific cross-fitted nuisance in (S1.4)).

Step 4 (Second-order bias via orthogonality). A functional Taylor expansion

gives

Plo(q_as ) — 03 @ —asm0)] =00 (a5 oy m0) [ — 0]

O = mollar - sup (-, 0) = mo(-. )10
q

By Lemma [ the linear term vanishes, and the remainder is controlled
by (SL.5). Hence /mea Plo(5 7 _as 1) = ¢(3 i —a:M0)] = 0p(1).

Step & (Empirical process remainder without Donsker). By cross-fitting, for
each fold k the evaluation sample is independent of 7(~*). Conditional on
the training sample,

Var (o = P) (07— ) = 901 0)] ’ )

1 . .
< E[(w(W;qLa,n) — o(W;¢i_mo))’

Meal

ik

1/2) whenever || — || z.p) = 0p(1), as imposed by

so the term is o,(m,
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(C4T). This is the standard cross-fitting argument in DML.

Step 6 (CLT and conclusion). Combining Steps 3-5 yields /Mcal ‘/I;Cf<qi<7a)

Veal (Pr = P)o(+5 q1_q,m0) + 0p(1) = N(0, Var (o(W; ¢f_o,m0))) 5

by the Lindeberg—Feller CLT under (C4)(i). Plugging this and 8qlflcf(§) —p

— fe+(gf_,,) into (S1.6) completes the proof. O

Remark 3. One convenient way to estimate mg(z,q) = E[t1_q(e* — q) |
X = z| under MAR is via conditional-imputation draws: for each x, draw
Y® ~ f(- | #) from a fitted outcome model, compute £® = [Y® — fi(x)],
and set m(z,q) = T! Zthl Y1_o(e® — q). This preserves the DML re-

quirement that m(-,q) depends only on training data for each evaluation

point.

S2 Theoretical Results Proof

Proof of Proposition 1. The weight is derived by the following steps. For

the true missing-at-random probability P(R = 1|X), which we denote by
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7(x), we obtain, for any function h(z),

0-E {]E (ﬁ (h(z) — Bh(z)] | X = :13) } _E (% h(X) — Eh(X)]>
—P(R=1)E (R [h(X)W_(gh(Xﬂ | R = 1)
+P(R=0)E (RWX) — E(X)] |R = o>

w(z)

—P(R=1)E (R [h(X)W_(Eh(X)] | R = 1) :

Let w(z) = 7~ !(z). Thus, for any function h(z) whose expectation exists,
E(w(X)[h(X)—E{h(X)}] | R =1) =0. To prove the consistency of ¢yg in
Section 2.2, we can begin by letting h(z) be n/ (x, a7) and Epy_o (€%, qo| X; bF) =
1—a—P((Y — pur(X)) — ¢ X, @*), where EF (- | X;0%) and P*(- | X;b")
are the conditional expectation and the conditional probability under the
density f*(e | X,b¥). Using these particular functions as h(X) and the

a’ IA)k, and ¢* from Section 2.1, respectively, we construct the following

constrained optimization problem:

m
max Z logw; such that
w;
i=1
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By introducing Lagrange multipliers, we obtain

m

=1 =1

i=1

By taking derivatives with respect to w;, A1, and Ay, we obtain

ol (w 1 NP .
aEUZ) :E—)\lvi(a,b,q)—)\gzO t=1,...,M (827)
Ol(w) " PP

= ’U)z”Uz‘a,b, :Olzl,,J+K S2.8
e ;1 (a,b,q) p (52.8)
ol(w) :
N ;_1 w,—1=0.i=1,....,m (52.9)

Combining (S2.7)), (S2.8)), and (S2.9)), we obtain A\ = 1 and

1
© A#ia,b,g) + 1

Combining (52.8) and (S2.10), we obtain that A; must satisfy

m N B A~
Z . z(a’a 7q) 0.
i=1 A (

(S2.10)

wy

1U5 da i)a qA) + 1
This is also equivalent to solving the optimization problem with respect to

Ali

M= argminy 1oMo.(a,5.) + 1]

This is how we obtain the multiple robust weight w;, which estimates

w(x) =P(R = 1|X) on complete cases. O

Proof of Theorem 2. Let Z., be the calibration set, S = {i € Loy : R; =

1} the complete calibration cases, and me,; = |S|. Define the observed



WENLU TANG, HONGNI WANG, XINGCAI ZHOU, BEI JIANG, AND LINGLONG KONG

conformity scores &; = |Y; — ,&MR(XZ-)| for i € S and the EL weights

R 1 1 o 1
d; = _ A€ argm}n {— Zlog (1+ )\T@i)} )

[
Meal 1 + )\TUZ' Meal icS

where 0; stacks centered propensity and centered ;_,-moments defined
in (2.14). The double-calibrated quantile gur solves the weighted score
equation

Uin(q) = Zdi¢1—a(éi_Q) = 0. (52.11)

1€S

Write the population target map

U(g) = E[ia(e"—q)] = 1-a-PE" <q), &=V~ p(X)].
By (C2), ¥(-) is continuous and strictly decreasing at ¢} _, with derivative
\Ij/(qf—o) = _fE* (qT—a) <0.

Step 1 Uniform stochastic equicontinuity. We show sup,co [V (q)—V(q)| =

0p(1) for any compact Q around ¢j_,. Decompose

Uo(q) = W(g) =D di[tn-aléi — q) — ¥1-a(e] — q)]

i€S
A\

-~

(4)

+ {Z dith1-o(e] = a) — E[¢r1-a(e” — q)] }

€S

J/

(B)
where £f = |Y;—po(X;)|. For (A), by sample splitting (C1), the training

estimate fiygr is independent of calibration data; by Theorem 2 and conti-

nuity of the absolute value, sup,.g |€; — €f| = 0,(1) in L, or in probability.
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Since ¢ — ¥1_o(u — ¢) has bounded variation and a single jump at ¢ = u,
the difference (A) is 0,(1) uniformly on compact Q via a standard argument
for indicator classes, Glivenko—Cantelli, and continuity of the cdf near ¢j_;
see [Van der Vaart, (2000)).

For (B), we use the EL weight expansion (Lemma [2 below) to write

5 1 ST - - S ~1/2
A= o {1, maxlral = o, (mgl), Al = Ofme”)
and the calibration condition }_,_q lit; = 0. Because E[i;] = o,(1) by

centering (definitions of #%) and £®) and (C3) guarantees at least one
correctly specified moment block, the weighted empirical process for the
Donsker class {1_q(c* — ¢q) : ¢ € Q} is 0,(1) uniformly; see |Qin and

Lawless| (1994). Therefore, sup,.o |(B)| = 0,(1).

Consistency. By (C2), ¥(-) has a unique zero at ¢j_, and is strictly de-
creasing there. Since ¥,, — ¥ uniformly on Q, Theorem 5.9 of [Van der

Vaart| (2000) yields Gur = ¢F_,.

Step 2 Bahadur representation. Define the weighted cdf of complete-case

conformity scores at g,

Fu(q) = ZCZZ 1{& < q}, Zi(q) :=1—a—1{e <q}.
icS

Equation (S2.11)) is equivalent to FM(QMR) =1 — a. A standard weighted-

quantile Bahadur expansion (Lemma [3| below) gives, uniformly in a neigh-
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borhood of ¢f_,

QMR_Q* _ 1_a_FA1’LU(qT—o¢)
e fE* (qi(—a)

~1/2
+ Op(mcal )
By Step 1, replacing &; with ¥ in F,(-) incurs op(mc_ai/ %). Hence,

e Y di Zi(gi ) + 0p(1). (S2.12)

fE*(QI a) icS

Ve (Gur — 4i_y) =

Step 3 CLT for the calibrated mean. Let V; := v; evaluated at the limits of
the nuisance estimates. By sample splitting and (C3), the plug-in estima-
tion error is op(m ) The EL optimality conditions imply . s d;V; =0

and the expansion

: 1
d; =

A A _ -1_
{i=Awitea(mad). A= (Bw) vz + o(mil)

Meal

where Syy = =37 o ViViT and Sy = =37, o ViZi(gi_,). Thus,

~ 1 _
Z dzZZ(qr—a) - Z{Zl(qi—o)_v;—rfyo} + OP(mca{m)’ fyo = Z‘;%/ZVZ7

i€S Meal ics
with Yyy = E[V;V."] and Sy 7 = E[V;Z;(¢_,)]. By the multivariate CLT
and Slutsky;,
vV Mcal Z dzzl((.ﬁ—a) ~ (07 Var{Zi(q)lk—a) - V;T’YO}> .
ies
Observe Var{Z;(¢;_,)} =1—a(l — 1 — «) and

y N 71 . .
var{Zi<qT7a)_‘/iT70} = 1 — Oé(l—l — Q).HMR’ KMR = 1_COV(ZI7 ‘/;,) EVV (j()V(‘/z7 Z?,) .

l—a(l-1-a)
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By the projection theorem, rkygr € [0, 1], with kyr = 1 when V; carries no
linear information for Z; and xkyr < 1 when the balancing moments are
informative.

Combining with the above CLT yields

l—a(l—1-a) . >
{flaiayr 7

V Mecal (QMR - q;,a) ~ N<O7

and consistency follows from Step 1. This proves the theorem. O

Lemma 2 (EL weight expansion). Under (C1)-(C5) and (C3), with fized

dimension of V;, the EL minimizer X satisfies | \| = Op(m;all/Q) and

7. 1 N -1 I (¥ 1 —1/2
A = —{1=Ai v omid), A= (Sw) Szt ofma),

Mcal

where Yyy and Yy, are sample analogues. Moreover, Zies CZZ»Vi =0 holds

ezxactly.

Use strict convexity and KKT conditions of the EL problem; a Taylor
expansion of the first-order conditions around A = 0, along with E[V;] =0

(centering) and E[V;V,] nonsingular, yields the stated rates.

Lemma 3 (Weighted Bahadur representation). Let F,(q) = 3., o d;1{er <

i€S
q} with d; as in Lemma @ If F.« is continuously differentiable at qi_,, with

density fer(qi_,) > 0, then the 1 — a-quantile ¢ solving Fw(é) =1— « obeys
~ * 1_a_Fw(qT—a)

-1/2
Q0= + :
e AR

cal
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Use a Taylor expansion of ¢ — Fw(q) around gj_,; the derivative con-
verges in probability to f.«(qi_,) by the weighted Glivenko—Cantelli/CLT
and the fact that the random weights are asymptotically close to constants

—~1/2

at rate m,

Proof of Theorem 3. Since (X,,11, Yn41) is sampled i.i.d. from f(Y]X), we

have

P (Yn+1 € éMR)

P

=P <|Yn+l — fvr| < QMR(Ez)>
<én+1 < ¢+ Qur(E) — q*>
>P (1 <q7) P (énJrl < |Qur(E:) — q*’)

>1—a+o0,(1)

The last inequality follows from Theorem 2. The proof of Theorem 3 is

completed. O

Proof of Theorem 4. In|Feldman et al.| (2021), various metrics of conditional
coverage are proposed. Adopting the asymptotic conditional coverage no-

tion of |Lei et al. (2018), we need to verify that the second moment of



S2. THEORETICAL RESULTS PROOF

/:LMR — Mo is 0p<1)-
MYG@M@HX:x%{Lﬁ—aW

:MYe@m@|X:@_MYem@HX:@‘

gMYew@mqmm|X:@y

where C*(z)ACyr() is the symmetric difference between the sets C* ()
and Cyg (). It contains the elements that are either in C*(z) or in Cyg (z)
but not in both. Since both sets are confidence intervals, we can bound the

difference in length for fixed z,

|C*(@)ACwR(2)] < |fvir(x) = po()] +2 | dur — ¢°]

-~

(A1) (42)

From Theorem 2 and Theorem 3, we obtain that BMR — Bo = op(1) and
(A.2) = op(1). By Condition (C2), X has a bounded subgaussian norm.
Thus |imr(z) — p*(x)] < [Bo — Pur| = 0p(1) for fixed z. We define the

subset
sz{wL¢N@Aqm@»:%u&.
Then, we obtain

sup [P(Y € Cyg(z) | X =2) — (1 —1— oz)‘ = 0,(1).

€S

Therefore, conditional coverage is proved under the consistency of the mul-

tiple robust estimates.
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When we adopt the form of asymptotic conditional coverage in |Sesia;
and Romano (2021), we need to verify the following assumption for ¢yr:
P{E(Gur —¢")* >m} <1—1n; (52.13)
Actually, we can prove the asymptotic normality of gyr by
Vn(gur — q*) ~ N(0,Var(Z)),
where Z is the random variable with the form detailed in |Han et al. (2019).

Therefore, we obtain n? = Var(Z)/n?, which satisfies (52.13)), and n, =

0p(1). Therefore, b, = O(n,) and &, = O(n,). The proof is completed. O

Proof of Theorem 5. Assume (C1)—(C5) and (C3) hold, and that the cdf of

£ is continuously differentiable with density fz(qi_a(£)) > 0. Then, with

Meal = ZiEIcal Ri7

. . l—a(l-1-a)
Mecal (MR — q1—a ~ N 07 P KMR | »
/e (o~ 61-2(8) ( FHa1a3) )

. 3 l—a(l—1-a)
Meal \gs — q1—al\E)) ~ N 07 D) ks |,
Vimea (ds = q1-a(£)) ( Ao o) )

where

Var(Z —T1,2)

B Var(Z — Iy, Z)
MR T N (2)

Var(Z) ’

and kg =
Z=1—a—1{e<q1-a(&)}.

Here I14 denotes the L2-projection onto the linear span A, V is the

span of all centered calibration moments used in (2.4)-(2.5), and Vg is the
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span of the single moment used by method S. Consequently,
0 S KRMR, S Rs S 1, (8214)

with equality on the left only if the extra moments add no predictive content
for Z.

As a corollary for interval length, we have

Var (v/Meal (Lvr — 2¢1-a(€))) < Var(y/mea (Ls — 2q1-4(€))),  (S2.15)

and, for every € > 0 and 0 € (0, 1), there exists N such that for all n > N,
IP’(LenMR < Leng —l—e) > 1-0.

Thus, even when fi (e.g. a linear BTJU ) is misspecified, the CM-MRL interval
is asymptotically no longer than any single-model interval that honors only
one of (2.4) and (2.5).

Work on the calibration split, with ji treated as fixed by sample splitting

(C1). Both ¢gur and g are solutions to weighted score equations of the form
Z di 1o (& — q) =0,
iEScal

where d; are EL-type weights that satisfy either the full set of balancing
constraints (2.4) and (2.5) in CM-MRL or just a single constraint in single-

model S. A weighted Bahadur representation yields

l-a-3, di 1{&; < q1_a(8)}

- N —1/2
q— q1-a(é) fe(qi-a(8))

+ OP (mcal ) .
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Empirical-likelihood expansions for d; imply that the influence function of

q is proportional to
7 — 1427, Z=1—a—-1{<q-a(8)},

where A is the L?-span of the centered moments used in the calibration.
Hence the asymptotic variance is Var(Z — I142)/{f:(q1_«(€))}*. Because

Vs C V, the projection property in a Hilbert space gives
12 =1y Z|ls < || Z = 1y Z][s,

which yields . Multiplying by 4 transfers the ordering to interval
lengths, giving . The probabilistic dominance follows from asymp-
totic normality and variance ordering by Slutsky’s theorem and CLT tail
bounds. The argument is unaffected by misspecification of fi, since q;_,(€)

is defined relative to the fixed and possibly incorrect center used by all

methods. O
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