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S1 Proofs

S1.1 Proof of Proposition 1

Denote ϕ(X) − ϕ(X ′) as ϕXX′ for simplicity. Denote G̃0 = G0 − E(s)E(ϕXX′ ⊗

ϕXX′). Based on the independence of X and X ′, it follows that E(ϕXX′ ⊗ϕXX′) =

2Σϕ and hence Σ−1
ϕ G̃0 = Σ−1

ϕ G0−2E(s)IH. Therefore, Σ
−1
ϕ G̃0 and Σ−1

ϕ G0 share the

same eigenfunctions, leading to the fact that the solution to maxgr∈Θr tr (gr, G0)

is also the solution to maxgr∈Θr tr
(
gr, G̃0

)
and vice versa. Moreover, for k =

1, · · · , r, we have

⟨gk, G̃0gk⟩H = E(s⟨gk, ϕXX′⟩2H)− E(s)E(⟨gk, ϕXX′⟩2H)

= cov(s, ⟨gk, ϕXX′⟩2H).
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One can see that tr(gr, G̃0) =
∑r

k=1 cov(s, ⟨gk, ϕXX′⟩2H) for any gr ∈ Θr with

gr = (g1, · · · , gr), which completes the proof.

S1.2 Proof of Proposition 2

Let ϕ̄i = ϕ(Xi) − µ̂ϕ and C = {ϕ̄i, i = 1, · · · , n}. Define [·]C as the coordinate

representation about the system C. Specifically, if u =
∑n

i=1 ciϕ̄i, then [u]C =

(c1, · · · , cn)⊤. For an operator T : H → H, [T ]C = ([T ϕ̄1]C, · · · , [T ϕ̄n]C).

First, we find the coordinate representation of Ĝ. Note that

[Ĝϕ̄i]C =

[
(n2 − n)−1

[∑
i ̸=j

sij
(
ϕ̄i − ϕ̄j

)
⊗
(
ϕ̄i − ϕ̄j

)]
ϕ̄i

]
C

=

{
(n2 − n)−1

∑
i ̸=j

sij
(
[ϕ̄i]C − [ϕ̄j]C

)
⊗
(
[ϕ̄i]C − [ϕ̄j]C

)}
K̄[ϕ̄i]C.

It is easy to see that [ϕ̄i]C = ei for i = 1, · · · , n, where ei is an n × 1 vector with

the i-th component being 1 and other components being 0. So we have

[Ĝϕ̄i]C =

[
(n2 − n)−1

∑
i ̸=j

sij (ei − ej)⊗ (ei − ej)

]
K̄ei = (n2 − n)−1LSK̄ei.

Then it follows that [Ĝ]C = ([Ĝϕ̄1]C, · · · , [Ĝϕ̄n]C) = (n2 − n)−1LSK̄ and [Ĝf ]C =

[Ĝ]C[f ]C for f ∈ H.

Second, according to Fukumizu et al. (2009), the coordinate of the sample

covariance operator Σ̂ϕ is n−1K̄. Therefore, by letting [f ]C = v, the generalized

eigendecomposition problem maxf :⟨f,Σ̂ϕf⟩H=1⟨f, Ĝf⟩H can be written as

β1 = argmax
v

(n2 − n)−1v⊤K̄LSK̄v such that
1

n
v⊤K̄2v = 1.
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Let u = K̄vn−1/2. Then the optimization problem becomes ν1 = argmaxu (n −

1)−1u⊤LSu such that u⊤u = 1 and K̄β1n
−1/2 = ν1. The results for other βk’s can

be similarly proved.

S1.3 Proof of Theorem 1

WriteG0n = E(Ĝ). Then it holds that ∥Ĝ−G0∥HS ≤ ∥Ĝ−G0n∥HS+∥G0n−G0∥HS =

∥Ĝ − G0n∥HS + en. We only need to consider the convergence rate of the first

term. Write ϕij = ϕ(Xi) − ϕ(Xj) and Hij = sijϕij ⊗ ϕij − E(sijϕij ⊗ ϕij). Let

{σ(1), · · · , σ(n)} be any permutation of {1, · · · , n}. Let gσ,t for t = 1, · · · ,mσ

be the mσ groups of {σ̃(i) = (σ(2i − 1), σ(2i)), i = 1, . . . , n/2} satisfying the

conditional independence property. We have

∥Ĝ−G0n∥HS =

∥∥∥∥∥ 1

n(n− 1)

∑
i ̸=j

Hij

∥∥∥∥∥
HS

(i)
=

∥∥∥∥∥∥ 1

n!

∑
all {σ(1),··· ,σ(n)}

Hσ(1)σ(2) + · · ·+Hσ(n−1)σ(n)

n/2

∥∥∥∥∥∥
HS

≤ 1

n!

∑
all {σ(1),··· ,σ(n)}

∥∥∥∥Hσ(1)σ(2) + · · ·+Hσ(n−1)σ(n)

n/2

∥∥∥∥
HS

=
1

n!

∑
all {σ(1),··· ,σ(n)}

∥∥∥∥∥∥ 2n
mσ∑
t=1

∑
(i,j)∈gσ,t

Hij

∥∥∥∥∥∥
HS

=
1

n!

∑
all {σ(1),··· ,σ(n)}

∥∥∥∥∥ 1

mσ

mσ∑
t=1

Yt

∥∥∥∥∥
HS

set Yt =
2mσ

n

∑
(i,j)∈gσ,t

Hij


≤ 1

n!

∑
all {σ(1),··· ,σ(n)}

1

mσ

mσ∑
t=1

∥Yt∥HS ,
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where equation (i) uses the decoupling method in Serfling (1980). Next, we analyse

E ∥Yt∥2HS = 4m2
σn

−2
∑

(i,j)∈gσ,t
∑

(k,l)∈gσ,t E⟨Hij, Hkl⟩HS, where

E⟨Hij, Hkl⟩HS = E⟨sijϕij ⊗ ϕij, sklϕkl ⊗ ϕkl⟩HS − ⟨E(sijϕij ⊗ ϕij), E(sklϕkl ⊗ ϕkl)⟩HS.

For (i, j), (k, l) ∈ gσ,t and (i, j) ̸= (k, l), we have

E⟨sijϕij ⊗ ϕij, sklϕkl ⊗ ϕkl⟩HS

= E [E (⟨sijϕij ⊗ ϕij, sklϕkl ⊗ ϕkl⟩HS|{ϕij})]

(i)
= E [⟨E(sijϕij ⊗ ϕij|ϕij), E(sklϕkl ⊗ ϕkl|ϕkl)⟩HS]

(ii)
= ⟨E[E(sijϕij ⊗ ϕij|ϕij)], E[E(sklϕkl ⊗ ϕkl|ϕkl)]⟩HS

= ⟨E(sijϕij ⊗ ϕij), E(sklϕkl ⊗ ϕkl)⟩HS,

where equation (i) is derived from the conditional independence property and

Assumption 3 and equation (ii) is derived from the independence of ϕij and ϕkl.

So we have E ∥Yt∥2HS = 4m2
σn

−2
∑

(i,j)∈gσ,t E ∥Hij∥2HS. Let ϕ̃ij = (sij)
1/2ϕij. We

have

E ∥Hij∥2HS ≤ E ∥sijϕij ⊗ ϕij∥2HS + 2E ∥sijϕij ⊗ ϕij∥HS ∥E(sijϕij ⊗ ϕij)∥HS

+ ∥E(sijϕij ⊗ ϕij)∥2HS

= E
∥∥∥ϕ̃ij

∥∥∥4
H
+ 2E

∥∥∥ϕ̃ij

∥∥∥2
H
∥E(sijϕij ⊗ ϕij)∥HS + ∥E(sijϕij ⊗ ϕij)∥2HS .

According to Assumption 2, ∥E(sijϕij ⊗ ϕij)∥HS ≤
(
E
∥∥∥ϕ̃ij

∥∥∥4
H

)1/2

< ∞, then we

have E ∥Hij∥2HS = O(1) for any i ̸= j, implying that E ∥Yt∥2HS = O (m2
σmσ,tn

−2)

with mσ,t being the number of node pairs in gσ,t. According to Markov inequality,
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∥Yt∥HS = Op(mσm
1/2
σ,t n

−1). Therefore, we have

m−1
σ

mσ∑
t=1

∥Yt∥HS = Op

(
n−1mσ max

t
m

1/2
σ,t

)
= Op

(
mσn

−1/2
)
,

where the last equation is derived from the fact that maxtm
1/2
σ,t = O(n1/2). Recall

mnet = max{σ(1),··· ,σ(n)}mσ. So we have

1

n!

∑
all {σ(1),··· ,σ(n)}

1

mσ

mσ∑
t=1

∥Yt∥HS = Op

(mnet

n1/2

)
,

implying that ∥Ĝ−G0n∥HS = Op(mnet/n
1/2) and ∥Ĝ−G0∥HS = Op(mnet/n

1/2+en).

S1.4 Proof of Theorem 2

Step 1: Convergence of ∥(Σ̂ϕ + ϵnIH)
−1Ĝ− Σ−1

ϕ G0∥HS. Note that

∥(Σ̂ϕ + ϵnIH)
−1Ĝ− Σ−1

ϕ G0∥HS ≤ ∥(Σϕ + ϵnIH)
−1G0 − Σ−1

ϕ G0∥HS

+ ∥[(Σ̂ϕ + ϵnIH)
−1 − (Σϕ + ϵnIH)

−1]G0∥HS

+ ∥(Σ̂ϕ + ϵnIH)
−1(Ĝ−G0)∥HS. (S1.1)

We first analyse the first term on the right hand side of (S1.1). We have

(Σϕ + ϵnIH)
−1G0 − Σ−1

ϕ G0 = (Σϕ + ϵnIH)
−1Σϕ(Σ

−1
ϕ G0)− Σ−1

ϕ G0

= −ϵn(Σϕ + ϵnIH)
−1(Σ−1

ϕ G0).

According to Theorem 1 of Douglas (1966), there exists some bounded operator Z

such that G0 = Σ2
ϕZ by Assumption 5. It follows that (Σϕ+ϵnIH)

−1G0−Σ−1
ϕ G0 =

−ϵn(Σϕ + ϵnIH)
−1ΣϕZ and

∥(Σϕ + ϵnIH)
−1G0 − Σ−1

ϕ G0∥HS ≤ ϵn∥(Σϕ + ϵnIH)
−1Σϕ∥OP∥Z∥HS = O(ϵn),
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where the last equation comes from the fact that ∥(Σϕ + ϵnIH)
−1Σϕ∥OP < ∥(Σϕ +

ϵnIH)
−1(Σϕ + ϵnIH)∥OP = 1.

For the second term on the right hand side of (S1.1), since

[(Σ̂ϕ + ϵnIH)
−1 − (Σϕ + ϵnIH)

−1]G0

= (Σ̂ϕ + ϵnIH)
−1[(Σϕ + ϵnIH)− (Σ̂ϕ + ϵnIH)](Σϕ + ϵnIH)

−1G0

= (Σ̂ϕ + ϵnIH)
−1[Σϕ − Σ̂ϕ](Σϕ + ϵnIH)

−1G0,

we have

∥[(Σ̂ϕ + ϵnIH)
−1 − (Σϕ + ϵnIH)

−1]G0∥HS

≤ ∥(Σ̂ϕ + ϵnIH)
−1∥OP∥Σϕ − Σ̂ϕ∥OP∥(Σϕ + ϵnIH)

−1Σϕ∥OP∥Σ−1
ϕ G0∥HS.

According to Lemma 4 in Virta et al. (2022) and Assumption 4, we have ∥Σϕ −

Σ̂ϕ∥OP = Op(n
−1/2). Then by Assumption 6, it follows that ∥[(Σ̂ϕ + ϵnIH)

−1 −

(Σϕ + ϵnIH)
−1]G0∥HS = Op([ϵnn

1/2]−1).

For the last term on the right hand side of (S1.1), we have

∥(Σ̂ϕ+ϵnIH)
−1(Ĝ−G0)∥HS ≤ ∥(Σ̂ϕ+ϵnIH)

−1∥OP∥Ĝ−G0∥HS = Op

(
mnet

ϵnn1/2
+
en
ϵn

)
.

Combining all results above, we have

∥(Σ̂ϕ + ϵnIH)
−1Ĝ− Σ−1

ϕ G0∥HS = Op

(
ϵn +

mnet

ϵnn1/2
+
en
ϵn

)
.

Step 2: Convergence of ∥ψ̂k − c0ψk∥H.

Recall that ψk’s and ψ̂k’s are the unit eigenfunctions of Σ−1
ϕ G0 and (Σ̂ϕ +

ϵnIH)
−1Ĝ respectively. By Lemma 8 in the supplementary material of Ying and
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Yu (2022), we have

∥ψ̂k − c0ψk∥H = Op

(
ϵn +

mnet

ϵnn1/2
+
en
ϵn

)
,

where c0 ∈ {−1, 1} such that c0⟨ψ̂k, ψk⟩H > 0.

Step 3: Convergence of ∥f̂ϵn,k−c0fk∥H. Note that f̂ϵn,k−c0fk = ψ̂k/∥(Σ̂ϕ+

ϵnIH)
1/2ψ̂k∥H − c0ψk/∥Σ1/2

ϕ ψk∥H. It follows that

∥f̂ϵn,k − c0fk∥H =
1

∥Σ1/2
ϕ ψk∥H

∥∥∥∥∥ c0ψk − ψ̂k

∥Σ1/2
ϕ ψk∥H

∥(Σ̂ϕ + ϵnIH)1/2ψ̂k∥H

∥∥∥∥∥
H

≤ 1

∥Σ1/2
ϕ ψk∥H

[
∥ψ̂k − c0ψk∥H +

∥∥∥∥∥ ψ̂k

∥(Σ̂ϕ + ϵnIH)
1/2ψ̂k∥H − ∥Σ1/2

ϕ ψk∥H
∥(Σ̂ϕ + ϵnIH)1/2ψ̂k∥H

∥∥∥∥∥
H

]
.

According to Assumption 5, we have span(Σ−1
ϕ G0)⊆ span(Σϕ). Since ψk ∈ span(Σ−1

ϕ G0),

it follows that ψk ∈ span(Σϕ), and there exists some constant c1 > 0 such that

∥Σ1/2
ϕ ψk∥H > c1 for k = 1, · · · , r.

Next, we study the convergence of ∥(Σ̂ϕ + ϵnIH)
1/2ψ̂k∥H − ∥Σ1/2

ϕ ψk∥H. Note

that

∥(Σ̂ϕ + ϵnIH)
1/2ψ̂k∥H − ∥Σ1/2

ϕ ψk∥H ≤∥(Σ̂ϕ + ϵnIH)
1/2(c0ψ̂k − ψk)∥H

+ ∥[(Σ̂ϕ + ϵnIH)
1/2 − Σ

1/2
ϕ ]ψk∥H,

where the first and second terms on the right hand side are Op(∥c0ψ̂k −ψk∥H) and

Op

(
∥(Σ̂ϕ + ϵnIH)

1/2 − Σ
1/2
ϕ ∥OP

)
respectively, and the latter is

Op

(
∥(Σ̂ϕ + ϵnIH)

1/2 − (Σϕ + ϵnIH)
1/2∥OP + ∥(Σϕ + ϵnIH)

1/2 − Σ
1/2
ϕ ∥OP

)
.

From the equation A1/2 − B1/2 = A1/2(B3/2 − A3/2)B−3/2 + (A2 − B2)B−3/2 and
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Lemma 8 in Fukumizu et al. (2007), we have

∥(Σ̂ϕ + ϵnIH)
1/2 − (Σϕ + ϵnIH)

1/2∥OP

= Op

(
∥(Σϕ + ϵnIH)

1/2∥OP∥Σ̂ϕ − Σϕ∥OP∥∥(Σ̂ϕ + ϵnIH)
−3/2∥OP+

(∥Σ̂ϕ∥OP + ∥Σϕ∥OP∥)∥Σ̂ϕ − Σϕ∥OP∥∥(Σ̂ϕ + ϵnIH)
−3/2∥OP

)
= Op

(
∥Σ̂ϕ − Σϕ∥OP∥(Σ̂ϕ + ϵnIH)

−3/2∥OP

)
and hence is Op

(
n−1/2ϵ

−3/2
n

)
. Similarly, we have ∥(Σϕ + ϵnIH)

1/2 − Σ
1/2
ϕ ∥OP =

Op(ϵ
1/2
n ). Therefore, we have

∥(Σ̂ϕ + ϵnIH)
1/2ψ̂k∥H − ∥Σ1/2

ϕ ψk∥H = Op

(
ϵ1/2n +

mnet

ϵnn1/2
+
en
ϵn

+
1

n1/2ϵ
3/2
n

)
.

For ∥(Σ̂ϕ + ϵnIH)
1/2ψ̂k∥H, since ∥(Σ̂ϕ + ϵnIH)

1/2ψ̂k∥H = ∥Σ1/2
ϕ ψk∥H + [∥(Σ̂ϕ +

ϵnIH)
1/2ψ̂k∥H−∥Σ1/2

ϕ ψk∥H], it is easy to see that there exists some constant c2 > 0

such that ∥(Σ̂ϕ + ϵnIH)
1/2ψ̂k∥H > c2 with probability approaching to 1.

Combining all the bounds above, we have

∥f̂ϵn,k − c0fk∥H = Op

(
ϵ1/2n +

mnet

ϵnn1/2
+
en
ϵn

+
1

n1/2ϵ
3/2
n

)
,

where c0 ∈ {−1, 1} such that c0⟨f̂ϵn,k, fk⟩H > 0.

S1.5 Proof of Theorem 3

The difference between the proof of Theorem 3 and those of Theorems 1 and 2 is in

proving the rate of ∥Yt∥HS for t = 1, · · · ,mσ. According to Lemma 1 in the supple-

mentary material of Zhao et al. (2022), for any permutation {σ(1), · · · , σ(n)}, the

index pairs [σ̃(i) = {σ(2i − 1), σ(2i)}, i = 1, . . . , n/2] can always be split into m̃σ
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groups gσ,1, · · · , gσ,m̃σ such that the conditional independence property holds for

the first m̃σ − 1 groups, where m̃σ ≤ m̃net = log(n/4)/ log{4dmax/(4dmax − 1)}+ 1

and dmax = maxi=1,...,n Card({j : Nj ∩Ni ̸= ∅}). So we need to analyse ∥Yt∥HS for

t = 1, · · · , m̃σ − 1 and t = m̃σ separately.

For t = 1, · · · , m̃σ − 1, similar to the proof of Theorem 1, we have ∥Yt∥HS =

Op(m̃σn
−1/2).

For t = m̃σ, note that Ym̃σ = |gσ,m̃σ |
−1∑

(i,j)∈gσ,m̃σ
2m̃σ|gσ,m̃σ |n−1Hij, where

Hij = sijϕij⊗ϕij−E(sijϕij⊗ϕij). Denoting 2m̃σ|gσ̃,m̃σ |n−1Hij by H̄ij, by Jensen’s

inequality, we have

E∥Ym̃σ∥2HS ≤ 1

|gσ,m̃σ |
∑

(i,j)∈gσ,m̃σ

E∥H̄ij∥2HS.

For any (i, j) ∈ gσ,m̃σ , we have

E∥H̄ij∥2HS =
4m̃2

σ|gσ,m̃σ |2

n2
E∥Hij∥2HS.

As shown in the proof of Theorem 1, we have E∥Hij∥2HS = O(1), implying that

E∥H̄ij∥2HS = O(4m̃2
σ|gσ̃,m̃σ |2n−2). According to Lemma 1 in the supplementary

material of Zhao et al. (2022), we have |gσ̃,m̃σ | ≤ 4dmax. By Assumption 7, it fol-

lows that E∥H̄ij∥2HS = O(m̃2
σn

−1) and hence ∥Ym̃σ∥HS = Op(m̃σn
−1/2). Therefore,

1
mσ

∑mσ

t=1 ∥Yt∥HS = Op(m̃σn
−1/2). The rest of the proof is exactly the same as those

of Theorems 1 and 2.
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S1.6 Proof of Lemma 1

According to the triangle inequality, we have

∥f̂r,ϵn(ϕ(Xi))− fr(µ
ϕ
Ci
)∥ ≤ ∥f̂r,ϵn(ϕ(Xi))− fr(ϕ(Xi))∥+ ∥fr(ϕ(Xi))− fr(µ

ϕ
Ci
)∥.

For ∥fr(ϕ(Xi))− fr(µ
ϕ
Ci
)∥, by the Cauchy-Schwarz inequality, we have

∥fr(ϕ(Xi))− fr(µ
ϕ
Ci
)∥ ≤

(
rmax

k
∥fk∥2H∥ϕ(Xi)− µϕ

Ci
∥2H
)1/2

.

Since max
i=1,··· ,n

K(Xi, Xi) = Op(δ
2
ϕ) and max

t=1,··· ,Nc

∥µt∥H = O(δµ), we have

(
rmax

k
∥fk∥2H∥ϕ(Xi)− µϕ

Ci
∥2H
)1/2

= Op

(
r1/2(δϕ + δµ)max

k
∥fk∥H

)
.

Since fk = ψk/∥Σ1/2
ϕ ψk∥H where ∥ψk∥H = 1 and ∥Σ1/2

ϕ ψk∥H > c1 with some

constant c1 > 0, we have ∥fr(ϕ(Xi))− fr(µ
ϕ
Ci
)∥ = Op(r

1/2(δϕ + δµ)).

For ∥f̂r,ϵn(ϕ(Xi))− fr(ϕ(Xi))∥, it is easy to see that it is equal to(
r∑

k=1

⟨f̂ϵn,k − fk, ϕ(Xi)⊗ ϕ(Xi)(f̂ϵn,k − fk)⟩H

)1/2

.

Without loss of generality, we assume that f̂ϵn,k converges to fk instead of −fk.

Then for any k, ⟨f̂ϵn,k−fk, ϕ(Xi)⊗ϕ(Xi)(f̂ϵn,k−fk)⟩H ≤ λ1(ϕ(Xi)⊗ϕ(Xi))∥f̂ϵn,k−

fk∥2H ≤ ∥ϕ(Xi)⊗ϕ(Xi)∥HS∥f̂ϵn,k−fk∥2H, where λ1(ϕ(Xi)⊗ϕ(Xi)) denotes the largest

eigenvalue of ϕ(Xi)⊗ ϕ(Xi). According to Theorem 2, we have

∥f̂ϵn,k − fk∥H = Op

(
ϵ1/2n +

mnet

ϵnn1/2
+
en
ϵn

+
1

n1/2ϵ
3/2
n

)
.

Since ∥ϕ(Xi)⊗ ϕ(Xi)∥HS = K(Xi, Xi) = Op(δ
2
ϕ), it follows that for any k,

⟨f̂ϵn,k − fk, ϕ(Xi)⊗ ϕ(Xi)(f̂ϵn,k − fk)⟩H = Op

(
δ2ϕ

[
ϵ1/2n +

mnet

ϵnn1/2
+
en
ϵn

+
1

n1/2ϵ
3/2
n

]2)
,
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implying that

∥f̂r,ϵn(ϕ(Xi))− fr(µ
ϕ
Ci
)∥

= Op

(
r1/2(δϕ + δµ) + r1/2δϕ

[
ϵ1/2n +

mnet

ϵnn1/2
+
en
ϵn

+
1

n1/2ϵ
3/2
n

])
= Op

(
r1/2δµ + r1/2δϕ

[
1 +

mnet

ϵnn1/2
+
en
ϵn

+
1

n1/2ϵ
3/2
n

])
.

S1.7 Proof of Theorem 4

We give the proof in a similar framework as the proof of Theorem S4 in Hu and

Wang (2024). Denote the convergence rate of ∥f̂r,ϵn(ϕ(Xi)) − fr(µ
ϕ
Ci
)∥ obtained

in Lemma 1 by Rϵn . Then there exists Dn = O(1) such that the probability

that ∥f̂r,ϵn(ϕ(Xi)) − fr(µ
ϕ
Ci
)∥2 ≤ DnR

2
ϵn tends to 1 as n tends to infinity. For

simplicity, let r̂i = f̂r,ϵn(ϕ(Xi)) and ri = fr(µ
ϕ
Ci
) for i = 1, · · · , n. Then we have

∥r̂i − ri∥ ≤ D
1/2
n Rϵn with probability approaching to 1. Denote the cluster centers

of ri’s by mk for k = 1, · · · , Nc. It is easy to see that mk = ri when Ci = k for

k = 1, · · · , Nc. Let Ĉ = (Ĉ1, · · · , Ĉn) denote the estimated labels by K-means.

Let m̂ = (m̂1, · · · , m̂Nc) denote the estimated centers by K-means. Define the

within-group distance as

L(Ĉ, m̂) =
n∑

i=1

∥r̂i − m̂Ĉi
∥2.

For the true labels Ci’s and true centers mk’s, according to the procedure of K-

means, we have L(Ĉ, m̂) ≤ L(C,m). For k = 1, · · · , Nc, let ρ(k) = argmin1≤j≤Nc ∥mk

− m̂j∥, that is, ρ(k) is the index of the estimated center which is closest to mk.

11
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We first control the distance between mk and m̂ρ(k). For any k ∈ {1, · · · , Nc},

we have

L(Ĉ, m̂) ≥
∑
Ci=k

∥r̂i − m̂Ĉi
∥2

≥
∑
Ci=k

(−∥r̂i −mk∥2 +
1

2
∥mk − m̂Ĉi

∥2)

=
∑
Ci=k

(−∥r̂i −mCi
∥2 + 1

2
∥mk − m̂Ĉi

∥2)

≥ −
n∑

i=1

∥r̂i −mCi
∥2 + 1

2
nk∥mk − m̂ρ(k)∥2

= −L(C,m) +
1

2
nk∥mk − m̂ρ(k)∥2.

Combining with L(Ĉ, m̂) ≤ L(C,m), we have ∥mk − m̂ρ(k)∥2 ≤ 4L(C,m)/nk ≤

4L(C,m)/cbn where the last inequality comes from Assumption 8. According to

Assumption 9, each mk is paired with a unique m̂ρ(k) such that ∥mk − m̂ρ(k)∥ ≤

2(L(C,m)/cbn)
1/2. Since L(C,m) =

∑n
i=1 ∥r̂i−mCi

∥2 =
∑n

i=1 ∥r̂i−ri∥2, according

to the results in Lemma 1, the probability that L(C,m) ≤ nDnR
2
ϵn tends to 1 when

n → ∞. Therefore, we find that ∥mk − m̂ρ(k)∥ ≤ 2(DnR
2
ϵn/cb)

1/2 with probability

approaching to 1.

Suppose that there exists a node i such that Ĉi ̸= ρ(Ci). Next, we will show

that the corresponding Ĉ is not the optimal solution to K-means. Consider a

different solution (Ĉ ′, m̂′) with m̂′ = m̂ and Ĉ ′ differs with Ĉ only at the i-th

component, that Ĉ ′
i = ρ(Ci). Then we have L(Ĉ ′, m̂′)− L(Ĉ, m̂) = ∥r̂i − m̂Ĉ′

i
∥2 −

∥r̂i− m̂Ĉi
∥2. Note that with probability approaching to 1, ∥r̂i− m̂Ĉ′

i
∥ ≤ ∥r̂i− ri∥+

12
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∥ri − m̂ρ(Ci)∥ = ∥r̂i − ri∥ + ∥mCi
− m̂ρ(Ci)∥ ≤ D

1/2
n Rϵn + 2(DnR

2
ϵn/cb)

1/2. Assume

that Ĉi = ρ(t). Then it is easy to see that t ̸= Ci. According to Assumption 9, we

have the following result with probability approaching to 1

∥r̂i − m̂Ĉi
∥ ≥ ∥mt −mCi

∥ − ∥mt − m̂ρ(t)∥ − ∥ri − r̂i∥ (Note that mCi
= ri)

≥ (4 + 4/cb
1/2)D1/2

n Rϵn − 2(DnR
2
ϵn/cb)

1/2 −D1/2
n Rϵn

= 3D1/2
n Rϵn + 2(DnR

2
ϵn/cb)

1/2

≥ D1/2
n Rϵn + 2(DnR

2
ϵn/cb)

1/2

≥ ∥r̂i − m̂Ĉ′
i
∥,

which contradicts the optimality of Ĉ. Combining all results above, we prove that

each node can be exactly recovered.

S1.8 Proof of Proposition 3

We give a more general version of Proposition 3 in Proposition B and the proof of

Proposition 3 is included in the proof of Proposition B.
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S2 Additional simulations

S2.1 Results of the adjusted Rand index

In this section, we report the results of the adjusted Rand Index (ARI) under the

same settings as those in Sections 5-6 in the main text. Since the results and

conclusions of ARI are consistent with those of the community detection accuracy

(ACC) reported in the main text, we only present the ARI values here without

further discussions. For detailed interpretations, readers can refer to Sections 5-6

in the main text.

� Community detection performance. The settings are referred to Section

5.1 in the main text. We present the average ARIs along with the standard

deviations in Figures 1-2.

� Performance under varying n, p and Nc. The settings are referred to

Section 5.2 in the main text. The results are presented in Figure 3.

� Robustness to the number of projection directions. The settings are

referred to Section 5.3 in the main text. The boxplots of ARI are presented

in Figure 4.

� Robustness to kernel functions. The settings are referred to Section 5.4

in the main text. The boxplots of ARI are presented in Figure 5.

� Real data analysis. The details are referred to Section 6 in the main text.

The results are presented in Figures 6-7.
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Figure 1: The adjusted Rand index (ARI) of different methods for Case 1. Each dot represents

the mean and the vertical bar represents the mean ± standard deviation.
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Figure 2: The adjusted Rand index (ARI) of different methods for Case 2. Each dot represents

the mean and the vertical bar represents the mean ± standard deviation.
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Method Net−NDR NS−LDR NAC SDP CASC
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Figure 3: The adjusted Rand index (ARI) for Case 2 with varying sample size n (left), dimension

p (middle), and the number of communities Nc (right). Each dot represents the mean and the

vertical bar represents the mean ± standard deviation.
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Figure 4: The boxplots of the adjusted Rand index (ARI) of Net-NDR with different numbers

of projection directions in Case 1 and Case 2.
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Figure 5: The boxplots of adjusted Rand index (ARI) of Net-NDR with different kernel functions

in Case 1 and Case 2.
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Figure 6: The adjusted Rand index (ARI) of different methods on the pulsar dataset in Scenario

1. Each dot represents the mean, and vertical bars represent the mean ± standard deviation.
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Figure 7: The adjusted Rand index (ARI) of different methods on the pulsar dataset in Scenario

2 for pc = 1, 2, 3 (from left to right). Each dot represents the mean, and vertical bars represent

the mean ± standard deviation.

S2.2 Computational cost and memory usage

First, we show the superiority of eigs sym on the computational time and memory

usage when performing eigen decomposition on the matrix KL defined in Section

2.3 of the main text, by comparing it with the classical eigen function in R, which
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calculates all eigenvalues. Taking the default setting in Case 2 of Section 5.1 as

an example, we set the range of the sample size as n ∈ {200, 500, 800, 1000, 3000}.

Specifically, we calculate the first p/2 eigenvalues for the function eigs sym, where

p/2 is chosen according to the rank selection rule of Lam and Yao (2012). Each

experiment is repeated 200 times and the average results are reported in Table 1.

The results clearly demonstrate the computational advantages of eigs sym.

Table 1: Computational time and memory usage of functions eigen and eigs sym versus varying

sample size n.

Time used (s) Memory usage (kb)

n 200 500 800 1000 3000 200 500 800 1000 3000

eigen() 0.06 0.07 2.58 4.99 105.87 321.70 2004.72 5127.12 8008.72 72024.72

eigs sym() 0.01 0.03 0.08 0.13 1.70 10.50 24.90 39.30 48.90 144.90

Table 2: Computational time (s) of different methods under different sample sizes in Case 2.

NS-LDR Net-NDR NAC SDP CASC

n = 200 0.05 0.06 0.02 0.11 0.12

n = 500 0.68 0.70 0.15 1.25 1.48

n = 800 2.66 2.73 0.55 4.55 5.76

n = 1000 4.77 5.32 1.07 8.72 11.70

n = 3000 153.68 159.98 30.23 246.16 359.28

Second, we compare the average computational time of five methods intro-

duced in Section 5.1, taking Case 2 in Section 5.1 with (δ, κ, γ, b) = (1, 0.25, 0.5, 0.2)

as an example. We vary n from 200 to 3000, and each experiment is repeated 300
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times. The results are shown in Table 2, demonstrating that the computational

speed of Net-NDR is competitive.

S2.3 Demonstration of ϵn’s effect

In this subsection, we illustrate the effect of ϵn in a single simulation repetition

under the default setting of Case 2 in Section 5.1. Specifically, we calculate the

Calinski-Harabasz (CH) index and adjusted Rand index (ARI) values correspond-

ing to different values of ϵn. Results are presented in Figure 8. It shows that the

ϵn that maximizes the CH index corresponds to the value that maximizes the ARI,

thus achieving satisfactory community detection outcome.
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Figure 8: The effect of ϵn on the Calinski-Harabasz (CH) index and the adjusted Rand index

(ARI) under Case 2. The red vertical line marks the value of ϵn that maximizes the CH index.

S2.4 Consistency of rank selection

In this section, we further evaluate the consistency of rank selection; the selection

criterion is presented in Remark 4 in the main text. The data are generated as

follows.
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(Covariates) Consider the following two cases:

Case S1. Set the covariates Xi = (Xi,1, Xi,2)
⊤ for i = 1, · · · , 300, where

Xi,j
i.i.d.∼ U(0, 1). The feature map is considered as ϕ(Xi) = (sin(2πXi,1), cos(2πXi,2))

⊤;

Case S2. X1, · · · , X800
i.i.d.∼ Np(0,Σ) with Σ = (0.5|i−j|) and p = 20. The

feature map is taken as ϕ(Xi) = Xi.

(Network data) We generate the network from the following model

P (ωij = 1|Ci, Cj, ϕij) = P (ωij = 1|Ci, Cj)
exp(γ − β1∥F⊤

0 ϕij∥)
1 + exp(γ − β1∥F⊤

0 ϕij∥)
,

where ϕij = ϕ(Xi) − ϕ(Xj), γ controls the network sparsity level and β1 > 0

controls the influence of the distance between projected covariates on the connec-

tion probability. Recall that Σ̂ϕ is the sample estimator of the covariance matrix

Σϕ = cov(ϕ(Xi)). The coefficient matrix F0 ∈ Rp×r consists of the first r eigenvec-

tors of Σ̂ϕ such that F⊤
0 Σ̂ϕF0 = Ir. The latent community labels Ci’s are generated

independently with P (Ci = 1) = P (Ci = 2) = 1/2.

Table 3: The confusion matrices of estimated ranks under different values of (γ, β1) in Case S1.

(γ, β1) = (1, 1) (γ, β1) = (1, 2) (γ, β1) = (3, 1) (γ, β1) = (3, 2)

r = 1 r = 2 r = 1 r = 2 r = 1 r = 2 r = 1 r = 2

r̂ = 1 192 2 187 0 192 0 194 1

r̂ = 2 2 192 6 196 3 194 3 194

r̂ = 3 3 2 6 0 4 3 2 3

r̂ = 4 1 4 1 4 1 3 1 2

For Case S1, we set the true rank r ∈ {1, 2}. The parameterM appeared in our
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rule of rank selection in Remark 4 in the main text is set to 5. A Gaussian kernel

function is adopted. We compute the confusion matrices with four parameter

configurations of (γ, β1) across 200 repetitions and report the results in Table 3.

Table 4: The accuracy of estimated ranks for r ∈ {1, 5, 10, 15} under different values of (γ, β1)

in Case S2.

(γ, β1) = (10, 4) (γ, β1) = (12, 5)

r = 1 r = 5 r = 10 r = 15 r = 1 r = 5 r = 10 r = 15

Accuracy 1 1 1 0.98 1 1 1 0.99

Table 5: The confusion matrices of estimated ranks for r ∈ {11, 12, 13, 14, 15} under different

values of (γ, β1) in Case S2.

(γ, β1) = (10, 4) (γ, β1) = (12, 5)

r = 11 r = 12 r = 13 r = 14 r = 15 r = 11 r = 12 r = 13 r = 14 r = 15

r̂ = 11 200 0 0 0 0 200 0 0 0 0

r̂ = 12 0 200 0 0 0 0 200 0 0 0

r̂ = 13 0 0 200 2 0 0 0 195 0 0

r̂ = 14 0 0 0 191 4 0 0 2 196 3

r̂ = 15 0 0 0 7 196 0 0 3 4 197

For Case S2, we expand the range of rank to {1, 5, 10, 11, · · · , 14, 15}. The

linear kernel function is used and M = 15. To intuitively present the results from

200 independent repetitions with two parameter configurations of (γ, β1), we first

calculate the rank estimation accuracy when r ∈ {1, 5, 10, 15}, and then compute

the confusion matrices for r ∈ {11, · · · , 15}. These results are reported in Tables
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4 and 5, respectively. It shows that our method can select the true rank with high

probability.

S3 Additional discussions and theoretical results

S3.1 Comparisons with Yan and Sarkar (2021)

Our work differs from Yan and Sarkar (2021) in the following aspects.

� Different assumptions on covariates: Recall that Nc denotes the number

of communities. Let {µk, k = 1, · · · , Nc} be the community-specific means of

the covariates. Yan and Sarkar (2021) assumed the following mixture model

for p-dimensional nodal covariates Xi’s:

Xi = µCi
+ ξi, i = 1, · · · , n, (S3.2)

where ξi’s are i.i.d. zero-mean sub-Gaussian random errors with the covariance

matrix σ2
Ci
Ip. In contrast, it is assumed in our work that

ϕ(Xi) = µϕ
Ci

+ ςi, i = 1, · · · , n (S3.3)

with a given feature map ϕ(·), where {µϕ
k , k = 1, · · · , Nc} are the community-

specific mean functions and ςi’s are independent zero-mean random elements

in a reproducing kernel Hilbert space (RKHS).

From (S3.2), we can see that the effectiveness of Yan and Sarkar (2021)

depends heavily on the separability of the means µk’s from different commu-

nities. So when µk’s are close to each other, their method will not provide
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satisfactory results (e.g. Case 1 in Subsection 5.1 of the main text where

µ1 and µ2 are both zero vectors). In contrast, our method requires that the

community-specific means after transformation (i.e. µϕ
k ’s) are separable. This

is analogous to using a kernel in support vector machine in the setting where

the original data are not linearly separable but can become separable after a

feature mapping. Recall the concentric ring data introduced in Section 1 of

the main text – a classic example of linear inseparability. Here we present

the scatter plot of projected data from the method SDP in Yan and Sarkar

(2021). Figure 9 shows that SDP cannot clearly distinguish two communities.

In contrast, according to Figure 1 in the main text, our nonlinear dimension

reduction method Net-NDR can linearly separate two groups nicely.
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Figure 9: The Scatter plot of projected data via SDP in Yan and Sarkar (2021).

� Difference in other aspects: In terms of research objectives, we develop a

dimension reduction framework for nodal covariates, which can be applied to
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multiple downstream tasks. In contrast, Yan and Sarkar (2021) solely focused

on the community detection task. In terms of assumptions, Yan and Sarkar

(2021) assumed that the network follows the stochastic block-model, while

we do not require such assumption. Last, our theoretical framework accounts

for dependence structure among wij’s (i < j), while Yan and Sarkar (2021)

required wij’s (i < j) to be independent.

S3.2 Discussions on applications of our nonlinear dimension reduction

method

Our dimension reduction method Net-NDR can be applied to many models that

incorporate nodal covariates, including Ma et al. (2020), Huang et al. (2024), Stein

and Leng (2025) and many others. For example, the model proposed in Stein and

Leng (2025) assumes

P (wij = 1|Zij) =
exp(βi + βj + µ+ Z⊤

ijγ)

1 + exp(βi + βj + µ+ Z⊤
ijγ)

, (S3.4)

where βi’s are heterogeneity parameters, µ is the global density parameter, and

Zij = g(Xi, Xj) with a symmetric function g. By setting Zij = ∥fr(ϕ(X)) −

fr(ϕ(X
′))∥2, the covariates after nonlinear dimension reduction are integrated into

this model. Due to the model-free property, our method can identify the infinite-

dimensional subspace spanned by fr and obtain the low-dimensional nonlinear

embedding fr(ϕ(Xi))’s of the original covariates; please refer to Proposition A.

Besides community detection discussed in the main text, our dimension re-
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duction method can be combined with multiple downstream tasks. First, the

low-dimensional nonlinear embedding of the original covariates can be integrated

as covariates into existing models to support tasks such as link prediction. For ex-

ample, the link prediction model in Graham (2017) incorporates Zij = g(Xi, Xj)

with a symmetric function g. The model’s prediction performance depends on how

Zij is constructed. Setting Zij = ∥fr(ϕ(Xi))− fr(ϕ(Xj))∥ improves upon the Eu-

clidean distance ∥Xi −Xj∥ used in Graham (2017) by better capturing nonlinear

relationships among nodal covariates. Second, the embedding is applicable to a

wide range of unsupervised tasks. For example, the embeddings fr(ϕ(Xi))’s can

be utilized for anomaly detection by applying relevant algorithms to them (Liu

et al., 2022).

S3.3 A discussion on subspace recovery

The following proposition interprets fr defined in (2.1) of the main text from the

perspective of subspace recovery.

Proposition A. Suppose the following conditions hold:

(1) E (s|X,X ′) = h (fr,0(ϕ(X))− fr,0(ϕ(X
′))) where fr,0 = (f0,1, · · · , f0,r) ∈ Θr

and h is unspecified;

(2) the r largest eigenvalues of Σ−1
ϕ G0 are distinct;

(3) for any v ∈ Θ1 satisfying ⟨v,Σϕf0,m⟩H = 0 for m = 1, · · · , r, we have

cov
{
s, ⟨f0,m, ϕ(X)− ϕ(X ′)⟩2H

}
> cov

{
s, ⟨v, ϕ(X)− ϕ(X ′)⟩2H

}
.
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Then it follows that span(fr) = span(fr,0).

The condition (1) means that the expectation of s depends on X and X ′ only

through the projections fr,0(ϕ(X)) and fr,0(ϕ(X
′)). When the conditional distri-

bution of s given (X,X ′) depends solely on E (s|X,X ′), for example when w is

a Bernoulli random variable and s = 1 − w, the condition (1) implies that s is

independent of X and X ′ given fr,0(ϕ(X)) − fr,0(ϕ(X
′)). The condition (3) re-

quires that the covariance between the distance after projection and s peaks in

the true directions. This is a general requirement on s, imposing no strict restric-

tions on its functional form. For example, if cov {w, ⟨f0,m, ϕ(X)− ϕ(X ′)⟩2H} <

cov {w, ⟨v, ϕ(X)− ϕ(X ′)⟩2H} and s = α0 − α1w (α0 ∈ R, α1 > 0), it is easy to see

condition (3) holds for all values of (α0, α1).

Since Proposition A does not restrict the specific form of the function h, Net-

NDR recovers the true directions in a model-free style. While Net-NDR shares

similarities with sufficient dimension reduction (SDR) techniques (Li, 1991; Cook

and Li, 2002; Ying and Yu, 2022; Zhang et al., 2024), it differs from them in two

major respects. First, sij’s (i < j) are dependent due to the network structure,

while the responses in SDR are generally assumed to be independent. Second, the

variable s corresponds to a pair of covariates (X,X ′), while the response variable

in SDR corresponds to covariates of only one individual.

The proof of Proposition A is given as follows.

Proof. Denote ϕ(X) − ϕ(X ′) as ϕXX′ for simplicity. Write M0 = E(sϕXX′ ⊗

26



S3. ADDITIONAL DISCUSSIONS AND THEORETICAL RESULTS

ϕXX′). Consider the operator M1 = M0 − E(s)E(ϕXX′ ⊗ ϕXX′). For any u ∈ H

s.t. ⟨u,Σϕu⟩H = 1, we have E(s)E(⟨u, ϕXX′⟩2H) = 2E(s). For any v ∈ Θ1, we

have ⟨v,M1v⟩H = E(s⟨v, ϕXX′⟩2H) − 2E(s) = cov(s, ⟨v, ϕXX′⟩2H). Similarly, since

fr,0 ∈ Θr, it holds that, for m = 1, · · · , r, ⟨f0,m,M1f0,m⟩H = E(s⟨f0,m, ϕXX′⟩2H) −

2E(s) = cov(s, ⟨f0,m, ϕXX′⟩2H). By the assumption that cov {s, ⟨f0,m, ϕXX′⟩2H} >

cov {s, ⟨v, ϕXX′⟩2H}, we have E(s⟨f0,m, ϕXX′⟩2H) > E(s⟨v, ϕXX′⟩2H). According to

the distinctiveness of the r largest eigenvalues of Σ−1
ϕ G0 and the definition of fr,

it is easy to see that span(fr) = span(fr,0).

S3.4 Discussions on s

The invariance of subspace to s. According to Proposition A, under a

general model E (s|X,X ′) = h (fr,0(ϕ(X))− fr,0(ϕ(X
′))) with an unspecified func-

tion h, our optimization problem can be seen as finding the dimension reduction

subspace span(fr,0) which is invariant to the choice of s under some conditions,

sharing similar spirits with sufficient dimension reduction.

Implications of the linear function s. Recall the definition of LS and ν1

in Subsection 2.3 in the main text. We begin by discussing the eigenvectors of LS

under an unweighted network. We take r = 1 as an example for illustration and

the discussions can be easily extended to the case where r > 1. Denote n1/2ν1 by

ν†1. By Proposition 2 in the main text, it holds that ν†1 = argmaxz:∥z∥2=n z
⊤LSz.
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With the notation z = (z1, · · · , zn)⊤, we have

z⊤LSz = [2n(n− 1)]−1
∑
i ̸=j

sij(zi − zj)
2. (S3.5)

To probe deeper into (S3.5), we consider a linear function sij = α0 − α1wij with

0 ≤ α0 < α1, which is also used by Zhao et al. (2022). Then we have

z⊤LSz = [2n(n− 1)]−1

 ∑
i,j:wij=0

α0(zi − zj)
2 +

∑
i,j:wij=1

(α0 − α1)(zi − zj)
2

 .
(S3.6)

From (S3.6), it can be seen that ν†1 maximizes the sum of the distances between

projections of unconnected node pairs (i.e. wij = 0) and minimizes the sum of

the distances between projections of connected pairs (i.e. wij = 1) simultane-

ously, with the weights being α0 and α0 − α1 respectively. When α0 = 0, ν†1 only

minimizes the sum of the distances between projections of connected pairs, dis-

regarding information from unconnected ones. To balance the information from

both connected and unconnected pairs, we recommend setting α0 = 1 and α1 = 2.

S3.5 A general version of Proposition 3

Recall that the optimization problem (2.1) in the main text requires the directions

f1, · · · , fr to satisfy the constraint (i): ⟨fk,Σϕfl⟩H = I(k = l). In this section,

apart from constraint (i), we also consider the constraint (ii): ⟨fk, fl⟩H = I(k = l).

Under constraints (i) and (ii), the relationships between our method Net-NDR and

kernel discriminant analysis (KDA) as well as kernel principal component analysis
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(KPCA) are established respectively under the setting outlined in Section 4.2 in

the main text.

Proposition B. Assume that W = (wij)n×n is generated from the degree-corrected

stochastic block-model and that ϕ(Xi)’s follow the model (2.8) outlined in the main

text. Denote η̄ = limn{n(n−1)}−1
∑

i ̸=j

∑Nc

t=1 π
2
t ηt,ij, ν̄ = limn{n(n−1)}−1

∑
i ̸=j νij

and M̄ = η̄+ν̄
∑

t1 ̸=t2
πt1πt2. Consider the generalized eigen-decomposition problem

fA,k = arg max
f :f⊥LA,k−1

⟨f,Af⟩H=1

⟨f,G0f⟩H

where LA,k−1 = span(AfA,1, · · · , AfA,k−1) for k = 2, · · · , r and LA,0 = {0} and A

is an operator that will be specified as Σϕ or IH later. Assume that (i) η̄ and ν̄ both

exist and are bounded; (ii) the r largest eigenvalues of A−1/2G0A
−1/2 are distinct.

Then the following conclusions hold.

(1) When A = IH, that is, ⟨fk, fl⟩H = I(k = l), Net-NDR is equivalent to

KPCA at the population level in the sense that for any given r ≤ n, fIH,k is exactly

the eigenfunction associated with the k-th largest eigenvalue of Σϕ for k = 1, . . . , r

if and only if M̄ ̸= 0 and ν̄ = M̄ .

(2) When A = Σϕ, that is, ⟨fk,Σϕfl⟩H = I(k = l), if ν̄ > M̄ , Net-NDR is

equivalent to KDA at the population level in the sense that for any given r ≤ n,

fΣϕ,k is proportional to the k-th direction of KDA for k = 1, . . . , r.

Proposition B tells us that when the projection directions are orthonormal,

Net-NDR only utilizes the covariance information of mapped covariates. When

A = Σϕ, the projection directions are estimated as if the unknown community
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membership is exploited.

The proof of Proposition B is given as follows.

Proof. In this proof, we solve the generalized eigendecomposition problem

fA,k = arg max
⟨f,Af⟩H=1
f⊥LA,k−1

⟨f,G0f⟩H

with LA,k−1 = span(AfA,1, · · · , AfA,k−1) (k = 2, · · · , r) and LA,0 = {0} in a slightly

different way. We first find the eigenfunctions φA
i ’s corresponding to the r largest

eigenvalues of A−1/2G0A
−1/2 and then set fA,i = A−1/2φA

i for i = 1, · · · , r. The

following proof is based on this process.

Write ϕij = ϕ(Xi)− ϕ(Xj), ςij = ςi − ςj and µt1t2 = µϕ
t1 − µϕ

t2 . Then

E(ϕij ⊗ ϕij | Ci = t1, Cj = t2) =


µt1t2 ⊗ µt1t2 + 2Σς , t1 ̸= t2

2Σς , t1 = t2

.

Let ξ = E (ϕ(Xi) | Ci) be a discrete random element taking values in
{
µϕ
1 , · · · , µ

ϕ
Nc

}
with P (ξ = µi) = πi. Suppose that ξ1 and ξ2 are independent copies of ξ. Then it

is easy to see that

cov (ξ1 − ξ2) = 2 cov(ξ) =
∑
t1 ̸=t2

πt1πt2µt1t2 ⊗ µt1t2 .

Under the setting in Section 4.2, sij is independent of ϕij given (Ci, Cj), then it
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follows that for any i ̸= j

E (sijϕij ⊗ ϕij)

= E [E (sijϕij ⊗ ϕij | Ci, Cj)]

=
Nc∑

t1,t2=1

P (Ci = t1, Cj = t2)E (sij | Ci = t1, Cj = t2)E (ϕij ⊗ ϕij | Ci = t1, Cj = t2)

=
Nc∑
t=1

2π2
t ηt,ijΣς +

∑
t1 ̸=t2

πt1πt2νij (µt1t2 ⊗ µt1t2 + 2Σς)

= 2

(
Nc∑
t=1

π2
t ηt,ij + νij

∑
t1 ̸=t2

πt1πt2

)
Σς + νij

∑
t1 ̸=t2

πt1πt2µt1t2 ⊗ µt1t2

= 2MijΣς + 2νij cov(ξ),

where we write Mij =
∑Nc

t=1 π
2
t ηt,ij + νij

∑
t1 ̸=t2

πt1πt2 . Since

cov (ϕ(Xi) | Ci = t) ≡ Σς

for t = 1, · · · , Nc, we have E {cov (ϕ(Xi) | Ci)} = Σς . Thus, by the formula

cov (ϕ(Xi)) = cov [E (ϕ(Xi) | Ci)]+E [cov (ϕ(Xi) | Ci)], it holds that cov (ϕ(Xi)) =

Σς + cov(ξ). Then we have

E (sijϕij ⊗ ϕij) = 2Mij cov (ϕ(Xi)) + 2 (νij −Mij) cov(ξ), and

G0 = lim
n
E(Ĝ) = lim

n

1

n(n− 1)

∑
i ̸=j

E (sijϕij ⊗ ϕij)

= 2M̄ cov (ϕ(Xi)) + 2(ν̄ − M̄) cov(ξ). (S3.7)

(1) If A = IH, from (S3.7) we see that Net-NDR is equivalent to KPCA if and

only if M̄ ̸= 0 and ν̄ − M̄ = 0.
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(2) Recall the assumption that the r largest eigenvalues ofG0A = A−1/2G0A
−1/2

are distinct. Denote the spectral decomposition of G0A by

G0A =
∞∑
i=1

qAi φ
A
i ⊗ φA

i ,

where qA1 ≥ qA2 ≥ · · · are the eigenvalues, and φA
i ’s are the associated eigenfunc-

tions. We have fA,i = A−1/2φA
i (i ≤ r). Moreover, combining (S3.7) with the fact

that A = cov(ϕ(X)), we have,

G0A = A−1/2G0A
−1/2 = 2M̄IH + 2

(
ν̄ − M̄

)
A−1/2 cov(ξ)A−1/2.

Let Gξ,A = A−1/2 cov(ξ)A−1/2. Since the r largest eigenvalues of G0A are distinct,

the r largest eigenvalues of Gξ,A are also distinct. Denote the i-th largest eigenvalue

of Gξ,A by λξ,i. By the condition ν̄ > M̄ , φA
i is the eigenfunction of Gξ,A associated

with λξ,i. Then by Courant-Fischer min-max theorem on an infinite dimensional

Hilbert space (Courant, 1920), we have

λξ,i = sup
V⊂H,dim(V )=i

min
v∈V :∥v∥H=1

⟨v,Gξ,Av⟩H = ⟨φA
i , Gξ,Aφ

A
i ⟩H,

where dim(V ) denotes the dimension of V . Letting Vi be the optimal V with

dim(V ) = i, then φA
i is the unique optimal v in Vi, that is,

(
Vi, φ

A
i

)
= arg sup

V⊂H,dim(V )=i

min
v∈V :∥v∥H=1

⟨v,Gξ,Av⟩H

= arg sup
V⊂H,dim(V )=i

min
v∈V :∥v∥H=1

⟨v,A−1/2 cov(ξ)A−1/2v⟩H

= arg sup
V⊂H,dim(V )=i

min
v∈V :v ̸=0

⟨v, A−1/2 cov(ξ)A−1/2v⟩H
∥v∥H

,
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where for the optimization problem in the last step, the optimal v equals cφA
i for

any constant c ̸= 0 and we take c = 1 here. Letting ṽ = A−1/2v and recalling the

fact that A = cov(ϕ(X)) = cov(ξ) + Σς , it follows that

(
A−1/2Vi, A

−1/2φA
i

)
= arg sup

V⊂H,dim(V )=i

min
ṽ∈V :ṽ ̸=0

⟨ṽ, cov(ξ)ṽ⟩H
⟨ṽ, Aṽ⟩H

= arg sup
V⊂H,dim(V )=i

min
ṽ∈V :ṽ ̸=0

⟨ṽ, cov(ξ)ṽ⟩H
⟨ṽ,Σς ṽ⟩H + ⟨ṽ, cov(ξ)ṽ⟩H

= arg sup
V⊂H,dim(V )=i

min
ṽ∈V :ṽ ̸=0

⟨ṽ, cov(ξ)ṽ⟩H/⟨ṽ,Σς ṽ⟩H
1 + ⟨ṽ, cov(ξ)ṽ⟩H/⟨ṽ,Σς ṽ⟩H

= arg sup
V⊂H,dim(V )=i

min
ṽ∈V :ṽ ̸=0

⟨ṽ, cov(ξ)ṽ⟩H/⟨ṽ,Σς ṽ⟩H.

Let (λkda ,i, vkda ,i) be the pair of the i-th eigenvalue and direction in kernel

linear discriminant analysis and let Gξ,Σς = Σ
−1/2
ς cov(ξ)Σ

−1/2
ς . Then λkda ,i is the

i-th eigenvalue of Gξ,Σς , and vkda ,i = Σ
−1/2
ς ωi, where ωi is the i-th eigenfunction of

Gξ,Σς . By Courant-Fischer min-max theorem again, it follows that

λkda ,i = sup
V⊂H,dim(V )=i

min
ṽ∈V :ṽ ̸=0

⟨ṽ, cov(ξ)ṽ⟩H/⟨ṽ,Σς ṽ⟩H (S3.8)

= ⟨vkda ,i, cov(ξ)vkda ,i⟩H/⟨vkda ,i,Σςvkda ,i⟩H. (S3.9)

On the other hand, due to the fact that the r largest eigenvalues of G0A are distinct,

it is easy to see that λkda, i’s are all distinct, and there is a unique solution for the

optimization problem (S3.9). Therefore, vkda ,i = cA−1/2φA
i = fA,i (i ≤ r) with

c = ±1.
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