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S1 Notations

To begin with, we outline the necessary notations used throughout this supple-

mentary material. Given a generic vector w = (w1, . . . , wp)
′ ∈ Rp, we represent

its `q-norms as ‖w‖q = (
∑p

l=1 |wl|q)1/q for 1 ≤ q < ∞, ‖w‖0 = card{l : wl 6=

0}, and ‖w‖∞ = maxl≤p |wl|. For any two sequences an and bn, we denote

an . bn whenever an ≤ c0bn for some universal constant c0 > 0. In a similar

fashion, we use the notation an & bn if an ≥ c1bn for a constant c1 > 0. Conse-

quently, we express an � bn on condition that |an| . |bn| and |an| & |bn|. We

define a sequence of four-dimensional vectors as

Ldn ={(u1, v1, g1, h1), . . . , (udn , vdn , gdn , hdn)}

={1, . . . , pn} × {1, . . . , pn} × {1, . . . , sn} × {1, . . . , sn},



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

which contains dn = p2ns
2
n elements in total, and satisfies uk103 + vk102 +

gk10 + hk < uk+1103 + vk+1102 + gk+110 + hk+1 for any 1 ≤ k ≤ dn − 1.

Based on the first truncated sample X̃ n1 = {θ1,i ∈ Rpnsn : i ≤ n1}, we define

{θ?1,i ∈ Rdn : i ≤ n1} as a collection of i.i.d. random vectors, where θ?1,i =

(θ?
′

1,i1, . . . , θ
?′

1,idn
)′, with each coordinate θ?1,ia = (θ1,iuaga − η1,uaga)(θ1,ivaha −

η1,vaha)− σ1,uavagaha . Accordingly, we further denote the random vectors θ̆?1,i =

(θ̆?
′

1,i1, . . . , θ̆
?′

1,idn
)′ and θ̂?1,i = (θ̂?

′
1,i1, . . . , θ̂

?′

1,idn
)′, with each θ̆?1,ia = (θ1,iuaga −

η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ1,uavagaha and θ̂?1,ia = (θ1,iuaga − η̂1,uaga)(θ1,ivaha −

η̂1,vaha)− σ̂1,uavagaha , respectively. We then write a covariance matrix M1 as

M1 = cov(θ?1,i) = (m1,ab)a≤dn,b≤dn ∈ Rdn×dn ,

where the elements m1,ab = cov(θ?1,ia, θ
?
1,ib) are estimated by

m̂1,ab =n−11

n1∑
i=1

{(θ1,iuaga − η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ̂1,uavagaha}×

{(θ1,iubgb − η̂1,ubgb)(θ1,ivbhb − η̂1,vbhb)− σ̂1,ubvbgbhb}.

Likewise, based on the second truncated sample Ỹn1 = {θ2,i ∈ Rpnsn : i ≤ n2},

we define the quantities θ?2,i, θ̆
?
2,i, θ̂

?
2,i, M2 = cov(θ?2,i) = (m2,ab)a≤dn,b≤dn , and

m̂2,ab. To this end, we denote {εi ∈ Rdn : i ≤ n} as a set of independent

random vectors, such that εi = (εi1, . . . , εidn)′ = θ?1,i · 1{1≤i≤n1}−n1n
−1
2 θ?2,i−n1

·

1{n1+1≤i≤n}. Denoting the diagonal matrices Λ = diag{m1,aa + n1n
−1
2 m2,aa :

a ≤ dn} ∈ Rdn×dn and Λ̂ = diag{m̂1,aa + n1n
−1
2 m̂2,aa : a ≤ dn} ∈ Rdn×dn , we
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further denote three sets of random vectors as {ε̃i ∈ Rdn : i ≤ n}, {ε̆i ∈ Rdn :

i ≤ n}, and {ε̂i ∈ Rdn : i ≤ n}. More precisely, we define

ε̃i = (ε̃i1, . . . , ε̃idn)′ = (n1n
−1Λ)−1/2εi = (n1n

−1Λ)−1/2[θ?1,i · 1{1≤i≤n1} − n1n
−1
2 θ?2,i−n1

· 1{n1+1≤i≤n}],

ε̃ia = {n1n
−1(m1,aa + n1n

−1
2 m2,aa)}−1/2[θ?1,ia · 1{1≤i≤n1} − n1n

−1
2 θ?2,(i−n1)a

· 1{n1+1≤i≤n}],

ε̆i = (ε̆i1, . . . , ε̆idn)′ = (n1n
−1Λ̂)−1/2[θ̆?1,i · 1{1≤i≤n1} − n1n

−1
2 θ̆?2,i−n1

· 1{n1+1≤i≤n}],

ε̆ia = {n1n
−1(m̂1,aa + n1n

−1
2 m̂2,aa)}−1/2[θ̆?1,ia · 1{1≤i≤n1} − n1n

−1
2 θ̆?2,(i−n1)a

· 1{n1+1≤i≤n}],

ε̂i = (ε̂i1, . . . , ε̂idn)′ = (n1n
−1Λ̂)−1/2[θ̂?1,i · 1{1≤i≤n1} − n1n

−1
2 θ̂?2,i−n1

· 1{n1+1≤i≤n}],

ε̂ia = {n1n
−1(m̂1,aa + n1n

−1
2 m̂2,aa)}−1/2[θ̂?1,ia · 1{1≤i≤n1} − n1n

−1
2 θ̂?2,(i−n1)a

· 1{n1+1≤i≤n}].

Accordingly, we express a series of random vectors as

T̃ = (T̃1, . . . , T̃dn)′ = n−1/2
n∑
i=1

ε̃i, T̃a = n−1/2
n∑
i=1

ε̃ia,

T̆ = (T̆1, . . . , T̆dn)′ = n−1/2
n∑
i=1

ε̆i, T̆a = n−1/2
n∑
i=1

ε̆ia,

T̃e = (T̃e1, . . . , T̃edn)′ = n−1/2
n∑
i=1

eiε̃i, T̃ea = n−1/2
n∑
i=1

eiε̃ia,

T̂e = (T̂e1, . . . , T̂edn)′ = n−1/2
n∑
i=1

eiε̂i, T̂ea = n−1/2
n∑
i=1

eiε̂ia.

It is not difficult to verify the following equations:

Ĝ(ΣX − ΣY ) = Ĝ(F{bk:k≤sn}(K
X −KY )) = ‖T̆‖∞, Ĝe = ‖T̂e‖∞,

cB(α) = inf{t ∈ R : Pe(‖T̂e‖∞ ≤ t) ≥ 1− α}, α ∈ (0, 1),

Ĥe(K
X −KY ) = ‖T̂e + Ĵ(KX −KY )‖∞, (S1.1)
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where Ĵ(KX −KY ) = [Ĵ1(K
X −KY ), . . . , Ĵdn(KX −KY )]′, with each coor-

dinate function as Ĵa(KX − KY ) = (n−11 m̂1,aa + n−12 m̂2,aa)
−1/2(σ1,uavagaha −

σ2,uavagaha). The subsequent section includes the auxiliary lemmas along with

their corresponding proofs.

S2 Auxiliary Lemmas and Proofs

Lemma 1. Suppose X1, . . . , Xn are i.i.d. random variables satisfying E(Xi) =

0 and var(Xi) = 1. Also assume that there exist universal constants c1, c2, γ > 0

such that for any t > 0,

P (|Xi| ≥ t) ≤ c1 exp(−c2tγ).

Then, there exist universal constants c3, c4 > 0 such that for any t > 0,

P (|n−1
n∑
i=1

Xi| ≥ t) ≤ 2 exp(−nt2/4) + c3 exp(−c4nγtγ).

Proof. This is adapted from Theorem 6 of Delaigle et al. (2011).

Lemma 2. Under conditions (A1)–(A4), there exist universal constants c1, c2 >

0 such that:

1) With probability at least 1− c1n−1, we have:

max
j≤pn

max
k≤sn
|n−11

n1∑
i=1

σ
−1/2
1,jjkk(θ1,ijk − η1,jk)| ≤ c2n

−1/2{log(npnsn)}1/2.
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2) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ
−1/2
1,j1j1k1k1

(θ1,ij1k1 − η1,j1k1)σ
−1/2
1,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)−

E{σ−1/21,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)σ

−1/2
1,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)}| ≤ c2n
−1/2{log(npnsn)}1/2.

3) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ
−1/2
1,j1j1k1k1

(θ1,ij1k1 − η1,j1k1)σ−11,j2j2k2k2
(θ1,ij2k2 − η1,j2k2)2−

E{σ−1/21,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.

4) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2−

E{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.

5) With probability at least 1− c1n−1, we have:

max
j≤pn

max
k≤sn
|n−11

n1∑
i=1

σ
−1/2
1,jjkk(θ1,ijk − η̂1,jk)| ≤ c2n

−1/2{log(npnsn)}1/2.

6) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ
−1/2
1,j1j1k1k1

(θ1,ij1k1 − η̂1,j1k1)σ
−1/2
1,j2j2k2k2

(θ1,ij2k2 − η̂1,j2k2)−

E{σ−1/21,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)σ

−1/2
1,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)}| ≤ c2n
−1/2{log(npnsn)}1/2.
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7) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ
−1/2
1,j1j1k1k1

(θ1,ij1k1 − η̂1,j1k1)σ−11,j2j2k2k2
(θ1,ij2k2 − η̂1,j2k2)2−

E{σ−1/21,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.

8) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ−11,j1j1k1k1
(θ1,ij1k1 − η̂1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η̂1,j2k2)2−

E{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.

9) With probability at least 1− c1n−1, we have:

max
j≤pn

max
k≤sn
|n−12

n2∑
i=1

σ
−1/2
2,jjkk(θ2,ijk − η2,jk)| ≤ c2n

−1/2{log(npnsn)}1/2.

10) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−12

n2∑
i=1

σ
−1/2
2,j1j1k1k1

(θ2,ij1k1 − η2,j1k1)σ
−1/2
2,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)−

E{σ−1/22,j1j1k1k1
(θ2,ij1k1 − η2,j1k1)σ

−1/2
2,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)}| ≤ c2n
−1/2{log(npnsn)}1/2.

11) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−12

n2∑
i=1

σ
−1/2
2,j1j1k1k1

(θ2,ij1k1 − η2,j1k1)σ−12,j2j2k2k2
(θ2,ij2k2 − η2,j2k2)2−

E{σ−1/22,j1j1k1k1
(θ2,ij1k1 − η2,j1k1)σ−12,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.
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12) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−12

n2∑
i=1

σ−12,j1j1k1k1
(θ2,ij1k1 − η2,j1k1)2σ−12,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)2−

E{σ−12,j1j1k1k1
(θ2,ij1k1 − η2,j1k1)2σ−12,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.

13) With probability at least 1− c1n−1, we have:

max
j≤pn

max
k≤sn
|n−12

n2∑
i=1

σ
−1/2
2,jjkk(θ2,ijk − η̂2,jk)| ≤ c2n

−1/2{log(npnsn)}1/2.

14) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−12

n2∑
i=1

σ
−1/2
2,j1j1k1k1

(θ2,ij1k1 − η̂2,j1k1)σ
−1/2
2,j2j2k2k2

(θ2,ij2k2 − η̂2,j2k2)−

E{σ−1/22,j1j1k1k1
(θ2,ij1k1 − η2,j1k1)σ

−1/2
2,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)}| ≤ c2n
−1/2{log(npnsn)}1/2.

15) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−12

n2∑
i=1

σ
−1/2
2,j1j1k1k1

(θ2,ij1k1 − η̂2,j1k1)σ−12,j2j2k2k2
(θ2,ij2k2 − η̂2,j2k2)2−

E{σ−1/22,j1j1k1k1
(θ2,ij1k1 − η2,j1k1)σ−12,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.

16) With probability at least 1− c1n−1, we have:

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−12

n2∑
i=1

σ−12,j1j1k1k1
(θ2,ij1k1 − η̂2,j1k1)2σ−12,j2j2k2k2

(θ2,ij2k2 − η̂2,j2k2)2−

E{σ−12,j1j1k1k1
(θ2,ij1k1 − η2,j1k1)2σ−12,j2j2k2k2

(θ2,ij2k2 − η2,j2k2)2}| ≤ c2n
−1/2{log(npnsn)}1/2.



FIRSTNAME1 LASTNAME1 AND FIRSTNAME2 LASTNAME2

Proof. To show part 4), for any i ≤ n1, j1 ≤ pn, j2 ≤ pn, k1 ≤ sn, k2 ≤ sn, we

denote the random variables Z(4)
i,j1j2k1k2

as

Z
(4)
i,j1j2k1k2

(S2.2)

=
(θ1,ij1k1 − η1,j1k1)2(θ1,ij2k2 − η1,j2k2)2 − E{(θ1,ij1k1 − η1,j1k1)2(θ1,ij2k2 − η1,j2k2)2}

var1/2{(θ1,ij1k1 − η1,j1k1)2(θ1,ij2k2 − η1,j2k2)2}
,

which satisfies E(Z
(4)
i,j1j2k1k2

) = 0 and var(Z(4)
i,j1j2k1k2

) = 1. Denoting ∆4 as

∆4 = max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2−

E{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}|,

it then follows from (S2.2) that

max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

Z
(4)
i,j1j2k1k2

|

= max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2−

E{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}|·

[var{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}]−1/2

≥[max
j≤pn

max
k≤sn

E{σ−41,jjkk(θ1,ijk − η1,jk)
8}]−1/2∆4 ≥ c1∆4, (S2.3)

for some universal constant c1 > 0, where the last inequality holds from (A3).
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For any i ≤ n1, j1 ≤ pn, j2 ≤ pn, k1 ≤ sn, k2 ≤ sn, s > 0, t > 0, we have

P (|Z(4)
i,j1j2k1k2

| ≥ t)

=P
[
s|σ−11,j1j1k1k1

(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2
(θ1,ij2k2 − η1,j2k2)2−

E{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}|1/2 ≥

var1/4{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}st1/2
]

≤P
[
s|σ−11,j1j1k1k1

(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2
(θ1,ij2k2 − η1,j2k2)2−

E{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}|1/2 ≥ c2st
1/2
]

≤ exp(−c2st1/2) · exp
(
s
[

max
j≤pn

max
k≤sn

E{σ−21,jjkk(θ1,ijk − η1,jk)
4}
]1/2)

·

max
j≤pn

max
k≤sn

E[exp{sσ−11,jjkk(θ1,ijk − η1,jk)
2}]

≤ exp(−c2st1/2 + c3s) ·max
j≤pn

max
k≤sn

E[exp{sσ−11,jjkk(θ1,ijk − η1,jk)
2}], (S2.4)

for some universal constant c2, c3 > 0, where the first equality is by (S2.2), the

third last inequality holds from (A4), and the last inequality is based on (A3).

Plugging s = K1 into (S2.4), it follows from (A3) that there exist universal

constant c4, c5 > 0 such that for any t > 0,

P (|Z(4)
i,j1j2k1k2

| ≥ t) ≤ c4 exp(−c5t1/2). (S2.5)

By combining (S2.5), (S2.2) with Lemma 1, it can be concluded that there exist

universal constant c6, c7 > 0 such that for any t > 0,

P (|n−11

n1∑
i=1

Z
(4)
i,j1j2k1k2

| ≥ t) ≤ 2 exp(−n1t
2/4) + c6 exp(−c7n1/2

1 t1/2). (S2.6)
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Therefore, we have that for any t > 0,

P (∆4 ≥ t)

≤P (max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

Z
(4)
i,j1j2k1k2

| ≥ c1t)

≤
pn∑
j1=1

pn∑
j2=1

sn∑
k1=1

sn∑
k2=1

P (|n−11

n1∑
i=1

Z
(4)
i,j1j2k1k2

| ≥ c1t)

≤2p2ns
2
n exp(−c21n1t

2/4) + c6p
2
ns

2
n exp(−c7c1/21 n

1/2
1 t1/2), (S2.7)

where the first inequality is based on (S2.3), and the last inequality holds from

(S2.6). Plugging t = max{2c−11 n
−1/2
1 log1/2(n1p

2
ns

2
n), c−11 c−27 n−11 log2(n1p

2
ns

2
n)} =

2c−11 n
−1/2
1 log1/2(n1p

2
ns

2
n) into (S2.7) yields

P{∆4 ≥ 2c−11 n
−1/2
1 log1/2(n1p

2
ns

2
n)} ≤ (2 + c6)n

−1
1 .

Together with (A1) and (A2) entails that there are universal constants c8, c9 > 0

such that

P{∆4 ≤ c−18 n−1/2 log1/2(npnsn)} ≥ 1− c9n−1.

which completes the proof of part 4). Similar arguments as those in part 4) lead

to the conclusions in parts 1–3). To show part 5), first note that

max
j≤pn

max
k≤sn
|n−11

n1∑
i=1

σ
−1/2
1,jjkk(θ1,ijk − η̂1,jk)| ≤ 2 max

j≤pn
max
k≤sn
|n−11

n1∑
i=1

σ
−1/2
1,jjkk(θ1,ijk − η1,jk)|.

Together with part 1) implies part 5). Similar reasoning as part 5) leads to parts

6–8). Analogous to the proofs of parts 1–8), one can show parts 9–16).
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Lemma 3. Under conditions (A1)–(A4), there exist universal constants c1, c2 >

0 such that:

1) With probability at least 1− c1n−1, we have:

max
a≤dn

|m̂1,aa −m1,aa|
σ1,uauagagaσ1,vavahaha

≤ c2n
−1/2{log(npnsn)}1/2.

2) With probability at least 1− c1n−1, we have:

max
a≤dn

|m̂2,aa −m2,aa|
σ2,uauagagaσ2,vavahaha

≤ c2n
−1/2{log(npnsn)}1/2.

Proof. To show part 1), first note that

max
a≤dn

|m̂1,aa −m1,aa|
σ1,uauagagaσ1,vavahaha

≤ ∆∗1 + 2∆∗2 + (∆∗2)
2, (S2.8)

where

∆∗1 = max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ−11,j1j1k1k1
(θ1,ij1k1 − η̂1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η̂1,j2k2)2−

E{σ−11,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)2σ−11,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)2}|,

∆∗2 = max
j1≤pn

max
j2≤pn

max
k1≤sn

max
k2≤sn

|n−11

n1∑
i=1

σ
−1/2
1,j1j1k1k1

(θ1,ij1k1 − η̂1,j1k1)σ
−1/2
1,j2j2k2k2

(θ1,ij2k2 − η̂1,j2k2)−

E{σ−1/21,j1j1k1k1
(θ1,ij1k1 − η1,j1k1)σ

−1/2
1,j2j2k2k2

(θ1,ij2k2 − η1,j2k2)}|.

By combining (S2.8) with Lemma 2 and (A2), it can be deduced that there exist

universal constants c1, c2 > 0 such that

P
[

max
a≤dn

|m̂1,aa −m1,aa|
σ1,uauagagaσ1,vavahaha

≤ c2n
−1/2{log(npnsn)}1/2

]
≥ 1− c1n−1,

which finishes the proof of part 1). Similar reasoning leads to part 2).
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S3 Proofs of Main Theorems

Proof of Theorem 1. Recall the following four terms

T̆ = n−1/2
n∑
i=1

ε̆i, T̂e = n−1/2
n∑
i=1

eiε̂i,

T̃ = n−1/2
n∑
i=1

ε̃i, T̃e = n−1/2
n∑
i=1

eiε̃i,

where {ε̃i ∈ Rdn : i ≤ n} represents a collection of centered independent

random vectors that fulfills

min
a≤dn

n−1
n∑
i=1

E(ε̃2ia) = min
a≤dn

∑n1

i=1E(θ?21,ia) + n2
1n
−2
2

∑n2

i=1E(θ?22,ia)

n1m1,aa + n2
1n
−1
2 m2,aa

= min
a≤dn

n1m1,aa + n2
1n
−1
2 m2,aa

n1m1,aa + n2
1n
−1
2 m2,aa

= 1. (S3.9)

Based on (A1), (A3), and (A4), it can be deduced that for all i ≤ n and a ≤ dn

ε̃ia ∼ sub-Exponential(c1), (S3.10)

for a universal constant parameter c1 > 0. By combining (S3.9), (S3.10), (A2)

with Lemma 5 in Xue and Yao (2024), it can be concluded that

lim
n→∞

sup
A∈ARe

∣∣P (T̃ ∈ A)− Pe(T̃e ∈ A)
∣∣ = 0, (S3.11)

where the set ARe includes all hyperrectangles A of the form A = {ω ∈ Rdn :

αj ≤ ωj ≤ βj, j ≤ dn}, satisfying −∞ ≤ αj ≤ βj ≤ ∞ for every j ≤ dn. To
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bound ‖T̆ − T̃‖∞, denoting

σ̃1,j1j2k1k2 = n−11

n1∑
i=1

(θ1,ij1k1 − η1,j1k1)(θ1,ij2k2 − η1,j2k2),

σ̂1,j1j2k1k2 = n−11

n1∑
i=1

(θ1,ij1k1 − η̂1,j1k1)(θ1,ij2k2 − η̂1,j2k2),

σ̃2,j1j2k1k2 = n−12

n2∑
i=1

(θ2,ij1k1 − η2,j1k1)(θ2,ij2k2 − η2,j2k2),

σ̂2,j1j2k1k2 = n−12

n2∑
i=1

(θ2,ij1k1 − η̂2,j1k1)(θ2,ij2k2 − η̂2,j2k2),

it can then be seen that

‖T̆ − T̃‖∞ = max
a≤dn
|n−1/2

n∑
i=1

(ε̆ia − ε̃ia)|

= max
a≤dn

∣∣∣(σ̂1,uavagaha − σ1,uavagaha)− (σ̂2,uavagaha − σ2,uavagaha)

(n−11 m̂1,aa + n−12 m̂2,aa)1/2
−

(σ̃1,uavagaha − σ1,uavagaha)− (σ̃2,uavagaha − σ2,uavagaha)

(n−11 m1,aa + n−12 m2,aa)1/2

∣∣∣
≤max

a≤dn

∣∣∣ σ̃1,uavagaha − σ1,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

− σ̂1,uavagaha − σ1,uavagaha
(n−11 m̂1,aa + n−12 m̂2,aa)1/2

∣∣∣+
max
a≤dn

∣∣∣ σ̃2,uavagaha − σ2,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

− σ̂2,uavagaha − σ2,uavagaha
(n−11 m̂1,aa + n−12 m̂2,aa)1/2

∣∣∣
≤Ω1 + Ω2 + Ω3 + Ω4, (S3.12)
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where

Ω1 = max
a≤dn

∣∣∣ σ̃1,uavagaha − σ1,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

− σ̂1,uavagaha − σ1,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

∣∣∣,
Ω2 = max

a≤dn

∣∣∣ σ̂1,uavagaha − σ1,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

− σ̂1,uavagaha − σ1,uavagaha
(n−11 m̂1,aa + n−12 m̂2,aa)1/2

∣∣∣,
Ω3 = max

a≤dn

∣∣∣ σ̃2,uavagaha − σ2,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

− σ̂2,uavagaha − σ2,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

∣∣∣,
Ω4 = max

a≤dn

∣∣∣ σ̂2,uavagaha − σ2,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

− σ̂2,uavagaha − σ2,uavagaha
(n−11 m̂1,aa + n−12 m̂2,aa)1/2

∣∣∣.
To bound Ω1, notice that

Ω1 = max
a≤dn

∣∣∣ σ̃1,uavagaha − σ̂1,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

∣∣∣
≤n1/2

1 max
a≤dn

|σ̃1,uavagaha − σ̂1,uavagaha|
m

1/2
1,aa

=n
1/2
1 max

a≤dn

|(η̂1,uaga − η1,uaga)(η̂1,vaha − η1,vaha)|
m

1/2
1,aa

=n
1/2
1 max

a≤dn

∣∣∣n−11

n1∑
i=1

(θ1,iuaga − η1,uaga
σ
1/2
1,uauagaga

)∣∣∣ · ∣∣∣n−11

n1∑
i=1

(θ1,ivaha − η1,vaha
σ
1/2
1,vavahaha

)∣∣∣·
[
var
{(θ1,iuaga − η1,uaga

σ
1/2
1,uauagaga

)(θ1,ivaha − η1,vaha
σ
1/2
1,vavahaha

)}]−1/2
.

Together with (A1), (A4), and Lemma 2 yields that there are universal constants

c1, c2 > 0 such that with probability at least 1− c1n−1,

Ω1 ≤ c2n
−1/2 log(npnsn). (S3.13)
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In a similar fashion, one can show that there exist universal constants c3, c4 > 0

such that with probability at least 1− c3n−1,

Ω3 ≤ c4n
−1/2 log(npnsn). (S3.14)

To bound Ω2, first note that

Ω2 ≤ Ω∗1Ω
∗
2, (S3.15)

where

Ω∗1 = max
a≤dn

∣∣∣ σ̂1,uavagaha − σ1,uavagaha
(n−11 m1,aa + n−12 m2,aa)1/2

∣∣∣,
Ω∗2 = max

a≤dn

∣∣∣1− (m1,aa + n1n
−1
2 m2,aa)

1/2

(m̂1,aa + n1n
−1
2 m̂2,aa)1/2

∣∣∣.
To bound Ω∗1, note that

Ω∗1 ≤n
1/2
1 max

a≤dn

|σ̂1,uavagaha − σ1,uavagaha|
m

1/2
1,aa

=n
1/2
1 max

a≤dn

∣∣∣n−11

n1∑
i=1

(θ1,iuaga − η1,uaga
σ
1/2
1,uauagaga

)(θ1,ivaha − η1,vaha
σ
1/2
1,vavahaha

)
−

E
{(θ1,iuaga − η1,uaga

σ
1/2
1,uauagaga

)(θ1,ivaha − η1,vaha
σ
1/2
1,vavahaha

)}∣∣∣·
[
var
{(θ1,iuaga − η1,uaga

σ
1/2
1,uauagaga

)(θ1,ivaha − η1,vaha
σ
1/2
1,vavahaha

)}]−1/2
.

Together with (A1), (A4), and Lemma 2 yields that there are universal constants

c5, c6 > 0 such that with probability at least 1− c5n−1,

Ω∗1 ≤ c6{log(npnsn)}1/2. (S3.16)
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To bound Ω∗2, first note that

Ω∗2 ≤max
a≤dn

∣∣∣1− m1,aa + n1n
−1
2 m2,aa

m̂1,aa + n1n
−1
2 m̂2,aa

∣∣∣
≤max

a≤dn

∣∣∣1− m1,aa

m̂1,aa

∣∣∣+ max
a≤dn

∣∣∣1− m2,aa

m̂2,aa

∣∣∣. (S3.17)

To bound maxa≤dn

∣∣∣1− m1,aa

m̂1,aa

∣∣∣, first notice that

max
a≤dn

∣∣∣1− m1,aa

m̂1,aa

∣∣∣
= max

a≤dn

∣∣∣( m̂1,aa −m1,aa

σ1,uauagagaσ1,vavahaha

)/( m1,aa

σ1,uauagagaσ1,vavahaha
+

m̂1,aa −m1,aa

σ1,uauagagaσ1,vavahaha

)∣∣∣
≤
(

max
a≤dn

∣∣∣ m̂1,aa −m1,aa

σ1,uauagagaσ1,vavahaha

∣∣∣)/(min
a≤dn

m1,aa

σ1,uauagagaσ1,vavahaha
−max

a≤dn

∣∣∣ m̂1,aa −m1,aa

σ1,uauagagaσ1,vavahaha

∣∣∣).
Together with (A2), (A4), and Lemma 3 yields that there are universal constants

c7, c8 > 0 such that with probability at least 1− c7n−1,

max
a≤dn

∣∣∣1− m1,aa

m̂1,aa

∣∣∣ ≤ c8n
−1/2{log(npnsn)}1/2. (S3.18)

In a similar fashion, it can be shown that there exist universal constants c9, c10 >

0 such that with probability at least 1− c9n−1,

max
a≤dn

∣∣∣1− m2,aa

m̂2,aa

∣∣∣ ≤ c10n
−1/2{log(npnsn)}1/2. (S3.19)

By combining (S3.18) and (S3.19) with (S3.17), it can be concluded that there

are universal constants c11, c12 > 0 such that with probability at least 1−c11n−1,

Ω∗2 ≤ c12n
−1/2{log(npnsn)}1/2. (S3.20)
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By combining (S3.20) and (S3.16) with (S3.15), it can be concluded that there

are universal constants c13, c14 > 0 such that with probability at least 1−c13n−1,

Ω2 ≤ c14n
−1/2 log(npnsn). (S3.21)

In a similar fashion, it can be shown that there exist universal constants c15, c16 >

0 such that with probability at least 1− c15n−1,

Ω4 ≤ c16n
−1/2 log(npnsn). (S3.22)

By combining (S3.22), (S3.21), (S3.14), (S3.13) with (S3.12), it can be deduced

that there are universal constants c17, c18 > 0 such that with probability at least

1− c17n−1,

‖T̆ − T̃‖∞ ≤ c18n
−1/2 log(npnsn). (S3.23)

To bound ‖T̂e − T̃e‖∞, first note that for any t > 0,

Pe(‖T̂e − T̃e‖∞ ≥ t) = Pe(max
a≤dn
|n−1/2

n∑
i=1

ei(ε̂ia − ε̃ia)| ≥ t)

≤
dn∑
a=1

Pe(|n−1/2
n∑
i=1

ei(ε̂ia − ε̃ia)| ≥ t)

≤2
dn∑
a=1

exp
{
− t2

2n−1
∑n

i=1(ε̂ia − ε̃ia)2
}

≤2dn exp
{
− t2

2 maxa≤dn n
−1
∑n

i=1(ε̂ia − ε̃ia)2
}
, (S3.24)

where the first inequality is due to union bound inequality, and the second in-

equality holds from Hoeffding inequality. Plugging t = {2 maxa≤dn n
−1∑n

i=1(ε̂ia−
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ε̃ia)
2}1/2{log(ndn)}1/2 into (S3.24) yields

Pe
[
‖T̂e − T̃e‖∞ ≥ {2 max

a≤dn
n−1

n∑
i=1

(ε̂ia − ε̃ia)2}1/2{log(ndn)}1/2
]

≤2n−1. (S3.25)

To bound maxa≤dn n
−1∑n

i=1(ε̂ia − ε̃ia)2, first note that for each a ≤ dn,

n∑
i=1

(ε̂ia − ε̃ia)2

≤2

n1∑
i=1

[(θ1,iuaga − η1,uaga)(θ1,ivaha − η1,vaha)− σ1,uavagaha
{n1n−1(m1,aa + n1n

−1
2 m2,aa)}1/2

−

(θ1,iuaga − η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ̂1,uavagaha
{n1n−1(m1,aa + n1n

−1
2 m2,aa)}1/2

]2
+

2

n1∑
i=1

[(θ1,iuaga − η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ̂1,uavagaha
{n1n−1(m1,aa + n1n

−1
2 m2,aa)}1/2

−

(θ1,iuaga − η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ̂1,uavagaha
{n1n−1(m̂1,aa + n1n

−1
2 m̂2,aa)}1/2

]2
+

2n2
1n
−2
2

n2∑
i=1

[(θ2,iuaga − η2,uaga)(θ2,ivaha − η2,vaha)− σ2,uavagaha
{n1n−1(m1,aa + n1n

−1
2 m2,aa)}1/2

−

(θ2,iuaga − η̂2,uaga)(θ2,ivaha − η̂2,vaha)− σ̂2,uavagaha
{n1n−1(m1,aa + n1n

−1
2 m2,aa)}1/2

]2
+

2n2
1n
−2
2

n2∑
i=1

[(θ2,iuaga − η̂2,uaga)(θ2,ivaha − η̂2,vaha)− σ̂2,uavagaha
{n1n−1(m1,aa + n1n

−1
2 m2,aa)}1/2

−

(θ2,iuaga − η̂2,uaga)(θ2,ivaha − η̂2,vaha)− σ̂2,uavagaha
{n1n−1(m̂1,aa + n1n

−1
2 m̂2,aa)}1/2

]2
.

Together with (A1) yields that

max
a≤dn

n−1
n∑
i=1

(ε̂ia − ε̃ia)2 . Π1 + Π2 + Π3 + Π4, (S3.26)
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where

Π1 = max
a≤dn

n−11

n1∑
i=1

{(θ1,iuaga − η1,uaga)(θ1,ivaha − η1,vaha)− σ1,uavagaha
(m1,aa + n1n

−1
2 m2,aa)1/2

−

(θ1,iuaga − η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ̂1,uavagaha
(m1,aa + n1n

−1
2 m2,aa)1/2

}2

,

Π2 = max
a≤dn

n−11

n1∑
i=1

{(θ1,iuaga − η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ̂1,uavagaha
(m1,aa + n1n

−1
2 m2,aa)1/2

−

(θ1,iuaga − η̂1,uaga)(θ1,ivaha − η̂1,vaha)− σ̂1,uavagaha
(m̂1,aa + n1n

−1
2 m̂2,aa)1/2

}2

,

Π3 = max
a≤dn

n−12

n2∑
i=1

{(θ2,iuaga − η2,uaga)(θ2,ivaha − η2,vaha)− σ2,uavagaha
(m1,aa + n1n

−1
2 m2,aa)1/2

−

(θ2,iuaga − η̂2,uaga)(θ2,ivaha − η̂2,vaha)− σ̂2,uavagaha
(m1,aa + n1n

−1
2 m2,aa)1/2

}2

,

Π4 = max
a≤dn

n−12

n2∑
i=1

{(θ2,iuaga − η̂2,uaga)(θ2,ivaha − η̂2,vaha)− σ̂2,uavagaha
(m1,aa + n1n

−1
2 m2,aa)1/2

−

(θ2,iuaga − η̂2,uaga)(θ2,ivaha − η̂2,vaha)− σ̂2,uavagaha
(m̂1,aa + n1n

−1
2 m̂2,aa)1/2

}2

.

To bound Π1, first note that

Π1 .
(

min
a≤dn

m1,aa

σ1,uauagagaσ1,vavahaha

)−1
·
{

max
a≤dn

(σ̂1,uavagaha − σ1,uavagaha)2

σ1,uauagagaσ1,vavahaha
+

max
a≤dn

(η̂1,uaga − η1,uaga)2(η̂1,vaha − η1,vaha)2

σ1,uauagagaσ1,vavahaha
+ max

a≤dn

(η̂1,vaha − η1,vaha)2(σ̂1,uauagaga − σ1,uauagaga)

σ1,uauagagaσ1,vavahaha
+

max
a≤dn

(η̂1,uaga − η1,uaga)2(σ̂1,vavahaha − σ1,vavahaha)

σ1,uauagagaσ1,vavahaha
+ max

a≤dn

(η̂1,vaha − η1,vaha)2

σ1,vavahaha
+

max
a≤dn

(η̂1,uaga − η1,uaga)2

σ1,uauagaga

}
.
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Together with (A2), (A4), and Lemma 2 yields that there exist universal con-

stants c19, c20 > 0 such that with probability at least 1− c19n−1,

Π1 ≤ c20n
−1 log(npnsn). (S3.27)

In a similar fashion, it can be shown that there exist universal constants c21, c22 >

0 such that with probability at least 1− c21n−1,

Π3 ≤ c22n
−1 log(npnsn). (S3.28)

To bound Π2, first note that

Π2 ≤(Ω∗2)
2 max
a≤dn

m̂1,aa

m1,aa

≤ (Ω∗2)
2
(

1 + max
a≤dn

|m̂1,aa −m1,aa|
m1,aa

)
≤(Ω∗2)

2
{

1 +
(

max
a≤dn

|m̂1,aa −m1,aa|
σ1,uauagagaσ1,vavahaha

)/(
min
a≤dn

m1,aa

σ1,uauagagaσ1,vavahaha

)}
.

Together with (S3.20), (A2), (A4), and Lemma 3 yields that there exist universal

constants c23, c24 > 0 such that with probability at least 1− c23n−1,

Π2 ≤ c24n
−1 log(npnsn). (S3.29)

In a similar fashion, it can be shown that there exist universal constants c25, c26 >

0 such that with probability at least 1− c25n−1,

Π4 ≤ c26n
−1 log(npnsn). (S3.30)

By combining (S3.30), (S3.29), (S3.28), (S3.27) with (S3.26), it can be conclud-

ed that there exist universal constants c27, c28 > 0 such that with probability at
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least 1− c27n−1,

max
a≤dn

n−1
n∑
i=1

(ε̂ia − ε̃ia)2 ≤ c28n
−1 log(npnsn). (S3.31)

Based on (S3.31) and (S3.25), it can be deduced that there exists a universal

constant c29 > 0 such that

Pe(‖T̂e − T̃e‖∞ ≥ c29n
−1/2 log(npnsn))

p→ 0.

Together with (S3.23) yields that there is a universal constant c30 > 0 such that

P (‖T̆ − T̃‖∞ ≥ an)→ 0,

Pe(‖T̂e − T̃e‖∞ ≥ an)
p→ 0, (S3.32)

where an = c30n
−1/2 log(npnsn). Based on (A2), it can be verified that

a2n max{1, log(dn/an)} → 0. (S3.33)

To this end, by combining (S3.33), (S3.32), (S3.11), (S3.10), (S3.9), (A2) with

Lemma 5 in Xue and Yao (2024), it can be concluded that

lim
n→∞

sup
A∈ARe

∣∣P (T̆ ∈ A)− Pe(T̂e ∈ A)
∣∣

= lim
n→∞

sup
t≥0

∣∣P (‖T̆‖∞ ≤ t)− Pe(‖T̂e‖∞ ≤ t)
∣∣ = 0. (S3.34)

Together with the notations in (S1.1) implies that

lim
n→∞

sup
t≥0

∣∣P (Ĝ(F{bk:k≤sn}(K
X −KY )) ≤ t)− Pe(Ĝe ≤ t)

∣∣ = 0,

which completes the proof.
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Proof of Theorem 2. Given the actual difference KX −KY , one has

lim
n→∞

∣∣power(KX −KY )− power∗(KX −KY )
∣∣

= lim
n→∞

∣∣P{‖T̆ + Ĵ(KX −KY )‖∞ ≤ cB(α)} − Pe∗{‖T̂e∗ + Ĵ(KX −KY )‖∞ ≤ cB(α)}
∣∣

≤ lim
n→∞

sup
A∈ARe

∣∣P (T̆ ∈ A)− Pe∗(T̂e∗ ∈ A)
∣∣ = 0,

where the last equality holds from (S3.34). This finishes the proof.

Proof of Theorem 3. To begin with, the triangle inequality implies that

power∗(KX −KY )

=1− Pe∗{‖T̂e∗ + Ĵ(KX −KY )‖∞ ≤ cB(α)}

≥1− Pe∗{‖T̂e∗‖∞ ≥ ‖Ĵ(KX −KY )‖∞ − cB(α)}. (S3.35)

In addition, we have that for any t > 0,

Pe∗(‖T̂e∗‖∞ ≥ t) = Pe∗(max
a≤dn
|n−1/2

n∑
i=1

e∗i ε̂ia| ≥ t)

≤
dn∑
a=1

Pe∗(|n−1/2
n∑
i=1

e∗i ε̂ia| ≥ t) ≤ 2
dn∑
a=1

exp
(
− t2

2n−1
∑n

i=1 ε̂
2
ia

)
≤2dn exp

(
− t2

2 maxa≤dn n
−1
∑n

i=1 ε̂
2
ia

)
, (S3.36)

where the first inequality is by union bound inequality, and the second inequality

holds from Hoeffding inequality. Plugging t = cB(α) into (S3.36) yields

cB(α) ≤ {4 log(dn) ·max
a≤dn

n−1
n∑
i=1

ε̂2ia}1/2. (S3.37)
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By definition, it can be verified that

n−1
n∑
i=1

ε̂2ia = 1, for all a ≤ dn.

Together with (S3.37) implies that

cB(α) ≤ 2 log1/2(dn). (S3.38)

To bound ‖Ĵ(KX −KY )‖∞, first note that

‖Ĵ(KX −KY )‖∞ = n
1/2
1 max

a≤dn

|σ1,uavagaha − σ2,uavagaha|
(m̂1,aa + n1n

−1
2 m̂2,aa)1/2

=n
1/2
1 max

a≤dn

|σ1,uavagaha − σ2,uavagaha|
(m1,aa + n1n

−1
2 m2,aa)1/2

· (m1,aa + n1n
−1
2 m2,aa)

1/2

(m̂1,aa + n1n
−1
2 m̂2,aa)1/2

≥n1/2
1 (1− Ω∗2) max

a≤dn

|σ1,uavagaha − σ2,uavagaha|
(m1,aa + n1n

−1
2 m2,aa)1/2

.

Together with (A1), (A2), (S3.20), and the definition of Fn, it is seen that there

are universal constants c1, c2 > 0 such that with probability at least 1− c1n−1,

‖Ĵ(KX −KY )‖∞ ≥ c2K log1/2(npnsn). (S3.39)

By choosing K ≥ 16c−12 in Fn, it follows from (S3.38) and (S3.39) that with

probability at least 1− c1n−1,

‖Ĵ(KX −KY )‖∞ − cB(α) ≥ 21/2 log1/2(np2ns
2
n). (S3.40)

Plugging t = ‖Ĵ(KX −KY )‖∞ − cB(α) into (S3.36) yields

Pe∗(‖T̂e∗‖∞ ≥ ‖Ĵ(KX −KY )‖∞ − cB(α))

≤2p2ns
2
n exp

[
− 2−1{‖Ĵ(KX −KY )‖∞ − cB(α)}2

]
. (S3.41)
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By combining (S3.41), (S3.40) with (S3.35), it can be concluded that with prob-

ability at least 1− c1n−1,

power∗(KX −KY ) ≥ 1− 2n−1 → 1.

This completes the proof.
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