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In this Supplementary Material, Section presents several useful lemmas, while Section

provides the detailed proofs for Proposition 1 as well as Theorems 1 and 2.

S1 Some Useful Lemmas

Proposition 2. Suppose that E (y|x) is uniformly bounded,

(i) If F € D (®x)) with y(x) <1, as T — 1 then

&) (1 (s og 217
e P = () log 2

(it) If F € D (Vyx)) as 7 — 1 then y, < oo

Yu = &) b1 D 0w 217
Ry P(1 = ~y(x)){log 2}
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(111) If F € DA(A) and y, = 00 as T — 1, when y, = 0o, then & (x) ~ ¢.(x).
If y, < 00, we have
Yu — & (%) ~ yu — ().

Proof of Proposition 2: The proof is entirely similar to that of Propo-
sition 3 in Daouia et al.| (2019). |

We define g, = argming_ o4, Elpr, (¥ — ¢-,(X))] + Aonllgr, |- The
following lemma shows the convergence result of the difference between g,
and ¢, .
Lemma 1. Suppose that Assumption 1 is satisfied. For any 81, > 4(logn)2E(y?),
with probability at least 1 — 61,,/2, there holds

1/2
g \ /4 (logn)!/2 (1 + /i)\;nl/2>
~ < 8

||q7'n QTn”K — ¢ (log 5} ) )\%{fnl/zl

Y
1,n

where C' = 4max{1,x}.

Proof of Lemma 1: We first set two events that

1/2
8 1/4 (log n)1/2 (1 -+ /ﬁ)\;nl/2)

— n : - _ 7 > R
A A R e

1n

and
Co ={y : [yl > logn},
and denote C§ as the complement of Cy. Clearly, P (C;) can be decomposed

as

P(Ci) =P(CiNCy) +P(CiNC5) <P (Cy) +P(Cy | C5) := P+ Pa.
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To bound Py, use the Markov’s inequality, there holds

E (y%)
logZn’

P(ly| > logn) <
For simplicity, denote
g (qT’n) = Ezinn (y - an<X)> ?

g>\2n (QTk) =& (an) + A2n ||q7—n||§<7

EX (ny) = Ezn (ar,) + Xon |0 |7 -

Conditioning on the event {Z" : max;—1__, |y;| < M,}, where Z := (R, X),

we consider the functional space
Far, = {f € Hic : | fllic < Aot Mo}

Note that F)y, is fairly large in the sense that the minimizer g, is contained

in Fyy, by the fact that
Non G < €2 (@) Mon @l < E20(0) 4 Do 0 < i [yi] < M,

Directly by Proposition 2 and Theorems 2.6 and 2.7 in |Villa et al.| (2012)),

there holds

o ([0, = Trllic) <4 sup [texan € (4r,) = teran €32 (a7,

9€F M,

<4 sup |£(qr,)—Ezn(qm,)],

q€F My,
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where WS (t) = inf {’\%‘92 + |t —s|:s €0, oo)} and tgx,, is the transla-
tion map defined as tgr,, G (¢r,) = G (qr, + G, )—E () for all G : Hy —
1

R. Since is invertible and increasing, we can write its inverse (\Ifﬁ%) ex-

plicitly as

\/2t/>\2n7 ift < 1/<2)\2n>;

t+1/(2X2,), otherwise .

(03,,) (1) =

When the upper bound of VS, (||g-, — G-,

) 1s sufficiently small, we have

1/2
PO 2v/2
G, — QTnHHK < W ( sup |€ (qr,) — Ezn (%—,)’) .

omn qEF My,

Followed by the Lemma 2 and 3 of |Chen et al.| (2021)), with probability at

least 1 — 6y ,,/2, for some constant, it holds

Y

1/2
g \ /4 (logn)!/? (1 + li)\2_n1/2>
L 8

AP e Ve

1,n

where C' = 4max {1, k}. Therefore, we have P, < 6y,/4, and thus for any
61, > 4(logn)2E (y?), P(Cy) < Py + P, < §/2. The desired results follow

immediately. [ |
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S2 Proofs of Main Results

S2.1 Proof of Proposition 1

Define a piece-wise linear function q(-), satisfying ¢'(7) = ¢,,, V7 € Q.

For brevity, we represent 0 = (@l,qATQ, o ,qATSn)T as a s, dimension esti-
mated quantile vector. 0 = ((jﬁ,?jm . ,?jTSn)T is the quantile vector ob-
tained by minimizing the expected loss function. Denote 8" = (q;'il VAN . )T

as the ture quantile vector. Define a tight set B, = {q € Hx : |l¢ — ¢}l x < n}
for arbitrary n > 0. In terms of that the true quantile function belongs
to the RKHS, so we have lim,,, ,0|/¢- — ¢|| = 0. Then as s, — oo,
it holds that s'[|@ — 6*|] — 0, which means there exists S, such that
for any s, > S, s7H|@ — 0% < n/2. Then it can be inferred that
6 € B, xQ. As |6 — 0| < si/*cmax,eq ||G — qr||, based on lemma

1/2

_1
1. when = (log;logn)l/‘l(l—i-n)\%f)1/2
)

- — 0, it holds that lim, |8 — 6] = 0,

n

lim,, oo P (5 € B, x Q) = 1. Then we have

sup |gr — gzl = 0p(1).
1 sn
7€ Sn41"Sn+1
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S2.2 Proof of Theorem 1

Before giving the proof of Theorem 1, we first define the data-free and

noise-free version of our estimator &, ,

& = arguin{ [ (760) = &, Pdox + Ml 1 |

feHK

The following lemma shows the empirical error between é\m and ng
Lemma 2. Suppose Assumption 1 is satisfied, then conditioning on the

event {Z" : max—y__, |yi| < M} with M, > (k2|fo|% + 0®)Y/2, for any

-----

dn € (0,1), with probability at least 1 — o, there holds

~ o~ 2 ([ 6kr,, Crr?
6.~ &l < tox 2 ( (i) ) max( ),

Ainn 2 Ao,
where o, > 0.

Proof of Lemma 2: Define the sample operators Sy : Hx — R™ and
ST R" = Ras Sx(f) = (f(x1),..., f(x)" and STc = 3" | ¢;Kx,, we
denote n X n matrix

Iz, (ﬁxl (?/1))

W, = Jr, (F\XQ (y2))

Jru (P, ()
Then

£, = arg min —ZJM (P (0)) (s = £ (5)* + aallf 1%

feEHL N
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is equal to

c 1 T 2 T 1 T

{r, =argmin =Y W, ¥ —— < f,SCW, ¥V >y, +— < f,5 W, 5xf >k
feH N n n

+ A < f, f >k,

T

where Y = (y1,%2,.-.,Yn) . We devirate from above to get the concert

expression of Em
~ 1 1 T
an - ESxWTnSx_’—)\ln] ESXWTny'

Define Lxf = SLS.f, then similarly the data-free and noise-free version
& i
ng = (LK + AlnI)_lLKng
Then we have
‘ c 1or ! T 1 or = =
o =& = ( S Wr Sx+ Ml | [~ S Wr, Y = ~ S Wr, Sx&r,y = Ainér,
n n n

-1 n
= (%SI W, Sx + AMI) <i D o (B (i) (i = &, (x0)) Ko, = Lic (€, — gm) :
This gives a bound of its Hg-norm as

~ ~ 1 <& ~ ~ ~
||§Tn - g'rnHK < )‘1_711 ﬁ ; JTn (in (yz))(yz - ng (Xi))KXi - LK(an - 57-77,)

K
where
1 & B N
Ay = E Z Jq-n(Fx,<yz>)(yz - ffn(Xi))Kxi — LK(an _ 57_”) :
i=1 B
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%Z(” Fa0) = Jra (B (i) ) (01 = &, (0)) K,

K

To bound A, we define random variable n; = J,, (Fx, (v:))(vi — & (%)) K Xis

then it’s easy to verify that

En = / Ko / T (Fe) (5 — &, (%)) dply| %)dp(x)
— [ K [ TPty o)

- [ KE.00 [ T (Bl ot x)dp()
= LK(an - gm)a

where the last equality is from the definition that &, (x) = E [yJ, (Fx(y)) | X]
and the fact that E[J. (Fx(v))|x] = 1. And |nl|lx = |J.,(Fx(v))(y —
g;n (x))|v/ Kx. Recall that the definition of J,, (-) is

So(l—1t)71 0<t<3;

Tt ! ;<t<1,

where 7., = log(1/2)/log(7,) and s,, = log(1/2)/log(1l — 7,,). Thus when

T, — 1, by Assumption 1 we have

Il < wre (Mo + & llec) and  Ellgl% < w22 / (v — &, (%)) dpny.

It follows from Lemma 2 of [Smale and Zhou (2007) and Assumption 1 in
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the main text, with probability at least 1 — d,,, there holds

2 ~ 2
A §2n_1m‘7n log 5—(Mn + &0 llo0) + n_1/2m"m(2 log 5—)1/2

([ Erden) " (51.2)

For ||&,, |lse, by the definition of &, we have

~ 2 ~
& = &), + Manll& i < 110 - Eralls + MallOl% < Nl ll5 (S1.3)

where ||§Tn||§ is bounded. Hence, we have
[€nllco < AllEn I < e 1€l (51.4)
For [(y — &, (x))2dpxy, by the definition of regression function, we have
[0 1602 n, ~ [ (0= 6,0 dpey = 11 = &, 5. for any £

Taking f =0 and f = ETn yield that

/(y — &, (%)) dpxy + (1€l = /?fdpx,y < & follk +0* < My, (SL5)

[ (5-8.0) oy = 16~ €03+ [ (0 6,00 dpey < 222

(S1.6)

where the last inequality is from (S1.3) and (S1.5)).
Combine ([S1.2)-(S1.6)), we can conclude that with probability at least
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1 —9,, there holds

2 _ 2
A < 2n_1/‘€rrn log — (M, + KX 2 1&x, ||2) + 2n_1/2”€rTn (log _)1/2Mn

On " On
o2 My 2 2y 2w 2070, My (2 12
ST e T T e T e P,
(S1.7)

Note that when ﬁ < (3 log %) , the above bound can be simplified
in " n

to

6rr,, MS 2
—1 Tn n =

-1
where M$ = max{M,, ||&..|l,}. When ——£— > <3log %) , we have

N

2r; M, _ 6kr; M, 2
AT < SWaTE log(s—n, (51.8)

Hng - éTnHK < HanHK + HéTnHK <

where the second inequality is from (S1.4]) and (S1.5) and the definition of

f:n that

1 3 I (F. (u: NN o llES 112 1 ~ 2 2 2
=Y (B () (9= & (059 AwallE B, < — D02 uf <2 M.
=1 =1

To bound Ay, for any y; > 0, there exists a s; such ¢, < y; < g5,

i1’

then when 7,, — 1, we have
max | Jr, (F, (y1) = Jo (Fx, (1)) < Crz, max|Fx, (i) — P (1) |
< Or? max |} —inf{7: ¢; > y;}|

<Cr? ot

— Tn N )
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. ) ) 1/2 1/4 .
with 7 € (=2, 240 and «,, = O( Sndon 1 )1/2). The first in-

9
Sntl? entl (log n)/2 (145, 2

n

equality is from the Taylor expansion of J, (-), the second inequality is
from the definition of Fy, (y;) and Fy, (y;), and the last inequality is from

Lemma 1 and Proposition 1. So we have

By < O (M + €, llx) < OF2 0 M (1 + 1A%, (SLY)

in

Combine (S1.1))-(S1.9), we get

~ = 2 (6rr. MS Crr? MS 179
|k <log = T on (4 A )
H€ n Sn”K = 10g o, ( )\mnl/Q + Aty ( + KA, ))

Thus we complete the proof. [ |

Now we are ready to prove Theorem 1.

Proof of Theorem 1: We denote two events

~ 4 (6rr, MS Crr? M _
C = { rn — &rn K < logé— ( \ nl/2 A\ ; (1+H)‘1711/2)
r— - 2
8L l) b
23" o?
€= 3 max ] >l fol + ) 220

where M$ = max {Fa | foll & + %7 H§Tn||2}. Then we have
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where C§ denotes the complement of C,.

For P;, by Chebyshev’s inequality, we have

P(imax B zt) =P (U el 2 t) <D P(leil > 1) Z zzt;"‘.

=1,...,n
=1 =1

Then by Assumption 1, for any 6,, € (0, 1), with probability at least 1 — %,

there holds

25" o?
max |y < k| foll + max [g| < k[ follx +1/ 5,
i=1,....,n i=1,..n 5n

implying that P (Cy) < 2.

For P,, we have

To bound the second term, suppose that {j;,¢;},5, are the normalized
eigenpairs of the integral operator Ly : L,%x — Lﬁx. Thus by Assump-
tion 2, there exists some function h, € sz such that &, = Lih, =

21'21 i (e, %’)2 v; € Hi. Then we have

g'n - ng = (LK + /\1n])71 LKng - g’rn = (LK + Aln])il (_)‘lngfrn)

= —Z )\ln T Tn7gpi>2 Pis

i>1 ln + ,uz
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which implies that

12 |2
Ky P
K

= )\ln r— ?
1, — &l = Z (mﬂz 2 <hm,90¢>2) ‘

i>1

A / 2
n r—1/2
— 2

_ /\2r-1 Z >\1n 3—2r 1L; 2r—1 <h 4>2
tn )\1n + /flz )\ln + ,uz ™ QDZ 2

< NS (B0 = XY Re 13 = AT LR |-

i>1

(T1.2)

1/2 o\
where the second equality is from ||u," “illx = (Zj>1 M) =

My

(pi, pi)2 = 1. From Proposition 1, we have

<1 4 6HrTnM5
0

& 50 \ Apani2

Crr? MS 1
Tn K\ /2
P o)

MaW@sp(?

_ng K

05) < 0n/2.

Thus we have P, + P, < 6,,/2 + 0,,/2 = 0,,, then from (T'1.1]), we conclude

that with probability at least 1 — §,,, there holds

H£ e |k <1 4 6/<arTnM5+C'/<n“ M5
n ™ || K Og5 )\ n1/2 Alnan

S L )

Thus we complete the proof. [ |
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S2.3 Proof of Theorem 2

Proof of Theorem 2: As we know,

7=1 ngfk(‘fL)
L G (1+ —&";_ff”)
- Ezlog £ ¢
= e (1 s—>
]_ b an STn—j ng j ng J
:—Zl Z—{l—l—op( )}
k e Tk Tomj
Iy )
j=1 Tn—k
q’Tn —j ng j ng J
kzl . kZT—{HOA )
2 —f’" St (14 0,(1)
j=1 Tk

= Eln + E2n - E3n7
where the first term in the fourth equality is from Proposition 2.

Similar with the proof of Theorem 2.3 in Wang et al.| (2012)), we have

A(n/k)

B =7+ 522+ o (Aln/b)).

where ¢ and A(-) are defined in Section 4.1.
According to Proposition 1 in Daouia et al.| (2022)) and the assumption

that E(Y|X) < oo, we have that &, _. is lower bounded by some constant
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C, for j =1,..., k. Therefore, we have

~
é'Tn_j - an—j

K/O’

.....

Denote the upper bound of ||an7j — &r,_, ||k proved in the last theo-

max;—1 anj

2 Similarly, there holds

,,,,,

rem as B, ;. Thus we have ||Ey, | <

Bn,k
C -

| Esnllr < Combine the results of Ey,,Fs,,Fs, together to get the

upper bound of 4

T, TG alAW/R). (2.1

17—k <
When n/k — oo,
lim ||7 — =0.
n/]i H’Y 7|’K

Next we consider the upper bound of estimated error at quantile level

of 7,,, note that

&y _ (1 - k) Erun _ (1 - Tn_k)* Erus Erun _ (1 - k> -
g’r,’l - quz gT;L 1- T,,/L an_k 57',’1 - 7—7,1 g’rn_k qr;,
-1
-~ 1
1— 70\ & U <_—T>
_ < 7 ’f) S g , (T2.2)
by the second order condition of U(-), we have

o _
lim L Ultz) A — z”z 1.

U(t) 0
Letz:liﬁ‘kandtzl_j_k,weget
() 1 (ze) -1 1 1= 7o i?
2 (ot B ) (e

(T2.3)
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—1

Plug ((T2.3)) into (12.2)), it follows that
€, (1-r) b Ly () 1
o) e <1+A<1m—k> )

Recall that p, =1 — 17/, and 1 — 7, = (k+ 1)/(n + 1). Therefore,

. g oy () =1 ;
b kel LT 1_A(_)L+OP<A(_))

& n+1)pn S k 0

o

(T2.4)

For the first term in ((T2.4)), from (T2.1)) we have

[ — ol =gl 6+ 1/((n-+ D)

=14+ G =) log{(k+1)/((n+ 1)pn) {1 + 0,(1)}

log(k/npy) {x/EA(n/k:) n 2\/@37%’9 + op(\/EAm/k:))}

=14+

Vk 1—o
log(k/npn, 2V kDB,
zl—i—og( /) ¢ + vk *o,(1) ).
Vk 1—o C
For the second term in (T2.4)), from Theorem 1, we have

AT’ Bn

Sl <14 Dok

s A T e

Comparing the orders of the three terms in (T2.4)) and using Taylor expan-

sion, we get

~

/
&,

/
&,

C

vk
log (k/np,)

I—op

Thus we complete the proof. |
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