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S1 Notations

To begin with, we outline the necessary notations used throughout this supple-
mentary material. Given a generic vector w = (wy, ..., w,) € RP, we represent
its £,-norms as ||[w||, = (327, Jwy|))Y4 for 1 < ¢ < oo, |w|lo = card{l : w; #
0}, and ||w|lcc = max;<, |wy|. For any two sequences a,, and b,,, we denote
a, < b, whenever a,, < cob,, for some universal constant ¢y > 0. In a similar
fashion, we use the notation a,, = b, if a,, > ¢ b, for a constant ¢; > 0. Conse-

quently, we express a,, =< b,, on condition that |a,| < |b,| and |a,| = |b,|. We

define a sequence of four-dimensional vectors as

Ldn :{(uhvhgh hl)a ey (Ud,,,7vdn7gdn’hdn)}

={1,...,pn} ¥ {1, .. .,pa} X {1, 80} X {1, ... sn ),
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%252 elements in total, and satisfies u;10° + v,10% +

which contains d,, = p:s

gk10 + hk < Uk+1103 + Uk+1102 + gk+110 + hk—i—l for any 1 S k S dn — 1.
Based on the first truncated sample xm = {61, € RPr*» : § < ny}, we define

{07, € R™ : i < ny} as a collection of i.i.d. random vectors, where 0} ; =

*/ * / : . * _
( Lils -+ 781,idn) , with each coordinate el,ia = (Ql,z’uaga ~ Muaga) (Ot iveha —

Mweha) — Olugvagaha- Accordingly, we further denote the random vectors 07 ; =
fx’ fx’ / N« (¥ N’ / : )% _
( 1ilr s l,idn) and 91,i = ( Lilo -+ 1,z‘dn) , with each el,ia = (01 iuage —
*

Maga) (01 ivaha = Movaha) = O1Lugvagaha A0 07 10 = (01 iuags — Mouage) (O1ivahy —

M waha) — O1uavegaha» T€SPectively. We then write a covariance matrix M as

My = cov(0,) = (M1ab)a<dn b<a, € RT™,

*

where the elements m; o, = cov (07 ,,, 07 ;) are estimated by

ni
ml,ab :nl_l Z{(elyiua‘ga - ﬁl,uaga)(017ivaha - ﬁlavaha) - 5-17ua'l)a,gaha} X
=1

{(el,iubgb - ﬁl,ubgb)(elvi”bhb - ﬁl,vbhb> - &1’“bvb9bhb}'

Likewise, based on the second truncated sample ym = {02, € RP®n 4 < ny},
we define the quantities 0 ,, Vgﬂ., A;’i, My = cov(05;) = (M2,ab)a<d, b<d,» and

Maqp. To this end, we denote {e¢; € Rén . 4 < n} as a set of independent

random vectors, such that €; = (€;1,...,€ia,) = 07, - L{i<i<ni} — nm;l%i_m .

1{n,+1<i<n}. Denoting the diagonal matrices A = diag{mi aa + niny 1m2,aa :

a S dn} = ]Randn and A = diag{ml,aa + nlnglmlaa a S dn} € Rd”an, we
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further denote three sets of random vectors as {&; € R™ : i < n}, {& € R :

i <n},and {& € R% :i < n}. More precisely, we define

&= (Cin- o Eia,) = (mn ™ A) V2 = (nn ™ N) V201 Tacicny — ming 5, - L s <ism)s
= —1 -1 —1/2 0* 1 i _ —10* 1 .

Eia = {main” (M1 a0 + MMy M20a) } [ Lia ~ H{1<i<ni} — MM Vg (;_niya {m-&-lﬁlﬁn}]v

%

_x v C1R\=1/2( 7+ 1%
&= (... &a,) = (nn "A) V207 - Licicnyy — mang 05y Lingi<icays

v
~ *

—1/,4 —1.5 —1/2 —1 %
Eia = {mn™ (M0 + 1115 M20a) } / [ Lia * L{a<i<n} — nangy 92,(i—n1)a : 1{n1+1§i§n}]7

~ A A / —1A\=1/21H% —1 %
& = (6i1y- -, 6id,) = (mn " A) / [91,1' Li<icny —mang 92,i—n1 : 1{n1+1§i§n}]a

~

Eia = {nin (M0 + nang Moge) (07 i+ Lia<i<nay — nlngleg,(ifnl)a L r1<i<ny)-
Accordingly, we express a series of random vectors as
n n
T=(T,....Tu,) =02y & T,=n""?Y &,
i=1 i=1
n n
T=(T,...Ta,) :nfl/QZgTz‘, Ta:nflﬂzém,
i=1 i=1
n n
Te = (Tela .. 7Tedn>/ = n*1/2 Z eié:i, Tea = n71/2 Z eiéiaa
i=1 i=1
n n
; 7 F ~1/2 A F —1/2 A
Te: (Tel,...,Tedn)/:’rL / Zeigiy Tea =N 1/ Zeigia-
i=1 i=1
It is not difficult to verify the following equations:

G(Y =5Y) = G(Fpnesny (KX = KY)) = [ Tl|oo,  Ge = |2 ]|,
cpla) =inf{t eR: P(|Tuljoo <t) >1—0a},  ae(0,1),

H (KX = KY) = |T, + J(K* = KY)||so, (S1.1)
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where J(KX — KY) = [J)(KX — KY), ..., J;, (KX — KY)]', with each coor-
dinate function as J,(KX — KY) = (07 M1 40 + 15 M2.00) " 2(01 uvugehy —
02.uqvagaha ) The subsequent section includes the auxiliary lemmas along with

their corresponding proofs.

S2 Auxiliary Lemmas and Proofs

Lemma 1. Suppose X, ..., X, arei.i.d. random variables satisfying E(X;) =
0 and var(X;) = 1. Also assume that there exist universal constants ¢y, co,7y > 0

such that for any t > 0,
P(|X;| > t) < cqexp(—cat?).
Then, there exist universal constants cs, cy > 0 such that for any t > 0,

P(ln~! ZXZ\ > t) < 2exp(—nt?/4) + cz exp(—cnt).
i=1

Proof. This is adapted from Theorem 6 of Delaigle et al. (2011). U

Lemma 2. Under conditions (Al)—(A4), there exist universal constants ¢, co >

0 such that:

1) With probability at least 1 — cyn™!, we have:

max max |[ny "’ Zal ik (e — mr)| < can”*{log(npysn) }'/2.
J<pn k<sp
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2)

3)

4)

5)

6)

With probability at least 1 — c¢yn™"

v
Z 1 J1]1k1k1

, we have:

max max max max |n; !

91 ij1k1
J1<pn J2<pn k1<sp k2<sn ’

—-1/2

—1/2
E{ 1 Jijikiky (017ij1k1 - nl)jlkl)o-l,ijQkaQ (61)7:]'2"72

With probability at least 1 — cin™

~1/2
Z 1, 41jikik

, we have:

max max max max |n; "

(01,415
J15pn J2<pn k1<sn ka<sp

—1/2
Ljvinkik (L gk

E{o

-1
= Mk )01y jakaks (O1idoks

With probability at least 1 — c;n™!, we have:

: :0-1]1]1]61]61 leijlkl

max max max max |n1
J1<Pn J2<pn k1<sn k2<spn

2 _—1
E{0y i ek Origiky — Mgik) 200 ik (O1isaks

With probability at least 1 — ¢;n™", we have:

max max [n
I1<pn k<sn —
1=

With probability at least 1 — cyn™"

—1/2
Z o1 J1]1k1k1

, we have:

max max max max |n; !

(01,ijuk
J1<pn j2<pn k1<sp ka<sp i1kl

—-1/2

—1/2
1 j1]1k‘1k}1 (01,ij1k1

— Mgk )T s jakaks (O1,i2ks

E{o

“1/2
= Mk )01 jhiakaks (O1idoks

—1
= Nk )Yy jokiaks (OLidoks

= Nk )01 jaiakaks (O1idoks

- 771,]'2/@)_

— M jaks) H < con*{log(np,s,) H2.

- n1,j2k2>2_

— M)} < can” V2 {log(npasa) }72.

2 _—1 2
= Mjikr) Oy jakaks (OLidaks — M jaks )" —

— M jaka) | < con™V*{log(npys,) }2.

ni
> o Ok — )| < con” Y {log(npas,) 2.

—1/2 .
- 771,]'2/@)_

— M jaks) H < con*{log(np,s,) H2.
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7)

8)

9)

10)

11)

With probability at least 1 — c¢yn™", we have:

ny

—1 -1/2 ~ -1 ~ 2

max max max max |n E o, 0100k — Toitky )07 1o O1ijoks — Mjoks) —

J1<pn J2<pn k1<sp k2§8n| ! —1 1’-71]1k)1k1( gk — g 1) 1,J2j2k2k2( igake T Mg 2)
=

—1/2 _ _
E{o 2 ok Orisies = Mguin )by jakatey (OLiiiaks — Mjaks)*H < can ™"/ {log(npps,) /2.

With probability at least 1 — c;n™!, we have:

ni

1 -1 A 2 1 . 2
max max max max |n g oy s 0101 — N ivker )07 5 01,ijaks — M jsks) —
J1<pn j2<pn k1<sn kQSSn‘ ! 1 17]1]1k1k1( IR n )J1 1) l,jzjgk‘gkg( 1J2R2 n »J2 2)

1=

{07 i Ol = Mguk) 01 Liakaky (Olideks — Mgake) H < con™*{log(npnsn) }/2.
With probability at least 1 — cyn™!, we have:

n2
max max |, * Z 02_7;]/,3,{(02,1-]-;6 — o )| < con™*{log(npns,) .
J<pn k<sn i—1

With probability at least 1 — ¢;n™", we have:

n2

1 ~1/2 ~1/2

max max max max |n. E o, (O2.ij1k — M2.j1ky )T il s (02.4joks — M2.joks) —

J1<Pn §2<pn k1<sn k2<sn — 2,j1j1k1ks J J 2,52j2k2k2 J J
1=

~1/2 ~1/2 —1/2 1/2
E{oy i 5k 021k — M2,ak1 )02 4o iakoks (02,708 — M2,jaka) | < can™ /{log(npysn)} /"
With probability at least 1 — c¢yn™ ", we have:

n2

—1 -1/2 -1 2

max max max max |n E o, . Ociiky — M2 vk )To 5 - 02 ik — N2 i —
1< P 2 <pm k1 <5 ka<sm | 2 — 2,]1]1k)1]€1( 2,ij1k1 7727J1/€1) 2,]2j2k2k2( 2,ij2ko 7727]2k2)

e

—1/2 _ _
B0y 2 ok ity — 02,4100 )by ooty (O2siiaks — Tegaks)*H < can ™"/ {log(npps,) /2.
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12) With probability at least 1 — c;n™", we have:

n2

1 2 1 2
max max max max |n; E oy O iiiker — N2 ks ) O i 02,i50ks — M2,jsks)” —
J1<pn j2<pn k1<sn k2<sn| 2 —1 2J1]1k1k1( dgikr 7 712,51 1) 2,]232k2k2( sijaks T 112,52 2)

1=

E{0y ) ik Otk = M20k )05 b iokoks 2.k — M2gaka)*H < con™*{log(nppsn) }'/2.
13) With probability at least 1 — cin™!, we have:

?iapfﬁas}('”? ngmkk (0238 — 238)| < con™"*{log(npnsn)}'7*.

14) With probability at least 1 — c¢yn™", we have:

—-1/2 o —-1/2 ~
max max max max |n; E o (O, ks — N2oj1ky ) Tg i 09 iinks — N2 ioks ) —
71<Pn j2<pn k1<sn k2<sn‘ 2 2,J131k1k1 gk = 12,1 ) 2,J2J2k2’f2( sijzky 12,2 y

1/2 1/2 ~1/2 1/2
E{0y i1k 020k = 02,5050 ) T gy jakoks (02,ijaks — M2j2k) H < con”™ /“{log(npns,) /%
15) With probability at least 1 — c¢;n™", we have:
max max max max [n; " E Ol o Boisit — M2.juk )T by tntes (Osiaks — Th2.gak)*—
J1<pn j2<pn k1<sn k2<sn “ J1I1RL 1 ' ; J2j2kaka \7 2 ;
1/2 -1 2 —1/2 1/2
E{0y 1 ks (O2igikn = 02,5050 0oy jokotes (02,ij2ks — M2,jaky) "} < con”™ /“{log(npnsn)} /=
16) With probability at least 1 — cyn™", we have:
max max max max [n, ' E Ty ek (O2ijaky = M2.50k) 205 ooy (B2.igaks — T2 joks)” —
J1<Pn j2<pn k1<sn ka<sn . Jijik 1 ' : Jagzkaka \V'% ;

E{o5 ) i B2iiies = M20k) 0o Ly iaiars (P2sijaks — N2gaka) | < con™*{log(npnsn) }/2.
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Proof. To show part 4), for any ¢ < n1, j1 < pu, Jo < Dns k1 < Spy ko < sy, WE

denote the random variables Zf?l jokiks @S
4
Zi(d)l . (S2.2)

(i = Mgakn)* (Origake — Mgaka)® = ELOv g0 — Mgim)*(Or,ijaks — Mjaka)’}
var' {01k — Mgk )? (Orijoks = Mjak)?}

)

which satisfies £(Z ) ) = 0 and var(ZY ) = 1. Denoting A, as

1,5152k1k2 i,5152k1k2

ni

_ —1 1 2 1 2
A4 = max max max max |n; g 01,j1j1k1k1<017’ij1k1 — T jiks) 017].2]42,62,{2(91@2;432 — T ks ) —

J1<pn j2<pn k1<sp k2<sn i1
=

E{oy ik Origky — Mgiks) 200 jyinkaks Olijaks — TMjaka)*H,

it then follows from (S2.2) that

ni
_ 1
max max max max |n; ! g Zi(j)jzk ko |
J1<Pn j2<pn k1<sn k2<sn — e
1=
ni

—1 -1 2 1 2
= max max max max |n g oy 01 ii ke — N1 ik ) Oy O iioks — Mok ) —
1< j2<pm k1 <o k2§8n‘ 1 — l,glglklkl( 1)1k Mg 1) 1,]2]2/@192( tj2k2 .52 2)

1=

E{00 3 iikam Otk = 15150201 by iakaks Pligake — M1 gaka) -
[ar{o7 ] i ok Orijuks = Mguk) 01 hyiakaka (Plijake — Mgake) 32

z[max max E{af?jkk(el,ijk — ?71,jk>8}]71/2A4 Z 01A4, (523)
J<Pn k<sn ’

for some universal constant ¢; > 0, where the last inequality holds from (A3).
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Forany © < ny, 71 < pus J2 < Py k1 < Spy ko < 5, s > 0,1 > 0, we have

4
P(Z) il = 1)

i,
=P[S107 jukakn Ok = M50k) 01 jyiokoks (OLiioks — M1 joks )=
E{oy ik Otk — Mgk )20 by ity (1idaks — M1jaka)* HY? >
Uar1/4{01_7j1'1j1k1k1(el,ijlkl - nl,jlkl)20-1_7]1'2j2k2k2(01,ij2k2 - 771,j2k2)2}3t1/2}
<PS107 5 ke OLigiks = Mgk 01 jyiakoks (1 iiaks = Mjoks) =
E{oy ik Ok = Mk )20 by iakaks (1idoks — Mjaka)* 'Y > cost?]

1/2
< exp(—czstl/Q) - exp (s [max max E{al_?.kk(él ik — T jk)4}} )
jSPn k‘SSn 33 ’ ’

-1 2
max max 5 lexp{say inn(Orijr — M) }]

< exp(—cyst'/? 4 ¢35) - max max E[exp{sal_;jkk(eujk — )}, (S2.4)
J<pn k<sn ’

for some universal constant cy, c3 > 0, where the first equality is by (S2.2), the
third last inequality holds from (A4), and the last inequality is based on (A3).
Plugging s = K into (S2.4), it follows from (A3) that there exist universal

constant ¢4, cs > 0 such that for any ¢ > 0,

P(\Z3) ol = 1) < caexp(—cst'/?). (S2.5)
By combining (S2.5), (§2.2) with Lemma 1, it can be concluded that there exist

universal constant cg, c; > 0 such that for any ¢ > 0,

P(n' S 20l 2 1) < 2exp(—mit2/4) + oo exp(—cqn}/*12). (S2.6)
i=1
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Therefore, we have that for any ¢ > 0,

P(A, > 1)

4
<P(max max max max |n; " E Zl.( ) | > it
J1<Pn §2<pn k1<sn ka<sn - J1j2k1ks
i=

< Z Z Z Z P |n Z U1J2k1k2 Clt)

]1 1]2 1]91 1k2 1

<2p? 5% exp(—cinit?/4) + cep? s> exp(—crc, 1/2 1/2751/2) (S2.7)

where the first inequality is based on (S2.3), and the last inequality holds from

(S2.6). Plugging ¢ = max{2c; 'n; /*log"?(nip2s2), ¢ e 2ny Hlog? (nyp?s2)} =

201_1711_1/2 log'/?(nyp?s2) into (S2.7) yields
P{As 2 2¢7 0y log!* (miplsy)} < (24 co)ny

Together with (A1) and (A2) entails that there are universal constants cg, cg > 0

such that
P{A; < cgln_l/2 logl/Q(npnsn)} >1—con?

which completes the proof of part 4). Similar arguments as those in part 4) lead

to the conclusions in parts 1-3). To show part 5), first note that

max max |n; Zal ]jkk (016 — )| < 2maxmax [ny! Za;;j/,fk(917ijk — M1jk)|-

1<pn k<sn 1<pn k<sn

i=1

Together with part 1) implies part 5). Similar reasoning as part 5) leads to parts

6-8). Analogous to the proofs of parts 1-8), one can show parts 9-16). [
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Lemma 3. Under conditions (Al)—(A4), there exist universal constants cy, co >

0 such that:

1) With probability at least 1 — ¢;n™", we have:

|m1 aa — 1 aa| -1/2 1/2
max ’ ’ < con log(np,s /2,
ann glauuuagaga017vuvuhaha { ( " n>}

2) With probability at least 1 — cin™*, we have:

max 722,00 = 73,00 < con” Y2 {log(npns,) }/2
a<dn 02 uatagagaP2,vavahaha

Proof. To show part 1), first note that

max ‘ml,aa - ml,aa‘ < AT + QA; + (A;)Q7 (52.8)

a<dn O01,u0%a9a9a91,vqv0haha

where

§ : ~ 2 _—1 ~ 2
—maxmaxmaxmax|n o, 1~k—771‘k)0'-4 (91“k_771‘k)_
1 1 1J1Kk1 ,J1R1 ,2J2K2 ,J2k2
J1<Pn J2<pn k1<sp k2<sn 13131k1k1 J1 J 1,j2j2k2k2 J J

E{00 5 jskaks Ok = 105180 0 gy oy BLisoks — M1aka) .

—1/2 . ~1/2 .
= maX max max max |TL g ; — MM, T4 : 6 i3 — ; —
2 1 § 1 g1k 1, 1k1) ( 1ijaka . jako
J1<pn J2<pn k1<spn k2<sp 1 jl]lklkl J J Lj2j2kaks J J

—-1/2 —1/2
E{01 rjikik (O1ijiks — Th,jlkl)o-l,jz/jgkgkg (O1,ijaks — M1jaks) -

By combining (S2.8) with Lemma 2 and (A2), it can be deduced that there exist

universal constants ¢y, co > 0 such that

ml’aa — M1 aa - a
P| max | | < conV?{log(npnsa)}'?| = 1—ein™,
a<dnp 0-17uauagagao-1,vavahaha

which finishes the proof of part 1). Similar reasoning leads to part 2). 0
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S3 Proofs of Main Theorems

Proof of Theorem 1. Recall the following four terms

n

n
T —-1/2 § v T —-1/2 § A
T=n / Ei, Te =N / €;Eq,
i=1 i=1
n

n
T =n"1? § &, T, = n /2 § &,
=1

i=1
where {&; € R%™ : i < n} represents a collection of centered independent

random vectors that fulfills

N Dy B(075,) + ning® 302, E(635,
min n E(&;,) = min

2. —1
a<dp p a<dp N1M1 a0 + NNy M2 4q

)

2,,—1
. nlml,aa +n Ny m2,aa
— min 1 =1. (S3.9)

-1
a<dn N1 g + NNy M2.0a

Based on (Al), (A3), and (A4), it can be deduced that for all : < n and a < d,,
€;a ~ sub-Exponential(cy), (S3.10)

for a universal constant parameter ¢c; > 0. By combining (S3.9), (S3.10), (A2)

with Lemma 5 in Xue and Yao (2024), it can be concluded that

lim sup |P(T € A)—P.(T. € A)| =0, (S3.11)

n—o0 AEARG

where the set A% includes all hyperrectangles A of the form A = {w € R :

a; <wj < fB;,7 < d,}, satisfying —oo < «o; < f5; < oo for every j < d,,. To
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bound |7 — T~ denoting

ni
~ -1
01 jujakiks = T E (01 iy — Mgik ) (O1igaks — Mgaka),
i=1
ni
~ R | ~ ~
01 jujokiks = T E 010k = Mgk ) (O ijaks — T jaks ),
i=1
n2
~ _ —12 :
02,51jok1ka = Tlo (92,ij1k1 - 772,j1k1)(‘927ij2k2 - 772,j2k‘2)7
i=1
n2
A~ -1 N N
02,51j2k1ka = Tlo E (92,ij1k1 - 772,j1k1)(‘927ij2k2 - 772,j2k‘2)7
i=1
it can then be seen that
n
7 T _ —1/2 v ~
|T — T||ooc = max|n / E (Eia — Eia)]
a<dp 1
1=

(O_lyuavagaha - O—lyuavagaha) B (0-27uavagaha - JZyuaUagahu) _
-1~ -1~ 1
(77 M10a + Ny 1722,0a) /2

= 1max
a<dn,

(O-l,uavagaha — Ulyuavagaha) B (JQ,Uavagaha — 0-27uavagaha> ‘
—1 —1
(ny " Miaa + Ny Maaa)'/?

< max OlLuavagaha — OlLuavagaha Oluavagaha — 91luavegaha ‘-i—
— —1 —1 —1 5 —1 5
asdn | (] Miaa + 15 M2aa)'®  (ny 10100 + Ny 1102,00) "/
max 0-27uavagaha - UQ’UaUagaha _ 0-27Uavagaha - 0-27Uavagaha
—1 —1 —1,5 —1,»
asdn | (] Miaa + 15 M2aa)'?  (ny M0 + Ny 112,00)"/

<O+ Qy + Q3 + Qu, (S3.12)
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Ulzuavagaha — O-Iauavaga ha

—1 -1 1/2
(nl ml,aa + No m?,aa) /

O—lauavagaha B Ulyuavaga ha

—1x 12
(17 1101 g0 + Ny 1102,00) /2

U2,uavagaha - 02,uavaga ha

—1 —1 1/2
(nl ml,aa + U2 m2,aa) /

0-27uavagaha _ 0-27uavaga ha

where
6-17uavagaha B O-Lua"Uagaha
) = max | —3 — 1z
a<dn (nl M1,aa + Ny mZ,aa)
a—lzuavagaha B Ulauavagaha
2y = max | —34 — 12
a<dn | (1 M1 00 + Ny M2,00)
52,uavagaha - 02,uavagaha
(23 = max | —; — 12
a<dn | (N] M1 40 + Ny M2.4q)
6-27uavagaha - Uzvuavagaha
4 = max | —; — 12
a<dn | (n] M1 a0 + Ny M2 0a)

To bound €2;, notice that

Ul,uavagaha - Ul,uavaga ha

1 - 12
(N1 M1 00 + Ny 1122,40) /2

(), =max

—1 —1

a<dn | (0 Miaa 1 T m2,aa)1/2

Sn}/z max |O-17ua’Uagaha - Olyuavagaha|

a<dn m1/2
- l,aa

_1/2 | (M1 1090 — Maga) (M 0aha — Mvaha)|

=n,’" max
a<dp, m1/2
- 1,aa

1/2 — : : 1,zu g ].,’U, g
—’I’L] / max ) n] 1 < e =

-1

ni

Z (91,%% — M vaha
1/2
o /

=1 l,UaUa,hu,ha

a<dp, - 1/2
=1 Luguagaga
var 01 itage — Motaga \ (OLivaha
1/2 0_1/2

Ulauauagaga

Together with (A1), (A4), and Lemma 2 yields that there are universal constants

c1, c2 > 0 such that with probability at least 1 — cyn™ ",

0y < con V2 log(npnsn)-

_ nl,vaha ) }] 71/2

yUaVallaNa

1

(S3.13)
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In a similar fashion, one can show that there exist universal constants c3, ¢y > 0

such that with probability at least 1 — c3n ™",

Oy < cun 12 log(npnsn)- (S3.14)
To bound €2, first note that
0y < Q705, (S3.15)

where

O-lvuavaga ha ™ 0-17ua71aga ha

*
= max

1 —1 —1

(N1 M1 a0 + Ny M2 ga)'/?

a<dn

Y

1—

(M40 + N1y "M gq) > ‘

(ml,aa + nlnglmlaa)l/z

5 = max
a<dn,

To bound 2, note that

Q’{ §n1/2 ma | JWaVagaha — glvuavagaha|
ml,aa
ni

ity 01 ivags — Muaga \ (OLivaha — Myvaha |
o 1/2 1/2

i=1 Ulvuauagaga ULUQUQ}Zaha

Ql,iuaga — M uaga el,ivaha — Maha
p{ (P ) (e ) )

g
1, uguagaga yVaValtaNa

01 iuage — Motaga \ { OLivaha — M waha —1/2
var 12 Tz .
o o

Luauagaga 17'Ua'Ua aha

Together with (A1), (A4), and Lemma 2 yields that there are universal constants

cs, cg > 0 such that with probability at least 1 — csn ™1,

OF < co{log(nppsn) /2. (S3.16)
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To bound 23, first note that

-1
ml,aa + ning m?,aa

25 <max |1 — — S
a<dn M1 .aa + nin, ma aa
mi qa m2 aa
<max |l — = + max |1l — = . (S3.17)
a<dn m1.aa a<dn ma.aa

mi,aa

To bound max,<g4, ‘1 — il first notice that

mi.aa
max |1 — ——
a<dp

ml,aa

< mMi.aa — M1,aa >/( mi.aa + mi.aa — M1,aa > ’

Olvuauagagaglvvavahaha O-lyuauagagao-lavavahaha O-lyuauagagao-lavavahaha

ml,aa - ml,aa D/(mm ml,aa — max ml,aa - ml,aa D

glvuauagagaglavavahaha a<dn Ulvuauagaga O-lyvavahaha a<dn

= max
a<dp

< ( max
a<dp

O-lvuauagaga 017Uava haha

Together with (A2), (A4), and Lemma 3 yields that there are universal constants

¢z, cg > 0 such that with probability at least 1 — c;n ™1,

mi qa
1_A—’

< csn”V*{log(npps,) Y2 (S3.18)
mi qa

max
a<dn

In a similar fashion, it can be shown that there exist universal constants cg, c1¢ >

0 such that with probability at least 1 — con ™!,

max |1 — [2aa < cron” Y {log(npns,) Y12 (S3.19)

a<dn,

A~

m2,aa

By combining (S3.18) and (S3.19) with (S3.17), it can be concluded that there

are universal constants c¢;1, c;o > 0 such that with probability at least 1 —c;;n 71,

Q5 < cron VH{log(npps,) Y2 (S3.20)
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By combining (S3.20) and (S3.16) with (S3.15), it can be concluded that there

are universal constants c¢;3, c;4 > 0 such that with probability at least 1 — c;3n ™1,

0y < cyqn /2 log(npnsn)- (S3.21)

In a similar fashion, it can be shown that there exist universal constants c;5, 1 >

0 such that with probability at least 1 — c;5n 1,

Oy < cyn 2 log(nppsy)- (S3.22)

By combining (S3.22), (S3.21), (S3.14), (S3.13) with (S3.12), it can be deduced

that there are universal constants c;7, c1g > 0 such that with probability at least

~1
1 —cim™,

||T — THOO < cign1? log(npnsy)- (S3.23)

To bound || T, — T}|| o, first note that for any ¢ > 0,

T > 4) — -1/2 (& _EZ ] >
PB(HTB TeHoo = t) Pe(iﬂgadf ’n Zez<5m 5m)| = t)

=1

dn n
<Y Pl eilEia — Eia)l 2 1)

a=1 i=1

dn t2
T (R —

t2

<2d, {— _ } $3.24
- eXp 2 maxg<d, 77,71 Zi:l(gia — Sia)Q ( )

where the first inequality is due to union bound inequality, and the second in-

equality holds from Hoeffding inequality. Plugging ¢ = {2max,<4, n" "> 1, (Eia—
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&ia)2 Y2 {log(nd,)}'/? into (S3.24) yields

[HT T, lloo > {2 maxn Z Eia — Eia) }1/2{10g(nd )}1/2}

=1

<on~ 1, (S3.25)

To bound max,<q, n ' Y i, (i — &ia)? first note that for each a < d,,,

n

Z(éia - gia)z

i=1

<2 Z |: 91 JiUa Ja nl,uaga)(el,ivaha - nl,vaha) — O1,uqvagaha _
{nin=t(my 4 + n1n51m2,aa)}1/2

(el,iuaga _ ﬁ17ua9a)(017ivaha B fhvvah“) — 5-17uavagaha]2+
{nlnil(ml,aa + nlnglmQ,aa)}l/Q

2 Z |: 91 ,iUaGa /fh,uaga)(elyivaha _ /fthaha) — OA_L’U‘avagaha
{nln_l(ml,aa + n1n2_1m2,aa)}1/2

(91,iuaga — M otaga) (OLivaha = Mvaha) — 5'1,uamgam]2Jr

{1 (M1 g0 + N1y 19 0a) F1/2
n2

2”%77/2_2 Z |:(927iua9a B n2,ua9a)(927ivaha - /)727Uaha) — 02.uqvagaha
i=1 {nlnil(ml,aa + n1n51m27aa)}1/2

(9277:7%190, B ﬁQ,Uaga)(QZivaha B ﬁQ,Uaha) — 5-27uavagaha:|2+
{nln_l(ml,aa + nan_ImQ,aa)}l/2

2n2n—2 i (02’7;uaga - ﬁ2,ua9a)(927i1}aha - 772,Uaha> - 62yuavagaha o
H {nin=1(my gq + n1ng "My aq) }1/2
i1 1 1,aa 17 2,aa

(92,iua9a - ﬁ27ua9a)(927ivaha B ﬁ27vaha) B 5_27uavagaha]2
{1 (M1 ga + NNy 112 0a) F1/2

Together with (A1) yields that

n

maxn 'Y (g — Eia)? Sy + Hy + s + Ty, (S3.26)

agdn —1
1=
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where

IT; =maxn;
a<dn,

ni
-1 § { (el,iuaga - nl,uaga)<01,ivaha - nlvvaha) _ O—l,uavagaha

—1
i=1 (M1,00 + 175 M2 00)" /2

(elyiuaga - T’Luaga)(glaivaha - nlvvaha) - 0-17ua'Ua.gaha }2
—1
(ml,aa + n1n2 m2,aa)1/2

Y

ni

II; = max nfl
a<dn —
1=

(91yiua9a - ﬁlyuaga><917ivaha - ﬁlyvaha) - a-]-yuavagaha }2
~ 1 -
(ml,aa + n1n2 m2,aa>1/2

{ (el,iuaga - f/l,uaga)<91,ivaha - f/l,vaha) - a-l,uavagaha
(ml,aa + nlnz_lmQ,aa)l/z

I

n2

H3 — max n—l { (02,7;7«'/(19(1 - n27ua9a)(027ivaha - 17271)(1}111) - 0-27uavagaha
= 9 E =
a<dn (ml,aa + n1n2 m2,aa)1/2

i=1

(027iuaga - ﬁ27ua9a>(92aivah(z - 77271)11’741) - a-2,"14(1.7)(1.gaha. }2
Y

(ml aa + nlnglmQ,aa)l/Q

H maX n -1 92 7‘“&9& 772»“40.9(1) (9277:1)0,]7/& - nz’vaha) - 0-2,Uavagaha
4 — 2 -1 1/2
(ml,aa + n1n2 m2,aa)

(02,iuaga - n2,uaga)(02,ivaha - 772,vaha) — 02,uq4v49aha }2
~ 1 -
(ml,aa + nln2 m2,aa)1/2

To bound 11, first note that

- %) 2
1 M aa ! Ol ugvagaha — T1ugvagah
Hl S(mln . max ( aVagalla aVaga a) +
05n O1,uquagage O 1,vavahaha aSdn Oluguagaga¥1,vavahaha
N 2(5 2 ~ 2/ A
max <n17uaga _ TILuaga) (nl,’llaha — n17vah‘1) + max (nlyvaha - nlyvaha) (O-lyuaUagaga - O-l,uauagaga) +
asdn 0—17uGuagagﬂ Olvvavahaha a<dn Ul,uaUagaga al,Uavahaha

(ﬁlyuaga - nl,uaga)z(a-lyvavahaha - O-lgvavahaha) (ﬁlyyaha - nlﬂ)aha>2

max + max +
a<dn 01 uaqtagagaP1,vqvahahba a<dn 01,v4vahaha
~ 2
nl,u - nl,u
max ( ada aJa ) )
agdn O-l,uauaguga
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Together with (A2), (A4), and Lemma 2 yields that there exist universal con-

stants cy9, cyo > 0 such that with probability at least 1 — cjgn ™!,

I} < coon™ "t log(npnsy). (83.27)

In a similar fashion, it can be shown that there exist universal constants ¢y, coo >

0 such that with probability at least 1 — co;n ™1,

5 < coon™ " log(np,sy). (S3.28)

To bound II,, first note that

ml,aa

S (Q;)Q (1 + max |m1,aa - ml,aa')

I, <(€23)% max
a<dn mi.aa

a<dn, m]_7aa

ml,aa - ml,aa . ml,aa
S(Q;)Q{l + <max | | min :
a<dn O_lvuauagagao—lyvavahaha a<dn O_lyuu,uagugao—lyvavahuha

Together with (S3.20), (A2), (A4), and Lemma 3 yields that there exist universal

constants o3, co4 > 0 such that with probability at least 1 — cogn ™1,

Iy < coun™ " log(np,sy). (S§3.29)

In a similar fashion, it can be shown that there exist universal constants co5, cog >

0 such that with probability at least 1 — co5n™ 1,

Iy < cosn™ " log(np,sy). (S3.30)

By combining (S3.30), (S3.29), (S3.28), (S3.27) with (S3.26), it can be conclud-

ed that there exist universal constants co7, cos > 0 such that with probability at
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least 1 — corn ™1,

maxn 'Y (£iq — Eia)? < cosn”tlog(npnsy). (S3.31)

Based on (S3.31) and (S3.25), it can be deduced that there exists a universal

constant co9 > 0 such that
P(|T. = To||os > caon™*log(npysn)) 2 0.
Together with (S3.23) yields that there is a universal constant c3y > 0 such that

P(HT - 7~—'||oo > an) - 07

PE(HTE - Te”oo > an) 5 0, (83.32)
where a,, = c3on~"/?log(np,s,). Based on (A2), it can be verified that
a2 max{1,log(d,/a,)} — 0. (S3.33)

To this end, by combining (S3.33), (S3.32), (S3.11), (S3.10), (S3.9), (A2) with

Lemma 5 in Xue and Yao (2024), it can be concluded that

A

lim sup ‘P(T € A) — P.(T, € A)|

n—oo AEARE

= lim sup |P(| Tl < t) — Po(|| 12|l < )| = 0. (S3.34)

n—0o0 t>(

Together with the notations in (S1.1) implies that

lim sup | P(G(Fpppes (KX — KY)) < t) — P.(G.

n—00 t>()

IA
~
-
|
=

which completes the proof. [
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Proof of Theorem 2. Given the actual difference KX — KV, one has

lim |power(K* — K¥') — power* (KX — KV)|

n—o0

= lim |P{||T + J(K* = K¥)|» < ca(a)
n—0o0

J(EY — K|l < cp(a)}]

< lim sup |P(T € A)— Po(T € A)| =0,

MO0 pg ARe
where the last equality holds from (S3.34). This finishes the proof. U
Proof of Theorem 3. To begin with, the triangle inequality implies that
power*(K* — KY)

-1 —

J(EYX = K)o < en(a)}

>1—

oo = T (KX = KY)[|oo — cp(a)}- (S3.35)
In addition, we have that for any ¢ > 0,

P (

o > 1) = P. (max|n 1/2 Ze*éw\ > t)
i=1
2

dn, n
<30 P Y 20 <25 00 (- e )
i=1 a=1 i=1 i

a=1

<2d. ex ( £ ) (S3.36)
=2n OXP 2maxg<q, n 'Y r €L/ )

where the first inequality is by union bound inequality, and the second inequality

holds from Hoeffding inequality. Plugging ¢t = c¢p(«) into (S3.36) yields

cp(a) < {4log(d,) - maxn™ Z 2 (S3.37)
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By definition, it can be verified that

n-! 252 =1, forall a <d,.

i=1
Together with (S3.37) implies that
cs(a) < 2log"?(d,). (S3.38)

To bound || J(K* — KY)]||w. first note that

j KX . KY _ n1/2 max |0_1,uavagaha - 027uavagaha|
|| ( )”OO 1 a<d, (ml,aa + nlnglmZ,aa>1/2
1/2 |Ul,uavagaha - 0-2,uavagaha’ . (ml,aa + n1n51m2,aa>1/2

=n;’” max
-1 1/2 5 =14 1/2
a<dn (M1, + 1105 M2.40a)"?  (M140 + 1105 M2,00)"

|0-17uava,gaha _ UQauaUagaha|

1/2 X
>n, (1 — Q) max )
= ( 2) a<dn (ml,aa + nlnglmlaa)l/?

Together with (A1), (A2), (S3.20), and the definition of F,,, it is seen that there

are universal constants c¢;, c; > 0 such that with probability at least 1 — c;n ™!,

1J(EY = KY)||oo > c2K log" " (npys,,). (S3.39)

By choosing ' > 16¢, Yin F,, it follows from (S3.38) and (S3.39) that with

probability at least 1 — ¢;n !,

|J(KX — KY)||oo — cal(e) > 22 1og!?(np? s?). (S3.40)

Plugging ¢ = ||J(K¥ — K)o — cg(a) into ($3.36) yields

~

Per (| T || oo > Hj(KX_KY)Hoo_cB(a))

<o exp [ = 27| J(KY = K)o — cp(@)}’]. (53.41)
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By combining (S3.41), (S3.40) with (S3.35), it can be concluded that with prob-

ability at least 1 — c;n ™1,

power*(K* — K¥)>1-2n"" = 1.

This completes the proof. ]
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