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S1 Proofs

S1.1 Proof of Proposition 1

Denote ¢(X) — ¢(X') as ¢pxx for simplicity. Denote Gy = Gy — E(s)E(¢pxx @
¢xx'). Based on the independence of X and X', it follows that E(¢xx ® ¢pxx/) =
234 and hence Z;léo = E;IGO—QE(S)I'H. Therefore, Z;léo and E;IGO share the
same eigenfunctions, leading to the fact that the solution to maxg, ce, tr (g,, Go)
is also the solution to maxg ce, tr (gr,éo) and vice versa. Moreover, for k =

1,---,r, we have

(gk, Gogryn = E(s{gr, dxx)3) — E(s)E({gr, dxx1)3;)

= cov(s, (g, ¢XX/>3.[)~
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One can see that tr(g,, Go) = So_, cov(s, (gr, dxx+)3,) for any g, € ©, with

g- = (g1, , gr), which completes the proof.

S1.2 Proof of Proposition 2

Let ¢; = ¢(X;) — ® and C = {¢;,i = 1,--- ,n}. Define []¢ as the coordinate
representation about the system C. Specifically, if u = " ci;, then [u]e =
(e, ,¢c,)". For an operator T : H — H, [T]c = ([ngl]c, e [ngn]c)
First, we find the coordinate representation of (. Note that
[Gdile = [ n* —n) [Z sij (¢ — ¢5) © (i — ¢j)] ¢i]
c

i#]

{ n’ —n)" sy ([6de — [B5le) @ ((dile — [65]c) } K[oile.

i#]

It is easy to see that [¢;lc = e; for i = 1,--+ n, where ¢; is an n x 1 vector with
the i-th component being 1 and other components being 0. So we have

[GA(%Z]C = [ n - n ZSW j (ei - ej)] Kei = (n2 — n)*lLSKei.
i#£]

Then it follows that [Gle = ([Gdile, - - -, [Gdnle) = (n2 —n) 'LgK and [Gf]c =
[Glelfle for f € H.

Second, according to [Fukumizu et al.| (2009)), the coordinate of the sample
covariance operator Y, is n 'K . Therefore, by letting [f]c = v, the generalized

eigendecomposition problem max, Pa=t (s Gf)y can be written as

_ _ 1 _
B, = argmax (n> —n) v KLgKv such that —v' K?v = 1.
v n
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Let w = Kvn~'/2. Then the optimization problem becomes v; = arg max, (n —
1)~'w" Lgu such that u"u = 1and KB n~2? = v;. The results for other 8;’s can

be similarly proved.

S1.3 Proof of Theorem 1

Write Go, = E(G). Then it holds that ||G—Gollus < |G—Gon|lus+|Gon—Gollus =
|G — Gonllus + €n. We only need to consider the convergence rate of the first
term. Write ¢;; = ¢(X;) — ¢(X;) and H;j = s;j0i; @ ¢ij — E(sijdij @ ¢45). Let
{o(1),--- ,0(n)} be any permutation of {1,--- ,n}. Let g,; for t = 1,--- ,m,
be the m, groups of {¢(i) = (0(2i — 1),0(2i)),i = 1,...,n/2} satisfying the

conditional independence property. We have

|G — Gonlls = Py p— > Hy

Z#] s

@ || 1 Z Hsyo2) + - + Ho(n-1)o(n)

! n/2
all {o(1),,o(n)} s
<1 Z Hyyo2) + -+ + Hotn-1)o(n)
— n! n/2 HS
all {o (1), ,o(n)}
1 2
= Z O
all {o(1),,0(n)} t=1 (i,j)€go,t HS
1 1 & 2m,
P N T 0 I CIEE o
all {c(1),,o(n)} t=1 HS (4.3)€Got
1 1 &
< ] Z oo Z 1Yl -

all {o(1),~,o(n)} 7 t=1
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where equation (i) uses the decoupling method in Serfling (1980)). Next, we analyse
EYillfis = 4m2n72 3 hyego Sothireas, B(Hig, Hia)ns, where
E(H;j, Hy)us = E(5:j0ij @ ¢ij, Sudm @ dr)us — (E(si0i5 @ ¢ij), E(skidr © ér))us.
For (i,7), (k,1) € go+ and (i,7) # (k,1), we have

E(sijij @ ¢ij, StPr @ dri)us

= B [E ((5ij0i @ ij; Sudr @ dri)us|{¢ij})]

2

= F [<E(Sij¢ij X ¢ij|¢ij)a E(Skl¢kl & ¢kl|¢k¢l)>HS]

—~
=

BB (511 © 613163), EIE(sudn © dulou)ns

= (E(sij¢ij @ 0i5), E(Suidm @ dm))us,

where equation (i) is derived from the conditional independence property and

Assumption 3 and equation (i7) is derived from the independence of ¢;; and ¢.
2 _ 2 i

So we have E ||Y|l;g = 4m2n QZ(i’j)ega’t E||Hij||gg- Let ¢y = (s5i)Y2¢i;. We

have

B Hylhs < Ellsidi @ ¢illhs + 2B 15505 ® 0 llus 1 E(5i5055 @ 0i5) ||y
2
+ [|E(s450i5 @ ¢ij) s
— E‘

4 2
LT 2F ‘ N 1E(sij0i; ® ¢ij) |l + 1B (515055 @ 63) s -

ggij

éij

AN 1/2
) < o0, then we
H

éij

have F || Hy;|% = O(1) for any i # j, implying that E||Y;||5g = O (m2m,m~2)

According to Assumption 2, || E(si;j¢i; ® ¢ij)|lps < (E‘

with m,; being the number of node pairs in g, ;. According to Markov inequality,

4
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1Yillgs = Op(mgmzl,{th_l). Therefore, we have

mo
m, Z 1Yillgs = Op (n_lma max mi—,/tz) =0, (man_l/z) ,
t=1

where the last equation is derived from the fact that max;, m;/f = O(n'/?). Recall

Mnet = MAX{4(1),- 0(n)} Mo~ SO We have

1 1 & Mpet
T oy e 2 s =00 (55

“all {o (1), ,0(n)}
implying that |G —Gonllus = Op(Mner/n'/?) and ||G — Gollus = Op(Mner /1'% +e€,,).

S1.4 Proof of Theorem 2
Step 1: Convergence of ||(3, + €,13) 'G — %, Gollus- Note that

1(S6 + enln) "G = £, Gollus < |[(So + enln) ™ Go — £, Gollms
+[1[(Z6 + endr) ™ = (S + €nlse) ' Gollns

+ (56 + enls) (G = Go)lus. (51.1)
We first analyse the first term on the right hand side of (S1.1)). We have

(Z¢ + EnIH)_lGO - E;IGO = (Z¢ + EnI’H)_IZqﬁ(E;lGo) - Z;IGO
= —En(2¢ + any)_l(E;IGo).
According to Theorem 1 of Douglas| (1966)), there exists some bounded operator Z
such that Gy = ¥3Z by Assumption 5. It follows that (X4 + e, 1) Go — E;lGo =
—en(Xg + enly) 134 Z and

1(Zg + €nlr) ' Go — X5 Gollus < €nll(Zg + €nla) " Egllopl| Zlus = O(en),

5
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where the last equation comes from the fact that ||(3y + €,14) " Zgllop < ||(Zp +
Enfq.[)_l(2¢ + Gn]H>||OP =1.
For the second term on the right hand side of (S1.1)), since
(86 + enlr) ™ = (S + enlr) ]Gy
= (Bg 4 enli) H(Zg + enln) — (2g + nl2)](Zg + €nln) ' Go

= (8 + €np) " [Sp — S)(Sg + €nlr) ' G,
we have
1[(Sg + €ndz) ™ — (Z6 + €uT3) " Gollns
< (S6 + adz) MloplZe — Zollop|(Ss + €n2) ™ Sollop 155 Gollus.

According to Lemma 4 in Virta et al. (2022) and Assumption 4, we have ||X, —
Sollop = Op(n~'/2). Then by Assumption 6, it follows that ||[(S4 + e l3) ! —
(36 + enlr) ' Gollus = Op([€an'/?] ).

For the last term on the right hand side of (S1.1]), we have
- —1/A - —1 a Mpet €n
IS en ™ (G=Godllus < I(Esen ) lorllG—Galls = 0, 2225+ 2.
Combining all results above, we have
Q 1A 1 Mpet,
||(E¢ + EnIfH) G — E¢> GOHHS = Op <6n + T + —) .

Step 2: Convergence of |[{; — coti||3-
Recall that v’s and z[)k’s are the unit eigenfunctions of E;lGO and (f]¢ +

enIH)_lé respectively. By Lemma 8 in the supplementary material of [Ying and

6
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(2022)), we have

7 Mnet
[thx — cotorllae = Op <€n + i + —> ;

where ¢ € {—1,1} such that ¢y (i, )3 > 0.
Step 3: Convergence of ermk—cokaH. Note that femk—cofk = &k/H(ZA]qu

en 1) il — covn /|12y *nll. Tt follows that

; 1 - 125 2l
[ fenke = cofilln = —g7— || cotor — Yu 2 o
124 "5 1(Xg + €ndp) il ]|,
. . T
1 - (S + ndr) el — 1155 el
S Toe [H@/)k: — cotrlla + || ¥x - o ¢ .
124 Ykl (3¢ + end3) >Vl 2

According to Assumption 5, we have Span(E;IGO)Q span(X,). Since iy, € span(E;IGg),
it follows that 1, € span(Xy), and there exists some constant ¢; > 0 such that
HZgzwkHH >c fork=1,---,r.

Next, we study the convergence of ||(3g + €nl3)"20p|ln — ||E;/2wk||7{. Note

that

(S + ens) el = 125 rlloe <I1(Zo + enlan) > (cotbe — )

+((Ss + enls) '’ — =5 e,

where the first and second terms on the right hand side are Op(||c()7ﬁk — i |l%) and

0, (H(f]¢ + e Iy) V% — Z;QHOF») respectively, and the latter is
0y (IS0 + a2 = (o + ex) o + (S + enls)* — 42llop )

From the equation A2 — BY/2 = AY2(B3/2 — A3/2)B=3/2 4+ (A? — B?)B~%/2 and

7
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Lemma 8 in Fukumizu et al. (2007)), we have

1(S6 + enl) ' = (So + enln)*|lop

= 0, (IS0 + a0 2llorlEs — Sllopll (S + eulo) ™ lor-+
(IZsllop + EsllopDI1Ss — SslloplllI(Ss + 67Jf+t)73/2||01>>

=0, (1% = Sallorl| (%5 + enu) ™l

and hence is O, (n=1/2¢,/?). Similarly, we have ||(Zy + €,13)"? — nl/2 op =
D ¢ )

Op(al/ ?). Therefore, we have

. 12,0 1L |il/2 — 2y e oy L
1B + enla) Pl — 155 Ykl = Op (6" et e T ngr )

For [|(S + enl) "/ 0nlla0, since (S + enlp)2dillre = 1S5 *¢rlla + [I1(S +
enly) 205 |l — HE;ﬂwkHH], it is easy to see that there exists some constant ¢y > 0
such that ||(34 + €nl3) 21yl > 2 with probability approaching to 1.

Combining all the bounds above, we have

F Me €n 1
ern,k_COkaHZOp (6,}/2—’— t + — + ) ,

e,nt/?2 €,

where ¢ € {—1,1} such that co(f., &, i)y > 0.

S1.5 Proof of Theorem 3

The difference between the proof of Theorem 3 and those of Theorems 1 and 2 is in
proving the rate of ||Y;||gs fort = 1,--- ,m,. According to Lemma 1 in the supple-
mentary material of [Zhao et al.| (2022)), for any permutation {o(1),--- ,0(n)}, the
index pairs [6(i) = {0(2i — 1),0(2i)},i = 1,...,n/2] can always be split into m,,

8
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groups gs1, - , 9o, Such that the conditional independence property holds for
the first m, — 1 groups, where 1, < Mye = log(n/4)/log{4dnax/(4dmax — 1)} + 1
and dpmax = max;—1__, Card({j : N;NN; # @}). So we need to analyse ||Y;||us for
t=1,---,m, — 1 and t = m, separately.

Fort =1,---,m, — 1, similar to the proof of Theorem 1, we have [|Y}||;;q =
O, (m,n1?).

For t = 7, note that Yy, = |gom, | " D (i) s 2My |90, [0~ Hij, where
Hij = $ij0i; ® ¢ij — E (515045 @ ¢45). Denoting 21| gs m, [n~"Hi; by Hi;, by Jensen’s

inequality, we have

1 _
B, s < P~ > ElHls:
o (iﬂj)e.ga,'r'ng
For any (¢,7) € gom,, we have
] 4mg’|g07mo‘ 2
E||Hijllfs = TE”HUHIZ{S'

As shown in the proof of Theorem 1, we have F||H;;||}s = O(1), implying that
E||Hjllks = O(4m2|gs.m,>n~%). According to Lemma 1 in the supplementary
material of Zhao et al. (2022)), we have |gs m,| < 4dmax. By Assumption 7, it fol-
lows that E| H;;||%s = O(m2n~!) and hence ||V, ||gs = Op(on~Y/2). Therefore,
= 2 [ Yillgs = Op(mgn='2). The rest of the proof is exactly the same as those

of Theorems 1 and 2.
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S1.6 Proof of Lemma 1
According to the triangle inequality, we have

[ Fren (X)) — Fr (e )| < N Frien (0(X0) = F( XD + || Fr(0(X0)) — Fr ()

For || f-(6(X5)) — fr(u‘éi)H, by the Cauchy-Schwarz inequality, we have
o ) o 12\ 12

1£:60X) — £l < (rmas | lllo0x) — i 12)
Since max K(Xi, Xi) = 0p(83) and , max, lpeellze = O(6,,), we have

1/2
(7" max 1 fellFllo(Xi) — Mdc)i 3{) =0, <r1/2(5¢> +0,) max kaHH> _

Since fi = /ISy el where [[ill = 1 and [|S; "yl > ¢ with some
constant ¢; > 0, we have || f.(¢(X;)) — fr(,u?}l)H = O,(r'/%(54 + 6,.)).

For ||fr76n(¢(Xi)) — fr(0(X;))]], it is easy to see that it is equal to

r 1/2
<Z<fen,k — fir 6(X3) ® $(X3) (fer — fk)>7—£> -

k=1

Without loss of generality, we assume that fen,k converges to f; instead of — f.
Then for any k, (fe, k= fi, $(X:) ® G(Xi) (fer b = Ji)) 2 < M(S(X3) @ (X)) fer ke —
Fill3 < 19X @(X:) sl fen = Fil 3 where A (¢(X;)@¢(X;)) denotes the largest

eigenvalue of ¢(X;) ® ¢(X;). According to Theorem 2, we have

A e
Hw—mm_@Gw+ @ L e, )

1/2 3/2
enn/? ey pr/2ed

Since [|¢(Xi) ® ¢(X;)|lus = K(Xi, X;) = O,(57), it follows that for any &,

6nn1/2 €n n1/262/2

2
ot = fir 6(X0) © (X (fer = il = O, (5; e ooy L] ) |

10
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implying that

| Fren (S(X3)) = £r(u&)|

_ 1/2 1/2 1/2 Mnet Cn #
- Op (T (5¢ + 5#) + r 5¢ |:67’L + E717,211/2 + €n —I— n1/2€§/2:|)

ne n 1
=0, (rl/géu + 71254 {1 g Mnet | oy —D .

1/2 3/2
€pht / €n n1/2€n/

S1.7 Proof of Theorem 4

We give the proof in a similar framework as the proof of Theorem S4 in |Hu and
Wang (2024). Denote the convergence rate of || fyc, (¢(X;)) — fr(,u?}i)H obtained
in Lemma 1 by R.,. Then there exists D, = O(1) such that the probability
that || fr.e, (9(X:)) — £r(u)|I> < DuR?, tends to 1 as n tends to infinity. For
simplicity, let 7; = fmn((b(Xi)) and r; = fr(,ua) for i = 1,--- ,n. Then we have
|7 — 7] < Dy/? R, with probability approaching to 1. Denote the cluster centers
of r;’s by my for k = 1,--- , N.. It is easy to see that my = r; when C; = k for
k=1, ,N,. Let C = (él, e ,én) denote the estimated labels by K-means.
Let m = (mq,--- ,7my,) denote the estimated centers by K-means. Define the

within-group distance as

n
L(Cyiin) =Y || = g, |I°.
i=1

For the true labels C;’s and true centers my’s, according to the procedure of K-

means, we have L(C, 1) < L(C,m). Fork =1,--- | N,, let p(k) = arg min,<;<y, ||my

— m;l|, that is, p(k) is the index of the estimated center which is closest to my.

11
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We first control the distance between my, and 7,4. For any k € {1,---, N.},

we have

2

L(C.in) = Y || = g,
Ci=k

. 1 .
> (=l = P + 3l =1, [I7)
Ci=k

=S e,
Ci=k

n
. 1 .
> = |fi—me | + §nk||mk — i |12
=1

1 .
2 5l — i, )

1 )
= —L(C,m) + grllmy — ity I

Combining with L(C,7m) < L(C,m), we have ||m; — M| < 4L(C,m)[ny, <
AL(C,m)/cyn where the last inequality comes from Assumption 8. According to
Assumption 9, each my, is paired with a unique 1, such that ||my — Myl <

2(L(C,m)/eyn)/?. Since L(C,m) = Y1 | ||fi—mq,

2 =31 |l7i—ri|]?, according
to the results in Lemma 1, the probability that L(C,m) < nD, R? tends to 1 when
n — co. Therefore, we find that ||my — 1)l < 2(D,RZ /cb)'/? with probability
approaching to 1.

Suppose that there exists a node i such that C; # p(C;). Next, we will show
that the corresponding C is not the optimal solution to K-means. Consider a
different solution (C’,7) with /' = 7 and €’ differs with C' only at the i-th
component, that ¢! = p(C;). Then we have L(C",m/) — L(C,m) = ||f; — mq{“? -
|7 —1n¢, ||?. Note that with probability approaching to 1, ||7; — e[| < 75 —rill +

12
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< D)*R,, + 2(D, R? Jcp)t/?. Assume

Hri - mp(ci) = HTA‘Z - TZH + HmCz - mP(Ci)
that C; = p(t). Then it is easy to see that t # C;. According to Assumption 9, we

have the following result with probability approaching to 1

17: = e, || = [lme = me, || = l[me = g || = [[ri = 7] (Note that me, = ;)
> (4+4/c,'*)DY?R,, — 2(D,R2 /e,)'/* — DY?R,,

= 3D}*R., +2(D, R} /c;)"?

> Dy?R., +2(D,R? [c)?

> |[7; = el

which contradicts the optimality of C. Combining all results above, we prove that

each node can be exactly recovered.

S1.8 Proof of Proposition 3

We give a more general version of Proposition 3 in Proposition [B| and the proof of

Proposition 3 is included in the proof of Proposition [B}

13
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S2 Additional simulations

S2.1 Results of the adjusted Rand index

In this section, we report the results of the adjusted Rand Index (ARI) under the
same settings as those in Sections 5-6 in the main text. Since the results and
conclusions of ARI are consistent with those of the community detection accuracy
(ACC) reported in the main text, we only present the ARI values here without
further discussions. For detailed interpretations, readers can refer to Sections 5-6

in the main text.

e Community detection performance. The settings are referred to Section
5.1 in the main text. We present the average ARIs along with the standard

deviations in Figures [1{2]

e Performance under varying n, p and N.. The settings are referred to

Section 5.2 in the main text. The results are presented in Figure [3

e Robustness to the number of projection directions. The settings are
referred to Section 5.3 in the main text. The boxplots of ARI are presented

in Figure [

¢ Robustness to kernel functions. The settings are referred to Section 5.4

in the main text. The boxplots of ARI are presented in Figure [5

e Real data analysis. The details are referred to Section 6 in the main text.

The results are presented in Figures [6}{7]

14
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Method “®- Net-NDR <@ NS-LDR -®- NAC -®- SDP -®@ CASC

Case 1 (a) Case 1 (b)
1.2 12
0.9+ 0.9 */
T 0.6 T 0.
z T 06
0.3 0.3 /0
0.0 ® @ 0.0 &
05 o 07 o 09 01 02 03 04 05
3 I
Case 1 (c) Case 1 (d)
12 12
094 0.9
@ 06 @ 06
< <
03+ 03
0.0+ 0.0
01 03 05 07 09 01 015 02 0.25 03
Y b

Figure 1: The adjusted Rand index (ARI) of different methods for Case 1. Each dot represents

the mean and the vertical bar represents the mean + standard deviation.

Method “®- Net-NDR <@ NS-LDR -®- NAC -®- SDP -@ CASC

Case 2 (a) Case 2 (b)
1.2 1.2
094 Q———*——'H’% 0.9 ; —+—3%
T o6 T os

0.0 > 0.0

A
o
L R
{6 %
A
o
e
=Py »—T—u
]
= -
@+
- -
—o—

1 15 2 25 3 0. 0.1 015 02 0.25
3 K
Case 2 (c) Case 2 (d)
12 12
0.9+ 0.9
o T
Zos Zos
0.3 03
0.0 & © © < 9 0.0
0.1 02 0.3 04 05 0.1 0.15 0.2 025 0.3
Y b

Figure 2: The adjusted Rand index (ARI) of different methods for Case 2. Each dot represents

the mean and the vertical bar represents the mean + standard deviation.
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Method -®- Net-NDR -@- NS-LDR -@- NAC -®- SDP -@ CASC

p=10,N,=4 Nn=500,N,=4 n=500,p=10
0.9 0.9+ H\w 0.9
06+ _ 06+ _ 06
[ T T
< < 3
03+ 03+ 03
004 O— 00+ 00{ @
200 400 600 800 1000 10 20 30 40 50 2 3 4 5 6
n P Ne

Figure 3: The adjusted Rand index (ARI) for Case 2 with varying sample size n (left), dimension
p (middle), and the number of communities N, (right). Each dot represents the mean and the

vertical bar represents the mean + standard deviation.

Case 1

ki

]

ARI

2 3 4
The number of projection directions

5

1.00

0.75

ARI

Case 2

T

‘ : : i
2 3 4 5

The number of projection directions

:
1

Figure 4: The boxplots of the adjusted Rand index (ARI) of Net-NDR with different numbers

of projection directions in Case 1 and Case 2.

kernel -] Gaussian £ Laplacian £ Polynomial

Case 1

Case 2

= =

: r v
Gaussian Laplacian Polynomial

$

—=

: : v
Gaussian Laplacian Polynomial

Figure 5: The boxplots of adjusted Rand index (ARI) of Net-NDR with different kernel functions

in Case 1 and Case 2.

16



S52. ADDITIONAL SIMULATIONS

Scenario 1
0.8 T
1 —
—
06 L
T Method
1 -0 Net-NDR
F 04 I + & NS-LDR
< T -8 NAC
1 -0 sDP
02 1 4 -® CASC

Figure 6: The adjusted Rand index (ARI) of different methods on the pulsar dataset in Scenario

1. Each dot represents the mean, and vertical bars represent the mean + standard deviation.

Method “®- Net-NDR <@ NS-LDR -® NAC -®- SDP <@ CASC

Scenario 2 (p.=1) Scenario 2 (p.=2) Scenario 2 (p,=3)

0.6 0.6+ 0.6

P—T—I
——
p—

=P A

ARI
ARI

0.0 0.0+ 0.0

1-1 1-1 1-1

Figure 7: The adjusted Rand index (ARI) of different methods on the pulsar dataset in Scenario
2 for p. = 1,2,3 (from left to right). Each dot represents the mean, and vertical bars represent

the mean + standard deviation.

S2.2 Computational cost and memory usage

First, we show the superiority of eigs_sym on the computational time and memory
usage when performing eigen decomposition on the matrix K defined in Section

2.3 of the main text, by comparing it with the classical eigen function in R, which

17
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calculates all eigenvalues. Taking the default setting in Case 2 of Section 5.1 as
an example, we set the range of the sample size as n € {200, 500, 800, 1000, 3000}.
Specifically, we calculate the first p/2 eigenvalues for the function eigs_sym, where
p/2 is chosen according to the rank selection rule of [Lam and Yao (2012)). Each
experiment is repeated 200 times and the average results are reported in Table [I}
The results clearly demonstrate the computational advantages of eigs_sym.

Table 1: Computational time and memory usage of functions eigen and eigs_sym versus varying

sample size n.

Time used (s) Memory usage (kb)

n 200 500 800 1000 3000 200 500 800 1000 3000

eigen() 0.06 0.07 258 499 105.87 321.70 2004.72 5127.12 8008.72  72024.72

eigs_sym() 0.01 0.03 0.08 0.13 1.70 10.50 24.90 39.30 48.90 144.90

Table 2: Computational time (s) of different methods under different sample sizes in Case 2.

NS-LDR Net-NDR NAC SDP CASC
n = 200 0.05 0.06 0.02 0.11 0.12
n = 500 0.68 0.70 0.15 1.25 1.48
n = 800 2.66 2.73 0.55 4.55 5.76
n = 1000 4.77 5.32 1.07 8.72 11.70
n = 3000 153.68 159.98 30.23 246.16 359.28

Second, we compare the average computational time of five methods intro-
duced in Section 5.1, taking Case 2 in Section 5.1 with (9, k,,b) = (1,0.25,0.5,0.2)

as an example. We vary n from 200 to 3000, and each experiment is repeated 300
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times. The results are shown in Table [2| demonstrating that the computational

speed of Net-NDR is competitive.

S2.3 Demonstration of ¢,’s effect

In this subsection, we illustrate the effect of ¢, in a single simulation repetition
under the default setting of Case 2 in Section 5.1. Specifically, we calculate the
Calinski-Harabasz (CH) index and adjusted Rand index (ARI) values correspond-
ing to different values of €,. Results are presented in Figure |§| It shows that the
€, that maximizes the CH index corresponds to the value that maximizes the ARI,

thus achieving satisfactory community detection outcome.

\d e,
1940 o %, eoscccsee
U .

os0e
1920

CH Index

1900

; .
8807 082

0.050 0.075 0.100 0.125 0.050 0.075 0.100 0.125
€ €

Figure 8: The effect of €, on the Calinski-Harabasz (CH) index and the adjusted Rand index

(ARI) under Case 2. The red vertical line marks the value of €, that maximizes the CH index.

S2.4 Consistency of rank selection

In this section, we further evaluate the consistency of rank selection; the selection
criterion is presented in Remark 4 in the main text. The data are generated as

follows.

19



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

(Covariates) Consider the following two cases:

Case S1. Set the covariates X; = (Xi,l,X@g)T for 2 = 1,---,300, where
X;; """ U(0,1). The feature map is considered as ¢(X;) = (sin(27X; 1), cos(2mX;2))";
Case S2. X, -, Xg0 ~ N,(0,%) with ¥ = (0.5/=71) and p = 20. The

feature map is taken as ¢(X;) = X;.
(Network data) We generate the network from the following model

exp(y — A1l Fy oi5l))
14 exp(y — BullFy ¢5]l)

P(wy = 1]C;, Cy, ¢y5) = Pwy = 1]C;, Cy)

where ¢;; = ¢(X;) — ¢(Xj), v controls the network sparsity level and f; > 0
controls the influence of the distance between projected covariates on the connec-
tion probability. Recall that f]d, is the sample estimator of the covariance matrix
Yy = cov(e(X;)). The coefficient matrix Fy € RP*" consists of the first r eigenvec-
tors of f]d, such that FOT 2¢F0 = [,. The latent community labels C;’s are generated

independently with P(C; = 1) = P(C; =2) = 1/2.

Table 3: The confusion matrices of estimated ranks under different values of (v, 1) in Case S1.

(7, 1) = (1,1) (v, 51) = (1,2) (v, 81) = (3, 1) (7,61) = (3,2)

r=1 r=2 r=1 r=2 r=1 r=2 r=1 r=2
=1 192 2 187 0 192 0 194 1
r=2 2 192 6 196 3 194 3 194
7=3 3 2 6 0 4 3 2 3
T =4 1 4 1 4 1 3 1 2

For Case S1, we set the true rank r € {1,2}. The parameter M appeared in our
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rule of rank selection in Remark 4 in the main text is set to 5. A Gaussian kernel
function is adopted. We compute the confusion matrices with four parameter

configurations of (v, 1) across 200 repetitions and report the results in Table .

Table 4: The accuracy of estimated ranks for r € {1,5,10,15} under different values of (v, 1)

in Case S2.

(7, B1) = (10,4) (v, B1) = (12,5)

Accuracy 1 1 1 0.98 1 1 1 0.99

Table 5: The confusion matrices of estimated ranks for r» € {11,12,13,14,15} under different

values of (v, 81) in Case S2.

(v, B1) = (10,4) (v, B1) = (12,5)

7 =11 200 0 0 0 0 200 0 0 0 0
7 =12 0 200 0 0 0 0 200 0 0 0
=13 0 0 200 2 0 0 0 195 0 0
7 =14 0 0 0 191 4 0 0 2 196 3
7 =15 0 0 0 7 196 0 0 3 4 197

For Case S2, we expand the range of rank to {1,5,10,11,---,14,15}. The
linear kernel function is used and M = 15. To intuitively present the results from
200 independent repetitions with two parameter configurations of (v, 8;), we first
calculate the rank estimation accuracy when r € {1,5,10, 15}, and then compute

the confusion matrices for r € {11,--- ,15}. These results are reported in Tables
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and [5] respectively. It shows that our method can select the true rank with high

probability.

S3 Additional discussions and theoretical results

S3.1 Comparisons with Yan and Sarkar| (2021)

Our work differs from [Yan and Sarkar| (2021)) in the following aspects.

e Different assumptions on covariates: Recall that N, denotes the number
of communities. Let {ug, k =1,---, N.} be the community-specific means of
the covariates. |Yan and Sarkar| (2021) assumed the following mixture model

for p-dimensional nodal covariates X;’s:
XZ:/LCZ—F&, Z:L , N, (832)

where &;’s are 1.i.d. zero-mean sub-Gaussian random errors with the covariance

matrix o I,. In contrast, it is assumed in our work that

with a given feature map ¢(-), where {,ui, k=1,--- N.} are the community-
specific mean functions and ¢;’s are independent zero-mean random elements

in a reproducing kernel Hilbert space (RKHS).

From (S3.2), we can see that the effectiveness of [Yan and Sarkar| (2021))
depends heavily on the separability of the means py;’s from different commu-

nities. So when pu;’s are close to each other, their method will not provide
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satisfactory results (e.g. Case 1 in Subsection 5.1 of the main text where
w1 and po are both zero vectors). In contrast, our method requires that the
community-specific means after transformation (i.e. u}i”s) are separable. This
is analogous to using a kernel in support vector machine in the setting where
the original data are not linearly separable but can become separable after a
feature mapping. Recall the concentric ring data introduced in Section 1 of

the main text — a classic example of linear inseparability. Here we present

the scatter plot of projected data from the method SDP in [Yan and Sarkar|

(2021). Figure @ shows that SDP cannot clearly distinguish two communities.
In contrast, according to Figure 1 in the main text, our nonlinear dimension

reduction method Net-NDR can linearly separate two groups nicely.

SDP
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[

0.2 00 02
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Figure 9: The Scatter plot of projected data via SDP in [Yan and Sarkar| (2021).

e Difference in other aspects: In terms of research objectives, we develop a

dimension reduction framework for nodal covariates, which can be applied to
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multiple downstream tasks. In contrast, Yan and Sarkar| (2021]) solely focused
on the community detection task. In terms of assumptions, [Yan and Sarkar
(2021)) assumed that the network follows the stochastic block-model, while
we do not require such assumption. Last, our theoretical framework accounts
for dependence structure among w;;’s (i < j), while [Yan and Sarkar| (2021)

required w;;’s (i < j) to be independent.

S3.2 Discussions on applications of our nonlinear dimension reduction

method

Our dimension reduction method Net-NDR can be applied to many models that
incorporate nodal covariates, including Ma et al.[ (2020), Huang et al.| (2024)), Stein
and Leng| (2025) and many others. For example, the model proposed in [Stein and

Leng (2025)) assumes

exp(Bi+ B+t Z5)
1+ exp(Bi + 85+ p+ Zj7y)

P(w;; = 1|Z;;) (S3.4)

where (;’s are heterogeneity parameters, p is the global density parameter, and
Zij = g(X;, X;) with a symmetric function g. By setting Z;; = ||f-(¢(X)) —
Fr(6(X")|I?, the covariates after nonlinear dimension reduction are integrated into
this model. Due to the model-free property, our method can identify the infinite-
dimensional subspace spanned by f. and obtain the low-dimensional nonlinear
embedding f,(¢(X;))’s of the original covariates; please refer to Proposition [A]

Besides community detection discussed in the main text, our dimension re-
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duction method can be combined with multiple downstream tasks. First, the
low-dimensional nonlinear embedding of the original covariates can be integrated
as covariates into existing models to support tasks such as link prediction. For ex-
ample, the link prediction model in |Graham/ (2017) incorporates Z;; = g(X;, X;)
with a symmetric function g. The model’s prediction performance depends on how
Z;; is constructed. Setting Z;; = || f-(¢(X5)) — fr(6(X;))|| improves upon the Eu-
clidean distance || X; — X|| used in Graham| (2017) by better capturing nonlinear
relationships among nodal covariates. Second, the embedding is applicable to a
wide range of unsupervised tasks. For example, the embeddings f,.(¢(X;))’s can
be utilized for anomaly detection by applying relevant algorithms to them (Liu

et al., 2022).

S3.3 A discussion on subspace recovery

The following proposition interprets f, defined in (2.1) of the main text from the

perspective of subspace recovery.

Proposition A. Suppose the following conditions hold:

(1) E(s|X, X") = h (fro(o(X)) = fro(@(X"))) where fro = (for, -+, for) € O,

and h is unspecified;
(2) the r largest eigenvalues of E;IGO are distinct;
(3) for any v € ©y satisfying (v, Xy fom)n =0 form=1,--- ,r, we have

cov {s, (fom, $(X) = ¢(X"))3} > cov {s, (v, o(X) — ¢(X"))3, } -
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Then it follows that span(f,.) = span(f,o).

The condition (1) means that the expectation of s depends on X and X’ only
through the projections f,0(¢(X)) and f,0(¢(X’)). When the conditional distri-
bution of s given (X, X’) depends solely on F (s|X, X’), for example when w is
a Bernoulli random variable and s = 1 — w, the condition (1) implies that s is
independent of X and X' given f,0(¢(X)) — fro(¢(X’)). The condition (3) re-
quires that the covariance between the distance after projection and s peaks in
the true directions. This is a general requirement on s, imposing no strict restric-
tions on its functional form. For example, if cov {w, (fom, d(X) — &(X"))3,} <
cov {w, (v,p(X) — ¢(X'))3,} and s = ag — aqw (ap € R,y > 0), it is easy to see
condition (3) holds for all values of (ag, ay).

Since Proposition [A] does not restrict the specific form of the function h, Net-
NDR recovers the true directions in a model-free style. While Net-NDR shares
similarities with sufficient dimension reduction (SDR) techniques (Li, [1991; (Cook
and Li, [2002; [Ying and Yu, 2022; |Zhang et al., 2024])), it differs from them in two
major respects. First, s;;’s (i < j) are dependent due to the network structure,
while the responses in SDR are generally assumed to be independent. Second, the
variable s corresponds to a pair of covariates (X, X’), while the response variable
in SDR corresponds to covariates of only one individual.

The proof of Proposition [A]is given as follows.

Proof. Denote ¢(X) — ¢(X') as ¢xx: for simplicity. Write My = E(soxx ®
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¢xx'). Consider the operator M; = My — E(s)E(¢xx @ ¢xx/). For any u € H
st {u,Sgu)y = 1, we have E(s)E((u, ¢xx/)3,) = 2E(s). For any v € Oy, we
have (v, Myv)y = E(s(v,¢xx)3,) — 2E(s) = cov(s, (v, pxx/)3). Similarly, since
fro € ©,, it holds that, for m =1, 7, {fo.m, M1 fom)n = E(s{fom, dxx)3,) —
2E(s) = cov(s, {fom: dxx)3,). By the assumption that cov{s, {fom, dxx)3,} >
cov{s, (v, dxx)3,}, we have E(s{fom, dxx)3) > E(s(v,¢xx)3,). According to
the distinctiveness of the r largest eigenvalues of Z;IGO and the definition of f,,

it is easy to see that span(f,) = span(fo).

S3.4 Discussions on s

The invariance of subspace to s. According to Proposition [A] under a
general model E (s|X, X') = h (fr0(¢(X)) — fro((X’))) with an unspecified func-
tion h, our optimization problem can be seen as finding the dimension reduction
subspace span(f,.¢) which is invariant to the choice of s under some conditions,
sharing similar spirits with sufficient dimension reduction.

Implications of the linear function s. Recall the definition of Lg and 1,
in Subsection 2.3 in the main text. We begin by discussing the eigenvectors of Lg
under an unweighted network. We take r = 1 as an example for illustration and
the discussions can be easily extended to the case where r > 1. Denote n'/%1; by
VI. By Proposition 2 in the main text, it holds that VlT = arg maxX.;|2=n 2" Lgz.
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With the notation z = (21, ,2,) ", we have
2" Lgz = [2n(n — 1)] 7 Z sij(zi — ;). (S3.5)
i#j

To probe deeper into ([S3.5)), we consider a linear function s;; = oy — oyw;; with
0 < ap < ai, which is also used by |Zhao et al. (2022). Then we have

2" Lgz = [2n(n — 1)]* Z oz — 7)) + Z (a0 — ay)(zi — z;)?

i,J:wij=0 b,Jwij=1

(S3.6)
From (S3.6)), it can be seen that VI maximizes the sum of the distances between
projections of unconnected node pairs (i.e. w;; = 0) and minimizes the sum of
the distances between projections of connected pairs (i.e. w;; = 1) simultane-
ously, with the weights being o and oy — ay respectively. When oy = 0, 1/1[ only
minimizes the sum of the distances between projections of connected pairs, dis-
regarding information from unconnected ones. To balance the information from

both connected and unconnected pairs, we recommend setting oy = 1 and oy = 2.

S3.5 A general version of Proposition 3

Recall that the optimization problem (2.1) in the main text requires the directions
fi,--+ . fr to satisfy the constraint (i): (fy,Xsfi)n = L(k = ). In this section,
apart from constraint (i), we also consider the constraint (ii): (fx, fi)x = L(k =1).
Under constraints (i) and (ii), the relationships between our method Net-NDR and

kernel discriminant analysis (KDA) as well as kernel principal component analysis

28



S3. ADDITIONAL DISCUSSIONS AND THEORETICAL RESULTS

(KPCA) are established respectively under the setting outlined in Section 4.2 in

the main text.

Proposition B. Assume that W = (w;;) 1s generated from the degree-corrected

nxn

stochastic block-model and that ¢(X;)’s follow the model (2.8) outlined in the main

text. Denote i) = lim,{n(n—1)}"" 37, 37,5 wfneij, 7 = lim,{n(n—1)} "1 37, v

and M = ij+v Ztﬁ% T, T, . Consider the generalized eigen-decomposition problem

=arg max ,G
fak g, max (fGof)n

(£, Af)n=1
where L1 = span(Afay, -+, Afax—1) fork=2,--- r and L40 = {0} and A
is an operator that will be specified as X4 or Iy later. Assume that (i) ) and v both
exist and are bounded; (i) the r largest eigenvalues of A~V2GyA='? are distinct.
Then the following conclusions hold.

(1) When A = Iy, that is, (fx, fiyn = I(k = 1), Net-NDR is equivalent to
KPCA at the population level in the sense that for any givenr < n, fr, 1 is exactly
the eigenfunction associated with the k-th largest eigenvalue of ¥y fork =1,...,r
if and only if M #0 and v = M.

(2) When A = X, that is, (fi,Sefi)n = Ll(k = 1), if v > M, Net-NDR is
equivalent to KDA at the population level in the sense that for any given r < n,

Is,k is proportional to the k-th direction of KDA for k=1,... r.

Proposition [Bf tells us that when the projection directions are orthonormal,
Net-NDR only utilizes the covariance information of mapped covariates. When

A = ¥4, the projection directions are estimated as if the unknown community
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membership is exploited.

The proof of Proposition [B|is given as follows.

Proof. In this proof, we solve the generalized eigendecomposition problem

= arg max ,G
Jak g<f7Af>H:1<f of )
fLLA k1

with L4 51 =span(Afaq, -, Afar—1) (k=2,---,r)and L = {0} in a slightly

different way. We first find the eigenfunctions ¢:’s corresponding to the r largest

eigenvalues of A7Y/2GyA"1/2 and then set fa; = A™Y2pA fori = 1,--- ,r. The

following proof is based on this process.

Write ¢;; = ¢(Xi) — ¢(X;), sij =6 — 5 and fig, = /L;i - ,u?;. Then

,U/tltg ® /’LtltZ + 22{7 tl % t2
E(¢ij ® ¢ij | Ci = t1,C; = t3) = '

2%, t =t

Let £ = E(¢(X;) | C;) be a discrete random element taking values in {u‘f, e

with P (§ = p;) = m;. Suppose that & and &, are independent copies of €. Then it

is easy to see that

cov (51 - 52) = 2COV(£) = Z ﬂ-tlﬂ-tz,utltz ® ,ut1t2'

t1#t

Under the setting in Section 4.2, s;; is independent of ¢;; given (C;, C;), then it
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follows that for any ¢ # j

E (sij¢ij @ ¢ij)

=F [E' (Sijgbij &® Qbij | Cia C])]
N¢
= 3 P(Ci=t1,C =) E(sy | Ci= t1,C) = ) E (6 @ b5 | Ci = 11,C; = )

t1,t2=1

Ne
= Z 277?%@'2; + Z Tty Tty Vi (:utltz ® Mgty + 22<)

t=1 t1#£ts
Nc
=2 T2 i5 + Vig T, T, | 2 + Vij Ty, T ®
= t Ttij ij t1to s ij 11 Tt Mot te @ fhiqty
t=1 t17#t2 t17#t2

= 2M,;;3¢ + 2v;5 cov(§),

where we write M;; = > .5 minij + Vi Ztl#Q Ty, Ty~ Since

cov (o(X;) | Cy =1t) = X

for t = 1,---,N., we have E{cov(¢(X;)|C;)} = X.. Thus, by the formula
cov (¢(X;)) = cov [E (6(X;) | Ci)]+E [cov (¢(X5) | Ci)], it holds that cov (¢(X;)) =

Y + cov(§). Then we have

E (Sij¢ij & ¢1]) = QMZ] COV (QS(XZ)) + 2 (Vij — MZJ) COV(g), and

: A . 1

= 2M cov (¢(X;)) + 2(v — M) cov(€). (S3.7)

(1) If A = I, from (S3.7)) we see that Net-NDR is equivalent to KPCA if and
only if M # 0 and v — M = 0.
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(2) Recall the assumption that the r largest eigenvalues of Gy = A™Y/2GyA™Y/?

are distinct. Denote the spectral decomposition of Gy by
Goa= > _qlo @,
i=1

where ¢! > ¢3' > --- are the eigenvalues, and s are the associated eigenfunc-
tions. We have fa; = A~Y2p# (i < r). Moreover, combining (S3.7) with the fact

that A = cov(¢(X)), we have,
Goa = A7VPGA™V? = 2M Iy + 2 (7 — M) A™/2 cov(§) A2,

Let Gea = A7Y/2 cov(€) A7Y/2. Since the 7 largest eigenvalues of Go are distinct,
the r largest eigenvalues of G¢ 4 are also distinct. Denote the i-th largest eigenvalue
of G¢.a by A¢;. By the condition 7 > M, p# is the eigenfunction of G¢ 4 associated
with A¢;. Then by Courant-Fischer min-max theorem on an infinite dimensional

Hilbert space (Courant|, [1920), we have

; A A
)\é’i = sup min <U, GE,AU>H = <90z 7G§,A¢i >'H7
VCH,dim(V)=i vEV:[[v[[#=1

where dim(V) denotes the dimension of V. Letting V; be the optimal V' with

dim(V) = i, then ¢ is the unique optimal v in V;, that is,

(Vmpfl) = arg sup min (v, Gg av)y
VCH,dim(V)=i vEV:[|v][n=1

= arg sup min (v, A2 cov(€) A7 ?v)y
VCH,dim(V)=i veV:||v||ly=1

(o, AT cov(§) A )y
= arg sup min
VCH,dim(V)=i vEV:v7#0 [v]l#

)
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where for the optimization problem in the last step, the optimal v equals cp?* for
any constant ¢ # 0 and we take ¢ = 1 here. Letting © = A~"/2v and recalling the

fact that A = cov(op(X)) = cov(€) + X, it follows that

(A71/2W’A71/290;4) — arg sup min <U,C~IOV(§)U>H
VCH,dim(V)=¢ 0EV:070 (0, AD)y

= arg sup min (0, cov(§)v)u
VCH dim(V)=i 9V 020 (0, D)y + (T, cov(§) )y
> 5
Care sup o (0, cov(€)o >1Lt/<v 2 CU>7-1
VEr dim(V)=i 9€V:0£0 1+ (0, cov(§) D)y / (0, B0y

= arg sup min (0, cov(&)0)y /{0, L0)y
VCH,dim(V):i5€V:177AO< ( ) > /( S >

Let (Akda i Ukda ;) be the pair of the i-th eigenvalue and direction in kernel

—-1/2

linear discriminant analysis and let G¢y = X 1/2 cov(€)Xs 7. Then Ay, ; is the

_1/

i-th eigenvalue of G¢ 5, and vxda i = 2 ' “w;, where w; is the i-th eigenfunction of

Ge¢ .. By Courant-Fischer min-max theorem again, it follows that
Akda i = sup min (0, cov(§)0)y/(0, Xc0) % (S3.8)
VCH,dim(V)=¢ 0€V:070

= (Ukda .i» COV(&)Ukda i) %/ (Vkda is LcVkda i) H- (S3.9)

On the other hand, due to the fact that the r largest eigenvalues of G4 are distinct,
it is easy to see that Axq,, ;'s are all distinct, and there is a unique solution for the
optimization problem (S3.9). Therefore, vgg, ; = cA~ 124 = = fa; (i < r) with

c= =x1.
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