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Additional numerical results is presented in Section Section outlines the selection principles for the tuning
parameters. The upper bounds established in Theorem [I] are rigorously proved in Section [S3}] The asymptotic
normality of the transfer learning debiased estimator, developed in Section is formally demonstrated in Sec-
tion [S4 Moreover, the theoretical properties of the banded estimator for the error covariance matrix, proposed in
Section are established in Section Finally, the results in Theorem |4 presented in Section [4] are proved in

Section [S6l

S1 Nwumerical results

This section provides additional numerical results on the performance of transfer learning
under time series settings.

First, as shown in Tables[I] and [2] in the main text, for signal features, the debiased SD
Trans-Lasso method shows a clear advantage over the method of Tian and Fengl (2023)
under both setting (a) and (b), however for noise features, the advantage becomes less
pronounced under setting (b). The phenomenon can be largely attributed to the relatively

small residual bias of the debiased estimators in |Tian and Feng (2023)) for zero coefficients.
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The method in (Tian and Feng (2023) constructs debiased estimators using a nodewise
Lasso procedure. However, unlike [Yuan and Guo (2022)), it fails to account for temporal
dependence in the construction of confidence intervals. This limitation primarily affects the
length of the intervals rather than the point estimates. Consequently, when the bias and
variance are already small (as is the case for zero coefficients), properly modeling temporal
dependence has limited impact on coverage probabilities. This observation is consistent
with |Li (2020), who shows that debiased estimators for nonzero coefficients typically exhibit

larger residual bias than those for zero coefficients.

We further examine this issue by presenting, under both settings (a) and (b), the mean of
the debiased estimators(Mean), the mean bias (Bias), the mean absolute bias (MAB), and
the variance (Var) of the debiased estimators computed over 600 simulation replications.
Note that for zero coefficients, the mean of the debiased estimator equals its mean bias by

definition, so only the mean bias is reported

As shown in Tables [2] and [4] for zero coefficients, the debiased estimators from [Tian and
Fengl (2023) exhibit notably smaller mean absolute bias and variance in setting (b) than
in setting (a). This indicates that the residual bias and variance are already quite small in
setting (b), leaving little room for improvement from accounting for temporal dependence.
In contrast, for signal features (Tables (1| and , the point estimates from [Tian and Feng
(2023)) exhibit non-negligible bias, and the failure to account for temporal dependence leads
to narrower confidence intervals, resulting in noticeable undercoverage. This explains why

the advantage of our method is more pronounced for signal features than for noise features.

Moreover, Tables [1| and |3| indicate that, for signal features, the residual bias of our de-

biased estimator is smaller than that of the single-task method in [Yuan and Guo| (2022)),
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S1. NUMERICAL RESULTS

Table 1: Estimation Performance for 5§ = 0.5 in Setting (a)

Setup Yuan and Guo) (2022) Debiased SD Trans-Lasso Tian and Fengj (2023))

h |A|l Mean Bias Var MAB Mean Bias Var MAB Mean Bias Var MAB
1 4 0472 -0.028 0.011 0.088 0.492 -0.008 0.008 0.074 0.493 -0.007 0.007 0.067
1 8 0478 -0.022 0.011 0.086 0.497 -0.003 0.008 0.073 0.474 -0.026 0.007 0.070
1 12 0.482 -0.018 0.010 0.080 0.499 -0.001 0.007 0.067 0.492 -0.008 0.005 0.057
1 16 0.469 -0.031 0.011 0.088 0.492 -0.008 0.008 0.074 0.477 -0.023 0.006 0.065
1 20 0.486 -0.014 0.010 0.080 0.502 0.002 0.007 0.069 0.490 -0.010 0.005 0.058
2 4 0482 -0.018 0.011 0.083 0.495 -0.005 0.009 0.074 0.480 -0.020 0.007 0.069
2 8 0480 -0.020 0.010 0.083 0.493 -0.007 0.007 0.069 0.476 -0.024 0.006 0.067
2 12 0475 -0.025 0.011 0.086 0.499 -0.001 0.008 0.069 0.478 -0.022 0.006 0.064
2 16 0474 -0.026 0.010 0.081 0.494 -0.006 0.007 0.068 0.485 -0.015 0.005 0.060
2 20 0474 -0.026 0.010 0.084 0.495 -0.005 0.008 0.070 0.485 -0.015 0.005 0.061
3 4 0477 -0.023 0.009 0.080 0.498 -0.002 0.008 0.071 0.500 0.000 0.006 0.060
3 8 0470 -0.030 0.010 0.085 0.484 -0.016 0.008 0.072 0.469 -0.031 0.006 0.066
3 12 0483 -0.017 0.010 0.080 0.499 -0.001 0.007 0.068 0.482 -0.018 0.006 0.060
3 16 0.480 -0.020 0.010 0.083 0.496 -0.004 0.008 0.072 0.476 -0.024 0.006 0.066
3 20 0477 -0.023 0.011 0.084 0.492 -0.008 0.009 0.075 0.474 -0.026 0.006 0.066

which helps explain

the improved confidence interval coverage for nonzero regression coef-

ficients achieved by our method.

To further evaluate the finite-sample performance of the proposed transferable source

detection algorithm, we conduct an additional simulation study. Specifically, we fix the

total number of auxiliary sources at 6 and vary the number of informative sources |A,| €

{0,1,2,3,4,5,6}, where A, = {1,...,|Ax|}. Both the target and auxiliary sample sizes

are set to 300. For the target study, the coefficient vector is specified as

10

For the auxiliary regression coefficients, if & € Aj,, the heterogeneous index set is Hy =
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Table 2: Estimation Performance for i3 = 0 in Setting (a)

Setup Yuan and Guol (2022) Debiased SD Trans-Lasso Tian and Feng| (2023))

h | Al Bias Var MAB Bias Var MAB Bias Var MAB

1 4 -0.001 0.008 0.069 -0.001 0.008 0.070 -0.002 0.005 0.053

1 8 0.005 0.008 0.071 0.000 0.007 0.069 0.004 0.005 0.053

1 12 -0.003  0.008 0.073  -0.001 0.008 0.073 -0.002  0.005 0.057

1 16 -0.002 0.009 0.073 0.000 0.008 0.071 -0.003 0.005 0.055

1 20 0.001 0.007  0.068 0.000 0.008 0.070 0.000 0.005 0.053

2 4 -0.001  0.008 0.070 0.001 0.007 0.069 -0.002  0.005 0.054

2 8 0.001 0.007  0.065 0.000 0.007 0.067 0.002 0.004 0.049

2 12 0.003 0.008 0.070 -0.001 0.008 0.069 0.000 0.005 0.054

2 16 -0.003  0.008 0.070  -0.006  0.007 0.069 -0.005  0.005 0.054

2 20 -0.003  0.008 0.069  -0.004  0.007 0.069 -0.004  0.005 0.053

3 4 0.002 0.008 0.070 0.001 0.008 0.073 0.008 0.006 0.059

3 8 0.001 0.007 0.068 0.002 0.007 0.069 0.001 0.004 0.050

3 12 -0.004  0.008 0.069 0.000 0.007 0.068 -0.002  0.005 0.052

3 16 0.002 0.008 0.070 0.003 0.008 0.070 0.003 0.005 0.055

3 20 0.000 0.007 0.068 0.006 0.008 0.070 0.002 0.004 0.052

{1,...,100}, and for j =1,...,p,
wi = 85+ €71 € Hy), &Y N(0, h/40),
with h € {1,2}. For k ¢ A, we similarly set H, = {1,...,100} and draw

. . Lid. .
wj('k) = ﬁj +§j('k) I(j € Hy), £§k) ~TN(0,1/3), j=1,...,p.

The error sequences {ng)} and the covariate sequences {wl(k)} are generated in the same
manner as in Section [5| of the main text. For each configuration, we conduct 300 indepen-

dent replications and record: (i) the selection frequency of each auxiliary source (Freq);
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Table 3: Estimation Performance for 8§ = 0.5 in Setting (b)

Setup Yuan and Guo) (2022) Debiased SD Trans-Lasso Tian and Fengj (2023))

h |A|l Mean Bias Var MAB Mean Bias Var MAB Mean Bias Var MAB
1 4 0484 -0.016 0.015 0.097 0.486 -0.014 0.011 0.084 0.474 -0.026 0.006 0.065
1 8 0.486 -0.014 0.014 0.096 0.488 -0.012 0.010 0.081 0.449 -0.051 0.004 0.070
1 12 0.491 -0.009 0.015 0.099 0.495 -0.005 0.011 0.083 0.473 -0.027 0.004 0.053
1 16 0.494 -0.006 0.014 0.095 0.497 -0.003 0.010 0.079 0.469 -0.031 0.003 0.051
1 20 0.484 -0.016 0.014 0.095 0.492 -0.008 0.011 0.083 0.467 -0.033 0.003 0.052
2 4 0490 -0.010 0.016 0.100 0.484 -0.016 0.012 0.089 0.436 -0.064 0.007 0.087
2 8 0495 -0.005 0.014 0.098 0.492 -0.008 0.011 0.084 0.443 -0.057 0.005 0.077
2 12 0478 -0.022 0.015 0.101 0.487 -0.013 0.010 0.083 0.456 -0.044 0.005 0.066
2 16 0489 -0.011 0.014 0.096 0.496 -0.004 0.010 0.080 0.475 -0.025 0.003 0.049
2 20 0496 -0.004 0.014 0.097 0.499 -0.001 0.011 0.086 0.473 -0.027 0.003 0.051
3 4 0485 -0.015 0.013 0.093 0.486 -0.014 0.010 0.077 0.483 -0.017 0.005 0.059
3 8 0493 -0.007 0.014 0.093 0.487 -0.013 0.010 0.081 0.431 -0.069 0.005 0.085
3 12 0489 -0.011 0.016 0.101 0.494 -0.006 0.011 0.086 0.462 -0.038 0.004 0.062
3 16 0.493 -0.007 0.013 0.087 0.493 -0.007 0.010 0.080 0.452 -0.048 0.004 0.066
3 20 0489 -0.011 0.016 0.100 0.491 -0.009 0.012 0.085 0.451 -0.049 0.004 0.072

(ii) the average ¢; distance between the estimated regression coefficients of each auxiliary

source and the target (Mean ¢;); and (iii) the average value of the screening index for each

auxiliary source (Mean Metric).

As shown in Tables pH8|, the algorithm selects informative auxiliary sources with high

frequency, and the Mean Metric values for these sources are substantially smaller than

those for non-informative sources. This empirical separation indicates that the proposed

index provides a reliable finite-sample diagnostic for assessing the suitability of auxiliary

datasets prior to transfer learning.

In addition to the data generation process studied in Section [5 the following setting

5



Zongqi Liu Shengji Jia and Xiao Guo

Table 4: Estimation Performance for ;s = 0 in Setting (b)

Setup Yuan and Guol (2022) Debiased SD Trans-Lasso Tian and Feng| (2023)

h |A] Bias Var MAB Bias Var MAB Bias Var MAB

1 4 0.012 0.011 0.083 -0.001 0.010 0.079 -0.001 0.002 0.033

1 8 0.011 0.011 0.085 0.002 0.011 0.081 -0.001 0.002 0.034

1 12 0.015  0.012 0.089 0.006 0.012 0.086 0.003 0.003 0.036

1 16 0.013 0.011 0.083 0.001 0.010 0.081 0.000 0.002 0.033

1 20 0.006  0.011 0.082  -0.001 0.010 0.078 -0.001 0.002 0.033

2 4 0.009  0.012 0.087  -0.003  0.011 0.082 0.004 0.003 0.036

2 8 0.006  0.012 0.086  -0.002  0.010 0.080 -0.001 0.002 0.034

2 12 0.010 0.011 0.084 0.002 0.010 0.079 0.001 0.002 0.032

2 16 0.007  0.012 0.087  -0.003  0.011 0.086 -0.003  0.002 0.034

2 20 0.015  0.013 0.088 0.003 0.012 0.086 0.000 0.003 0.036

3 4 0.009  0.012 0.084  -0.003 0.011 0.082 0.004 0.003 0.035

3 8 0.012 0.012 0.084 0.001 0.010 0.082 0.000 0.002 0.033

3 12 0.017  0.012 0.089 0.004 0.011 0.081 0.003 0.002 0.034

3 16 0.014  0.012 0.090 0.005 0.011 0.085 0.002 0.003 0.036

3 20 0.016 0.012 0.088 0.008 0.011 0.084 0.004 0.003 0.036

is also considered: For each k € {0,1,..., M}, we first independently generate zz(»k) ~

~ (k
N(0, ) )), and then construct the covariates as z.") zgk) +0.3 zgli)l +0.5 z,gﬁ)Q. The error

i =

process follows an MA(3) model across all datasets:

e = €M 1056 + 03¢, + 1056y, P RN0,1), =12,

7

All other data generation settings remain the same as in the main text.
Under MA dependence setting, the performance of our transfer learning method and

the benchmark approaches is largely consistent with that observed in the main text. The
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S1. NUMERICAL RESULTS

Table 5: Selection accuracy performance under setting (a) with h = 1.

|Ap]  Source (Informative) Freq Mean ¢; Mean Metric

1(-) 0.000  21.818 8.282
2 (-) 0.007  16.115 4.016
3 (-) 0.000  20.661 6.666
0 4(-) 0.000  22.709 7.432
5 (-) 0.000  19.593 5.524
6(-) 0.000  19.430 6.505
1(+4) 0.957  4.646 —0.552
2 (-) 0.000  22.382 7.398
3(-) 0.000  21.346 6.411
1 4(-) 0.000  23.305 7.819
5(-) 0.000  20.539 6.200
6(-) 0.003  24.349 8.013
1(+) 0973  4.612 —0.513
2 (+) 1.000  4.245 —0.739
3(-) 0.000  20.745 6.847
2 4(-) 0.000  21.460 6.306
5(-) 0.000  21.015 7.062
6(-) 0.003 20214 6.001
1(+) 0.953  4.757 —0.524
2 (+) 0.997  4.086 —0.791
3 (4) 0.993  4.094 —0.804
3 14(-) 0.000  24.489 8.131
5 (-) 0.003  19.095 5.175
6(—) 0.000  24.633 7.747
1(+4) 0.983  4.702 —0.567
2 (+) 0.997  4.260 —0.793
3 (+) 0.990  4.320 —0.817
4 4(+) 0.993  4.095 —0.821
5 (-) 0.000  20.083 5.237
6 (-) 0.000  21.455 5.758
1(+) 0.967  4.888 —0.547
2 (+) 1.000  4.206 —0.837
3 (4) 0.993  4.338 —0.803
5 4 (+) 0.987  4.204 —0.838
5 (+) 1.000  4.263 —0.854
6 (-) 0.003  21.358 5.761
1(+) 0.960  4.755 —0.487
2 (+) 0.990 4.365 —0.724
3 (4) 0.997  4.084 —0.788
6 4(+) 1.000  4.181 —0.798
5 (+) 0.993  4.056 —0.797
6 (+) 0.997  4.201 —0.757

Note: “(4)” and “(—)” denote informative and non-informative sources, respectively.
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Table 6: Selection accuracy performance under setting (a) with h = 2.

|Ap]  Source (Informative) Freq Mean ¢; Mean Metric

1(-) 0.003  19.324 5.388
2 (-) 0.000  19.486 6.326
3 (-) 0.000  19.951 6.601
0 4(-) 0.000  20.292 5.042
5 (-) 0.017  16.321 3.773
6(-) 0.003  20.429 6.491
1(+) 0.943 5.120 —0.417
2 (-) 0.000  19.138 6.814
3(-) 0.000  21.179 7.013
1 4(-) 0.000  19.728 5.371
5(-) 0.000  20.372 6.245
6(-) 0.000  23.133 7.462
1(+) 0.947  4.962 —0.459
2 (+) 0.983  4.314 —0.723
3(-) 0.003  17.448 5.043
2 4(-) 0.000  24.078 0.342
5(-) 0.003  18.879 5.433
6(-) 0.000  19.445 5.346
1(+) 0.977  5.045 —0.474
2 (+) 0.997  4.649 —0.673
3 (4) 0.997  4.673 —0.703
3 4(-) 0.003  20.162 6.284
5 (-) 0.000  23.283 8.077
6(—) 0.000  22.077 6.492
1(+4) 0.943  5.085 —0.383
2 (+) 0.987 4580 —0.706
3 (+) 0.993  4.786 —0.676
4 4(+) 0.990  4.267 —0.686
5 (-) 0.000  19.540 5.397
6 (-) 0.003  20.922 6.926
1(+) 0.943  5.339 —0.404
2 (+) 0.987  4.393 —0.626
3 (4) 0.987 4508 —0.664
5 4 (+) 0.987  4.485 —0.639
5 (+) 0.987  4.585 —0.636
6 (-) 0.000  21.886 6.795
1(+) 0.967  4.960 —0.466
2 (+) 0.997 4.275 —0.712
3 (4) 0.990  4.419 —0.617
6 4(+) 0.983  4.401 —0.706
5 (+) 0.987 4504 —0.714
6 (+) 0.987  4.722 —0.632

Note: “(4)” and “(—)” denote informative and non-informative sources, respectively.
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Table 7: Selection accuracy performance under setting (b) with h = 1.

|Ap]  Source (Informative) Freq Mean ¢; Mean Metric

1(-) 0.000  27.135 6.774
2 (-) 0.067  18.757 2.854
3 () 0.003 23578 5.204
0 4(-) 0.000  25.053 6.037
5 (=) 0.007 21610 4.724
6(-) 0.000  20.624 10.097
1(4) 1.000  4.650 —0.636
2 (-) 0.000  26.932 6.858
3 () 0.000  23.801 7.758
1 4(-) 0.000  27.981 14.090
5 () 0.000  23.629 8.489
6 (—) 0.000  27.608 19.492
1(4) 0.990 4503 —0.557
2 (+) 0.997 4618 —0.675
3(-) 0.000  25.388 5.703
2 4(-) 0.007  24.109 4.875
5 (—) 0.000  23.167 22.085
6(-) 0.003  22.566 5.886
1(4) 0.997  4.739 —0.577
2 (+) 0.997  4.713 —0.695
3(+) 1.000 4.672 —0.690
3 14(-) 0.000  28.007 6.540
5 (-) 0.000  21.333 8.699
6 (—) 0.000  26.680 21.621
1(+) 1.000 4.601 —0.653
2 (+) 0.997  4.624 —0.653
3 (+) 1.000  4.560 —0.630
4 4(+) 0.997  4.656 —0.646
5 (=) 0.003  22.017 4.492
6 (—) 0.003  23.970 4.983
1(4) 0.987  4.582 —0.568
2 (+) 1.000  4.524 —0.712
3 (+) 0993  4.724 —0.712
5 4(+) 1.000  4.633 —0.681
5 (+) 1.000  4.535 —0.680
6 (—) 0.000  22.868 4.229
1(4) 0.990  4.584 —0.582
2 (+) 1.000 4.554 —0.683
3 (+) 0.997  4.490 —0.618
6 4(+) 0.993  4.630 —0.687
5 (+) 1.000  4.647 —0.683
6 (+) 1.000  4.607 —0.659

Note: “(4)” and “(—)” denote informative and non-informative sources, respectively.
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Table 8: Selection accuracy performance under setting (b) with h = 2.

|Ap]  Source (Informative) Freq Mean ¢; Mean Metric

1(-) 0.000  22.085 10.607
2 (—) 0.000  24.430 5.780
3 (-) 0.000  23.388 7.137
0 4(-) 0.003  23.312 4.558
5 (-) 0.000  19.071 8.265
6(-) 0.000  22.306 8.375
1(+4) 0.977  5.265 —0.500
2 (-) 0.000 23913 5.414
3(-) 0.000  24.239 5.544
1 4(-) 0.003  22.012 4.045
5(-) 0.000  22.465 5.711
6(-) 0.000  26.102 5.784
1(+) 1.000  5.134 —0.569
2 (+) 0973  5.014 —0.430
3(-) 0.007  20.550 3.896
2 4(-) 0.000  27.458 13.851
5(-) 0.007  21.656 4.021
6(-) 0.000  21.713 8.926
1(+) 0.987  5.257 —0.579
2 (+) 0970  5.161 —0.374
3 (4) 0.993  5.163 —0.606
3 4(-) 0.000  22.719 8.155
5 (-) 0.000 25213 9.106
6(—) 0.000  23.912 6.028
1(+4) 0973  5.123 —0.480
2 (+) 0.997  4.975 —0.639
3 (+) 0.997 5419 —0.616
4 4(+) 1.000  5.172 —0.595
5 (-) 0.000  22.577 5.219
6 (-) 0.000  24.194 5.877
1(+) 0.947 5583 —0.435
2 (+) 0973  4.971 —0.366
3 (4) 0.990  5.067 —0.609
5 4 (+) 0.960  5.074 —0.395
5 (+) 1.000  5.103 —0.612
6 (-) 0.000  23.952 5.602
1(+) 0.997  4.955 —0.613
2 (+) 0.983 4.737 —0.540
3 (4) 0.953  4.997 —0.256
6 4(+) 1.000  5.107 —0.591
5 (+) 0.987  4.993 —0.503
6 (+) 0.983  5.038 —0.564

Note: “(4)” and “(—)” denote informative and non-informative sources, respectively.
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Figure 1: Estimation errors of [Yuan and Guo| (2022)), Trans-Lasso, and SD Trans-Lasso in setting (a). The

two rows correspond to SAE(i) and MSPE(ii) respectively. Error bars denote standard deviations divided

by 2.5.

only notable exception occurs under setting (b) when B; = 0, where the method proposed

by Tian and Feng (2023) also achieves reliable confidence interval coverage. Compared

with the results in the main text, this improvement is likely attributable to the weaker

temporal dependence induced by the MA data-generating process, which leads to enhanced

performance of the method proposed by [Tian and Feng| (2023).

Furthermore, as shown in Figures [ and [, the SD Trans-Lasso method demon-
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Figure 2: Estimation errors of [Yuan and Guo| (2022, Trans-Lasso, and SD Trans-Lasso in setting (b). The

two rows correspond to SAE(i) and MSPE(ii) respectively. Error bars denote standard deviations divided

by 2.5.

strates consistent performance, effectively capturing the temporal dynamics in unemploy-
ment rates. These results further demonstrate the advantages of our transfer learning

method in the presence of dependence.
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S2. TUNING PARAMETER SELECTION

Table 9: Average coverage probabilities for 85 = 0.5 and i = 0 in setting (a), with average confidence

interval lengths in brackets.

h | Ag| Yuan and Guo|(2022) Debiased SD Trans-Lasso Tian and Feng|(2023)
Bs Bis B3 Bis Bs Bls
1 4 0907 (0.401) 0.942 (0.405) 0.937 (0.343) 0.957 (0.342) 0.868 (0.220) 0.958 (0.221)
18 0933 (0.407) 0.938 (0.412) 0.938 (0.341) 0.938 (0.342) 0.857 (0.221) 0.952 (0.223)
1 12 0.922 (0.414) 0.937 (0.402) 0.943 (0.340) 0.947 (0.339) 0.930 (0.221) 0.957 (0.221)
1 16 0910 (0.404) 0.952 (0.406) 0.945 (0.341) 0.935 (0.341) 0.912 (0.221) 0.943 (0.221)
1 20 0.925 (0.405) 0.952 (0.410) 0.943 (0.338) 0.962 (0.339) 0.933 (0.221) 0.962 (0.221)
2 4 0938 (0.412) 0.922 (0.406) 0.940 (0.346) 0.943 (0.345) 0.827 (0.221) 0.960 (0.221)
2 8 0.927 (0.405) 0.917 (0.413) 0.933 (0.343) 0.945 (0.343) 0.865 (0.221) 0.943 (0.221)
2 12 0.927 (0.408) 0.932 (0.409) 0.960 (0.340) 0.962 (0.339) 0.895 (0.221) 0.962 (0.222)
2 16 0.943 (0.412) 0.943 (0.402) 0.955 (0.342) 0.942 (0.339) 0.940 (0.221) 0.955 (0.220)
2 20 0.925(0.405) 0.937 (0.411) 0.933 (0.339) 0.945 (0.340) 0.935 (0.220) 0.940 (0.222)
3 4 0.902(0.407) 0.952 (0.406) 0.928 (0.343) 0.957 (0.345) 0.870 (0.221) 0.928 (0.221)
38 0928 (0.410) 0.923 (0.406) 0.942 (0.346) 0.947 (0.346) 0.847 (0.222) 0.948 (0.221)
312 0.917 (0.409) 0.945 (0.408) 0.932 (0.341) 0.945 (0.342) 0.907 (0.221) 0.948 (0.221)
3 16 0.942 (0.411) 0.943 (0.402) 0.952 (0.340) 0.957 (0.339) 0.885 (0.220) 0.958 (0.221)
3 20 0.907 (0.405) 0.932 (0.411) 0.933 (0.340) 0.940 (0.342) 0.893 (0.221) 0.945 (0.221)
S2 Tuning Parameter Selection

This section details the selection procedures for all tuning parameters, including those
associated with the Lasso estimator, the debiased Lasso estimator, the auxiliary sample

screening step, and the banding parameter in autocovariance matrix estimation.

First, we employ ten-fold cross-validation to select the tuning parameters \,, As, and

13
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Table 10: Average coverage probabilities for 5§ = 0.5 and Sfs = 0 in setting (b), with average confidence

interval lengths in brackets.

h | Ag| Yuan and Guo|(2022) Debiased SD Trans-Lasso Tian and Feng|(2023)
Bs Bis Bs Bis Bs Bls
1 4 0.907 (0.493) 0.938 (0.493) 0.930 (0.400) 0.958 (0.400) 0.752 (0.184) 0.955 (0.184)
1 8 0.942(0.490) 0.913 (0.488) 0.957 (0.397) 0.935 (0.397) 0.752 (0.185) 0.942 (0.183)
1 12 0.940 (0.487) 0.918 (0.490) 0.945 (0.392) 0.937 (0.393) 0.915 (0.186) 0.952 (0.184)
1 16 0.907 (0.485) 0.935 (0.496) 0.915 (0.393) 0.938 (0.393) 0.880 (0.185) 0.960 (0.184)
1 20 0.917(0.482) 0.938 (0.491) 0.933 (0.392) 0.930 (0.392) 0.903 (0.185) 0.952 (0.184)
2 4 0.913 (0.487) 0.940 (0.491) 0.927 (0.398) 0.952 (0.397) 0.587 (0.185) 0.948 (0.184)
2 8 0.937 (0.489) 0.943 (0.483) 0.947 (0.397) 0.952 (0.394) 0.643 (0.184) 0.957 (0.184)
2 12 0.935(0.483) 0.937 (0.491) 0.940 (0.396) 0.942 (0.397) 0.848 (0.185) 0.960 (0.184)
2 16 0.932 (0.484) 0.952 (0.483) 0.952 (0.391) 0.953 (0.388) 0.930 (0.185) 0.970 (0.184)
2 20 0.920 (0.490) 0.937 (0.490) 0.945 (0.394) 0.938 (0.394) 0.920 (0.185) 0.945 (0.184)
34 0.927(0.486) 0.935 (0.496) 0.938 (0.400) 0.955 (0.400) 0.793 (0.184) 0.942 (0.185)
38 0.940 (0.491) 0.948 (0.490) 0.957 (0.401) 0.948 (0.401) 0.480 (0.185) 0.953 (0.184)
3 12 0.928 (0.487) 0.923 (0.486) 0.947 (0.399) 0.933 (0.398) 0.840 (0.185) 0.965 (0.184)
316 0.928 (0.480) 0.943 (0.498) 0.932 (0.395) 0.943 (0.397) 0.785 (0.186) 0.958 (0.185)
320 0.937 (0.481) 0.943 (0.488) 0.948 (0.394) 0.945 (0.394) 0.768 (0.184) 0.963 (0.184)
k-

For the optimization problem (2.6, we first fix r = 1/5 for both the simulation studies
and the subsequent real data analysis. Numerical results show that the inference perfor-
mance is largely insensitive to c,; accordingly, we set ¢, = 5 in the simulations and ¢, = 8

in the real data analysis. For the parameter cg)s, we adopt an adaptive selection strategy

14
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Figure 3: Unemployment rate in Texas: observed and fitted values from 2016 to 2019. Obs and SD.T.L

denote the observed values and the SD Trans-Lasso method proposed in this study, respectively. T.F refers

to the method of |Tian and Feng| (2023)), while Y.G corresponds to the approach of [Yuan and Guo| (2022).

similar to that of Javanmard and Montanari| (2014). Its initial value is set as

1 0.1
As = <I>—1<1 _ —).
RN

During the iterations, cg s is adjusted dynamically: it is increased if the optimization fails
to converge or the constraints are violated, and decreased if convergence is achieved and
the constraints are satisfied, until the direction of adjustment changes from the previous

step or a maximum of 30 iterations is reached. For the threshold parameters C' and C} in

Algorithm [2] we first follow [Tian and Feng| (2023) by setting C; = 0.1. The parameter C

is selected from the grid Cyiq = {1.0,1.2,1.4,1.6,1.8,2.0} by minimizing the mean squared
error (MSE) on the target training data. Specifically, for each C' € Cyiq, we obtain the

corresponding ﬁh via Algorithm [2, and then utilize the auxiliary datasets within .Zh for

15
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Figure 4: Unemployment Rate in California : Observed and Fitted Values from 2016 to 2019.
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Figure 5: Unemployment Rate in New York : Observed and Fitted Values from 2016 to 2019.
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S2. TUNING PARAMETER SELECTION

transfer learning to compute the corresponding B For each candidate C, the MSE is
calculated as |y© — X©B|2/ng. The selected C is the value in Cyiq that minimizes this
MSE. To reduce computational cost, we set C' = 2 as specified in Section [5.2] which is the
same default value adopted by [Tian and Feng (2023).

For an n x p matrix A = (a;j)i<n j<p, we further introduce the ¢; and ¢, norms defined
by [Ali = maxj<, Y i, lai| and Al = maxi<, Y7, |al, respectively. Regarding the
selection of the banding parameter [, although Lemma [1| of the main text provides rate

€

conditions that guarantee the consistency of the banded estimator ) these theoretical

TLOJ7

results do not offer practical guidance for choosing an appropriate value of [. A natural

approach is to select the banding parameter by minimizing the risk
R(l) = E|En0,l - E;0|17 (821)

which measures the discrepancy between the estimated and true autocovariance matrices.
However, since X, is unknown in practice, the risk R(l) cannot be evaluated directly. To
address this issue, we adopt the subsampling technique proposed by [Politis et al. (1999) to
estimate the risk in , thereby enabling data-driven selection of the banding parameter
[. The key idea of this approach is to partition the original data into ordered and overlapping
blocks. The procedure is summarized in Algorithm [T, with detailed steps outlined below.

Define 7 as

no—|k|
1 0
V= — €tk k=0,£1,...,%(nyg—1), 52.2
W= ; Cii+k (no —1) (52.2)
where e; = yl-(o) — (wgo))TB fori=1,...,np, denotes the residuals obtained from the Trans-
Lasso estimation. First, we select [ from {0,..., K — 1} instead of {0,...,ny — 1}, where

K is a predetermined integer much smaller than ng, since 75 is not a reliable estimator

of ~; for large k. In order to obtain a reliable estimate of R(l) in (S2.1)), we replace the

17
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unknown autocovariance matrix 3 - with f];, which is the K x K upper-left submatrix
of f]; .- The elements of f]; are estimated using the entire residual sequence {ey, ..., e}
through ([S2.2)). Next, we divide the entire residual sequence {¢;}1°; into ng — s+ 1 ordered
and overlapping blocks, each of length s, where s is a positive integer satisfying s > K.
For each block, we compute the K x K [-banded sample autocovariance matrix f];l’t from
the t-th subsample {e;, ..., €1+s-1}, and substitute it in place of the banded autocovariance
matrix estimator EZOJ in , where t =1,...,n9 — s+ 1.

Following these steps, we estimate R(() in (S2.1]) by

-~ 1 no—s € ~€
R(l)=—— Y., — X,
0=t & B Sl
and then determine [ via [ = arg mineqo,... k—1} ﬁ(l) Obviously, we need to choose the block
size s. As a general guideline, Politis et al.| (1999)) showed that s should grow to infinity

/ 3, provided s > K. For computational efficiency, we use K = 20 and s = 30 in

with rate n(l)
Algorithm [I] throughout both our simulation studies and real data analysis. Furthermore,
we initially perform the procedure in Algorithm (1] for 20 independent repetitions. The final

value of [ used in subsequent simulations is determined as the average of the estimates

obtained from these repetitions.

S3  Proof of Theorem

We first introduce some notations. For a general vector 8 € RP and a subset S C {1,...,p},
define By = (Bs1,-..,Bsp) € RP, where Bs; := 3,1{j € S} for j = 1,...,p, and I{-} is
the indicator function.

A ~(k ok
Let S denote the support of 3*. Let &7 = > ke, akE( ) where S = (XENTXE)

18



$3. PROOF OF THEOREM [I]

Algorithm 1: Band Selection

Input : (X, y@)cRroxP xR 0< K <s<mng

Output: [

1.

Compute the Trans-Lasso estimator ,@
(0)

For i =1,...,n9, compute the Trans-Lasso model residuals: e; =y, = — (a:go))TB.

Using the full residual sequence {e;};°;, compute the K x K matrix f];(

. Divide {e;}1°; into overlapping blocks as follows:

(a) Fort=1,...,n9— s+ 1:

i. Define the t-th block: {es, ..., ers-1}-

For a fixed integer 0 < ! < K, based on the t-th block {e;,...,et1s—1}, compute the K x K banded

matrix with bandwidth [, iz,l,t-

Compute the estimated risk:

N 1 nog—s+1 e .
R(l) = —— b — Yl
0= 7T & B i

Select [ via | = argminicqo,... . k—1} ]/%(l)

and X4 = > ke, ;2™

Lemma 1. Under the condition of Example |1, we have

D,, < colArl2 < colAblp

Proof of Lemmal I} Since n; are independent and identically distributed sub-Gaussian

random variables, we have

sup [|v"mg/ly, < 1,

[v]a=1

19
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where ¢; is a constant. Let z = n, — ;.

sup v Arzlly, < sup [Aj vla]z]lu, < |Ai>201,

|v]2=1 [v]2=1
where we used the fact that ||z]/y, < 2¢;. Using the moment bound for sub-Gaussian

random variables:
||’UTAtZ||L < CL1/2||UTA,5Z||¢2 < CL1/2|At|2 - 2¢4,
where C' is an constant. Hence,
b1 < 2Ceit?|Aly < 20¢ 2| Ay .

Lemma 2. (Concentration inequalities under dependence)

n

i If € ||ga < 00, where ¢ > 2, a >0, and Y. a? =n. Let a = (ay,...,a,)", and
Co=1(resp. ¢, = (logn)*2 or ¢, = n¥/?71729) if o > 1/2 — 1/q(resp. o = 0 or

a<1/2—1/q). Then for allz >0,S, =", a;e;, we have

|alglle -l
x4

" q K 2
P(1S,] > 7) < K, 14 Kexp(—— ),

_n||e ' H%,oc

where K1, Ko, K3 are constants that only depend of q and «.

i If D, < oo and > i, a? =n. Let a = 2/(1 + 22), ¢, is a constant only depending on

=1 "

a. Then for all x >0, S, = > " | a;€;, we have

P(|5n| > nx) < (2 + \/§Ca) eXp(—(\/ﬁ;’e#)

Proof: See Theorems 2 and 3 of [Wu and Wu| (2016). Details are omitted.

Lemma 3. According to the definition of Cs in Section we have |6Ah|1 < c1Csh.

20



$3. PROOF OF THEOREM [I]

Proof: Based on the definition of §*, we know that,

54|, = ‘(Z o, Sk )1 3 akz(k)(s(k)‘l

keAy, keAp

< )( Z OzkE(k)>—1 Z ak(E( ) n ‘(Z akz(k))—l Z 52050

ke A, ke Ay, ke Ay, ke Ay,

< Cxh.

-1
Firstly, it is easy to show that ‘(Z%Ah akZ(k)) D ke, ap(Z®) — 20§k 1

Then for the second part, we have

‘(Z akg(k))_l 3 x50

ke Ay, ke Ay
<3 o3 aemt) "m0s|
ke Ay, ke Ay, !
—1
(S =) (20 X am0)s0] ¢ X al(Tam) T
keAy keAy, JEAR keAy keAy, JEAR
<Csh+h

Hence, we have ](SA’L 1 < c1Csh.

Lemma 4. Under the conditions of Theorem 1], consider an index set S with cardinality

|S|. We have

Bsh < CVISVBTE"8, 18sh < CVISVBTEY B,

&(0) oA
alBE<B'E B < o8k alBE<BTETB< 0B,

for all vectors {B € R? : |Bgc|s

< 3|Bgl1}, with probability at least 1 — O((logp)~2) or

1-0(p?).

Proof. For the case that supj,,_; |[a"@© |, o, = N} < Nx < oo, by the similarly

arguments in the proof of Theorem 4 (i) in Wu and Wul (2016)), we have

X 0T x(0)
(-

2 X L
No

S (o)

max

21
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Then, take X} = ¢; N2 max{ng '~/ (plog p)*/*, \/log p/no}, where ¢; is a sufficient large
constant. Here, the superscript “0” indicates that the tuning parameter is constructed
based on the target sample of size ny. In addition, the superscript “k” corresponds to
replacing ng by the k-th source sample size ny in the definition above, and the superscript
“A” denotes the case where ny is replaced by the total auxiliary sample size n4, (the same

notation applies below). Under this choice of A%, we obtain

For the case that L, := supycy4, Sup,>s q_Q@éﬁ; < 00, with some o > 0, by the similarly

arguments in the proof of Theorem 4 (ii) in Wu and Wu| (2016)), we have

0)T 0
p(‘m_gw)

no

max

Then, take A% = ¢1L%(log p)*19/2/, /ng, where ¢, is a sufficient large constant, we can get

(0T x(0)
p(’& _so s Ag{) < p?
o max ~
Next, on the set
X OT x(0)
CCO :{‘——2(0) S)\g(},
Un max
as long as
S|
320% - _ 18 <1,
* )\min(E(O))

by Corollary 6.8 in Buhlmann and van de Geer| (2011)), we obtain

(0) (0)
1Bsh <CVISIVBTET B, alB3 < codun(ED)|B13 < BB < c3hnax () |83 < | B3

22



$3. PROOF OF THEOREM [I]

~A
for all {8 € R” : |Bg.|1 < 3|Bs|1}. For ", we have

P<|§Ah . 2.Ah|max > t) :]P)q Z (@ki(k) _ akz(k)) > If)
ke_Ah max
<]P’(1/n,4h > ‘ Z (@7 -k > t)
rea, =1 max
N
< 3 P(1/na | D@ @) =) = /)).
keAp, i=1 )

We similarly get that

(UM’Z l(k (k))

{ O((logp)™2), case (i),
O(p™2), case (ii).

Hence, for case (i) and ng/n4, = ax = o(1), we have

ng

Y @k (@) - =®)

=1
n
P (1/m] 3 (@) - =)
=1

-2

P(l/nAh

> cymax{ny " (plogp)*”, | /log p/ nA;J’)

max

> ¢; max{n, " (plog p)¥'a, >, \/log p/ (nyay, }>

max

S(logp)
For case (i) and ng/n4, = ar = O(1), we have

N

P(l/nAh

i—1 max
oA
Hence, for case (i), we have P(|E7" — 24 | > A4) = O((log p)~2). And for case (ii), we
~A oA
can similarly get that P(|E7" — 24| ax > M) = O(p~2). Since | Ay| is fixed and 7" is a
~(k
linear combination of E( ), we can prove the remaining results in a similar manner. This

completes the proof.

Lemma 5. Under the conditions of Theorem for @' = W — wn,

e [or the case (i) in Theorem with probability at least 1 — Cy(logp)™!, we have

[ 2 < CsoA2, + (Cxh)?), and |[a* |y < C(sohw + Csh). ($3.3)

23
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e For the case (ii) in Th@orem with probability at least 1 — Cip~2, we have the bounds

(S3.3).

Proof of Lemma Bl In the event that

1
E, = { ‘Z (XE)T (y® — X B

n
An keAy,

<)‘“’
)

)
o0

~ oA
‘2(0) - 2(0)‘111&3( S )\OXa ‘Z " - 2Ah’max S )\34}}’

An _ AR Ap

the following oracle inequality holds for u w’ — wh,

1 AR~ . I
§(UAh>TE h A < )\w|wAh|1 _ )\w|w-/4h|1 + — (uAh)T Z (X(k))T(y(k) _X(k)wAh)
An ke Ay,

. Aw (~
< >\w|wAh|1 - )\w|wAh‘1 + 7w|uAh|17

where the last step is due to the first statement in F;. As a result,

1, ~An N N 1.~ 1. -
o (@) TS g |y Aulwg? | = Al @5 | = Al @52 |+ G AT+ S Aty

S/\w|'&\75h|1 + )‘wméhh + /\w|wéch 1= )‘w|ﬁ’sh|1 - )‘w|ﬁ’?ch|l

1. . I, -
+_)\w|u:§'4h|l + _>\w|u§‘ch 1
2 2
3 ~Ap Ap ~Ap )\'w ~Ap
§§)\w\u5 1+)\w]'w56]1—)\w\w56 1+7’u5c 1-
Using the fact that |[ag!], < |@5! |1 + |w§!|i, we arrive at the inequality that

1 . S Ap 3. . Aw |~
5(ux“h)Tz "t < 5A,,,|u§‘h|1 + 2\ |wii |, — Tw]uﬁch

(1) I 0 @2 |1 > 22 |wle]s,

1 . ~An . Aw |~
S@TET AN <o fag) - S ag s,

which means that |ﬁ?ﬁ|1 < 6|ﬁ§‘h|1. By similar arguments as in Lemma ,

a2 < 3 TS,
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$3. PROOF OF THEOREM [I]

Under the constraint of convex cone, [a"|; < [Gg"]; + [ug!

1 < Tug" ) < 7y/sola s

Therefore, we have
~Ap 12 2 ~Ap
[u™"[; < Cispy, and [ [1 < Casphe. (S3.4)
(i) If $w[ts" |1 < 2Mu|wsl 1,

1. A Aw |~
5(fu/“h)Tz " < AWt — 7w|u“§‘f|1.

Therefore,

@)y = gt + |ug

| < 8lwét |y + 2wak |y < 10]088 |y < e1Csh.

Hence, a direct upper bound on |ﬁAh|2 is
[a), < [u")) < eCxhe
Together with , we have
a2 < Ch[soA2, + (Cxsh)?] and a7 |, < Ca(soMw + Csh).

It is left to verify that P(E;) — 1. Notice that

1 ‘ 3 (XO)T (8 — X (Flgphn)
n'Ah keAy, o
|2 Z (XN Telk) 1 Z akfl(k)w(k) S SaPen
AL e n, keA, >
1 = ~A
<] ST (X Te® 1 37 ap(=® - 2(’“))5““)‘ HIE™Y - sAe,
n'Ah keAy, keAy °
1 ~(k ~A
ST XO)TW| 1|3 (€Y - )60 4 & - mAneh,
AL fe R, * kea, >
1 1
(L eoen]_> )~ ] T e
nAh ke Ap, o nAh J=p keAp,
< ]P’(max X NT ) >t/|A )
3 B Xz
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For the case (ii) in Theorem [1} by the similarlr arguments as in the proof of Theorem

4(i) in Wu and Wu (2016)), we have that

1 T NTNT
P( |(X§k))—re(k)| > a) < MtVx Ve + o—c2nka’/(N3N2)

n_k (nga)”

Hence, for ny/na, = ar = o(1), we have
_ nfNENY

—conga?/(a2 N3 N2)
J - ~ T +e
na, (nka/ak)

TNT NT
:nkNXNe _‘_e—cgnAhaQ/(aka(Ng)
(n-Aha)T

™ T NT

W NINE | om0/ (V2 N2)
— (na,a)

For ny/na, = ar = O(1), we also have

+ e—c2na, o /(NYNZ)

1 ny NYNJ
P(—|(X[") e > a) g =bTe
L (n-Aha)

That is to say we have

1
P(
nAh

Hence, under our choice of a > Amax{(n} log p)'/2Nx N,, n%jfl(p log p)Y/"N,N,}, where

o, Nx N

(n.Ah a)T

2 2 2
cang, a” /(NN
+ pe h /( X )7

S (X)W >a) $p
ke Ay, o

A is a sufficiently large constant, we have

zxﬂmyﬂ

keAyp,

>Q§Q®WW~

1
P(
TLAh

For the case (ii) in Theorem [1} by the similar arguments in the proof of Theorem 4 (ii)

oo

in Wu and Wu (2016), we have

1 .
IP)(n_k’(X('k))Te(k)’ > t) < e_Cl(Mt/(KVLQ))2/(1+2 +20)

We can similarly obtain,

1
P(
TLAh

Eyymuﬂ

keAy,

>t)<p€cmm@wmwawmﬁﬁﬂ

[e.9]

26
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Let t > An Al/ ?(log p)(+2v+20/2 ¢ I, for some sufficiently large constant A, we get

1
(LT x| 1) <o
nAh keAyp, o
And, we have
<‘ Z ak _ E(k))é( )‘ > t>
keAy, o
(k) (k) T (k) _ 52(k) (k)
<;§ <1§135< Z:(ija:m 5% —x®g )‘ >t/|Ah|>.
CApL m\nk

(B)T

For case (i) in Theorem , considering the process {X,(fj?d wﬁlf)}mez, we have

1X0 (6®)T2® — xz (60) T2 B,

<X — XN T B,y + | XS (W) T2® — (5N T B9, 5

— mj mj

m L

k‘ k* %
SIXE = XL 11E@M) T2 @, + | X8 L1 (89 Tl — (80) TP

m

SIXW = X Ny 4+ (8% T2 ® — (80) T (||, Ny (83.5)

where mﬁfi = h(S!)). Therefore, combining with |5(k)|2 < ¢ forall k < M,
(k) k (k) s(k
{X57((69) T2®)) — 5565 .0

< Nx(m 4+ 1) Z sup [[o®Ta® — p®Tg®*)| < N2

> [v12=1

By Lemma 2] (i), we have

P(|- 3 (X(@l) T80 -550)| > e max(ng = (plog !, Vlogp e} ) = Ol(plosp) )

m<nk

for a large enough constant c. Hence, as the similar discuss as above, we can get

P(| 2 ax (B =506 > g max{ny ) (plogp)*”, y/logp/na,}) = O((1ogp) ™).
keAp

For the case (ii) in Theorem 1} similarly by (S3.5]), we have

Sup ¢ 292 1X8 (8 — X7 (8" T B |, <SupL 2092 < 2

OL ~Y o’
1>2
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Combining with Lemma [I| (i), we can obtain that

= (k
P(|S0 an(EY =080 > L2 (logp) 92 ixy) = op7?).

keAy,

We can similarly show that

oA —(1-2x/¢ . _
P(|(E™" — £4)64% | > ;N3 max{n '~ (plog p)*/*, (log p/n.a,)/?}) = O((logp) ™),

or
/\A 3
P(IE™" - 5454 > aLlogp) %) iz ) = 067,
Define that
o { N% max{n’ 2/e=1 (plogp)?/*,\/logp/na,}, case (
L2 (logp)19/2 ) /g, case (ii).
and

i { NxN, max{n%:*l(plogp)l/ﬂ\/logp/nAh}, case (i),

KVLQ (log p)(1+2y+2g)/2/ A - case (11)
Hence it suffices to take Ay > ¢y max{\A M2} for a sufficiently large constant ¢;. The

probabilities of the latter two terms in E; have been effectively controlled in Lemma [4]

Proof of Theorem [1k

1 N1 os
E| = {n—0|(X(0))Te(O)|OO <3 n—O|X<0>uAh|g < 20 (EO) @ B} 0 B

The following oracle inequality holds for v oA 6 — &,

1 N ~A 1 ~
5 |X(0),U~’4h|% < )\6|5-Ah|1 — Xs|0 h|1 + _|<X(0),U-Ah7€(0) _X(O)uAh>|
no o

For the last term, it holds that, in £7,

i|<X(0)@Ah7€(0) — XOg| <
o

>\5 ~Ap, 1 ~A 1 ~A
7o - (0) h|2 - (0) h|2
5 07" 1 n0|X u™" 5 + 4n0|x v 3,
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where we use the fact that |ab| < % + gj for every ¢ > 0. We arrive the following oracle

inequality:
1 . .
IXOFE < A |y — s8]+ )\5|quh|1 X Ot
4710 no
1o .
< 200 |1 — S Mgl T+ L ixOghe
No

(i) If 2)g] 640 |, > \X 0742, then [07]; < 86|, < ¢;Csh and

< 4Xs| 640,

L x4
4ny
Hence, a direct upper bound on |6Ah\2 is
54, < [8 ) < e1Csh.
Then, we obtain
(nio|x<0>af‘h|§ v nio|x<0>aAh|§) <adCsh  and [5%2 < o(Ch)?,

for some constant ¢; > 0.

(i) If 25|64 |1 < 2| X Oz 3, then
~ 1 R ~
Mlo 1 < 21X O 2 and — | X O 2 < 2| xOgA2, (S3.6)
No no No

for some constant ¢y > 0. Together with the second statement in £}, (S3.6)), and Lemma ,

we arrive at

1 . 1 )
—|X(O)’U'Ah‘§ S _|X( -Ah|§ < So )\2 (Cgh)z,
U o

S0,

5, < > (skoZ + (Csh)?) < sohw + (Csh)?/Ns,

where the last inequality is due to As > Ay.
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Combine with the conclusions in (i), we have arrived our desired results,

1 ~ ~

n—]X(O)(ﬁ—ﬁ*)@ < 50X, FAsCsh+(Cxh)?,  |B=B"|1 S sohwt+(Csh)?/As+Csh. (S3.7)
0

Finally we show that P(E}) — 1. As X(© is independent of @, by by firstly condi-
tioning on w",we have

1 O((logp)™), case (i),
P(—|XO@ > 2,000 (5O [a3) = {
o

O(p™), case (ii).

For P(1/no|(X©)Te®|, > \s/2), we can follow the proof of lemma [5] details are omitted.

Remark 1. Under the conditions of Theorem , if we further assume that A{Csh < Ay,

then the bound in admits the sharper bounds
niO|X<0>(B C B2 S 502+ MCsh A (Csh)?, 1B — B < sohw+ Cxh. (S3.8)
Proof of Remark [1} Using
@) SN S [t i
and proceeding as in the proof of Theorem (1| we obtain the desired results.

Lemma 6. Suppose T is an estimator of .. We say that r satisfies the Restricted Strong

Convezity (RSC) condition if it satisfies both the lower-RE condition

vav >

Amin () c1logp
Auinl ) gy 108D ($3.9)

and the upper-RE condition

1
QOB 2, (S3.10)

N 3
v'Tw < iAmaX(Ex)|v|§ +
Furthermore, under the conditions of Proposition [1, inequalities (S3.9) and (S3.10)) hold

~(0 ~A
for both E( ) and X" with probability at least 1 —c;p~2, where n is replaced by ng and ny,,

respectively.
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Proof of Lemma @: We only prove the case of iAh, as the results for 2(0) can
be established in a similar manner. Without loss of generality, we assume that A, =
{1,...,|Au|}. Define X4» € R™1*P as the design matrix obtained by stacking X*),
k € Ay, row-wise. Next, for any vector v with |v|, = 1 and any constant ¢ > 0, we control
the term ]P’(\vT(iAh — X4y > 2rMt). Define y* = X, then y*» € R™u is the

mean zero Gaussian random vector with the covariance Q4 = diag(Q", ..., Q"!), where

b= 'vTcov(a:(.k), wg-k)

i, 7 )’U.

Hence, we have
~ A

'UT(E )'U — yAhTyAh/nAh _ zAhTQAthh/nAhy ’UTEAhU — E(ZAhTQAhZAh)/TLAh,

where z4» ~ N (0,1, Ah). So, by the Hanson-Wright inequality of |[Rudelson and Vershynin

(2013), with ||z ||, < 1 since z ~ N(0,1), we get

oA
Pllo" (7" — 4| > 1] = P[|zA T QA 24 — B[z T Q4 2]| > n, t]

ni‘th na,t }}
QA5 QAo 1)

< 2exp [—anh min{

Since |Q4 |2 /n4, < |Q4|3, setting t = |Q4*|,t;, we obtain

~ A

Pllo" (7" — Z4)v| > t,|Q ]3] < 2exp(—cn, min{t;, t3}).

By the similarly arguments as in [Basu and Michailidis| (2015)), we can get that [Q%|, <
27 M, where M < oo is a constant since » -, |A§k)\p < o0, for all k € Aj,. Then applying

Supplementary Lemma F.2 in Basu and Michailidis (2015, for any integer s > 1, we have

~A
P| sup [v" (7" — 4| > 2nMt] < 2exp|—cn, min{t, 1>} + slogp|.
vel(s)

Then set t = Ayin(Z4)/(1087M), and s = ci1ny, /log p for some sufficient small constant
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c1, we get

~A
Pl sup |o(Z" — =40 > Apin(Z74%)/54] < 2exp[—cny, .
veK(s)

Hence, applying supplementary Lemma 13 in [Loh and Wainwright| (2012), we can get the
desired results.

Proof of Proposition Combining Lemma [6] with arguments similar to those used
in the proofs of Theorem 1 in [Li et al| (2022)) and Theorem [1] it suffices to show that one

can choose A\, < +/logp/n4, and A\s < +/logp/ng. Based on Propositions 3.2 and 2.4 in

Basu and Michailidis| (2015), we obtain that for all k& € A, U {0},

1
P(n—k|(X(k))Te(k)| > t) < erpexp(—cony, min{t, t*}),

1
]P’(sgp - Z (Xg;(:cgfb))Té(k) - Ef)é(k))‘ > t) < cipexp(—cony min{t, t*}).
J=P msng
1
P(S.lip - Z (Xéf}(mfﬁ))TdAh - ng)éAh) > t) < c1pexp(—cong min{t, t*}).
JI=p

m<ng

Then by the similar arguments as in the proof of Lemma [5| and Theorem [I] it is sufficient

to take A\, < y/logp/n4, and As < \/logp/no.

S4 Proof of Theorem [2

Recall that €, = g(...,&-1,&) = g(Fi) in (2.2)), define
€ = €im = E(ei | §im,---, &) = E(e | Fiemi), m >0,

where Fi_n; = (&i—m, ..., &) is a o algebra. Then {€/} are m-dependent random variables
with mean zero.
For convenience and without causing ambiguity, we will abbreviate ny as n, X° as X,

€ as e and @ as X in the following text.
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Lemma 7. Suppose that Ny, < oo for ¢ > 2. Let aj,ag,...,€ R, A, = (30, a?)V?, and

i=1 4
Cy = 18q3/2(q - 1)_1/2' Then (i) || Z?:l ai€illy < CAnDog, (i) || Z?:l ai€;llq < CyA Aoy,

and (iii) || Z?:l ai(€; — € )|l < CoAnDmyig

Proof: This result can be proved by using the arguments in |Liu and Wu (2010) Lemma

Lemma 8. Suppose Ay, < 0o for2 < q<4. Let d = q/2, then for any j € Z,

n

€

H E €i€itrj — N,
=1

LS 2Bn" €| 4 Ao,

where

3/2 .
(ééﬁﬁa Zf d 7é 2a

By =
1, if d=2.

Proof: See Lemma 1 of Wu and Pourahmadi (2009).

Lemma 9. Under the conditions of Theorem @ for all 1 < i < p, B} satisfies the

32

constraints in (2.6) with probability tending to 1.

Proof: By Condition |1} it holds that |X;'3 < 1/A2, (2) < ¢, then by the similar

min
arguments as in the proof of Lemma [3], we have:

O((logp)™Y), case (i),

M@E;—QRZA@:{
O(p2), case (i),

for all 1 <17 < p. Regarding the second constraint in , for case (i), we have
PXE Moo > ) < nB(2] B} > ')
S ndg, /n"
S
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where the penultimate inequality follows from Markov’s inequality. Therefore, in case (i),
with probability at least 1 — ¢;log(p)™ — con'™™, 37! satisfies the constraints in (2.6)).
Similarly, in case (ii), for any ¢ > 1/r, with probability at least 1 — ¢;n'~"9, E:Z-I satisfies

the constraints in (2.6)).

Lemma 10. Assume the conditions of Theorem |9 holds, for some positive constants cg, c1.
we have that

pHE

~T
co —op(1l) < ©; ; < e +op(l),

where @j is obtained from ({2.6)).

Proof: As 1 — eijl(:)j < coAs = A\, for any ¢ > 0,

PN
= C(l — )\) — sz’j'
Optimizing this bound over ¢, we have
AT~ ~ 1—=))2
6 56,> 1%
i

By the arguments as in Lemma , we can easily arrive at ij,j <34 o0p(1) < Apaa(2) +

op(1). Based on Condition [, We have proven the lower bound.

Define that
oo { N% max{niﬁ/b (plogp)?*,\/logp/ng}, case (
Li(logp)““")”/vno, case (ii).

For the upper bound, by Lemma |§|, Z:f satisfies the constraints in (2.6 with probability

at least 1 — o(1), then on this event we have,

n

T N N 1

—1 -1 _ -1 -1 —1 -1 _ 2 -1 -1

©;30; < X; XX = (B EE - Xy) + 355 =~ > (V=% +3555,
=1
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where V; = ¥ ', with E(V;?) = X', Then, we have,

P(é:i(:)] > Ej_jl + )\gx> < P(% Z(sz . Ej_jl) > )\gx) +o(1)

n

=1

Hence, we have obtained that ©;
Proof of Theorem [2

A5 = Val(e] — 8, £)(B - B8] < Vil(e] -8, 5)[|B - 8.

By the first constraint in (2.6)), we get

1A < C\/ﬁ)\afa - B

For case (i) in Theorem [1} by Theorem [1] (i),

P(|Ax] > Cv/n(sorwrs + AsCsh + (Csh)?)) < Cr(logp) .

For case (ii) in Theorem [1, then using Theorem [1] (ii),
]P)(IAk’l Z C\/E(S())\u)\(s + )\502}1 + (Cgh)Q)) < Olp_z.

For Ry, we prove its asymptotic normality. The following proof is applicable to both

situations considered in Theorem [2| and we will use the m-dependent approximation to

prove the asymptotic normality.
For some constants 2 < d < oo and 2r < n < 1/2, where r is defined in (2.6) of the main
= |nY/?7"] and w, = |n/C, —tn]. Define € = (ef,...,€)"

text, let ¢, = |n"/(logn)?|, t, =

with
&) = E(ei | Fictn),

6; = 6i,tn — ]E’(EZ | gi—t'rﬂ te

thus, {€} are t,-dependent sequence.
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Define the event,
AT o~ ~
Ez = {CO S Gk E@k S Ck}.
By Lemma [10] there exist constants ¢y and ¢, such that P(E5) — 1. Note that on the set

E5, we have
= 710, XTREX O] > 07 X2 - Ain(59) > codmin(39) = O(1),
= 0710, XTSEX Oy < 0 XO4 - Amax(39) < A (BE) = O(1).
where Apin(25) and A\pax (25 ) and the minimum and maximum eigenvalue of ¢, since the

eigenvalues of ¥¢ = Cov(e) are bounded away from zero and infinity (see Section 5.2 in

Grenander and Szego| (1958)). For any k € {1,...,p},

_1/QZ@,€Q}Z € — € )/ok

_n*1/2Z@sz €; (Ez)/ak—i—n 1/2 ngwz €; ) (Eg)/O'k

=1

It is obviously to obtaln that

" AT
V23" O, w6 — €)I(ES) for = 0s(1),
=1

since P(E5) — 1, as n — oo. According to Lemma [7] (iii)
Var{ 1/2Z®k x;(€; (E2)/0k}
:E(Var{ 1/2Z@sz e — € )I(Ez) /Uk|{w i= 1})

< CIE(|X@1€]I(E2)|§/”A§”+1,2)
< O(A] 412) = o(1).

T
Hence, n= V23" O, x;(e; — €}) /o1, = op(1), and show

Vi = \/_ Z@kmez—w\fm)
noyg
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is equivalent to show

1

V= G):z:e —>N01
k \/_O'kz k ( )

T T
Denote by v = n"/20, X" /oy, = (vy,...,v,), where v; = n~/20, x,/0},. Define

(i—1)(wn~+tn)+wn

. .
g vier, i=1,...,Cn.

j=(t—1)(wn+tn)+1

[
I

( i(Wn+tn)

> vies, i=1,...,¢— L,

_ ) =D (wpttn)Fwa+1
n

Z vj€;, 0= Ca.

L 7=0—1)(wn+tn)+wn+1

m

Therefore
Cn Cn
B+ Y Ei=ve =V
i=1 i=1

For n large enough, {Z;}5", are independent and {Z}$", are independent when given

{x;},, since €* are t,-dependent. Combining with that P(Ey) — 1, we first show that
VAI(Es) 2 N(0,1). And in the following, we will prove that

Cn

Cn
> EI(E;) 2 N(0,1) and Y EI(E,) = op(1).
=1 =1

On the set Es, we also have

max |o,(Ep)| = [n~Y20,10, X TI(Ez)|e < Cn Y2 X0y o
J

< Cyn~ 1/2nr _ O(n71/2+r‘)’

and
VI(Es)|s = [n~ 20,10, X TI(Ez)|s < Cn V2| XO,I(Es)|s < Ci.
Therefore,
Cn
Var(Z']I(Ez {z;}7 > ZVar I(E2){xz:} )
=1
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Wn+tn
SC’CnVar< Z v;1(Eg)e;

j:wn+1

{z; ?:1)

< O Var (o, 1(Ba)e i} 1y)

- (Gl(Es)

ty \
e Var(ej)

_ O<H(Ez)<nt%>

n172r

2r

= 0<mH(E2)>

= o(I(E3)).

Hence, we have Var (Zf;l E;H(Ez)) =E (Var (Zg;l EI(E,)

{@},))

{ihin,) )+Var (E( T2, S(E)

o(1), which together with E(3_", E/T(Eg)) = 0 implies Y%, E/1(Ez) = op(1). By Lemma

1

(iii), we have

Var{v(e — € )[(Ez)|{x;}]_, } < C|V]I(E2)|§Afn+172 <O(A} 15) =o0(1), as n— oo
Then, we can get,

(i) If [(E2) = 1 when given {x;}",,

Cn Cn
lim Var{z El(E:) + > EI(E,) {wi}?zl}
i=1 i=1

n—oo

= lim Var(ve'l(Eq)|{x;}-,)

n—oo

= lim Var(vel(Eq)|{x;},)
n—o0
=1,

implying that lim,, Var(zzgll E1(Es)|{z;},) = 1, since lim,,_,o Var(325", E(Eq)|{z:},) =

0. According to Lemma (ii), the Liapounov condition follows
Cn

1
E(|SM(E,) | {:}1)
Var( Z.Cll EI(Ey) {1, )ite/2 Z .

=1
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Cn (i—1)(wn+tn)+wn 14e/2

C 2 2+c
var(ZC” Eil(Eg)[{x;} ), ) +e/? Z{ Z (v 1(E2)) } Boze

1= =1 j=(i—1)(wn+tn)+1
1+c/2
g C nlfn . ~(nT)2+C
T Var(3S5, BL(E) [{mi ) ) e 0l
0 n2r+cr(logn)dc/2
N ( nen/2 )

=o(1),

for some constant ¢ > 0. Hence, by central limit theorem,

Cn

]P’(Z =1(E,) < y({wi};gl) - @(y)‘ = o(1).

i=1

sup
veR

(ii) If I(E2) = 0 when given {«;} ,, we have

sup
veR

P(i =1(E,) < V‘{mi}?ﬂ) - @(y)‘ <1.

Hence

P(i Ei(Ez) < v|{@i},) - O)|dF ({w:} L)

/ sup
veR

<[ s P(i Ed(E2) < v|{w}L;) - 9(v)|dF({w}L)

Es v

+ / sup P(i =,1(E,) < V‘{mi ;.;1) —@(u)‘dF({wi n )

E§ rveR

<o(1) + P(ES) = o(1),

which implies that

ilég P(i El(E;) < I/) - (I)(I/)‘ = o(1).
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This is because

Cn

ilé.[IR? ]P’(Z Sil(Es) < 1/) — (I)(V)‘
—sup| [ P(i Eil(B2) < v|{@i} i ) dF({miy) - @)

Ssup/‘ (Z = 1(Eg) < v|{x; ?:1> - ‘I)(V)’dﬂ?({wi 1)

veR i1

< [
veR

Combing with anl EI(Es) = op(1), we obtain that

P(Z Eil(Bz) < v|{@i}i, ) - O(v)|dF({zi} ).
VAI(E,) 2 N(0,1).

Using the fact that P(X < t) = P(X <t,A) + P(X < t|A9)P(A®) and P(Ep) — 1, we

obtain

V= Z@kwe 2 N(0,1),

i

which implies that

Vi = G)kme,—>N01)
\/_Uk:Z

and the proofs are completed.

S5  Proof of Theorem [3

Proof of Lemma [1; By using the fact that for any matrix A € R™*"™

AL < [ALIA],
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€

we have |§J;l =3 < b

— n,l

. € . .
— ¢4, since X, ; — ¢ is symmetric. Thus

n
e N
|Zn,l — X7 ]2 < max Z |%€_jﬂ|i—j|gz - %E_j|

1<j<n &
n—1
< Z 7L<t — ]|
< 2Z|% Vil +2 Z 7]
=141
= T1 + TQ.
Note that for i > 0,

€
‘ﬁ -E, €iCi+i — Vi

B % Z[Ej —a] (B =Bl — 2B~ BY)] -

J]=

—‘ 5 €j€iri — (N —9)yf

1 i i |
. ;Z 2] (B-8")-2](B -8+~
j=1

_‘ZGJ ]+1+€J+lw ](:3 B")

= D1+D2+D3+D4. (851)

Using Lemma , there exists a constant ¢, depending only on ¢’ with ¢’ defined in Lemma ,

such that

(n — )27

HDlHq’/2 < cqller]lg Doy < Cn2/q/_1,

thus D; = Op(n??~1).
Note that
1B — B

1 n—i N 1 n—i
E‘Zejm;l:i—j</3 B)| < E)Z € Li+j .
j=1 j=1

|13 /6 |1a

= max — E e; X k
k<p n‘ 74X+,

By the same arguments as in the proof of Theorem I and combining with [ = o(n),

n—1-~
> < -1
> ) < Cullogp) ™,

1 n—i
P(m}gxﬁ‘ E -Xj+i,k6j
J=1
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or

n
>

- 25‘5) S Olp_27

n

1 n—i
P(mgx E‘Z Xj—l—i,ij
j=1
where 5\5 be the result of replacing n in A\s with n — ¢. Combining with Theorem |1| and

[ = o(n), yields Dy = Op(sg s + AsCsh + (Csh)?). Moreover,

1 n—i N .
Dy=—3 | (B=8)| |28 -8
j=1

1 & el (B~ B9+ |z),(B - B8
SEZ / 5 !

j=1
<|X(B - B")2/n.

Combining with (S3.7), we obtain Dy = Op(soA> + AsCsh + (Csh)?). Then we get
Ty = Op(I(n*771 + s As + A\sCsh + (Csh)? +1/n)),
since Dy = O(In~!) and \,, < As. Therefore

I, — 252 = Os(1(n?7 7 + soAus + AsCsh + (Cxh)? +1/n)) + 2 > bl

1=[+1

Define the projection operator Py as Py = E(- | Fr) — E(- | Fx—1). Since Py, k € Z are

orthogonal projections, we have €; = ), ., Pyre;. Hence, we have

’y]z = E(Z PiEO Z Pj6k> =E (Z Pifopifk) .
i€Z JET i€Z
Then by Schwarz’s inequality and stationarity, we have

D_Dil =2 D EPePied < 3 ) IIPicollalIPeeelly < AF, < oo.

kEZ kEZ €L kEZ €L

Let | — 00, [(n?9 7! 4 s0AwAs + A\sCsh + (Csh)? +1/n) = o(1), yields
0 = Zile = 0p(1),

since Y"1 || = 0, as | — oo.
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Lemma 11. Under the conditions of Theorem |1, for any fized k > 0, we have 7 LN Vi

Proof of Lemma [11I] A detailed proof has already been provided in the proof of
Lemma [T} see Equation for reference.

Proof of Theorem : Since \2;1 — 3¢ ]y = op(1) by Lemma , combining with Lemma

[10, we get

~2 S

~T ~
O — J13| = |"_1@k XT(En,l - Z:L)XG)H
<n UXOLE-|E,, — =4,

= 0]}»(1).

Thus 77 is a consistent estimator of o7. Combining with Theorem 2| Lemmal[l|and Slutsky’s

Theorem, the proofs are completed.

S6 Proof of Theorem /4]

Lemma 12. Under the conditions of Theorem |1}, with probability at least 1 — C(logp)™*
for case (i) in Theorem 1 or with probability at least 1 — Cyp~2 for case (ii) in Theorem

1
the single task Lasso estimator 3 satisfies
! * |2 2 ! *
1B = B2 <caseds, B — B < casods
. St
Proof of Lemma (12| Since 8 minimizes (4.15]), we have
L, 5l 12 ~1 . 2 1.5 .
Lx(@ -8 2B <208+ 2TX B - ). (56.1)
Define the event I' := {max;<;<,|I';| < A/2} for some constant ¢ > 0, where I'; =
n~t>" | Xij€;, define the event T'y := \f] — Y| max < A%}, for some constant ¢; > 0.
Then on the event I' N 'y, using the fact
LoeTx (B - 8 < 2 )18 -
126 X(B = Bl < 2(max |Ty]) - 16 = B,
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inequality (S6.1)) implies that

1 ~1 . ~1 . ~l .

E|X(6 — B3+ 2)B |1 < 2)\|B1 + M\B — B (56.2)
On the left hand side in (S6.2)), using the triangle inequality,

N~ ~1 ~1 ~1 ~1
1811 =1Bsli +1Bselr = [Bsli — 1Bs — Bsli + |Bgel,

whereas on the right hand side in (S6.2)), we can use.

~1 . ~ . ~1
B — B = |Bs — Bs|1 + |Bs-

1-

Thus, we have
RN . Al ~1 .
E|X(5 — B3+ AlBgel1 < 3M\Bg — Bsli- (S6.3)

In particular, the above implies

~l ~
Bselt < 3|85 — Bslu- (S6.4)

Based on Corollary 6.8 of Bithlmann and van de Geer| (2011), we obtain

~l %12 ~l1 * 12 Sl *|2
1Bs — Bsli <s0lBs — Bslz < s0lB — B3
! *\ T U * So ! *\ 2
<cso(B' ~ 8)S(B - ) < X (B - 573
Combining with (S6.3) again, we get

~
1Bs — Bsl1 < caso.
~1 ~1 ~1 -~
Furthermore, |3 — 8°]1 = [Bs — B3 + [Boch < eslBs — Bylh, we have
~1 »
1B — B"|1 <csol,

combining with (56.3)),

~1 ~1
1B — B2 < CL|IX(B — B)|3/n < CsoA”.
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Now, we need to control the probability P(T' N I';). We have already provided the corre-

sponding proof in Section

Proof of Theorem [4] Remark that

L@") - L(@) = +

Note that

L
:< L y0_ xogwe_ 1 <o>|z> < 1y (O)BI ATE )
Yo =40 27 o2 Yol 0270 2 /2
where j = 2 when ¢ = 1, and j = 1 when ¢ = 2, respectively. Hence, we first treat /L\Z('w) as

1 0 0
|() X() |

- | (0)|
no/2 20 (i) 2

/ 2
~ N
when controlling the magnitude of L(@w*)) — L(3). We define that
Liw) = —28""Sw 4+ w ' Sw

Li(@") L1 (Bay)
2

which is the population version of Z('w) We first bound the term , and

the second term can be handled similarly. For simplicity, in the following text, we denote

~ ~ Al . ~ Al , N N
Ll(w(k)) — L1(Bz)) as L(w(k)) L(B), and abbreviate X((f)), yg[l)g, B2y mo/2 as X,y, 8 ,n,

respectively. Then
L@") - L(8)
<(L@Y) = Lw®)) + (L(w®) - Lw™)) + (L(w®) - L(8"))
+(L(B") = L(B)) + (L(B") - L(B))
=R1+ R2+ R3+ R4+ R5.
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We know that
L@Y) — Lw®)| = |(ly — X@W[3 ~ |y — Xw™[)/n
_ |(ﬁ,(k) _ w(k))TXTX(@(k) _ w(k))/n + 2(w(k) _ @(k’))TXT(y _ Xw(k))/n|
= |(@" —w®)TXTX (@™ — w®)/n+ 2(w® — BT XT(X6® + €)/nl.
Combining with Lemma (12| we have |177(k) —w®|2 < 5,22 with probability at least 1 — 4y,

®) _ w® s independent of X, hence we can obtain that

and w

with probability tending to 1 as n — oo . And,

[(w® — ™) TXT (X6 + €)/n

<\ l(w® — &®)TXTX (wh — & >]/n¢< TXTXEW) /it |(w® — &)X e/n]
<ey/TMIED s + ey/5iX + w® — @)X el /n

SC@)\kw(k) |2 + —|—C\/§)\i + Cl/\gsk)\k,

with probability at least 1 — d5, 6 — 0 as ny,;, — 00, where the last second inequality can
be similarly proved as in Section [53| and the last inequality is obviously.

So we have that |R;| < c\/i)\k|5(k)|2 + 1 \sSp Ak + csp A7, with probability at least 1—1y,
Y1 — 0 as Ny — 0.

Secondly,
IRy| =] — 2y Xw® /n 4+ (w™)TXTXw® /n — (w™)TZw® + 268" T Zw®)
<X T Xw® /n — (w®)TZw®| + 2/y" Xw® /n — B Zw®)
<chs + 2|8 T X T Xw® /n — BT Sw®| + 2|e" Xw®|/n

<cis + clw®))s,
with probability at least at least 1 — 75, 792 — 0 as nyi, — 0.
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Thirdly, for R3, we can get that
Ry =(w®) " zw® — 28" TSw® + g T8
~(w® — §) S (w® - §),
then for k € Aj, we have Rz < Apax(Z)|w® — B*2, and for k ¢ Aj,, we have Ry >
Amin(3)[w® — 873
Fourthly, we have
|Ra| =| = 2y"XB"/n + B XTXB /n+ B Sp|
<18 TXTXB /n— B TSB| + 2| X3 /n
<cAs + ¢ B2,
with probability at least 1 — v4 , 74 — 0 as nyy, — 00.

Finally, for R5, we have that

Rs| = |ly — XB2— |y — XB]2l/n
— (B - B)XTX@ —B)n+28 - B) X (y—XB)/nl
— (B —B)XTX@B - ) n+28 —B) XTe/n],

then on the event {|Bl — B3 < spA, |Bgc 1 < 3|B; — B} N {IXTX/n — Blnax < A%

combining with corollary 6.8 in Bithlmann and van de Geer| (2011]), we obtain that

B -B)XX(B -B)n<cB -B) BB -8)<alf — Bl < crsoll.
And
(8= B) X Te/n| < 18" — B 1IXTe/nln < 50\,

with probability tends to one. Hence we have |Rs| < c¢150A? with probability at least 1 —1s,

v5 — 0 as Npin — 00.
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To summarize, we have that for k € Ay,
-~ ~ Al
L('ﬁ)(k)) —L(B) < c\/s_k/\k|5(k)|2 + eAsSEAk F AL + A
+ max (Z)|[w® — B2 + cso)\2,

and for k ¢ Ay,

~ ~ Al
L(,{B(k)) N L(ﬁ ) > C)\min( )|w -G |2 — C\/_)\k|5 |2 — CA§Sp AL — CSk)\z
with probability at least 1 — 5 , 76 — 0 as nym — 00.
Next,
A = (0)_X -y 2 (0)_X ry 2
—||y(1) (1)/3(2)|2 ‘y(g) (2)5(1)\2}/”

:||X(1)(B*—5 )’2_26 (ﬁ 5 )+‘€E?;‘g

X8 — B3+ 20 X 2)(8" ~ Byyy) — €3] /.

As shown in Ry, we have

" ~1 0)T * ~1
X 0B = B)l3/n < s0X3,  lely) X1)(8° = Bay)l/n < s0),

with probability tending to 1. And

0 0 0 € 0 € -
€12 — e 3]/n < e B /n — 5] + [l 3/n — 75| < en®a1,

— 503 —

(36.5)

C>\57

with probability tending to 1, where ¢; satisfies 2 < ¢; < ¢/, and the last inequality have

been shown in Section . Then, A < cspA2 + +n¥ 11 with probability at least 1 — ~y,

v7 — 0 as nyin — 00. Hence, combining with the condition that M is a constant, we obtain

that,
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for some h, C' and C}, since the right side of the Equation (56.5) is sufficient small when

~ ~1

Nmin tends to infinity. Then, we obtain that maxge 4, L") - L(B) < C(AV Cy) with
probability tending to one. We can similarly prove that mingg 4, Z(’L/b(k)) - E(Bl) > C(AV
(1), with probability tending to one.

Proof of Remark [2; Combining the result of Theorem [I| with the condition Cxh <

VSoAs and n 4, > ng, we obtain that

2 S (500 + ACsh + (Cxh)?) A so)l,

1 ~
—|x© @ - 8"
No
and
B=B < (sohw+ L 4 Oxh) A sohs,

~SD —~
with probability tending to 1. By Theorem , we also have that P(8 = () — 1, as

Nmin — 00. Then, it is obviously to get that

> S (5002 + ACsh + (Cxh)?) A sod,

and

~8D
B =B < (sohw+ EE + Cuh) Asols,

with probability tending to 1.

S7 An Alternative Estimation Approach

We focus on the following optimization problem, which is the linear-model formulation of
the estimator proposed in |Li et al.| (2024)). Without loss of generality, we first assume that
Ay, = [M].

M
(M) .
B5",....8" ) —arg min {alBli+ > Ml |,
k=1

B8 <C
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2 2P = @)T(B =) e < Ay YOSk <M,
subject to

|3 2 — (@) T8) + ek, St el {p — () T(8 — 6%} < As.
(S7.6)

The tuning parameters Ag and A\, 0 < k < M, are defined as follows. For case (i) in

Theorem [1], let
Mg = N2 max{niﬁ/b_l(p log p)**, (logp/nAh)l/z},
NA = Ny N.max{n} ' (plogp)"/", (logp/na,)"/?},

and define A\ = max{\4, XA}. For case (ii) in Theorem |1} define

g = LZ(logp)(ng)/Q/\/nAh, M o< K, L,(log p) 242972 ) /-,

A5 = max{\4, A ). The tuning parameter )y is defined analogously to Ag with n4, replaced
by ng A ni. We further define A\g = nAh:\g and A\, = nkj\k for 0 < k < M. We refer to the

transfer learning method that computes 3 via (S7.6) as O-Trans-Lasso.
We next present the theoretical guarantees for BO. We further assume that n; < n; for

all 1 < k,j7 < M, in order to simplify the analysis.

Proposition 1. Assume that Conditions[1] and[g hold, and that ng < na,. Further suppose
that soAS < ¢ for some sufficiently small constant ¢ > 0 and S\OA%h/;\% + 85\@ + hj\o/;\g =

o(1). Then the following asymptotic properties hold.

(i) For case (i) in Theorem |1, with probability at least 1 — Cy(logp)~!, we have
X (8" = B")3/n0 < hAo + 5003, (S7.7)

1B” = B'11 < sohs + ho/Ag. (S7.8)
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(ii) For case (ii) in Theorem[d, (S7.7) and (S7-8) hold with probability at least 1 — c1p~2.

We compare the convergence rates in Remark [1| and Proposition First, note that
Ao < Ag and A S Ao, since A4 < A4 and A2, < A%, respectively. This is due to the fact
that, under the dependence structure in case (i), the tail probability bounds established in
Wu and Wu (2016) are not exponentially decaying, in contrast to those in the independent
case. For the ¢; error rate, the term kAo / ;\5 on the right-hand side of is strictly larger
than h. This additional factor, A / 5\5, arises due to differences in the methods employed.
For example, even in the independent setting, the ¢; error rates in |Li et al. (2024]) and
Tian and Feng (2023) take different forms, with the latter considering a two-step transfer
learning estimator similar to Trans-Lasso. Hence, when Uy < oo, the convergence rates
in ([S3.8) are at least as good as those in and , and can be strictly better in
certain regimes. For instance, when sg\, < h, the {1 error rate in is strictly smaller

than that in (S7.8). When Cs < oo does not hold, the comparison depends on specific

regimes, and we omit further discussion.

Moreover, it is clear that, compared with the Trans-Lasso method, O-Trans-Lasso incurs
a substantially higher computational cost. Specifically, Trans-Lasso pools all auxiliary data
to obtain a rough Lasso estimator and then uses the target data for bias correction, involving
only two Lasso fits. In contrast, the estimation procedure in O-Trans-Lasso requires jointly
estimating the regression coefficients for all auxiliary samples as well as the target sample,
leading to a significantly increased computational burden.

Proof of Proposition : In addition, we introduce S\max and S\min, which are defined
analogously to 5\5, with ng4, replaced by ng A npin and ng A nyax, respectively, where

Npin = MiNj<g<ps Mg aNd Npaxy = Maxy<g<p k. We also introduce )\3’26 and )\’)“(, defined
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analogously to A7 and \¢, respectively, with n4, replaced by ny, for k& > 0. It follows
that S\min < ;\k < :\max for all 1 < k < M. For notational convenience, we write BO as [Ai'

throughout the remainder of the proof.

Let H, = {j: \(5J(.k)\ > \g/ni}. Notice that |Hy| < h(Ax/ng)~" and y&%’;}%h < h. Let
SIE A
Q=) mlo =Y and Ry=) M0 —6“)n,u.
k=1 k=1
GB35k _35® _ sk Sk _ 33k :
Defineu=08-08"v" =60 —06",and w"’ =3 —6 . Notice that
M ng
@)Y 2P - @) (3-8
k=1 i=1

M ng
DRDREUE R }MZ TZw’“{yZ CONCErIS
k=1 i=1

P~ @B -3 +Z|A“ﬂ |\Zw’“’{y (=) (B-8"

k=1 i=1

M
sl + > we®,

k=1

where the last inequality is due to the fact that Ay < Ag.
In what follows, we establish the proof for case (i) only, as case (ii) follows by analogous
arguments. We first show that 8% and {6}, << are feasible for the optimization problem

(S7.6) with probability at least 1 — (log p)~!. For the first constraint, we have
nk
(’Z“’ (" — @) (8~ 5(k))}‘ 2 /\k:> =P<| ngk)ﬁ(-k”oo > nk/\k:>
o i=1
ng
SP(‘ > 2P| > nk%’&) < (logp) ™.
i=1

For the second constraint, by the similarly arguments as in the proof of Lemma [5]

(‘Zwo 0) _ ()T g% +Zzwk>{y<k> (k)(ﬁ*_(;(m)}’

k=1 i=1

< )\6>

oo

:P<‘Z X(k)Te(k)‘ < )\5> >1-—(logp)™".
k=0 >
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Using the feasibility of 8" and {5(k)}1§k§ , the following oracle inequality holds:

M ng M
@ - w®) TP @) (@ - w®)| S Asfal+ D ML (87.9)
k=1 =1

k=1

For the left-hand side of (S7.9)),

M
~ Sk)
LHS of (S7.9) :Z(w(k) — w(k))TnkE( )(w(k) —w®)
k=1
M
>c; Y fmelw® —w® - My |@™ — w®7}
k=1

M
>c Z nk|ﬁ)(k) — 'w(k)|§
k=1

M M
—cymax|@® — w®]; (Z B N+ Y A’;{nkya\l), (S7.10)
- k=1 k=1

N J/
-~

D,

with probability at least 1 — (log p)~2. By the definition of Ay > np A%, A\ > ny, A and M

is fixed, we have \yn, < A\ and Z,iwzl MNeny < Ag. Hence we have Dy < maxy<y, "l/l\)(k) —

~Y

w® |, (XM W) A, 4 Aslai)r). Then,
M
S @™ — w®
k=1

M M
Shslal + > o™l + max [w*) — w®), (Z 5™\ + Agmh)
B k=1

k=1
M
Slmane @ — w ]y v 1)(; B®) A + Aﬂ|uyl). (S7.11)

We also have

- ©)

S m(@® — w®) TS (@ — w®)

k=1

M M
< ml® —wP B+ @ — w

k=1 k=1

A
M=
3
)

M
fw® — w4+ na AYfalf + ) X [0
k=1
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M:

<(max|@® — w®], v 1) (
k<M

B | A + Aslaily ) + i, A |u|1+an)\ )2
k

Il
—

<(max |@® —w®|, v
k<M

P_ﬂ:

Bk + Agla) > +na, \x ]u!l—l—max\'v M, Z e 0™
k=1

e
Il
—

0
<(max |@® —w®|; v 1) <

ma 5 |)\k—|—)\5|u|>—|—n,4h/\0 4 max 5], chmu I

k=1

HME

Sl vmas [0 v D) (30 BO e + Aalah ) + na, Alal?

™= ;

whose LHS is indeed

M M
~T7&0) < ~ S0) 0) ~
nAhuTE( & + E nk(v(k))TZ( 50 _ 9 g nEu TS 0%5®
k=1

>cin, [l5 — cana, Xy |43 + c3 anh) > —cy an)\ — Ds. (S7.12)
k=1

For Dy, we use the fact that

M M
D] < Xo/mo > mio® ) <3 Mgy,
k=1 k=1

where the last inequality is due to Ag/ng < Ax/ng. To summarize, we obtain that

M

na, a3+ nd®)3 < (|u|1\/max|v 1 v 1) <Z|A(k|)\k+>\5|ﬂ|1>+n,4h/\§(|ﬁ|f.
k=1
(S7.13)

Based on the oracle inequality, we have

M M
o~ ~(k) "
MslBli+ D A8 [ < AslBTh + > Ax6®)
k=1 k=1

M
S ()
= Mg|(B — B")se|1 + E Al(8 = 8™ el
k=1

M M
3 * (k)
SNl(B = B)sli+ M@ =M+ 23 Mldila
k=1

k=1

M
<As|(B — B%)s|1 + Rs + 2hz Ak

k=1
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Case (i). If Rs > Agltis| + 20 31, A&, then

RHS of (S7.9) < Rs.

From ([S7.13)), we have

M
n, |l + an\@(m\% S (lulr v max M) v D)Rs +na, A |al?
k=1 -
R R R2n . A2
< ([l v max [5%)], v 1)Rg + —2 ALY
k<M )‘ﬂ

And, define hg = hmaxg<pr(Ae/np) ! = h2Z! . we have

Ry <h? 30 M6 — oW, < Q)2
1<k<M

Then we have

Aih A2hon a, NS
. ~ ~ 1/2 0 0MA
na Al + Qs < (ah vimax B9 v DQY® | YT TR Qs Y0 gt
- 1<hem Tk \<k<M k2B
Combining with the assumption that A2, A% h/(j\%j\mm) =o(1),
Z )\ihon;;/\g( _ ni)\%h(;né};)\g( S Z TLk)\ihE)Z)\X )\ilax)\o h/(j\%j\mln)
\<heM WS 1<k<M N, A 1<k<M N4, A
We have that
< 1V o® — w®|, v Q) h
Qs < na, (1V max |@ — w®]y v max[51)° AL, o,
And
. ~ (k k ~(k
[aff < (1v max|@®™ —w® v max[50])? X ho.

1/2 A2h
. Rs / Y Doichen na, (1V maxpe s | 0% — w® |y v maxgeny [5% 1) A2, ho
B

As - As
1/2 by ho
R \/ Zl<k<M
max] ] < o <
k<M nmin)\max nmln)\max

_na, (1V maxgey @™ — w® |, v maxg<nr [8%|1) Amaxho

TMmin
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Hence,

~

< ~ (k) 3
@y < (1 Vil v max v DA/ s Amin)

~ ~(k I N
%cw I <@Vl v%qv( 1) Mnax 4, / (Nein Ain)

which combining with A2 A/ (AgAmin) = 0(1) and Ayaxh74, / (Pamin Amin) = o(1) implies that

@y < N/ s hmin)s  [l5 < X ch/Amin:

max

Case (ii). If Rs + 20 S0 A < As|(B — B%)s)1, then
RHS of (S7.9) < 3Xs/(8 — 87)slu.

Moreover, |(8 — B8%)se| < 2/(B — B)sl1 and 3oy cpr Ael0 — 8@ < 3As[(B — B7)sh

Similar to case (i), we have
(0) ~ ~ ~ ~
nAh|U\z+an e ™ < (1vial Vﬁ%\v(mh))\ﬁmdl +na, \x [l

Combining with the assumption that syA% < ¢ for some sufficiently small constant ¢, we
have

(0) ~
nAh|u|2+an @TE5 "W < (1\/|u|1\/max|'v ) Asltis]y.
k=1

Rearranging the terms, we arrive at
a5 < s/\ﬂ(l Vuly v max|v )2,

Using the constraint in this case, we have

. - ~ - - S;\QTLA
[ul < lusli < sAs(1V[u Vﬁ%{]v(k)h), max [}, < 220

(1V |@]; V max [5™])),
k<M k<M

maxTmin
which combining with sAz = o(1) and sj\%nAh/(S\maXnmm) = o(1), implies that

~12 X2 o~ 3 A(k) SS‘%”Ah
u S s U|1 = SAg, max (v 1S =
uly S sAs,  |uli < shg o] <

k<M )\maxnmin
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Case (iii) If 22 M A\, > Ry + A\s/(8 — B8)s)1, then

M M
RHS of (A.3) <6k A\, Ry <203 A

In this case, we have

M

(0) ~ ~ ~ ~ ~

nAh|u\2—|—an NTE5'D 5hz)\k+(1mGax\v(k)|1\/|u]1)(Ag\uéw\l—l—Rg)jLnAh)\gAuﬁ.
k=1

Under the constraint in this case, we have

M
N ~ S0)
nAh|U|§ +an(v(k))TEB o®
k=1

M
<h YAV max |80 v [@]) + n, @l
k=1

Recall that A Zﬁil A < cAnAhh:\maX, we arrive at

3 S AAnax(1V max [67]; v [@ly) + Ay [alf?

a, < hZ)\k//\ﬂ < hAmax/As, g;z}aﬂﬁ(k)h < hn, /Numin-

Hence,

- ~ R2X2 A0
G5 < hAinax + —227X < D\
A

where the last inequality is due to that kA2, A%/ )\,3 = 0(Amnin)-

To summarize, we have obtained that
IX(B = B)3/n VG S hA e/ Ain + 5002, [8l1 S sods + hAZ /(Mg Amin)-

Under the assumption that n; < n; for all 1 < k < j and that M is fixed, it follows that

Nmin =< Mmax < [N > ng. Consequently,

)\max = )\min = >\07
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yielding the desired results.
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