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1 Lemmas and Proofs

Lemma 1. Let cov(n;) = 3, then

rh Iy o --- 0
r; Iy Iy -~ 0
Qp' = & . ]
0 --- I7 Iy Ty
0 -~ 0 Tj Iy

where Fg = (EE - (I)EE(I)T)_I, Fl = EEl + <I>TF3<I>, FQ = F3 + <I>TF3<I>, F4 = —<I>TF3 and
Yp=0Xgd" + X..

Proof of Lemma 1. For further details, please refer to Proposition 2.1 in ?. The
proof is omitted.

O

Lemma 2. Assuming that Assumption 2.1 holds, the inverse matriz of Qy is

. . | B 1,
0l = 062{[IT—T052LL +ﬁa€2L2F1L}®(JN—Na€2AA>}
1
+yaoct (o A)og! (o),

where 1,, denotes a m X m matriz with each element being 1.



Proof of Lemma 2. Let Al = (LEFLT + U?IT) X Ic, AQ = (LZFLT + U?IT) X ]N, B =
Ir ® A, by A"A = 02N1., we have B"A;'B = No?A;'. Then,

-1
0 = ((LZeL7) @ Iy + (Ir @ A)Qp(Ir ® A7) + 02l )
-1
= (L6l +021r) @ Iy + (Ir @A) (lr @ A7) )
_ (AQ + BQEBT)_l = At - A;lB(BTAng + Q;)_lBTA;l

-1
= A3' - A B(Ne2AT 4 051) BTAy!

= A7 — Ay 1B—{A1+A 2 i(—l)’“(A le)k_lAl}BTAQ‘l

No? No? No?
1 PR Q! k-1
-1 T 2 T T
= A'- g(Lz L' +o JT) (AA7) - B ?;( 1)k (A1N02> B
— 1 T -t T Q_l T Q_l - Q b\ E T
= Al - NQ(LEL +oilr) ® © (M) + B BT+ Bt (- )<A1N02>B.
k=1

By Lemma 1, it is easy to know that Q' is block tridiagonal. A; is also a sparse block
matrix. Thus, according to the structure of A; and Q' it is easy to see that each element

-1\ k
in A;Q." is O(1). Hence, for any k > 1, <A1]53[—§2> = O(T*IN").

Furthermore, by IC: L"L = ¢2T1I,, A"A = 02NI., Xr and X are diagonal, we have
under O(T**N~*) = o(1), and

1
No?

3

1 1 1
_ { [0—21T — ?a;%LT + ﬁa;‘*LZ 4+ 0<T2)1T] ® IN}

~{[or2m - %U€4LLT + %05%2 A o<; )ir| @ (aan) )+ o(%) Lyy

1 1 |
= o { [IT — =0T LLT + 0T LS5 1LT} ® (IN - NafAN)}

1 1 1

+ a0 (o M) (ro ) + {o(73) + o 33) i
1 1 1

-2 -2 T -2 1yt -2 T

o {[IT—?UE LL" + 07 * LS5 L}@([N—NUE AA)}

+ %0;4 <1T ® A) Q! (IT ® AT>.

Oyt = Ayt -

(LEpL” +02Ir) @ (AN) + B BT +0( ) tow

N2

Q

Lemma 3. Assuming that both Assumptions 2.1 and 2.2 hold, then

851 A= 4072 28) {3 o)
2) Qs (lr @ A7)0 (Ir @ A) = e+ {o( %) + o) Jirwres
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(3) 97 (13r) @ In) = 2o? (L@ Iv) + {05 ) + O(3) Fawows
() 0 (Lo Iv) = bo2(£55) @ Iv) + {0 (57) + O () e
6) (o)t (Lo ) = (St e iv) + {0(&) + 0(4) Jiw.

Proof of Lemma 3. It can be easily obtained using IC and Lemma 2. Further details
have been omitted for brevity.

0
Lemma 4. (1)

S @Y — (O7T3) @ (O7T3) + (T13P) @ (O7T3P)
or™ | -I3eT;+ (I30) @ (I'3®) — (O713) @ (P713) + (P713P) @ (O7T39)
8U€C(EE) B —Fg ® Fg + (Fg@) X (ng))
I3 (O7T3) — (I3®) @ (P7T3d)

(Kee + 12) (1. ® (97T3) + (P30 Xp) ® (9713))
O™ | (Kt 12)((D3P2E) @ T3+ 1. @ (P715) + (T30 5) ® (971'3))
dvec(®) (Kee + 12) (T332 5) @ I's)
_ch([c & FB) - ((F?)(I)ZE) & ((I)TF?))) - ch(<(I)TF3(I)EE) & FB)

Proof of Lemma 4. It can be obtained by direct calculation, although the details are
not mentioned.

|
Proof of Theorem 2.1. The derivative of the negative log-likelihood function can be

calculated as follows:

1
dL = 5w[(Ql;l — OS50 dQy |,
where

dQy = do’lry + (dLSpLT) @ Iy + (LdYpLT) ® Iy + (LY pdL™) @ Iy
+(Ir @ dN)Qp(Ir @ A7) 4+ (I @ N)dQe(Ir @ A7) + (I7 @ N)Qp(Ir @ dAT).

We begin by examining the total differential of L, which can be expressed as follows:

dL = S{r[( - 07 507") ()]}
_ %{tr [(Q;l — 0,150 (dangN +(dLSPLT) ® Iy
H(LYpdLT) @ Iy + (LASpLT) @ Iy + (Ir @ dA)Qp(Ip ® A7)
+(Ir ® N)Qp(Ir @ dAT) + (Ir @ A)dQp(Ir @ Af)ﬂ }

Strldo? (@ - 07189)] + 1 (L @ 1) (95 — 51595 (12 @ Iy )

%{ tr((doe © In) (L7 © Iv) (5! = 951505 ) (L& 1) |}
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i |(Ir @ dAT) (" = 051 505") (I © dA) Qs

—%{tr (405 0 (1 @ A7) (97! = 0715951 (Ir @ 4) 25| }

- %daftr(ﬁ;l — QLS00 + 1 [dLTtrs (KNT (! - Q;lsQ;l)KTN) LEF}
+% {tr[aspLros(Kyr (97" - 071507 Krw ) L] }
e [dnTtrs (9! = 9718957 (I @ A) Q) |

—%{tr |05 (2 (Ir & A7) (7 = 051505") (Ir @ M) )| |- (A1)

Using the property tr(A™B) = vec™(A)vec(B) for any two matrices A and B, and
Lemma 3, we obtain:

oL B o
9o? - tr(QYl - QYISle)y
oL B o
dvec(L) = Vec{trs [KNT (le _ QYlSQYl)KTN] LZF}
= vec{NL/(Ta?) — trs(KTNQ;ISKTN)L/(ng)}’
oL o
Bvec(A) — vee{ trs (0! = 071805Y) (Ir @ M) ] }
= Vec{TA/(Naf) — trs(Q;ls)A/(N(;g)}

oL

1
—3vec(EF) = Evec{trs [KNT(LT ® IN)(Q;I _ Q;/ISQ;I)} (L ® ]N)KTN}

1
- 5Vec{z\fz,;l — S Ltrs (K SKyr) LS5 /(T%g)},

oL 1
Bvec(Sy) ‘ETWGC{QEUT ®A)(Q' - 'Sy (Ir @ A)QE}
= —%TIV(%C{QE — ATtrs(S)A/(Nggg)},
oL 1
Avec(d) ‘§T5VGC{QEUT ®AT) (' = O S0) (Ir @ A)QE}

_ —%Tgvec{QE - ATtrs(S)A/(Ngffﬁ)}-

O
Proof of Theorem 2.2. The second derivative of the negative log likelihood function

18
2 1 —1 —1 —1 ~100-1 ~1lon-1 —1
d’L = 51&7"( — Oy dQyQ dQy 4 Q3 dQy Q3 SO dQy + QSO dQy )y de).(A.2)

Then, we have

E <d2L>



- %tr <Q;1deQ;1de>

- %tr{ledUSITN + 07 (L2pdr7) @ In| + 05| (dLseL7) @ Iy |
+ 05! [(LdsrLT) @ In| + 95! (Ir @ A) Qpd5' 0 (Ir @ A7)

+ 05! (1r @ dN ) Qs (Ir @ A7) + 07 (Ir @ A) Qi (17 @ A7) }2

-1y [(daf)QQ;Q} + 2tr{da§§z;2 [(LEFdLT> ® ]N} } + tr{da?Q;Q [(Ldzpy) ® IN} }

j—tr{d 202 (IT ® A) Qpd05'Qp (IT ® AT> } + Qtr{dagﬁ;2 <1T ® dA) QOp (JT ® AT> }
+tr{ 0! [(LSpdL7) @ Iy] 05 [ (dLSpL + LpdL) @ I }

+tr{Q;1 (LEFdL +dLSpL ) ® IN: ;! [(LdEFLT> ® JN”

+ tr{Q;l (LEFdL S dLS LT ) ® ]N: 0;! (IT ® dA> Op (IT ® AT) }

+tr{ 0| (Lopdl + dLsrL) @ Iv] 0! (Ir @A) Qp (I @ dA7) }

+r{ O (L3pdL” + dLTpL) @ Iy| Q7 (I @ A) Qpd (I 0 A7) }

+ ;tr{Q (Ldsrrr) @ 1yl } +tr {05 (Ir @ M) (I @ dA7) }2

+tr{Q 1(IT ® dA)QE(IT ® AT >Q 1(IT ® A)QE<[T ® dAT>}

+otr{ 0! [(LdZFL ) ® IN} (IT ® dA) Op (JT ® AT) }

+ tr{Q;l [(LdZFL ) ® ]N] Oy (]T ® A) OpdQ:10 (JT ® AT> }

votr{ (I @ dn ) (Ir 0 A7) 05 (1 © A) Qa0 0 (1r & A7) 01}

+ %tr{Q Y1 @A) Qpdag 0p (I @ A7) }2 (A.3)

2
Thus, we can obtain the block of I(©) accordingly. By %tr[(daﬁ) Q;Q] in (A.3), we
can easily obtain
1 2
IU?,UCE = ﬁt’f’ (Q )

By tr(A™B) = vec” (A)vec(B) for any two matrices A and B, we have in (A.3)

do? [(KNTQY KTN) (IN ® LEFdLT)”

)
{
= 2t7“{d 2Qy [KTN<]N ® LYpdL™ )KNT]}
{
{dag [trs (KNTQ;,?KTN) LZFdLT] }

— 2d0§vecT [trs <KNTQ{,2KTN> LEF] vec (dLT) )

5



By Lemma 2, ;2 ~ 0;4{ [IT — lo2LL7 + %U;QLEEQLT] ® (IN - %UE_QAAT>} +
w08 (Ir @ M)z (Ir @ A7) Then,

1
IU?L = ?VGCT |:tI'S (KNTQ;/zKTN> LEFi|
1 1 1 1
= Zvec{o7trs| (Iv = 3022 AN) @ (Ir — 20T LT + 07 LS7*L7 ) | LS }
1

n ercr{ag—ﬁtrs |:KNT ([T ® A) o) (IT ® A" >KTNi| LZF}

= ﬁa tvec (LZ >+ 02 Amax (g vec” [ﬁ(AAT)LEF]

1
T3 € TN? Oe
N T T
- O Ok ) -t )

tr{do?0?| (LdssL7) @ I }
= do?tr{ | Ko (L7 @ In) 073 (L @ In) Koy | (I © d5r) }
= dagtr{trs [KNT(LT ® )G (L® [N)KTN] dEF}
= dovec {trs| K, (L7 @ In) Q5 (L @ Iy) K| bec(de).

Then

Toy, = %VeCT{trs e (L7 @ 1) 02 (L @ I) Ko | }

1 1
= ﬁVec { g_gtrs [KNT <2}2 (029 (IN — NO'E_QAAT)>KTN:| }
1

+ ST NG VecT{agﬁtrs [KNT (LT ® A) 0. (L ® AT)KTN} }
1 _ 1 - _
— ﬁvec { o 2trs<(IN — Nag ZAA ) X EF2>}

+ ﬁve(f{ogﬁtrs [szr (L"®A)Q* (L@ AT)KTN] }

N 1
= ﬁvec ( ;22;2> +O<m)VeCT <]-rr>

N
= ﬁvecT <o'€_22;2> = o(l)vecT(lr).

In (A.3),
2tr{d039;2 (JT ® dA> Qg (IT ® AT) }
= 2d02tr{ [QE (IT ® AT) 2’ (IT ® dA)] }

2t 1o ) (1 o))
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= QLdafvecT{a;4 [trs (QEI)AT} }Vec(d/\).

e
Then
N o)
= 05 )vee” (1) = of1)vec” (L),
In (A.3),

tr{dggﬂ;2 <[T ® A) Qpd05'Qp <IT ® AT> }
= aotr{|Qp(Ir o A7)0 |05 (Ir @A) 0pd0y!) | |
- dagvea{ [QE (IT ® AT> Q;l} [Q;l (.rT ® A) QE)] }vec(dQ;;).
= dovec (%%%TN) vec(dQg!).

Then, by Vec(dQEI) = Tlvec(dZE), Vec(dQEI) = Tgvec(dé),

1 — T
IUEEE = magzvec (ITN)Th
o, or
— (1 )T—
oTN e ¥ (TN Ovec(Xg)
1 ) T 9T
= ——o0 7| I —
oTN ¢ [ VeC( TN” dvec(Sp)
I, or
—= e A = 1 T ]_ 2
oN e Ovec(Xg) o(l)vec” (1,2),
and
Tpo = —o2 "(Irw) T
o2,d = QTNOE vec |\ Irn | 12,
1 ) or
= o 2vec (I )T—
oTN e 7 <TN Ovec(P)
., T 9T
= g e ()] gy
oTN [ vee\ TN Ovec(D)
I, or
= oA —o(1)vec (1
oN = Ovec(P) o(l)vec” (12),

where A = (0, 1.,0,0).
In (A.3), by tr(A"BCD) = [vec(A)]" (D™ ® B)vec(C) for any matrices A, B, C and D,

{0yt (LopdL) @ Iv |05 | (ALsp L7 + L5pdL7) @ 1] }
- tr{ [(dLEFLT> ® IN} Q0! [(LEFdLT) ® IN] Q;l}
+ir{oy!|(L2pdrr) @ In|oy! [ (L5pdLr) @ 1] }

7



- tr{KTN [IN ® (dLZFLT>]KNTQ;1KTN [[N ® <LZFdLT)]KNTQ;1}
+tr{Q;1KTN [IN ® (LZFdLTﬂ KnrQy Koy [IN ® (szdyﬂ KNT}
— r{|Iv @ (ALDpL”) | Knr Oy K| I @ (LSrdL7) | Kr Q3 Ko }
+tr{ [Iv @ (L2pdL”) | Kne Q' Ky [ Iv @ (LSpdL7) | K0y o }
- tr{ <IN ® dL> [KNT (ZJFLT ® IN) ;! (sz ® IN> KTN} (IN ® dLT> <KNTQ;1KTN> }
+ tr{ (IN ® dLT) [KNTQ;l (LEF ® IN> KTN] (IN ® dLT) [KNTQ;I (LEF ® IN) KTN] }
- tr{ <1N ® dL) <1N ® 2F> <IN ® dLT> (KNTQ;lKTN> }
+ %0;4#{ (IN ® dLT) (JN ® L) (IN ® dLT) (IN ® L)}
- tr{dLEdeTtrs (KNTQ;lKTN)} + %a;‘tr (dLTLdLTL).

The above equality is due to that #054 <KNT (IT®A) )= (LZF@)AT) KTN> =0 <#) InTsN-
Then, we have

Tip = %EF @ trs (Kt Ko ) + O 75 ) Lo
- %EF ® trs <KNTQ;1KTN) .
In (A.3),
{0yt | (Lopdr” + dLspl”) @ In|0y! | (LdzpL7) @ 1] }
- tr{Q;lKTN [JN ® (LEFdLT)} Ky Ky [JN ® (Ldzpyﬂ KNT}
+tr{ 05 K| In @ (ALSPL) | Kna 25 Ko | Iy @ (LdSp L) | Koyr }
- tr{KNT (LT ® IN> ;! (LZF ® IN> Kon <IN ® dLT) KnrQy! (L ® IN> Kon (IN ® sz) }
+ tr{KNT <LT ® IN> O Koy (JN ® dL) K, <2FLT ® JN) ;! (L ® JN) Kox (JN ® d2F> }
1

- ZJ;QtT{KNT [(1 @ (Iy — %UEQAAT)) + 0 (LT ® A> 0! (LEF ® A)} Kon (IN ® dLT>

Knr [(%LE;} ® (Iy — %022/\/\7)) + %0;4 (IT ® A) QL (L ® AT>] K,n <IN ® d2F> }
= 202 { Ky, | (1@ (In - %UEMAT)) +0 (%) L] Ko (I @ dL7)

Kvr [ (085 @ (I — 550:2A0) ) + 053 ) bowo | Ko (I @ d5r )}
- 2a€2¥tr{dLTLEF1dZF}.

Then, we have



In (A.3),

{07t | (LopdL + dLsrL7) @ Iv |05 (I @ dA ) Qp (I 2 A7) |

+ zr{Q;l [(LEFdLT + szFLT) ® IN} Q' (IT ® A) Qg (IT @ dAT> }

= tT’{d[Q_l(LzFLT ®IN>] ’Ld[Q‘ <[T ®A>QE(IT ®AT>} ‘A}
— %04t7’{d[<ljlf @ Ix) + {O(N;) +O<N2>}1TN] ‘L

(o an) +{o(g5) + o(52) o]}

SIS (dLL + LdL" )tr (dAAT v AdAT>

Q

NT ¢
_ 4
= NTU vec (dL)Vec(L)VeC (A)Vec(d/\).
By Assumption 2.2, we then have
4 2 . 1
Iy = o 4NT2vec(L)Vec (A) = O(W)]-TnNc =o(1)1r, e

In (A.3),

tr{Q;l [(LZFdLT n dLEFLT> ® IN] 0; ! <IT ® A) QpdQ5'Qp <IT ® AT> }

_ 2t7’{ [(dLEFLT> ®Q [N] Q;l (IT X A)QEdQE}QE ([T ® AT>Q};1}

- 2tr{ (IN ® dL) Knr (EFLT ® IN) 0y (IT ® A) QpdQp'Qp (IT ® AT) Q;lKTN}

20’4

= Zetr{(tvedL) (Iv @ el ) Kne (Ir & A)dg! (I © A7) K |

4 T

20, -
- B (), (), )
2

Te ET: tr{dLEFLT(KNT>t17t2AdF2AT<KTN> }

ta,t1

204 r

4 20 Ztr{dLZFLT<KNT> AngAT<KTN> }
t1,T Tty

2074 &
e trddrs LT(K ) AdT AT(K ) }
+ N Z Z T{ F NT t1,t2 4 ™ to,t1+1

N ZZ {dLZFLT(KNT>t1+1’t2AdFZAT<KTN>t27tl}.

t1=11t2=

q;
S
N

Then, by using the sparse structure of Ky and K7y, we have

Trs, = TN Z { [(KTN) . } ® [EFLT <KNT>t1,1A] }g:ees((;g)

9




-— T dvec(T'y)

i o o (), A @ [ser(Kar) AR

[(KTN);tlA} ® [SeL(Kr >t1 A} gj;f(rg))

(X
oSS [(kn) ] o (), )
)

o’ | TZI t;j T Avec(I'])
+T_;t2:1 { [(KTN>t2,t1A} © [EFL <KNT)t 1t } Ovec(Xp )
AN TR AR
+O<%)1T N +O<T1N>1T ~Ne = 0(1) 11y ne,
and
4 T .
no = Ty (ko) A [me (s00), A} G
a;; L= T . dvec(l'y)
S R () o i (ko)
S [, A e )
TN — Tt t,T Ovec(P)
4, T T-1 .
EE ), et 13
o O T Ovec(T’
+T_t12=1t2:1 { [(KTN>15 1 A] © [EFL (KNT>t T1,ts ]} Ovec(P
- O(%)” NC+O<T1N>1T e +O(TN>1TT’NC
+O(%> 17, Ne + O(%)lT ~Ne = 0(1) 17y ne.
In (A.3),

1t7~{9 Y(Ldsrr) @ 1yl }2

2
1 2
_ §tr{Q{,1 (L ® IN) Koy (IN ® sz> K (LT ® IN> }
1
2
iy

tr{ (JN ® sz) Ky, (LT ® IN> i (L ® IN> Koy
<1N ® sz) Ky (L ® IN> ;! (L ® IN>K }

= St {1y dse) Ky it o (Iv - NU—%\A )+ %0 Hrrea)op! (Lo )| Ky
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(Iv ® a5 ) Ky [t @ (Iy - %JQQAAT> o (L ea)ep (Lo A7) Ky}
= %tr{ (IN ® dEF)KNT [2;1 ® <IN — O(%) 1N> + 0(

1<1N ®dsp) Ky, [Si' @ (Iy - O (%) 1) +0 (%) L] o }
= str{(vedse)(Ive i) (Ive dor) (Ive o7 ) }

- gtr (dzritdsrsyt).
Then,
Ispsp = % (E;l ® Z;1>.
In (A.3),

20 {05! | (LdzpL7) @ Iv| 05 (I @ dA) s (Fr @ A7) }
{ (IN ® d2F> Ky, (L ® JN) 0y (IT ® A) Op (IT ® dAT) 0y (L ® IN) KTN}

- chfv { (IN ® sz) (JN ® LT> Krn (JT ® A) (IT ® dAT>
[?( IN——U 2AAT ))—i—%a (e n)op (Lo )| Koy}
20 4

- = trf (IN @dsr) (Iv e L7) Ky (Ir @ A) (Ir @ dn”)

() @ (1= 0(5)18)) + O (g ) roeen| Ko}
= 2;{2:1157‘{ (IN X dZF> (]N ® LT) Kry (]T &® A) (IT ® dA” > (IN ® (LE ))}
202 =

= ]\{; tr{ ((AdAT) ® (dZFE;1)>} = 2?\7 vec” (dA)vec(A)vec” (S5")vec(dSp).

Then, by Assumption 2.2, we have

Is,.n = o0, 2%Vec(/\)vecT(mel) = O(—>1ch = 0(1)1Nm“c-

In (A.3),
tr{Q;I [(LdEFLT> ® JN] 0! (IT ® A) QpdQ710 (IT ® AT> }
= tr{(Iv @ d%p ) K (L7 @ In )05 (I © M) Qud$25" 0 (Fr @ A7) 05 (L @ v ) K }

—4

) iv—2tT{<fN®dZF> (v & 1) Kr (19 0)doz! (170 A7) Ko (v 0 L) )

— %Z {dEFL <KNT> 0, AdLy A (KTN>1¢1L}
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S i (), (i), 1)
X % i tr{dEFLT <KNT> tl,TAdF3AT <KTN>T¢1L}

T
S (i), (i), 1)

T
O-E T T T
WZ tr{dZFL (KNT)t1+17t2Adr4A (KTN>t2,t1L}.

Then, by using the sparse structure of Ky and K7y, we have
e T Avec(T)
Tonse = g 24|V (Kew), A @ [17(Kr) | A} 50060
>rXp TN ™) ® NT ) Avec(Xp)
T T-1
o T Avec(l'y)
Te (K A} [LT K A]
+T Z {[ < TN)tQ,tl ® ( NT)tl,tQ }8veC(EE)

{[er(sen)] ] @ [ (1aa), ] poectish

t1=1to=1
0t e Ovec(T'])
+ﬁt121t21 [L <KTN>t t A} ® [L <K T>t +1t A] Ovec(Xp)
- 0(%)@ —o(1)1y
and
-4 T T
T = oy A () A @ [ (), Y )
05; = . T . Ovec(I'y)
S ) 0o ), 0
e T Ovec(T'3)
* TN tlz_:l { [L (KTN> T,tlA] ® [L (KNT> TA]} Ovec(P)
e e T Ovec(Ty)
S (), ),
oot & o T . Avec(T'])
+ TN Z {[L (KTN>t2,t1A] ® [L (KNT>t1+1,t2A}} Ovec(d)
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1
= O<ﬁ> 1T2’02 = 0(1)1T2,c2-

In (A.3),
{ (IT ®dA) <1T®A ) (IT®A)QE
(IT®dA )} +t7~{ (IT®A>QE<IT®dA )}2
_ {(JT ® dA)QE (IT © dAT ) } + lcr 4tr<dA AdA” A)
_ {tzltzld/\@]ﬂ)t . T<QY1>tQ,t }+ %0 4tr<dA AdAT A)
Then,
T T -
B - EE (0)]0 (5),, ¢ v o)
- FE N ()], e (o), , et meon
In (A.3),

otr{ (17 d0) 2 (1r @ A7) 05 (1. A) 0052 (1 0 A7) 051

20—;2%7#{ (IT ® dA) QpdQ;! (IT ® AT) }

= 2572 [%tr (dAEEdFlAT> i - 24 (dAzEdrzAT) + %tr (dAzEdrgAT)
M ~ Lo (dAqufdnAT) . ~ Lo (dAcszdrgATﬂ .
Then,
Tase = 0 [% (A @) gvvee§<(£;)) TT;VZ (a )gvv%&))
+ 7 (MO Be) g+ ”(A® )3—))
* TTN (Ao (055) ) K, gvvss ;;))}
and
Ine = o2 [% (e %) ZVveeZ(( 1>) +5 N2 (A® %) gvvii((l:;))
+ % A®Y > ZVvi(;((Fg)) TT;\Zl tr (A ® (EE¢T)> ‘ZVV%((%)
(e (o)) G =



In (A.3),

tr{Q;l (JT ® A) QpdQ710 (JT ® AT) }2

tr{dQ;QE ([T ® AT) ;! (IT ® A) OpdQE'Qp (IT ® AT> ;! (JT ® A) QE}

N RN~ o

— tr{dQ;QEdQ;QE}

— %vecT (dQE) (QE ® QE) vee (dQ;) }

Then, by Lemma 4, Vec(dQ;Jl) = Tlvec(dEE) and vec(dQEl) = T2vec(d¢)),

1 T
Is,s, = ﬁTl <QE®QE>T1
1 or T or
= —|=—| Y7 Qp )| T ——r—
QT[BveC(EE)} ( B E> Ovec(Xg)’
Too = %Tg <QE®QE>T2
1 or~ qr or
= — T7( Q2 Q| Y ————
2T[8V€C((I))] < B E) Avec™ ()’
and
1
Iy, = ﬁTI (QE®QE>T2
1 or T or
= —|—| Y72 QT )
2T [Bvec(EE)} ( B E> Ovec(®P)
O
Lemma 5. The time series {X; : X¢ = (X14, %2t ..., 2ar)", 1 < t < T} is d-dimension

stationary with d < T and a-mixing, and satisfying with Assumption 2.3. Then it holds
that

E{% i <$i,t%‘,t - E($i,txj,t)> }2 = O(T_l) (A.4)
and
% tz:; (%‘,t — E(m”)> — N(0,0%), (A.5)

where 0® = var(d_ ;).
i=1

Proof of Lemma 5. By Assumption 2.3 and Theorem 3 of ?, we have for 7, j

1 & 2
E{ T ; ZEi’tCL’j’t — ]E(xi,txj’t)}
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T
1 1
= 7 ZVar(xi,txj,t) + s Z Cov(Zit,Tjtys TityTity)
=1

t1#£t2

IN

= 3 (B} B )

1 1/4 1/4
tra Z a2 ([ty — ta)) {B (i1, ) E(s0,) '} {E(@ig,) " Blj,)" } /
t1#£t2

= O(T).

The inequality in question is a result of both the Cauchy-Schwarz inequality and Davydov
inequality, thus, validating the Equation (A.4).

Moreover, according to Theorem 2.21 in ? concerning the central limit theorem (CLT)
of a-mixing processes, we can derive equation (A.5). Therefore, Lemma 5 is established.

O

Lemma 6. Defining the true value of © as OF = (012, LT,AT,Z}, ETE, 1), and assuming
the conditions of Assumption 2.1 and 2.3, it holds that

tr(Q} — S) = 0p(TNY?) + Op(T"/2N),
(9 (@) - $)00 ) = 0p(NV2TH2),

Proof of Lemma 6. Let Q2 denote the true value of Qy, then QI = (L2l Li") ©
Iy + (Ir @ QL (I @ A7) + o121y, Since

S = vec(Y)vec(Y)"
= [(L" ® In)vec(F) + (It ® AT)vec(ET) + vec(e)] [(LT @ In)vec(F) + (Ir ® A)vec(ET) + vec(e)]”
= (L' ® Iy)vec(F)vec(F)" (LT ® In)™ + (Ir ® At)vec(ET)vec(E™)" (I ® AT)T + vec(e)vec(e)”
F)vec(E™) (Ir @ AN + (I @ AT)vec(E)vec(F) (LT ® Iy)"

Fvec(e)™ + vec(e)vec(F) (LT @ In)"

+(Ir @ ANvec(E™)vec(e)™ + vec(e)vec(ET) (Ip @ AT).

~~ —

QL —S = (L'eIy)[2h® In — vec(F)vec(F)] (LT Iy)”
+(Ir ® AT) [QT - vec(ET)Vec(ET)T} (Ir @ A" + [0 Irn — vec(e)vec(e)T]

—(Ir ® A)vec(ET)vec( ) (L'® Iy)" — (L' @ In)vec(F)vec(ET)" (Ir @ AT)’
— (LT ® In)vec(F)vec(e)” — Vec(e)vec(F)T (L'® Iy)"
— (It ® AT)vec(ET)vec(e)” — vec(e)vec(ET)™ (Ir @ AT)". (A.6)

2
By Lemma 5 for = T Ly ST (0%, i — E}), =7 D et Dokt SN ST Lk fijers and
CNT O Zi:l thl ikCrtits respectlvely, we thus have

tr(Q;r, )

15



= T-tr{ [ETF ® Iy — vec(F)vec(F)T| } + N - tr{ [QT — vec(ET)vec(ET)T] }
+ir[oPIry — vec(e)vec(e)™] — 2tr [ (Ir @ AT)vec(ET)vee(F)™ (L' @ Iy)"]

—2tr[ (L' ® In)vec(F)vec(e)T] — 2tr [(Ir ® AT)vec(ET)vec(e)"]

r N N T
S0 ICHIERD 35 SIC SIS 3) St
7=1 =1 k=1 t=1 =1 t=1

T N T c

r c N T N T
—2 Z Z Z Z LitAik fijen — 2 Z Z Z Litfijeir — 2 Z Z Z Aik€xtEit
k=1 i=1

j=1 k=1 i=1 t=1 j=1 i=1 t=1 =1 t=1

= Op(TN'?)+0p(T'?N).

Furthermore, by Lemma 2, we have

il - s)alt ~ io—g‘*((ﬂz;l) @ I ) [Sh @ I = vee(F)vec(F)] (LISh ") @ Iy )

T2
1 - T
+ 530t (I @ AT Q) [ — vee(ET)vece(BT)T] Q) (Ir ® AT)
1 T T - T
— 7ol (I @ A QL veo( BT vee(F)” ((L1SF) @ Iy)
1 - T
- 70! ((LTET D) @IN)vec(F)vec(ET)TQtE HIr ® A
- % 2((LTE}_1) ® ]N)vec(F)vec(s)TQI/_1 (A.7)
- %a 2 (Ir® AT)levec(ET)vec(g)TQ{;l
1 _ _ T
- TO' —2Ql lvec(e)vec(F)T<(LTE} 1) ® IN>
]1[ ol 201 vec(e)vee(ET)TQ (Ir @ AT)"
1

iO

+Qi- [0 Iry — vec(s)vec(z—:)T]Q;_l.
Hence, similar to the proof of tr (Q{/ - S ), we have

(9 (@) - $)0) ) = 0p(NV2TH2),

d
Lemma 7. At the true values EE, o, denote d—@(O\@, OF) for L and ®, that is
x

AT, ATy, 0 -+ 0]
A7 ATy ATy -+ 0

O (2, @) — Qpl(sh, o) = | STV

ATT ATy ATy

0
0 0 Al ATy

Then
ATy = 21 (Sp - 25)S5 + (2 — o)) 'S + o721 (@ - @F) + 7%

16



((Zp=3h) = (@ - @) 3p0" — onp(@ - 0)" — @ (x — Th)07 ) e,
ATy = 57 ((Bp-3h) - (0 - 0307 - 08y (@ - @) — a(3y - Th)e7 )z
(@ - o) S0+ o7 (@ — o) + 075 (T - =)
—(® — ") Tpd™ — PXg(® — @) — (Zp — zg)qﬂ) 510,
ATy = 37 ((Bp-3h) - (0 - )30 - oxp(@ - o) — @z - Th)o7) T,
ATy = —(@ -z —o[s (S - of) - (@ - @)zper
~ox(@ - of)" - o(Zp - ) o7,
where 5, = Sy — OTd7

Proof of Lemma 7. With Lemma 1 and (A.1), the proof of this statement becomes
straightforward.

O
Proof of Theorem 2.3. Recall © = (02, L, A, X, X5, @), the following neighborhoods
are needed. For any given constant C; > 0, define

Vo2 = {03 o2 —ol?| < C1T71}7

il )
= (o {Eo () a2} <
Vs, = {Zp: {tr|(zr -3

-2 (- sh) [} s ar),
V., = {EE : {tr(ZE _ )(EE — z*) ]}1/2 < ClT*W},

Vo = {0 : [[vec(® — @1)|| < C1T71/?},

Vo =V,: NV, NV,N Vg, NVy, NV,
and

Q(z]@, 6 = L(@T +2(0 - @T)).

We then have Q(0|©, ©T) = L(6) and Q(1|0,O0") = L(6). Meanwhile, the Taylor expan-
sion of Q(1]0, O1) at 0 is

916,61 + 220001 + 19,01, (a5

Ty — T

for u € (0,1). Note that Vg is an elliptical region that includes the points corresponding
to the true parameter O as interior points. To establish the consistency of the MLE of ©,
we need to show that for all © € Vg (i.e., on the boundary of Vg), the likelihood function
L(©) is smaller than the likelihood function at the true parameter O, denoted by L(61).

17



Specifically, we need to prove that Q(1|©,O0") > Q(0|©, ©f) with probability one. Here,
0V refers to the boundary of V.
We show that the first order differential in (A.8) is

dQ

da

(0|0,0") = 0p(T"/?).

Recall O, = (LIS LIT) @ Iy 4 (Ir @ A)QL(Ir @ A7) + 61211y Accordingly, it’s the same
for Q"'. By (A.1), we can obtain that

d 1
d—g(m@, o) = 5(ag — o (Q) - sl

+tr [(L - LT)Ttrs (KNT (Q;r,_l — QL‘@QL*)KTN) LTE},]
{2 s Lirus(Kve () = 0} 504 ) Ko ) 21 }
|

e[ (A= AT s (7 - o) sl ) (1r @ AT) )|

—5{tr| (2" =) (2h(lr @ A7) (" — @l sal ) (1r 0 AT ) | |
= DO+ DQ: + DQs + DQy + DQs,

where Q3! — Q5 = Q' (S5, @) — Q! (2], @) and

1
DQ, = 5(03 — o (Q) -l lsalh,
DQs = tr|(L = L) b (K (2 = Q)54 o ) LIS}

1
DQs = 5{tr|(Sr — Sh) L erb (K (247 — Q1754 K ) L] .
DQy = tr [(A - AT)Ttrb((Q{,’l —altsol Y (Ire AT)QTE)] ,

DQ; = —%{tr (@5 = Q) (Qh(r @ A7) (@ - ol 50l (1r 2 AL )|}

By Lemma 2, we have Q7! = 02_2{ [IT - %OZ_QLTUT} ® (IN - %05_2/“/\“)} +

{o(d)+o(d)} e Then, ot = ot-H{[1r — o111 @ (1 — foz2atar) }+

{0(%) + o(%)} - 17y. By Lemma 6, we can obtain that

D@, = %(03 —o)r(Q) — Qi tsal )
= L2~ oPyr0) (@ - 5)l ]
= 0p(1).

Since

DQ: = tr|(L— L) trs(Kur ()" = Q{7800 Ko ) LI

18



Il
~
=

—
/
—~

L-rh) @)oo - s)el (sh) @ Iv) |

_ tT{Q§/1<QT . )Qf‘l((LTE})Q@IN) <(L—LT)T®IN>}
[

~ %a;r 2ir|(Iv @ (L= L) (L155)) (I @ £F = vee(F7)vee(F7)7) |
+%Ul | (L1S5) (L = L) @ 1)) (9 = vee(E)vee(B7)7 )2l
% - 4t7‘[< (L— LY (Lo ®]N>vec(F)vec(ET)TQT 1<(LT2T) ATT)}
%a 4tr[( (L— L) (Lis) ®IN)Vec(F)Vec( ) (LT®JN)]
% 2tr[< L-LY) @AT)Qg vec(E)vec(F)T ]
—% ol tr[ (L — L) @A)l 'vee( B vee(e)" (L' @ Iy) |
%g; | (L = L1) @ I ) 0 vec(e)vee(BT) 0 (LTS ) @ A7) |

+ TUET Qtr[((L LT) ® IN>Q§71 (a?ITN — vec(e)vec(e)” )((LTET 1) ® IN)}
tr[( (L—LN ®IN>Q;71vec(5)vec(F)T]

By Lemma 3 and Lemma 6, we examine the above terms carefully and find them to be
controlled by O p(l) excluding the last term. For the last term, we have

tr [((L A JN)Q;—lvec(g)vec(F)T] ~ [((L Y 1N>vec(g)vec(p)f}
S E o
e e
Thus, we have D@y = Op(T/2). Follow the same spirt above, it is easily to obtain that
2DQ; = {tr [(zF — Sh) Limtrs (KNT(QTY—l - QTY—lsQTY—l)KTN> Lq }
= w{(Er-3h) e Iv) (L e 1v)ol (o) - s)ol ! (1 e Iv) |
= 7}2 ot~ tr{ () = 8) (L= @ 1v) (r = h) @ 1v) (E15F ) @ 1v) |
= Op(NY2T7'2 4 NT™') = 0Op(1).
By (A.6) in Lemma 6, we have tr[Q (Q, — S)] = O,(T/2N'/2). Then,
DQs = tr|(A— A ts((Q] = Q) SOl (B @ A9 )|
= [(IT @ (A= AN )l (9] - 9)of ! (fr @ A1) )|
= ool () - 8) (Ire AT (Irs (A - AT))]

N
_ OP(Tl/Q)
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For Q' — QTE_l in D@5, by Lemma 7, Vy,, and Vg, we can obtain ¢r (Q; — Qg_l) = 0,(1).
20Qs = tr[(9' — Q") (Qh(lr @ A7) () — Q' sl ) (1r @ A

= ot e[ =) (0 0 A7) (0! ) (1 9 A )]

= Op(T*+TNY?) =0p(T"?).

From the results of D@, ~ D@5, with probability going to one, we have
dQ

dx

by Assumption 2.1-(A1).

Next, we show that the second order differential in (A.2) is

d*Q
dx e

By (A.2) and (A.3), we have
d*Q
— .2 (016, o)

= tr[ 0 —0 QT 2\I/T]
T

C2010,07) < (1+v7) Co/ /7T, (A.9)

0/0,0%) = 0p(T"?).

"I
(LT(E ~Sp)E) @ Iy |

r® AT>QT (25! - o )op (e ) |

1 ELT(ZF ~sl)L) @ Iy |

_ Ir® AT)Qg <1T ® (A— AT)T) }

®IN: o (1o A)QT (2 Qg—l)ﬂg@@/\“)}
Sl L (LT(E —ET)LT)@M]}

+4tr{\1ﬂQT ! JT®AT)QT (JT® (A= Af )QT 1(1 @AT>QT (IT®(A AfY? )}

(e
<

oo s (e -]
|

+tr{\IJTQT 1[ Li(z

+atr{ vl |(11(r - =) L*)@IN]QT e (M- AY)eL(roAl) ]
(L1(mr = 3h)L17) @ L] o (1r @ AT) (05! - of )0 (e A7) |

+tr{\IITQT 1<[T®AT>QT (25— QYL (g - ) 1)QE(IT®AT )},

+2tr{\1ﬂm L

20



where ¥ = QT 1(QT — S) 1ITN. The above sum has 15 terms, which are marked by
DSQ;,i=1,...,15. Because 1ITN in W' is nearly negligible for these terms, we only need to
show UT ~ QT ! (QT —5S) in them. By Lemma 3, Lemma 6 and ¢tr?(AB) < tr(A"A)tr(B"B)

for any matrices A and B, we have

DS5SQy

D5Q,

D5Qs

DSQ4

DSQs

By (A.7),

DSQs =

Q

= tr|(o? o)’} 0]

~ (02— o) Qo (] - 5)0)

= Op(NY2T 2) Op(T7),

= atr{(? = o) wial?|(Lish (L - L)) @ 1y |

~ %Jl Qtr{( el @) - )l (L (p - 1)) @ Iv] }

= Op(N'*T" ) Op(T717),

= 2tr{ (02— o)W} | (11(Br - =)L) @ 1| }

~ ol r{ (o2 - oP)Q7 (@) — )| (LS (B - 5) L) @ I |}
= P(N1 T71) = 0p(T717),

_ 2tr{(0 — o) wlal (Ir o AT) (05! - o )k (e A |

~ WUT {02 = o) (2 = )0 (Ir @ A1) (05" - ) (@ A1) }
= Op(NVPT71) = 0p(T7117),

= ar{ (02 = o)Wl (Ir @ (A= A1) ) (Ir @ A7) |
~ ol il (02— o) (@ - )9l (e (A - AY)) (e AT )
= Op(T7'?).
we have
awr{wtol [(Lsh (L - 1)) @ Iv| o [((£ - L)=hei) @ I }
ar{oi (@) - 9)of [(L8h(L - 2)) @ Iv | (2 - LD ShLi) @ 1y |

str| (S} @ I = vee(F)vee(F)") (L~ L) @ In )24 (L = ') @ Iy )

L —

ot {2 (0 - veel B veet 7Y ) (L2 (2 - 1) (- )5} @ 1}

ZMnZI#

ol tr {VGC(F)VGC(ET)TQTE_l (Ir @ AT)" [(LTZ} (L—LY)(L- LT)) ® [N] }

ol™ Qtr{vec(F)vec(a)T [(LJr (L—-LH (L - LT)> ® ]N] }

— % T_2167°{Vec(<€)vec(ET)TQE—l (IT ® AT)T [(LTE} (L — LT)T(L - LT)LTT> ® [N:| }
+ % - 4t7“{ <022]TN — vec(e)vec(e)” ) [(LT (L LT) (L — LT)LTT> ® ]N] }

'ﬂIOO
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Following the proof of Lemma 6, the first term of the above six terms is

Q

Atr (E} ® Iy — VGC(F)VGC(F)T) <(L —- LY ® [N) Qi ((L - LN ® IN)}
tr| (v @ 2 = vee(F)vee(F7)) (Iv @ (L = L) (L = L) )|

Aty :]N® ((L—LT)Z}(L _ LT)T> _Ve(:((L— LT)FT>Vec<(L— LT)FT>T]

2

i [f: Zr:(ljt R i\f: (i(ljt - l}t)fﬁ) }
2.

=13 [, = (3 42) ) - 0rtr).

=1 j:1

The others are similar to the first term, thus DSQs = Op(T"/?). Furthermore, by (A.6)
and (A.7), we obtain

D5Q7

DSQs

DSQq

DSQuo

DSQn

~
~

Q

awr{wol M (Lish(p - Y)7) @ v ol (L1 (2r - Sh) L) @ 1] }
%ag—ﬁtr{ @ - 9)[(L'@ - o)) e | [(L'sf (Zr - 2h)=h L) @ 1] |
%ag%r{ (IN ® ol — vec(FT)vec(FT)T> [IN ® ((L — LY LIS (0 — 2})2}:1)} }

Op(1),
8"{\IJTQT_1 [(LTETF(L - L") ® IN} Q! (IT ® (A — AT))QE <JT ® Ah) }

%O—T urd (@) 8) (212 - L) @ In| [ @ (A= AD)AT) |}

str{ (vee(E")vec(F)) (L~ L) @ I ) (Ir @ (A - A1) ) }

Op(1),

ar{wtal [(Lsh(L - 1)) @ Iv| o (I @ ATl (05! — 0 )0k (e A7) }

ol { (@ =) [(L(L - L)) o Iv| (e at) (@5 - o) (Ir o A7) |
Op(1),

er{ Wil (LN (Zr - 2R L) @ v | (L1 (Sr - 2R E7) @ 1] |
{7 (@) - 90 (L1 (2r - 3= (Sr - SR L) @ Iy |

%ag‘*tr{ (@ - 9)|(L5 (&r - SHE (Er - 32 L) @ 1] }
Op(N'’T' + N7'T'?) = Op(T71/?),

awr{ et (e AT) ol (e (A - AN)Ql (fr e AT)ol (fre (A - A1) |
;;2 i {al (@) - 8) (B @ AT(A - A AT (A= AT)) ]

Op(N7V2T'?) = 0p(1),
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DSQ =

DS5Qis =

DSQu =

DSQs =

4tr{\w§z§;1 (IT ® AT)Qg(Q,;l —ih)a, (IT ® ATT) Qi (1 @ (A — AT )QT (JT ® ATT)

ol { (@) = 8) (Ir e AT) (95! = ) (lr @ A7) (Ir @ (A= AT)) (lr @ AT ) }

Op(NM271%) = 0p(1),

4tr{\IJTQT_1 (L' (Zr -2l E) @ v |0l (e (A = A1) )0l (lr @ A7) }

NT2 ot=tr{ (0} - 8) (L5 (e - =3 ) @ 1| (Ir @ (A= ) (@ A1) }
(NI/QT 1) OP( 1/2)7

ar{ Wl (LN (Zr - X0) L) @ Iv| Q) (Fr @ ATl (25" - 05 )0 (I @ A7) }
et (0 = 9)[(£15 (5 - S) @ 1] (e A7) (05 05 ) (1 0 A7)
Or(1),

tr (W01 (1r @ AN QL (05" - Q)L (95" - 05l (Ir @ A7) )
%UT r((r @ A7) (@ - ) (Ir @ AT) (05" — Q)L (05! - k™))
r((QTE — vec(ET)vec(ET)) (05" — Q5 ) QL (05 — QTE—l))

0p(T'72).

From the results of DSQ, ~ DSQ)5, with probability going to one, we have

d2Q

2 (008, of) <40%/yT?. (A.10)

Finally, for any u € (0, 1), we show that the third order differential in (A.8) is

d*Q

—5(ul©,0") = Op(N2T712) + Op(NT™) = Op(1). (A.11)

Denote ©% = OF + u(@ — @T), we then have
O7'doy| o~ oi%do?((Ir - L)@ (1 - iAWT))
v B g ¢ Qo T NTN
+ai2| (1 - —L§L§T dLTLLY) @ (Iy - %A§A§7)}
ot 2( (1 - —L§L§T @ (Iy — NA§A§T)> (Ir ® dA) Q% (Ir ® ATT).
Thus
_ 3 o - oo
(o] )" = ot (do?)’((Ir — ZLILY) © (Iy — APAY) )
— 1 T T 1 T
080 (do?)*[ (I = L) ALELLY ) @ (Ly = AAT)]
030 (do?)” (I — IVE7) @ (Iy — NN ) (I @ dA) Q2 (Fr © AY),
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Similar to the first and second order differential, we can obtain the third order differential
n (A.2) as follows:

49 0.0
~ =30t (o2 — ol | (I - %L§L§7) @ (Iy — %AWT)) (@} - 9)]
_ %03—8(05 — 022)%{ [((]T — %L§L§T) (L LT)L§T> @ (Iy — %AWT)} (@ - S)}
- %058 (02 = ot)2er| (12 - %L§L§7) ® (In - %AWT)) (1@ (A= A)AT) (9 - 5)]

= Op(N'?’T732) + Op(NT?).

By combining equations (A.9), (A.10), and (A.11) with (A.8), it can be shown that,
with probability approaching one, a constant C; exists such that C; > (1 + /r)/4, and

that 20 &0
i
1 = —— (u[©, @)

These final results demonstrate that if we choose a sufficiently large radius for Vg, then
L(©) > L(61) for all © € dVg with probability one. As a result, we can prove the
consistency of the maximum likelihood estimate of ©.

Q0. ot > (d@<0|@ o' v

0
Proof of Theorem 2.4. Recall VQ(z|0,01) = VL <@T+x(@—@*)), here O denotes

the true value of ©. Consider the second order Taylor expansion of the score function at
x=1around x =0

~ Y d 1d?
0= vQIB,6) = va[6,6h) + T 20, 6 + LTV e )
for u € (0,1). Then we have
60" = —1Y(eHvQ(,e - 1-}(eh (ﬁ(@f) . H(@T)) (6 - of
_Len Y 6. e
ORI MERED) (A12)

where T(O1) is the Hessian matrix. According to (A.12), we show that the finite dimension
distribution of its first term

~(ehvQ(e. e’
is asymptotically normal with mean zero and covariance matrix

Cov(02) R
Cov (vec(L)) R 0
Y= Cov (diag(Xr)) R
0 Cov (vec(A)) o
Cov (ZE, CID)
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Here, Cov(iE, <T>) is the asymptotic covariance matrix of the MLE of (diag (Xg), vec™(®))".
According to Zg, we can find that there are uncorrelated among o2 L Aand & r, which
are also uncorrelated with 3. g and . However, 5 g and d are Correlated, we should be
careful about them.

By (A.7) in Lemma 6, we can easily obtain the asymptotic normality of all parameters.
For 52, we can obtain

)

52 —ol? = —or Q) (" - ol tsal
1

ol Ipy — Vec(e)vec(s)T)Qi,_l]
T

*Ipn — Vec(e)vec(s)T)Q;r,_l]

Q
Z‘H
~
.MZ
(]~
G
|
mq—p

Then, we have v NT (52 — 012) — N(O,E(s;*t) - ag‘*).

£ 3

For L, we can obtain

Q

Q

Q

vec(z — LT)
—[trs(Knr Qb Kpn) @ ] vee{ SLLT s [ Ky (57 — Q171500 Ky ]}
—vec{ LI trs[Kyr (0" — Q) SQU ) Kpw Jtrs ™ (Knr Q) Kop) )

O'TQVGC{tI‘S [KNT (LTT ® ]N)Q;_l (Qi, — S) Q;_IKTN} }

_erc{trs [(IN ® ET 1) (IN ® E} — VGC(FT)VGC(FT)T> (IN ® (LTEFI)TH }

- %a;r 2Vec{trs [KNT (L™ ® AT)QT ! (QT — VeC(ET)vec(ET)T> Qi (Ir® A*)TKTN] }

NZTOl 2V€C{t1"S [KNT (L™ @ AN QL 'vec(E™)vec(F7)" (IN ® (LTETFA)TH }

1 - - T

+ 2 vee [trs (KNT (ET ® IN)Vec(F)Vec(ET)TQTE ! ([T ® AT) KTNH
1 _ _

+ w2 e [trs (KN (L' ® /\T)QjE vec(ET)vec(e)™Ql IKTN>]

_|_

N2TO’Z 2vec{trs [KNr <(LTZ}71) ® [N)vec(g)vec(F)T((LTZFl)T ® IN> KTN} }

+ ot {oms [ ((B7S) © Iy vecleywec( 7 0 (17 AT) ]
NlT{trs [([N ® (Z}TlLTTD <UJ2ITN — vec(e")vec(e)" )KNTQ 71KTN] }

1
+ Nalzvec [trs ( (IN ® ETF_l)VeC(FT)VGC(ET)TKNTQ{/_lKTN>}

N fvec [trs(([N ® ZTil)vec(FT)vec(gT)TKNTQTflKTN>} + OP(N_I/Q)ILT

Vec(E}l ZF&) IT®ET Vec< ZFS)
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where €;. = (€;1,€40,...,&i1)7. Since
N N N
cov [vec( Z Fﬁf)] = COV[Z Vec(EgiT,)] = cov( Z (Ir ® F;)vec( ))
i=1 i=1 i=1

(r o)) (3 (e 7)) |

1 =1

-

-

:E[

(2

)]

WE

E((Ir @ Fy,)eien (I @ FL)|

\‘S.
I
—

i1

N
— E(oPY Ir@ (RF)) = Nol(Ir 8 T}).

i=1

2

We then have fort =1,...,T

VNvee(L, - L) = N, (0,025},

For X, we can obtain

Q

Q

Vec(f}F — E})

—%(2} @ Xl vee|trs((L1 & Iv)" {7 (@), - )24 (LT @ 1) )|

—% (Z} ® E},)Vec [trs((ET_l ® Iy) (E} ® Iy — vec(F)vec(F)T) (E}_l ® IN)>]

s (L1 © AN QL (@ — vee( B vee(E7)7) 2l (L' @ AT)T)|
trs((LTT ® A )QT 1V€C(ET)VGC(F)T(E}_1 ® In ﬂ

trs((

+ == NT ol” Q(ZT ®ET vec{trs[ @]N VeC(F)VeC(&“)T((LTZL:l) ®IN>}}

+ NiT ol= 4(ET ® Bt )VGC{U‘S[(LTT ® AT)QT 1V6C<ET)VGC( )T<(LTE}_1) ® IN” }

4 %al 2vec{trs [((LTEFl)T & fzv) VeC(f?)VeC(F)T(EFl ® IN)} }

+ %Ug_%ec{trs [((LTETF_I)T ® IN> vec(e)vec(ET)TQI! (L'® ATT)} }
— NlTQ al"lvec{trs [((LTEFl)T ® IN) (o2 Irn — vec(e)vec(e)T) ((LTZFl) ® [N>] }

1
—yvec [trs <IN ® oh — Vec(FT)Vec(FT)Tﬂ +op(T V)1, x

N
1
T T
vec(ﬁ ;1 FiFT — EF>.

)
'® IN>V6C(F)V6C(ET)TQ}L§1 (LT ® A™T) }
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Then we have

N
diag(Sr —31) = 3 ding(FRFT - 5})
=1
N

1 1 — r
(NZ zl_aFl 7NZ<JCZT—U ))
i=1 i=1
Thus, VNdiag (Sr — =) — N, (0, E(diag(FF7)?) - =),

For A, we can obtain

vec (/AX — AT)

= ZZ )i, @ (), ] vec{tus[Qf(Ir @ AT () — Q7 sl ]}

=1t1=

—% (In © =h) vec{trs[Qf (I ® AT)QL Q) — 8)017]}
—%a Iy i )Vec{trs [QE((LTZFl) ® ATT) (E} ® Iy — VGC(F)VGC(F)T> ((LTEFI)T ® I

— ot (0 o S5 vee{ s [ (9 = vee(Evec E77) 2 (1 0 A1) ]}

L5 ety (55 1))

+ N1T2 Iy ® »i )vec{trs QE((LTE}_l) ® ATT> vec(F)vec(ET)™ Q! (Ir® AT)T} }

Q

Q

_|_

+ %05_ (Iv® ETE_I)vec{trs [QE ((LTE}_I) ® ATT> vec(F)vec(e)TQ{/_l} }
4+ — NT2° T 4([ ® ET 1)Vec{trs. (IT ® AT)Tvec(e)vec(F)T ((LTE}_l)T ® [N>] }

+ NiT ol Iy ® ) )vec{trs (Ir ®AT)Tvec(s)Vec(ET)TQJ[E_l([T ®AT)T}}

_ %o’g (In® ET )vec{trs [(IT ® AT)T (a?[TN — Vec(e)vec(5)7> Q;ﬁl] }
1

T (In ® ETE_l)\@C [trs (Vec(ET)Vec(e)TQTY_lﬂ

(Iv® ZTEfl)vec [trs (vec(ET)vec(a)TQiflﬂ +0,(T7Y)1,

Q

Nl= Sl +

(In ® Eg_l)vec [trs (VGC(ET)VGC(S)T>:| = %(IN ® Eg_l)vec< i Et»s::),

t=1

where €, = (e14, €2, .. .,&n¢)7. Since

~

T

cov [Vec< ; Etz-:,z)] = cov [ Z vec (EteTtﬂ = COV( Z (In ® E;)vec (62))

t=1 t=1

_ E[(Z In ® E) 5t><g (Iy ® E, at)T]

t=1

S
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T
= ]E[ Z E((IN@Et1)5~t1€§2<[N®Et7—2)’Et1,Et2>:|

t1,ta=1

T
= E(oPY Ive (BE])) =Tol(Iy @ 2}).
t=1

We then have fort =1, ..., N

VT (R = A) = N.(0,0725]).

Note that J =T Lopsp Iope , then we have
Iy, ZIso

(VGCT (EE — ZE),vecT (EI; — <I>T)>T

1 ; _ L ie
— _§j‘1(T1, T2) |1 grvec[Qe(lr ® AY(QF — QIS (Ir @ AHQY]

~ —ﬁai_‘lj_l (T4, T2) |y grvee[(Ir ® A7) (Qy = ) (Ir @ A)]

= —ﬁog‘vl (T3, 72) |y gevee] (LT @ ATT) [} @ Ly — vec(F)vee(F)T] (LI @ AT) }
—#02_4\7_1 (T1.T2) gy grvee{ (Ir ® A7) 012 Iry — vee()vee(e)"] (Ir @ AT))
+%ag2jl (11, T2)7|2E arvec[vec(ETvee(F)T (L™ @ AT)]
ool 2T (T o) |y gevee (L @ AT)vee(F)vec(E7)']
ool AT () gy vee[ (L1 @ A7) vee(F)vee(e) (77 © AT)]
+ﬁag_4‘7‘1 (T4, TQ)T|EE7¢,TV60[(IT ® ATm)vec(e)vee(F) (LT @ A1) ]
ool 2T (T, o) |y gy vee[vee(E)vec(e)” (L7 @ AT)]
—i—%alzjl (Y0, 75) |y grvee[(r @ ATf)vec@)vec(ET)f}
—%J‘l (T4, T2) [y givec [QF, — vec(E™)vec(E)]

1

Q

—ij’l (14, TQ)T|EE’<Nvec [Q}; — vec(ET)vec(ET)T] + op(T7 Y1y

o1 71< Avec(I) 8vec(F))>T

E T 15,
2 OvecT(Xg)’ Ovec™ (P +or Mz,

=i of

T-1 T-1
where E = <vecT(E1E{—zg), > vec” (B E] -3, vec” (BrEf— %), 2 3 vec (E,Ef,  —
t=2 t=1

zpatm))
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.
From the above, we can see that whether ( af‘:cef ((g) >
B)

dvec(T) T .
EE,@TE o <3V6CT(4’)> ‘ZTE@TE 15a
T-1
weighted sum of vec((EyEf + EyE) — (S +She1) ), X vee((BE] + BiEf,,) — (Sh+

t=2
2L @1) ), and vec((ErBj + By B7) — (S, +S5007) ). By Lemma 5 for {E,E] + BBy, },

thus we have

ﬁ(vec(iE — ZE)T,VeC($ — CDT)T>T — Nt (0, JHJT>,

and IT = Cov (E)

;
st ot

Next, in (A.12), we will show the order of the second term

1 _ 6V8C(F) Bvec(l")
where J = 5\7 ! (aVCCT(EE)7 8vocT(<I>)>

“Loh (ﬁ(@*) . H(@T)) (6 = 01 = Op(N2T¥2 £ T-) 1, s neproine. (A13)

Here, since the other elements is similar to the diagonal elements, we only show the order
of the diagonal elements of I(OT) — I(OT). The order of I(OT) — I(OF) is first to be showed

by considering
PL-E(d?L) = tr (Q;—l (S - Q;)ny—ldszy@;—ldszy)
= w{al (s - a}) o} tao? + o ((1hdLT) @ Iy)
+ o ((ALsLL) @ Iy ) + o) ((L1dspL?) @ Iy)
+ O (Ir @ dA) QL (Ir @ ATT) + QU (Ir @ AN QL (Ir @ dA7)
+ O (I @ AT) 0405 0f (Ir @ AT 2}. (A.14)
We then have by tr (Q;r,_l (S — Q;)Q;ﬂ_2 (d03)2> in (A.14) and Lemma 6,

~

T =T ;= %tr (2 (5 - Q))al?) = 0p (N2 1),
Since in (A.14)
{7 (s - o}y |9l ((Lishdrr) @ 1) + o ((dLshoi) @ 1) | 2}
= w{al (s al)el (eshar) @ 1v) ol (LishdLr) @ 1) }
+r{ Q7 (s - o)l (Lishdr) @ v ) (arsh o) @ 1y) |
+r{ Q7 (5 - Q) (aLshLi) @ Iy ) ol (Lxhdr) @ 1y) |
+r{ Q7 (5 - ) ol ((aLshLin) @ Iv) o) (drsh L) @ Iv) §
- %UT_A‘tr{QJ{/_l (s - ) ((LldL7) @ Iy) ((Lfar) @ 1v) |
+%UT—4W{ (s -} ((LldL7) @ Iy) Q) ((deL) @ Iv) }
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+%JT—4M~{ (S —al)oi! ((dLLTT) ® IN) ((dLLTT) ® IN) }

+er{ Q7 (s - o))l ((dLz]) @ Iv) (A7 @ Iy) }

1
= ot { Ky Q7 (5 - Q) (E @ In) Ko (Iv @ (dL7L1dLY) ) }

T2

1
ot Knr (L7 @ Iy) (S = Q) Q4 Ko (Iy @ (dLLVdL) ) §

tr{ Kr Q7 (S = ) K (Iv @ (dL3ar7) ) §

f ot Sr{ Ky (L7 @ In) (8 = 0}) (L @ In) Ko ((dL7dL) @ Iy ) |

- %of—‘*tr{trb (Rnrl (5 = Qb)) (LT @ L) Ko ) (aL7L1dL7) }
1
0t tr{ b (Ky, (L7 @ 1n) (S = 0 ) (L' @ In) Ky ) (dL7dL) }
+%JT_4tr{trb (Kvr (L7 @ Iy) (S = 0} )0} Kpw ) (dLL7dL) |
tr{ b (Knr 7 (S = 0}) 0l Ky ) (ashdr?) |

Then, by (A.6) and (A.7) in Lemma 6 and tr(A"BCD) = [vec(A)]" (D™ ® B)vec(C) for
any matrices A, B,C' and D, we have

iL*,LT —ZIpipr = %UT 4KT7’{LTT ® ’leb(KNTQJr 1(S ol (LT® IN)KTN>}
1
0t I @ b (K (L7 9 1) (S = 0)) (L In) Ko ) }

+%Jf—4{y 2 trb(KNT(LTT ® ]N) (5’ — Q;)QJ{/_IKTN> }KrT
ittt ) o3
- Mo (- g mm) )+ (ot - et o)
i=1

+Op(NT'T ) 1p + Op(T7?) 1y,
= Op(N'2 T N1y

Since in (A.14)
tr{ Q7 (s = b)) (I © an)Ql (Ir @ A7) + 07 (Ir @ AL (Ir @ an7) | 2}

= o' {(S - Q) (1 @ dA) (I & AY) (Ir @ dA) (I & AT)}

N2
1

50t Q1 (S — Q1) (Ir © A) (I @ dA7) (I @ AT) (I @ A7) |
1 _

+30 r{ (S =9 (I @ AT) (r © dAT) Q1 (1 @ dA) (I @ A7) |

+r{ Q! (5 - L)l (B @ dA) QL (I @ dA) |
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T

(S (e ), a0,

1=11t2=1

%ﬂ 4tr{trb((IT @A) (S — Q;)Q;*)dAATTdA}

+iaT—4tr{trb (24 (s - ) ) Atanatan” |

N2

+tr{zz (QT Hs —al)al 1)t tdA(Qg)tmdAT}.

=1to=

We similarly obtain that

N 1 T T
Tptat — Dot pt = WUT%{ Z Z QT 1 ( fT ® AT) (5 — Q{/) ([T ® A)>t t }
P L,t2

+TN20T—4{AT ® trb((zT @ A7) (S - )l ) b

+ levz UT*‘*KcN{ATT @b (O (5 - Q) (lr@ AT)) |

+= ZZ (QT Hs—ab)al 1) ® (%),

t1,t
1t— 1,t2

T
1
<1N ® Z EET —x) ) ( Py~ Zm?) ® B,
t=1

= Op(NV2T- )1NC+OP(T Y2 1 e

Q

Since in (A.14)
{7 (s — o)l ((LldnpL’) @ Iv) ) (LldseL™) @ 1) §
~ (L7 @ Iy )0l (5 - QL) (B @ Iv) (dSr @ L) (51 @ Iv) (dSr @ Iy) )
= tr{tb (K, (L7 @ Iy ) (5 = QL) (LT @ Iy) Koy ) dSps) S .

By (A.7) in Lemma 6, we have

~

Z

T st
YrXp

_ IETF’E; _ 1{2}1 ® tI'b(KNr (LTT ® [N)Q;il (S — Q;)Q;ﬁl (LT & IN)KrN)}

T

Q

N
%{z}—l ® (F'(=h - %Z FF)SE) 4+ Op(NT )1,
=1

N (i I LA o
+T{2} ® (2}1NZE;;Z.,>}+0P(N 71,
=1

= Op(N'2T7")1,.
Since in (A.14)

2
{07 (s - ob) [ (Ir @ A1) L0y ) (Ir 2 A7) |}
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1
N?

Q

ot Hr{dy! (Ir @ A7) (8 = Q) (Ir @ AT a0 }.

By vec(dQEl) = Tlvec(dZE) and Vec(dﬂgl) = T2vec(d<1>), we have

Iy sy —Topmy, = NQTTT{QTE ® ((Ir @A) (5 = Q}) (Fr @ A1) ) 14
~ %T;{QTE ® (Vec(ET)VeC(ET)T - QTE) }n +O0p(N'T )1,
= Op(N'’T7 "1z,
and
Totot — Totor = NiTTT{QTE @ ((fr @ A7) (S - a}) (Ir @ A1) ) } 1
~ TT;{QTE ® (vec(ET)Vec(ET)T - Qg) }T2 +0p(N7'T7Y) 1,

= Op(N'’T7)1z.

Then the order of the second term is determined.
Finally, in (A.12), similar to the order of & Q(u!@ O"), we can show the order of the
third term

d*’VvQ
dz?

_1(@T) (u|@ @T) (N1/2T_3/2 + NT_2) 11+T7’+NC+T2+262‘ (A15>
Put (A.13) and (A.15) together, we can obtain the asymptotic normality of MLE for
0.
|
Proof of Theorem 2.5. Recall the second order Taylor expansion of the score function
at x =1 around = = 0

. . dvQ 1d°VQ, =

— T — T T T

0=VQ(1[6,0") = VQ(0]8,0) + —- ——=(0/6,6") + 5 g2 9,90,

for u € (0,1). Then we have

6o = —IY(e"HvQ(|,eh - 1-}(eh (ﬁ(@f) - H(@T)) (6 - o)

1 2VQ, ~
—_ 1Yot T
(01— 7 (ul©, 0",

where ﬁ(@T) is the Hessian matrix.
By the proof of Theorem 2.4, Theorem 2.5 can be proved.
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