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Supplementary Material

Section A gives proofs of results in Section 2.2 of the main paper.
Section B gives proofs of results in Section 2.3 of the main paper.
Section C gives proofs of results in Section 2.4 of the main paper.

Section D presents estimators of A*.

A. Proofs of Lemma 1 and Theorem 1

A.1. Proof of Lemma 1

We follow the approach of Bickel et al.| (1993)) to derive the efficient influence
function for A* under the randomization assumption in Section 2.1. To this
end, we think of the observed data {(W;, A;,Y;),i = 1,--- ,n} and {(W}),i =
1,---,n"} as independent copies of {0° = (Z,W°, A°,Y°)}, where Z is an

indicator of trial participation (Z = 1 if in the trial and Z = 0 otherwise),
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We =ZW+ (1 -2Z)W*, A° = ZA, and Y° = ZY. The joint density of O°

(with respect to some o-finite measure) is given by

foo(0) = for(z,w,a,y) = f°(w) {1 = " (W)} 7 [e°(w)pr(A = alW = w) fu(y|w)]%,

where f°(w) is the density of W° = w, e°(w) = pr(Z = 1|W° = w), and
fa(y|w) is the conditional density of (Y° =y|Z =1,W° =w,A° =a) = (Y =
y|W =w, A = a). Note that no assumptions are imposed on the distribution

of the observed data. Then we consider a regular parametric submodel

Fows 0){1 = €°(w; )} 7 {e”(w; O)pr(A = alW = w) fu(ylw; 0)),

which is equal to the true distribution when 8 = 6g. The corresponding

score for @ at 0 is derived as

s0°(0;60) = so-(z, w, a,; 0p)

€°(w; 0p){z —e°(w, 00)}
e (w, 00){1 — e°(w,60)}
where s°(w,0) = dlog f°(w;80)/90, s,(y|lw;0) = dlog f,(y|w;0)/06 (a =

=5°(w, 0p) +

+ zas1(y|w; 0p) + z(1 — a)so(y|w; 0o),

0,1), and é°(w; 0) = de®(w; 0)/06. Based on this, the tangent space for the
nonparametric model for O is given by
Tepn = {b1(w) + ba(w){z — e° (W)} + zahy (y|w) + z(1 — @) ho (y|w)},

where b1 (w) is an arbitrary function such that E{b1(W°)} = 0 and var{b1(W°)} <
o0, bo(w) is an arbitrary function such that var{bo(W°)} < oo, h,(y|w)(a =

0, 1) satisfies the constraint E{h,(Y|W)|A = a,W = w} =0 for all w.
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Under the above parametric submodel, we can write the estimand A*

as a functional of fpe:

[ LA GIw;6) = fo(ylw; O)HL = e°(w; 0)} £ (w; Q)dydw

A*(6) = [{1—e>(w;0)} f°(w; )dw

which implies that A* is pathwise differentiable. It follows that

OA*(6) [ y{s1(vIws; 60) £ (yIw; 60) = so(yIw; 60) fo(yIw; B0) H1 — e° (w3 60)} £ (w; 6o)dydw
90 lo=6o J{1 = e°(w; 60)} f°(w; Bo)dw
[y UAGIw:60) = fo(ylw; B0)}é° (w; B0) £° (w; Bo) dydw
[{1 = e°(w; 00)} f°(w; 60)dw
// Y{i(yIw; 00) — fo(ylw; 00)H1 — e°(w; 60)}s°(w; 0o) f°(w; Oo)dydw
JAL = e2(w;60)} f° (w3 60)dw
fe (w3 60) f°(w; 00)dw — [{1 = e°(w; 80)}s°(w; 60) £° (w; 90)dW
J{1 = e°(w; 60)} f°(w; 6o)dw

Define
wé%R(O) _ {1- e°(W°1)}_{5(W°) - A*} _ {6(W°) — Al*]:{Z —e?(W°)}
Y Y
ZA{1l —e°(W)HY —m(1,W)} _ Z(1-A){1-e°(W)HY —m(0,W)}
(1=y)p(W)e*(W) (I =y){1-p(W)}ec(W)
(I1=2){6(W°)=A"} ZA{l—-e°(W)HY —m(1,W)}
= +
1-vy (I=y)p(W)e*(W)

_Z(1L - A{1 - (W)HY —m(0, W)}
(1=y{1-pW)}te(W)
_A=2D{6W) - A} ZAr(W{Y —m(LW)}  Z(1= A)r(W){Y —m(0, W)}
-y yp(W) y{1-p(W)}

where y = feo(w)fo(w)dw =pr(Z = 1), m(a,w) = E(Y|A = a,W = w),

o(w) =m(l,w) —m(0,w), p(w) = pr(A = 1|W = w), and r(w) is the ratio

of the conditional density of (W° =w | Z =0) to that of (W° =w | Z =1).
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Through some calculations, we can obtain that

AA*(6)

) tr . . )
90 lo=g, { CDR(O)SO (0;60)}

This implies that &, (0) is an influence function for A*. Because ¢& ., (O)
is an element of the tangent space J.\%, its projection on JiL, is itself.

Therefore, L. (0) is the efficient influence function for A* in the nonpara-

metric model.

A.2. Proof of Theorem 1

i) Derivation of the optimal CIR design. Since E{yf.(0)} = 0, the vari-
CIR

ance of Yy, (0) is equal to

Var{ng(O)} = E{ g;R(O)}Z
* %\ 12 2
:E[(l—Z){5(W )—A }] +ElZAr(W){Y—m(1,W)}

1—-v ym
2
B [2(1 — A)r(W){Y - m(0. W)}] |
y{1 -~}

By conditioning on Z, we have

E

ZAr(W){Y —m(1, W)}]2 _E [A{r(W)}2{Y —m(1,W)}?

|Z = 1] pr(Z =1).
yr

y22
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Further conditioning on W and A yields

. [Ar(W)Q{YQ— 1271(1,W)}2 Z= 1]
/s
- E(’(W)2 [A(Y —m(1,W)}*|Z =1 W])
-E (’”y(zlﬂ); [AY =m(L W)} Z=1,W,A=1]pr(A=1|Z = 1,W))
_ E{F(W)Qvl(W)}
=Bi=—

where v{(W) = var{Y|W, A = 1}. Analogously, we can obtain that

Z(1 = A)r(WY{Y =m0, W)}]* _ _ [r(W)2vo(W) _
e e e e B
where vo(W) = var{Y|W, A = 0}. Note that E [(1 - Z){s(W°) — A*}]? does

not depend on m. Then we can write

pr(Z

var{y . (0)} = const. + E {r(W)Qvl(W)}

pr(z=1) {r<w>2v W)},
ny?

where “const.” represents a quantity that does not depend on x. It is easy

to see that the preceding display is minimized by setting 7 equal to

o [Er (W) (W)}]'/2
P TR WPy (W + [E(r(W)Pvo (W)

(i1) Derivation of the optimal CDR design. Recall that

(1-2){6(W*)—A*} N ZAr(W){Y —m(1,W)} B Z(1-A)yrW){Y —m(0,W)}
L-y yp(W) y{l1-p(W)}

W(%R(O) =
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The variance of y% . (0) is equal to

s xY 12 9
var{ylt (0)} = E l(l Z){ldgvz) A }] B [ZAr(W?}/i)I/(W;q;(l,W)}
B [2(1 — A)r(W){Y = m(0, W)}r
y{l-p(W)}?
By conditioning on Z, the second term of the preceding display can be

written as

. [ZAr(W){Y —m(1, W)}]2 ) [Ar(W)Q{Y —m(1,W))?
yp(W) yip(W)?

Further conditioning on W and A, we have

- [Ar(W)Q{Y —m(1,W)}?
yip(W)?

|Z = 1] pr(Z =1).

|Z = 1] pr(Z =1)

r(W)? )
=" (WB [AY =m(L, W)} Z=1,W,A=1]pr(A=1|Z = 1,W)) pr(Z = 1)
2
=& {%} pr(Z = 1),

A similar argument can be used to obtain

. [2(1 — A)r(W){Y — m(0, W)}]2 . [ r(W)2vo(W)
y{1-p(W)}? 21 -p(w)}

Because E [(1 - Z){6(W*) = A*}]? = E[{6(W*) = A*}?|Z = 0] pr(Z = 0) is

]pr(Z =1).

not a function of p(W), we have

r(W)2vi(W) — r(W)2vo(W)
yip(W) y{1-p(W)}
tr

The variance var{y; (0)} is minimized by choosing p(w) to minimize

var{y{L . (0)} = const. + B

] pr(Z =1).

r(W)2v1(w) N r(W)2vo(w)
y2p(w) {1 -p(w)}
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for each possible value w of W. The minimizer is obtained as

vi(w)l/2
vi(w)1/2 + vo(w)l/2

pf,;t (w) =

B. Proofs of Lemma 2 and Theorem 2

B.1. Proof of Lemma 2

We use a similar strategy as in Section A to derive the efficient influence
functions for A* under CIR and CDR in the case of generalization. Let
Z be the indicator of trial participation (Z = 1 if in the trial and Z = 0
otherwise). Note that W* = W if Z = 1. We view the observed data
{(W;,A;.Y;),i=1,---,n} and {Wj* : Z; = 0} as independent copies of {O* =
(Z,W*,A*,Y*)}, where A* = ZA and Y* = ZY.

Under CIR, the treatment assignment is independent of the baseline
covariates. Hence the joint density of O* (with respect to some o-finite

measure) is given by

fo:(0) = fo-(z.w,a,y) = f*(W){1 = e(w)} “*{e(w)pr(A = a) fu(yIw)},

where f*(w) is the density of W* = w, e(w) = pr(Z = 1|W* = w), and
fa(y|w) is the conditional density of (Y* =y|Z=1,W* =w,A* =a) = (Y =

y|W =w, A = a). Consider a regular parametric submodel indexed by 8,

Fr(w; 0){1 = e(w; )} 7 {e(w; 0)pr(A = a) fu(ylw; 0)},
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which equals the true distribution when 6 = 6y. The corresponding score

for 8 at 0 is derived as

SO*(O; 00) = S0 (Z,W,Cl, b2 60)

é(w; o) {z —e(w,00)}
e(W’QO){l —E(W, 90)}
where s*(w,0) = dlog f*(w;0)/06, s,(ylw;0) = dlog f,(y|lw;0)/06 (a =

=s"(w,6p) + + zas1(y|w; 6p) + z(1 — a)so(y|w; 6o),

0,1), and é(w;0) = de(w;0)/d6. Based on this, the tangent space for the
nonparametric model for O is given by
Temn = b1(w) + ba(w){z = e(w)} + zahi(ylw) + z(1 = a) ho (y|w),

where b1 (w) is an arbitrary function such that E{b;(W*)} = 0 and var{b1(W*)} <
o0, ba(w) is an arbitrary function such that var{bo(W*)} < oo, h,(y|w)(a =
0, 1) satisfies the constraint E{h,(Y|W)|A = a,W = w} =0 for all w.

Under the above parametric submodel, we can write the treatment effect

as a functional of fp:

A(0) = / / VAGIW:0) = folylw: O)}F* (w: O)dydw.

It follows that

a k

SO = [ 5113 01w ) = w60 fo b ) 7 s )
o [ [ 0160 = S 00} Ov: 01 (v ).

We define

ZALY —m(LW9}  Z(1 = AYY = m(0,W*)}
me(W*) - {1 -n}e(W") ’

En(0) =6(W*) — A" +
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where 7 = pr(A = 1), m(a,w) = E(Y|A =a,W =w), and 6(w) = m(1,w) —
m(0,w). Clearly, ¢S (O) is an element of the tangent space I, . It can

be verified that

OA™(9 en
(96(' ) 9=0, = E{l//(%IR (O)SO*(O; 90)}

This implies that S, (0) is an influence function for A*. Because the
projection of & (0) on J5" is itself, Y5y (0) is the efficient influence
function for A* in the nonparametric model.

Under CDR, the treatment depends on the covariates, i.e., pr(A =1 |
W =w) = p(w). By applying arguments analogous to those used for CIR,

we derive the efficient influence function for A* as

ZA{Y —m(LW")}  Z(1 - A){Y - m(0,W*)}

gen _ Y _OAK
‘/’CDR(O) =o(W") -A"+ e(W*)p(W*) e(W{1 - p(W*)}

B.2. Proof of Theorem 2

(i) Derivation of the optimal CIR design. The variance of 5 (O) is equal

to

var{y& (0)} = var {§(W*) — A*} + var [ZA{Y -m(1, W*)}] T var [2(1 — A{Y = m(0, W*)}

me(W*) {1 —n}te(W*)
. . ZA{Y —m(1,W*)}
+ 2cov [5(W ) — A¥, e (W) ]

e [ s - o, ZU= A =m0, W)}]

{1 —n}e(W*)
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By conditioning on Z, we have

[ZA{Y—m(l,W*)}] [ZA{Y—m(l,W)}]2 [A{Y—m(l,W)}2
var =E =EK

me(W) me(W) n2e2(W) Z=1pr(Z=1)

Further conditioning on W and A yields

[A{Y —m(1,W)}?
n2e2(W)
. E[A{Y - m(1,W)}?|Z = 1, W])
m2e2(W)

-

= E E[A{Y -m(1,W)}*|Z=1,W,A=1]pr(A=1|Z = 1,W))

[
o vi(W)
=" {ne2(W)}’

where vi (W) = var{Y|W, A = 1}. It can be similarly obtained that

[Z(l—A){Y—m(O, W)}] [ vo(W)
var =

(1-me(W) m] pr(Z = 1),

where vo(W) = var{Y|W, A = 0}. It is easy to show that

cov [6(W*) - A" ZAY —m(, W*)}] =0

me(W*)

and

cov [(5(W*) o, 2L AT D, W*)}] =0,

{1 -n}e(W*)

Note that var{o(W*) — A*} does not depend on . Then we can write

var{y/ey (0)} = const. + pr(Z=1) . [VI(W)] LpZ=1 . [vo(W)] ,

e2(W) l-n e2(W)
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where “const.” represents a quantity that does not depend on x. It is easy

to see that the preceding display is minimized by setting 7 equal to

28 _ [E{e(W)2vi(W)}]'/?
P [E{e(W)2vi(W)HY2 + [E{e(W)"2vo(W)}] /2
(E[{pr(Z = 1)/e(W)}*vi (W)]D'/?
(E{pr(Z = 1)/e(W)}2vi(W)D2 + (E[{pr(Z = 1)/e(W)}2vo(W)]) /2
[E{r(W)>vi(W)}]'/?
[E{r(W)2vi(W)HY2 + [E{r(W)2vo(W)}]1/2’

where the third equality follows from r(w) = pr(Z = 1)/e(w).

(ii) Derivation of the optimal CDR design. The variance of ySp,(0) is

equal to

ZA{Y — m(1,W*)}
p(W)e(W)
ZA{Y —m(1, W*)}
p(W*)e(W¥) ]
Z(1 = A){Y — m(0, W*)}
{1-p(W*)}e(W¥) } '

var{ySon (0)} = var {§(W*) — A*} + var [

i [2(1 — A){Y —m(0,W")}
{1=p(W")}te(W)

+ 2cov lé(W*) - A",

— 2cov [5(W*) - A",

By conditioning on Z, W, and A successively, we obtain

ZA{Y —m(1, W*)}] b [A{Y — m(1,W)}?
p(W*)e(W¥) | {p(W)}2e2(W)
E [A{Y —m(1L,W)}*|Z = 1,W|
{p(W)}2e2(W)
E[A{Y —-m(L,W)}*|Z=1,W,A =1]
p(W)e2(W)

var |Z = 1] pr(Z=1)

=E

)pr(Z =1)

=E

)pr(Z =1)

_ E{ vi(W)

p(W)e2(W) } priz=1)
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and

[Z(l—A){Y—m(O,W*)}] _E[ vo (W)
var

{1=pWi)lew) |~ {1—p(W)}e2(W)]pr(Z:1)’

where vo(W) = var{Y|W, A = 0}. It is easy to see that

cov [5(W*) _ A ZA{Y_m(l’W*)}] ~0

p(W*)e(W)

and

o [W*) e Z0= A = m(Q, W*)}] 0

{1=p(W")}e(W~)

Because var{d(W*) — A*} does not depend on p, we have

var{ySon(0)} = const. + pr(Z = 1) E r1(W) + vo(W) ] .

p(W)e2(W) {1 - p(W)}e2(W)
where “const.” represents a quantity that does not depend on p. For each

possible value w of W, the minimizer of var{y5 . (0)} with respect to p is

equal to

vi(w)l/2
vi(W)12 + vo(w)1/2’

poi(w) =

C. Proofs of Lemma 3 and Theorem 3

C.1. Proof of Lemma 3

To derive the efficient influence functions of A*, we first obtain those corre-

sponding to the subgroup-specific treatment effects, Ay (k =1,...,K). The
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observed data consist of {(W;, A;,Y;),i = 1,---,n}, which are independent

copies of O = (W, A,Y). Under CIR, the joint density of O is expressed as

Jo(0) = fo(w,a,y) = f(w)pr(A = a) fa(y|w),

where f(w) is the density of W = w and f,(y|w) is the conditional density
of (Y = y|W =w,A =a). We consider a parametric submodel indexed by
:

JFw;0)pr(A = a) fa(ylw; 6),

which is the true distribution at 6 = 6. By taking the derivative with

respect to 6, the score function at 6 is equal to

s(0;6p) = s(w,0p) + as1(y|lw;00) + (1 —a)so(y|w; 6o),

where s(w,0) = dlog f(w;0)/d0 and s,(y|w;0) = dlog f,(y|w;0)/06 (a =
0,1). The tangent space for the nonparametric model for O is thus defined
as

Tomn = {b1(w) + ahi(ylw) + (1 = a)ho(y|w)},

where b1 (w) is an arbitrary function such that E{b1 (W)} = 0 and h,(y|w)(a =
0, 1) satisfies the constraint E{h,(Y|W)|A = a,W = w} =0 for all w.

Under the above parametric submodel, we have

Sy (Iw; 6) = fo(ylw; 0)}f (w; 0)1(w € Wy)dydw

Ail6) = ff(w; 0)I[(w € Wy)dw
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and

Mle—e _ [[ y{s1(yIw; 60) fr(ylw; 60) = so(yIw; 80) fo(y|w; o)} f (w; 80) I (w € W)dydw
96 " [ F(w;60)1(w € Wi)dw
.\ [[ {1 (yIw; 80) = fo(ylw; 60)}s(w; 60) f (w; 00) I (w € Wi)dydw
/f(w; 00)I(w € Wy)dw
[ s(w;60) f (w; 00)I(w € Wi)dw

A T € Woydw
Let
o (0) - I(W e Wk):ké(W) ~A I e wk)jxrg —m(1,W)}
I(W e Wi)(1-A){Y —m(0,W)}
- {1-n}r ’

where 1, = /f(w)l(w € Wy)dw = pr(W € Wy). It is evident that

ngSR’ . (0) belongs to the tangent space I . Moreover, we find that

0N (6)
00

lo=60 = E{¢/i 1 (0)s(0:60)}-

These two observations together suggest that wglsR (0) is the efficient in-

fluence function for Ay in the nonparametric model. The efficient influence

function for A* is therefore obtained as

AY —m(1,W)} (1 -A){Y —m(0,W)}
T B 1-nm

b

K *
sy = 3 L EWIT [{6<W> - A+
Tk

k=1

where 7/

. (k=1,...,K) are known weights for the subgroups W; in the

target population.

Under CDR, the efficient influence function for A* can be derived by
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replacing 7 with p(w) = pr(A =1 | W = w) for 7 in ¢, (0), that is,

K
WEE)R(O) = Z

k=1

A{Y —m(1,W)} B (1-A){Y —m(0,W)} .

I(W € W)t} [
T p(W) 1-p(W)

{6(W) - Ai} +

C.2. Proof of Theorem 3

(i) Derivation of the optimal CIR design. The variance of &, (0) is equal

to
K
var {y (0)} = > (7)) var(y, (O}
k=1

Note that

E ([I(W € WO{S(W) = Ay} [I(W € Wi)A{Y — m(1, W)}])

T

_ B (I(W € W){o(W) — Ay} B

T

Y = m(LW)} | A= LW]) pr(A = 1)

=0,

and

E ([I(W € W {s(W) - Ay} [(W e W) - A{Y —m(0, W)}])

l1-nx

l-nm

. (uw EWDOW) =A) b o 4o W]) pr(A = 0)

=0.
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Then we have

K 1y 2
var U (01} = Y (:—’;) E[I(W € W {6(W) - A}
k=1
. i T_*)QE [I(W e W)A{Y — m(l,W)}r
Tk T

r_;:)QE [I(W € W) (1 - A){Y — m(0, W)}]2
k

1l-nm

Because the first term of var {wng(O)} does not depend on &, we obtain

I(W € Wo)A{Y —m(1, W)}]2
T

K sy 2
T
var {yP> (0)} = const. + (—k) E[
{win(0)} ; -
K 1\ 2
Tk)
+ —| E
2[5

By sequentially conditioning on A and W, it can be obtained that

I(W € W) (1 - A){Y — m(0, W)}]2
1—-n '

E{vi(W)I(W € Wy)}

s

Tk 1-nm

. i (T_k)2 [E{VO(W)I(W € Wol|

K * 2
var {yi (0)} = const. + Z (—k) [
k=1 \ Tk

k=1
where v, (W) = var(Y | W, A = a) (a = 0,1). The minimizer of var {y5,(0)}
with respect to & is thus equal to

s _ [Xio1 (73 /702 E{yi (W) LW € Wi)}]'/?
PSR G ) B (W I(W € W HY2 + (S5, (7 /1) EQvo (W) L(W € W)}/
(E[{Zio I(W € Woti [} vi(W)])H?
(EUZio [W € Wt [my2vi(W)DY2 + (B[, [(W € Wt /) 2vo(W)])Y2
[E{r(W)>vi(W)}]'/?
[E{r(W)2vi(W)HY2 + [E{r(W)2vo(W)}]1/2’

where r(W) = Zf:l I(W e W)t /7.
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(i1) Derivation of the optimal CDR design. We observe that

K *
Var{%DR(ouzz(l) [I(W € W {6(W) — A}

[I(W e W)A{Y - m(1, W)}]2
E
p(W)

[I(W € W) (1 - A){Y — m(0, W)}]
1-p(W)

K 2
-2), (T—) E ([1<w e Wo o) - o | LEEHRALS ’”“’W”’])
k=

o p(W)
K %\ 2
. 2; (%) : (“(W € Wo{s(W) - Au)] [’(W € Wk)(ll—_;()v{vﬁ ~m(0, w)}]) |

Following the same reasoning as for CIR, we obtain

K
Var{wCDR(0>}—const+Z( ) [1<Wewk>A{Y m(l, W)}]

— p(W)
‘Y (T_k) lI(W e Wk)(l —A){Y m(0, W)}]
o1 \ Tk p(W)

Minimizing var {wggR(O)} with respect to p is equivalent to minimizing

(%) viw) | vo(w)
{; () o ewk)}{pw o)

for each possible value w of W. Therefore, for each value w of W, the

minimizer of var {5, (0)} is equal to

vi(w)l/?
vi(w)1/2 + vo(w)l/2

pho (W) =
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D. Estimators

D.1. The case of transportation

(i) Under the CIR design. If the conditional outcome mean function m(a, w)
and the density ratio r(w) were known, a locally efficient estimator of A*
could be obtained by solving Z:l:l" W& (0;) = 0. The resulting “estimator”

18

o 1 Zi(L = ) Ar (W) Y, - m(1 W)}
(n") ;](1 Z)5(W;) + (") le o

o1 A Zi(1 =) (1= A)r (W) {Y; = m(0, W)}
-2, y(a—n) |

Recall that e°(w) = pr(Z =1 | W° = w) and r(w) = {pr(Z = 1)(1 -
e°(w))}/A{pr(Z = 0)e°(w)}. In practice, both e°(w) and m(a,w) are un-
known and must be estimated. Suppose that parametric models are spec-
ified for the propensity score e°(w) and the outcome regression m(a,w).
Substituting the resulting estimators into the above expression yields a
plug-in estimator of A*. The final estimator of A* is doubly robust in the
sense that it is consistent if either the propensity score model or the outcome
regression model is correctly specified.

An alternative strategy estimates A* using a debiased machine learning
(DML) approach (Chernozhukov et al., 2018). Instead of imposing para-

metric model specification, the DML approach estimates the nuisance func-
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tions m(a,w) and e°(w) using a machine learning algorithm or an ensemble
of algorithms. Let m(a,w) and é°(w) denote the resulting estimators. A
cross-fitting procedure is then used to construct the estimator of A*. To im-
plement cross-fitting, we partition the combined sample from the trial and
target populations into L subsamples of approximately equal size and define
[n+n*] ={1,--- ,n+n"}. Without loss of generality, assume that the first n
observations correspond to the trial population. Let S;,i = 1,--- ,n+n*, be a
random sample from the discrete uniform distribution on [L] ={1,---, L},
and define the ¢th subsample as Iy = {i € [n+n*] : §; = €}. For each
fold ¢ € [L], estimate e°(w) using observations in the complement set
[1 : (n+ n")]\Z, yielding the estimator ¢°-9(w). Similarly, estimate
m(a,w) using the trial observations in the complement set [1 : n]\Z,, which
produces the estimator m~ (a,w). Combining the fold-specific nuisance

estimators yields the cross-fitted DML estimator of A*:

n+n*
= )T (= Z (iSO (1, W) = 0 (0, W)
i=1
£ (")) Z ZiAH{1 = &S (W) HY: — =50 (1, W)}
e (=S0(W))

(S0.1)
i=1

N n+n* Z:(1-A){1 - éo(_si)(Wi)}{Yi - m_(si)(O, Wi}

- ()7 ), (1= m)e"-5) (W) |

i=1

Under mild regularity conditions, A “t is consistent and asymptotic normal.

Furthermore, if the nuisance function estimators satisfy suitable conver-
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gence rate conditions, the estimator attains the semiparametric efficiency

bound (Chernozhukov et al.| [2018]).

(i1) Under the CDR design. Under the CDR design, analogous plug-in and
cross-fitted DML estimators for A* can be obtained by replacing the con-
stant treatment assignment probability 7 with the propensity score p(w).

The corresponding DML estimator becomes
n+n*

Aty = ()70 Y (1= Z ™S (1, W) = i~ (0, W)}
i=1

o ()] Z ZiAi{1 — e (W) Y, — 50 (1, W)}
p(Wi)e =50 (W)

i=1

o1 Zi(1 = A1 = S (W) MY, — i (50(0, W)}
- ) Z {1 - p(W))}ee=S(W;) .

i=1

D.2. The case of generalization

(i) Under the CIR design. A similar strategy applies to the generaliza-
tion setting. If the propensity score for trial participation e(w) and the
conditional outcome mean model m(a,w) were known, a locally efficient
estimator can be obtained by solving Zf\i L YER(0) = 0. The resulting

“estimator” is

ZA{Y; —m(1, W)}
ne(W;)

N N
N1 Z{m(l, W) —m(0,W)} + N! Z
i=1 i=1

N
0 Zi(1 =AY —m(0, W)}
-N ; (1-m)e(W;) ’
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In practice, the nuisance functions e(w) and m(a,w) must be estimated.
One possible approach is to specify parametric models for both functions
and substitutes the resulting estimators into the above expression to obtain
a plug-in estimator of A*. Alternatively, the DML framework can again be
used.

We first partition the sample from the target population into L sub-
samples of approximately equal size. Define [N] = {1,---, N} and generate
fold indicators S;,i = 1,---, N randomly from the uniform distribution on
[L] = {1,---,L}. The ¢th fold is Z; = {i € [N] : S; = ¢}. For each
¢ € [L], estimate the trial participation propensity score e(w) using the
observations in the complement set [1 : N]\Z, yielding é=?(w). Estimate
outcome model m(a,w) using the trial observations in the complement set
[1: n]\Z, which produces m~ (a,w). The cross-fitted DML estimator of

A* is then obtained as

ZA{Y; — =S (1, W)}
jTé_(Si) (Wl)

N N
A = N7TE Y S0 (1, W) = =S (0, W)y + N7
i=1 i=1

N . (S,
N Zi(1 = ADfY —m (50, W)}
N ; (1 —m)ée=(W;) .

(i) Under the CDR design. Under the CDR design, the construction of
plug-in and cross-fitted DML estimators are similar. Replacing the constant

treatment assignment probability 7 with the propensity score p(w) yields
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the cross-fitted DML estimator

ZA{Y; — =S (1, W)}
p(Wy)e=((W;)

N N
AR = N7 (W) = S0, W N
i=1 i=1

_ ZN] Zi(1 = A){Y; — =500, W)}

{1-p(Wi)}te~ (W)

i=1

D.3. The case of post-stratification

(i) Under the CIR design. In the case of post-stratification, estimation of

A* proceeds by first estimating the subgroup-specific treatment effects Ag.

Efficient estimation of Ay can be achieved by applying an efficient estimator

to the subgroup of trial participants with W; € ‘Wj.. Solving the estimating
P

equation X7, lﬁCISR’k(O) = 0 and substituting a model-based estimator of

m(a,w), m(a,w; ), yields the estimator

1
i (Wi € Wi)

1 € Wo) | tm(1, Wi )~ m0, wi: oy + 2L WA
i=1

(1= A){Y; = m(0, W;; B)}
1-n '

The estimator of A* is obtained by combining the subgroup-specific
estimators using the weights {7,k = 1,---,K}. Correct specification of
the outcome regression model ensures that the plug-in estimator of A* is
locally efficient. A DML estimator of A* can also be constructed by applying
a cross-fitting procedure similar to the procedures described in Sections D.1
and D.2 separately within each subgroup W;.

(ii) Under the CDR design. For the CDR design, the plug-in and DML
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estimators follow the same structure as the corresponding estimators under
the CIR design. The only modification involves replacing the constant

treatment assignment probability 7 with the propensity score p(w).
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Table S1: Additional simulation results for ATE estimation: empirical bias, standard deviation (SD), median standard error
(SE), and coverage proportion (CP).

A A:Y Ag*en A;S
Allocation Bias SD SE CP Bias SD SE CP Bias SD SE CP Bias SD SE CP
7=0.5 0.004 0.118 0.118 0.947 -0.006 0.178 0.159 0.931 -0.006 0.131 0.120 0.939 0.004 0.122 0.123 0.948

Topt = 0.693  -0.001 0.111 0.111 0.949 -0.008 0.220 0.184 0.920 0.001 0.148 0.128 0.926 0.002 0.146 0.141 0.937
ﬂ;;t ~ 0.275 -0.002 0.149 0.148 0.945 -0.003 0.166 0.158 0.940 -0.001 0.143 0.135 0.942 0.002 0.128 0.126 0.948
nfgil ~ 0.440 -0.002 0.121 0.123 0.954 0.004 0.174 0.159 0.937 -0.002 0.131 0.123 0.949 0.001 0.119 0.120 0.952
ﬂgst ~ 0.389 -0.001 0.130 0.128 0.945 -0.004 0.170 0.155 0.935 -0.002 0.134 0.123 0.945 0.004 0.118 0.120 0.957

Popt (W) 0.002 0.103 0.102 0.945 -0.004 0.157 0.146 0.936 -0.003 0.117 0.108 0.946 0.004 0.114 0.113 0.947

A: ATE in the trial population; A : estimand for transportation; Ag,,: estimand for generalization; A}

pst estimand for post-stratification.
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Table S2: Additional simulation results for LMR estimation: empirical bias, standard deviation (SD), median standard error

(SE), and coverage proportion (CP).

Alog) A;,(log) ) Ay (log)
Allocation Bias SD SE CP Bias SD SE CP Bias SD SE CP Bias SD SE CP
=05 0.001 0.217 0.216 0.950 -0.009 0.345 0.310 0.924 -0.029 0.255 0.229 0.922 -0.002 0.253 0.244 0.939
Topt & 0.684  0.005 0.210 0.209 0.948 0.012 0.344 0.317 0.934 -0.009 0.231 0.216 0.932  0.002 0.244 0.240 0.944
ﬂ(t);t ~0.584 -0.002 0.218 0.211 0.947 0.001 0.334 0.310 0.932 -0.019 0.243 0.217 0.932 -0.005 0.251 0.239 0.936
ﬂf;? ~0.725 0.002 0.211 0.210 0.953  0.017 0.343 0.323 0.938 -0.011 0.230 0.214 0.935 0.007 0.253 0.243 0.941
nfgt ~0.633 0.001 0.212 0.210 0.953 -0.005 0.339 0.310 0.934 -0.012 0.237 0.215 0.926  0.005 0.242 0.240 0.945
Dopt (W) 0.003 0.191 0.189 0.948 0.023 0.357 0.307 0.935 -0.005 0.201 0.188 0.940 0.002 0.215 0.211 0.944
pf);t(W) -0.010 0.232 0.235 0.943 -0.007 0.298 0.276 0.938 -0.015 0.214 0.205 0.944 -0.010 0.260 0.240 0.935
pr?(W) -0.004 0.200 0.197 0.947 0.005 0.315 0.279 0.935 -0.008 0.197 0.186 0.939  0.003 0.217 0.214 0.948
pf;;t(W) 0.002 0.201 0.192 0.946 0.019 0.330 0.286 0.935 -0.007 0.201 0.186 0.935 0.000 0.213 0.212 0.944

A(log): LMR in the trial population; A7 (log): estimand for transportation; Az.,(log): estimand

stratification.

for generalization; Apg(log): estimand for post-
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