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This supplementary material contains three sections. Section S1 presents

additional simulation results. Additional real data analysis about the EEG

data, which concerns the relationship between genetic predisposition and

the tendency for alcoholism, is given in Section S2. Section S3 provides the

technical details of the main manuscript.

S1 Additional simulation results

Figure S.1 shows the QQ plot of Q̂n(X̂, Ŷ) with an Ornstein-Uhlenbeck

process under n = m = 25, 40 and p = 20, 50, 100, 200 in Case I for model
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(3.14). Similar to Figure 2, Figure S.1 reveals that the asymptotic distribu-

tion of Q̂n(X̂, Ŷ) is well approximated by N(0, 1) when the dimension and

the sample sizes increase.
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Figure S.1: Q-Q plots of Q̂n(X̂, Ŷ) under n = m = 25, 40 and p = 20, 50, 100, 200 for

Case I for model (3.14) in Simulation II.

S2 Additional real data analysis: EEG Data

This dataset is from an electroencephalogram (EEG) study, which concerns

the relationship between genetic predisposition and the tendency for alco-

holism (http://kdd.ics.uci.edu/databases/eeg/eeg.data.html).

The EEG dataset includes two groups of subjects: an alcoholic group

http://kdd.ics.uci.edu/databases/eeg/eeg.data.html
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of 77 subjects and a control (non-alcoholic) group of 45 subjects. Each

subject was exposed to one stimulus or two stimuli while voltage values

were measured from 64 channels of electrodes placed on the subject’s scalp

for 256 time points. Li et al. (2010) applied the dataset to study the pattern

of voltage over times and channels by treating voltage values for each subject

as a 256× 64 matrix.

It is noteworthy that, although the method proposed by Li et al. (2010)

can preserve well the original structure of the data by the way of the matrix-

valued objects, it ignores the smoothness of voltage values at the time

points. In fact, it seems to be more natural that voltage values for each

channel should be treated as a continuous function of time. Thus, it may be

more reasonable to view the voltage values as a random functional curve.

From this perspective, we represent the data as random functional data,

denoted by {Xi(t) = (Xi1(t), . . . , Xi64(t))
T , t ∈ [0, 1]}77i=1 for the alcoholic

group, and {Yj(t) = (Yj1(t), . . . , Yj64(t))
T , t ∈ [0, 1]}45j=1 for the control

group, where each Xik(t) and Yjk(t) has N = 256 observations.

We here are interested in testing whether the EEG patterns between

the control and alcoholic groups are different or not. Using the proposed

MRP test, we obtain that the test statistic is 4.680 with the upper-tail

p-value approximately equal to 1.43 × 10−6. Thus, there is a significant



4 SHOUXIA WANG, JIGUO CAO, HUA LIU, JICAI LIU and JINHONG YOU

(a) Non-alcoholic group (b) Alcoholic group

Figure S.2: Sample means of the voltages measured from 64 channels of electrodes placed

on the subject’s scalp for 256 time points among non-alcoholic and alcoholic groups.

difference in the EEG pattern between the two groups. The reasonability

of the result is supported by their sample mean functions shown in Figure

S.2 (a) and (b), with two horizontal axes representing time and channel and

the vertical axis denoting voltage.

S3 Proofs of the theoretical results

Proof of Lemma 1. Suppose that E{X} = E{Y}. For any α ∈ Rp and

γ ∈ L2([0, 1]), ⟨αTX, γ⟩ and ⟨αTY, γ⟩ are measurable functions of X and

Y respectively. Then, we have that

E⟨αTX, γ⟩ = αT

∫ 1

0

E{X(t)}γ(t)dt = αT

∫ 1

0

E{Y(t)}γ(t)dt = E⟨αTY, γ⟩.

If E⟨αTX, γ⟩ = E⟨αTY, γ⟩ holds for any α ∈ Rp and γ ∈ L2([0, 1]), we
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have that

αT

∫ 1

0

E{[X(t)−Y(t)]}γ(t)dt = E⟨αT[X−Y], γ⟩ = 0.

By the arbitrariness of α ∈ Rp and γ ∈ L2([0, 1]), the above result implies

that E{X} = E{Y} in Lp
2([0, 1]), and hence componentwise for almost every

t.

Proof of Theorem 1. Suppose α = (α1, . . . , αp)
T ∼ G(α), where G(·) is

the CDF of α, G(α) = Πp
k=1Gk(αk), Gk(αk) is a CDF of αk with mean 0

and variance 1 for k = 1, . . . , p, ν(·) is the CDF of a centered process γ in

L2([0, 1]) with a covariance function v(s, t) satisfying the conditions in the

definition of MRP, and α and γ are independent of X and Y. Then, for

any fixed functions Z1,Z2 ∈ Lp
2[0, 1], we have

∫
L2

∫
Rp

⟨αTZ1, γ⟩⟨αTZ2, γ⟩dG(α)ν( dγ)

=

∫
L2

∫
Rp

[ p∑
k=1

∫ 1

0

αkZ1k(t)γ(t) dt
][ p∑

k=1

∫ 1

0

αkZ2k(t)γ(t) dt
]
dG(α1, . . . , αp)ν( dγ)

=

∫
L2

∫
Rp

[ p∑
k=1

∫ 1

0

∫ 1

0

α2
kZ1k(t)Z2k(s)γ(s)γ(t) ds dt

]
dG(α1, . . . , αp)ν( dγ)

=

∫
L2

∫ 1

0

∫ 1

0

Z1(t)
TZ2(s)γ(s)γ(t) ds dtν( dγ)

=

∫ 1

0

∫ 1

0

Z1(t)
TZ2(s)v(s, t) ds dt. (S3.1)

Denote Z1 = X1 −Y1 and Z2 = X2 −Y2. Then, by the definition of
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MRP(X,Y) and (S3.1), we have

MRP(X,Y) =

∫
L2

∫
Rp

[E{⟨αT(X−Y), γ⟩}]2 dG(α)ν( dγ)

=

∫
L2

∫
Rp

E{⟨αT(X1 −Y1), γ⟩}E{⟨αT(X2 −Y2), γ⟩} dG(α)ν( dγ)

= E
{∫

L2

∫
Rp

⟨αTZ1, γ⟩⟨αTZ2, γ⟩ dG(α)ν( dγ)
}

= E
{∫ 1

0

∫ 1

0

Z1(t)
TZ2(s)v(s, t) ds dt

}
= E

{∫ 1

0

∫ 1

0

(X1(t)−Y1(t))
T (X2(s)−Y2(s)) v(s, t) ds dt

}

=

∫ 1

0

∫ 1

0

[µ1(t)− µ2(t)]
T[µ1(s)− µ2(s)]v(s, t) ds dt.

This proves part (i). For part (ii), let δk(t) = µ1k(t) − µ2k(t). Then

MRP(X,Y) =
∑p

k=1⟨δk,Vδk⟩L2 ≥ 0. By the injectivity (strict positive defi-

niteness) of V , this quantity is zero if and only if every δk is the zero element

of L2([0, 1]), that is, if and only if µ1(t) = µ2(t) for almost every t.

Proof of Theorem 2. We first calculate E{M̂RP(X,Y)} and Var{M̂RP(X,Y)}.

By the definition of M̂RP(X,Y), it is easy to show that

E{M̂RP(X,Y)}

=

∫ 1

0

∫ 1

0

[E{X1(t)
TX2(s)}+ E{Y1(t)

TY2(s)} − 2E{X1(t)}TE{Y1(s)}}]

×v(s, t) ds dt

=

∫ 1

0

∫ 1

0

(µ1(t)− µ2(t))
T (µ1(s)− µ2(s)) v(s, t) ds dt = MRP(X,Y).
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For simplicity, let

D1 =
1

n(n− 1)

n∑
i,j=1
i ̸=j

∫ 1

0

∫ 1

0

Xi(t)
TXj(s)v(s, t) ds dt,

D2 =
1

m(m− 1)

m∑
i,j=1
i ̸=j

∫ 1

0

∫ 1

0

Yi(t)
TYj(s)v(s, t) ds dt,

D3 = − 2

nm

n∑
i=1

m∑
j=1

∫ 1

0

∫ 1

0

Xi(t)
TYj(s)v(s, t) ds dt.

Note that Var{M̂RP(X,Y)} can be decomposed into

Var{M̂RP(X,Y)} = Var{D1}+Var{D2}+Var{D3}

+ 2Cov{D1, D2}+2Cov{D1, D3}+ 2Cov{D2, D3}. (S3.2)

To obtain Var{M̂RP(X,Y)}, we next calculate each term in the above de-

composition.

By Lemma S.1 in Appendix B, we have that

Var{D1} =
1

n2(n− 1)2
Var

{ n∑
i,j=1
i ̸=j

∫∫
Xi(t)

TXj(s)v(s, t) ds dt
}

=
2

n(n− 1)

∫∫∫∫
tr{G1(t1, t)G1(s1, s)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

n

∫∫∫∫
µ1(t)

TG1(s, s1)µ1(t1)v(s, t)v(s1, t1) ds dt ds1 dt1. (S3.3)

Similarly, it can be shown that

Var{D2} =
2

m(m− 1)

∫∫∫∫
tr{G2(t1, t)G2(s1, s)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

m

∫∫∫∫
µ2(t)

TG2(s, s1)µ2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1, (S3.4)
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Var{D3} =
4

nm

∫∫∫∫
tr{G1(s, s1)G2(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

n

∫∫∫∫
µ2(t)

TG1(s, s1)µ2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

m

∫∫∫∫
µ1(t)

TG2(s, s1)µ1(t1)v(s, t)v(s1, t1) ds dt ds1 dt1, (S3.5)

Cov{D1, D3} = − 4

n

∫∫∫∫
µ1(t)

TG1(s, s1)µ2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1,

(S3.6)

and

Cov{D2, D3} = − 4

m

∫∫∫∫
µ1(t)

TG2(s, s1)µ2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1.

(S3.7)

Additionally, we have that Cov{D1, D2} = 0 due to independence between

{Xi}ni=1 and {Yi}mi=1. This, together with (S3.2)-(S3.6), yields that

Var{M̂RP(X,Y)}

=
2

n(n− 1)

∫∫∫∫
tr{G1(s, s1)G1(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
2

m(m− 1)

∫∫∫∫
tr{G2(s, s1)G2(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

nm

∫∫∫∫
tr{G1(s, s1)G2(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

n

∫∫∫∫
[µ1(t)− µ2(t)]

TG1(s, s1)[µ1(t1)− µ2(t1)]v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

m

∫∫∫∫
[µ1(t)− µ2(t)]

TG2(s, s1)[µ1(t1)− µ2(t1)]v(s, t)v(s1, t1) ds dt ds1 dt1.
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Let

σ2
nm(X,Y)

=:
2

n (n− 1)

∫∫∫∫
tr {G1(s, s1)G1(t, t1)} v(s, t)v(s1, t1) ds dt ds1 dt1

+
2

m (m− 1)

∫∫∫∫
tr {G2(s, s1)G2(t, t1)} v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

nm

∫∫∫∫
tr {G1(s, s1)G2(t, t1)} v(s, t)v(s1, t1) ds dt ds1 dt1.

Thus, underH0 : µ1 = µ2, we can show that Var{M̂RP(X,Y)} = σ2
nm(X,Y).

Under H1 : µ1 ̸= µ2, we have that Var{M̂RP(X,Y)} = σ2
nm(X,Y){1+o(1)}

by Condition (C3). Let

σ2
nm2

(X,Y) =
4

n

∫∫∫∫
[µ1(t)− µ2(t)]

TG1(s, s1)[µ1(t1)− µ2(t1)]

× v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

m

∫∫∫∫
[µ1(t)− µ2(t)]

TG2(s, s1)[µ1(t1)− µ2(t1)]

× v(s, t)v(s1, t1) ds dt ds1 dt1.

Then under Condition (C3’), Var{M̂RP(X,Y)} = σ2
nm2

(X,Y){1 + o(1)}.

We next establish the asymptotic normality of M̂RP(X,Y). Note that

M̂RP(X,Y) = M̂RP1(X,Y) + M̂RP2(X,Y),

where

M̂RP1(X,Y)
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=
1

n(n− 1)

n∑
i,j=1
i ̸=j

∫ 1

0

∫ 1

0

[Xi(t)− µ1(t)]
T [Xj(s)− µ1(s)] v(s, t) ds dt

+
1

m(m− 1)

m∑
i,j=1
i ̸=j

∫ 1

0

∫ 1

0

[Yi(t)− µ2(t)]
T [Yj(s)− µ2(s)] v(s, t) ds dt

− 2

nm

n∑
i=1

m∑
j=1

∫ 1

0

∫ 1

0

[Xi(t)− µ1(t)]
T [Yj(s)− µ2(s)] v(s, t) ds dt

and

M̂RP2(X,Y) =
2

n

n∑
i=1

∫ 1

0

∫ 1

0

[Xi(t)− µ1(t)]
T [µ1(s)− µ2(s)] v(s, t) ds dt

+
2

m

m∑
i=1

∫ 1

0

∫ 1

0

[Yi(t)− µ2(t)]
T [µ2(s)− µ1(s)] v(s, t) ds dt

+

∫ 1

0

∫ 1

0

[µ1(t)− µ2(t)]
T [µ1(s)− µ2(s)] v(s, t) ds dt.

It is easy to show that

E{M̂RP1(X,Y)} = 0, E{M̂RP2(X,Y)} = MRP(X,Y),

and

Var{M̂RP2(X,Y)} =
4

n

∫∫∫∫
[µ1(t)− µ2(t)]

TG1(s, s1)[µ1(t1)− µ2(t1)]

× v(s, t)v(s1, t1) ds dt ds1 dt1

+
4

m

∫∫∫∫
[µ1(t)− µ2(t)]

TG2(s, s1)[µ1(t1)− µ2(t1)]

× v(s, t)v(s1, t1) ds dt ds1 dt1.
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Under Condition (C3), we obtain that

Var

{
M̂RP2(X,Y)− MRP(X,Y)

σnm(X,Y)

}
= o(1).

Thus, under Condition (C3) we have that

M̂RP(X,Y)− MRP(X,Y)√
Var{M̂RP(X,Y)}

=
M̂RP1(X,Y)

σnm(X,Y){1 + o(1)}
+

M̂RP2(X,Y)− MRP(X,Y)

σnm(X,Y){1 + o(1)}

=
M̂RP1(X,Y)

σnm(X,Y)
+ op(1). (S3.8)

Under Condition (C3’), we have that

M̂RP(X,Y)− MRP(X,Y)√
Var{M̂RP(X,Y)}

=
M̂RP2(X,Y)− MRP(X,Y)

σnm2(X,Y)
+ op(1). (S3.9)

To obtain the asymptotic normality of M̂RP1(X,Y), we assume without

loss of generality that µ1(t) = µ2(t) = 0. For simplicity, define Wi = Xi

for i = 1, . . . , n and Wj+n = Yj for j = 1, . . . ,m, and for i ̸= j

ϕij =



1
n(n−1)

∫∫
Wi(t)

TWj(s)v(s, t) ds dt, if i, j ∈ {1, . . . , n} ,

− 1
nm

∫∫
Wi(t)

TWj(s)v(s, t) ds dt, if i ∈ {1, . . . , n}, j ∈ {n+ 1, . . . , n+m},

1
m(m−1)

∫∫
Wi(t)

TWj(s)v(s, t) ds dt, if i, j ∈ {n+ 1, . . . , n+m} .

Define

Vj =

j−1∑
i=1

ϕij, for j = 2, 3, . . . , n+m; Sk =
k∑

j=2

Vj;

Fk = σ{W1(t), . . . ,Wk(t), t ∈ [0, 1]},
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where σ{W1(t), . . . ,Wk(t), t ∈ [0, 1]} is the σ-algebra generated by {W1(t),

. . . ,Wk(t)}, t ∈ [0, 1]. Then, by the definition of M̂RP1(X,Y), we have that

M̂RP1(X,Y) = 2
n+m∑
j=2

j−1∑
i=1

ϕij = 2
n+m∑
j=2

Vj.

Then, by Lemmas S.2-S.4 in Appendix B and Corollary 3.1 of Hall and

Heyde (1980), we have that

M̂RP1(X,Y)/σnm(X,Y)
D−→ N(0, 1), as p → ∞ and min{n,m} → ∞.

This, together with (S3.8), completes the proof of Theorem 2. Under con-

dition (C3’), since M̂RP2(X,Y) is the sum of two independent averages, its

asymptotic normality can be attained by following the standard means.

Proof of Theorem 3. Let N = n + m, Tab = ITR(Ga,Gb), T̂ab =

ÎTR(Ga,Gb), and T = ITR(G12,G12). The positive semidefiniteness of v

and of the covariance operators implies Tab ≥ 0, and Cauchy–Schwarz gives

T 2
12 ≤ T11T22. Since T12 = T21, Condition (C2) gives σ2

nm(X,Y) ≍ N−2T .

We first derive the required expectation and variance bounds for

T̂11 =

∫∫∫∫
T̂R11(s, s1, t, t1)v(s, t)v(s1, t1) ds dt ds1 dt1

=

∫∫∫∫
̂tr {G1(s, s1)G1(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

and then apply the same argument to T̂22 and T̂12. Consider the following

decomposition

̂tr{G1(s, s1)G1(t, t1)}
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=
1

n(n− 1)
tr
{ n∑

j ̸=k

(Xj(s)−X(j,k)(s))X
T
j (s1)(Xk(t)−X(j,k)(t))X

T
k (t1)

}
=

1

n(n− 1)
tr

{
n∑

j ̸=k

{
(Xj(s)− µ1(s)) (Xj(s1)− µ1(s1))

T (Xk(t)− µ1(t))

× (Xk(t1)− µ1(t1))
T − 2

(
X(j,k)(s)− µ1(s)

)
(Xj(s1)− µ1(s1))

T

× (Xk(t)− µ1(t)) (Xk(t1)− µ1(t1))
T
}

+
n∑

j ̸=k

{
2 (Xj(s)− µ1(s))µ1(s1)

T (Xk(t)− µ1(t)) (Xk(t1)− µ1(t1))
T

−2
(
X(j,k)(s)− µ1(s)

)
µ1(s1)

T (Xk(t)− µ1(t)) (Xk(t1)− µ1(t1))
T
}

+
n∑

j ̸=k

{(
X(j,k)(s)− µ1(s)

)
(Xj(s1)− µ1(s1))

T (
X̄(j,k)(t)− µ1(t)

)
× (Xk(t1)− µ1(t1))

T
}

−
n∑

j ̸=k

{
2 (Xj(s)− µ1(s))µ1(s1)

T
(
X(j,k)(t)− µ1(t)

)
(Xk(t1)− µ1(t1))

T

−2
(
X(j,k)(s)− µ1(s)

)
(Xj(s1)− µ1(s1))

T (
X(j,k)(t)− µ1(t)

)
µ1(t1)

T
}

+
n∑

j ̸=k

{
(Xj(s)− µ1(s))µ1(s1)

T (Xk(t)− µ1(t))µ1(t1)
T

−2
(
X(j,k)(s)− µ1(s)

)
µ1(s1)

T (Xk(t)− µ1(t))µ1(t1)
T
}

+
n∑

j ̸=k

(
X(j,k)(s)− µ1(s)

)
µ1(s1)

T
(
X(j,k)(t)− µ1(t)

)
µ1(t1)

T

}

≜
10∑
k=1

tr{Ak}. (S3.10)

Simple calculations show that E{tr{A1}} = tr{G1(s, s1)G1(t, t1)},E{tr{Ak}} =

0, k = 2, . . . , 9, E{tr{A10}} = µ1(s1)
TG1(s, t)µ1(t1)/(n−2). This, together
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with Condition (C3), yields

E

{∫∫∫∫
̂tr {G1(s, s1)G1(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

}
=

∫∫∫∫
E{ ̂tr{G1(s, s1)G1(t, t1)}}v(s, t)v(s1, t1) ds dt ds1 dt1

= T11 + o(T ). (S3.11)

Note that

Var
{∫∫∫∫

̂tr{G1(s, s1)G1(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1
}

≤ 10
10∑
k=1

Var

{∫∫∫∫
tr{Ak}v(s, t)v(s1, t1) ds dt ds1 dt1

}
. (S3.12)

We next establish the orders of each term Var
{∫∫∫∫

tr{Ak}v(s, t)v(s1, t1) ds dt ds1 dt1
}

to obtain the order of Var
{∫∫∫∫ ̂tr{G1(s, s1)G1(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

}
.

We first consider the term Var
{∫∫∫∫

tr{A1}v(s, t)v(s1, t1) ds dt ds1 dt1
}
.

Since

E

{[∫∫∫∫
tr {A1} v(s, t)v(s1, t1) ds dt ds1 dt1

]2}
=

1

n2(n− 1)2
E
{∫∫∫∫

tr{
n∑

j1 ̸=k1

(Xj1(s)− µ1(s)) (Xj1(s1)− µ1(s1))
T

× (Xk1(t)− µ1(t)) (Xk1(t1)− µ1(t1))
T}v(s, t)v(s1, t1) ds dt ds1 dt1

×
∫∫∫∫

tr{
n∑

j2 ̸=k2

(Xj2(s2)− µ1(s2)) (Xj2(s3)− µ1(s3))
T

× (Xk2(t2)− µ1(t2)) (Xk2(t3)− µ1(t3))
T}v(s2, t2)v(s3, t3) ds2 dt2 ds3 dt3

}
,
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we have that

Var

{∫∫∫∫
tr {A1} v(s, t)v(s1, t1) ds dt ds1 dt1

}
=

2

n(n− 1)
B11 +

4(n− 2)

n(n− 1)
B12 + o(T 2),

where

B11 = E
{[∫∫

(X1(s)− µ1(s))
T(X2(t)− µ1(t))v(s, t) ds dt

]4}
,

B12 = E
{[∫∫∫∫

(X1(s)− µ1(s))
TG1(t, t1)(X1(s1)− µ1(s1))

×v(s, t)v(s1, t1) ds dt ds1 dt1

]2}
.

Let J1111 denote the eightfold trace integral in Condition (C4) with all

four covariance kernels equal to G1. The uniform moment inequality in

Condition (C1)(3), applied conditionally and then integrated over the time

arguments, gives B11 ≤ CT 2
11, B12 ≤ C{T 2

11 + J1111}. Consequently, (S3.13),

Condition (C4), and n → ∞ imply

Var

{∫∫∫∫
tr(A1)v(s, t)v(s1, t1) ds dt ds1 dt1

}
≤ C

n2
T 2
11 +

C

n
{T 2

11 + J1111}+ o(T 2) = o(T 2).

By similar procedures, we obtain

Var

{∫∫∫∫
tr{Ak}v(s, t)v(s1, t1) ds dt ds1 dt1

}
= o(T 2), k = 2, . . . , 10.

These, together with (S3.12), yield that

Var(T̂11) = o(T 2). (S3.13)
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The same expectation and variance calculations for the second sample and

the cross-sample estimator give

E(T̂ab − Tab) = o(T ),Var(T̂ab) = o(T 2), (a, b) ∈ {(1, 1), (2, 2), (1, 2)}.

(S3.14)

Using the definition of σ̂2
nm in (2.7), Condition (C2), and (S3.14), we obtain

E{σ̂2
nm − σ2

nm} = o(N−2T ) = o(σ2
nm),

Var(σ̂2
nm) ≤ CN−4

∑
(a,b)∈{(1,1),(2,2),(1,2)}

Var(T̂ab) = o(N−4T 2) = o(σ4
nm).

Chebyshev’s inequality now implies σ̂2
nm(X,Y)/σ2

nm(X,Y) →p 1, which

completes the proof.

Proof of Theorem 4. By Theorem 3, Condition (C2), and the definition

of σ2
nm, we have

σ̂2
nm(X,Y)

= σ2
nm(X,Y){1 + op(1)}

=
2(n+m)2

n2m2

[ m2

(n+m)2

∫∫∫∫
tr{G1(s, s1)G1(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
n2

(n+m)2

∫∫∫∫
tr{G2(s,s1)G2(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
2nm

(n+m)2

∫∫∫∫
tr{G1(s, s1)G2(t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

]
{1 + op(1)}

=
2(n+m)2

n2m2

∫∫∫∫
tr{Gτ (s, s1)Gτ (t, t1)}v(s, t)v(s1, t1) ds dt ds1 dt1{1 + op(1)},

whereGτ (s, t) = (1−τ)G1(s, t)+τG2(s, t). Denote ∆nm(µ1−µ2,G1,G2) =

(n+m)τ(1− τ)MRP(X,Y)/{
√
2ITR(Gτ ,Gτ )}, whereGτ (s, t) = (1−τ)G1(s, t)+
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τG2(s, t). Thus, Theorems 2 and 3 and Slutsky’s theorem imply, under

H1 : µ1 ̸= µ2, that

P{Q̂n(X,Y) > zα} = Φ{−zα +∆nm(µ1 − µ2,G1,G2)}+ o(1).

Under Condition (C3’), suppose that σnm2(X,Y) > 0 eventually, P{σ̂2
nm(X,Y) >

0} → 1, and σ̂nm(X,Y)/σnm2(X,Y) = op(1). Let

Znm2 =
M̂RP(X,Y)− MRP(X,Y)

σnm2(X,Y)
.

The C3’ version of Theorem 2 gives Znm2

D−→ N(0, 1). Hence, by Slutsky’s

theorem,

Znm2 − zα
σ̂nm(X,Y)

σnm2(X,Y)

D−→ N(0, 1).

Since the limiting distribution is continuous, Pólya’s theorem yields uniform

convergence of the corresponding distribution functions. Therefore,

P{Q̂n(X,Y) > zα} = P

{
Znm2 − zα

σ̂nm(X,Y)

σnm2(X,Y)
> − MRP(X,Y)

σnm2(X,Y)

}
+ o(1)

= Φ

{
MRP(X,Y)

σnm2(X,Y)

}
+ o(1)

= Φ {∆nm2(µ1 − µ2,G1,G2)}+ o(1),

where the first equality uses P{σ̂2
nm > 0} → 1. For τnm = n/(n +m), the

definitions of σnm2 andGτnm give the finite-sample noncentrality parameter.

Condition (C2) implies that its ratio to ∆nm2 tends to 1; because both

quantities are nonnegative, the last equality follows.
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Proof of Theorem 5. Let N = n + m and let Rnmp be as defined in

Condition (C5). By telescoping each bilinear kernel in the MRP statistic

and applying Hölder’s inequality, the uniform boundedness of v and of the

fourth moments in Condition (C5) gives

E
∣∣∣M̂RP(X̂, Ŷ)− M̂RP(X,Y)

∣∣∣ ≤ CRnmp = o{σnm(X,Y)}. (S3.15)

Hence the difference on the left of (S3.15) is op{σnm(X,Y)}.

More explicitly, put ρmax = maxk(rX,k + rY,k). For any pair of curves

U, V from either sample, writing eU = Û − U and eV = V̂ − V gives

E

∣∣∣∣∫∫ {Û(s)TV̂ (t)− U(s)TV (t)}v(s, t) ds dt
∣∣∣∣

≤ C{Rnmp + ρmaxRnmp} = O(Rnmp),

where the two single-error terms follow from Hölder’s inequality and the

double-error term is absorbed using ρmax = o(1). Leave-out sample means

obey the same bounds by Jensen’s inequality.

For a, b ∈ {1, 2}, denote the true-curve and reconstructed versions of

the trace estimator by Îab and ÎRab, respectively. A telescoping expansion of

the four factors in each product, followed by Hölder’s inequality and the

same uniform fourth-moment bounds, yields

E|ÎRab − Îab| ≤ C{pRnmp + pρmaxRnmp +R2
nmp} = O(pRnmp),

becauseRnmp ≤ pρmax. Because the coefficients of the three trace estimators
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in σ̂2
nm are O(N−2) under Condition (C2), Condition (C5) implies

σ̂2
nm(X̂, Ŷ)− σ̂2

nm(X,Y) = op{σ2
nm(X,Y)}.

Combining this result with Theorem 3 gives σ̂2
nm(X̂, Ŷ)/σ2

nm(X,Y) →p 1.

Finally,

M̂RP(X̂, Ŷ)− MRP(X,Y)

σ̂nm(X̂, Ŷ)

=
M̂RP(X,Y)− MRP(X,Y)

σnm(X,Y)
{1 + op(1)}+ op(1)

D−→ N(0, 1)

by Theorem 2 and Slutsky’s theorem.

S3.1 Lemmas S.1-S.4

The following lemmas are needed to prove Theorem 2.

Lemma S.1 We have that

Var
{ n∑

i,j=1
i̸=j

∫∫
Xi(t)

TXj(s)v(s, t) ds dt
}

= 2n(n− 1)

∫∫∫∫
tr {G1(t1, t)G1(s1, s)} v(s, t)v(s1, t1) ds dt ds1 dt1

+ 4n(n− 1)2
∫∫∫∫

µ1(t)
TG1(s, s1)µ1(t1)v(s, t)v(s1, t1) ds dt ds1 dt1.

Proof of Lemma S.1.

Var
{ n∑

i,j=1
i ̸=j

∫∫
Xi(t)

TXj(s)v(s, t) ds dt
}
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= E
{[ n∑

i,j=1
i̸=j

∫∫
Xi(t)

TXj(s)v(s, t) ds dt
]2}

−
[
E
{ n∑

i,j=1
i̸=j

∫∫
Xi(t)

TXj(s)v(s, t) ds dt
}]2

= E
{ n∑

i ̸=j

n∑
i′ ̸=j′

∫∫
Xi(t)

TXj(s)v(s, t) ds dt

∫∫
Xi′(t)

TXj′(s)v(s, t) ds dt
}

−
[
n(n− 1)

∫∫
µ1(t)

Tµ1(s)v(s, t) ds dt
]2
. (S3.16)

We can divide the first term on the right hand side of (S3.16) into the

following cases:

Case (1): For {i ̸= j ̸= i′ ̸= j′}, we have that

E
{ n∑

i ̸=j ̸=i′ ̸=j′

∫∫
Xi(t)

TXj(s)v(s, t) ds dt

∫∫
Xi′(t)

TXj′(s)v(s, t) ds dt
}

= n(n− 1)(n− 2)(n− 3)
[ ∫∫

µ1(t)
Tµ1(s)v(s, t) ds dt

]2
. (S3.17)

Case (2): For {i = i′, j ̸= j′} ∪ {i = j′, j ̸= i′} ∪ {j = i′, i ̸= j′} ∪ {j =
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j′, i ̸= i′}, we have that

E
{ n∑

i ̸=j

n∑
i′ ̸=j′

∫∫
Xi(t)

TXj(s)v(s, t) ds dt

∫∫
Xi′(t)

TXj′(s)v(s, t) ds dt
}

= 4E
{ n∑

i=i′,j ̸=j′

∫∫
Xi(t)

TXj(s)v(s, t) ds dt

∫∫
Xi′(t)

TXj′(s)v(s, t) ds dt
}

= 4n(n− 1)(n− 2)

∫∫∫∫
tr{E{Xi(t)

TXj(s)Xi(t1)
TXj′(s1)}}v(s, t)

× v(s1, t1) ds dt ds1 dt1

= 4n(n− 1)(n− 2)

∫∫∫∫
tr{E{Xi(t)Xi(t1)

T}E{Xj′(s1)Xj(s)
T}}v(s, t)

× v(s1, t1) ds dt ds1 dt1

= 4n(n− 1)(n− 2)

∫∫∫∫
tr{[G1(t, t1) + µ1(t)µ1(t1)

T]µ1(s1)µ1(s)
T}

× v(s, t)v(s1, t1) ds dt ds1 dt1

= 4n(n− 1)(n− 2)

∫∫∫∫
µ1(s)

TG1(t, t1)µ1(s1)v(s, t)v(s1, t1) ds dt ds1 dt1

+ 4n(n− 1)(n− 2)
[ ∫∫

µ1(t)
Tµ1(s)v(s, t) ds dt

]2
.

Case (3): For {i = i′, j = j′} ∪ {i = j′, j = i′}, we have that

E
{ n∑

i ̸=j

n∑
i′ ̸=j′

∫∫
Xi(t)

TXj(s)v(s, t) ds dt

∫∫
Xi′(t)

TXj′(s)v(s, t) ds dt
}

= 2E
{ n∑

i=i′,j=j′

∫∫
Xi(t)

TXj(s)v(s, t) ds dt

∫∫
Xi(t)

TXj(s)v(s, t) ds dt
}

= 2n(n− 1)

∫∫∫∫
tr
{
E{Xi(t)Xi(t1)

T}E{Xj(s1)Xj(s)
T}

}
v(s, t)

× v(s1, t1) ds dt ds1 dt1
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= 2n(n− 1)

∫∫∫∫
tr
{
[G1(t, t1) + µ1(t)µ1(t1)

T][G1(s, s1) + µ1(s)µ1(s1)
T]
}

× v(s, t)v(s1, t1) ds dt ds1 dt1

= 2n(n− 1)

∫∫∫∫
tr{G1(t, t1)G1(s, s1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+ 4n(n− 1)

∫∫∫∫
µ1(s)

TG1(t, t1)µ1(s1)v(s, t)v(s1, t1) ds dt ds1 dt1

+ 2n(n− 1)
[ ∫∫

µ1(t)
Tµ1(s)v(s, t) ds dt

]2
. (S3.18)

By (S3.16)-(S3.18), we have that

Var
{ n∑

i,j=1
i ̸=j

∫∫
Xi(t)

TXj(s)v(s, t) ds dt
}

= n(n− 1)(n− 2)(n− 3)
[ ∫∫

µ1(t)
Tµ1(s)v(s, t) ds dt

]2
+4n(n− 1)(n− 2)

∫∫
µ1(s)

TG1(t, t1)µ1(s1)v(s, t)v(s1, t1) ds dt ds1 dt1

+4n(n− 1)(n− 2)
[ ∫∫

µ1(t)
Tµ1(s)v(s, t) ds dt

]2
+2n(n− 1)

∫∫∫∫
tr{G1(t, t1)G1(s, s1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+4n(n− 1)

∫∫
µ1(s)

TG1(t, t1)µ1(s1)v(s, t)v(s1, t1) ds dt ds1 dt1

+2n(n− 1)
[ ∫∫

µ1(t)
Tµ1(s)v(s, t) ds dt

]2
−
[
n(n− 1)

∫∫
µ1(t)

Tµ1(s)v(s, t) ds dt
]2

= 2n(n− 1)

∫∫∫∫
tr{G1(t, t1)G1(s, s1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+4n(n− 1)2
∫∫

µ1(s)
TG1(t, t1)µ1(s1)v(s, t)v(s1, t1) ds dt ds1 dt1.

Lemma S.2 For any N , {Sj,Fj}Nj=1 is the sequence of zero mean and a
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square integrable martingale.

Proof of Lemma S.2. By the definitions of Sj and Fj, it is easy to

show that Fj−1 ⊆ Fj and Sj is of zero mean and square integrable, for any

1 ≤ j ≤ n+m.

We next show that {Sj}Nj=1 is a martingale with respect to the filtration

{Fj}Nj=1. We consider the following two cases:

Case (1): When j ≤ k, we have that

E{Vj | Fk} =

j−1∑
i=1

E{ϕij | Fk} =

j−1∑
i=1

ϕij = Vj.

Case (2): When j > k, we have that

E{Vj | Fk} =
k∑

i=1

E{ϕij | Fk}+
j−1∑

i=k+1

E{ϕij | Fk}

= C1

k∑
i=1

E{
∫∫

Wi(t)
TWj(s)v(s, t) ds dt | Fk}

+ C2

j−1∑
i=k+1

E{
∫∫

Wi(t)
TWj(s)v(s, t) ds dt | Fk}

= C1

k∑
i=1

∫∫
Wi(t)

TE{Wj(s) | Fk}v(s, t) ds dt

+ C2

j−1∑
i=k+1

∫∫
E{Wi(t)}TE{Wj(s)}v(s, t) ds dt = 0,

where C1 C2 ∈ { 1
n(n−1)

,− 1
nm

, 1
m(m−1)

}.
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Then, for any q ≥ k, we have that

E{Sq | Fk} =

q∑
j=2

E{Vj | Fk} =
k∑

j=2

Vj = Sk.

Thus, {Sj}Nj=1 is a martingale with respect to the filtration {Fj}Nj=1 for any

N .

Lemma S.3 Under Conditions (C1), (C2), and (C4), provided σ2
nm(X,Y) >

0, we have that

n+m∑
j=2

E{V 2
j | Fj−1}/σ2

nm(X,Y)
P−→ 1

4
.

Proof of Lemma S.3. For a = 1, 2, define

Ka(f, g) =

∫∫∫∫
f(t)TGa(s, s1)g(t1)v(s, t)v(s1, t1) ds dt ds1 dt1.

By the definition of Vj and ϕij, we have that

E{V 2
j | Fj−1} = E{[

j−1∑
i=1

ϕij]
2 | Fj−1} =

j−1∑
i1,i2=1

E{ϕi1jϕi2j | Fj−1},

which can be divided into the following three cases:

Case (1): When j ≤ n, we have that

E{V 2
j | Fj−1}

=
1

n2(n− 1)2
E
{ j−1∑

i1,i2=1

∫∫∫∫
Wi1(t)

TWj(s)Wj(s1)
TWi2(t1)v(s, t)

× v(s1, t1) ds dt ds1 dt1 | Fj−1

}
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=
1

n2(n− 1)2

j−1∑
i1,i2=1

∫∫∫∫
Wi1(t)

TG1(s, s1)Wi2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1.

Case (2): When j = n+ 1, we have that

E{V 2
j | Fj−1}

=
1

n2m2
E
{ n∑

i1,i2=1

∫∫∫∫
Wi1(t)

TWn+1(s)Wn+1(s1)
TWi2(t1)v(s, t)

× v(s1, t1) ds dt ds1 dt1 | Fj−1

}
=

1

n2m2

n∑
i1,i2=1

∫∫∫∫
Wi1(t)

TG2(s, s1)Wi2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1.

Case (3): When j ≥ n+ 2, we have that

E{V 2
j | Fj−1}

=
1

n2m2

n∑
i1,i2=1

∫∫∫∫
Wi1(t)

TG2(s, s1)Wi2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1

+
1

m2(m− 1)2

j−1∑
i1,i2=n+1

∫∫∫∫
Wi1(t)

TG2(s, s1)Wi2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1

− 2

nm2(m− 1)

n∑
i=1

j−1∑
r=n+1

K2(Wi,Wr).

Denote ηn+m =
∑n+m

j=2 E{V 2
j | Fj−1}. The added cross block has ex-

pectation zero because the two centered samples are mutually independent.

Based on the above Cases (1)–(3), we obtain that

E{ηn+m}

=
1

n2(n− 1)2

n∑
j=2

j−1∑
i1,i2=1

∫∫∫∫
E{Wi1(t)

TG1(s, s1)Wi2(t1)}v(s, t)v(s1, t1) ds dt ds1 dt1
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+
1

n2m2

n∑
i1,i2=1

∫∫∫∫
E{Wi1(t)

TG2(s, s1)Wi2(t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
n+m∑
j=n+2

[ 1

n2m2

n∑
i1,i2=1

∫∫∫∫
E{Wi1(t)

TG2(s, s1)Wi2(t1)}v(s, t)v(s1, t1) ds dt ds1 dt1

+
1

m2(m− 1)2

j−1∑
i1,i2=n+1

∫∫∫∫
E{Wi1(t)

TG2(s, s1)Wi2(t1)}v(s, t)v(s1, t1) ds dt ds1 dt1
]

=
1

n2(n− 1)2
n(n− 1)

2

∫∫∫∫
tr {G1(s, s1)G1(t, t1)} v(s, t)v(s1, t1) ds dt ds1 dt1

+
1

m2(m− 1)2
m(m− 1)

2

∫∫∫∫
tr {G2(s, s1)G2(t, t1)} v(s, t)v(s1, t1) ds dt ds1 dt1

+
1

n2m2
mn

∫∫∫∫
tr {G1(s, s1)G2(t, t1)} v(s, t)v(s1, t1) ds dt ds1 dt1

=
1

4
σ2
nm(X,Y). (S3.19)

Moreover, we have that

E{η2n+m}

= E
{ 1

n2(n− 1)2

n∑
j=2

j−1∑
i1,i2=1

∫∫∫∫
Wi1(t)

TG1(s, s1)Wi2(t1)v(s, t)

×v(s1, t1) ds dt ds1 dt1

+
m

n2m2

n∑
i1,i2=1

∫∫∫∫
Wi1(t)

TG2(s, s1)Wi2(t1)v(s, t)v(s1, t1) ds dt ds1 dt1

+
1

m2(m− 1)2

n+m∑
j=n+2

j−1∑
i1,i2=n+1

∫∫∫∫
Wi1(t)

TG2(s, s1)Wi2(t1)v(s, t)

×v(s1, t1) ds dt ds1 dt1

− 2

nm2(m− 1)

n+m∑
j=n+2

n∑
i=1

j−1∑
r=n+1

K2(Wi,Wr)
}2

=
1

16
σ4
nm(X,Y) + o{σ4

nm(X,Y)}.
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Indeed, if T = ITR(G12,G12) and J is the maximum absolute eightfold

trace integral in Condition (C4), expanding the square, using independence

and centering, and counting the diagonal and shared-index terms gives

Var(ηn+m) ≤ C{N−5T 2 +N−4J} = o{σ4
nm(X,Y)}, N = n+m.

Thus, we have

Var{ηn+m} = E{η2n+m} − (E{ηn+m})2 = o(σ4
nm(X,Y)). (S3.20)

By (S3.19) and (S3.20), we have

E
{ n+m∑

j=2

E{V 2
j | Fj−1}

}
/σ2

nm(X,Y) = E{ηn+m}/σ2
nm(X,Y) =

1

4
,

and

Var
{ n+m∑

j=2

E{V 2
j | Fj−1}

}
/σ4

nm(X,Y) = Var{ηn+m}/σ4
nm(X,Y) = o(1).

This completes the proof of Lemma S.3.

Lemma S.4 Under Conditions (C1), (C2), and (C4), provided σ2
nm(X,Y) >

0, for any ϵ > 0, we have that

n+m∑
j=2

E{V 2
j I(|Vj| > ϵσnm(X,Y)) | Fj−1}/σ2

nm(X,Y)
P−→ 0.

Proof of Lemma S.4. Let N = n+m and

H(U, V ) =

∫∫
U(s)TV (t)v(s, t) ds dt, Tab = ITR(Ga,Gb), T =

2∑
a,b=1

Tab.
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Write ϕij = ωijH(Wi,Wj). By Condition (C2), maxi<j |ωij| = O(N−2)

and σ2
nm ≍ N−2T . To verify the required integrated moment bounds, let Gb

denote the covariance operator of Ub, let V be the integral operator induced

by v, and put Ab = VGbV∗. Conditional on Ua, Condition (C1)(3) gives

E{H(Ua, Ub)
4 | Ua} ≤ C⟨Ua, AbUa⟩2Lp

2
.

Applying the same condition to finite-rank spectral approximations of Ab,

followed by monotone approximation, yields

E⟨Ua, AbUa⟩2Lp
2
≤ C{tr(AbGa)}2 = CT 2

ab.

Consequently, for independent centered curves Ua, Ub, Uc from the indicated

samples, and using Cauchy–Schwarz for the second bound,

E{H(Ua, Ub)
4} ≤ CT 2

ab ≤ CT 2,

E{H(Ua, Uc)
2H(Ub, Uc)

2} ≤ C(TacTbc) ≤ CT 2.

The remaining eightfold covariance terms are controlled by Condition (C4).

In the expansion of
∑N

j=2 E(V
4
j ), independence and centering eliminate

every index pattern in which one of W1, . . . ,Wj−1 occurs only once. There

are O(N3) paired patterns and O(N2) diagonal patterns. Hence

E

{
N∑
j=2

E(V 4
j | Fj−1)

}
≤ CN−8{N3T 2 +N2T 2} = O(N−5T 2) = o(σ4

nm).
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Markov’s inequality therefore gives
∑N

j=2 E(V
4
j | Fj−1) = op(σ

4
nm). Finally,

1

σ2
nm

N∑
j=2

E{V 2
j I(|Vj| > ϵσnm) | Fj−1}

≤ ϵ−2σ−4
nm

N∑
j=2

E(V 4
j | Fj−1) = op(1),

which proves the result. For completeness, the index-counting step used

above can be written in the following expanded form. Note that

n+m∑
j=2

σ−2
nm(X,Y)E{V 2

j I(|Vj| > ϵσnm(X,Y)) | Fj−1}

≤ σ−4
nm(X,Y)ϵ−2

n+m∑
j=2

E{V 4
j | Fj−1}

and

E{V 4
j | Fj−1} = E

{[ j−1∑
i=1

ϕij

]4
| Fj−1

}
=

j−1∑
i1,i2,i3,i4=1

E{ϕi1jϕi2jϕi3jϕi4j | Fj−1}.

Therefore, we have

E
{ n+m∑

j=2

E{V 4
j | Fj−1}

}
≤ C(n+m)−8(3Q+ P ), (S3.21)

where

Q =
n+m∑
j=2

j−1∑
i1 ̸=i2

E
{∫

· · ·
∫

Wj(t)
TWi1(s)Wi1(s1)

TWj(t1)Wj(t2)
TWi2(s2)

×Wi2(s3)
TWj(t3)v(s, t)v(s1, t1)v(s2, t2)v(s3, t3) ds dt ds1 dt1 ds2 dt2 ds3 dt3

}
and P =

∑n+m
j=2

∑j−1
i=1 E

{∫∫
Wi(s)

TWj(t)v(s, t) ds dt
}4

.
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Note that

Q =
n+m∑
j=2

j−1∑
i1 ̸=i2

∫
· · ·

∫
E
{
tr{Wj(t3)Wj(t)

TWi1(s)Wi1(s1)
TWj(t1)Wj(t2)

T

×Wi2(s2)Wi2(s3)
T}

}
v(s, t)v(s1, t1)v(s2, t2)v(s3, t3) ds dt ds1 dt1 ds2 dt2 ds3 dt3

=
n∑

j=2

j−1∑
i1 ̸=i2

∫
· · ·

∫
E
{
Wj(t)

TG1(s, s1)Wj(t1)Wj(t2)
TG1(s2, s3)Wj(t3)

}
× v(s, t)v(s1, t1)v(s2, t2)v(s3, t3) ds dt ds1 dt1 ds2 dt2 ds3 dt3

+
n∑

i1 ̸=i2

∫
· · ·

∫
E
{
Wn+1(t)

TG1(s, s1)Wn+1(t1)Wn+1(t2)
TG1(s2, s3)Wn+1(t3)

}
× v(s, t)v(s1, t1)v(s2, t2)v(s3, t3) ds dt ds1 dt1 ds2 dt2 ds3 dt3

+
n+m∑
j=n+2

2∑
a,b=1

∑
i1∈Ia(j), i2∈Ib(j)

i1 ̸=i2

∫
· · ·

∫
E
{
Wj(t)

TGa(s, s1)Wj(t1)Wj(t2)
TGb(s2, s3)Wj(t3)

}

×v(s, t)v(s1, t1)v(s2, t2)v(s3, t3) ds dt ds1 dt1 ds2 dt2 ds3 dt3

= O{(n+m)3T 2} = o
{
(n+m)8σ4

nm(X,Y)
}
,

where I1(j) = {1, . . . , n} and I2(j) = {n + 1, . . . , j − 1}; the last equality

follows from Condition (C1)(3), Condition (C4), and σ2
nm ≍ (n + m)−2T .

and

P =
n+m∑
j=2

j−1∑
i=1

E
{∫∫

Wi(s)
TWj(t)v(s, t) ds dt

}4

=
n∑

j=2

j−1∑
i=1

E
{∫∫

Wi(s)
TWj(t)v(s, t) ds dt

}4
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+
n+m∑
j=n+1

n∑
i=1

E
{∫∫

Wi(s)
TWj(t)v(s, t) ds dt

}4

+
n+m∑
j=n+1

j−1∑
i=n+1

E
{∫∫

Wi(s)
TWj(t)v(s, t) ds dt

}4

=
n∑

j=2

j−1∑
i=1

E
{∫∫

Xi(s)
TXj(t)v(s, t) ds dt

}4

+
n+m∑
j=n+1

n∑
i=1

E
{∫∫

Xi(s)
TYj−n(t)v(s, t) ds dt

}4

+
n+m∑
j=n+1

j−1∑
i=n+1

E
{∫∫

Yi−n(s)
TYj−n(t)v(s, t) ds dt

}4

= P1 + P2 + P3,

where

P1 =
n∑

j=2

j−1∑
i=1

E
{∫∫

Xi(s)
TXj(t)v(s, t) ds dt

}4

,

P2 =
n+m∑
j=n+1

n∑
i=1

E
{∫∫

Xi(s)
TYj−n(t)v(s, t) ds dt

}4

,

P3 =
n+m∑
j=n+1

j−1∑
i=n+1

E
{∫∫

Yi−n(s)
TYj−n(t)v(s, t) ds dt

}4

.

We first consider the term P2. With H and A2 = VG2V∗ defined above,

conditioning first on Xi, the integrated moment inequality in Condition

(C1)(3), applied first to truncations of the latent coefficients and then ex-

tended by continuity in the covariance norm, gives

E{H(Xi,Yj−n)
4 | Xi} ≤ C⟨Xi, A2Xi⟩2Lp

2
.
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Since A2 is positive and trace class, let A2,L =
∑L

ℓ=1 λℓeℓ ⊗ eℓ be its finite-

rank spectral approximation. Condition (C1)(3) and the Cauchy–Schwarz

inequality give

E⟨Xi, A2,LXi⟩2Lp
2
≤ C

{
L∑

ℓ=1

λℓ⟨eℓ,G1eℓ⟩Lp
2

}2

= C{tr(A2,LG1)}2.

Letting L → ∞ by monotone convergence, we obtain

E{H(Xi,Yj−n)
4} ≤ C{tr(A2G1)}2 = CT 2

12 ≤ CT 2.

Here G1 and G2 are the covariance operators induced by the full covariance

kernelsG1 andG2, so the temporal covariance factors c1 and c2 in Condition

(C1)(2) are included. Since P2 contains nm = O(N2) summands under

Condition (C2),

P2 ≤ CnmT 2
12 = O(N2T 2),

N−8P2 = O(N−6T 2) = o{σ4
nm(X,Y)},

where N = n+m and σ4
nm(X,Y) ≍ N−4T 2. Similarly, we have

O((n+m)−8)P1 = o(σ4
nm(X,Y)), O((n+m)−8)P3 = o(σ4

nm(X,Y)).

By Markov’s inequality and (S3.21), we have

n+m∑
j=2

E{V 4
j | Fj−1} = op(σ

4
nm(X,Y)).



REFERENCES33

Therefore, we have

n+m∑
j=2

E{V 2
j I(|Vj| > ϵσnm(X,Y)) | Fj−1}/σ2

nm(X,Y)
P−→ 0.
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