Supplementary Materials

This supplementary file includes selected graphs for the simulation example, and proof

and detailed derivations for the theorems and remarks.

Selected figures from the simulation examples.

Figure S1: This figure presents the histograms of the estimator of off-diagonal (panel
(A)) and diagonal (panel (B)) components of the sample matrix 7x , Tx, x, and those
for 7% , Tx, x, (panels (C), (D)), of a random sample from sas bivariate random vector

with independent components and parameters « = 0.7, and o1; = (0.5,0.75).
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Figure S2: This figure presents the histograms of estimator of codifference, i.e. 7x, x,,
(panel A) and extended codifference, i.e. 7%, x,, (panel B), of a random sample from
sas bivariate random vector with independent components and parameters o = 1.1,

and g11 — (05, 075)
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Figure S3: Histograms of off-diagonal (panel (A)) and diagonal (panel (B)) components
of the sample matrix Ty, x, , and corresponding components of 7%, , (panels (C) and

(D)) for sub-Gaussian random vectors.
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Figure S4: Confidence region for the estimation of the parameters (31, f2): panel (A)

=0.

corresponds to 732 = —0.3, and panel (B) to 7o
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Proof of results of Section 2

Proof of Theorem 2.9.

Proof. By Definition

| X1 — Xao|| + | X1 + Xo|

= / |81 — 82|a FXLXQ(CZS) + / |Sl + SQlOlFXLXz(dS) .
SPo SPa

Suppose that X and Y are independent, then by Example 2.3.5 in Samorodnitsky and

Taqqu (1994), s1 52 =0, I'x, x, a.e., therefore

| X1 — Xao|| + || X1 + Xo|o

- ( | sl Tt + [ |82|arxl,xz<ds>)
SPo SPo

= 2([[Xll5 + 1 Xall3) -

This shows that if (X, X») are two independent SaS random variables, then 7% Xy =

0. Now, suppose that 7%, v, =0 and 0 < o < 2, then by (2.7.9) in Samorodnitsky and

Taqqu (1994),

[ X7 = Xal[§ + 1K + Xal[3

_ / 51— 5ol Ty xa(ds) + / 514 521 Ty xa (ds)
SPo SPa

<2 [l [ el )
SPoy SPoy

= 2(Xalla + [1X2[15) -



The equality holds if and only if s;59 = 0, a.e.-I'x, x, . Therefore, again by Example
2.3.5 in Samorodnitsky and Taqqu (1994) we can conclude that X is independent from
Y.

0

Proof of Theorem 2.11. Let us first provide more details on the properties
imposed in Definition 2.7, then we prove the result. If X, X5 are two independent SaS
random variables, then -as shown in Example 2.3.5- the corresponding spectral measure
concentrated on 4 points (0, 1), (1,0), (0,—1), and (—1,0) and therefore we expect that

the spectral covariance function becomes zero, i.e.

f(s1,82)'(ds) =0.

5P,
Equivalently for non-negative constants a;, i =1,...,4,
a; f(0,1) +az f(1,0) + a3 f(0,—1) + a4 f(—=1,0) =0. (6.31)

For ¢ = 1,2, let 3; and o; denote the skewness and scale parameters of X, respectively.

Then the coefficients a;, for i = 1,...,4, as given in equation (6.31), can be reduced to:
1+ 6 1—p 1+ [ 1— [
a, = oy 5 , ag = of 5 , a3 = 0y 5 , Ay = 05 5 -

Now, let us consider the property (iii) of Definition 2.7 in more detail. Random

variables X1, ..., X, are said to be associated if, for any functions f, g : R” — R which



are non-decreasing in each argument,
OOU (f(Xl’ e ’Xn)vg(le e 7Xn)) Z 07

whenever the covariance exists. From Theorem 4.6.1 in Samorodnitsky and Taqqu
(1994), if X4,..., X, are jointly a-stable random variables, 0 < a < 2, with spectral
measure [, on the unit sphere SP, in R", then X;,..., X,, are associated if and only

if ['(SP,)) =0, where
SP, ={(s1,...,8,) € 9P, : forsomei,je€{l,...,n},s;>0,s; <0} .

Therefore, from the above arguments and Theorem 4.6.3. in Samorodnitsky and Taqqu
(1994), property (iii) holds if fSP2 f(s1,82) I'(ds) is the measure of dependence of the

bivariate SaS random vector X . Therefore,

Isr,)=0 = f(s1,52)I'(ds) = 0
SPoy

and

D(SPH) =0 = F(s1,82) T(ds) <0, (6.32)
SPo

where
SPr={(s1,...,8,) €SP, : forsomei,je{l,...,n},s;s;>0}.
Now, we provide the proof for Theorem 2.11.

Proof. The first two measures obviously satisfy the conditions (2.2) and (6.32). Since

for « = 2, these measures of dependence reduce to [Xi, Xs|s = %COU(X17X2>, and



condition (ii) does not hold for them. Then, an argument similar to Example 2.7.12
in Samorodnitsky and Taqqu (1994) can be applied to show that the condition (6.31)
does not hold for these measures of dependence.

Obviously, the covariation norm neither satisfies (2.2) nor (6.31). See Example
2.7.12 in Samorodnitsky and Taqqu (1994). Since [X;, X3]z = %COU(Xl,XQ), the
condition (ii) does not hold but satisfies (6.32).

We now consider the (extended) codifference as a measure of dependence. Ob-
viously, Theorem 2.9 implies (6.31). Since the codifference reduces to the covariance
function for the case @ = 2, condition (ii) holds. Based on Equations (2.7.7) and (2.7.9)
in Samorodnitsky and Taqqu (1994), 7%, x, > 0, therefore condition (6.32) does not

hold for this case.

7. Proof of results given in Section 3

Proof of Theorem 3.1.

Proof. Obviously, ‘/TE >0 (cos(X;) — pir)) ~ N(0,07,,) for sufficiently large n , where
pi1;r = E(cos(X)) and o7, = V(cos(X)) . Moreover, E (cos X) = E (exp(iX)) = exp(—0?),

and

exp(—2%0*) = E (exp(2iX)) = 2 (cos* X) — 1.



Therefore V(cos X) = 3(exp(—2%0®) + 1) — exp(—20®) . Again using CLT,

LS~ cos(X1) ;7
\/ﬁ n =1 — —d> NQ (07 22;7’) 9
% Z?:l COS(2X11) Ml
where
O, 01257
Sy, = 7 (7.33)
O12;7  022:1
in which
1
022;r = 5 (eXp<_4aUQ) + 1) - eXp(_2(20>a>
and

1
27 = 3 (exp(—3%0c®) + exp(—0®)) — exp (—(20)* — o) .
The last equality follows from the following argument.
E(cos(3X)) = E(exp(iX) exp(i2X)) = E(cos(X) cos(2X)) — E(sin(X) sin(2X))
= FE(cos(X) cos(2X)) — %E(COS(X)) + %E(COS(?)X)) :

Obviously, for large values of n, + " cos(Xy;) and + 3" cos(2Xy,) are both even-

tually non-negative. Therefore (3.14) and (3.15) follow using the Delta method.

NG

(7A'X7X _TX,X> ﬁN(()?l),

UI;T

vn

UZ;T

(%;(,X - T;(,X) = N(O» 1),

where

- 4011;T

T
01,7 = ,UQ 5 02.:7 = 0'2;7'22;7'0.2;7-’ (734>
1,7




H1,r = eXp(_Ua)v O‘%l;'r = %(exp(_an_a) + ]') - eXp(—QO'a), 025 = (-2,&1_771_, %#;11;7')7

fs1:r = exp(—2%0®), and 3., is given in (7.33). This completes the proof.

O
Proof of Theorem 3.2
Proof. Let
A, = l zn:coqu , B, =— zn:cosXy ,
[ =1
C, = %Z cos(Xy — Xo), D, =— ZCOS(XU + Xo)
=1 =1
Then by CLT, v/n ((Ay, Ba. Cp, Do) " — ) LN (0,%,) , where
l = (o, o, s ) = (7750, €%, e e ) (7.35)
X, = (Uij;r)z‘,jzl,...A, (7-36)

(exp(—290%) + 1) — exp(—202), i=1,....,4,

N |

Oiisr —

0-1237— = 0-2137— = (eXp(—U)a(1+X2) + eXp(_O-gél—Xg)) - eXp(—O-)a(*l - 0-)0‘(2) 9

o

013§T = U31§T = (eXp(_ngl—X2> + exp(_UX2>) - exp(_o-?(l - 0?{1—)(2) )

01437 = 04137 = (exp(_UQQXl-i-XQ) + eXp(_U?{2)) - eXp(—G?{l - 0?(1+X2> )
0-2337 = 0-3237 = (eXp(_OJQJXQ—Xl) + eXp(—U?(l)) - eXp(_O-?(g - U?(l—Xg) 3

024§T = U42§T = (exp(_USXQ—l—Xl) + exp(_U?(l)) - eXp(_O-?(2 - O-gél—‘rXQ) )

N = NIR N N =N N

(exp(_(TQaX2> + exp(_03X1>) - exp(_a%l—XQ - 0-}1(1-%)(2) )

011 =0x = / |s1|T(ds), o2 = 0x, :/ |so|T'(ds) ,
S1

S1

O34;7 = O43;7 =

033 = 0X,—Xy = |81 - 32|F(ds) y 044 = 0X14Xy = |81 + 82|F(d5) )
Sl Sl



Using the Delta method, we get,

and

| CoD, .
ﬁ (5 hl (m) — TleX2> i N(O, 1) s

04;7

where

2 T 2 T
03, = 0372703, Of, = 047504,
_ -1 -1 -1
o3 = (—py —hy h3 - 0)

_ 41 ;1 _
4.7 = <_M117_M217§M317§M4 1> . (737)

This completes the proof.

O
Proof of Theorem 3.3.
Proof. Let 1%-;_ = %Zzzl cos(Xg; — Xy;), and V; = %22:1 cos(X4;) , then by CLT,

i exp(—ay)

1§p exp(—o?)
\/’ﬁ ) _ p —d) N%(p2+p) (0, 21;19) s (738)

U12;— eXP(_Uﬁ—z)
J

p—1,p5— eXP(—Uﬁ‘_L_p)



where of =[5 |w|*T'(du), o7y ; = [g |wi £ u;]°T(du),

z)11;19 212;19
21;19 = ) (739)

T
212;19 222;19

{04

in which X1, is a p X p matrix whose i-th diagonal components is %(e‘za"? +1)—e %%

and (i, j)-th off-diagonal components equal (e™74+ + e 70-3) — e % ~% . To introduce

the 5(p* — p) x 3(p* — p) matrix Xy, we need to introduce the notation o3, , =
| s, laui + bu; + cw|*T'(du) . Using this notation the é-th components of the diagonal
of 3999 which corresponds to ﬁlk;_ equals %(e_Qa“ﬁ—k + 1) — e 2~k | and the (4, 5)-th

entries of off-diagonal components correspond to ¥;,5,.— and Uy p,.— 1S @y, gy 10k, » that

can be expressed as

(

0, if Lh#lL, &k #ks,

— g% « e e’ .
A1y kylo,ky — (e 0211»—k1,—k2+0k1»—k2> — e Tk %l —ky it =1, &k 7é ko

1
2

.Y a _ L I .
(e "2k1»—l1»—l2+°l11—12> — ¢ Tk %k if [ £y, & k= k.

N |—=

\
In addition, the (i, j)-th components of ¥, , corresponding to J; and ﬁjk;_ may be

represented by a;ji , as follows

(

0, if it &itk,

_a 0 ga . . . .
@i gk = (€79 +e %2%—i)—e % Tk, if i=4, &i#k,

N [—=

—o&. . —0%—0o% . - - . .
(e797 +e =) —e % Ti-i, if i#g, &i=k.

N =

\

Now, introduce the function

~

g1 (191, e 779;071912;—7 e 719p—17p;—)

. X V1. Oyt i
= <1n1912,...,1m92 In 01215 ...,lnp—l’pi) .




The gradient of gy is

—20;% 0 0 .- 0 0 0 - 0
0 0 0 0 —29;1 0 0
Vgl (w) =
97t =yt 0 0 0 o 0
0 0 0 91 =9, 0 0

Therefore, by the Delta method
vn <TA9X - TX) = N1(244)(0, ViZ19(Var)'), (7.40)

and Vg1 = Vg1 (py.9) with g is the mean vector given in (7.38).

Now, we consider the asymptotic distribution of '5; For this case, we need to



define the new notation 1§i;2 = %Zzzl cos(2X%;) . Now from CLT,

p—1,p;+

exp(—of)

exp(—0?)

exp(—0of_,)

eXP(_Ug—l,—p)

exp(—2“c?)

exp(—2“ag)

exp(—aﬁg)

exp(—0y1,)

where of = [¢ |w|°T'(du), o7y ; = [g |wi £ u;]°T(du),

212;19 213;19 2314;19

222;19 223;19 z]24;19

Yoy 2 )
23;0 3351 34;9
T T

224;19 234;19 244319

5 Np2yp (0,359) ,  (7.41)

, (7.42)

where X;;.5 can be obtained as before. Now, we introduce the following transformation



to obtain the joint limiting distribution of the codifference matrix

g2 (1917 ce 77~9p71912;—7 ce 719p—1,p;—7191;27 s 719 ;

p;2s lglp;-i-’ Tt ﬁp—l,p;-ﬁ-)
a2 . . 3
1 1§1.2 1 ﬁp.z (1912;—1912&) (ﬁp—lyp;—ﬁp—lmﬂr)
= —lnA—L’l,...,—ln A;:,ln — ,...,In —
2 2 019, Oy 19,
Thus

vn (3; - T;() - N%(p2+p)<0’ V02220(V2) )

(7.43)
where Vgo =

Vga(tty9) and py. is the mean vector given in (7.41)

O
Proof of Theorem 3.5

Proof. Let u; = /n(8; — Bim), i = 1,2, where B, is the M-estimator of 8; defined in
(3.24). Then the minimizing argument given in (3.24) can be rephrased by the following
objective function:
(i) = (52) (2 () =2 (32))
—n2 ; (u11/11 (;) + ugty <X1]>) %; w (cj1) + udvh(cja))
where ¢j;, 1 = 1,2,7 = 1,.

,n, are constants such that c;; is between 2
Xo; . X1, 1 X1,

22 and c¢jp is between T4 —nz2uy and £ . We have
X1j Xaj Xaj

P (cjn) — ) (—)‘ <nt Zu1|n 2u1| —0.

7j=1
W) = v/ (32

XJ —n- 2u1

n

-1 2
n E u

J=1

Similarly n=' 37", uj

ng)‘ vanishes almost surely as n — oo .CLT im-
plies:

1
A, S5 —u'Z+ §uTCu,



where u' = (u;,u), and Z is a bivariate Gaussian random vector with zero mean and
variance-covariance matrix 3, . By using Lemma 2.1 in Sohrabi and Zarepour (2018)

and setting A, (u) = 0 and solving for (uy,us), the results follows.

Supporting derivation for Remark 3.7

This appendix provides additional explanations and supplementary material related
to Remark 3.7. The aim is to offer further context and background for readers interested
in a deeper understanding of the subject. Although not essential for following the main
results, these details may help clarify the assumptions, methodology, and reasoning that
underlie our approach.

Asymptotic Distribution of Blﬁg and Hypothesis Testing

Consider the function h(B) = B13;, where 8 = (81,5.)". We apply the delta
method to derive the asymptotic distribution of h(,@n) = B1f35. From Theorem 3.5, we
know that

A

Va8, — B) L N(0,Y), where T =c 'Syc.
The gradient of h at 3 is
Ba
Vh(B) =

Thus, by the delta method,

Vn <8152 - 5152) at N0, 0§1ﬁ2>’



with asymptotic variance

035, = Vh(B) TVL(B) = 3T11 + 281521z + B Yoo,

where T;; denotes the (7, j)-th entry of Y.

Test for Hy : 562, =0

We propose the test statistic

T, = ——=2

V 0/231/32/”

0-51/32 ﬁ Tll + 23132Y12 + B%ng.

where

Under Hy, for sufficiently large n, we have
T, =~ N(0,1),
so the null hypothesis is rejected at significance level oo whenever |T,,| > z1_q /2.

Estimating Tll, Tu, T22

Let 3, denote the estimator of ¥j; from Remark 3.6, and define ¢ = diag(¢q, Ca),

where

Xo; R 1 < o Xai
:—Z%(XM): CQZE;"/&(XZ)-

Define T = ¢~!3,,¢. Denote by Tij the (4, j)-th entry of T. The plug-in estimators



are then given by

- L0 (n(2).

T = 10 (0s(32)).

Hence, all components of the test statistic 7, can be consistently estimated from

the sample.



