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In this Supplementary Material, Section S1 presents several useful lemmas, while Section

S2 provides the detailed proofs for Proposition 1 as well as Theorems 1 and 2.

S1 Some Useful Lemmas

Proposition 2. Suppose that E (y|x) is uniformly bounded,

(i) If F ∈ D
(
Φγ(x)

)
with γ(x) < 1, as τ → 1 then

ξτ (x)

qτ (x)
∼ Γ(1− γ(x)){log 2}γ(x).

(ii) If F ∈ D
(
Ψγ(x)

)
as τ → 1 then yu < ∞

yu − ξτ (x)

yu − qτ (x)
∼ Γ(1− γ(x)){log 2}γ(x).
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(iii) If F ∈ DA(Λ) and yu = ∞ as τ → 1, when yu = ∞, then ξτ (x) ∼ qτ (x).

If yu < ∞, we have

yu − ξτ (x) ∼ yu − qτ (x).

Proof of Proposition 2: The proof is entirely similar to that of Propo-

sition 3 in Daouia et al. (2019). ■

We define q̃τn = argminqτn∈HK
E[ρτn(y − qτn(x))] + λ2n∥qτn∥K . The

following lemma shows the convergence result of the difference between q̂τn

and q̃τn .

Lemma 1. Suppose that Assumption 1 is satisfied. For any δ1,n > 4(log n)−2E(y2),

with probability at least 1− δ1,n/2, there holds

∥q̂τn − q̃τn∥K ≤ C

(
log

8

δ1,n

)1/4 (log n)1/2
(
1 + κλ

−1/2
2n

)1/2
λ
1/2
2n n1/4

,

where C = 4max {1, κ}.

Proof of Lemma 1: We first set two events that

C1 =

Zn : ∥q̂τn − q̃τn∥K ≥ c2

(
log

8

δ1,n

)1/4 (log n)1/2
(
1 + κλ

−1/2
2n

)1/2
λ
1/2
2n n1/4

 ,

and

C2 = {y : |y| > log n} ,

and denote Cc
2 as the complement of C2. Clearly, P (C1) can be decomposed

as

P (C1) = P (C1 ∩ C2) + P (C1 ∩ Cc
2) ≤ P (C2) + P (C1 | Cc

2) := P1 + P2.
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To bound P1, use the Markov’s inequality, there holds

P (|y| > log n) ≤ E (y2)

log2 n
.

For simplicity, denote

E (qτn) = EZnρτn (y − qτn(x)) ,

Eλ2n (qτk) = E (qτn) + λ2n ∥qτn∥
2
K ,

Eλ2n
Zn (qτk) = EZn (qτn) + λ2n ∥qτn∥

2
K .

Conditioning on the event {Zn : maxi=1,...,n |yi| ≤ Mn}, where Z := (R,X ),

we consider the functional space

FMn =
{
f ∈ HK : ∥f∥2K ≤ λ−1

2nMn

}
.

Note that FMn is fairly large in the sense that the minimizer q̂τn is contained

in FMn by the fact that

λ2n ∥q̂τn∥
2
K ≤ EZn (q̂τn)+λ2n ∥q̂τn∥

2
K ≤ EZn(0)+λ2n∥0∥2K ≤ max

i=1,...,n
|yi| ≤ Mn.

Directly by Proposition 2 and Theorems 2.6 and 2.7 in Villa et al. (2012),

there holds

Ψ◦
λ2n

(∥q̂τn − q̃τn∥K) ≤ 4 sup
q∈FMn

∣∣tEλ2nEλ2n (qτn)− tEλ2nEλ2n
Zn (qτn)

∣∣
≤ 4 sup

q∈FMn

|E (qτn)− EZn (qτn)| ,
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where Ψ◦
λ2n

(t) = inf
{

λ2ns2

2
+ |t− s| : s ∈ [0,∞)

}
and tEλ2n is the transla-

tion map defined as tEλ2nG (qτn) = G (qτn + q̃τn)−Eλ2n (q̃τn) for allG : HK →

R. Since is invertible and increasing, we can write its inverse
(
Ψ⋄

λ2n

)−1
ex-

plicitly as

(
Ψ⋄

λ2n

)−1
(t) =


√
2t/λ2n, if t < 1/(2λ2n);

t+ 1/(2λ2n), otherwise .

When the upper bound of Ψ◦
λ2n

(∥q̂τn − q̃τn∥K) is sufficiently small, we have

∥q̂τn − q̃τn∥HK
≤ 2

√
2

λ
1/2
2n

(
sup

q∈FMn

|E (qτn)− EZn (qτn)|

)1/2

.

Followed by the Lemma 2 and 3 of Chen et al. (2021), with probability at

least 1− δ1,n/2, for some constant, it holds

∥q̂τn − q̃τn∥K ≤ C

(
log

8

δ1,n

)1/4 (log n)1/2
(
1 + κλ

−1/2
2n

)1/2
λ
1/2
2n n1/4

,

where C = 4max {1, κ}. Therefore, we have P2 ≤ δ1,n/4, and thus for any

δ1,n > 4(log n)−2E (y2), P (C1) ≤ P1 + P2 ≤ δ/2. The desired results follow

immediately. ■
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S2 Proofs of Main Results

S2.1 Proof of Proposition 1

Define a piece-wise linear function q̂(·), satisfying q̂ (τk) = q̂τk , ∀τk ∈ Ω.

For brevity, we represent θ̂ =
(
q̂τ1 , q̂τ2 , . . . , q̂τsn

)⊤
as a sn dimension esti-

mated quantile vector. θ̃ =
(
q̃τ1 , q̃τ2 , . . . , q̃τsn

)⊤
is the quantile vector ob-

tained by minimizing the expected loss function. Denote θ∗ =
(
q∗τ1 , q

∗
τ2
, . . . , q∗τsn

)⊤
as the ture quantile vector. Define a tight setBτ = {q ∈ HK : ∥q − q∗τ∥K < η}

for arbitrary η > 0. In terms of that the true quantile function belongs

to the RKHS, so we have limλ2n→0 ∥q̃τ − q∗τ∥ = 0. Then as sn → ∞,

it holds that s−1
n ∥θ̃ − θ∗∥ → 0, which means there exists Sη such that

for any sn > Sη, s−1
n ∥θ̃ − θ∗∥ < η/2. Then it can be inferred that

θ̃ ∈ Bτ × Ω. As ∥θ̂ − θ̃∥ < s
1/2
n κmaxτ∈Ω ∥q̂τ − q̃τ∥K , based on lemma

1, when
s
1/2
n (log logn)1/4(1+κλ

− 1
2

2n )1/2

n1/4 → 0, it holds that limn→∞ ∥θ̂ − θ̃∥ = 0,

limn→∞ P
(
θ̂ ∈ Bτ × Ω

)
= 1. Then we have

sup
τ∈

[
1

sn+1
, sn
sn+1

] ∥q̂τ − q∗τ∥K = op(1).

■
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S2.2 Proof of Theorem 1

Before giving the proof of Theorem 1, we first define the data-free and

noise-free version of our estimator ξ̂τn ,

ξ̃τn = argmin
f∈HK

{∫
X
(f(x))− ξτn(x))

2dρx + λ1n∥f∥2K
}
.

The following lemma shows the empirical error between ξ̂τn and ξ̃τn .

Lemma 2. Suppose Assumption 1 is satisfied, then conditioning on the

event {Zn : maxi=1,...,n |yi| ≤ Mn} with Mn ≥ (κ2|f0|2K + σ2)1/2, for any

δn ∈ (0, 1), with probability at least 1− δn, there holds

∥ξ̂τn − ξ̃τn∥K ≤ log
2

δn

(
6κrτn
λ1nn1/2

+
Cκr2τn
λ1nαn

(1 + κλ
−1/2
1n )

)
max{Mn, ∥ξτn∥2},

where αn > 0.

Proof of Lemma 2: Define the sample operators Sx : HK → Rn and

ST
x : Rn → R as Sx(f) = (f (x1) , . . . , f (xn))

T and ST
x c =

∑n
i=1 ciKxi

, we

denote n× n matrix

Wτn =



Jτn

(
F̂x1 (y1)

)
Jτn

(
F̂x2 (y2)

)
. . .

Jτn

(
F̂xn (yn)

)


.

Then

ξ̂τn := arg min
f∈Hk

1

n

n∑
i=1

Jτn

(
F̂xi

(yi)
)
(yi − f (xi))

2 + λ1n∥f∥2K
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is equal to

ξ̂τn = arg min
f∈Hk

1

n
yT

Wτn
y− 2

n
< f, ST

xWτn
y >HK

+
1

n
< f, ST

xWτnSxf >K

+ λ1n < f, f >K ,

where y = (y1, y2, . . . , yn)
T . We devirate from above to get the concert

expression of ξ̂τn

ξ̂τn =

(
1

n
ST
xWτnSx + λ1nI

)−1
1

n
ST
xWτn

y .

Define LKf = ST
xSxf , then similarly the data-free and noise-free version

ξ̃τn is

ξ̃τn = (LK + λ1nI)
−1LKξτn .

Then we have

ξ̂τn − ξ̃τn =

(
1

n
ST
x WτnSx + λ1nI

)−1(
1

n
ST
x WτnY − 1

n
ST
x WτnSxξ̃τn − λ1nξ̃τn

)
=

(
1

n
ST
x WτnSx + λ1nI

)−1
(

1

n

n∑
i=1

Jτn(F̂xi(yi))(yi − ξ̃τn(xi))Kxi − LK(ξτn − ξ̃τn)

)
.

This gives a bound of its HK-norm as

∥ξ̂τn − ξ̃τn∥K ≤ λ−1
1n

∥∥∥∥∥ 1n
n∑

i=1

Jτn(F̂xi
(yi))(yi − ξ̃τn(xi))Kxi

− LK(ξτn − ξ̃τn)

∥∥∥∥∥
K

≤ λ−1
1n (∆1 +∆2), (S1.1)

where

∆1 =

∥∥∥∥∥ 1n
n∑

i=1

Jτn(Fxi
(yi))(yi − ξ̃τn(xi))Kxi

− LK(ξτn − ξ̃τn)

∥∥∥∥∥
K

,
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∆2 =

∥∥∥∥∥ 1n
n∑

i=1

(
Jτn(F̂xi

(yi))− Jτn(Fxi
(yi))

)
(yi − ξ̃τn(xi))Kxi

∥∥∥∥∥
K

.

To bound ∆1, we define random variable ηi = Jτn(Fxi
(yi))(yi− ξ̃τn(xi))Kxi

,

then it’s easy to verify that

Eη =

∫
Rp

Kx

∫
R
Jτn(Fx(y))(y − ξ̃τn(x))dρ(y|x)dρ(x)

=

∫
Rp

Kx

∫
R
Jτn(Fx(y))ydρ(y|x)dρ(x)

−
∫
Rp

Kxξ̃τn(x)

∫
R
Jτn(Fx(y))dρ(y|x)dρ(x)

= LK(ξτn − ξ̃τn),

where the last equality is from the definition that ξτ (x) = E [yJτ (Fx(y)) |x]

and the fact that E [Jτ (Fx(y)) |x] = 1. And ∥η∥K = |Jτn(Fx(y))(y −

ξ̃τn(x))|
√
Kx. Recall that the definition of Jτn(·) is

Jτ (t) =


sτn(1− t)sτn−1; 0 < t < 1

2
;

rτnt
rτn−1 1

2
< t < 1,

where rτn = log(1/2)/ log(τn) and sτn = log(1/2)/ log(1 − τn). Thus when

τn → 1, by Assumption 1 we have

∥η∥K ≤ κrτn(Mn + ∥ξ̃τn∥∞) and E∥η∥2K ≤ κ2r2τn

∫
(y − ξ̃τn(x))

2dρx,y.

It follows from Lemma 2 of Smale and Zhou (2007) and Assumption 1 in
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the main text, with probability at least 1− δn, there holds

∆1 ≤2n−1κrτn log
2

δn
(Mn + ∥ξ̃τn∥∞) + n−1/2κrτn(2 log

2

δn
)1/2

·
(∫

(y − ξ̃τn(x))
2dρx,y

)1/2

. (S1.2)

For ∥ξ̃τn∥∞, by the definition of ξ̃τn , we have

∥∥∥ξ̃τn − ξτn

∥∥∥2
2
+ λ1n∥ξ̃τn∥2K ≤ ∥0− ξτn∥

2
2 + λ1n∥0∥2K ≤ ∥ξτn∥

2
2 , (S1.3)

where ∥ξτn∥
2
2 is bounded. Hence, we have

∥ξ̃τn∥∞ ≤ κ∥ξ̃τn∥K ≤ κλ
−1/2
1n ∥ξτn∥2 . (S1.4)

For
∫
(y − ξ̃τn(x))

2dρx,y, by the definition of regression function, we have

∫
(y − f(x))2dρx,y −

∫
(y − ξτn(x))

2 dρx,y = ∥f − ξτn∥
2
2 , for any f.

Taking f = 0 and f = ξ̃τn yield that

∫
(y − ξτn(x))

2 dρx,y + ∥ξτn∥
2
2 =

∫
y2dρx,y ≤ κ2∥f0∥2K + σ2 ≤ M2

n, (S1.5)

∫ (
y − ξ̃τn(x)

)2
dρx,y = ∥ξ̃τn − ξτn∥22 +

∫
(y − ξτn(x))

2 dρx,y ≤ 2M2
n,

(S1.6)

where the last inequality is from (S1.3) and (S1.5).

Combine (S1.2)-(S1.6), we can conclude that with probability at least



SUPPLEMENT

1− δn, there holds

∆1 ≤ 2n−1κrτn log
2

δn
(Mn + κλ

−1/2
1n ∥ξτn∥2) + 2n−1/2κrτn(log

2

δn
)1/2Mn

≤ 2κrτnMn

n
log

2

δn
+

2κ ∥ξτn∥2
n1/2

log
2

δn

κ

λ
1/2
1n n1/2

+
2κrτnMn

n1/2

(
log

2

δn

)1/2

.

(S1.7)

Note that when κ

λ
1/2
1n n1/2

≤
(
3 log 2

δn

)−1

, the above bound can be simplified

to

λ−1
1n∆1 ≤

6κrτnM
ξ
n

λ1nn1/2
log

2

δn
,

where M ξ
n = max{Mn, ∥ξτn∥2}. When κ

λ
1/2
1n n1/2

>
(
3 log 2

δn

)−1

, we have

∥ξ̂τn − ξ̃τn∥K ≤ ∥ξ̂τn∥K + ∥ξ̃τn∥K ≤ 2rτnMn

λ
1/2
1n

≤ 6κrτnMn

λ1nn1/2
log

2

δn
, (S1.8)

where the second inequality is from (S1.4) and (S1.5) and the definition of

ξ̂τn that

1

n

n∑
i=1

Jτn(F̂xi
(yi))

(
yi − ξ̂τn (xi)

)2
+ λ1n∥ξ̂τn∥2HK

<
1

n

n∑
i=1

r2τny
2
i ≤ r2τnM

2
n.

To bound ∆2, for any yi > 0, there exists a si such qτsi ≤ yi ≤ qτsi+1
,

then when τn → 1, we have

max
i

|Jτn(F̂xi
(yi))− Jτn(Fxi

(yi))| ≤ Cr2τn max
i

|F̂xi
(yi)− Fxi

(yi) |

≤ Cr2τn max
i

|τ ∗i − inf{τ : qτ ≥ yi}|

≤ Cr2τnα
−1
n ,
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with τ ∗i ∈ ( si
sn+1

, si+1

sn+1
) and αn = O

(
snλ

1/2
2n n1/4

(logn)1/2
(
1+κλ

−1/2
2n

)1/2

)
. The first in-

equality is from the Taylor expansion of Jτn(·), the second inequality is

from the definition of F̂xi
(yi) and Fxi

(yi), and the last inequality is from

Lemma 1 and Proposition 1. So we have

∆2 ≤ Cr2τnαn(Mn + ∥ξ̃τn∥∞) ≤ Cr2τnα
−1
n Mn(1 + κλ

−1/2
1n ), (S1.9)

Combine (S1.1)-(S1.9), we get

∥ξ̂τn − ξ̃τn∥K ≤ log
2

δn

(
6κrτnM

ξ
n

λ1nn1/2
+

Cκr2τnM
ξ
n

λ1nαn

(1 + κλ
−1/2
1n )

)
.

Thus we complete the proof. ■

Now we are ready to prove Theorem 1.

Proof of Theorem 1: We denote two events

C1 =
{∥∥∥ξ̂τn − ξτn

∥∥∥
K

≤ log
4

δn

(
6κrτnM

ξ
n

λ1nn1/2
+

Cκr2τnM
ξ
n

λ1nαn

(1 + κλ
−1/2
1n )

+λ2r−1
1n

∥∥L−r
K ξτn

∥∥2
2

)}
,

C2 =

 max
i=1,...,n

|yi| > κ ∥f0∥K +

√
2
∑n

i=1 σ
2
i

δn

 ,

where M ξ
n = max

{
κ ∥f0∥K +

√
2
∑n

i=1 σ
2
i

δn
, ∥ξτn∥2

}
. Then we have

P (C1) = P (C1 ∩ C2) + P (C1 ∩ Cc
2) ≤ P (C2) + P (C1|Cc

2) = P1 + P2, (T1.1)
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where Cc
2 denotes the complement of C2.

For P1, by Chebyshev’s inequality, we have

P
(

max
i=1,...,n

|εi| ≥ t

)
= P (∪n

i=1 |εi| ≥ t) ≤
n∑

i=1

P (|εi| ≥ t) ≤
n∑

i=1

E(ε2i )
t2

=

∑n
i=1 σ

2
i

t2
.

Then by Assumption 1, for any δn ∈ (0, 1), with probability at least 1− δn
2
,

there holds

max
i=1,...,n

|yi| ≤ κ ∥f0∥K + max
i=1,...,n

|εi| ≤ κ ∥f0∥K +

√
2
∑n

i=1 σ
2
i

δn
,

implying that P (C2) ≤ δn
2
.

For P2, we have

∥ξ̂τn − ξτn∥K ≤ ∥ξ̂τn − ξ̃τn∥K + ∥ξ̃τn − ξτn∥K .

To bound the second term, suppose that {µi, φi}i≥1 are the normalized

eigenpairs of the integral operator LK : L2
ρx → L2

ρx . Thus by Assump-

tion 2, there exists some function hτn ∈ L2
ρx such that ξτn = Lr

Khτn =∑
i≥1 µ

r
i ⟨hτn , φi⟩2 φi ∈ HK . Then we have

ξ̃τn − ξτn = (LK + λ1nI)
−1 LKξτn − ξτn = (LK + λ1nI)

−1 (−λ1nξτn)

= −
∑
i≥1

λ1n

λ1n + µi

µr
i ⟨hτn , φi⟩2 φi,
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which implies that

∥ξ̃τn − ξτn∥2K =
∑
i≥1

(
λ1n

λ1n + µi

µ
r−1/2
i ⟨hτn , φi⟩2

)2 ∥∥∥µ1/2
i φi

∥∥∥2
K

=
∑
i≥1

(
λ1n

λ1n + µi

µ
r−1/2
i ⟨hτn , φi⟩2

)2

= λ2r−1
1n

∑
i≥1

(
λ1n

λ1n + µi

)3−2r (
µi

λ1n + µi

)2r−1

⟨hτn , φi⟩22

≤ λ2r−1
1n

∑
i≥1

⟨hτn , φi⟩22 = λ2r−1
1n ∥hτn∥22 = λ2r−1

1n

∥∥L−r
K ξτn

∥∥2
2
.

(T1.2)

where the second equality is from ∥µ1/2
i φi∥K =

(∑
j≥1

⟨µ1/2
i φi,φj⟩22

µj

)1/2

=

⟨φi, φi⟩2 = 1. From Proposition 1, we have

P(C1|Cc
2) ≤P

(∥∥∥ξ̂τn − ξ̃τn

∥∥∥
K
≤ log

4

δn

(
6κrτnM

ξ
n

λ1nn1/2

+
Cκr2τnM

ξ
n

λ1nαn

(1 + κλ
−1/2
1n )

) ∣∣∣∣Cc
2

)
≤ δn/2.

Thus we have P1 + P2 ≤ δn/2 + δn/2 = δn, then from (T1.1), we conclude

that with probability at least 1− δn, there holds

∥ξ̂τn−ξτn∥K ≤ log
4

δn

(
6κrτnM

ξ
n

λ1nn1/2
+

Cκr2τnM
ξ
n

λ1nαn

(1 + κλ
−1/2
1n ) + λ

r−1/2
1n

∥∥L−r
K ξτn

∥∥
2

)
.

Thus we complete the proof. ■
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S2.3 Proof of Theorem 2

Proof of Theorem 2: As we know,

γ̂(x) =
1

k

k∑
j=1

log
ξ̂τn−j

(x)

ξ̂τn−k
(x)

=
1

k

k∑
j=1

log

ξτn−j

(
1 +

ξ̂τn−j−ξτn−j

ξτn−j

)
ξτn−k

(
1 +

ξ̂τn−k
−ξτn−k

ξτn−k

)
=

1

k

k∑
j=1

log
ξτn−j

ξτn−k

+
1

k

k∑
j=1

ξ̂τn−j
− ξτn−j

ξτn−j

{1 + op(1)} .

− 1

k

k∑
j=1

ξ̂τn−k
− ξτn−k

ξτn−k

{1 + op(1)}

=
1

k

k∑
j=1

log
qτn−j

qτn−k

+
1

k

k∑
j=1

ξ̂τn−j
− ξτn−j

ξτn−j

{1 + op(1)}

− 1

k

k∑
j=1

ξ̂τn−k
− ξτn−k

ξτn−k

{1 + op(1)}

:= E1n + E2n − E3n,

where the first term in the fourth equality is from Proposition 2.

Similar with the proof of Theorem 2.3 in Wang et al. (2012), we have

E1n = γ +
A(n/k)

1− ϱ
+ o (A(n/k)) ,

where ϱ and A(·) are defined in Section 4.1.

According to Proposition 1 in Daouia et al. (2022) and the assumption

that E(Y |X) < ∞, we have that ξτn−j
is lower bounded by some constant
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C, for j = 1, . . . , k. Therefore, we have

∥E2n∥K ≤ max
j=1,...,k

∥∥∥ξ̂τn−j
− ξτn−j

∥∥∥
K
/C,

Denote the upper bound of ∥ξ̂τn−j
− ξτn−j

∥K proved in the last theo-

rem as Bn,j.Thus we have ∥E2n∥K ≤ maxj=1,...,k Bn,j

C
. Similarly, there holds

∥E3n∥K ≤ Bn,k

C
. Combine the results of E1n,E2n,E3n together to get the

upper bound of γ̂

∥γ̂ − γ∥K ≤ A(n/k)

1− ϱ
+ 2

Bn,k

C
+ op(A(n/k)). (T2.1)

When n/k → ∞,

lim
n/k→∞

∥γ̂ − γ∥K = 0.

Next we consider the upper bound of estimated error at quantile level

of τn, note that

ξ̂τ ′n
ξτ ′n

=

(
1− τn−k

1− τ ′n

)γ̂ ξ̂τn−k

ξτ ′n
=

(
1− τn−k

1− τ ′n

)γ̂ ξ̂τn−k

ξτn−k

ξτn−k

ξτ ′n
=

(
1− τn−k

1− τ ′n

)γ̂ ξ̂τn−k

ξτn−k

qτn−k

qτ ′n

=

(
1− τn−k

1− τ ′n

)γ̂ ξ̂τn−k

ξτn−k

 U
(

1
1−τ ′n

)
U
(

1
1−τn−k

)


−1

, (T2.2)

by the second order condition of U(·), we have

lim
t→∞

1

A(t)

{
U(tz)

U(t)
− zγ

}
= zγ

zϱ − 1

ϱ
.

Let z = 1−τn−k

1−τ ′n
and t = 1

1−τn−k
, we get

U
(

1
1−τ ′

n

)
U
(

1
1−τn−k

) =

1 +A

(
1

1− τn−k

) ( 1−τn−k

1−τ ′
n

)ϱ
− 1

ϱ
+ op

(
A(

1

1− τn−k
)

)(1− τn−k

1− τ ′
n

)γ

.

(T2.3)
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Plug (T2.3) into (T2.2), it follows that

ξ̂′τn
ξ′τn

=

(
1− τn−k

1− τ ′
n

)γ̂−γ ξ̂τn−k

ξτn−k

1 +A

(
1

1− τn−k

) ( 1−τn−k

1−τ ′
n

)ϱ
− 1

ϱ
+ op

(
A(

1

1− τn−k
)

)−1

.

Recall that pn = 1− τ ′n and 1− τn−k = (k + 1)/(n+ 1). Therefore,

ξ̂τ ′n
ξτ ′n

=

{
k + 1

(n+ 1)pn

}γ̂−γ ξ̂τn−k

ξτn−k

1− A
(n
k

) ( k
npn

)ϱ
− 1

ϱ
+ op

(
A(

n

k
)
) .

(T2.4)

For the first term in (T2.4), from (T2.1) we have{
k + 1

(n+ 1)pn

}γ̂−γ

= exp [(γ̂ − γ) log{(k + 1)/((n+ 1)pn)}]

= 1 + (γ̂ − γ) log{(k + 1)/((n+ 1)pn)}{1 + op(1)}

= 1 +
log(k/npn)√

k

{√
kA(n/k)

1− ϱ
+

2
√
kBn,k

C
+ op(

√
kA(n/k))

}

= 1 +
log(k/npn)√

k

{
ϕ

1− ϱ
+

2
√
kBn,k

C
+ op(1)

}
.

For the second term in (T2.4), from Theorem 1, we have∥∥∥∥∥ ξ̂τ ′nξτ ′n

∥∥∥∥∥
K

≤ 1 +
Bn,k

∥ξτn−k
∥K

.

Comparing the orders of the three terms in (T2.4) and using Taylor expan-

sion, we get

√
k

log(k/npn)

{∥∥∥∥∥ ξ̂τ ′nξτ ′n

∥∥∥∥∥
K

− 1

}
=

ϕ

1− ϱ
+

√
kBn,k

C
.

Thus we complete the proof. ■
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