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Supplementary Materials for
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in the presence of unmeasured confounding”

The Supplementary Materials contain proofs of the theoretical results

and additional simulation studies in the main paper.

A. Details on identification and estimation under Assumption 1

A.1 Proof of Proposition 1
Proof. Given the Model (2):

X = a0 + BysaY* + 2z Z + U, X =1(X° >0),
YO = g0+ Besy X+ W +V, Y =1(Y° > 0),
we can derive the reduced form:
X°=0,0+0:.7 +0.,W+0,,U+06,V, X=IX°>0),
Y =00+0,.2Z + 0,,W+0,,U+6,V, Y=IY°>0),
where 0,0 = c(fta0 + Bysattyo), Ouz = Clazs b = Bymsablyw, Opu = ¢, Oz =

Cﬁy—)x; QyO = C(ﬁx—)y”xo + ,uy())y Qyz = Cﬁx—)yﬂxzv eyw = Cliyw, Qyu = Cﬁx%ya

Oy = ¢, and ¢ = 1/(1 — Bomsy By—a)-



A.1 Proof of Proposition 1

Under Assumption 1, the unobserved confounders U and V are inde-
pendent normal random variables with zero means and variances o2, which
implies that the composite error terms in the reduced form follow normal

distributions:

00U + 05,V ~ N(0, (67, + 62,)0°),

eyUU + vav ~ N(07 (QZ’U, + QZv)O-2)'
Therefore, we can derive the Probit model specifications:

pr(X =1[ZW)=pr(X° > 0| Z,W) = (&0 + &nZ + EuW),

pr(Y =1 ZW)=pr(Y°>0|Z W) =20 + &y Z + W),

where A\ = Var(0,,U + 0,,V) = (62, + 62,)02, Ao = Var(0,,U + 6,,V) =
(qu + 051})0_27 é.at(] = 9330/\//\_17 gmz - 03:2/\//\_17 gxw = ezw/\//\_la gyO -
Oy0/V A2, &y = 042/ A2, Egw = Oyw/V/ A2, and we can identify the ratios

vz, Eawy y» and &, through the observed data. Here we focus on four key

parameters:
§ _ Cliyz § _ Cﬁy—m,uyw
leloy/T+ 8, leloy/T+ 550
CBrsyblaz Clhbyw
éuyz =Y ) gyw - Y

 leloy/T+BZ, eloy/T+ 582,

We then define the coefficient ratios: k1 = &, /&, and ky = &40 /€y These

ratios can be directly estimated from the probit regression coefficients. Sub-



A.1 Proof of Proposition 1

stituting the expressions for the standardized coefficients, we obtain:

S _ g VitB. _ S _ g VI+ 6, (S1)
fzz Ty /—1 T 6%_)117 2 = gyw y—x ,—1 T ﬁg_m

Thus, we obtain the relational equations between the causal effect param-

klE

eters and kq, ko:

kl k? = 5x—>yﬁy—>:c7

/{22* 2 1_'_65%1
1 — Mx )
\ Y1462,

Substituting the first equation into the second, we get:

(k2 =12, =k (k3 —1).

T—Y

According to Equation , we can see that (,_,, and k; should have the

same sign. Therefore, we can solve for the bidirectional causal effects as:

(
k(R — 1) o1& -
~sgn(ky) I =D g B G [ ~ b
/69&—>y Sgn( 1) (k% _ 1) 1 k’% —1 £xz w ocz7

ki k k?Z —1 Tw - fiz
By—m = k1k2/ﬁx—>y = — = k2 k‘é 1 - g \/
K3k — 1) 2= G | S

'll)

\

We can identify §,,, and f,_,, in observed data using Equation (5).



A.2 Estimation and inference

A.2 Estimation and inference

Proposition 1 establishes the identification formula (2.5), which fur-
ther allows us to estimate the bidirectional causal effects. Accordingly, we

propose a two-step estimation procedure, as described in Algorithm [ST]

Algorithm S1 Estimation procedure for bidirectional causal effects

1: Apply maximum likelihood estimation (MLE) to the binary response
models specified in Model (2.4), and obtain the estimated model pa-
rameters ém, fyz, fw, and éyw.

2: Substitute these parameter estimates into the identification formula
(2.5) in Proposition 1, and compute the estimators of the bidirectional

causal effects:

A é R B Lo Po A g Lo Lo B Sy o
ﬁ _ Syz TWSTZ YywsSTZ 6 _ Szw YzSyw TZSYw
T—Y é A2 A2 . A2 A2 P Yy—T é A2 AQ B AQ AQ .

zz yzSyw ywSTZ yw w STz TZSYw

In the following, we provide the asymptotic properties of the estimators
BgHy and Byﬁx. Let A = (&0, &ezs o 40y Eyzy Eyw) ' denote the vector of
true parameters in Model (2.4), and let A = (ézo,ém,ém,éyo,éyz,éyw)T
denote the corresponding estimators. Based on Algorithm [SI we apply
the Delta method to obtain the asymptotic distributions of Bm_w and By_m.

The main results are summarized in Proposition [S1]



A.3 Proof of Proposition |§|

Proposition S1. Under Model (2.2), suppose Assumption 1 and the regu-
larity conditions established in Theorem 5.41 of Van der Vaart (2000) hold.

Then, as n — 0o, we have:

V(A — A) 5 N(0,34),
\/E(By—):c - By—)x) i> N(O, EX)a

\/E(Bm—)y - Bm—>y) i> N(07 EY)?

where the explicit expressions of the variance terms Yz, Xx, and Xy are

provided in the Section[A.3,

Although Proposition [S1|establishes the asymptotic theory, the explicit
variance expressions may be overly complicated in practice. As an alterna-
tive, we recommend using bootstrap methods to obtain the variance esti-

mator in empirical applications.

A.3 Proof of Proposition

Proof. We assume N independent and identically distributed samples {Z;, W;, X;, Y;}Y,
drawn from an infinite population and estimate using the proposed method.

Consider Model (2) under Assumption 1 and the regularity conditions es-

tablished in Theorem 5.41 of [Van der Vaart| (2000)).

First, we define the notation R = (1, Z, W) and A = (&0, &uzs Eaws E40s Eyzr Eywo)



A.3 Proof of Proposition |§|

where Ay = &z, Ag = Epuy A5 = &y, and Ag = &yy. The corresponding es-

timator iS given by A = (éa:m éa:za éxwa éyOa gyzy éyw)T-
The conditional probabilities are given by:
py(R;A)=pr (Y =1|Z W)= ({0 + &2 + §uWV).

where ®(-) is the standard normal cumulative distribution function.

The estimator A maximize the following log-likelihood functions:

(x(X,R;A) = Z [(Xilog{px(R; A)} + (1 — X;)log{1 — px(R; A)}],

=

(V. R A) =3 [Vilog{py (B A)} + (1= Yi)log{1 — py (R; A)}].

The combined score function is:

afx(X, R; A)
OA
G(R;A) =

afy (Y, R; A)
oA

By the M-estimator theory and under the stated regularity conditions,

we have:



A.3 Proof of Proposition |§|

where the asymptotic covariance matrix is:

T

8€X(X,R,A) 8€X(X,R,A)
0N A
YA ={I(A)}'E E {I(A)" 3,
dly (Y, R; A) oty (Y, R; A)
0N 0N
and the Fisher information matrix is:
0%y
OAOAT
I(A) =E
%0y
OAOAT

Define the transformation functions that map parameters to causal ef-

fects:

~ As(As — Ay) _ As(As = Ag)
gx(A) = m7 gy(A) = m,

The causal effect estimators can be expressed as:

Byre = Byose = 8x(A) — 8x(A),  Baosy — Basy = 8y (A) — gy (A).

By the Delta method, the asymptotic distributions of the causal effect

estimators are:
3 d
\/ﬁ(ﬁy—m - By—m) — N(O, EX)7
\/E(B:rﬁy - Bzﬁy) i> N(07 EY)?

where

Sy = QL850x, Dy = QIY,0.



Here, ¥4 is the 4 x4 submatrix of 35 corresponding to parameters (Ag, Az, As, Ag):
YA@22) YA@23) BAQ25) MA((26)
YAB2) YAB3) HABS5)  MA(36)

YA(2) BAB3) BABS)  AG5E)

YAG6,2) BA(6,3) BA®65)  DA(®6,6)

where Y5 (; ;) denotes the element in the i-th row and j-th column of ¥4

and the gradient vectors are computed as:

O — 8gX(A) 8gX(A) 3gX(A) 8gX(A) !
X Ohy ' OAs ' OAs ' OAg

A3A6 AG(AQ AB) A3 AS(AB - A?) )T
(Ao — As) Ao(As — Ag)2’ Ao(As — Ag)’ As(As — Ag)2)

Eagy ) 9gy(A) Jgy(A) 8gy(A))T
(3

0Ny ' OAs ' OA; ' OAg
As(Az — Ag) As Ao(Ag — A3)  AsAs )T
Ao(As — A2)2" Ag(As — As) Ag(As — Ag)2’ AZ(As — Ag)

B. Discussion on Assumption 2 and Proposition 2

In Assumption 2, v; and 7, are introduced as sensitivity parameters
and are treated as known parameters in the identification process of causal
effects under the sensitivity analysis (as described in Proposition 2). Specif-
ically, in this paper we set v; and 7, to shift their values to examine the

robustness of the proposed method. In practice, prior information can be



used to obtain the values of v, and v, for more accurate estimation of the
bidirectional causal effects. Therefore, in the subsequent simulation exper-
iments and the analysis of the heart disease dataset, we investigate the
fluctuation of the causal effect estimates by specifying a range of values for
~v1 and 7,. In this paper, 7, and v, are treated as sensitivity parameters.
From this perspective, the fact that they are taken as known is fundamen-
tally different from the treatment of 02 as an unknown parameter.

Below we present the proof of Proposition 2.

Proof. Given Assumption 2, the unobserved confounders follow a bivariate

normal distribution:
U Mo 2 Y20
%4 ve0? 0P
where v, > 72 ensures that the covariance matrix is positive semidefinite.

The structural equations are given by:

XO:N10+By—>xYO+Nsz+U7 X:H<X0>0)7

Y° = Hyo + Bz%yXo + ,uwa + ‘/a Y = ]I<Yo > 0)7

and solving the structural system yields the reduced form:
X =0,0+0:.7 +0.,W+0,,U+06,V, X=IX°>0),

Y°=0y+6,.Z+0,,W+06,U+6,V, Y=IL[Y">0),



where 0330 = C(/'LCEO + By—)m,uy())» easz = Clgz, anw = Cﬂy—mﬂ'yun qu =G, ea:v =
Cﬁy—m: 9y0 = C(ﬁx%yﬂzo + ,uyO)a Qyz = Cﬁx—)yﬂ'a:zy Qyw = Cliyw, gyu = Cﬁx%ya
Oy = c;and ¢ = 1/(1 — BomsyBy—a)-

The error terms in the reduced form have the following variances:

A\ = Var(0,,U + 6,,V) = (Giufyl + Giv + 2729xu9m)02,

Ay = Var(6,,U + 0,,V) = (qu'yl + 9; + 2729yu9yv)02.
And the observable probabilities follow probit models:

pr(X =1 ‘ Z, W) = pI‘(XO > 0 ‘ Z, W) = ®(510 +£zzZ +’5wa)7

pr(Y =1[Z,W)=pr(Y°*>0|Z W)= &0 + & Z + {uW),

where {0 = 99@0/\//\_1> §oe = exz/\/A_la Sow = wa/\//\_l, §yo = 9y0/\/>\_27
€z = Oyz/V o, Eyw = Oy / Vo

Similarly for the Proof in Section we define the observable ratios:
k1 = &y /&szy and ky = &4y /€. Computing these ratios using the reduced

form coeflicients:

ki = fyz _y \/(egu'}/l =+ 99201] + 2729%9%)‘72 — 3 \/’71 =+ Bzam + 2/72ﬁy~>:r
1=7% — Fa—y — Mx—y 5
N T T VAT AE P
P 8 \/ (02,71 + 02, + 27200, )0 5 NPy 1+ 27280y
2= = = T - T .
Syw " \/(eagcu'Y1 + 02, + 2720540, )0 " \/'71 + Bg—m + 2728y 5z



Then squaring both ratios yields:

(

2
nyl/Bg—yy + 27253:—&/ + 1
k’% — (A2 715:%_@ + 2725x—>y +1 '
\ v Y1+ 27253/%1 + 533—>x

Thus, we have the constraint k1ky = B;-,,8y—. Using this constraint, we

can obtain a quadratic equation about 3,_,,:

kY (mBiy + 272800y + 1) = Boym + 2785, By + kik3

=kin B, + 20k Besy + ki = Bi,m + 2v2kika ey + KRS

= (kin —m) Basy, + (272kT — 2ki1kays) Bomsy + kT — kik3 = 0.

Therefore, according to the root formula, we can obtain:

—ro £ /12 —4rir3

Boc—)y =

27”1

Y

where 11 = k3y; — 1, 12 = 290k} — 2k1koyo, 73 = k? — kk3. So we finally

obtain:

. 72k1(/€2 - /ﬁ) + |k1!v Ay

T—=Yy T yl(k% . 1) ) Byﬁm -
equivalently,
_ Yok (ko — k1) + |k1|vV/ Ay
o Y1 (k7 = 1) ’
or

_ Yikika(kf — 1)
By—sz = .
Yok (ko — k1) + |k1|vV/Aq

_ kiky _ 71]?1]52(]5% —1)
Bx%y ’Yz/ﬁ(kz - /ﬁ) + |k1|\/ Al’
_ 72/€1(/<32 - kfl) - |]€1|\/ Ay
Y 71 (k= 1) ’
N 71]?17452(]{7% —1)
Byse =

72’431(]?2 - k?1) - |k1|\/ Al‘



where Ay = v k3k3 — y1k? — v1k3 + 1 + yaki — 2yakiko + Y3k3.

The two components obtained using the same sign in the paired expres-
sions above must be taken together. For each j € {1,2}, let (Bs—y.5, By—a.s)
denote the corresponding candidate solution pair. The jth pair is admis-
sible only if sgn(f,—y;) = sgn(k;) and sgn(fy—. ;) = sgn(ke). The sign
restrictions are therefore checked separately for the two candidate pairs.
If exactly one pair satisfies both restrictions, the bidirectional causal ef-
fects are uniquely identified; otherwise, all admissible pairs constitute the

identification results. O

We also provide here the identification procedure from the perspective
of By_,. Symmetrically, using the definition of k;, we obtain a quadratic

equation in By,
(k3 = 1)By 0 + (272k3 — 292k k2) By + K3 — MATHS = 0.

Using the quadratic formula, we obtain

ﬁ _ ’72]{?2(]{?1 — ]{52) + ’kz’\/ AQ _ klkg _ ]{51]{?2(1{55 — 1)

Y= ]{Z% —1 ’ e ﬁyﬁx 72k2<k1 - k2> + ’k2|\/A_2’
equivalently,

_ Yeka(kr — ko) + |ko| VA, _ Yaka(ky — ko) — ke VA
ﬁy%w - kQ . 1 ) By—>w - ]{32 . 1 )
2 2
or
5 Faka (K3 — 1) Faka (K3 — 1)
Ty —

) By = )
Yoka(ky — k) + k2| v/ Ao oY Yoka(k1 — ko) — |ka|v/Asg



where Ay = V2k? — 2k1korys + vaks — yiki + i k3k3 + 1 — yk?.
For each of the two paired expressions above, the resulting candidate

pair is admissible only if the candidate values satisfy sgn(8,_, ;) = sgn(ks)

and sgn(fy—y.;) = sgn(k).

C. Proof of theoretic results in Section 3.2

Given Assumption 2, we conduct a sensitivity analysis based on the

following model, which incorporates the sensitivity parameters n and 9:

X = pgo + Bysa Y + o Z + W + U, X =1(X°>0),
(52)

Y° = pyo + Bossy X° +0Z + py W+V, Y =1Y°>0).
C.1 Proposition [S2] and proof of Proposition

Proposition S2. Under Model (3.7) and Assumption 2, for any given sen-
sitivity parameters (y1, Y2, Mo, o), the bidirectional causal effect By, can
be partially identified by solving the following univariate quartic equation:
F(By—sa; Euzs Exws Eyzy Eywy Mo, 00,71, 72) = 0, where the detail expression of
F(-) is provided in the following proof. Once B, is obtained, the corre-
sponding causal effect By, can be identified through the following explicit

formula:

o £xz£yw50770 - gyzémw - fa:zfyw”Oﬁy%x + £yz£xw770ﬁyax
Ty — .
Y fxzfywﬁyﬁ\x - 5yz£xw770605y~>x + gngyw(so - Syzgxw&]




C.1 Proposition |§| and proof of Proposition |§|

Building upon Proposition 2, Proposition [52| incorporates the direct ef-
fect parameters n and 0 to conduct a more comprehensive sensitivity analy-
sis under the Model (3.7). By utilizing the univariate quartic equation pro-
vided in Proposition[S2], we can obtain corresponding estimates of the causal
effects under any combination of sensitivity parameters (1,72, 70, d). This
enables us to evaluate the impact of different confounding scenarios induced
by unobserved confounders U and V', as well as violations of instrumental
variable assumptions related to Z and W, on the causal effect estimates.

Under Assumption 2 and Model , we consider the general case
by simultaneously examining the influence of variations in the sensitivity
parameters 1, 2, 7, and ¢ on bidirectional causal effects. Below, we present
the detailed process of the sensitivity analysis and the derivation of the
causal effect identification expressions. From the structural model, we can

obtain its reduced form:

X =0,+0,.2+0, W+0,U+06,V, X=I[X°>0),
(S3)

Y =00+0,2+0,W+0,U+0,V, Y=IY">0),
where 0350 - C(/l%O + 5y—>x/iy0)7 6;2 - C(,ua:z + 776y—>ac)7 Q;w = 0(6 + By—m,uyw);

Qacu = ¢ Hxv - Cﬁy—m; 03/0 = C(@x—w“xo + ﬂyO)a eyz = C(ﬁx—h%uxz + n)’

9;;11; = C<5ﬁxﬁy + Nyw); eyu = Cﬁxﬁzﬁ eyv =c¢, and ¢ = 1/<1 - 5xeyﬁyaz)-

Proof. Under Assumption 2, we have V ~ N(0,02), U ~ N(0,v,0?), and



C.1 Proposition |§| and proof of Proposition |§|

Cov(U,V) = 74902, which implies that the error terms in the reduced form

follow normal distributions:

ezuU + exvv ~ N(07 (032;1[)/1 + 83;1) + 2’7291u9xv)0-2)7

eyuU + eyvv ~ N(Oa (9§u71 + 951} + 2729yu9yv)02)'

Therefore, according to Model , we can derive the Probit model as

follows:

pI'(X =1 ‘ Z, W) = pI‘(XO >0 ‘ Z, W) = q)(fzo +§sz +£me)>

pr(Y =1 Z,W)=pr(Y° >0|Z, W) = &0 + &y Z + §yuW),

where §x0 = 9:1:0/\/)\_17 fazz = 9:32/\/)\_17 gxw = Q;w/\/)\_lv £y0 = eyO/\/)\_Qa fyz -
Q;Z/\/A_Q, Syw = sz/\//\_g, A = Var(6,,U + 6,,V), Ay = Var(6,,U + 6,,V).
The specific expressions for the four key parameters (£,., &xw, &yz, Eyw) after

introducing sensitivity parameters are as follows:

_ (paz + 1By—a)
lclo/7 + B, + 27282

¢ = C(PazPosy + 1)

Y |C|O-\/71 + Bg—w + 272590—@7

lclo/7 + B, + 27280
€ = (6Basy + Hyw) .
! |C|O'\/’}/1 + B;%—m + 272530—}7;

ng

Thus we obtain two key ratio relationships:

éﬁ _ Moz + nﬁy—m % \/’}/1 + 5§—>y + 2’72ﬁx—>y
é.yz \/71 + B;—m + 2725y—)a: szﬁm—hy + n 7
ggj_w o ,Uyw/By—)z + 6 % \/71 + B%ﬁy + ZfYQﬁx%y

Syw N \/’Yl + 633—>x + 278y 0 Py + 082y



C.1 Proposition |§| and proof of Proposition |§|

Given 19 = 1/, and 8y = 6/ iy, we can obtain the equation:

& gﬂﬁ_w _ 1+ n05y—>x « 1+ 506%—)@/
gyz Syw ﬁy—m + 50 63&—)3/ + Mo

Through algebraic manipulation, this leads to the expression of 3,_,,:

_ gngywnﬂﬁyax - Eyzé-anOﬂyﬁx - fmzfywaonﬂ + fyzgxw
e gngywﬁy—):c - gyzganﬂ(so/ﬁy—m + gngywéo - éyzgxw(s()

Additionally, we can establish another constraint by considering the squared

ratio:

(&)2 _ (1 + nﬁﬁy—m)Q % 71 + ﬁg—w + 272690—)9
fyz Y1+ /854)"[ + 2726y%z (ﬁxﬁy + 770)2

Define gy = (&;2/&,-)?, we derive a system of polynomial equations in the

causal effect parameters and the complete system yields:

(q0m1 — 1)@)3%1, + (21071.90272) By + (07175 — 1)
(QO - 1) :%—>y ;—m + (2770(]0 - 272)ﬁ5—>x6xﬁ\y + (qm?g - ’Yl)ﬁj—m

(27240 — 270) B2, + (4007240 — 47072) BesyBy—a + (2007275 — 27170) By—a = 0.

By simultaneously solving these constraint equations, we obtain a quartic

equation in one unknown with respect to the causal effect parameters:

sy .+ asfy ., 4+ aafy, + a1y e +ag =0

~ F(By%z?ﬁzzy&zwa&g;@&;ﬂ)?717727770750) =0,



C.2  Proof of Corollary 1

where the coefficients ag, a1, as, as, as are complex functions of the observ-
able parameters and sensitivity parameters.

This quartic equation provides the foundation for identification of bidi-
rectional causal effects. The approach allows us to examine how variations
in the sensitivity parameters 1, 2, 19, and dy within the identification ex-
pressions influence the estimated causal effects, thereby enabling evaluation
of the robustness of our proposed method when underlying assumptions are
violated. While the complete analytical form of the quartic equation is al-
gebraically complex, it can be solved numerically for any given sensitivity
parameters, making this approach practical for empirical sensitivity analy-
sis.

]

In what follows, we present formal proofs for the three sensitivity anal-

ysis settings outlined in Corollaries 1-3.

C.2 Proof of Corollary 1

In Corollary 1, we set 09 = 0, 17 = 1, 79 = 0, and let 79 be an ar-

bitrary variable sensitivity parameter. Consequently, given Assumption 2



C.2  Proof of Corollary 1

and Model , we obtain the reduced form:

X =00+ 0202 + O )W +0,,U +0,,V, X =1X°>0),
(S4)
Y =0y + 0y Z + Oy )W +0,,U +6,,V, Y =IY°>0),

Where ‘9362771 = C(:U’ﬂvz + nﬁyﬁw)u ex’w,n = Cﬂy%xﬂywy eyz,n = C(ﬁx%y,ulxz + n);
Oywy = Clyw, the remaining parameters 0,0, Oz, 00, 040, Oyu, 0y, and c

have been defined in Section [C.11

Proof. According to Model , we can derive the Probit model as follows:

pr(X = 1] Z,W) = pr(X° > 0| Z,W) = ®(&0 + €27 + W),

pr(Y =1|ZW)=pr(Y°>0| Z W) =0+ &2 + W),

where €. = 0020/ VAL Sow = Orwn/ VAL §yz = Oyzn/ VA2, Sy = Opun/ V2.
The coefficient &0, &0, A1, and Ay have been defined in Section . How-
ever, note that we have defined 7v; = 1 and 7, = 0 here, so the error
variances simplify to: A, = (62, + 63,)0” and Xy = (67, + 62,)0°.

For the parameters &, ouw, &yz, and &, after parameterization via

Mo = 1/ ez, the following ratio relationships can be obtained:

/Lywﬁy%a: P (ﬁx%y + 7]0)
tlzgxw/gxz: 5 t2:€z/€w:
,U:L"Z(l + Uoﬁy%) Ry Hyw

t _5 /5 - (].‘i‘ﬁ(]ﬁy—)x)\/l"—ﬁg_w t _5 /6 . By—m‘\/l—i_ﬁ%_w
3 — Sxz/Syz — (ﬁggay"i_n()) /1+ﬂ5%_x, 4 — Qzw/Syw — /—14-55%3: .

Y




C.3 Proof of Corollary 2

From the definitions of ¢y, t5, t3, and t4, we can derive two key relationships:

(

_ tita(1 + 1oBye)
Ty — — 7o,
By
1+42,
titotsty =12 =32, —— Y

\

Through algebraic manipulation of the constraint system, we obtain a

quadratic equation in ,_,:

81/85—);1: + SQBy—)ac + s3 = 07

where the coefficients are s; = nj(tita — 1)% — 5 + 1, s9 = 2t1tano(tits — 1),
and s3 = t3t2 —t2. Therefore, the quadratic formula yields two sets of

identification expressions for bidirectional causal effects:

281t1t2

)
—89 & /53 — 45153

—89 £ /535 — 45183

5yax = 9 > ﬁxay = 770(t1t2 - 1) +
S1

where s3 — 4s1s3 > 0. For each j € {1,2}, the two expressions obtained
using the same sign form the candidate pair (5,4, By—zj)- The jth can-

didate pair is admissible only if sgn(/5,_, ;) = sgn(ts). O

C.3 Proof of Corollary 2

In Corollary 2, we set 79 = 0, 71 = 1, 72 = 0, and let g be an ar-

bitrary variable sensitivity parameter. Consequently, given Assumption 2



C.3 Proof of Corollary 2

and Model , we obtain the reduced form:

X° = HmO + 093,2,52 + 8mw,6W + 0,,U + Qa:"uva X = ]I(Xo > 0)7
(S5)

Y =0y +0y.67Z + 0y sW +6,,U+06,,V, Y=IY">0),
where 0172,5 = Clgz, gmwﬁ = 6(6 + 6y—>x/ﬁyw>’ Qyzﬁ - Cﬁa:—)y,“]a:m 9yw,6 -
c(0By—sy + yw), the remaining parameters 0,q, 0y, Oz, Oyo, Oyu, 0yo, and c

have been defined in Section [C.11

Proof. According to Model , we can derive the Probit model as follows:
pI’(X =1 ‘ 27 W) = pr(Xo >0 ‘ Za W) = @(510 +£sz +£sz)7

pr(Y =1[Z,W)=pr(Y°*> 0| Z W) =& + & Z + §uW),

where &0 = Ou0/V A1, Eoz = Oua 6/ VAL Eow = Orws/ VA, Eo = Oy0/V Ag,
Eye = O0yz5/vV A2, Eyw = Oyw.s/v/ A2, and the definitions of A\; and Ay here are
the same as those in Section [C.2l

For the parameters &;., &, {ow, and &y, after parameterization via

do = 6/ lyw, the following ratio relationships can be obtained:

_ _ ,uyw(ﬁy—m + 50) _ o Mzzﬁm—)y
h= £IW/£M B Mz ’ = fyz/fyw B :uyw((soﬁz—xy + 1)’
VIR, e Gt b TR,
ﬁx—)y T+32 T /6§ij 4 = Qaw/Syw — (5061_>y + 1)\/1 + B_gﬁz

From the definitions of ¢4, t9, t3, and t4, we can derive two key relationships:

- t1t2<505x%y + 1)
By—a = 5
Ty

taty/tity = 12 =

t3 = £zz/€yz =

- 607

1+ 57,
(LB,




C.4  Proof of Corollary 3

Through algebraic manipulation of the constraint system, we obtain a

quadratic equation in [;_,,:

$4P2 .y + 85800y + 56 = 0,

where the coefficients are s4 = t3ty+1t3t408 (tita—1)2 —t1te, S5 = 2t200(t1to—
1), and sg = t1t5(t3 —1). Therefore, we obtain the identification expressions

for bidirectional causal effects:

284t1t2

)
—s5 + s% — 48456

—s5 £ /82 — 45486

Brsy = . Byse = do(tita — 1) +

254

where s2—4s456 > 0. For each j € {1, 2}, the two expressions obtained using
the same sign form the candidate pair (8,_,.;, By—s;). The jth candidate

pair is admissible only if sgn(f5,_,, ;) = sgn(ts).

C.4 Proof of Corollary 3

Corollary 3. (Complete version.) Under Assumption 2 and Model ,
set v1 = vo = 1 and use the fized sensitivity-parameter values ny = n/o
and &g = §/0. Let &,y Eaw, &y and &y, denote the identifiable slope coef-
ficients in the reduced-form Probit models for X and Y. Assume o > 0,

Bosy # —1, Bysa # —1, BossyBy—a # 1, and that every displayed denom-

inator is nonzero, and write ¢ = (1 — ByoyBy—sz) . For fized (0o, d), the



C.4  Proof of Corollary 3

complete nondegenerate solution set consists of all candidate pairs below
whose evaluated values satisfy the constraint conditions stated for the cor-

responding case.
When (¢ > 0, Bysz > —1, oy > —1) or (¢ <0, Bysa < —1, fosyy < —1):

B _ (gyz - fmz)(fa:w - 50) _ (gxw - gyw)(gyz - 770)
o (§xw - gyw)(garz - 770)7 Y (gyz - §$z)(§yw - 60) '

When (¢ > 0, Byz < —1, Buyy > —1) or (¢ <0, Byyy > —1, fosyy < —1):

5 — (fzw + 60)(53% + gyz) 6 _ (gyz - nO)(fa:w + gyw)
T (Gt GGt ) T (G &) (G — 00)

When (¢ > 0, Byy > —1, oy < —1) or (¢ <0, Byss < —1, Bosyy > —1):

(fzw - 50)(§$Z + é.yz) B _ (gyz + 770)(53311} + gyw)
(Eow + &) (oo —m0)” 7 (€= + &yz) (Eyw + 00)

5y%:p = -

When ¢ <0, Byoe > =1, Byyy > —1:

B _ (éyz - fzz)(fzw + 50) _ (fzw - gyw)(gyz + 7]0)
o (gxw - 5yw)(£¢z + 7]0>7 B (gyz - gmz)(&yw + 50) '

Note that the combination ¢ > 0, By, < —1, B,y < —1 is impossible

because it would imply By—yBy—z > 1, contradicting c > 0.

The main-text statement of Corollary (3| corresponds to the first and
last cases above, both of which include the situation where both effects

exceed —1. Given some prior information about the causal effects 3,_,,
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and f3,_,,, one can select the appropriate identification expression among
the four algebraic candidate pairs for computation. Cases in which an
effect equals —1, the product equals 1, or a displayed denominator is zero
lie outside this closed-form statement and require separate analysis of the

unreduced coefficient equations.

Proof. For Corollary |3 only, we set 71 = 79 = 1 and use the signal-to-noise
parameterization 1y = n/o and 6y = §/0. Thus, 1y and Jy are treated as
fixed sensitivity-parameter values in each identification calculation. Under
Assumption 2, 73 = 79 = 1 makes the covariance matrix of (U, V') positive
semidefinite but singular; in particular, U = V almost surely. The main-
text statement of Corollary |3| concerns the common domain /3,_,, > —1 and
By—e > —1. The remaining sign configurations are recorded below only as
supplementary cases. Consequently, given Assumption 2 and Model ,

we obtain its reduced form:

X =0,0+0. . Z2+0, W+0,U+0,V, X=IX°>0),
(S6)

YO = 0,0+ 002+ 0, W +0,,U +6,V, Y=IY°>0),

*
emw )

where the parameters 6,q, 0*

xz)?

Orus Ozvs Oyo, 07, 07, Oy, and 0y, have

yzr Vyw>

been provided in Section [C.1]
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According to Model , we can derive the Probit model as follows:

pr(X =1|Z,W)=pr(X°>0|Z W)= &0 + &2 + EuW),
(S7)
pr(Y =1 | Z, W) = pr<Yo >0 ‘ Z, W) = (I)(fyo +fyzZ—|—fwa),
where &0, &z Eows §y05 &yzr and &y, have been provided in Section [C.1]
Since U = V almost surely, the two reduced-form error variances simplify
to

AL = 02<1 + ﬁyﬂ)202, Ay = 02(1 + ﬁ’fﬁy)QO—Q'

Here o > 0, and the Probit standardization is well defined only when

Brsy # —1 and B, # —1. Moreover, ¢ = {1 — ,,,0,-:} " requires
Br—yBy—e # 1. Throughout this derivation, every denominator displayed
in an identification formula is also assumed to be nonzero.

Set

a = Baosy, b= By, m = g, /0, N = fyw/0,

and let s. = sgn(c), 1, = sgn(1+0b), r, = sgn(l+a), and (A, B) = s.(ry, 7).
Because A, B € {—1,1}, the four standardized coefficient relations can be

written without dividing by either causal effect:

m+770b:A£:cZ(1+b)7 am—{_nO:BgyZ(l_l_a)v

bn + 6y = Aw(1 + D), n+ doa = BE, (1 + a).
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These equations also cover zero causal effects. Eliminating m, n and a gives

(1 + b){(Bgyw - Agzw)(Agmz - 770)5 - (Agacw - 50)(14590,2 — Bgyz)} = 0.

It is clear that b = —1 is a root of this quadratic equation, but it is excluded
since it yields \; = 0. Using A? = B? = 1, the remaining root and the

corresponding value of a are

_ (fxw - AB&yw)(fyz - BUO) h— (ABSyz - gxz)(gxw - Aéo) (SS)
(ABgyz - gxz)(gyw - B(SO) ’ (ga:w - ABSyw)(fzz - AUO) '

Table shows that the seven mutually exclusive sign-and-product cases
correspond to the following values of (A, B).

Beyond the seven configurations discussed above, the omitted config-
uration ab < 1, a < —1, and b < —1 is impossible because it implies
ab > 1, which contradicts ab < 1. Substituting the seven pairs of values
into Equation yields exactly the candidate pairs listed in Corollary ;
the reduction to four candidate pairs is due to the fact that the identifying
expressions coincide across different cases, and thus we present them in a
consolidated form. Figure depicts the algebraic partition induced by
the above constraints. For each fixed (1, dg), the full set of nondegenerate
solutions consists of all candidate pairs from Corollary [3| that satisfy the
corresponding constraints; further, with prior information, one can use this

set to screen the complete nondegenerate solution set.
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Table S1: Values of (A, B) under sign and product constraints. The first
three columns list the constraints, and the last column gives the correspond-

ing values. a = f,y, b= By, ¢ = (1 —ab)™.

a b c (A, B)

>—-1 >-1 >0 (1,1)

<-1 >-1 >0 (1,-1)

>-1 >-1 <0 (-1,-1)

<-1 <-1 <0 (1,1)

>-1 <-1 <0 (1,-1)

]

The statement and derivation of Corollary [3| concern the setting v; = 1
and 2 = 1. The case 7, = —1 requires a separate standardization involving
1 —fBy—z and 1 — 3, and is not covered by the identification expressions
stated here, but the corresponding identification results can still be obtained

by a derivation analogous to that of Corollary



C.5 Parameterization using 7y = 1/, and dy = 0/, under
Nn=7=1

Figure S1: Partition of the plane of (5,_,, y—:) into four regions based on
the constraints corresponding to the candidate pairs in Corollary [3] Differ-
ent colors distinguish the extent of each region. The solid curve represents

BB, = 1, and the dashed lines represent 3, = —1 and 3, = —1.

C.5 Parameterization using 1y = n/u,, and §y = 6/, under v =
Y2 =1

This subsection returns to the original main-text parameterization 7y =
N/ e, and 09 = 0/py,. It is distinct from the Corollary speciﬁc signal-
to-noise parameterization 1y = 1/c and dy = d/c used in Section [C.4} the
same symbols are retained here only to match the corresponding main-text

notation. In this section, we discuss the IV sensitivity analysis under the



C.5 Parameterization using 7y = 1/, and dy = 0/, under

Nn=7r=1
parameter combinations specified in Corollary 3, using the same parame-

terization approach as in Section [C.1] Specifically, we define 1y = 1/,
and 0y = 0/ty. Therefore, under this parameterization, the coefficients of

Z and W in Equation have the following relationship:

( éﬁ: 1+5y—>:p770 x 1+53:—>y
gyz 1+ By%x /Bwﬁy + Mo 7

(S9)
&c_w 50 + ﬁy%x « 1 + Bﬂc%y

\ gyw B 1 + 5y—)x ﬁx—>y50 + 1‘

Similar to the calculation process in Section [C.I, we can obtain a

quadratic equation in one unknown with respect to [3,_,:

p4/8;—>m + pSBy—m + Pe = 07

where

(

Pa = {(&e2/&y2) = THL = (Cow/Eyw)d0 10 + {(Eew/Eyw) — TH (Ea2/Eyz) — 10}
Ps = {1 = (Caw/Eyw) H(&e2/€yz) — oo + (90 — 10){ (/) — (Ea2/Ey2) }
{1 = (§a2/&y=) (ow/Eyw) F00m0 + 2(Eaz /€y ) (Saw/Eyw) — (§oz/Eyz) = (Saw/Eyu);
ps = {(&az/vz) = (Gaz/€yz) (o /Eyw) Y1000 + (b0 — 1) (Eaw/Eyw) + (€az/Eye){ (Eaw/ Eyu)

\
By solving the quadratic equation, we obtain two causal effect expressions:

—p5+\/z —p5—\/z

Byﬁz,l = 2]?4 ) 63/%90,2 = 2]74

Y

where A = p? — 4pyps. Furthermore, substituting the expression for £,

— 50}



into the relationship Equation yields the corresponding expression for
Bosy-

As can be seen from the above, the causal effect identification expres-
sions under this parameterization are relatively complex, and for the two
solutions derived from the quadratic equation, we need to obtain certain

prior information to make a selection.

D. Additional simulation results

D.1 Additional simulation results in Section 4.1

Table [S52| presents estimation results for both methods across different

scenarios and sample sizes, supplementing Table 1 in the main text.

D.2 Additional simulation results in Section 4.3

In this section, we present the additional simulation results for the
sensitivity analysis discussed in Section 4.3.

Figures[S2]to[S7]present the simulation results for three specific sensitiv-
ity parameter combinations, demonstrating the corresponding performance
across different sample sizes and data generation scenarios. The results
show that the point estimates consistently remain stable around the given

true values. Although some variations in errors are observed across differ-
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Figure S2: Estimation results of 3,_,, under the setting of Corollary 1.
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Figure S3: Estimation results of 3,_,, under the setting of Corollary 1.
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Figure S4: Estimation results of 3,_,, under the setting of Corollary 2.
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Figure S5: Estimation results of 3,_,, under the setting of Corollary 2.
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Figure S6: Estimation results of 3,_,, under the setting of Corollary 3.
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Figure S7: Estimation results of 3,_,, under the setting of Corollary 3.
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Table S2: Simulation study results: standard deviation and bias of bidirec-

tional causal effect estimators across scenarios and methods. All values are

multiplied by 10%.

Scenario 1 Scenario 2
Sample Size 2000 5000 10000 2000 5000 10000
R bias -1510 -1550 -1540 -1640 -1590 -1570
5w—>y
sd 724 475 358 635 379 288
GLS
R bias 5490 5450 5460 5370 5420 5440
By—z
sd 718 480 355 637 383 289
R bias -2 -9 10 80 25 -8
Br—sy
sd 535 355 242 941 504 407
v
R bias  -45 -9 -7 10 -29 -31
By—z
sd 500 265 208 755 433 354

ent data generation scenarios, the overall performance remains relatively

stable, with estimation bias decreasing as the sample size increases. The

simulation results under these three parameter combinations indicate that

the proposed method exhibits robustness against potential fluctuations re-

sulting from different instrumental variable selections.
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D.3 List of variables in Section 5.1

Table S3: Descriptive statistics for heart disease and diabetes variables.

Variable Type Mean/Rate Variable Type Mean/Rate
BMI Continuous 28.325 Race Categorical 1.564
Smoking Binary 41.25% AgeCategory Categorical 7.515
AlcoholDrinking Binary 6.81% Physical Activity Binary 77.54%
Stroke Binary 3.77% GenHealth Categorical 2.595
PhysicalHealth ~ Categorical 3.372 SleepTime Categorical 7.097
MentalHealth ~ Categorical 3.898 Asthma Binary 13.41%
DiffWalking Binary 13.89% KidneyDisease Binary 3.68%
Sex Binary 47.53% SkinCancer Binary 9.32%

Table presents the variable names and their means or proportions

in the heart disease dataset.

E. Interpretations of latent continuous variables

We clarify the setting of the latent continuous variables in this paper

from two aspects:

1. |Falconer (1965) proposed a statistical framework that transforms bi-
nary disease data into quantifiable genetic parameters. The core as-
sumption of this framework is that each individual possesses a con-

tinuous, unobservable latent variable—liability. Liability integrates



a large number of genetic predispositions and environmental expo-
sures and follows a normal distribution in the population. Meanwhile,
there exists a fixed threshold: when an individual’s liability exceeds
this threshold, the disease manifests as “affected” (1); otherwise, it is
“unaffected” (0). Therefore, within this framework, the latent con-
tinuous variables X° and Y in our structural equation model (2.1)
represent the liability of heart disease and diabetes, respectively. Once
these liabilities exceed certain inherent thresholds, the individual is

considered diseased.

. Heart disease and diabetes have well-established clinical diagnostic
criteria. For example, an important diagnostic indicator for coro-
nary heart disease is coronary artery stenosis > 50% (Gould et al.|
1974); the diagnostic criteria for diabetes consist of either fasting
plasma glucose (FPG) > 126 mg/dL or glycated hemoglobin (HbAlc)
> 6.5% (The Expert Committee on the Diagnosis and Classification of
Diabetes Mellitus, [1997; The International Expert Committee, [2009).
However, due to data collection constraints—for instance, in retro-
spective studies, the dataset may not contain these continuous diag-
nostic indicators but only record binary disease status—the diagnostic

criteria can be regarded as unobservable latent variables in such cases.



Nonetheless, these latent variables still map to the observed binary
disease indicators through the thresholds defined by the diagnostic

criteria.

In summary, the binary bidirected causal model (2.1) developed in this pa-
per implies a data-generating process in which the target continuous vari-
ables are mapped to the target binary variables via threshold constraints.
From an observational perspective, we evaluate causal effects using only the
binary outcome data, without requiring more detailed data on the under-

lying latent continuous variables.

F. Interpretations of binary bidirectional model

The structural equation model (2.2) is given by:

onﬂzo—i_ﬁyﬁxyo—i_uazzz—i_[]; X:H<Xo>0)7
Y = pyo + Bomsy X° + W +V, Y =L(Y° > 0).

This model describes the bidirectional causal relationship in an equilibrium

state. Let O = (X°,Y°)",w = (Z,W)", e= (U, V)", po= (tz0, fty0)",

Hazz O 1 _By—m
Hzw = ) B =

0 Hoyw _ﬁx—)y 1



When the coefficient matrix B is nonsingular, i.e., 8;,8,—. 7# 1, we can

obtain the matrix form (S10) corresponding to the reduced form (2.3):
O=B'uy+B 'pum+B e, X=1X°>0),Y=IY°>0). (S10)

When both §,_,, and (,_,, are non-zero, model (2.2) characterizes a bidi-
rectional causal relationship in equilibrium and also corresponds to a cyclic
graph. When §,_,, is zero, model (2.2) reduced to a unidirectional causal
framework.

Referring to the discussion in |Li and Ye| (2024) on a potential dynamic
process for causal interpretation of cyclic graphs in linear structural equa-
tion models, we provide a corresponding explanation for the bidirectional
causal framework with binary outcomes in this paper. Let O, = (X7, Y;°)"
denote the observed traits at time ¢, and consider the structural causal

equation:
Oy = o + P + €9 (S11)
where g9 = (Up, Vo)™ and for all ¢t > 1,

0 Bysa
O, =po+CO,_1 + poym + 5, C = . (S12)

By 0

where 8,_,, and 3,_,, are the causal effects of ¥;”, on X7 and X7 | on Y,°,



respectively. As t goes to infinity, we have:

t
lim O; = lim > C*(pto + pow™ + €5) = B (pto + powm) + €
t—o00 t—o00 =0

where € = lim;_, Zi:o C?e, and the last step is from lim;_,., Zi:o Cs =
(I, — C)' = B~!, which requires that the spectral radius of C is less
than 1, ie., |BomyBy—a| < 1. Meanwhile, for lim; ,., O, to exist, € must
have a well-defined distribution. For example, consider a first-order moving
average (MA) process for g, i.e., &, = a€;_1 + €, where €; is white noise

with covariance matrix ¥.. Then E(€) = 0 and

Var(€) = aX(a)" + (I + Ca) i C*y(C*)' (I + Ca)",

s=0

which is a positive definite matrix given that |8,y 0, < 1.
The above derivation shows that, under the conditions |8, 0,z <1
and € being well-defined, the causal effects captured by the parameters

Bs—y and B, can be interpreted from a time-series perspective (for more

details, see |Li and Ye (2024)).

G. Data generation process and simulation

In this section, we conduct a simulation experiment to achieve the the-
oretical convergence discussed in Section || This simulation experiment is a

more detailed version of the simulation experiment carried out in Section 4



G.1 Data Generating Process

of the main text, demonstrating the bidirectional causal mechanism, and
it more clearly clarifies why f,_,, and f3,_,, are interpreted as bidirectional

causal parameters.

G.1 Data Generating Process

1. The bidirectional iterative process. For each individual 7, based
on the iterative mechanism given by model (S13)), the main variables

(X,Y) are generated as follows:

Xii = oo + By Y2y + HeZi + Ui,
(S13)

Y = tyo + Loy Xi 1 + iy Wi + Vi,
where t denotes the iteration step (t = 1,2,...,5000) and ¢ indexes
the sample individuals. This process reflects the bidirectional causal
relationship between the main variables X° and Y°: in each iteration,
X7; depends on Y;? ; from the previous iteration (i.e., the causal effect
of Y = X)), and Y}, depends on X7 , ; from the previous iteration (i.e.,
the causal effect of X — Y). Furthermore, this iterative process starts
with X, and Y7, independently drawn from N (0, 1), and iterates 5000
times to allow the system to reach equilibrium. The final iteration
yields (X004 Ys000.:) s the observed values of (X7, Y;?) for individual

i, ie., (X7,Y°) = (X5000.4> Ys0004)- Then, according to the threshold
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restrictions X = I[(X° > 0) and Y = I(Y° > 0), we obtain the

observed values of the binary variables (X;,Y;) for individual i.

. Fixed components that ensure convergence. In the iterative
process for each individual 7, we keep the background variables (Z;, W;, @Q;)
(as in Section 4.1, where @); denotes omitted observable covariates)
and the unobserved confounding variables (U;, V;) fixed, so that only
Xi; and Y5, vary with ¢ in each iteration. The sample size, the scenar-
ios for generating background variables, and the true parameter values
in the simulation experiment are all set to be consistent with those in
Section 4.1, and the distribution of the unobserved confounding vari-

ables (U;, V;) is set to the normal distribution under Assumption 1.

. Why the iterative system converges. In the bidirectional causal
model discussed in Section [F], we consider the unobserved confounders
g; that vary with ¢, as shown in models and . However,
in the iterative data generating process based on model , we fix
the values of the unobserved confounders (U, V') for each individual, so
that they do not vary with ¢. This simplification streamlines the data
generating process while still satisfying the basic conditions required

for the system to converge to a reduced form. When the condition
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| Bu—syBy—z| < 1 holds, the system converges to a unique equilibrium
point:

tle (X140, Vi)™ = Bil(ﬂ'o + P ™) + E,

where € = ) oo, C* and Var(€) = 02 =, C*(C*)" is finite under
the condition |8,—y0y—z| < 1(under Assumption 1, Var(e) = o?I,).
Therefore, the convergence as described in Section[F]is ensured. In the
simulation experiment, we set the number of iterations to 5000 to en-
sure that the system reaches equilibrium. The data set (X,Y, Z, W, Q)
obtained after 5000 iterations then correspond to the equilibrium
state of Model (2.2). Therefore, the parameters g, and §,,, in
Model (2.2) represent the causal effect of X on Y and the causal

effect of Y on X, respectively.

G.2 Simulation results

We conducted the same numerical simulation experiment on the sim-
ulated dataset (X,Y,Z, W,Q) generated by the above process as in Sec-

tion 4.1.
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Figure S8: Boxplot of simulation results based on 5000 iterations of data.

Figure|S8|presents boxplots of the simulation results for 3,_,, and 3,_,,,

respectively, and Table summarizes the corresponding numerical simu-

lation results. The estimation results shown in Figure and Table

demonstrate, on the one hand, the reliability of Algorithm 1 and its robust-

ness under finite sample sizes; on the other hand, when compared with the

results shown in Figure 3 and Table 1 of the main text, the results of the

two simulation experiments are essentially consistent, further verifying the

convergence of the above iterative process and the eventual attainment of

the equilibrium state described in Model (2.2).



Table S4: Numerical results based on 5000 iterations of data. All values

are multiplied by 102,

Scenario 1 Scenario 2
Sample Size 2000 5000 10000 2000 5000 10000
X bias -1507 -1579 -1550 -1619 -1602 -1605
Br—y
sd 668 401 295 515 398 252
GLS
R bias 5494 5423 5453 5380 5401 5397
By—z
sd 662 401 296 514 398 254
R bias 19 -24 -7 100 43 39
Bz—)y
sd 702 439 327 1307 723 569
v
R bias 17 -33 21 -66 16 -2
By—a
sd 628 418 269 953 589 441

H. Discussion of Assumption 1

H.1 Stable distribution

Here we propose Assumption [S1| to replace Assumption 1 in the main

text, and discuss the identifiability of bidirectional causal effects under As-

sumption [S1]

Assumption S1. (i) U ~ S,(04,0,0) and V ~ S,(05,0,0), a € (0,2].
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a 15 the stability index and o s an unknown scale parameter in the Stable

distribution. (i) U and V are independent.

The stable distribution family in Assumption includes several im-
portant special cases, such as the Gaussian distribution (o = 2) and the
Cauchy distribution (« = 1). A defining feature of this family is its closure
under linear combinations: if U and V follow the same Stable distribution,
then aU + bV is also Stable with the same stability index «. This stability
property plays a central role in our identification arguments, and we further
discuss some important distributions in Section [H.2]

Under Model (2.2) and Assumption [S1| by using the link function in-

duced by the Stable distribution and its stability, we obtain a conditional

probability Model (S14)):
pr( X =1|Z,W)=pr(X°>0|Z,W) =Fs(&wo + &2 Z + &),
(S14)
pr(Y =1[ZW)=pr(Y°>0| Z,W) =Fs(&o + &y Z + EuW),

where F(-) is the cumulative distribution function of the Stable distribu-
tion, &uo = Oao/{0s(100ul® + 1000|*) "/}, Coz = Oz /{06(|00u]™ + [020|*)/},
Eow = Oouw/{0s (100l + 1020| ) }; E0 = Oy0/ {0 (104l + 1040]%) 1/}, &y =
O, /{0 5|0yl + 04|V, g = Oyuo/{05(|0yu]® + |0y |*) /). Here we still
use the same notation as before, but it can be seen that the specific ex-

pressions of the series of coefficients {;.; under Assumption [S1| are already
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different. We summarize the identification and estimation results under

Assumption [S1] in Proposition [S3|

Proposition S3. Under Model (2.2) and Assumption[S1], given a € (0,2),

the bidirectional causal effects are identifiable:

B — % (lgazw’a‘gxz‘a - ’é-yw’a‘é-xz‘a)l/a

Y gcr:z ygyz‘a|€yw|a - |€yw|a|€xz|a 7 (815)
B = o (L~ |fyw|a|5m|a>” N

o gyw |fzw|a|§wz|a - |§yw|a|§wz|a

where the terms &, Eow, &yz, and &, are the coefficients in Model ((S14]).

Furthermore, we obtain two bidirectional causal effects estimators:

¢ ¢ alé | - alé | 1
A _ gyz (|§:mu| ‘fﬂcZ‘ — ’£yw| ‘fﬂcZ‘ >

r—y — 7 ~ ~ ~ ~
az \ 16z |*1€yu]® — |€yu|*|Eaz]®

(S16)

¢ s lalé «@ ¢ alé | 1/a
s (!fyz\ €yl — 1€yl 16| > |

ﬁy—m = = = = = =
€yw |€azw’a‘£xz‘a - ’éuyw’a‘gxz‘a

For the identification Equation , the same estimation strategy as in
Algorithm [S1] can be obtained analogously, and the corresponding asymp-
totic properties can be established. Proposition actually provides the
identification and estimation results of bidirectional causal effects under a
class of stable distributions. Therefore, for any o € (0,2], we can point
identify the bidirectional causal effects via Equation (S15)) under the cor-
responding stable distribution assumption. It is worth noting that when

a = 2, the corresponding stable distribution is exactly the normal distri-
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bution. Hence, the identification result under a = 2 coincides with that
under Assumption 1 in the main text. Below we provide the detailed proof

of Proposition [S3|
Proof. Given the Model (2.2):

X = pao + BysaY "+ p0: 2 + U, X =1(X° > 0),
Y® = iy + Bosy X+ W +V, Y =L(Y° > 0),
we can derive the reduced form:
X =00+ 0.7 + 0pW + 60, U + 6,,V, X =1(X°>0),
Y°=0y+60,.Z+0,,W+0,U+6,V, Y=IY">0),
where 0,0 = c(ftz0 + By—atiyo), Orz = Cllaz, Opw = Bysublyw, bou = ¢, Opy =
Bysai Oyo = c(Buoosyttzo + Hy0)s Oy = Bomsyblaz, Oy = Chliyws Oyu = By,
Oy = ¢, and ¢ = 1/(1 — Bomsy By—a)-
Assumption [S1| requires that the unobserved confounders U and V' are
independent and identically distributed as S, (o, 0,0). Therefore, according
to the relevant properties of the Stable distribution, any linear combination

of U and V still follows a Stable distribution, and thus we can obtain:

exuU + exvv ~ Sa(o's(mxu’a + ‘ezv‘a>1/a7 07 0)7

OyuU + 04,V ~ Sa(05(|0y] + 105,[*) 7, 0,0).
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Therefore, we can obtain the conditional probability Model (S14]) and
we can identify the ratios &, &, &y- and &y, through the observed data.

Here we focus on four key parameters:

6. = Cllzz £ = CBy—albyw
08(|‘9w|a+ |9wv|a)1/a’ US<|9:W|Q+ yexv’a)l/a’
Cﬁx—)y,uxz o C,Uyw
Eyz

= ) 5 w T .

O (|0l ™ + [0y ]*) 1/ ! s (|0l ™ + [0y ]*) 1/
We then similarly define the coefficient ratios: ki = §,./&., and ky =
Evw/Eyw- These ratios can be directly estimated from the regression coef-

ficients of Model (S14]). After substituting the specific expressions of the

coeflicients, we obtain:

k= @ =0 (_1 + |ﬁy—>m|a)l/a
- — Mz— )
Eaz N1+ [Bamyl

£a:w ]. + |Bac—>y|a> 1/Ol

S
T e T\ F Byl

Furthermore, we can derive the relations between the causal effect param-

(S17)

eters and the coefficient ratios ky, ka:

(

L+ |Bymal™\ L+ Bymsal®
k| = |52 (—y = k1] = |Byssy|® Yy :
| 1| | —>y| 1+|/Bx_>y|a | 1| | —>y| 1+|/Bx_>y|a

L+ 8oy ) L+ |Bamsy|”
ko| = [By—a ( K = |ko|® = Bymal® v
| 2| | Y= ’ 1+|ﬁy%w‘a | 2| | y— ‘ 1+‘5y—>x|a

\|k1|a|k2|a = |Bﬂc—>y|a|6y—>ac|a'

Based on the relations between k; and ks, we can obtain the following
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through calculation:

|k1|a ) (1 + |ﬁwﬁy|a> = wx%y’a ) (1 + wy%mp)

$|k1|a + |k1|a|ﬁw—>y|a = |ﬁfc—>y|a + |k1|a|k2|a

R [ *VRa | — [Ra | [Ka|* (ko] — 1)
[Faf =1 [Fal* =1

:>|5x—>y‘a =

[Fa|® - (14 [Byal®) = [Bymal™ - (14 By |?)

= kol + k2| By—sel®™ = |Bysal™ + [k |*|K2|*

(R [*1Ra | — K| |Ka|*([Fa|* — 1)
kol =1 ko] — 1

:>|6y—>z‘a =

Equation (S17) implies that f5,_,, has the same sign as ki, and £,

has the same sign as ko. Therefore, the identification expressions for the

bidirectional causal effect parameters can be obtained:

(

\

ﬁ—)y Sgn( 1)| 1|(|k’1|a—1 1 |k1|a—1

ZQEC&“WwP—KWM@ijQ
Eox \ Gl lpul® = leulolénsl® )

|k1|a—]_ l/a |k1|a—1 l/a
o = sen(ko)lko| (ot — ) =gy (A=
e =snlilial (1) =k (e
:ég(mxmmw—mwm&ﬁj”f
gyw |§xw|a|€xz|a - |§yw|a|€xz|a

Since k; and ky are identifiable under Model (S14) and Equation (S17]),

we can identify the bidirectional causal effects 3,-,, and 3,,, through ob-

served data using Equation (S15)). O



H.2 Ilustration: Cauchy distribution

H.2 [Illustration: Cauchy distribution
H.2.1 Identification

In this subsection, we further discuss important special cases of As-
sumption Beyond the Gaussian case, the stable family includes other
heavy-tailed distributions of practical interest. When the stability index «
of the Stable distribution imposed in Assumption [S1|equals 1, this distribu-
tion reduces to the Cauchy distribution. Now we discuss the corresponding
identification results under this special case. Thus, we impose Assump-

tion [S2

Assumption S2. (i) U ~ Cauchy(0,~.) and V' ~ Cauchy(0,~.), where
Ye 18 an unknown scale parameter in the Cauchy distribution. (i) U and

V' are independent.

Under Model (2.2) and Assumption [S2| by using the cumulative distri-
bution function of the Cauchy distribution (i.e., the cauchit link), we obtain

the following conditional probability model (S18)) :

pr(X =1]ZW)=pr(X°>0|Z,W)=F( o + &z Z + ExWV), 19
S18

pr(Y =1 ZW)=pr(Y°>0|Z W) =Fc(&o + &y Z + W),

where F. is the cauchit link, &0 = 0.0/{Ve(|0zu|+|020]) }s Eoz = Onz /{7 (|0 |+

020])}s Eow = Ow/{Ve(|02u] + [020])}; §yo = eyO/{PYC(leyu‘ + |9yv’)}v §y: =
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Oy /{7e(0yul + 1040])}s Gy = Opw/{7e(10yul + [By0])}. These coefficient ex-
pressions can all be obtained by setting @ = 1 in the corresponding results
in Section [H.1], and below we summarize the identification and estimation

results under Assumption [S2|in Proposition [S4

Proposition S4. Under Model (2.2) and Assumption the bidirectional

causal effects are identifiable:

_ fﬂ |€xw||€xz| - |§yw||§xz| 6 _ éﬂ |£yz||£yw| - |€yw||§xz| ‘
e gacz |§y2||§yW| - |€yw||€acz|7 e gyw |§ww||§xz| - |€yw||€wz|

where the terms &, {ow, &z, and &y, are the coefficients in Model (S18)).

Furthermore, we obtain two bidirectional causal effects estimators:

3, = Sz [Sow[|€az] — !@M{MH@W _ Gow [&ye1€pw] — 1€ywll€ez] ($19)
sz ‘gyzHgyw’ - ’Eyw“gazz‘

éyw ’éwaéxz’ - ‘éywHéxz‘

For the identification Equation , the same estimation strategy as
in Algorithm [ST]can be obtained analogously, and the corresponding asymp-
totic properties can be established. The proof of Proposition [S4]is identical

to that of Proposition [53] and is therefore omitted here.

H.2.2 Simulation

In this section, we conduct numerical simulation studies on the method

proposed in Section to evaluate its performance under finite sample
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sizes. Regarding the Cauchy distribution assumption imposed on unob-
served confounding in Assumption [S2 we set 7. = 0.75 in our simulation
experiments, i.e., U,V ~ Cauchy(0,0.75), while keeping other true values
and distribution settings consistent with those in Section 4.1 of the main
text. Parallel to the settings in Section 4.1, we consider two estimation
methods under different sample sizes and different data-generating scenar-
i0s.

We consider two methods for estimation. The first method (GLS) is
also a direct regression approach, but unlike Section 4.1, to align with the
Cauchy distribution assumption on unobserved confounding, we fit two
Cauchit models: one by regressing Y on (X,Z,W,Q), and another by
regressing X on (Y, Z,W,Q); the resulting coefficients on X and Y are
then interpreted as estimates of Bx_,y and By_m, respectively. The second
method (IV) is based on the estimation approach of Proposition , ie., we
fit Cauchit binomial regression models of X and Y on Z, W, Q) separately
and obtain coefficient estimates via maximum likelihood estimation, which
are then substituted into Equation to obtain estimates of the bidirec-
tional causal effects. Furthermore, we adopted a data generating process
consistent with Section [G] to obtain simulated data, and performed 200

replications.
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Figure S9: Boxplot of balance data simulation experiment results under

Assumption .

Figure [S9| presents the boxplots of the estimated bidirectional causal
effect parameters under the two methods. As indicated by the horizontal
line representing the true value (red line) in Figure [S9] the second method
(IV) outperforms the first method (GLS) across different data generating
scenarios and sample sizes. Table summarizes the corresponding nu-
merical results of the simulation study, presenting the estimation bias and
standard deviation under different scenarios and sample sizes. From the
numerical values in the table, it can also be seen that the IV method out-
performs the GLS method, particularly in terms of bias. Furthermore, the
estimated standard deviation decreases as the sample size increases, a trend

that can also be observed in Figure[S9, Moreover, the simulation results are
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largely consistent across the two data-generating scenarios, with Scenario 1
showing marginally better overall performance.

Both the simulation results presented in Figure [S9 and Table [S5| indi-
cate that the proposed method still yields reliable estimates when a Cauchy
distribution assumption is imposed on the unobserved confounder, demon-
strating that the identification strategy in this paper possesses a certain

degree of robustness to the distribution of unmeasured confounding.

H.3 Robustness analysis with respect to the distribution of the

unobserved confounding

Regarding the normality assumption imposed in Assumption 1, Sec-
tion provides the family of stable distributions, represented by the
Cauchy distribution, as an alternative non-Gaussian distribution. Under
these non-Gaussian distributions, the proposed identification framework
can still identify the bidirectional causal effects. To further discuss the
impact of the distributional assumption on unobserved confounding in As-
sumption 1 on the identifiability of causal effects, we next conduct a ro-
bustness analysis of the distribution of unobserved confounding factors.
Specifically, we will specify different distributions for the unobserved con-

founders and apply the identification strategy proposed in Proposition 1 to
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Table S5: Simulation study results: standard deviation and bias of bidirec-
tional causal effect estimators across scenarios and methods. All values are

multiplied by 10%.

Scenario 1 Scenario 2

Sample Size 2000 5000 10000 2000 5000 10000

bias -609 -478 -455 -993 -911  -957

Bm%y
sd 1000 635 443 871 532 381
GLS
R bias 6106 6240 6259 6005 6077 6028
By
sd 1007 635 450 869 937 385
. bias 59 181 33 570 101 110
6x—>y
sd 1605 905 736 4255 1424 1033
v
. bias -327 ) -33 471 -204  -167
By—a

sd 1401 615 544 2612 1201 780

evaluate the bidirectional causal effects.

We selected the t-distribution with 3 and 10 degrees of freedom, the
uniform distribution on [—1,1], the Bernoulli distribution, and the bino-
mial distribution as the distribution types for the unobserved confounders.
Figures and present the estimation results of 3,_,, and 3,_,, under

different distributional assumptions of the unobserved confounders. Two
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scenarios are considered for generating Z and W: Z, W ~ N(0,1) and
Z, W ~ Unif(—2,2). For each scenario, three sample size settings are given.
The true values of the parameters are the same as those in Section 4.1 of the
main text. The horizontal red lines in the figures indicate the true values

of the causal effect parameters.
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Figure S10: Estimation results of 3,_,, under different distributions of un-

observed confounding.

As shown in Figures and the identification strategy under
Assumption 1 still yields satisfactory estimation results when different non-
Gaussian distributions are assigned to the unobserved confounders, indicat-

ing that the identification method proposed in Proposition 1 is robust to
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Table S6: Bias and sd of bidirectional causal effects under different unob-

served confounder distributions. All values are multiplied by 10%.

Scenario 1 Scenario 2

Sample Size 2000 5000 10000 2000 5000 10000

bias -122 -137 -134 -268 -244  -233

By
sd 460 306 195 430 245 175
t(3)
R bias -95 -83 -75 100 15 34
By—a
sd 385 245 170 369 225 162
A bias 7 -45 -45 34 -72 -74
Br—sy
sd 577 358 263 512 309 209
t(10)
. bias -36 -58 -59 -1 2 3
By—a
sd 464 270 194 409 247 180
R bias 127 130 124 110 88 69
Bx—)y
sd 493 336 216 477 276 201
Uniform
. bias 43 50 63 -154  -151 -137
By—a
sd 430 245 172 403 234 162
R bias 213 170 177 25 -36 -40
Ba:—)y
sd 498 282 189 446 224 177
Bernoulli
A bias 100 66 106 -153  -190 -184
By—a
sd 315 213 148 312 216 155
. bias 104 56 53 211 222 234
Bw—)y
sd 574 359 268 553 345 220
Binomial
R bias 30 21 40 -91 -79 -53
By—a

sd 448 290 181 390 249 194
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Figure S11: Estimation results of §,_,, under different distributions of un-

observed confounding.

the distributional assumption on unobserved confounders in Assumption 1.

Table [S6| summarizes the corresponding numerical results.
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