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A. Proofs of Lemma 1 and Theorem 1

A.l. Proof of Lemma 1

We follow the approach of Bickel et al. (1993) to derive the efficient influence function for A*
under the randomization assumption in Section 2.1. To this end, we think of the observed
data {(W;,A;Y;),i = 1,---,n} and {(W]),i = 1,---,n"} as independent copies of {O° =
(Z,W°,A°,Y°)}, where Z is an indicator of trial participation (Z = 1 if in the trial and Z = 0
otherwise), W° = ZW + (1 - Z)W*, A° = ZA, and Y° = ZY. The joint density of O° (with respect

to some o -finite measure) is given by

foe(0) = fo(z,w,a,y) = f°(w) {1 = €*(w)} 7 [e*(w)pr(A = a|lW = w) fu(yIw)]%,

where f°(w) is the density of W° = w, e°(w) = pr(Z = 1|W° = w), and f,(y|w) is the conditional

density of (Y° =y|Z =1,W° =w,A° =a) = (Y = y|W =w, A = a). Note that no assumptions
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are imposed on the distribution of the observed data. Then we consider a regular parametric

submodel
Fow; 0){1 = e°(w;0)} " {e°(w; 0)pr(A = alW = w) fa(yIw; 0)}°,

which is equal to the true distribution when 6 = 6. The corresponding score for 6 at 6 is derived

as

So° (0; 90) = S0° (Z’ w,a,y, 90)

é°(w; 6){z — e°(w,6o)}
e®(w, 60){1 —e°(w, 69)}

where s°(w, 0) = dlog f°(w;0)/00, s,(y|w;8) = dlog f,(y|w;0)/06 (a =0, 1), and €°(w; ) =

=s5°(w, 6p) + + zas(y|w; 0o) + z(1 = a)so(y|w; 6o),

de®(w;0)/06. Based on this, the tangent space for the nonparametric model for O is given by
Teox = 1b1(W) + ba(w){z = * (W)} + zahi (y|w) + z(1 = a)ho(yIw)},

where b(w) is an arbitrary function such that E{b;(W°)} = 0 and var{b;(W°)} < oo, by(w)
is an arbitrary function such that var{b,(W°)} < oo, h,(y|w)(a = 0, 1) satisfies the constraint
E{h,(Y|W)|A =a,W =w} =0 for all w.

Under the above parametric submodel, we can write the estimand A* as a functional of fp-:

Ty AW 0) = folylw; 6)}{1 = e°(w; )} f°(w; Q)dydw
/{1 —e°(w;0)}f°(w;0)dw

A*(§) =

which implies that A* is pathwise differentiable. It follows that

AN (@) _ [ y{s1(ylw; 60) f1 (yIw; 80) = s0(yIw; 00) fo(ylws; 00) H1 — e (w; 00)} £° (w3 Bp)dydw
96 lo=0, {1 = e°(w;00)}f°(w; 0p)dw
~ [ {1 (Iw:80) = fo(ylw; 00) }é® (w; 60) f°(w o) dydw
[{1 = e°(w;60)} fo(w; o) dw
// Y{i(ylws6o) = fo(ylw; 80) H1 — (w3 80) }s°(w; 00) £ (w3 60)dydw
[{1 = e°(w;60)} fo(w: o) dw
fe (w3 60) f° (w3 00)dw — [{1 = e°(w;80)}s°(w; 60) f° (w; 90)dW
[{1 = e°(w;60)} fo(w: o) dw
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Define
{1-eW)OHs(W?) - A"} {6(W°) —A"HZ —e*(W°)}

¢gm(0):
-y -y
ZA{1 - W)HY —m(1,W)} B Z(1-A){l —eW)HY —m(0, W)}
(I =y)p(W)ee(W) (I =y {1 =p(W)}e(W)
(1=-2){o(W°) =A"} ZA{l-e*W)HY —m(1,W)}
= +
I-y (1 =y)p(W)e(W)

Z(1-A){l-e°(W)HY —m(0,W)}
- (1= ){1 = p(W)}e(W)
_ 1 =D{W) - A} ZArW{Y —m(1LW)} _ Z(1 = A)r(W){Y —m(0, W)}
1—vy yp(W) y{l - p(W)} ’

where y = feo(w)f"(w)dw =pr(Z =1), m(a,w) = EY|A =a,W =w), é(w) = m(l,w) —

m(0,w), p(w) = pr(A = 1|W = w), and r(w) is the ratio of the conditional density of (W° = w |

Z = 0) to that of (W° = w | Z = 1). Through some calculations, we can obtain that

ON*(0)
00 lo=0,

= E{y.(0)s50°(0;60)}.

This implies that % . (O) is an influence function for A*. Because 2. (O) is an element of the

tangent space I

. its projection on J.Y, is itself. Therefore, Y% (O) is the efficient influence

function for A* in the nonparametric model.

A.2. Proof of Theorem 1

(i) Derivation of the optimal CIR design. Since E{y/ (O)} = 0, the variance of ¥/ (O) is equal to

CIR CIR

var{y%, (0)} = E{y.(0)}?

. [<1 - 2){5(W") - A }] . [ZAr<W>{Y —m(l,W)}]
1-vy ym
2
+E[Z(1—A)r(W){Y—m(O,W)}] .

y{1 -n}

By conditioning on Z, we have

- ZAr(W){Y —m(1, W)}]2 5 [A{r(W)}z{Y —m(1,W)}?

Z = l]pr(Z: ).
ZL

,},27(2
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Further conditioning on W and A yields

[AF(W)z{Y - m(1,W)}?
E
V22

2|

WE [A{Y = m(1,W)}?|Z = LW])

r(W)?
=k (W

_k {r(W)%(W)},

yn

E[A{Y -m(1,W)}*|Z=1,W,A=1]pr(A=1]|Z = 1,W))

where v (W) = var{Y|W, A = 1}. Analogously, we can obtain that

. [2(1 — A)r(W){Y = m(0, W)}]2 ~ {r(W)zvo(W)
y{l - n} -

where vo(W) = var{Y|W,A = 0}. Note that E[(1 — Z){6(W°) = A*}]? does not depend on 7.

}pr(Z =1).

Then we can write

pr(f—;l)E {r(W)2v (W)} +

tr

var{ys. (0)} = const. + pr(Zz = 1; {r(w)?vo(W)},

(1 —-m)y
where “const.” represents a quantity that does not depend on 7. It is easy to see that the preceding
display is minimized by setting 7 equal to

v [E{r(W)?v;(W)}]'/?

Topt = TE(r (W)2v1 (W)H /2 + [E{r(W)2vo(W) 12

(ii) Derivation of the optimal CDR design. Recall that

(1 =2Z2){6(W*) — A*} N ZAr(W){Y —m(1,W)} B Z(1-=A)yr(W){Y —m(0,W)}
-y yp(W) y{l - p(W)}

o< (0) is equal to

Wéﬁ)R(O) =

The variance of

. [ =2 {sW*) = A} _[ZAr(W{Y —m(1, W)} ]
var{y&5,,(0)) = E L ] E [ o ]

[2(1 — A)r(W){Y — m(0, W)}}2
+E .
y{l - p(W)}?

By conditioning on Z, the second term of the preceding display can be written as

ZAr(W){Y = m(1, W)}]2 _E [Ar(W)Z{Y —m(1,W)}?
yp(W) - ¥2p(W)?
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Further conditioning on W and A, we have

1Z=1

E[Ar(W)Z{Y—m(LW)}z pr(Z = 1)

y2p(W)?

2
-F (%E ALY —m(L W)}z =1, W]) pr(Z = 1)
r(W)> ,
~F (ﬁp(W)2 E[A{Y -m(LW)P|Z= LW, A=1]pr(A=1]Z = 1,W>) pr(Z = 1)

A similar argument can be used to obtain

. [2(1 — A)r(W){Y - m(0, W)}]2 & [ F(W)2vo(W)
y{1 - p(W)}? 1 - p(W)}

Because E[(1 — Z){s(W*) = A*}]*> = E [{5(W*) —A*Y|Z = 0] pr(Z = 0) is not a function of

]pr(Z =1).

p (W), we have

r(W)*vi(W)  r(W)*vo(W)

var{y/X (0)} = const. + E 2 (W) y2{1 - p(W)}

CDR

}pr(Z =1).

The variance var{y/" . (O)} is minimized by choosing p(w) to minimize

r(W)>vi(w) — r(W)?vo(w)
yip(w) yHl-p(w)}

for each possible value w of W. The minimizer is obtained as

vi(w)!/2

vi(w)l/2 +vo(w)!/2

p(t)rpt(w) =

B. Proofs of Lemma 2 and Theorem 2

B.1. Proof of Lemma 2

We use a similar strategy as in Section A to derive the efficient influence functions for A* under
CIR and CDR in the case of generalization. Let Z be the indicator of trial participation (Z = 1

if in the trial and Z = 0 otherwise). Note that W* = W if Z = 1. We view the observed data
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{(W;,A;,Y;),i =1,--- ,n} and {WJ* : Z; = 0} as independent copies of {O* = (Z, W*, A*,Y")},
where A* = ZA and Y™ = ZY.
Under CIR, the treatment assignment is independent of the baseline covariates. Hence the joint

density of O* (with respect to some o -finite measure) is given by

for(0) = fo-(z,w,a,y) = f*(W){1 = e(w)} “{e(w)pr(A = a) fu(yIW)}7,
where f*(w) is the density of W* = w, e(w) = pr(Z = 1|W* = w), and f,(y|w) is the conditional
density of (Y* = y|Z = 1,W* = w,A* =a) = (Y = y|W = w,A = a). Consider a regular

parametric submodel indexed by 6,
S w;0){1 = e(w; )} “*{e(w; 0)pr(A = a) fu(ylw; 0)},
which equals the true distribution when 6 = 6. The corresponding score for 6 at 6 is derived as

ok (0; 90) = So* (Z9 w,a,y, 90)

é(w; o) {z — e(w,60)}
e(w,80){1 —e(w,00)}
where s*(w, 0) = dlog f*(w;0)/06, s,(y|w;6) = dlog f,(y|w;08)/06 (a = 0,1), and é(w;0) =

=s"(w, 6p) + +zasi(y|lw; 6o) + z(1 — a)so(y|w; 6p),

de(w; 0)/06. Based on this, the tangent space for the nonparametric model for O is given by
T = b1(w) + ba(w){z — e(w)} + zahi (y|w) + z(1 = @) ho(y|w),

where b{(w) is an arbitrary function such that E{b;(W*)} = 0 and var{b;(W*)} < oo, by(w)
is an arbitrary function such that var{b,(W*)} < oo, h,(y|w)(a = 0, 1) satisfies the constraint
E{h,(Y|W)|A =a,W =w} =0 for all w.

Under the above parametric submodel, we can write the treatment effect as a functional of fp:

A(0) = / / VAGIW:0) = folylws )} f* (w: O)dydw.

It follows that
OA*(0)
00 lo=g,

- / / ¥{51 (1w 80) fu (v 1w 60) — s0(yw: 60) fo (¥1ws 60) . £* (ws o) dydw
+ / / AW 00) = folylws 60) s O 60) £ (ws B)dydw.
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We define

ZALY —m(1L,W*)}  Z(1 = A)Y = m(0, W)}
ne(W*) - {1 —n}e(W") ,

UEL(0) = 6(W) = A" +

where 7 = pr(A = 1), m(a,w) = E(Y|A = a,W =w), and 6(w) = m(1,w) — m(0,w). Clearly,

Y& (0) is an element of the tangent space I . It can be verified that

NG . |
00 9=06, - E{‘//CIR (O)SO*(O, 90)}

This implies that & (O) is an influence function for A*. Because the projection of & (O) on

I is itself, ySy (0) is the efficient influence function for A* in the nonparametric model.

Under CDR, the treatment depends on the covariates, i.e., pr(A =1 | W = w) = p(w). By
applying arguments analogous to those used for CIR, we derive the efficient influence function for

A" as
ZA{Y —m(1,W*)} B Z(1-A){Y —m(0,W*)}

gen _ *Y Ak
Vel O) = O =8 T W T e - p(v )

B.2. Proof of Theorem 2

(i) Derivation of the optimal CIR design. The variance of Y&, (O) is equal to

var{y£2r (0)} = var {§(W*) — A*} + var [ZA{Y -m(l, W*)}] T var [Z(l — A){Y —m(0,W")}

me(W#) {1 =n}te(W*)
+ 2cov [5(W*) - A", ZA{Yﬂ_egéj)’ W*)}]
o ar 20 =A{Y -m(0,W)}
—2cov |6(W™) = A¥, T rle() ]

By conditioning on Z, we have

var

. 2
ZA{Y_m(l,W)}] :E[ZA{Y—m(l,W)}] :E[A{Y—m(l,W)hlZ:l Sz 1)

we(W) we(W) nZe2(W)
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Further conditioning on W and A yields

. [A{Y —~ m(l,W)}2|Z _ 1]

n2e2(W)
E [A{Y -m(1,W)}?|Z = 1, W]
=k n2e2(W)
=E (WE [A{Y —-m(1,W)}*|Z=1,W,A=1]pr(A=1|Z = l,W))

_ E{ vi(W) }
ne2(W) |’

where v (W) = var{Y|W, A = 1}. It can be similarly obtained that

[Z(l—A){Y—m(O,W)}]_ [ vo(W)
ar —E(

= me(W) . n)e2<w>] pr(z =1)

where vo(W) = var{Y|W, A = 0}. It is easy to show that

cov [5(W*) A ZAY - m(l,W*)}] =0

me(W*)

and

oo -, LB =m0

{1 —n}e(W)

Note that var{6(W*) — A*} does not depend on 7. Then we can write

gen _ pr(Z=1) _(viW) | pr(Z=1) _|vo(W)
var{y S, (O)} = const. + - E [ez(W)] + - E [eZ(W)] ,

where “const.” represents a quantity that does not depend on 7. It is easy to see that the preceding
display is minimized by setting 7 equal to

& _ [E{e(W)_ZVI(W)}]l/Z
P [E{e(W)2vi(W)H 2 + [E{e(W)2vo(W)}]!/?
(E[{pr(Z = ) Je(W)}*»i(W)])'/?
(E[{pr(Z = 1)/e(W)}vi(W)])/2 + (E[{pr(Z = 1)/e(W)}?vo(W)])!/
[E{r(W)*vi(W)}]'/?
[E{r(W)2v1(W)}]1/2 + [E{r(W)?vo(W)}]1/>’

where the third equality follows from r(w) = pr(Z = 1)/e(w).
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(ii) Derivation of the optimal CDR design. The variance of &, (O) is equal to

en B . . ZA{YY —m(1,W")} Z(1-A){Y —m(0,W")}
e 0N = var (60 - v | 2 T e | EC s
. . ZA{Y —m(1,W™)}
+ 2cov [6(W ) — A", S W)e (W) ]

—2cov lé‘(W*) _ A*, Z(l B A){Y B m(o’ W*)}]

{1 -p(W")}e(W)

By conditioning on Z, W, and A successively, we obtain

ZAY -m(LWHY] ALY —=m(1L, W)} _
Var[ (W )e(W") ]‘E, anremw) - 1]pr(z‘ D
~ E [A{Y -m(1,W)}?|Z = 1, W] ~
=F PN (W) priz =1
_ 2 _ _
& E[A{Y -m(1,W)}*|Z=1,W,A =1] b(Z = 1)
p(W)e2(W)
3 vi(W) 3
| ercms 2 =
and
var Z(l—A){Y—m(O,W*)}] _ [ vo(W) ]pr(Z: N
{1 -p(W*)}e(W*) {1 = p(W)}ex(W) ’

where vo(W) = var{Y|W, A = 0}. It is easy to see that

cov [5(W*) _ A, ZA{Y_m(l’W*)}] -0

p(W*)e(W)

and

cov [5(W*) A Z(1 - A){Y —m(0, W*)}] _ 0

{L=p(W")}e(W")

Because var{§(W*) — A*} does not depend on p, we have

var{y5r(0)} = const. + pr(Z = 1) E (W) + vo(W) ] .

p(W)e*(W) {1 - p(W)}e*(W)
where “const.” represents a quantity that does not depend on p. For each possible value w of W,

the minimizer of var{yS.s (0)} with respect to p is equal to

vi(w)!/?
vi(w)12 4 vo(w)l/2

PEN () =
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C. Proofs of Lemma 3 and Theorem 3

C.1. Proof of Lemma 3

To derive the efficient influence functions of A*, we first obtain those corresponding to the subgroup-
specific treatment effects, Ay (k = 1,...,K). The observed data consist of {(W;,A;,Y;),i =
1,---,n}, which are independent copies of O = (W, A,Y). Under CIR, the joint density of O is

expressed as
Jo(0) = fo(w,a,y) = f(w)pr(A = a) fu(yw),

where f(w) is the density of W = w and f,(y|w) is the conditional density of (Y = y|W =w, A =

a). We consider a parametric submodel indexed by 6:

JS(w:0)pr(A = a) fa(ylw: 6),

which is the true distribution at 8 = 6. By taking the derivative with respect to 6, the score function

at 6y is equal to
s(0;60) = s(w,00) +asi1(y|w;6o) + (1 —a)so(y|w; o),

where s(w,8) = dlog f(w;6)/00 and s,(y|w;6) = dlog f,(y|w;8)/06 (a = 0,1). The tangent

space for the nonparametric model for O is thus defined as
Ten = {b1(w) + ahi (ylw) + (1 = a)ho(y|w)},

where b (w) is an arbitrary function such that E{b;(W)} = 0 and h,(y|w)(a = 0, 1) satisfies the
constraint E{h,(Y|W)|A = a,W = w} =0 for all w.

Under the above parametric submodel, we have

[ y{fiGIw;0) = folylw; 0)} f(w; 0)I(w € Wy)dydw
/f(w;@)l(w € Wi)dw '

Ap(0) =
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and

aAk(G)l ~ [[ y{s1(Iw; 00) f1(yIw; 80) = so(yIw; 80) fo(ylw: 80)}f (w; 00) I (w € Wi)dydw
a9 =" [ F(w;60)1(w € Wy)dw
ff Y{filylw; 8o) = fo(ylw; 60) }s(ws 60) f (w3 80) I (w € Wi)dydw
ff(w 00)I(w € Wy)dw
[ s(w;60)f (w3 60)1(w € Wi)dw
— Ar(6o) :
[ fw:00)I(w € Wy)dw
Let
l//(}:)ISR’k(O) _ I(W e W){6(W) — A} N I(W e W)A{Y —m(1,W)}
Tk T
I(W € W) (1 = A){Y = m(0, W)}
- {1 -n}rx ’

where 7; = ff(w)l(w € Wi)dw = pr(W € Wj). Itis evident that ¢ , (O) belongs to the

tangent space J. Moreover, we find that

0N, (0)
06

lo=60 = E{W  (0)5(03 60)}.

These two observations together suggest that wgsk . (0) is the efficient influence function for Ay in

the nonparametric model. The efficient influence function for A* is therefore obtained as

(W e W), A{Y =m(1,W)} (1 =A){Y —m(0,W)}
CIR(O) Z -k [{5(W) - Ak} + - 1 s
=1 Tk -7
where 77 (k = 1,. .., K) are known weights for the subgroups ‘W in the target population.

Under CDR, the efficient influence function for A* can be derived by replacing 7 with p(w) =

pr(A =1| W =w) for rin ¢, (0), that is,

Ui (0) = Z

k=1

AY - m(1I,W)} (1 -A){Y —m(0,W)}

OV = A+ = = 1= pw)

I(WE(Wk)TZ [

C.2. Proof of Theorem 3

(i) Derivation of the optimal CIR design. The variance of y/5, (0) is equal to

var {yfh(0)} = Z(rk)zvar{w (O}

S11



Note that

E ([I(W e Wots(w) - ay] |1 WHAiY - m(l,wn])

. (I(W € (Wk)ié(W) — Ak} E[{Y -m(1,W)} | A =1, W])

pr(A =1)
=0,

and

E ([I(W e W sw) - ay) [ LV WA 1—_A7)T{Y - m(0, W)}D

_ E(I(W € WLS(W) - A}

1 —x E[{Y—m(O,W)}|A:0,W])pr(A:0)

=0.
Then we have

*

T

2
) E[I(W € W){s(W) — A}

K
(o0} = 3|

=1 \Tk

. ZK: (T_k)zE [I(W e W) A{Y - m(l,W)}r

T

-
+Z(€) [I(Wewk)(l—A){Y m(0, W)}]

1-nm

Because the first term of var {ng;(O)} does not depend on 7, we obtain

I(W € W)ALY —m(l, W)}]2
T

K w1\ 2
var {y2 (0)} = const. + kzz; (:—i) E [

K s\ 2 2
+;(:_,;) B I(Wewk)(l—A){Y—m(o,W)}] |

l-nm
By sequentially conditioning on A and W, it can be obtained that

m X 1-m

K w1y 2
var {yP(0)} = const. + Z ( ) [E{VI(W)I(W € W)} + Z (T_k) [E{VO(W)I(W € (Wk)}:| ’
=1
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where v, (W) = var(Y | W, A = a) (a = 0,1). The minimizer of var {1//3&(0)} with respect to &
is thus equal to

s (X5 (70 /T * ELor (W) I(W € W)}/
PR () B (W) LW € W) HY2 + [ K (17 /1) 2 E{vo (W) (W € W) }]1/2
B (E{Z5_, I(W € WOt [t} vi(W)])!/?
(BHZE, IW e Wi /u2vi(W)D)12 + (BI{ZE, I(W € W)t} /1}2v0(W)])1/2
_ [E{r(W)2v;(W)}]"/2
[E{r(W)2vi(W)}]'/2 + [E{r(W)2vo(W)}]'/?’

where r(W) = Y5_ I(W € W)t} /7.

(ii) Derivation of the optimal CDR design. We observe that

var {83, (0)} = Z( ) [H(W € W) {5(W) ~ Ay

N ( ,’:) [I(W € (Wk)A{Y—m(l,W)}r
=\ Tk p(W)
& (T I(W e W) (1 = A){Y —m(0,W)}]?
+; (_) [ = p(W) ]
K\ I(W € Wo)ALY —m(1, W)}
2;(T ) ( I(W € W s(W) — Ag)] [ o ])
Kty I(W € W) (1 — A){Y —m(0, W)}
2;( ) ( 1 e T = Al [ = p(W) ])
Following the same reasoning as for CIR, we obtain
var {y25.(0)} = const. + Z ( ) [I(W < (Wk);({‘;//) m(l, W)}]
Kt [I(W € W) (1 = A){Y — m(0, W)}
k k
"2 (6) [ = p(W) ]

Minimizing var {wgiR( 0)} with respect to p is equivalent to minimizing

K P 2
; i) vo(w)
{Z (7) fove Wk)}{p<w> " 1—p<w>}’

k=1

for each possible value w of W. Therefore, for each value w of W, the minimizer of var {wESR(O)}
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is equal to

vi(w)l/?

vi(w)12 +vo(w)!/2

Pop(W) =

D. Estimators

D.1. The case of transportation

(i) Under the CIR design. If the conditional outcome mean function m(a, w) and the density ratio
r(w) were known, a locally efficient estimator of A* could be obtained by solving l”:*l” T (0)) =

0. The resulting “estimator’ is

(n*)™! Z (1= Z)6(W)) + (n)"! Z 4l - Y)A"r(ujzr{y" —m(l, Wi))
i=1 i=1

o1 Zi(1 =) (1= A)r(W) Y — m(0, W)}
— ()" ; 0= :

Recall that e°(w) = pr(Z = 1 | W° = w) and r(w) = {pr(Z = 1)(1 — e°(w))}/{pr(Z =
0)e°(w)}. In practice, both e°(w) and m(a,w) are unknown and must be estimated. Suppose
that parametric models are specified for the propensity score ¢°(w) and the outcome regression
m(a,w). Substituting the resulting estimators into the above expression yields a plug-in estimator
of A*. The final estimator of A* is doubly robust in the sense that it is consistent if either the
propensity score model or the outcome regression model is correctly specified.

An alternative strategy estimates A* using a debiased machine learning (DML) approach (Cher-
nozhukov et al., 2018). Instead of imposing parametric model specification, the DML approach
estimates the nuisance functions m(a,w) and e°(w) using a machine learning algorithm or an
ensemble of algorithms. Let ri1(a, w) and é°(w) denote the resulting estimators. A cross-fitting
procedure is then used to construct the estimator of A*. To implement cross-fitting, we partition
the combined sample from the trial and target populations into L subsamples of approximately

equal size and define [n + n*] = {1,--- ,n + n*}. Without loss of generality, assume that the first
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n observations correspond to the trial population. Let S;,i = 1,---,n + n*, be a random sam-
ple from the discrete uniform distribution on [L] = {1,---, L}, and define the £th subsample as
Iy ={i € [n+n*]:S; =¢}. Foreach fold £ € [L], estimate ¢°(w) using observations in the com-
plement set [1 : (n + n*)]\Z, yielding the estimator ¢°- (w). Similarly, estimate m(a, w) using
the trial observations in the complement set [1 : n]\Z;, which produces the estimator 77~ (a, w).

Combining the fold-specific nuisance estimators yields the cross-fitted DML estimator of A™:

n+n*

Act = ()7 " (1= Z) =50 (1, W) = =590, W)}

i=1

- () Z ZiAi{1 = &S (W) HY; — 50 (1, W)}
me°=S) (W)

(S1)
i=1

o Zi(1 = A{1 = &S (W) HY: — 5D (0, W)}
-] (1= m)e-5) (W) '

i=1

A #tr

Under mild regularity conditions, A’y

is consistent and asymptotic normal. Furthermore, if the
nuisance function estimators satisfy suitable convergence rate conditions, the estimator attains the

semiparametric efficiency bound (Chernozhukov et al., 2018).

(ii) Under the CDR design. Under the CDR design, analogous plug-in and cross-fitted DML
estimators for A* can be obtained by replacing the constant treatment assignment probability 7 with

the propensity score p(w). The corresponding DML estimator becomes

n+n*

A = (n*)7! Z (1= Z){m= (1, W) - m~50(0, Wi}
i=1

DR

+ (! Z ZiA{1 = &S W) HY; — im0 (1, W)}

- p(W) &5 (W,)

eyt 3 AU AN ST (1 0. W)

- (1= p(W}eeSo (W)

D.2. The case of generalization
(i) Under the CIR design. A similar strategy applies to the generalization setting. If the propensity
score for trial participation e(w) and the conditional outcome mean model m(a, w) were known, a
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locally efficient estimator can be obtained by solving va YEY(0;) = 0. The resulting “estimator”

is

 Ziilti = mL W)}y 5 4L A =m0, W),

N
-1 * * -1
N ;{m(l,w,-)—mw,wn}ﬂv Z‘ A > T meti

In practice, the nuisance functions e(w) and m(a, w) must be estimated. One possible approach
is to specify parametric models for both functions and substitutes the resulting estimators into the
above expression to obtain a plug-in estimator of A*. Alternatively, the DML framework can again
be used.

We first partition the sample from the target population into L subsamples of approximately
equal size. Define [N] = {1,---, N} and generate fold indicators S;,i = 1,--- , N randomly from
the uniform distribution on [L] = {1,---,L}. The ¢th fold is I = {i € [N] : S; = {}. For
each ¢ € [L], estimate the trial participation propensity score e(w) using the observations in the
complement set [1 : N]\Z, yielding -9 (w). Estimate outcome model m(a, w) using the trial
observations in the complement set [1 : n]\Z, which produces 77~¥ (a, w). The cross-fitted DML

estimator of A* is then obtained as

N
Aci™ = N71 D SO (1, W) — =59 (0, W)}

N ZN: ZA{Y, — =0 (L W)} i Zi(1 = Ap{Y; = =0 (0, W)}
mé=S) (W) (1 —m)é=S)(W;) '

(ii) Under the CDR design. Under the CDR design, the construction of plug-in and cross-fitted
DML estimators are similar. Replacing the constant treatment assignment probability 7 with the

propensity score p(w) yields the cross-fitted DML estimator

Acte = N° 1Z{m'<5>(1 i) = iS00, W)}

AN Z ZALY, (LW} i Zi(1 = Ap{Y; -5 (0, W)}

o p(Wi)e= S (W) {1 = p(W)}é~BSo(Wy)

S16



D.3. The case of post-stratification

(i) Under the CIR design. In the case of post-stratification, estimation of A* proceeds by first
estimating the subgroup-specific treatment effects Ay. Efficient estimation of Ay can be achieved
by applying an efficient estimator to the subgroup of trial participants with W; € ‘W;. Solving

the estimating equation 37| ¥ (0) = 0 and substituting a model-based estimator of m(a, w),

CIR,k

m(a,w; f), yields the estimator

1
?:1 I(W; € W)

Wi € Wo) | tm(1. Wz )~ m(0. W py) + AT L VEP)
i=1

_ (=AY —mO, Wi P}

1-nm

The estimator of A* is obtained by combining the subgroup-specific estimators using the weights
{ri,k =1,---,K}. Correct specification of the outcome regression model ensures that the plug-in
estimator of A* is locally efficient. A DML estimator of A* can also be constructed by applying
a cross-fitting procedure similar to the procedures described in Sections D.1 and D.2 separately
within each subgroup W.

(ii) Under the CDR design. For the CDR design, the plug-in and DML estimators follow the same
structure as the corresponding estimators under the CIR design. The only modification involves

replacing the constant treatment assignment probability 7 with the propensity score p(w).
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