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S1 Preliminaries

We begin by providing some preliminary results. First, in Section S1.1, we intro-
duce convergence concepts in conditional probability and conditional distribution; this
helps deriving wild bootstrap consistency. Next, theoretical conditions are discussed in
Section S1.2, while main differences from the paired bootstrap results by Yeon et al.
(2024a) are given in Section S1.3. Simplified conditions under polynomial decay rates
are provided in Section S1.4. In what follows, for brevity, we may not specifically add

the citation of the main paper as Yeon et al. (2025).

S1.1 Convergences in conditional probability

When establishing bootstrap theory, we need to handle convergences in conditional
probability distribution with respect to P(:|X,, V., Xo) or P(:|X,,V,). Yeon et al.
(2024a) develop a version of such conditional probability theory for the ease of the
proofs in their supplement Yeon et al. (2024b); computation properties between these
convergent terms in conditional probability hold in a way similar to those in original
probability. We will follow the framework therein.

To set up the convergence notions in conditional probability, let {A*} denote a
sequence of random variables, where A% follows conditional probability P* = P(-|F,)
depending on the sub o-field F,, for each n € N, and {a,} be a sequence of positive

real numbers. Next, let F, be the conditional distribution function of A* defined as
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A

F,(x) =P*(A; <x) for x € R. Also, A represents a (real-world) random variable with
distribution function F', i.e., F'(z) = P(A < z) for x € R, where F' does not depend on

any sub o-field F,,. Finally, C'r denotes the set of all continuity points of F'.
Definition S1 (Big O and little o in conditional distribution).

(a) We say that {A%/a,} is bounded in conditional probability, denoted as A =

Op* (a,n), if

Vk >0, lim limsup P(P*(|A} /a,| > M) > k) =0

1
M—o00  pseo

(b) We say that {A’/a,} converges to zero in conditional probability, denoted as

Ar = op«(ay), if

Vk,n >0, limsupP(P*(|A}/a,| >n) > k) =0.

n—o0

Definition S2 (Weak convergences in conditional distribution).

(a) The sequence { A’} (pointwise) converges to A in conditional distribution, denoted

as A¥ &5 A, if for each x € Ch, E,(z) 5 F(x), ie.,

Vi > 0,2 € Cp, limsupP(|F,(z) — F(z)| > k) = 0.

n—oo

(b) The sequence {A}} uniformly converges to A in bootstrap distribution in weak

sense, if

Ve >0, limsup sup P(|F,(z) — F(z)| > &) = 0.

n—oo zeCp



Hyemin Yeon, Xiongtao Dai, and Daniel Nordman

(¢) The sequence {A*} uniformly converges to A in bootstrap distribution in strong
sense, if

sup |F,(z) — F(z)] & 0.

zeCp

The computational properties between convergent terms in original probability
mostly hold for convergent quantities in conditional probability (Yeon et al., 2024a).

In what follows, we frequently use these results without mentioning any reference.

S1.2 Technical assumptions

We below list the technical assumptions for establishing the consistency of the WB
distributional approximation, in addition to the following fundamental identifiability

condition:
(AO) kerI' = {0}, where kerI' = {x € H: T'x = 0}.

Similar conditions arise for paired bootstrap (cf. Yeon et al., 2024a). To briefly ex-
plain, the first four conditions (A1)-(A4) on the regressors are common in the FPCR
literature for providing the consistency of the FPCR estimator Bhn in (2.4); the next
four conditions B(u), (S), (C), (D) are needed to derive the central limit theorems for
the statistical quantities in (2.7) (cf. Yeon et al., 2024a); and the last two conditions

(W1)-(W2) are mild assumptions on the multipliers for defining WB errors.

(A1) sup;ery; "E[(X — E[X], ¢;)] < oo;
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(A2) 7, is a convex positive function of j if j > J for some large integer J > 1;

(A3) sup,ey ;7 log j < oo;

(A4) bt +n"2h2logh, +nt 2?21 6;% — 0 as n — oo, where {0;}32, is the sequence
of eigengaps defined as §; = v — 1 and ¢; = min{~y; — 7,41, 7;-1 — 7, } for integer

J =2

B(u) sup;ey i~ 'm(j, u)(B, ¢;)* < oo, where m(j,u) = max{j*,>/_, 6, *} is a function

of integer j > 1 for a generic constant u > 0;

(S) hpsn, (Xo)™t = Op(1);

(C) there exists 0 € (0,2] such that sup,cy )\;(2+5)/2E[]<X5,¢j>|2+5] < 00, where
(Aj,1;) is the j-th eigenvalue-eigenfunction pair of A;

(D) supex 7 |AV245 2 < cc.

(R) 7 = limy, 500 hn/gn > 1.

(L) for 6 € (0,2] in Condition (C), it holds that E[|| X ||***] < o0,

n=9/2p))/ Z?il )\;(2+6)/2 = O(1) (which implies n=8/2pFT2 o(1)).
(W1) the multipliers W,, = {W;}; are independent copies of W with E[W] = 0 and
E[W?] = 1 and independent of the data sample {(X;, Y;)}";

(W2) for 6 € (0,2] in Condition (C), it holds that E[|[W|**] < oo.
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We discuss these technical assumptions in greater detail.

Conditions (A1)-(A4) are assumed on the regressor X, which are common in the
functional principal component regression (FPCR) literature. Condition (A1) implies
that the regressor X has finite fourth moment, while Conditions (A2)-(A4) are related
to the decay behavior of eigenvalues {7;}32, and eigengaps {d,}52,. The latter three
conditions are mild and imposed to prove the propositions involving perturbation theory
for functional data, though these conditions can be relaxed. See also Remarks 1-2 of
Cardot et al. (2007) for discussion on Conditions (A1)-(A2). In the functional linear
regression model (FLRM) literature, it is common that to assume Conditions (A1)-(A4)
along with the model identifiability condition (A0) (Cardot et al., 2007, Khademnoe and
Hosseini-Nasab, 016a, Yeon et al., 2023, 2024a) or even stronger moment assumptions
about X for ease of exposition, such as polynomial decay rates on {v;}52, or {d;}32,
(Cai and Hall, 2006, Crambes and Mas, 2013, Hall and Horowitz, 2007, Imaizumi and
Kato, 2018, Khademnoe and Hosseini-Nasab, 016b, Lei, 2014).

We impose Condition B(u) for balancing the decay rates of eigengaps {d;}32, and
the Fourier coefficients {(3, ¢;)}32, of the slope function 3. Such conditions are com-
monly assumed to eliminate a non-random form of bias due to truncation in FPCR
estimators (cf. Cardot et al., 2007, Crambes and Mas, 2013); further literature also
considers a balancing condition, similar to B(u), upon further supposing polynomial

decay rates for {0;}32, and {(8,#;)}52, (cf. Hall and Horowitz, 2007, Imaizumi and
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Kato, 2018, Khademnoe and Hosseini-Nasab, 016a, Lin and Lin, 2025).

Conditions (S), (C), (D) are further required, especially for a central limit theorem
(CLT) under heteroscedasticity. Condition (S) provides an asymptotic lower bound
for the scaling s, (Xo), which is a mild assumption; see Yeon et al. (2023) for further
motivation and discussion with its heteroscedastic version. Condition (C) ensures a
finite (249)-th moment of the product X e, which is also sufficient for the existence of the
covariance operator A = E[(X¢)®?]. Condition (D) is required for the heteroscedastic
case due to the occurrence of two different operators I' and A; this assumption balances
the decay rates of {7;}32, and {(A¢;, ¢;)}52;.

In regression problems, it is common for bootstrap procedures to involve additional
tuning parameters (bandwidths or truncation levels) (Ferraty et al., 2010, Franke and
Hardle, 1992, Gonzalez-Manteiga and Martinez-Calvo, 2011, Yeon et al., 2023, 2024a),
which holds also with FLRMs here. In addition to the truncation h, defining the
original FPCR estimator (3, from data in (2.7) of the main paper, akin to the residual
bootstrap by Yeon et al. (2023) and paired bootstrap by Yeon et al. (2024a), the
proposed wild bootstrap method involves a further bootstrap-level truncation g,, which
is used to construct a FPCR estimator Bgn = f;ﬂlAn for purposes of playing the role
of the true parameter in the bootstrap world. It is possible to choose the tuning
parameter g, to be h,, (so that the original FPCR estimator Bhn is used to mimic the true

parameter in bootstrap), though more flexibility in bootstrap performance is possible
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by considering a bootstrap-level tuning parameter g, separately from the truncation h,,
of the original-data statistic Bhn- Generally, this bootstrap-level truncation g, should
satisfy the truncation Condition (A4) in order for Bgn to be a consistent estimator of
the true slope 8 and, further, g, should not be smaller than h,,. The latter aspect is also
common in bootstrap (Ferraty et al., 2010, Franke and Hardle, 1992, Gonzalez-Manteiga
and Martinez-Calvo, 2011, Yeon et al., 2023, 2024a). Namely, for valid bootstrap
approximations, we require the original-data h, and bootstrap-level truncations g,
to satisfy the relative growth condition, as given in Condition (R). Indeed, Yeon et al.
(2024a) have shown that, if Condition (R) is not satisfied (i.e., 7 € (0, 1)), there can arise
cases where Bgn fails to serve as an adequate bootstrap version of g and, consequently,
all bootstrap methods can become invalid (cf. Proposition 2 therein).

Lastly, the wild bootstrap method, as well as the paired bootstrap by Yeon et al.
(2024a), require one further condition to deal with heteroscedastic errors: Condi-
tion (L). This condition is technical, though fairly mild, and used for verifying dis-
tributional convergence of bootstrap (cf. Yeon et al., 2024a).

For completeness, we leave the central limit theorem for mean response under het-

eroscedasticity, provided by Yeon et al. (2024a).

Theorem S1 (Yeon et al., 2024a, Theorem 1). Suppose that Conditions (A1)-(A4),
(S), (C), (D) (including Condition (A4) for k, ) hold along with and Condition B(u) for

some u > 7. We further suppose that n=2h}/*(ogh,)* = o(1) and n = O(m(hy,u))
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hold. Then, as n — oo, we have

sup
yEeR

p ( m{ﬂhn(Xo) - ,u(Xo)}|Xo) - <I>(y)' =0,

where 1w(Xo) and [1(Xo) are the true and estimated mean responses respectively defined
in Equations (2.5) and (2.6) of the main paper, and ® stands for the standard normal

distribution function.

S1.3 Technical differences between our WB consistency theorem and the

PB consistency result of Yeon et al. (2024a)

As suggested by the reviewers, we contrast proofs behind the WB and PB consistency
results, which arise from the aforementioned differences between resampling mecha-
nisms.

Regarding the WB bias term related to U} in Equation (S2.4) of the supplement
(see Proposition S1 there), we directly obtain a specific rate for [|(z] — I')~Y2U%||
(Lemmas S5-S6 in the supplement). Due to dependence of the distribution ef on
residuals, we need such a careful treatment for the term U?. In contrast, for a similar PB
bias term, Yeon et al. (2024b, Lemma S37) simply applies inequality || (21 —T)~Y2U7|| <
(21 —=T)~2|| . ||U*|| to bound it, which could arise from its fully nonparametric nature.
See sufficient conditions for Proposition S1 in the supplement and Yeon et al. (2024b,
Proposition S8) for comparison between them.

This bias term shows another important difference. For the WB bias term, the
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consistency for Bkn is required, because the resampling scheme is based on the residuals
Eik, =Yi—Y — <Bk7 X;—X), where Y =n~'>"  Viand X =n~'>"" | X;. However,
for the PB bias term, the truncation k,, is not involved at all, but rather the consistency
for Bgn plays a more crucial role.

Regarding variance term, which is also related to U}, the derivation of the Lya-
pounov condition is more involved to separate the important term E*[||A;n1/ 2 X er |2
into other specific forms. Specifically, different types of Jensen’s inequality are used
multiple times. This is again because of its resampling nature depending on the residu-
als; see the proof of Proposition S2 in the supplement. In contrast, for the PB case, the
corresponding term E* [||A;:/2Xi5;gn 1>*°], e.g., Equation (40) in the proof of Yeon et al.

(2024a, Proposition 4), can be decomposed by using Jensen’s inequality only once.

S1.4 Truncation interpretation

For easier interpretation of the bootstrap results in Theorem 1, it can be helpful to recast

the technical conditions involved in terms of more specific decay rates for eigengaps

b

—a with some constants a > 2 and b > 1 with

d; = j~* and projections [(5,¢;)| < j~
a+2 < 2b (implying b > 2). Similar polynomial decay assumptions are common in the
literature (cf. Imaizumi and Kato, 2018, Khademnoe and Hosseini-Nasab, 016a,b, Lei,

2014, Lin and Lin, 2025) and permit conditions related to eigengaps {J;}32,, eigenvalues

{73521, and the slope function 3 to be translated to conditions about a and b. In
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particular, this approach has also been used to characterize the optimal truncation h,,
in order for minimizing the mean-squared errors of a FPCR estimator Bhn (Hall and
Horowitz, 2007) or its projection (B, Xo — E[X]) (Cai and Hall, 2006), which allows
an understanding of how truncations h,, for bootstrap compare relatively in FLRMs.
In terms of polynomial decay assumptions, the conclusions of Theorem 1 remain
valid if we replace “Conditions (A2)-(A4), (A4) for gn, kn, ho' + n~ Y20/ (log h,)? =
o(1), and n = O(m(h,,u)) with Condition B(u) for some u > 77 by the following

simpler conditions (P1)-(P3) for the truncation levels k,, h,, and g,:

(P1) k,, — oo with k* = O(n) for some vy > 2a + 1;

(P2) g, — oo with g,* = O(n) for some v, > 2a + 1;

(P3) n < hY for some v € (max{7,(2a +1)},a+ 2b —1).

The previous work by Yeon et al. (2023) contains a formal statement on the residual
bootstrap consistency under such polynomial decay rates, and the same argument ex-
tends to the wild bootstrap method. As an example, with a = 2.5 and b = 3, the growth
rate h, =< n'/® is one sufficient condition in order for each bootstrap approximation to

be valid.
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S2 Technical details for multiplier wild bootstrap

This section treats the asymptotic properties of the wild bootstrap (WB) estimator B;‘Ln
given in Theorem 1 in the main paper. We follow the same notation as there. The

bootstrap consistency result in Theorem 1 is based on the following decompositions:

Bn, = B = (3.} = T U+ Ty U + (T, = T, )8 + i, 5 = 5, (52.1)
B;:n - Bgn = (f‘f:nl - F,::)U; + F;nlU’;Lk + ﬂhnﬁgn - Bgu’ (82-2)
where I';! = ]”1 ; gb =y Ay QS?Q are the pseudo-inverses of the covari-

ance operators I' and f‘n, respectively; Il = Z?;l qb;@, f[hn = 2?21 ¢f§§’2 are the pro-
jection operators onto the linear spaces spanned by the first h,, eigenfunctions {¢; ?Ql

and {gzgj}?gl, respectively; and

n

Un = n_l Z(Xl — X)(&l — 6_) = n_l Zngl — Xé_, (823)
i=1 ‘

U;En’IZ(Xi—X)(e —&)=n" ZX& .G (52.4)
i=1

are the cross-covariance functions between {X;}! ; and either errors {e;}, or {ef}1,
with X = n 'S0 X;, £ = n~' 320 & Here, (75, 9;) and (5, ¢;) again denote the
j-th eigenvalue-eigenfunction pair of the covariance operators I' and fn, respectively,
and for z € H, 2%? = 2 ® x denotes the squared tensor product of . The non-random

bias f[hn Bgn — Bgn in the bootstrap world is further decomposed as

ﬂhnﬁgn — Bgn = (1T, — Iy, + 1T, — [)Bgn
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= (I, — s,) (By, — B) + (I, —101,,)3

+ (I, — 1) (By, — B) + (I, — I)8. (S2.5)

Under heteroscedasticity, Yeon et al. (2024a) develop and prove a CLT for projection
estimator based on the decomposition (S2.1) and the convergence to zero of the last
term in (S2.2). It hence suffices to derive the convergences of only the first two terms
in (S2.2).

We start with reviewing the concepts of convergences in conditional probability to
handle bootstrap terms and perturbation theory for calculus between operators on an
infinite dimensional space in Section S2.1. The consistency of the WB estimator B;‘Ln
is next provided in Section S2.2. In the remaining sections, we study the convergence
results for proving Theorem 1 in the main paper, where the convergences of WB bias,
variance, and scaling terms are respectively given in Sections S2.3, S2.4, and S2.5.

In what follows, we assume that both response and regressor have zero mean, i.e.,
E[Y] = 0 and E[X] = 0, implying « = 0, unless otherwise stated. We will discuss why

such zero-mean condition is reasonable later when we prove the main theorems.

S2.1 Perturbation theory

Convergence results in functional data analysis heavily depend on the so-called per-
turbation theory or functional calculus. In perturbation theory, we study how small

perturbation causes difference in operators. For general introduction, we refer to (Dun-
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ford and Schwartz, 1988, Chapter VII), (Gohberg et al., 1990, Chapter I), or (Hsing
and Eubank, 2015, Chapter 5). See also Cardot et al. (2007), Yeon et al. (2023, 2024a)
for related theoretical developments.

To describe the results from perturbation theory, we define the contour integral for
functions taking operators as their values. Let B; = {z € C: |z — ;| < 0,/2} be the
oriented circle in the complex plane C and set Cp,, = U?;l B; their union. We learn

from functional calculus for bounded linear operators that
(21 —T)7" 2.
hn = 5 Z / 2 dz, (52.6)
—1
=g Z / Y(2I —T)7dz, (S2.7)

where I, = Z?;l gbﬁw denotes the projection operator onto the space spanned by first

h,, eigenfunctions {¢]} », of I'and I'; ! is a finite approximation of I'~* = =) 1%,

The sample counterparts ﬂhn and IA“,;} are similary defined from the sample covariance
operator I, with the corresponding random contours B; = {z € C : |z — 4, < §,/2}

and éhn = U?Zl Bj. For further purposes, we use the following notations:

Gn(2) = (2I =T) V3T, = D) (2] —T)" V2
Ko(2) = (21 =T)Y2(2I = T,) "' (21 = TV,
= ([[Gn(2)|loc < 1/2,Vz € B;);

Ahn = {Vj c {1,...,hn}, H/] —’}/j’ < (SJ/Q}
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The key lemmas related to these notations are provided below; the proofs are found in

Cardot et al. (2007), Yeon et al. (2023, 2024a).

Lemma S1 (Second resolvent identity). The difference between the resolvents of T,
and I' can be written as

(21 =T, ' = (I =D) ' = (2] =T,) ' (T —D)(2] =)}

~

= (2 =) YD, =) (21 = T,)7 Y,

and hence,

A

(21 =T,) 7 = (2 =T)7' = (2] =T) V2K, (2)Go(2) (21 —T)~Y2,

Lemma S2. Suppose that vy; is a convex function of j at least for sufficiently large
J. Also, suppose that sup,cy E[&;‘] < 00. Then, for sufficiently large j, we have the

following.
(a) E [sup.cs, ||Gn(z)||§o] < On(jlog )
(b) E [sup.cg, [[(o7 = T)2X[*] < Cjlog;

(c) E -Supzij |(z1 — F)*l/zXHﬂ < C(jlogj)?; and

(d) E :supzegj |(z1 — F)_l/ZUnH2] < Cn7é;t
Lemma S3. Suppose the same assumptions of Lemma S2. Then, we have that

sup || Kn(2)|lsclle; <2 almost surely
ZGBJ'
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and P(E5) < Cn~Y%jlog j, where the latter implies that for any non-negative quantity

Q; (that can be either random or fized quantities and can depend on n or not), we have
hn hn
> Qiles = Oe(ixi) (nm > logj> .
j=1 j=1

Lemma S4.

(a) We observe that

“ 1 ~

I, —1II,, = {(zI =T,) ' = (2 =T) Yz + rinlye
27TL Chn hn

A _ 1 _ A _

Lh-T,t = 5 5 ZTHEI=Ta)™ = (2] =T) " de +ranllag

where

~ 1 ~
ri, =1, — — P~ Fn)_ldz,
27TL Ch
oy = 171 — 1 el —T,) Ydz
hn 27TL Ch

hn hn
P(AS, ) < Cin 125;24—071 1/2Zjlogj
=1 j=1

Hence, for any non-negative quantity Q,, (that can be either random or fized quan-

tities and can depend on n or not), we have

hn hn
Qullag, = Op(ixa) (n‘l DTy 1ogj> .
j=1 j=1
Since the terms related to the sets &£ and A;, will be negligible under Condi-

tion (A4), thanks to Lemmas S3-S4, we may not mention such terms in what follows.



S52. TECHNICAL DETAILS FOR MULTIPLIER WILD BOOTSTRAP

The following two lemmas find an upper bound for the term related to U from
(S2.4), which is similar to the one in the fourth part of Lemma S2 In what follows,
we write P* = P(-|D,) and E* = E[|D,] for the bootstrap probability and bootstrap

expectation operator, respectively, conditional on the data D,, = {(X;,Y;)}1,.

*
;-

Lemma S5. Suppose the same assumptions of Lemma S2 and write U; =n1Y " Xe

Then, we have

E* |sup [|(z] = T)"?Us 1P| < Qujn + QZjnHBkn — A%,

ZGBj

where Q1jn and Qaj, are non-negative random variables such that

Cn~10;! in general when E[|X¢|?] < oo
E[Q1jn] <
Cn~'jlogj if either E[e?|X] = 02 € (0,00) or E[g?] < oo,

and E[Q2n] < Cn~tjlog .
Proof. Note that

(=1 =)0

=023 (o1~ T) X))

i=1

+n72Y (2] = T)7V2X, (2] = D)7V Xy)ele),

i=1

which implies that

sup [|(=1 — I) ™20,

ZEBj
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<n~ Zsup” (zI —T)~V2X,|12(eF)?

i lzGB
n

+n? Z sup((zI — T)"V2X;, (2] = T) V2 X, )erer.

i=1 ZEB]'

Since E*[(¢7)?] = &7, for each i and E*[efe},] = 0 if i # 7', we have

<n” Zsup |(zI —T)~ 1/2XH2

2€B; i—1 *€B;

E* [sup |(z1 =T)~ 1/2U*H2

<on~ 2Zsup (2 —T)~V2X;|%2 + 2n~ 2Zsup 1(zI = T) 2 X128k, — B, X;)?

=1 2€B; =1 2€B;
=2n~2 sup 21 —T)7V2X, |22 52.8
> sup el = 1) (528)
+2 < (n > sup (I - F)”ZXAPX?2> (Br = B): Br — ﬁ> (52.9)
i=1 ZGBJ'

The term in (S2.8) is differently bounded depending on the error assumption. We
first consider general case with E[||X¢||?] < co. Recall by Hsing and Eubank (2015,

Equation (5.3)), for z € B;,
-1
161 =) = (il = l72) =1z = 7 = 3727
This implies that

lsup (2] —T)~Y2X % 2] <E

2€B;

sup || (21 —T)~ 1/2||oo||X6|!2]

2€B;

-1 2 -1
<26 E[|| Xel|"] = 2tr(var[X¢])d;
Next, under homoscedasticity with E[e?|X]| = 02, we have that

E [sup |(zI — F)_I/QX\|252] =o’E [sup [(zI =T)"2X|?| < Cjlog}j.

2€B; zeB;
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Last, under heteroscedasticity with E[¢?] < oo, by Cauchy-Schwarz inequality, we have

that

E [sup (= — F)I/zX]|252] <.|E [sup |(=I — F)—1/2XH4] E[4]
ZEBJ' ZGB]'
< Cjlogy.
We thus have that

E

n 2> sup ||(21 — r)l/?xiu%?]

i=1 ZEBJ'
Cn~to; ! in general when E[|Xe|?] < oo
<
Cn~'jlogj if either E[e?|X] = 02 € (0,00) or E[e?] < 0.

|

1/2
<n'E |sup ||(zI — F)1/2X1H4] EfJ| X2

z€B;

The term in (S2.9) is bounded as

E [
<n'E |sup ||(zI — F)_1/2Xi||2HXiH2]

ZEBj

n? Z sup ||(21 — T) 712X, ||> X #?

i=1 ZGBj

<Cn~'jlogj

by the third part of Lemma S2. This completes the proof. m

Lemma S6. Suppose the same assumptions of Lemma S2. For U} in (S2.4), we have
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that

E* | sup ||(2] — D)"V2U%|1?| < Qujn + Qajull Bry — BI* + RuQajn,

ZEBJ'

where Qujn, Q2jn, @3jn, and R, are non-negative random variables such that

Cn~1o;! in general when E[|X¢l]?] < oo
E[Q1jn] <
Cn~1jlogj if either E[e?|X] =02 € (0,00) or E[¢*] < o0,

E[Qan] < Cn_lj logj; E[den] < Cj logj; and Rn = OP(n_l)-
Proof. Note that
(=T = T)"V2U||> < 2||(21 = T)7V2U > + 2(27)%| (=1 — T) 72X |2, (52.10)

The first term in (52.10) is bounded based on Lemma S5. For the second term in

(52.10), note that
E[(e)] =n"" Zn: EX[(e7)?] +n 2 ) E'fefey] =n”? z”: €k, = Op(n™)
i=1 i i=1
if ||, — Bl 25 0, since
nt ié?kn =n! Y (es — (X, Bkn - B))*
i—1 i=1

<n 'y el tnt Y IXGIPIBK, — BIF + 207t ) [ Xaell1Br, — B
=1 i=1

= {E[e*] + o (1)} + {E[X]I*] + op (1) }or (1) + {E[[| Xe|]] + op(1) }op(1)

= Op(1).
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Meanwhile, by Jensen’s inequality, we have

E [sup |(=1 — F)_1/2X||2]

z€B;

ZE [sup (21 —T)~Y2X, ||2] =E [sup (] —T)~Y2X|?
2€B; 2€B;

<Cjlogj.

This completes the proof. O

S2.2 Consistency of WB estimator

In this section, we study the convergence of the WB estimator B;‘;n Throughout the
section, we suppose Conditions (A0)-(A4), (D) in the main paper hold along with

Condition (A4) for k, and g,.

Lemma S7. Ifn™' 31" (jlog j)* = O(1) (which is implied by n~"/*h2 log h, = o(1)),

then (I} — T, HUZ, Xo) = op-(1).
Proof. We observe from Lemma S1 that
I %Z/ L= D)™ = (1 =T dz o+ raallag,
= Z / Nl = T) V2K (2)Gal(2) (21 = T)72dz + ranllag. -
This implies that ||((IA“,:n1 — T HUz| < CZ?; Aj + |Ir2nllo Uy [ Lag, , where

1 . 12y
A]:/B MH(»’J—F) ool Kn(2)lloo|Ga(#) ol (2] = T) 72Uy |
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Note that for all z € B;, |2| > v; — 0;/2 > v;/2. By Equation (5.3) of Hsing and

Eubank (2015), for z € B;, we have
-1
161 =) = (il = l2) =1z = 27 = 0y/27
Note that

E*[AL¢ ]

<Cdiam(B;)6; 'V sup ||(zI = T)~ 2| E* [sup (=1 — T)~Y2U7|
2€B; z€B;

1/2

<08 PV E* [sup ||(21 — D)0 |2

z€B;

where Vj, = sup,cg, [[Kn(2)| oole; sup.cp, |Gn(2)||oo- Then, by Lemmas 52-S3 and S6,
hn
Z Ajle,

<C Z 5PV, E*

7j=1

1/2
sup [|(z1 — )20

z€B;

( -1 Z jlog]> in general when E[|X¢l]?] < oo
Op (150,02 (j10g j)¥2) if either E[e%X] = 0% € (0 E[e*
p im0, (jlog j) if either E[e*|X] = 02 € (0,00) or E[e*] < o0.

A Cauchy—Schwarz inequality implies

hn 2 ha, B
<n—125j—1j logj) < <n—125;2> {n‘lz(j logj)g}
j=1 Jj=1 Jj=1

=0 (n‘l i:(j logj)2> ,

i=1
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hn 2
(nl >0 1ogj)3/2)
j=1

hn hn
< (nlzéjlj logj) {”120 logj)Q}
j=1 j=1
B 3/2
=0 {nlz(ﬂogi)Q}
j=1

by Condition (A4). Therefore, in both cases, we have

hn hn
e[S | o (17 Y057
j=1 j=1
The proof is finally complete by Lemmas S2-S3. ]

Lemma S8. We have
hn hn
E*[|IT; Uz = Op (n ZWHA%H?) +Op (nQZvﬂ) :
i=1 i=1

Proof. We first note that
LUy =T, Xer =T, 1 X" (S2.11)
The first term in (S2.11) is bounded as follows. Note that
hn
T X2 =Dy * (X, 05)°
j=1

and

n

E'[(X7, 0 = n ™2 Y E[(Xiet, 0) = n 2 (X205 00 E(E)?

=Y (XP05, 05060, = 0 (XE)%2,, ¢5)

i=1

=n"{((XE)%2 — A)oy, ¢5) +n~" (Agy, 6)),
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(X)®2 =n 1370 (Xiig,)®?. Recall that H(Xs) — Ao Pooif Hﬁk -3 Po0as

n — oo from Yeon et al. (2024b, Lemma S23), which implies that
hn
> 2 {n T — M6y, 05) b < op ( Z% ) = op(1
j=1
by Condition (A4). We therefore have that
hn
E*[IT,, Xe*|[*] = Op (nl ZVIQH/\W%W) :
j=1
The second term is bounded as

E, X2 ) < T, %08 (n~?) (‘ZZ )

thanks to Lemma S9. 0

Theorem S2 (Consistency of the WB FPCR estimator). Suppose that Conditions (A0)-
(A4), (D) the main paper hold along with along with Condition (A}) for k, and g,.
Then, the bootstrap FPCR estimator B;n converges to the slope function B in the boot-
strap probability, i.e., ||B; — || = op«(1).

Proof. This is proved by using the same argument as the proofs of Yeon et al. (2024b,
Theorems S3-S4) based on the decompositions (52.2) and (S2.5) and Lemmas S7-S8

along with Yeon et al. (2024b, Lemma S20). O

S2.3 WB bias term

In this section, we derive the convergence of the WB bias term related to (f‘,:nl -, Huy,

the first term in the decomposition (52.2). This is the only one term that should be
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studied because Yeon et al. (2024a) already verify the convergence of the non-random
bias term in the bootstrap world, i.e., the term related to the last term ﬂhn Bgn — Bgn

n (52.2) (cf. Yeon et al., 2024b, Section S3.3.1).

Proposition S1. Suppose Conditions (A0)-(A4), (S) in the main paper. As n — oo,

we further suppose either

1/27,—1/2 hn -1 N\ 12 b (o 222 . 2
(a) n=/?h, <Zj;1 J; jlogj> {Zjil(] log j) } — 0 in general when E[|| Xe||?]

0; or
(b) n=2hy, 1/22 (jlog)* — 0 if either E[£%|X] = 02 € (0,00) or E[¢?] < c0.

We then have that \/n/sp, (Xo)( Uz, Xo) = 0p+(xy)(1). Both convergence

rates hold if n=2hi/*(log hy,)* = O(1).

Proof. We observe from Lemma S1 that

_ - 1 -
7j=1
1 &
:—Z/ 22l = T) V2K, (2)Go (2) (2] — T)7Y2dz + ropllge
2L — /B;

This implies that |((T,' — T}, 1)Uz, Xo)| < OZ?;I Aj + 720l 1T || Xo|Tas . where
1 _ —1/27 7%
Aj:/g MH(ZI—F) X En(2)lloo | Gal2)llooll (21 = T) =20y || d.
Note that

E*[A;1g, | Xo]
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ngiam(Bj)d sup || Kn(2)|loole; SUZE 1Gn(2) oo
zeb;

2€B;

x sup ||(zI — F)_1/2X0||E* [sup (=21 — F)_1/2Un*||

ZEBj ZEBj

1/2

<CVaju Vi E° [sup (=1 - 1)~ 202

z€B;

where

Vijn = sup [[(21 =T)72Xo|| and  Voj = sup [[Ku(2)[|ocle, Sup (|G (2)]|oo-

2€B; 2€B; 2€B;
Then,

b B r 1/2

ZAjngj‘Xo < O3 VigVosE® | sup ||(zI — T) "2z

i=1 i=1 |*<5i
I 1/2 1/2

_c(zv@n> Sz e [sup o1 - T ) .

j=1 j=1

By Lemma S2 and Lemma S3,

hn
<CY (jlogj)’

J=1

§ 1jn

Also, note by Lemma S6 and the independence between {(X;,Y;)}"; and X, that

hn
E Z%%anjn]
j=1

Cn™2 Z?"l 0; '(jlogj)? in general when E[|X¢||?] < oo

IN

Cn~2320 (jlog j)° if either E[e2|X] = 02 € (0,00) or E[g4] < o0,
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E |30 V2, Quin| < Cn72 0 (jlog j)°, and E |22, V2, Quja| < €522 (108 )",
This implies that

hn

D VE.E [su; (=1 =)0 P
zeb;

Jj=1

hn hn hn
<Y VR Quin+ >V Qunll B, — BIP+ D V2, Qs R
j=1 j=1 j=1

Op (n—Q 2?21 61y logj)2> in general when E[|Xel?] < oo

Op (n*Q Z?gl(j logj)3> if either E[e?|X] = 02 € (0,00) or E[g*] < oo,
Therefore,

hn
n
| Ale | X
Shn(Xo)jZ:; 7 0]

B L oy 1/2 . o) /2
Or (nl/%W {67 G1os )} {0 (log s)? )

E*

in general when E[| Xe||?] < oo

_ BNORYE a2
Op (n—l/thl/Q{Z?il(ylogj)?’} {Z?ll(ﬂogjf} )

if either E[e?|X] = 02 € (0,00) or E[g*] < oo,

\

and by Lemmas S3-S4, we conclude the first assertion. Note that

I 1/2 I 1/4
n A (Z 5;1> < <n 25;2) 0
j=1 j=1

by Cauchy-Schwarz inequality. It then follows that

ho, 12 ¢y 1/2
n‘”Qh;”{Zéf(jlogj)Q} {Z(ﬂogj)g}

7=1 7j=1
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1/2

1/2 b,
<n~Y2n2(log hy,) <Z§ ) = n~ Y407 (log hy, )20~ Y4B (Zaj—l)
j=1
—o({n~"/?h]/*(log h,)*}'/?)

and

b V2 ¢ hy 1/2
nl/thW{Zmogjf} {Z(jlogjf} < n V20 (log hy )"

j=1 j=1

< o(n " Y2hT2(log hy)*).

This proves the last assertion.

S2.4 Weak convergence of WB variance term

This section devote to deriving the weak convergence of the WB variance term related

to F,;nl U}, the second term in the decomposition (52.2). After a few lemmas about neg-

ligible terms are provided, the weak convergence is derived by verifying the Lyapunov

condition.

Lemma S9. If |3, — Bl = op(1), then we have that E*[|| X&*||2] = Op(n2), where

X=n'Y0" Xiande=n"1Y 0

zlz

Proof. Note that

3

=n2) ()2 4+n? Z ereh,

i=1 Qi

=
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which implies that E*[(£*)*] = n™?} 1" | &7, . Since
nt Zé?kn =n! Z(éi — (X, Bkn - 5>)2
i=1 i=1
<n7'y et nt Y IR, = BIF + 207t ) 1 Xasll1Br, — B
i=1 i=1 i=1

= {E[e*] + op (1)} + {E[X]I*] + op (1) }or (1) + {E[[| Xe[]] + op(1) }op(1)

— Op(1),

we have that E*[(*)%] = Op(n~'). Finally, since X = Op(n~'/2) (cf. Horvéth and
Kokoszka, 2012, Theorem 2.3), we conclude that E*[|| X&*||?] = || X |?E*[(*)?] = Op(n~2).

O

Lemma S10. Suppose that Condition (A4) in the main paper hold. Then, we have

n _
B |—  _(XeTo'X 2’X — op(1),
e T | = (1)

where X =n~ 'Y " X, and e* =n"t YT el

Proof. Note from Jensen’s inequality that

hn hn hn 1/2 hn 1/2
A DL T DR (” > ) - (" >0 )
j=1 j=1 j=1

Jj=1

From Lemma S9, since E[||T;, ! Xo?] = Z?ll 7; ", we have that

n _
E* X&' TOlX Q‘X
|:Shn(XO)< €, hn 0> 0:|

<{hnsn, (Xo) ™" HE[|IXE"[P]) (hy 1T, Xoll*)
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:Op(1>0p(n71)0p (hnl Zn ’yj1>

hn
j=1

by Condition (A4). O

We denote the sample cross covariance function between the regressors {X;}? ; and

the bootstrap errors {e}" ; by

Ur=n') (X, = X)(e—)=n") Xief — X", (S2.12)

n
=1 =1

where X =n 237 X, and &* = n~! 327, 7. Suppose that ||, — 8] ~» 0 as n — oc.

Proposition S2. Suppose that the assumptions in Theorem 1 in the main paper hold.
Then, the WB variance term \/n/ sy, (Xo)(U;, 'Ux, Xo) uniformly converges to the stan-

dard normal distribution in strong sense, i.e.,

sup L 0,

yeR

n
P [ —2 (DU, X)) < ‘X) —®
( Shn<X0)< hn “n 0> = YlAo (y)

where ® denotes the cumulative distribution function of the standard normal distribu-

tion.

Proof. First, we know that the latter term in (S2.12) related to X&* is negligible due to

Lemma S10. Also, the condition n~9/2p%/ Z?ll )\;(2+6)/2 = O(1) implies the conver-

~5p(2+0)/2

gence n — 0 as follows. Since Z;’;l Aj < 00, we have j\; — 0 due to Olivier’s

lemma (cf. Hardy, 1921, Section 173). This then implies \; < ¢j~* for some ¢ € (0, 00)
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and
hn hn
Z )\;(2+6)/2 > Czj(2+5)/2 > Ch;4+5)/2’
j=1 j=1

further indicating that

hn,
cn_é/zhﬁf‘*%)/? < n—&/th/z Z )\;(2+6)/2 — 0(1).
Jj=1

To prove the main part, we write Z7, = (X;e}, I, Xo) so that E*[Z,[Xo] = 0 and
E*[(Z7,)%1X0] = (Xidi,. Ty, Xo)?.

We first derive that

— 1. (52.13)

since

n

n~top =0t Y CE(Z5,) X = 0t Y (Xidik,, Ty Xo)?

i=1 =1
=n"" Y ((Xiéin,)® T}, Xo, T, Xo)
=1
_ —1 . 2 ®2 —1 —1
- <<n > (Xigin,)®? - A> thxo,rhnxo> + sn, (Xo)
=1

by Yeon et al. (2024b, Lemma S30).

We will now verify the Lyapunov condition

L, 50 (S2.14)

A

with Lyapunov term defined as £, = L, 5 = by, 210 Sy Ef[|Z;, P70 Xo). The Lya-
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punov term L, is expanded as

Lo = 0,073 B |25, PP X0 < 0,500 Y EIAL X 1P X | AT Xl
1=1

i=1
(2+9)/2
AT X 12 a
_ (% n—E/ZE* n—l Z ||A;1/2Xi€:||2+6’X0 ’ (S2.15)
n=1v "
n =1

where

—1/21+—
||Ahn/ thlX0||2 < Shn(Xo)

-1

=14 0p(1) = Op(1)

52 = 152
n=tu; n=to;

as n — 0o, since ||A;:/2F;:XO||2 = (A, T X0, T, Xo) < (AT, X0, Xo) = s, (Xo)-

To handle the latter term in (S2.15), note by Lyapunov inequality that
1/(2+6)

B 1/2 .
—1 j : 2 -1 2 246
j=1 i=1

(2+9)/2
meaning that (Z?ll a?) < 1o Z?il a?+5, We then have

E*[J|A, 2 Xaer127] = (A, 2 X, [IPHE W]

B (246) /2
=E[|W[**] (Z A;1<Xé¢,kn,¢j>2>

i=1

<E[[WR2S AT FO R (X, )P

J=1

hn
<E[[W PR ATE RN (G, — &) ) [T (82.16)

j=1
hn
—(246)/2
+EIW IR Y AT (X, )
j=1
from Jensen’s inequality with form

(x;y) Sx ;Ly, Va > 0,x,y > 0.
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Since &4, — &5 = — (B, — 8, X;), the first term in (S2.16) is

hn
h(:/Q Z )\;(2+5)/2‘<XZ (&Ql’kn - 8@')7 w]> ‘2+6

Jj=1

hn hn
=h32N NS EORUXE (B, — B), ) [P = BN TN EOR (B, — B X P

j=1 j=1
hn
(245 ~
§h2/2 Z )‘j (2+ )/QH/Bkn _ ﬁ”2+6”X1-H4+26.
j=1

Again, for § € (0,2], by Lyapunov inequality we have that

B 1/(2+4) B 1/4
-1 2446 -1 4
(5] < (mrsar)
j=1 j=1

) (2+6)/4

. The second term in (S2.16)

meaning that h3/? Z?il Q?M < RO/ (Z?il a?

is then bounded as

. (2+6)/4
B2 DN SR X, ) [P0 < RO <Z Aj2<Xm,wj>4> -

j=1 j=1

It follows that the latter part in (S2.15) is bounded as
n—§/2E* [n—l Z ||A;TL1/2X16:<||2+6‘X0]
i=1

hn n
SEHW’2+6]21+6 (né/th/Z Z)\j(2+6)/2> (nl Z HXiH4+26> HBkn . BH2+6 <82.17)
=1

j=1

n /b (2+6) /4
E(W P2 2 1 (Z A2 (e, %)4) |

i=1 \j=1

hn )\'—(2+6)/2 _

The first term in (S2.17) converges to zero in probability since n~%/ 2p0)/2 Dt

O(1), E[|| X||**%] < oo, and || 5, — S| 25 0. In addition, since sup;ey A; “E[(Xe, ;)] <
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00, by Lyapunov inequality,

(2+9)/4

hn, (2+46)/4 Iy
E (Z )\j2(X¢€i,¢j)4> < (E [Z /\j2<Xi€i,¢j>4]> < C’hg*‘;)/‘l,
Jj=1 j=1

and hence, the second term in (S2.17) is bounded as

w (246)/4
E n75/2h22+5)/4n—1 Z (Z /\;2<Xigi7 ¢j>4> < Cn_5/2h,(12+5)/2.

i=1 \j=1
. _ 246)/2
Therefore, as n — 0o, since n~%/ zh% T2 0, then the second term converges to zero

in probability, which verifies (52.14).
Finally, by combining Slutsky’s theorem, Polya’s theorem (Athreya and Lahiri,
2006, Theorem 9.1.4), a subsequence argument (cf. Billingsley, 1999, Theorem 20.5),

Lemma S10, and (52.13), (S2.14), we conclude the desired result. O

S2.5 WRB scaling term

We will derive the consistency of the WB scaling §;, (Xo) = §)7%*(Xj) for the sample
scaling Sy, (Xo) (or the population scaling s, (Xy)). We follow the same argument as
what was used by Yeon et al. (2024b, Section S3.4).

We first explain that it suffices to show the consistency when dropping the means
X from §,(Xo) and X from 8}, (Xo). For this, we consider another scaling 7 (Xo),
akin to 8}, (Xo), by replacing the sample mean X in §,, (Xo) with the population mean
E[X] as

A

P (Xo) = (A2D N (Xo — E[X]), T (Xo — EX))

n
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= [I(A;) 2T (X0 — EX)|.

Then, we show the asymptotic equivalence between two sample scaling terms 8;; (Xo)

and 7} (Xo). We note the following inequality

$ha(Xo) ’< I(A7)2T, (X — ELX)|? II( )0 (X - EX])|
P, (Xo) 1T (A YRE (X — ELX])1? H( V20, (X — E[X])|I

where

i IR ELXDI (oo, (X025
We will derive
o I(A2) 25 (X~ ELXD)? = op- (1), (s215)

Then, by Condition (S), if the ratio s, (Xo)/7; (Xo) is bounded above, we can deduce
that two bootstrap scaling termss; (Xo) and 7 (Xp) are equivalent. The convergence

n (S2.18) indeed holds, as

B (AP0, (X — ELX)?

<COp- (1), (T = Ty Hloo1X — ELXTIN? + (1T, 1 (X — ELX]) 1%}

ha 2 hn
—Op- ( (nlhnl/Q Z 5j—1j log j) + nflhgl Z,yj1>
j=1

j=1

=0p~ (nfl/QhTzlﬂ)7
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where the first inequality can be obtained by using the triangular inequality; the
second inequality is due to Yeon et al. (2024b, Lemma S20) (which requires Condi-
tions (A0)-(A4)), X — E[X] = Op(n~%/?) (Hsing and Eubank, 2015, Chapter 7), and
E[IC,N(X — EX])|])] = n? 2?21 ~; "5 and the last inequality comes from Cauchy-
Schwarz inequality along with Condition (A4) because

hn 2
T

=1

hn hn
o (1055572 Lo S s |
=1

j=1

:Op(n—1/2h51/2>
and

Iy Iy 1/2
n—lh;1 ZVj_l < n—1/2h;1/2 (n‘l Z 7]'_2> _ 0p(n_1/2h;1/2).
j=1

=1

Under the assumptions for Theorem 1 in the main paper, since the ratio 7; (Xo)/sn, (Xo)

converges to 1 (conditionally on Xg) by Proposition S3, we have

% =14 op+(x0)(1).

Now, without loss of generality, it suffices to show the consistency of the ratio of
55 (Xo) over 55,(Xp) to 1 conditionally on X, upon dropping the the sample mean X
from 3, (Xo) and 8} (Xo) under mean-zero condition E[Y] = 0 and E[X] = 0. Then,

the WB scaling §;, (Xo) = 8/ ?*(Xj) can be decomposed as follows:

& (Xo) = (ArT, ' Xo, T, Xo)
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=(A AT, = T X0, T Xo) + (ArT; ! Xo, T Xo)

=(Ap{T, ! = T X AT, — T Xo) + (A {T, ! — T, 11X, T Xo)
+ (AT X T = T Xo) + (AT, X, Ty Xo)

=(Ap (T, = T X0 (T3 — T XG)
+2(A T X, {0, = T3 Xo) + (AT X0, T Xo)

=((Ay, = AT = T Xo, {15 = T3 Xo) + (AT = T X0, (T = Tt EXG)
+2((Ay = T X0, (T} — T E Xo) + 2(AT, ! Xo, {T,) — T, 1} Xo)

+ (A, = AT X0, T3 1 Xo) + (AT X0, T 1 X).

This implies that

8, (Xo) 1‘
Sn,, (Xo)

<sn, (Xo) (A, — M{L,) = T3 Xo, {15} = T, 13 Xo) | (52.19)
+ sn, (Xo) UMD, = T3 X0, AT = T3 X)) (S2.20)
+ 285, (Xo) (A = AT X0, {T) = T3 131 Xo)| (52.21)
+ 28, (Xo) (AT, X0, {T,! = T 11 X0) | (52.22)
+ sn, (Xo) (AL — AT} X0, T3 1 XG) | (S2.23)

Also, with ef = Y;* — <Bgn,Xi>, we see by putting &7, =¢f — (an — Bgn,Xi) that

n

A= A=ntY (X, )% — (XE)®2 = A

n Z’knzgn
i=1
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=Ap A0 DY XPBL - By, Xi)?

i=1

— 207! Y (Xie © Xi) (B, — By Xi) — XE (S2.24)

i=1
where Ay =n~' Y7 (Xie))®? and

n

Xé =n" Zngkng =n_ ZX@ —n_lzﬁk Bgm
= Xe* — (T = D)3, = Bo) =T (55, = Ban) (52.25)
with Xe* =n~! >i, Xie;. Throughout the section, we suppose that the assumptions
in Theorem 1 in the main paper hold.
Lemma S11. For A* = n~' 327 (X;e$)%2, we have E*[||AX — Al|ms] = op(1).
Proof. On the other hand, we observe
A =n! Z X222, Wi - A
=n! Z{(Xiai)@Wf —A}+n! i XPH By, — B, X)*WE (S2.26)
i=1 i=1

—2n ) [(Xies) @ { X (By, — B)}IWE.

i=1
The terms {(X;e;)®*W? — A}, in the first sum of (S2.26) are iid with zero mean and

finite variance as

E[(X;e)®*W2 — A] = AE[W?] — A =0,

(2

Ell|(Xie) 22 — A)3s] < CE[[Xe[JEM] < co.

7
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It then follows that

n 2
E[fn™' ) {(Xie)®* W72 — A} = O(n™),
=1 HS
which implies that
e |l St )| | - om0
=1 HS

The last two terms in (52.26) also converge to zero as

| A

< (nl > I\XiH4> E[W?][|B, — 8]* = 0
=1

nt Yy XP B, — 8, X)W

=1

and
e [ n Y [(Xie) © (X (B, - YW ]
i=1 HS
n 1/2 n 1/2
< (n_l > \|Xi€i||2> (n_l > HXz'H4> EW2)||6r, — Bl = 0.
i=1 i=1
Thus, the proof is complete. O

Lemma S12. For A =n~' 30" (Xé!

l’kn:gn)®2’ we have ||[\:L - AHoo - Op*(]_)

Proof. We use the decomposition of A; — A in (S2.24) for the proof. The first term in

(S2.24) converges to zero by Lemma S11. The second term in (52.24) also converges to

Zero as

n Y XPHBE, — By X

i=1

<n Y XMBE, = Boull? = Op(1)op- (1) = o0p-(1)

=1
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due to Theorem S2 along with the fact that n=' > | || X;||* = E[|| X [|*]+0p(1) = Op(1).

The third term in (52.24) is bounded as

Y {(Xie)) ® X5, — B Xi)
i=1

o0

n
<t Y X IXGIPN5E, — Ba

i=1
< (wz nmuz) (nlz ux@-u‘*) 16— .
i=1 i=1
It then follows that

= Op+(1)Op(1)0p-(1) = 0p-(1)

nt Y {(Xied) @ XY (B, — B, Xi)
=1

oo

since
E* [nl D HXig*HQ] =n Y [ Xidik P =0 IX(er — (Br, — B, X0)|1?
=1 =1 =1
<207t X+ 207 DI Be, — I = Op(D)
=1 i=1

Finally, the last term in (S2.24) converges to zero as

n n
n~! E Xigz n~t E Xz‘éz‘,kn
=1 i=1

2 2

B[ Xe?] = B

2

n 2
S 2 n_l Z Xigi + 2
i=1

n! Z Xi(Xi, Bkn - B)
i=1

2

<20t K| 44| Cu =D~ B+ 4G, - A1
=1

= Op(n™") + Op(n|Br, = B11%) + Op (k. — BII)
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= op(1),
which implies that Xé* = op«(1) due to the decomposition (S2.25). O

Lemma S13. For the term in (S2.19), if n=Y2h, 2 S 6712 (Glog j)3/2 = O(1),

Jj=177

then we have
Shn (Xo) (AL — A){fﬁnl — T, X, {fﬁj — I Xo)| = op«(1).
Proof. This follows since
1o (X0) A, = A = T Xo, {T) = T3 11 Xo))|

hn 2
=Op (I, ")op- (1)Op {n‘“Z%‘ 1/2<jlog.7)3/2}

j=1

ha 2
~op- {n”?hnWZé; ”2<jlogj)3/2}

Jj=1

by Lemma S12 and Yeon et al. (2024b, Lemma S20). O

Lemma S14. For the term in (52.20), if n~2p 2 Z?;l (5;1/2(]' log 7)%/? = o(1), then

we have
s (Xo) AT = T 13X, {T, = T3 X0)| = op- (1),
Proof. This follows since

St (Xo) (AT = TR b X0, {T7 ! = T X))
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R, 2
=0p(h;1)O(1)Op {n‘WZ@‘ “2<jlogj>3/2}

J=1

. 2
=Op {n—l/zh;WZd; ”2<jlogj>3/2}

j=1

by Yeon et al. (2024b, Lemma S20). O

Lemma S15. For the term in (S2.21), if n=Y2h; "> S 6712 (Glog j)3/2 = O(1),

Jj=1"J

then we have

St (Xo0) H((As — AT} X0, {T 1 = T 1 Xo)| = op-(1).

Jj=1"J

Proof. We first recall that Q, = (I';)! = 1) X, = Op <n‘1/2 S 52 logj)3/2>
by Yeon et al. (2024b, Lemma S20) By the decompositions in (S2.24) and (52.26), we

observe that

St (Xo0) (A — AT} X0, Qn)]
-1 <n—1 Z{(Xigi)mwf — A, X, Qn>
< - ZX®2 Br, — B, Xi) W2}, X, @n>

+ 285, (Xo) ™ ‘<n‘1 i[{(xiai) ® XiH B, — B, Xi)]WET, 1 Xo, Qn>‘ (S2.29)

<sn, (Xo) (S2.27)

+ sp, (Xo)™ (S2.28)

=1
+ sn, ( ‘< ‘1ZX®2 By Bgn,Xi>2P;§XO,Qn> (S2.30)
+ 28hn<X0 < ! Z{ X€ ® Xi }<ﬁk Bgn7Xi>thX07Qn> <8231)
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+ sp, (Xo) ™"

<X_g§*®21“;n1X0, Qn>

(S2.32)

We check the convergences of each term in the above display.

For the term in (52.27), recall from the proof of Lemma S11 that
e [

E* [Shn (Xo)_l

= Op(n_l/Q).

n Y {(Xie) P WP — A}
=1

HS

This implies that

<TL_1 Z{(Xié‘i)®2wi2 — A}F;:XO, Qn>| ’XOI
i=1

o, 1/2 .
=Op(h;")Op(n /%) 0p (Z v;l) Or (n/ > 6 logj>3/2>
j=1

j=1
. 1/2 .
or((g)Jor (e s e
j=1

j=1
hn
—op (n—”?h;”? >0 1ogj)3/2>

j=1

under Condition (A4) (which implies n~'h* z;ﬁl vt =o0(1)).

The term in (S2.28) is bounded as

Shp (X0) ™ <n‘1 ZX?Z(B,C” - 5>Xi>2VVi2Fﬁan0>Qn>

i=1

=, (X0) ! [n 7Y WRXE2By, — B, B, — BYXe, T Xo)(Xs, Q)
=1

=51, (Xo) ™! < (n‘l > OWEXPHX, T Xo) (X, Qn>> B = B, B, — 6>'

i=1

i=1

<sn, (Xo) ™! (nl ZWfllXngI(XthonH) 1Qullll B, = BII*.
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We note from Cauchy-Schwarz inequality that

nt Y WX G, Tyl Xo)|
=1

=n"" Y E[X|P[{X, Ty Xo)]

i=1

<n”' ) E[IXGIT PN (X0, Ty X)) 2

=1

<n'E[IXI2 D ENXG (X, T 1 X0) T2,

i=1
Since the FPC scores {¢;} are uncorrelated random variables with mean zero and
variance one, we have from the independence between &,, = {X;}* , and X, that
E[[|G % (X5, Ty, Xo)?] Z%‘lE 111 (X, 65)%)
7j=1

= Z% (1G] 2E[( X, 6) 1] < Chin. (52.33)
It then holds that E [n~" 37, W2|1X|1*|(X;, F;:,}Xom = O(h}/2), which implies that

E* [ 712W2 |X H ‘<X17F X() )XO = OP(h:L/Q)

=1

It follows that

E>|< [Shn (Xo)il

<n1 > XPHB, — B, X)W, X, Qn>

i=1

2

hn
=Op(h;")Op(hY/*)Op <n‘”225; ”Qmogﬁ/?) 1Bk, — B2

j=1

hn
—0p (n‘1/2h;”2 >0 logj>3/2) 1Br., = BI2.

i=1
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The term in (S2.29) is similarly bounded as

St (Xo) ™! <n_1 > {(Xier) ® Xi}{(Br, — B, X)W/ T, 1 Xo, Qn>

=1

=5, (Xo) ™ |n ! Z W2(X;, T Xo) (Xies, Qu) (B, — B, X:)
i=1

=5, (Xo) ™! <n‘1 D WXL T, Xo) (Xigi, Qu) X, B, — B>‘

=1

<sn, (Xo)™ <n1 ZW1-2!<Xi,thXoHHXi&IHIXiI!) 1QullllBr, — 511
i=1

We note from Cauchy-Schwarz inequality and (52.33) that

E [n‘lZWf|<Xz-,P,::Xo>|||xz~sz-||||xin]
=1
=n1 S E[(X,, Ty Xo) | Xeal |1 ]
=1
<n 7S (IR Tt X)) 2E]| X |22
=1

—o),

which implies that E* [n‘l S WRNXG, Ty Xo) || X e || X |

XO} = Op(h/?). Tt then

2

holds that

i=1

E* [Shn (Xo)il

<n1 > H{(Xie) @ X} (B, — 8, X)WIT, ! Xo, Qn>

hn
=Op(h;)Op (hY?)Op (n/ > 6 logj>3/2> 155, — Bl

j=1

hn
—op <n—1/2h;1/2 >0 logj>3/2> B, = Bl

i=1
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The terms in (S2.30) and (S2.31) are respectively bounded in a similar way to the

bounds for (S2.28) and (52.29) as

Shy, (‘XVO)_1 <n_1 Z Xz®2 <an - Bgna X7,>2F}:711X0a Qn>‘
=1
=sn, (Xo) " [0y (X265 — By Br — By ) (Xi, T Xo) (X5, Qn)
=1
=5, (Xo) " < (n > XPXL T Xo) (X Qn)> Bt = Bous Br. — 6>
=1

<sn, (X0)™ ( ’1ZHXH (X, T o>\> Qw1 B, — By I

—Op <n—1/2h;1/2 25;1/2(]‘ logj)3/2> 18, = Boull?

i=1

and

Sh, (Xo) ™! <n_1 > {(Xies) © XiH(Br, = Bg, XT3 Xo, Qn>

n

=sn, (X0) ™" [n " ) (X0, Tt Xo) (Xiew, Qu) (BF, — B X3)

=1
_ -1 -1 . —1 Q% A
=5n, (Xo) <n Z<XiarhnXo><Xz€i, Qn) Xi, By, — 5gn>
i=1
<8, ( ( ‘IZI (X, T, Xo) || X e ]].X ||> 1QullIBE, = By

o, (nmh;ﬂ 505 1ogj>3/2> B, — Bl

Jj=1

We will prove the term in (52.32) converges to zero as

S, (Xo) ™! = s, (Xo) T {(XE, T Xo) | [(XE, Qu)

<X_é*®2r}:an0> Qn>
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hn
= op- (n”zhn” 2S5 P og )Y 2)

j=1
based on the following decomposition of Xé*:

n n
Xer=n' Z X o gn = n! Z Xief —n~ Z@A;n - Bgm X)X
i=1 i=1

i=1

=n 'Y WiXidig, — Ta(Bi, — By,

i=1

=n 'Y WiXie —n' DY WiXP (B, — ) —n 'Y XP(Br, — By,). (S2.34)
=1 i=1 i=1

Since {W;X;e;}, are iid with zero mean and finite variance, we have

2

E =0(n),

n
nil E WzXZéE,L
=1

which implies that E* [||[n=* 321, W; X,&4]]] = Op(n~'/2). This implies that

<n—1 Z WiXig'h F]::X0> ‘ ‘XO]
1=1

E* [Shn (Xo)_1/2

. 1/2
—Op(h;"*)Op(n™"*)0% (Zvﬁ)
j=1

B 1/2
=0Op <n_1h;1 Z 'yj_1> =op(1)
j=1

under Condition (A4) and

E* lshn (Xo)fl/Q

<n1 Z WiXie, Qn> ‘XO]
i=1

hn
=Op (hy;"/%)Op(n™/%)Op (n/ D6 1ogj>3/2>

j=1
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hn
:Op(nflﬂ)Op <n1/2hn1/2 25;1/2(]' logj)?’/Q) '

j=1

Similarly, since {W; X}, are iid with zero mean and finite variance, we have

n
) Wixi®2
=1

[mpy VV%’X?QHHS} = Op(n~1/?). This implies that

< -1 ZWX®2 B, — B),T 1X0> ‘X()]
1/2

=0p(h,;*)Op(n™%)0O (Z ) 1Bk, — B

= O(n_l)a

HS

which implies that E* [

E* [Shn (X0>—1/2

b 1/2
=Op (n_lhgl ZV}I) 1B, — Bl = op(1)
j=1
under Condition (A4) and

E* Shn(XO>_1/2

< iWX@(Bkn 8).Q >

=1

2

hn
=Op(hy,/)Op(n™"/%)0p(1)Op (n—WZ@ V2 1ogj>3/2)

Jj=1

hn
=Op(n~*)op <n-1/2h;”2 >80 logj>3/2> .

Jj=1

Finally, the term related to the last term in (S2.34) is divided into two parts and its

convergence is proved in a different way. We first have

Shn(XO)_1/2 < —1ZX®2 Bk ) 1X0>‘

=5, (Xo) /2 <an—6gmnl X?th§Xo>‘

=1
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<an S r;:xo>xi>‘

=1

=55, (Xo) 1/

=0p(h ) Op ()18t — Byull = 0p-(1)

2

<ty TE[(XG, T Xo) 1 XGlP) = O(hy)

i=1

since

n 2

n Y (X, T X)X

i=1

n

nt Y (G, T X)X

i=1

|

thanks to (S2.33) and Jensen’s inequality. Since n=t 3" | X®* = Op(1), we also have
(7 S~ A )
i=1

hn
=Op (1, /) Op(1)Op (n/ > 6 logj>3/2> 135, = Boul
j=1

Sn (Xo) ™12

hn
—0p- <n—1/2h;1/225;1/2(j logj)3/2> 15, — B, Il

j=1

This completes the proof. O

Lemma S16. For the term in (52.22), if sup,cy ’yj_lHA@H? < oo (implied by Condi-

tion (D) in the main paper), we have

h”!L
s (Xo) " (AT X, {T1 = T} Xo)| = Op (m”?h;”? > 6 1ogj>3/2) -

J=1

Proof. The desired result is obtained as

Sh (Xo) (AT} X0, {17 — T X0) |
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hn
=0p(h;")Op (h/?) (nm >80 logj>3/2)

j=1

hn
=Op (nmhnlﬂ > 6 1ogj>3/2>

j=1
by Yeon et al. (2024a, Lemma S20) and the fact that

hn
E[IAT, Xol”] = ) 75 HIAg|1* < Chy,
j=1
implied by Condition (D). O
Lemma S17. For the term in (52.23), we have

st (Xo) (A}, = M) X0, T Xo) | = op- (1).

Proof. Similarly to the proof of Lemma S15, by the decompositions in (S2.24) and

(52.26), we observe that

St (Xo) M ((As — AT}, 1 X0, T 1 X))

<sp, (Xo) ™! ‘<”_1 i{(Xigi)®2Wi2 — A}, X, FE:X0> (52.35)
+ s, (Xo)~ < - ZX®2 Br, — B, Xi)* WAL, 1 X, F,jano> (S2.36)
+ 25, (Xo) ! <n_1 i[{(Xzfz') ® XiHBp, — B, Xi)]W2T;, ! Xo, thlXo>‘ (52.37)

=1
+ s, ( < -1 ZX@’? B = Byns Xi)T5 ' Xo, r,;}XO> (S2.38)
+ 255, (Xo) ™ < *12{ (Xie]) @ X 1B Bgn,Xi>thX0,Ph;XO> (S2.39)
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+ s, (Xo) ! ‘< X7 X, F,;jXO>‘ (52.40)

We check the convergences of each term in the above display.

For the term in (52.35), recall from the proof of Lemma S11 that
e [

E* [Shn (XO)_I

= Op(nil/Q).

n Y {(Xie) P WP — A}
i=1

HS

This implies that

<n—1 Z{(Xigi)mwf — A}, X, FE§X°>‘ ‘Xol

i=1

=Op(h,")Op(n™"/?)0p (Zn: %‘1)

j=1
h’"/

=0 (nmhnl ZW) = op(1)
j=1

because under Condition (A4), we have

hn hn hn 1/2
AT DT e e DR (“ > )
j=1 =1 j=1
h 1/2
< (n_l Z 6]-_2) =o(1).
j=1

Second, the term in (52.36) is bounded as

i=1

=55, (Xo) ' In7! Z WE(XE By, — B, Bry — BUX,, Ff_Lan0>2
=1

=51, (Xo) ™! < (nl > WIXEPX, thxo>2> B = B, B, — ﬁ>‘

=1
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<sp,(Xo)™! (n_l ZW¢2\IXZ-!|2<X¢,F;§X0>2> 1Bk, — BII*.
=1

We note from (S2.33) that

=1

[ *1ZW2 | X)X, T Xo) ] =n"" > E[IX)*(X, Ty Xo)?] = O(hy,),
i=1
which implies that E* [nil o WRIXG 12X, F,::X0>2’XO} = Op(h,). It follows that

= Op([|Bk, = BI)-

<”_1 ZXF)Q(BM - B,Xi>2V[G2F;,}Xo,F;on>‘ ‘Xo

i=1

E>k lshn (X0>_1

The term in (S2.37) is similarly bounded as

Shy, (Xo)il <n1 Z[{(Xlgz) ® Xz}(Bkn - 67 Xl>]W12Ff;}X0’ Ff_ban0>

i=1

=5, (Xo)™H |7t WX, T Xo) (Xies, T Xo) (B, — 8, X0)

=1
=5, (Xo) ™" |n7" Z W2 (X, FE:X0>2<BI<:” — B, Xigi)
=1
<sn, (Xo)™ (nl > WX, Fh,}X0>2HXi€iH) 18, — Bll-
=1

Similarly to (S2.33), since the FPC scores {¢;} are uncorrelated random variables with

mean zero and variance one, we have from the independence between X,, = {(X;, ;) },

and Xy that

E[[| Xl (X0, T, Xo)?) Z 7 El X [(X5, 65)7]

< Z% (1 X |1P)V2E[( X3, 0042 < Chy,. (S2.41)
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It then holds that

E [n‘lZI/[/iz(Xi,ngX0>2]\Xiei|]] =n"" > E[(X;, T} Xo)? | Xigil] = O(ha),
=1

i=1

which implies that E* [n_l S WX, T Xo)? | X

Xo} — Op(hy). Tt then holds

2

The terms in (S2.38) and (52.39) are respectively bounded in a similar way to the

that

E>|< [Shn (Xo)_l

<n_1 > {(Xier) ® Xi}(Br, — 8, X)]WIT, 1 X, thlXO>

=1

=Op([|Br,, = BII)

bounds for (S2.36) and (52.37) as

(
sh, (Xo) ™! < _IZXZ@)Q B = By, Xi)’T 1X07P53X0>
=1

=51, (Xo) ™" {0 Y (X285, — Bows Br, — Bo) (X0, T Xo)?

=1

o (%) <( S, F;:on>2> B B — B>

‘IZ 1XG][* (X3, T Xo) ) 155, — Boull®

<Sh

=0p (V1B = By’

and

s (Xo) ™! <n > H(Xie) © X} (65, — B XT3 Xo, F;on>‘
=1

=sn, (Xo) 7 Y (X0, T3 Xo) (Xiew, Ty - Xo) (B, — Byas Xi)

i=1
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=Shn (XO)_l n! Z<Xi, Fﬁ:X0>2<BZn - Bgn, Xi€i)
=1
<sn, (Xo) ™ (nl Z(Xi,thXo>2||Xi€i|!> 1535, — Baall
=1

=Op(D)II5E, = By -

With the same argument as the one in the proof of Lemma S15, the last term in

(52.40) is bounded as

s, (X0) ™ | (KE T3, X0, T Xo )| = s, (Xo) (X, T3, Xo)? < A + B +

where

hn

B[4 X,] = Op (n*h;l va) ,
j=1
hn ~

E*[B,| Xo] = Op (”_thl Zw_l> 18, = BI1%,
j=1

Cr = Op(1)[|B;, = By >
This completes the proof.

Proposition S3. Suppose that the assumptions in Theorem 1 in the main paper hold.
Then, the bootstrap scaling sy (Xo) and the sample scaling 55, (Xo) are asymptotic

equivalent in the sense that

8. (Xo)

~ :1+0*1
0 (X0) P (1)
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Proof. This is proved by Lemmas S13-S17 along with decomposition described in Equa-

tions (52.19)-(S2.23). 0

S2.6 WB consistency

In this section, we provide the proof of Theorem 1, the main results for the proposed

WB in FLRMs.

Proof of Theorem 1. We now consider a general case when the means of response and
regressor may not be zero. The conditional mean difference in the bootstrap statistic

is decomposed as follows:

fif, (X0) = fig, (Xo) = Y* =Y — (B} — By, X — EIX]) + (B}, — By, Xo — E[X]).
(52.42)
To find an upper bound for the first term, recall that the bootstrap mean and variance

of the bootstrap response are

E[Y;] = ay, + By, Xi) = Y + (B, Xi — X)),

var[Y;'] = €7, .

Then, the average Y* = n~! >, Y of the bootstrap responses has mean and variance

as E*[Y*] = &, + (B,,, X) =Y and (by independence between bootstrap responses)

n n
var*[Y*] = n~? Zvar* Y] =n"! (n_l Z éfkn> :
i=1 i=1
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If || B, — 8|l = op(1), the average of the residuals bounded as

ny & =0Ty (Vi Y = (B, - 8,X - X) - (8,X; - X))’
i=1 i=1

Y=Y 4307 (B, — B, X — X)? 43071 Y (B, X; — X)?

=1 =1 i=1

B

< 3n!
= Op(1),

because n=! > (V; — V)2 L var[Y], n71 37" (8, X; — X)? L var[(3, X)] = (I'$3, B),
and

n n

> (B, — B, Xi = X)? = (X = X)** B, — B, Br, — B) = (Lu(Br, — B), Br, — B)

=1 i=1

< (I8 = Tllos + ITlloo) | B, — B> = 0p(1).

This implies that var*[Y*] = Op(n~1). Chebyshev inequality can then conclude that

Y* =Y = Op+(n""/?). The second term in (S2.42) is bounded as
5, = Bous X — EIXD] < 1135, = B 1K — ELX]] = op-(072)

since X —E[X] = Op(n~/2) holds by a CLT for general Hilbert spaces (e.g., Hsing and
Eubank, 2015, Theorem 7.7.6) and HBZn — By, |l = 0p-(1) can happen by the consistency
result in Section S2.2.

To sum up, upon scaling, the first two terms (S2.42) are negligible, indicating
the weak convergences of the conditional mean statistic and the projection statistic

are equivalent. In other words, it suffices to show the bootstrap consistency for the
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projection with centered data {(X; — E[X],Y; — E[Y])}~,. Equivalently, we will derive
the bootstrap consistency for projection (B,’fm — Bgn, Xo) when both means are zero, i.e.,
E[X] =0 and E[Y] = 0 (implying a = 0).

Finally, under the zero-mean condition, using Slutsky’s theorem, Polya’s theorem
(Athreya and Lahiri, 2006, Theorem 9.1.4), and a subsequence argument (cf. Billingsley,
1999, Theorem 20.5) for bootstrap distributions, Theorem 1 in the main paper follows
from Propositions S1-S3 and the results in Yeon et al. (2024b, Section S3.3.1) along

with the decomposition (52.2). O

S3 Additional simulation results

Section S3.1 contains the detailed algorithm used for coverage simulation studies given
in Section 4 of the main paper, while Section S3.2 provides extra simulation results
regarding interval widths and studentization. In Section S3.3, we discuss the effects of

less consequential truncation levels k,, and g,.

S3.1 Simulation algorithm

This section contains the details of the algorithm behind the simulation studies in Sec-
tion 4 of the main paper. We simulate the new regressor X, as well as the data samples
{(Xi,Y;)}I, at each Monte Carlo iteration, where the Monte Carlo simulation size M

and the bootstrap resample size @ are given as M = 1000 = ). The (symmetrized)
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confidence intervals are constructed by the methods as described in the main paper:
CLT, residual bootstrap (RB), paired bootstrap (PB), WB with the three multipliers
described in the main paper. See Yeon et al. (2023, 2024a) for the construction of RB
and PB intervals. Here, the intervals from PB or WB are computed either with or
without studentization.

The simulation procedure is described as follows. As mentioned in Section 4 of
the main paper, we focus on the inference of projection u(Xy) = (8, Xo) under the
zero-mean condition that E[X] = 0 and E[Y] = 0 in our simulation studies. In such
cases, we conduct the inference of the projection u(Xo) = (3, Xo) by using the original
(Bhn, Xo) and bootstrap <B;n, Xo) projection estimators by forcing intercepts a, au,, , &j;

or sample means X, X* to be zero. For each m = 1,..., M, perform the following.

1. (Data generation) Simulate X; and ¢; with X; 2 X and € 4. respectively, where
the pairs {(X;,e;)}, are independent but € may be dependent of X, and compute
the response Y; = (f, X;) +¢; for i = 1,...,n. Also, simulate the new regressor

Xo £ X such that X, is independent of the data {(X:,Y)) .
2. (Residual bootstrap)

(a) (Residuals) Compute the residuals &z, = Y; — (B, X;) fori = 1,...,n.

(b) (Residual bootstrap) To approximate the residual bootstrap distribution, do

the following for ¢ =1,...,Q.
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RB«1n  from the uniform distribu-

i. Draw independent bootstrap errors {e,";
tion on the centered residuals {&;, — &5, }y.

RB*

ii. Compute the bootstrap responses qujB* = <Bgn, X;) + , and construct

the bootstrap estimate RB* * based on the bootstrap samples {(X;, Y,F7*)}1,.

iii. Compute the bootstrap statistic defined in Yeon et al. (2023) (cf. Theo-

rem 3 therein):

TR (Xg) = [(BEE*, Xo) — (Bgo» Xo)]-

th, (X )
3. (De-biased paired bootstrap) Compute the bias correction term U, ,, = n~" 37 (X,
X)(éig, —E4.), Where &, = Y;—(B,., X;) are the residuals for i = 1,...,n with its

average ggn =n"tY " &, Toapproximate the paired bootstrap distribution,

do the following for ¢ =1,...,Q.

(a) Draw independent bootstrap pairs {(X/?* Y;"5*)}" | from the uniform dis-
tribution on the samples {(X;, Y;)},

PB*

(b) Compute the bias corrected bootstrap estimate * and the bootstrap scaling

§01%(Xo) based on the bootstrap samples {(X/7*,Y;"%*)}i | and ;)f?n*'

(c) Compute the bootstrap statistics either with or without studentization as

described in Yeon et al. (2024a) (cf. Equations (14) and (16) therein):

TQI,DNB*(XO) = 4, (XO)[< 5;19*7 > <B!]n7XO>]7
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TE54(Xo) = W“ Ho Xo0) = By Xo))

4. (Multiplier wild bootstrap) To approximate the wild bootstrap distribution, do

the following for ¢ =1,...,Q.

(a) Draw independent multipliers W,, = {W;}?_; with moments E*[IW;] = 0 and

E*[W?] = 1 and construct independent bootstrap errors {e;;?*}7, as ]V #* =
Wigi k,-
(b) Compute the bootstrap responses Y;:‘{B* = (Bgn,X ) EZ‘;B*, and construct

the bootstrap estimate BWB* and the bootstrap scaling 3,","*(Xy) based on

the bootstrap samples {(X;, Y;V5*)}" | and BWB*.

(¢) Compute the bootstrap statistics either with or without studentization defined

in (3.12) of the main paper (Yeon et al., 2025, Section 2):

T (Xo) = [ ( oy B Xo) = (B, Xoll,
Ty ia(Xo) = WK s Xo) = By Xo))

5. For all cases, construct the following confidence intervals for (3, Xo)

(a) (CLT) The (symmetrized) confidence interval for (g8, Xy) based on CLT is

5h, (X0)
n

R A Sp, (X
Clorr = [(5}17“ X0> - Z1—-a/2) <6hn7 X0> + h"; O)Zl—a/2] )

where z1_,/2 denotes the 1 —« /2 quantile of the standard normal distribution.
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(b) (Residual bootstrap) Compute the 1 — /2 quantile of {|Tff*(Xo)|}q 1, say

u. Then, the symmetrized confidence interval for (53, Xj) is

X i
Clrg = | (Bn,, Xo) — \/ 0) w, (B, Xo) + (X

(c) (Paired bootstrap) Replace T7P*(X,) and fy,(X,) by either T.75*(X,) or

7P B

wmata(Xo) and 8p,, (Xo), respectively, in the procedure (b) to obtain the sym-

metrized confidence intervals Clpp and Clpp 44 either with or without stu-

dentization.

(d) (Wild bootstrap) Replace TFP*(X;) by either T)VP*(Xy) or T)VEx (X,) in

the procedure (c) to obtain the symmetrized confidence intervals Cly p and

Clwp stq €ither with or without studentization.

6. Let C/’\I(XO) denote one of the intervals constructed above. Compute I,,, = I((/3, Xo)

CT(Xo)).

The (unconditional) empirical coverage probability 1 — « is then approximated by
M-! fozl I,,. We compute the average widths as the averaged difference between the

end points of the constructed intervals as above.

S3.2 Additional simulation results

Figures 1-2 in the main paper exhibit the empirical coverage probabilities of the con-

structed confidence intervals over the truncation level h, € {1,...,15}, when 72 = 0.1
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under either homoscedasticity or heteroscedasticity and when 72 = 2 only under het-
eroscedasticity, respectively; in the meantime, Figures S1-S2 shows the average widths
of the intervals under the same scenarios, which might be helpful to understand the

behaviors of the intervals.

n=50, k,=g,=3 n=200, k,=g,=4 n=1000, k,=g,=6
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Figure S1: Average widths of (individual) confidence intervals for the projection (/3, Xo) constructed
by different methods over the truncation level h,, € {1,...,15}, where 72 = 0.1 and the other trunca-
tion levels k, = [1.5-n'/V] (vy = 2a + 1.1), g,, = k,, are differently selected depending on the sample

sizes.

To see the effect of studentization, in Figures S3-S4, we provide the empirical cov-
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Figure S2: Average widths of (individual) confidence intervals for the projection (f3, Xo) constructed
by different methods over the truncation level h, € {1,...,15} under heteroscedastic error models,
where 72 = 2 and the other truncation levels k,, = [1.5-n'/"*] (v = 2a + 1.1), g, = k,, are differently

selected depending on the sample sizes.

erage rates and average widths of the intervals either with (lower panels) or without
(upper panels) studentization. The first impressive observation is that WB might per-
form poorly depending on the choice of multipliers, even when the sample size is large.
For example, Figure S3 shows that WB1 (WB with two-point multipliers) and WB3
(WB with Mammen’s multipliers) tend to overcover and undercover, respectively, with-
out studentization. However, studentization seems to be able to minimize the influence
of multiplier choices in WB; the performances of studentized WB methods in Figure S3
are close to each other. It it worthwhile mentioning that the WB2 (WB with normal

multipliers) nevertheless works quite well regardless of studentization.
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On the other hand, studentization in PB could affect differently depending on the
error distribution; it might hurt the coverage of PB intervals for some error distribution
cases. For less skewed errors (first and third rows in Figure S3), studentization for PB
intervals seems generally a good choice. In contrast, if the error skewness is large
(second and fourth rows in Figure S3), non-studentized PB intervals might work better

for coverage accuracy. In this case, studentization step seems to become more unstable

for PB.

S3.3 Effects of k, and g,

The recommendation of using g, = k, and h,, larger than g, stems from a finding of our
previous study of RB, Yeon et al. (2023). There (e.g., Yeon et al., 2023, Figure 2), we
found that excessively large g, can harm the performance of the RB interval, more so
than large k, or h,. In addition, theoretically, an important consideration in choosing
k, and g, is that the resulting estimators Bkn and Bgn should be consistent for 8. This is
implied by Conditions (A1)—(A4), where the last condition (A4) specifically determines
the growth rates for k, and g,. While we did not find a theoretical sweet spot for the
choices of these truncation levels, we point out that such theoretical analyses regarding
effects of tuning parameters are largely under-investigated even in central limit theorem
for functional regression. We leave this to future research, but nevertheless, we have

added additional numerical studies that are currently represented in Figure S5 of the
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supplement.

We have now more deeply illustrated the effects of varying k, and g,. To do so,
we conducted new simulation studies by fixing either k, or g, and varying the other
truncation level over a large range. When we fix either truncation levels, we set these
as 3 when n = 50, 4 when n = 200 and 6 when n = 1000, mimicking the setup for
Figure 2.

To explain the findings, we first consider the cases with fixed k, but varying g,
(upper panels of Figure S5). When n = 50, we found some coverage improvements
using larger g, than k,. In this case, the WB intervals with g, = 15 tend to obtain the
nominal level quite accurately. However, we do not interpret that larger g, is good for
the coverage of the WB intervals generally, as this yields extreme overcoverage as the
sample size gets large. When n = 1000, the WB intervals with large g, tend to be far
too conservative (always cover), as an aspect not illustrated in our original simulation
studies (Figures 1-2). In contrast, the WB intervals with g, close to k, behave more
reasonably across sample sizes, including large cases. For all sample sizes, smaller g,
compared to k, leads to undercoverage when h,, is also small.

When £k, is varied but g, is fixed (lower panels of Figure S5), our observation is
quite simpler: as the given value of g,, increases, the WB intervals tend to lose coverage.
Incorporating both small and large sample cases, there may be some optimal choice of

k., which looks close to the fixed g,.
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Overall, g, far from k, could yield either over- or under-coverage issues, while g,
close to k, tends to lead to reasonable behaviors of the WB intervals, which can provide

a better guide for the subsequent selection of h,,.
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Figure S3: Empirical coverage probabilities of non-studentized versus studentized confidence intervals
for the projection (8, Xo) constructed by different methods over the truncation level h,, € {1,...,15},
where 72 € {0.1,2} and the other truncation levels k, = [1.5 - n'/%] (v = 2a + 1.1), g = k, are

differently selected depending on the sample sizes.
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Figure S4: Average widths of non-studentized versus studentized confidence intervals for the pro-
jection (B, Xo) constructed by different methods over the truncation level h,, € {1,...,15}, where
72 € {0.1,2} and the other truncation levels k, = [1.5 - n'/%¥] (v, = 2a + 1.1), g,, = k,, are differently

selected depending on the sample sizes.
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S4 Extra figures for real data analysis

We provide extra figures used in real data analysis in Section 5 of the main paper. Fig-
ure S6 shows the observed temperature curves for each region in the United States (US)
with their respective averages being colored in blue. In Figure S7, estimated standard
deviations {6, }/y over h, € {1,...,20} are given, where 67, =n; ' Y, 7 &7, with
7,y = |Z;| denoting the index set and the sample size of [-th region, respectively. Also,
the kernel-estimated densities of the residuals {e; , }icz, in each region I € {1,...,4}
with k, = 6 are represented in Figure S8, where West particularly shows severe het-
eroscedasticity and skewness. Finally, Figure S9 collect the confidence intervals for
the centered projections {(3, Xy — E[X])}{, from all three bootstrap methods with

k., =6 = g, and over h,, € {3,...,20}.
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Figure S6: The temperature curves of 47 states in the US in 2022. The blue curves represent the

average temperatures of each region.
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Figure S7: Estimated standard deviations for each region over different truncations h,, € {1,...,20}.
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Figure S8:
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Density estimates of residuals with k,, = 6 for each region from the US weather dataset.
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=
e

Figure S9: Bootstrap intervals for centered projections {(3, Xo; — E[X])};_, for each region from
the US weather dataset with k, = 6 = g,, and different h,, € H = {3,...,20}. The intervals from

hy, € {1,2} are dropped due to too large widths of the corresponding PB intervals.
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