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1 Lemmas and Proofs

Lemma 1. Let cov(ηt) = Σϵ, then

Ω−1
E =


Γ1 Γ4 0 · · · 0
Γτ
4 Γ2 Γ4 · · · 0
...

...
. . . . . .

...
0 · · · Γτ

4 Γ2 Γ4

0 · · · 0 Γτ
4 Γ3

 ,

where Γ3 = (ΣE − ΦΣEΦ
τ )−1, Γ1 = Σ−1

E + ΦτΓ3Φ, Γ2 = Γ3 + ΦτΓ3Φ, Γ4 = −ΦτΓ3 and
ΣE = ΦΣEΦ

τ + Σϵ.

Proof of Lemma 1. For further details, please refer to Proposition 2.1 in ?. The
proof is omitted.

Lemma 2. Assuming that Assumption 2.1 holds, the inverse matrix of ΩY is

Ω−1
Y = σ−2

ε

{[
IT − 1

T
σ−2
ε LLτ +

1

T 2
σ−2
ε LΣ−1

F Lτ
]
⊗
(
IN − 1

N
σ−2
ε ΛΛτ

)}
+

1

N2
σ−4
ε

(
IT ⊗ Λ

)
Ω−1

E

(
IT ⊗ Λτ

)
,

where 1m denotes a m×m matrix with each element being 1.
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Proof of Lemma 2. Let A1 = (LΣFL
τ +σ2

εIT )⊗ Ic, A2 = (LΣFL
τ +σ2

εIT )⊗ IN , B =
IT ⊗ Λ, by ΛτΛ = σ2

εNIc, we have BτA−1
2 B = Nσ2

εA
−1
1 . Then,

Ω−1
Y =

((
LΣFL

τ
)
⊗ IN +

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ Λτ

)
+ σ2

εITN

)−1

=
((

LΣFL
τ + σ2

εIT
)
⊗ IN +

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ Λτ

))−1

=
(
A2 +BΩEB

τ
)−1

= A−1
2 − A−1

2 B
(
BτA−1

2 B + Ω−1
E

)−1

BτA−1
2

= A−1
2 − A−1

2 B
(
Nσ2

εA
−1
1 + Ω−1

E

)−1

BτA−1
2

= A−1
2 − A−1

2 B
1

Nσ2
ε

{
A1 + A1

Ω−1
E

Nσ2
ε

∞∑
k=1

(−1)k
(
A1

Ω−1
E

Nσ2
ε

)k−1

A1

}
BτA−1

2

= A−1
2 − 1

Nσ2
ε

(
LΣFL

τ + σ2
εIT

)−1

⊗
(
ΛΛτ

)
−B

Ω−1
E

N2σ4
ε

∞∑
k=1

(−1)k
(
A1

Ω−1
E

Nσ2
ε

)k−1

Bτ

= A−1
2 − 1

Nσ2
ε

(
LΣFL

τ + σ2
εIT

)−1

⊗
(
ΛΛτ

)
+B

Ω−1
E

N2σ4
ε

Bτ +B
Ω−1

E

N2σ4
ε

∞∑
k=1

(−1)k
(
A1

Ω−1
E

Nσ2
ε

)k

Bτ .

By Lemma 1, it is easy to know that Ω−1
E is block tridiagonal. A1 is also a sparse block

matrix. Thus, according to the structure of A1 and Ω−1
E , it is easy to see that each element

in A1Ω
−1
E is O(1). Hence, for any k ≥ 1,

(
A1

Ω−1
E

Nσ2
ε

)k

= O
(
T k−1N−k

)
.

Furthermore, by IC: LτL = σ2
εTIr, Λ

τΛ = σ2
εNIc, ΣF and ΣE are diagonal, we have

under O
(
T k−1N−k

)
= o(1), and

Ω−1
Y = A−1

2 − 1

Nσ2
ε

(
LΣFL

τ + σ2
εIT

)−1

⊗
(
ΛΛτ

)
+B

Ω−1
E

N2σ4
ε

Bτ + o
( 1

N2

)
1TN

=
{[

σ−2
ε IT − 1

T
σ−4
ε LLτ +

1

T 2
σ−4
ε LΣ−1

F Lτ + o
( 1

T 2

)
1T

]
⊗ IN

}
−
{[

σ−2
ε IT − 1

T
σ−4
ε LLτ +

1

T 2
σ−4
ε LΣ−1

F Lτ + o
( 1

T 2

)
1T

]
⊗

(
ΛΛτ

)}
+ o

( 1

N2

)
1TN

= σ−2
ε

{[
IT − 1

T
σ−2
ε LLτ +

1

T 2
σ−2
ε LΣ−1

F Lτ
]
⊗

(
IN − 1

N
σ−2
ε ΛΛτ

)}
+

1

N2
σ−4
ε

(
IT ⊗ Λ

)
Ω−1

E

(
IT ⊗ Λτ

)
+
{
o
( 1

T 2

)
+ o

( 1

N2

)}
1TN

≈ σ−2
ε

{[
IT − 1

T
σ−2
ε LLτ +

1

T 2
σ−2
ε LΣ−1

F Lτ
]
⊗

(
IN − 1

N
σ−2
ε ΛΛτ

)}
+

1

N2
σ−4
ε

(
IT ⊗ Λ

)
Ω−1

E

(
IT ⊗ Λτ

)
.

Lemma 3. Assuming that both Assumptions 2.1 and 2.2 hold, then

(1) Ω−1
Y

(
IT ⊗ Λ

)
ΩE = 1

N
σ−2
ε

(
IT ⊗ Λ

)
+
{
o
(

1
T 2

)
+ o

(
1
N2

)}
1Tc;

(2) ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
IT ⊗ Λ

)
= ITc +

{
o
(

N
T 2

)
+ o

(
1
N

)}
1TN,Tc;
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(3) Ω−1
Y

((
LΣF

)
⊗ IN

)
= 1

T
σ−2
ε

(
L⊗ IN

)
+
{
O
(

1
NT

)
+O

(
1
N2

)}
1TN,rN ;

(4) Ω−1
Y

(
L⊗ IN

)
= 1

T
σ−2
ε

((
LΣ−1

F

)
⊗ IN

)
+
{
O
(

1
NT

)
+O

(
1
N2

)}
1TN,rN ;

(5)
(
Lτ ⊗ IN

)
Ω−1

Y

(
L⊗ IN

)
=

(
Σ−1

F ⊗ IN

)
+
{
O
(

T
N2

)
+O

(
1
N

)}
1Nr.

Proof of Lemma 3. It can be easily obtained using IC and Lemma 2. Further details
have been omitted for brevity.

Lemma 4. (1)

∂Γτ

∂vec(ΣE)
=


−Σ−1

E ⊗ Σ−1
E − (ΦτΓ3)⊗ (ΦτΓ3) + (ΦτΓ3Φ)⊗ (ΦτΓ3Φ)

−Γ3 ⊗ Γ3 + (Γ3Φ)⊗ (Γ3Φ)− (ΦτΓ3)⊗ (ΦτΓ3) + (ΦτΓ3Φ)⊗ (ΦτΓ3Φ)
−Γ3 ⊗ Γ3 + (Γ3Φ)⊗ (Γ3Φ)

Γ3 ⊗ (ΦτΓ3)− (Γ3Φ)⊗ (ΦτΓ3Φ)

 ;

(2)

∂Γτ

∂vec(Φ)
=


(Kcc + Ic2)

(
Ic ⊗ (ΦτΓ3) + (ΦτΓ3ΦΣE)⊗ (ΦτΓ3)

)
(Kcc + Ic2)

(
(Γ3ΦΣE)⊗ Γ3 + Ic ⊗ (ΦτΓ3) + (ΦτΓ3ΦΣE)⊗ (ΦτΓ3)

)
(Kcc + Ic2)

(
(Γ3ΦΣE)⊗ Γ3

)
−Kcc(Ic ⊗ Γ3)−

(
(Γ3ΦΣE)⊗ (ΦτΓ3)

)
−Kcc

(
(ΦτΓ3ΦΣE)⊗ Γ3

)
 .

Proof of Lemma 4. It can be obtained by direct calculation, although the details are
not mentioned.

Proof of Theorem 2.1. The derivative of the negative log-likelihood function can be
calculated as follows:

dL =
1

2
tr
[
(Ω−1

Y − Ω−1
Y SΩ−1

Y )dΩY

]
,

where

dΩY = dσ2
εITN + (dLΣFL

τ )⊗ IN + (LdΣFL
τ )⊗ IN + (LΣFdL

τ )⊗ IN

+(IT ⊗ dΛ)ΩE(IT ⊗ Λτ ) + (IT ⊗ Λ)dΩE(IT ⊗ Λτ ) + (IT ⊗ Λ)ΩE(IT ⊗ dΛτ ).

We begin by examining the total differential of L, which can be expressed as follows:

dL =
1

2

{
tr
[(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
(dΩY )

]}
=

1

2

{
tr
[(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)(
dσ2

εITN + (dLΣFL
τ )⊗ IN

+(LΣFdL
τ )⊗ IN + (LdΣFL

τ )⊗ IN + (IT ⊗ dΛ)ΩE(IT ⊗ Λτ )

+(IT ⊗ Λ)ΩE(IT ⊗ dΛτ ) + (IT ⊗ Λ)dΩE(IT ⊗ Λτ )
)]}

=
1

2
tr
[
dσ2

ε

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)]
+ tr

[
(dLτ ⊗ IN)

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)(
(LΣF )⊗ IN

)]
+
1

2

{
tr
[(
dΣF ⊗ IN

)(
Lτ ⊗ IN

)(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)(
L⊗ IN

)]}
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+tr
[
(IT ⊗ dΛτ )

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)(
IT ⊗ dΛ

)
ΩE

]
−1

2

{
tr
[
dΩ−1

E ΩE

(
IT ⊗ Λτ

)(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)(
IT ⊗ Λ

)
ΩE

]}
=

1

2
dσ2

εtr
(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
+ tr

[
dLτ trs

(
KNT

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
KTN

)
LΣF

]
+
1

2

{
tr
[
dΣFL

τ trs
(
KNT

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
KTN

)
L
]}

+tr
[
dΛτ trs

((
Ω−1

Y − Ω−1
Y SΩ−1

Y

)(
IT ⊗ Λ

)
ΩE

)]
−1

2

{
tr
[
dΩ−1

E

(
ΩE

(
IT ⊗ Λτ

)(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)(
IT ⊗ Λ

)
ΩE

)]}
. (A.1)

Using the property tr(AτB) = vecτ (A)vec(B) for any two matrices A and B, and
Lemma 3, we obtain:

∂L
∂σ2

ε

=
1

2
tr
(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
,

∂L
∂vec(L)

= vec
{
trs

[
KNT

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
KTN

]
LΣF

}
= vec

{
NL/(Tσ2

ε)− trs
(
KTNΩ

−1
Y SKTN

)
L/(Tσ2

ε)
}
,

∂L
∂vec(Λ)

= vec
{
trs

[(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
(IT ⊗ Λ)ΩE

]}
= vec

{
TΛ/(Nσ2

ε)− trs
(
Ω−1

Y S
)
Λ/(Nσ2

ε)
}
,

∂L
∂vec(ΣF )

=
1

2
vec

{
trs

[
KNr(L

τ ⊗ IN)
(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)]
(L⊗ IN)KrN

}
=

1

2
vec

{
NΣ−1

F − Σ−1
F Lτ trs

(
KTNSKNT

)
LΣ−1

F /(T 2σ4
ε)
}
,

∂L
∂vec(ΣE)

= −1

2
Υτ

1vec
{
ΩE(IT ⊗ Λτ )

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
(IT ⊗ Λ)ΩE

}
= −1

2
Υτ

1vec
{
ΩE − Λτ trs

(
S
)
Λ/(N2σ4

ε)
}
,

∂L
∂vec(Φ)

= −1

2
Υτ

2vec
{
ΩE(IT ⊗ Λτ )

(
Ω−1

Y − Ω−1
Y SΩ−1

Y

)
(IT ⊗ Λ)ΩE

}
= −1

2
Υτ

2vec
{
ΩE − Λτ trs

(
S
)
Λ/(N2σ4

ε)
}
.

Proof of Theorem 2.2. The second derivative of the negative log likelihood function
is

d2L =
1

2
tr
(
− Ω−1

Y dΩYΩ
−1
Y dΩY + Ω−1

Y dΩYΩ
−1
Y SΩ−1

Y dΩY + Ω−1
Y SΩ−1

Y dΩYΩ
−1
Y dΩY

)
.(A.2)

Then, we have

E
(
d2L

)
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=
1

2
tr
(
Ω−1

Y dΩYΩ
−1
Y dΩY

)
=

1

2
tr
{
Ω−1

Y dσ2
εITN + Ω−1

Y

[(
LΣFdL

τ
)
⊗ IN

]
+ Ω−1

Y

[(
dLΣFL

τ
)
⊗ IN

]
+Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]
+ Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)
+Ω−1

Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)
+ Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ dΛτ

)}2

=
1

2
tr
[(

dσ2
ε

)2

Ω−2
Y

]
+ 2tr

{
dσ2

εΩ
−2
Y

[(
LΣFdL

τ
)
⊗ IN

]}
+ tr

{
dσ2

εΩ
−2
Y

[(
LdΣFL

τ
)
⊗ IN

]}
+ tr

{
dσ2

εΩ
−2
Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}
+ 2tr

{
dσ2

εΩ
−2
Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)}
+ tr

{
Ω−1

Y

[(
LΣFdL

τ
)
⊗ IN

]
Ω−1

Y

[(
dLΣFL

τ + LΣFdL
τ
)
⊗ IN

]}
+ tr

{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]}
+ tr

{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)}
+ tr

{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ dΛτ

)}
+ tr

{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}
+

1

2
tr
{
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]}2

+ tr
{
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ dΛτ

)}2

+ tr
{
Ω−1

Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ dΛτ

)}
+2tr

{
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)}
+ tr

{
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}
+2tr

{(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

}
+

1

2
tr
{
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}2

. (A.3)

Thus, we can obtain the block of I(Θ) accordingly. By 1
2
tr
[(

dσ2
ε

)2

Ω−2
Y

]
in (A.3), we

can easily obtain

Iσ2
ε ,σ

2
ε
=

1

2T
tr
(
Ω−2

Y

)
.

By tr(AτB) = vecτ (A)vec(B) for any two matrices A and B, we have in (A.3)

2tr
{
dσ2

εΩ
−2
Y

[(
LΣFdL

τ
)
⊗ IN

]}
= 2tr

{
dσ2

εΩ
−2
Y

[
KTN

(
IN ⊗ LΣFdL

τ
)
KNT

]}
= 2tr

{
dσ2

ε

[(
KNTΩ

−2
Y KTN

)(
IN ⊗ LΣFdL

τ
)]}

= 2tr
{
dσ2

ε

[
trs

(
KNTΩ

−2
Y KTN

)
LΣFdL

τ
]}

= 2dσ2
εvec

τ
[
trs

(
KNTΩ

−2
Y KTN

)
LΣF

]
vec

(
dLτ

)
.
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By Lemma 2, Ω−2
Y ≈ σ−4

ε

{[
IT − 1

T
σ−2
ε LLτ + 1

T 3σ
−2
ε LΣ−2

F Lτ
]
⊗

(
IN − 1

N
σ−2
ε ΛΛτ

)}
+

1
N3σ

−6
ε

(
IT ⊗ Λ

)
Ω−2

E

(
IT ⊗ Λτ

)
. Then,

Iσ2
ε ,L

=
1

T
vecτ

[
trs

(
KNTΩ

−2
Y KTN

)
LΣF

]
=

1

T
vecτ

{
σ−4
ε trs

[(
IN − 1

N
σ−2
ε ΛΛτ

)
⊗
(
IT − 1

T
σ−2
ε LLτ +

1

T 3
σ−2
ε LΣ−2

F Lτ
)]

LΣF

}
+

1

TN3
vecτ

{
σ−6
ε trs

[
KNT

(
IT ⊗ Λ

)
Ω−2

E

(
IT ⊗ Λτ

)
KTN

]
LΣF

}
=

N

T 3
σ−4
ε vecτ

(
LΣ−1

F

)
+

1

TN2
σ−6
ε λmax(Ω

−2
E )vecτ

[
tr
(
ΛΛτ

)
LΣF

]
= O

(N

T 3

)
vecτ

(
1rT

)
+O

( 1

TN2

)
vecτ

(
1rT

)
= o(1)vecτ

(
1rT

)
.

In (A.3),

tr
{
dσ2

εΩ
−2
Y

[(
LdΣFL

τ
)
⊗ IN

]}
= dσ2

εtr
{[

KNr

(
Lτ ⊗ IN

)
Ω−2

Y

(
L⊗ IN

)
KrN

](
IN ⊗ dΣF

)}
= dσ2

εtr
{
trs

[
KNr

(
Lτ ⊗ IN

)
Ω−2

Y

(
L⊗ IN

)
KrN

]
dΣF

}
= dσ2

εvec
τ
{
trs

[
KNr

(
Lτ ⊗ IN

)
Ω−2

Y

(
L⊗ IN

)
KrN

]}
vec

(
dΣF

)
.

Then

Iσ2
ε ,ΣF

=
1

2T
vecτ

{
trs

[
KNr

(
Lτ ⊗ IN

)
Ω−2

Y

(
L⊗ IN

)
KrN

]}
=

1

2T 2
vecτ

{
σ−2
ε trs

[
KNr

(
Σ−2

F ⊗
(
IN − 1

N
σ−2
ε ΛΛτ

))
KrN

]}
+

1

2TN3
vecτ

{
σ−6
ε trs

[
KNr

(
Lτ ⊗ Λ

)
Ω−2

E

(
L⊗ Λτ

)
KrN

]}
=

1

2T 2
vecτ

{
σ−2
ε trs

((
IN − 1

N
σ−2
ε ΛΛτ

)
⊗ Σ−2

F

)}
+

1

2TN3
vecτ

{
σ−6
ε trs

[
KNr

(
Lτ ⊗ Λ

)
Ω−2

E

(
L⊗ Λτ

)
KrN

]}
=

N

2T 2
vecτ

(
σ−2
ε Σ−2

F

)
+O

( 1

N3

)
vecτ

(
1rr

)
=

N

2T 2
vecτ

(
σ−2
ε Σ−2

F

)
= o(1)vecτ

(
1r

)
.

In (A.3),

2tr
{
dσ2

εΩ
−2
Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)}
= 2dσ2

εtr
{[

ΩE

(
IT ⊗ Λτ

)
Ω−2

Y

(
IT ⊗ dΛ

)]}
= 2

1

N2
dσ2

εtr
{
σ−4
ε

[
Ω−1

E

(
IT ⊗ Λτ

)(
IT ⊗ dΛ

)]}
6



= 2
1

N2
dσ2

εvec
τ
{
σ−4
ε

[
trs

(
Ω−1

E

)
Λτ

]}
vec

(
dΛ

)
.

Then

Iσ2
ε ,Λ

=
1

TN2
vecτ

{
σ−4
ε

[
trs

(
Ω−1

E

)
Λτ

]}
= O

( 1

N2

)
vecτ

(
1cN

)
= o(1)vecτ

(
1cN

)
.

In (A.3),

tr
{
dσ2

εΩ
−2
Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}
= dσ2

εtr
{[

ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

][
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E

)]}
= dσ2

εvec
τ
{[

ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

][
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

)]}
vec

(
dΩ−1

E

)
.

= dσ2
εvec

τ
( 1

N
σ−2
ε ITN

)
vec

(
dΩ−1

E

)
.

Then, by vec
(
dΩ−1

E

)
= Υ1vec

(
dΣE

)
, vec

(
dΩ−1

E

)
= Υ2vec

(
dΦ

)
,

Iσ2
ε ,ΣE

=
1

2TN
σ−2
ε vecτ

(
ITN

)
Υ1,

=
1

2TN
σ−2
ε vecτ

(
ITN

)
Υ

∂Γ

∂vec(ΣE)

=
1

2TN
σ−2
ε

[
Υτvec

(
ITN

)]τ ∂Γ

∂vec(ΣE)

=
1

2N
σ−2
ε ∆

∂Γ

∂vec(ΣE)
= o(1)vecτ

(
1r2

)
,

and

Iσ2
ε ,Φ

=
1

2TN
σ−2
ε vecτ

(
ITN

)
Υ2,

=
1

2TN
σ−2
ε vecτ

(
ITN

)
Υ

∂Γ

∂vec(Φ)

=
1

2TN
σ−2
ε

[
Υτvec

(
ITN

)]τ ∂Γ

∂vec(Φ)

=
1

2N
σ−2
ε ∆τ ∂Γ

∂vec(Φ)
= o(1)vecτ

(
1r2

)
,

where ∆ = (0, Ic,0,0).
In (A.3), by tr

(
AτBCD

)
=

[
vec(A)

]τ(
Dτ ⊗B

)
vec(C) for any matrices A,B,C and D,

tr
{
Ω−1

Y

[(
LΣFdL

τ
)
⊗ IN

]
Ω−1

Y

[(
dLΣFL

τ + LΣFdL
τ
)
⊗ IN

]}
= tr

{[(
dLΣFL

τ
)
⊗ IN

]
Ω−1

Y

[(
LΣFdL

τ
)
⊗ IN

]
Ω−1

Y

}
+ tr

{
Ω−1

Y

[(
LΣFdL

τ
)
⊗ IN

]
Ω−1

Y

[(
LΣFdL

τ
)
⊗ IN

]}
7



= tr
{
KTN

[
IN ⊗

(
dLΣFL

τ
)]

KNTΩ
−1
Y KTN

[
IN ⊗

(
LΣFdL

τ
)]

KNTΩ
−1
Y

}
+ tr

{
Ω−1

Y KTN

[
IN ⊗

(
LΣFdL

τ
)]

KNTΩ
−1
Y KTN

[
IN ⊗

(
LΣFdL

τ
)]

KNT

}
= tr

{[
IN ⊗

(
dLΣFL

τ
)]

KNTΩ
−1
Y KTN

[
IN ⊗

(
LΣFdL

τ
)]

KNTΩ
−1
Y KTN

}
+ tr

{[
IN ⊗

(
LΣFdL

τ
)]

KNTΩ
−1
Y KTN

[
IN ⊗

(
LΣFdL

τ
)]

KNTΩ
−1
Y KTN

}
= tr

{(
IN ⊗ dL

)[
KNr

(
ΣFL

τ ⊗ IN

)
Ω−1

Y

(
LΣF ⊗ IN

)
KrN

](
IN ⊗ dLτ

)(
KNTΩ

−1
Y KTN

)}
+ tr

{(
IN ⊗ dLτ

)[
KNTΩ

−1
Y

(
LΣF ⊗ IN

)
KrN

](
IN ⊗ dLτ

)[
KNTΩ

−1
Y

(
LΣF ⊗ IN

)
KrN

]}
= tr

{(
IN ⊗ dL

)(
IN ⊗ ΣF

)(
IN ⊗ dLτ

)(
KNTΩ

−1
Y KTN

)}
+

1

T 2
σ−4
ε tr

{(
IN ⊗ dLτ

)(
IN ⊗ L

)(
IN ⊗ dLτ

)(
IN ⊗ L

)}
= tr

{
dLΣFdL

τ trs
(
KNTΩ

−1
Y KTN

)}
+

N

T 2
σ−4
ε tr

(
dLτLdLτL

)
.

The above equality is due to that 1
N2σ

−4
ε

(
KNT

(
IT⊗Λ

)
Ω−1

E

(
LΣF⊗Λτ

)
KrN

)
= O

(
1
N2

)
1NT,rN .

Then, we have

IL,L =
1

T
ΣF ⊗ trs

(
KNTΩ

−1
Y KTN

)
+O

(N

T 3

)
1rT

=
1

T
ΣF ⊗ trs

(
KNTΩ

−1
Y KTN

)
.

In (A.3),

tr
{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]}
= tr

{
Ω−1

Y KTN

[
IN ⊗

(
LΣFdL

τ
)]

KNTΩ
−1
Y KTN

[
IN ⊗

(
LdΣFL

τ
)]

KNT

}
+ tr

{
Ω−1

Y KTN

[
IN ⊗

(
dLΣFL

τ
)]

KNTΩ
−1
Y KTN

[
IN ⊗

(
LdΣFL

τ
)]

KNT

}
= tr

{
KNr

(
Lτ ⊗ IN

)
Ω−1

Y

(
LΣF ⊗ IN

)
KrN

(
IN ⊗ dLτ

)
KNTΩ

−1
Y

(
L⊗ IN

)
KrN

(
IN ⊗ dΣF

)}
+ tr

{
KNr

(
Lτ ⊗ IN

)
Ω−1

Y KTN

(
IN ⊗ dL

)
KNr

(
ΣFL

τ ⊗ IN

)
Ω−1

Y

(
L⊗ IN

)
KrN

(
IN ⊗ dΣF

)}
= 2σ−2

ε tr
{
KNr

[(
Ir ⊗

(
IN − 1

N
σ−2
ε ΛΛτ

))
+

1

N2
σ−4
ε

(
Lτ ⊗ Λ

)
Ω−1

E

(
LΣF ⊗ Λτ

)]
KrN

(
IN ⊗ dLτ

)
KNT

[( 1

T
LΣ−1

F ⊗
(
IN − 1

N
σ−2
ε ΛΛτ

))
+

1

N2
σ−4
ε

(
IT ⊗ Λ

)
Ω−1

E

(
L⊗ Λτ

)]
KrN

(
IN ⊗ dΣF

)}
= 2σ−2

ε tr
{
KNr

[(
Ir ⊗

(
IN − 1

N
σ−2
ε ΛΛτ

))
+O

( T

N2

)
1rN

]
KrN

(
IN ⊗ dLτ

)
KNT

[( 1

T
LΣ−1

F ⊗
(
IN − 1

N
σ−2
ε ΛΛτ

))
+O

( 1

N2

)
1TN,rN

]
KrN

(
IN ⊗ dΣF

)}
= 2σ−2

ε

N

T
tr
{
dLτLΣ−1

F dΣF

}
.

Then, we have

IL,ΣF
= σ−2

ε

N

T 2
Ir ⊗

(
LΣ−1

F

)
= o(1)vecτ

(
1rT,r2

)
.
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In (A.3),

tr
{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)}
+ tr

{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ dΛτ

)}
= tr

{
d
[
Ω−1

Y

(
LΣFL

τ ⊗ IN

)]∣∣∣
L
d
[
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ Λτ

)]∣∣∣
Λ

}
=

1

NT
σ−4
ε tr

{
d
[(

LLτ ⊗ IN

)
+
{
O
( 1

NT

)
+O

( 1

N2

)}
1TN

]∣∣∣
L

d
[(

IT ⊗ ΛΛτ
)
+
{
o
( 1

T 2

)
+ o

( 1

N2

)}
1TN

]∣∣∣
Λ

}
≈ 1

NT
σ−4
ε tr

(
dLLτ + LdLτ

)
tr
(
dΛΛτ + ΛdΛτ

)
=

4

NT
σ−4
ε vecτ

(
dL

)
vec

(
L
)
vecτ

(
Λ
)
vec

(
dΛ

)
.

By Assumption 2.2, we then have

IL,Λ = σ−4
ε

2

NT 2
vec

(
L
)
vecτ

(
Λ
)
= O

( 1

NT 2

)
1Tr,Nc = o(1)1Tr,Nc.

In (A.3),

tr
{
Ω−1

Y

[(
LΣFdL

τ + dLΣFL
τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}
= 2tr

{[(
dLΣFL

τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

}
= 2tr

{(
IN ⊗ dL

)
KNr

(
ΣFL

τ ⊗ IN

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)
Ω−1

Y KTN

}
=

2σ−4
ε

N2
tr
{(

IN ⊗ dL
)(

IN ⊗ ΣFL
τ
)
KNT

(
IT ⊗ Λ

)
dΩ−1

E

(
IT ⊗ Λτ

)
KTN

}
=

2σ−4
ε

N

T∑
t1=1

tr
{
dLΣFL

τ
(
KNT

)
t1,1

ΛdΓ1Λ
τ
(
KTN

)
1,t1

}
+

2σ−4
ε

N

T∑
t1=1

T−1∑
t2=2

tr
{
dLΣFL

τ
(
KNT

)
t1,t2

ΛdΓ2Λ
τ
(
KTN

)
t2,t1

}
+

2σ−4
ε

N

T∑
t1=1

tr
{
dLΣFL

τ
(
KNT

)
t1,T

ΛdΓ3Λ
τ
(
KTN

)
T,t1

}
+

2σ−4
ε

N

T∑
t1=1

T−1∑
t2=1

tr
{
dLΣFL

τ
(
KNT

)
t1,t2

ΛdΓ4Λ
τ
(
KTN

)
t2,t1+1

}
+

2σ−4
ε

N

T∑
t1=1

T−1∑
t2=1

tr
{
dLΣFL

τ
(
KNT

)
t1+1,t2

ΛdΓτ
4Λ

τ
(
KTN

)
t2,t1

}
.

Then, by using the sparse structure of KNT and KTN , we have

IL,ΣE
=

σ−4
ε

TN

T∑
t1=1

{[(
KTN

)τ

1,t1
Λ
]
⊗
[
ΣFL

τ
(
KNT

)
t1,1

Λ
]} ∂vec(Γ1)

∂vec(ΣE)
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+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=2

{[(
KTN

)τ

t2,t1
Λ
]
⊗

[
ΣFL

τ
(
KNT

)
t1,t2

Λ
]} ∂vec(Γ2)

∂vec(ΣE)

+
σ−4
ε

TN

T∑
t1=1

{[(
KTN

)τ

T,t1
Λ
]
⊗
[
ΣFL

τ
(
KNT

)
t1,T

Λ
]} ∂vec(Γ3)

∂vec(ΣE)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[(
KTN

)τ

t2,t1+1
Λ
]
⊗

[
ΣFL

τ
(
KNT

)
t1,t2

Λ
]} ∂vec(Γ4)

∂vec(ΣE)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[(
KTN

)τ

t2,t1
Λ
]
⊗

[
ΣFL

τ
(
KNT

)
t1+1,t2

Λ
]} ∂vec(Γτ

4)

∂vec(ΣE)

= O
( 1

TN

)
1Tr,Nc +O

( 1

TN

)
1Tr,Nc +O

( 1

TN

)
1Tr,Nc

+O
( 1

TN

)
1Tr,Nc +O

( 1

TN

)
1Tr,Nc = o(1)1Tr,Nc,

and

IL,Φ =
σ−4
ε

TN

T∑
t1=1

{[(
KTN

)τ

1,t1
Λ
]
⊗
[
ΣFL

τ
(
KNT

)
t1,1

Λ
]}∂vec(Γ1)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=2

{[(
KTN

)τ

t2,t1
Λ
]
⊗

[
ΣFL

τ
(
KNT

)
t1,t2

Λ
]}∂vec(Γ2)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

{[(
KTN

)τ

T,t1
Λ
]
⊗
[
ΣFL

τ
(
KNT

)
t1,T

Λ
]}∂vec(Γ3)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[(
KTN

)τ

t2,t1+1
Λ
]
⊗

[
ΣFL

τ
(
KNT

)
t1,t2

Λ
]}∂vec(Γ4)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[(
KTN

)τ

t2,t1
Λ
]
⊗

[
ΣFL

τ
(
KNT

)
t1+1,t2

Λ
]}∂vec(Γτ

4)

∂vec(Φ)

= O
( 1

TN

)
1Tr,Nc +O

( 1

TN

)
1Tr,Nc +O

( 1

TN

)
1Tr,Nc

+O
( 1

TN

)
1Tr,Nc +O

( 1

TN

)
1Tr,Nc = o(1)1Tr,Nc.

In (A.3),

1

2
tr
{
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]}2

=
1

2
tr
{
Ω−1

Y

(
L⊗ IN

)
KrN

(
IN ⊗ dΣF

)
KNr

(
Lτ ⊗ IN

)}2

=
1

2
tr
{(

IN ⊗ dΣF

)
KNr

(
Lτ ⊗ IN

)
Ω−1

Y

(
L⊗ IN

)
KrN(

IN ⊗ dΣF

)
KNr

(
Lτ ⊗ IN

)
Ω−1

Y

(
L⊗ IN

)
KrN

}
=

1

2
tr
{(

IN ⊗ dΣF

)
KNr

[
Σ−1

F ⊗
(
IN − 1

N
σ−2
ε ΛΛτ

)
+

1

N2
σ−4
ε

(
Lτ ⊗ Λ

)
Ω−1

E

(
L⊗ Λτ

)]
KrN
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(
IN ⊗ dΣF

)
KNr

[
Σ−1

F ⊗
(
IN − 1

N
σ−2
ε ΛΛτ

)
+

1

N2
σ−4
ε

(
Lτ ⊗ Λ

)
Ω−1

E

(
L⊗ Λτ

)]
KrN

}
=

1

2
tr
{(

IN ⊗ dΣF

)
KNr

[
Σ−1

F ⊗
(
IN −O

( 1

N

)
1N

)
+O

( T

N2

)
1rN

]
KrN(

IN ⊗ dΣF

)
KNr

[
Σ−1

F ⊗
(
IN −O

( 1

N

)
1N

)
+O

( T

N2

)
1rN

]
KrN

}
=

1

2
tr
{(

IN ⊗ dΣF

)(
IN ⊗ Σ−1

F

)(
IN ⊗ dΣF

)(
IN ⊗ Σ−1

F

)}
=

N

2
tr
(
dΣFΣ

−1
F dΣFΣ

−1
F

)
.

Then,

IΣF ,ΣF
=

N

2T

(
Σ−1

F ⊗ Σ−1
F

)
.

In (A.3),

2tr
{
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)}
= 2tr

{(
IN ⊗ dΣF

)
KNr

(
Lτ ⊗ IN

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ dΛτ

)
Ω−1

Y

(
L⊗ IN

)
KrN

}
=

2σ−4
ε

N
tr
{(

IN ⊗ dΣF

)(
IN ⊗ Lτ

)
KTN

(
IT ⊗ Λ

)(
IT ⊗ dΛτ

)
[ 1
T

((
LΣ−1

F

)
⊗

(
IN − 1

N
σ−2
ε ΛΛτ

))
+

1

N2
σ−2
ε

(
IT ⊗ Λ

)
Ω−1

E

(
L⊗ Λτ

)]
KrN

}
=

2σ−4
ε

N
tr
{(

IN ⊗ dΣF

)(
IN ⊗ Lτ

)
KTN

(
IT ⊗ Λ

)(
IT ⊗ dΛτ

)
[ 1
T

((
LΣ−1

F

)
⊗

(
IN −O

( 1

N

)
1N

))
+O

( 1

N2

)
1TN,rN

]
KrN

}
=

2σ−4
ε

NT
tr
{(

IN ⊗ dΣF

)(
IN ⊗ Lτ

)
KTN

(
IT ⊗ Λ

)(
IT ⊗ dΛτ

)
KTN

(
IN ⊗

(
LΣ−1

F

))}
=

2σ−2
ε

N
tr
{((

ΛdΛτ
)
⊗
(
dΣFΣ

−1
F

))}
=

2σ−2
ε

N
vecτ

(
dΛ

)
vec

(
Λ
)
vecτ

(
Σ−1

F

)
vec

(
dΣF

)
.

Then, by Assumption 2.2, we have

IΣF ,Λ = σ−2
ε

1

NT
vec

(
Λ
)
vecτ

(
Σ−1

F

)
= O

( 1

NT

)
1Nr,rc = o(1)1Nr,rc.

In (A.3),

tr
{
Ω−1

Y

[(
LdΣFL

τ
)
⊗ IN

]
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}
= tr

{(
IN ⊗ dΣF

)
KNr

(
Lτ ⊗ IN

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
L⊗ IN

)
KrN

}
=

σ−4
ε

N2
tr
{(

IN ⊗ dΣF

)(
IN ⊗ Lτ

)
KNT

(
IT ⊗ Λ

)
dΩ−1

E

(
IT ⊗ Λτ

)
KTN

(
IN ⊗ L

)}
=

σ−4
ε

N

T∑
t1=1

tr
{
dΣFL

τ
(
KNT

)
t1,1

ΛdΓ1Λ
τ
(
KTN

)
1,t1

L
}

11



+
σ−4
ε

N

T∑
t1=1

T−1∑
t2=2

tr
{
dΣFL

τ
(
KNT

)
t1,t2

ΛdΓ2Λ
τ
(
KTN

)
t2,t1

L
}

+
σ−4
ε

N

T∑
t1=1

tr
{
dΣFL

τ
(
KNT

)
t1,T

ΛdΓ3Λ
τ
(
KTN

)
T,t1

L
}

+
σ−4
ε

N

T∑
t1=1

T−1∑
t2=1

tr
{
dΣFL

τ
(
KNT

)
t1,t2

ΛdΓ4Λ
τ
(
KTN

)
t2,t1+1

L
}

+
σ−4
ε

N

T∑
t1=1

T−1∑
t2=1

tr
{
dΣFL

τ
(
KNT

)
t1+1,t2

ΛdΓτ
4Λ

τ
(
KTN

)
t2,t1

L
}
.

Then, by using the sparse structure of KNT and KTN , we have

IΣF ,ΣE
=

σ−4
ε

TN

T∑
t1=1

{[
Lτ

(
KTN

)τ

1,t1
Λ
]
⊗
[
Lτ

(
KNT

)
t1,1

Λ
]} ∂vec(Γ1)

∂vec(ΣE)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=2

{[
Lτ

(
KTN

)τ

t2,t1
Λ
]
⊗

[
Lτ

(
KNT

)
t1,t2

Λ
]} ∂vec(Γ2)

∂vec(ΣE)

+
σ−4
ε

TN

T∑
t1=1

{[
Lτ

(
KTN

)τ

T,t1
Λ
]
⊗
[
Lτ

(
KNT

)
t1,T

Λ
]} ∂vec(Γ3)

∂vec(ΣE)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[
Lτ

(
KTN

)τ

t2,t1+1
Λ
]
⊗

[
Lτ

(
KNT

)
t1,t2

Λ
]} ∂vec(Γ4)

∂vec(ΣE)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[
Lτ

(
KTN

)τ

t2,t1
Λ
]
⊗

[
Lτ

(
KNT

)
t1+1,t2

Λ
]} ∂vec(Γτ

4)

∂vec(ΣE)

= O
( 1

TN

)
1T 2,c2 = o(1)1T 2,c2 ,

and

IΣF ,Φ =
σ−4
ε

TN

T∑
t1=1

{[
Lτ

(
KTN

)τ

1,t1
Λ
]
⊗
[
Lτ

(
KNT

)
t1,1

Λ
]}∂vec(Γ1)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=2

{[
Lτ

(
KTN

)τ

t2,t1
Λ
]
⊗

[
Lτ

(
KNT

)
t1,t2

Λ
]}∂vec(Γ2)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

{[
Lτ

(
KTN

)τ

T,t1
Λ
]
⊗
[
Lτ

(
KNT

)
t1,T

Λ
]}∂vec(Γ3)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[
Lτ

(
KTN

)τ

t2,t1+1
Λ
]
⊗

[
Lτ

(
KNT

)
t1,t2

Λ
]}∂vec(Γ4)

∂vec(Φ)

+
σ−4
ε

TN

T∑
t1=1

T−1∑
t2=1

{[
Lτ

(
KTN

)τ

t2,t1
Λ
]
⊗

[
Lτ

(
KNT

)
t1+1,t2

Λ
]}∂vec(Γτ

4)

∂vec(Φ)
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= O
( 1

TN

)
1T 2,c2 = o(1)1T 2,c2 .

In (A.3),

tr
{
Ω−1

Y

(
IT ⊗ dΛ

)
ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩE(

IT ⊗ dΛτ
)}

+ tr
{
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

(
IT ⊗ dΛτ

)}2

= tr
{(

IT ⊗ dΛ
)
ΩE

(
IT ⊗ dΛτ

)
Ω−1

Y

}
+

T

N2
σ−4
ε tr

(
dΛτΛdΛτΛ

)
= tr

{ T∑
t2=1

T∑
t1=1

dΛ
(
ΩE

)
t1,t2

dΛτ
(
Ω−1

Y

)
t2,t1

}
+

T

N2
σ−4
ε tr

(
dΛτΛdΛτΛ

)
.

Then,

IΛ,Λ =
1

T

T∑
t2=1

T∑
t1=1

(
ΩE

)τ

t1,t2
⊗
(
Ω−1

Y

)
t2,t1

+
1

N2
KNc

(
Λτ ⊗ Λ

)]
=

1

T

T∑
t2=1

T∑
t1=1

(
ΩE

)τ

t1,t2
⊗
(
Ω−1

Y

)
t1,t2

+ o(1)1Nc ≈ ΣE ⊗ IN .

In (A.3),

2tr
{(

IT ⊗ dΛ
)
ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

}
= 2σ−2

ε

1

N
tr
{(

IT ⊗ dΛ
)
ΩEdΩ

−1
E

(
IT ⊗ Λτ

)}
= 2σ−2

ε

[ 1

N
tr
(
dΛΣEdΓ1Λ

τ
)
+

T − 2

N
tr
(
dΛΣEdΓ2Λ

τ
)
+

1

N
tr
(
dΛΣEdΓ3Λ

τ
)

+
T − 1

N
tr
(
dΛΣEΦ

τdΓ4Λ
τ
)
+

T − 1

N
tr
(
dΛΦΣEdΓ

τ
4Λ

τ
)]

.

Then,

IΛ,ΣE
= σ−2

ε

[ 1

TN

(
Λ⊗ ΣE

) ∂vec(Γ1)

∂vec(ΣE)
+

T − 2

TN

(
Λ⊗ ΣE

) ∂vec(Γ2)

∂vec(ΣE)

+
1

TN

(
Λ⊗ ΣE

) ∂vec(Γ3)

∂vec(ΣE)
+

T − 1

TN
tr
(
Λ⊗

(
ΣEΦ

τ
)) ∂vec(Γ4)

∂vec(ΣE)

+
T − 1

TN
tr
(
Λ⊗

(
ΦΣE

))
Kcc

∂vec(Γ1)

∂vec(ΣE)

]
= o(1)1c2 ,

and

IΛ,Φ = σ−2
ε

[ 1

TN

(
Λ⊗ ΣE

)∂vec(Γ1)

∂vec(Φ)
+

T − 2

TN

(
Λ⊗ ΣE

)∂vec(Γ2)

∂vec(Φ)

+
1

TN

(
Λ⊗ ΣE

)∂vec(Γ3)

∂vec(Φ)
+

T − 1

TN
tr
(
Λ⊗

(
ΣEΦ

τ
))∂vec(Γ4)

∂vec(Φ)

+
T − 1

TN
tr
(
Λ⊗

(
ΦΣE

))
Kcc

∂vec(Γ1)

∂vec(Φ)

]
= o(1)1c2 .
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In (A.3),

1

2
tr
{
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)}2

=
1

2
tr
{
dΩ−1

E ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩEdΩ

−1
E ΩE

(
IT ⊗ Λτ

)
Ω−1

Y

(
IT ⊗ Λ

)
ΩE

}
=

1

2
tr
{
dΩ−1

E ΩEdΩ
−1
E ΩE

}
=

1

2
vecτ

(
dΩ−1

E

)(
ΩE ⊗ ΩE

)
vec

(
dΩ−1

E

)}
.

Then, by Lemma 4, vec
(
dΩ−1

E

)
= Υ1vec

(
dΣE

)
and vec

(
dΩ−1

E

)
= Υ2vec

(
dΦ

)
,

IΣE ,ΣE
=

1

2T
Υτ

1

(
ΩE ⊗ ΩE

)
Υ1

=
1

2T

[ ∂Γτ

∂vec(ΣE)

]τ
Υτ

(
ΩE ⊗ ΩE

)
Υ

∂Γτ

∂vec(ΣE)
,

IΦ,Φ =
1

2T
Υτ

2

(
ΩE ⊗ ΩE

)
Υ2

=
1

2T

[ ∂Γτ

∂vec(Φ)

]τ
Υτ

(
ΩE ⊗ ΩE

)
Υ

∂Γτ

∂vecτ (Φ)
,

and

IΣE ,Φ =
1

2T
Υτ

1

(
ΩE ⊗ ΩE

)
Υ2

=
1

2T

[ ∂Γτ

∂vec(ΣE)

]τ
Υτ

(
ΩE ⊗ ΩE

)
Υ

∂Γτ

∂vec(Φ)
.

Lemma 5. The time series {Xt : Xt = (x1,t, x2,t, . . . , xd,t)
τ , 1 ≤ t ≤ T} is d-dimension

stationary with d ≪ T and α-mixing, and satisfying with Assumption 2.3. Then it holds
that

E
{ 1

T

T∑
t=1

(
xi,txj,t − E(xi,txj,t)

)}2

= O
(
T−1

)
(A.4)

and

1√
T

T∑
t=1

(
xi,t − E(xi,t)

)
→ N(0, σ2), (A.5)

where σ2 = var(
T∑
t=1

xi,t).

Proof of Lemma 5. By Assumption 2.3 and Theorem 3 of ?, we have for i, j

E
{ 1

T

T∑
t=1

xi,txj,t − E(xi,txj,t)
}2

14



=
1

T 2

T∑
t=1

Var(xi,txj,t) +
1

T 2

∑
t1 ̸=t2

Cov(xi,t1xj,t1 , xi,t2xj,t2)

≤ 1

T 2

T∑
t=1

{
E(x4

i,t)
}1/2{E(x4

j,t)
}1/2

+
1

T 2

∑
t1 ̸=t2

α1/2(|t1 − t2|)
{
E(xi,t1)

4E(xj,t1)
4
}1/4{E(xi,t2)

4E(xj,t2)
4
}1/4

= O
(
T−1

)
.

The inequality in question is a result of both the Cauchy-Schwarz inequality and Davydov
inequality, thus, validating the Equation (A.4).

Moreover, according to Theorem 2.21 in ? concerning the central limit theorem (CLT)
of α-mixing processes, we can derive equation (A.5). Therefore, Lemma 5 is established.

Lemma 6. Defining the true value of Θ as Θ† = (σ†2
ε , L†,Λ†,Σ†

F ,Σ
†
E,Φ

†), and assuming
the conditions of Assumption 2.1 and 2.3, it holds that

tr
(
Ω†

Y − S
)
= OP

(
TN1/2

)
+OP

(
T 1/2N

)
,

tr
(
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

)
= OP

(
N1/2T 1/2

)
.

Proof of Lemma 6. Let Ω†
Y denote the true value of ΩY , then Ω†

Y = (L†Σ†
FL

†τ ) ⊗
IN + (IT ⊗ Λ)Ω†

E(IT ⊗ Λ†τ ) + σ†2
ε ITN . Since

S = vec(Y )vec(Y )τ

=
[
(L† ⊗ IN)vec(F ) + (IT ⊗ Λ†)vec(Eτ ) + vec(ε)

][
(L† ⊗ IN)vec(F ) + (IT ⊗ Λ†)vec(Eτ ) + vec(ε)

]τ
= (L† ⊗ IN)vec(F )vec(F )τ (L† ⊗ IN)

τ + (IT ⊗ Λ†)vec(Eτ )vec(Eτ )τ (IT ⊗ Λ†)τ + vec(ε)vec(ε)τ

+(L† ⊗ IN)vec(F )vec(Eτ )τ (IT ⊗ Λ†)τ + (IT ⊗ Λ†)vec(Eτ )vec(F )τ (L† ⊗ IN)
τ

+(L† ⊗ IN)vec(F )vec(ε)τ + vec(ε)vec(F )τ (L† ⊗ IN)
τ

+(IT ⊗ Λ†)vec(Eτ )vec(ε)τ + vec(ε)vec(Eτ )τ (IT ⊗ Λ†)τ .

Then

Ω†
Y − S =

(
L† ⊗ IN

)[
Σ†

F ⊗ IN − vec(F )vec(F )τ
](
L† ⊗ IN

)τ
+
(
IT ⊗ Λ†)[Ω†

E − vec(Eτ )vec(Eτ )τ
](
IT ⊗ Λ†)τ + [

σ†2
ε ITN − vec(ε)vec(ε)τ

]
−
(
IT ⊗ Λ†)vec(Eτ )vec(F )τ

(
L† ⊗ IN

)τ − (
L† ⊗ IN

)
vec(F )vec(Eτ )τ

(
IT ⊗ Λ†)τ

−
(
L† ⊗ IN

)
vec(F )vec(ε)τ − vec(ε)vec(F )τ

(
L† ⊗ IN

)τ
−
(
IT ⊗ Λ†)vec(Eτ )vec(ε)τ − vec(ε)vec(Eτ )τ

(
IT ⊗ Λ†)τ . (A.6)

By Lemma 5 for 1
cT

∑c
k=1

∑T
t=1

(
σ†2
Ek·

− E2
kt

)
, 1

rcNT

∑r
j=1

∑c
k=1

∑N
i=1

∑T
t=1 ljtλikfijekt and

1
cNT

∑c
k=1

∑N
i=1

∑T
t=1 λikektεit, respectively, we thus have

tr
(
Ω†

Y − S
)
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= T · tr
{[

Σ†
F ⊗ IN − vec(F )vec(F )τ

]}
+N · tr

{[
Ω†

E − vec(Eτ )vec(Eτ )τ
]}

+tr
[
σ†2
ε ITN − vec(ε)vec(ε)τ

]
− 2tr

[(
IT ⊗ Λ†)vec(Eτ )vec(F )τ

(
L† ⊗ IN

)τ]
−2tr

[(
L† ⊗ IN

)
vec(F )vec(ε)τ

]
− 2tr

[(
IT ⊗ Λ†)vec(Eτ )vec(ε)τ

]
= T

r∑
j=1

N∑
i=1

(
Σ†

Fjj
− f 2

ij

)
+N

c∑
k=1

T∑
t=1

(
Σ†

Ekk
− e2kt

)
+

N∑
i=1

T∑
t=1

(
σ†2
ε − ε2it

)
−2

r∑
j=1

c∑
k=1

N∑
i=1

T∑
t=1

ljtλikfijekt − 2
r∑

j=1

N∑
i=1

T∑
t=1

ljtfijεit − 2
c∑

k=1

N∑
i=1

T∑
t=1

λikektεit

= OP

(
TN1/2

)
+OP

(
T 1/2N

)
.

Furthermore, by Lemma 2, we have

Ω†−1
Y

(
Ω†

Y − S
)
Ω†−1

Y ≈ 1

T 2
σ†−4
ε

((
L†Σ†−1

F

)
⊗ IN

)[
Σ†

F ⊗ IN − vec(F )vec(F )τ
]((

L†Σ†−1
F

)
⊗ IN

)τ

+
1

N2
σ†−4
ε

(
IT ⊗ Λ†)Ω†−1

E

[
Ω†

E − vec(Eτ )vec(Eτ )τ
]
Ω†−1

E

(
IT ⊗ Λ†)τ

− 1

NT
σ†−4
ε

(
IT ⊗ Λ†)Ω†−1

E vec(Eτ )vec(F )τ
((

L†Σ†−1
F

)
⊗ IN

)τ

− 1

NT
σ†−4
ε

((
L†Σ†−1

F

)
⊗ IN

)
vec(F )vec(Eτ )τΩ†−1

E

(
IT ⊗ Λ†)τ

− 1

T
σ†−2
ε

((
L†Σ†−1

F

)
⊗ IN

)
vec(F )vec(ε)τΩ†−1

Y (A.7)

− 1

N
σ†−2
ε

(
IT ⊗ Λ†)Ω†−1

E vec(Eτ )vec(ε)τΩ†−1
Y

− 1

T
σ†−2
ε Ω†−1

Y vec(ε)vec(F )τ
((

L†Σ†−1
F

)
⊗ IN

)τ

− 1

N
σ†−2
ε Ω†−1

Y vec(ε)vec(Eτ )τΩ†−1
E

(
IT ⊗ Λ†)τ

+Ω†−1
Y

[
σ†2
ε ITN − vec(ε)vec(ε)τ

]
Ω†−1

Y .

Hence, similar to the proof of tr
(
Ω†

Y − S
)
, we have

tr
(
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

)
= OP

(
N1/2T 1/2

)
.

Lemma 7. At the true values Σ†
E,Φ

†, denote
dQ
dx

(0|Θ,Θ†) for ΣE and Φ, that is

Ω−1
E

(
ΣE,Φ

)
− Ω−1

E

(
Σ†

E,Φ
†) =


△Γ1 △Γ4 0 · · · 0
△Γτ

4 △Γ2 △Γ4 · · · 0
...

...
. . . . . .

...
0 · · · △Γτ

4 △Γ2 △Γ4

0 · · · 0 △Γτ
4 △Γ3

 .

Then

△Γ1 = Σ−1
E

(
ΣE − Σ†

E

)
Σ−1

E +
(
Φ− Φ†)τΣ−1

ϵ Φ + ΦτΣ−1
ϵ

(
Φ− Φ†)+ ΦτΣ−1

ϵ
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((
ΣE − Σ†

E

)
−

(
Φ− Φ†)ΣEΦ

τ − ΦΣE

(
Φ− Φ†)τ − Φ

(
ΣE − Σ†

E

)
Φτ

)
Σ−1

ϵ Φ,

△Γ2 = Σ−1
ϵ

((
ΣE − Σ†

E

)
−

(
Φ− Φ†)ΣEΦ

τ − ΦΣE

(
Φ− Φ†)τ − Φ

(
ΣE − Σ†

E

)
Φτ

)
Σ−1

ϵ

+
(
Φ− Φ†)τΣ−1

ϵ Φ + ΦτΣ−1
ϵ

(
Φ− Φ†)+ ΦτΣ−1

ϵ

((
ΣE − Σ†

E

)
−
(
Φ− Φ†)ΣEΦ

τ − ΦΣE

(
Φ− Φ†)τ − Φ

(
ΣE − Σ†

E

)
Φτ

)
Σ−1

ϵ Φ,

△Γ3 = Σ−1
ϵ

((
ΣE − Σ†

E

)
−

(
Φ− Φ†)ΣEΦ

τ − ΦΣE

(
Φ− Φ†)τ − Φ

(
ΣE − Σ†

E

)
Φτ

)
Σ−1

ϵ ,

△Γ4 = −
(
Φ− Φ†)Σ−1

ϵ − Φ
[
Σ−1

ϵ

((
ΣE − Σ†

E

)
−
(
Φ− Φ†)ΣEΦ

τ

−ΦΣE

(
Φ− Φ†)τ − Φ

(
ΣE − Σ†

E

)
Φτ

)
Σ−1

ϵ

]
,

where Σϵ = ΣE − ΦΣEΦ
τ .

Proof of Lemma 7. With Lemma 1 and (A.1), the proof of this statement becomes
straightforward.

Proof of Theorem 2.3. Recall Θ = (σ2
ε , L,Λ,ΣF ,ΣE,Φ), the following neighborhoods

are needed. For any given constant C1 > 0, define

Vσ2
ε
=

{
σ2
ε : |σ2

ε − σ†2
ε | ≤ C1T

−1
}
,

VL =
{
L :

{ 1

T
tr
[(

L− L†
)(

L− L†
)τ]}1/2

≤ C1T
−1/2

}
,

VΛ =
{
Λ :

{ 1

N
tr
[(

Λ− Λ†
)(

Λ− Λ†
)τ]}1/2

≤ C1T
−1/2

}
,

VΣF
=

{
ΣF :

{
tr
[(

ΣF − Σ†
F

)(
ΣF − Σ†

F

)τ]}1/2

≤ C1T
−1/2

}
,

VΣE
=

{
ΣE :

{
tr
[(

ΣE − Σ†
E

)(
ΣE − Σ†

E

)τ]}1/2

≤ C1T
−1/2

}
,

VΦ =
{
Φ : ∥vec

(
Φ− Φ†)∥ ≤ C1T

−1/2
}
,

VΘ = Vσ2
ε
∩ VL ∩ VΛ ∩ VΣF

∩ VΣE
∩ VΦ,

and

Q(x|Θ,Θ†) = L
(
Θ† + x

(
Θ−Θ†)).

We then have Q(0|Θ,Θ†) = L(Θ†) and Q(1|Θ,Θ†) = L(Θ). Meanwhile, the Taylor expan-
sion of Q(1|Θ,Θ†) at 0 is

Q(1|Θ,Θ†) = Q(0|Θ,Θ†) +
dQ
dx

(0|Θ,Θ†) +
1

2

d2Q
dx2

(0|Θ,Θ†) +
1

6

d3Q
dx3

(u|Θ,Θ†), (A.8)

for u ∈ (0, 1). Note that VΘ is an elliptical region that includes the points corresponding
to the true parameter Θ† as interior points. To establish the consistency of the MLE of Θ,
we need to show that for all Θ ∈ ðVΘ (i.e., on the boundary of VΘ), the likelihood function
L(Θ) is smaller than the likelihood function at the true parameter Θ†, denoted by L(Θ†).
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Specifically, we need to prove that Q(1|Θ,Θ†) > Q(0|Θ,Θ†) with probability one. Here,
ðVΘ refers to the boundary of VΘ.

We show that the first order differential in (A.8) is

dQ
dx

(0|Θ,Θ†) = OP

(
T 1/2

)
.

Recall Ω†
Y = (L†Σ†

FL
†τ )⊗ IN + (IT ⊗Λ)Ω†

E(IT ⊗Λ†τ ) + σ†2
ε ITN . Accordingly, it’s the same

for Ω†−1
Y . By (A.1), we can obtain that

dQ
dx

(0|Θ,Θ†) =
1

2

(
σ2
ε − σ†2

ε )tr
(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
+tr

[(
L− L†)τ trs(KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

)
L†Σ†

F

]
+
1

2

{
tr
[(
ΣF − Σ†

F

)
L†τ trs

(
KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

)
L†

]}
+tr

[(
Λ− Λ†)τ trs((Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)(
IT ⊗ Λ†)Ω†

E

)]
−1

2

{
tr
[(
Ω−1

E − Ω†−1
E

)(
Ω†

E

(
IT ⊗ Λ†τ)(Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)(
IT ⊗ Λ†)Ω†

E

)]}
= DQ1 +DQ2 +DQ3 +DQ4 +DQ5,

where Ω−1
E − Ω†−1

E = Ω−1
E

(
ΣE,Φ

)
− Ω−1

E

(
Σ†

E,Φ
†) and

DQ1 =
1

2

(
σ2
ε − σ†2

ε )tr
(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
,

DQ2 = tr
[(
L− L†)τ trb(KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

)
L†Σ†

F

]
,

DQ3 =
1

2

{
tr
[(
ΣF − Σ†

F

)
L†τ trb

(
KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

)
L†

]}
,

DQ4 = tr
[(
Λ− Λ†)τ trb((Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)(
IT ⊗ Λ†)Ω†

E

)]
,

DQ5 = −1

2

{
tr
[(
Ω−1

E − Ω†−1
E

)(
Ω†

E

(
IT ⊗ Λ†τ)(Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)(
IT ⊗ Λ†)Ω†

E

)]}
.

By Lemma 2, we have Ω†−1
Y = σ†−2

ε

{[
IT − 1

T
σ†−2
ε L†L†τ

]
⊗

(
IN − 1

N
σ−2
ε Λ†Λ†τ

)}
+{

o
(

1
T 2

)
+o

(
1
N2

)}
·1TN . Then, Ω

†−2
Y = σ†−4

ε

{[
IT − 1

T
σ†−2
ε L†L†τ

]
⊗
(
IN − 1

N
σ−2
ε Λ†Λ†τ

)}
+{

o
(

1
T 2

)
+ o

(
1
N2

)}
· 1TN . By Lemma 6, we can obtain that

DQ1 =
1

2

(
σ2
ε − σ†2

ε )tr
(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
=

1

2

(
σ2
ε − σ†2

ε )tr
[
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

]
= OP

(
1
)
.

Since

DQ2 = tr
[(
L− L†)τ trs(KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

)
L†Σ†

F

]
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= tr
{((

L− L†)τ ⊗ IN

)
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

((
L†Σ†

F

)
⊗ IN

)}
= tr

{
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

((
L†Σ†

F

)
⊗ IN

)((
L− L†)τ ⊗ IN

)}
≈ 1

T
σ†−2
ε tr

[(
IN ⊗

(
L− L†)τ(L†Σ†−1

F

))(
IN ⊗ Σ†

F − vec(F τ )vec(F τ )τ
)]

+
1

N
σ†−2
ε tr

[((
L†Σ†

F

)(
L− L†)τ ⊗ Ic

)
Ω†−1

E

(
Ω†

E − vec(Eτ )vec(Eτ )τ
)
Ω†−1

E

]
− 1

NT
σ†−4
ε tr

[((
L− L†)τ(L†Σ†−1

F

)
⊗ IN

)
vec(F )vec(Eτ )τΩ†−1

E

((
L†Σ†

F

)
⊗ Λ†τ

)]
− 1

T 2
σ†−4
ε tr

[((
L− L†)τ(L†Σ†−1

F

)
⊗ IN

)
vec(F )vec(ε)τ

(
L† ⊗ IN

)]
− 1

N
σ†−2
ε tr

[((
L− L†)τ ⊗ Λ†

)
Ω†−1

E vec(Eτ )vec(F )τ
]

− 1

NT
σ†−4
ε tr

[((
L− L†)τ ⊗ Λ†

)
Ω†−1

E vec(Eτ )vec(ε)τ
(
L† ⊗ IN

)]
− 1

N
σ†−2
ε tr

[((
L− L†)τ ⊗ IN

)
Ω†−1

Y vec(ε)vec(Eτ )τΩ†−1
E

((
L†Σ†−1

F

)
⊗ Λ†τ

)]
+

1

T
σ†−2
ε tr

[((
L− L†)τ ⊗ IN

)
Ω†−1

Y

(
σ†2
ε ITN − vec(ε)vec(ε)τ

)((
L†Σ†−1

F

)
⊗ IN

)]
− tr

[((
L− L†)τ ⊗ IN

)
Ω†−1

Y vec(ε)vec(F )τ
]
.

By Lemma 3 and Lemma 6, we examine the above terms carefully and find them to be
controlled by OP

(
1
)
excluding the last term. For the last term, we have

tr
[((

L− L†)τ ⊗ IN

)
Ω†−1

Y vec(ε)vec(F )τ
]

≈ tr
[((

L− L†)τ ⊗ IN

)
vec(ε)vec(F )τ

]
=

r∑
j=1

N∑
i=1

T∑
t=1

(ljt − l†jt)fijεit = OP

(
T 1/2

)
.

Thus, we have DQ2 = OP

(
T 1/2

)
. Follow the same spirt above, it is easily to obtain that

2DQ3 =
{
tr
[(
ΣF − Σ†

F

)
L†τ trs

(
KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

)
L†

]}
= tr

{((
ΣF − Σ†

F

)
⊗ IN

)(
L†τ ⊗ IN

)
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

(
L† ⊗ IN

)}
=

1

T 2
σ†−4
ε tr

{(
Ω†

Y − S
)((

L†Σ†−1
F

)
⊗ IN

)((
ΣF − Σ†

F

)
⊗ IN

)((
L†Σ†−1

F

)τ ⊗ IN

)}
= OP

(
N1/2T−1/2 +NT−1

)
= OP

(
1
)
.

By (A.6) in Lemma 6, we have tr
[
Ω†−1

Y

(
Ω†

Y − S
)]

= Op(T
1/2N1/2). Then,

DQ4 = tr
[(
Λ− Λ†)τ trs((Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)(
IT ⊗ Λ†)Ω†

E

)]
= tr

[(
IT ⊗

(
Λ− Λ†)τ)Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

(
IT ⊗ Λ†)Ω†

E

)]
=

1

N
σ†−2
ε tr

[
Ω†−1

Y

(
Ω†

Y − S
)(
IT ⊗ Λ†)(IT ⊗

(
Λ− Λ†)τ)]

= OP

(
T 1/2

)
.
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For Ω−1
E −Ω†−1

E in DQ5, by Lemma 7, VΣE
and VΦ, we can obtain tr

(
Ω−1

E −Ω†−1
E

)
= Op(1).

2DQ5 = tr
[(
Ω−1

E − Ω†−1
E

)(
Ω†

E

(
IT ⊗ Λ†τ)(Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)(
IT ⊗ Λ†)Ω†

E

)]
=

1

N2
σ†−4
ε tr

[(
Ω†

Y − S
)((

IT ⊗ Λ†)(Ω−1
E − Ω†−1

E

)(
IT ⊗ Λ†τ))]

= OP

(
T 1/2 + TN−1/2

)
= OP

(
T 1/2

)
.

From the results of DQ1 ∼ DQ5, with probability going to one, we have

dQ
dx

(0|Θ,Θ†) ≤
(
1 +

√
r
)
C1/

√
yT 1/2, (A.9)

by Assumption 2.1-(A1).
Next, we show that the second order differential in (A.2) is

d2Q
dx2

(0|Θ,Θ†) = OP

(
T 1/2

)
.

By (A.2) and (A.3), we have

−d2Q
dx2

(0|Θ,Θ†)

= tr
[(
σ2
ε − σ†2

ε

)2
Ω†−2

Y Ψ†
]

+4tr
{(

σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]}
+2tr

{(
σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]}
+2tr

{(
σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)}
+4tr

{(
σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

(
IT ⊗

(
Λ− Λ†))Ω†

E

(
IT ⊗ Λ†τ

)}
+4tr

{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

[((
L− L†)Σ†

FL
†τ
)
⊗ IN

]}
+4tr

{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]}
+8tr

{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
IT ⊗

(
Λ− Λ†)τ)}

+4tr
{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)}
+ tr

{
Ψ†Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]
Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]}
+4tr

{
Ψ†Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
IT ⊗

(
Λ− Λ†)τ)Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
IT ⊗

(
Λ− Λ†)τ)}

+4tr
{
Ψ†Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)
Ω†−1

Y

(
IT ⊗

(
Λ− Λ†))Ω†

E

(
IT ⊗ Λ†τ

)}
+4tr

{
Ψ†Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]
Ω†−1

Y

(
IT ⊗

(
Λ− Λ†))Ω†

E

(
IT ⊗ Λ†τ

)}
+2tr

{
Ψ†Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]
Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)}
+ tr

{
Ψ†Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)}
,
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where Ψ† = Ω†−1
Y

(
Ω†

Y − S
)
+ 1

2
ITN . The above sum has 15 terms, which are marked by

DSQi, i = 1, . . . , 15. Because 1
2
ITN in Ψ† is nearly negligible for these terms, we only need to

show Ψ† ≈ Ω†−1
Y

(
Ω†

Y −S
)
in them. By Lemma 3, Lemma 6 and tr2(AB) ≤ tr(AτA)tr(BτB)

for any matrices A and B, we have

DSQ1 = tr
[(
σ2
ε − σ†2

ε

)2
Ω†−2

Y Ψ†
]

≈
(
σ2
ε − σ†2

ε

)2
tr
[
Ω†−1

Y Ω†−1
Y

(
Ω†

Y − S
)
Ω†−1

Y

]
= OP

(
N1/2T−3/2

)
= OP

(
T−1

)
,

DSQ2 = 4tr
{(

σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]}
≈ 4

T
σ†−2
ε tr

{(
σ2
ε − σ†2

ε

)
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

[(
L†(L− L†)τ)⊗ IN

]}
= OP

(
N1/2T−1

)
= OP

(
T−1/2

)
,

DSQ3 = 2tr
{(

σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]}
≈ 2

T
σ†−2
ε tr

{(
σ2
ε − σ†2

ε

)
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

[(
L†Σ†−1

F

(
ΣF − Σ†

F

)τ
L†τ

)
⊗ IN

]}
= OP

(
N1/2T−1

)
= OP

(
T−1/2

)
,

DSQ4 = 2tr
{(

σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)}
≈ 2

N2
σ†−2
ε tr

{(
σ2
ε − σ†2

ε

)(
Ω†

Y − S
)
Ω†−1

Y

(
IT ⊗ Λ†

)(
Ω−1

E − Ω†−1
E

)(
IT ⊗ Λ†τ

)}
= OP

(
N−1/2T−1

)
= OP

(
T−1/2

)
,

DSQ5 = 4tr
{(

σ2
ε − σ†2

ε

)
Ψ†Ω†−2

Y

(
IT ⊗

(
Λ− Λ†))Ω†

E

(
IT ⊗ Λ†τ

)}
≈ 4

N
σ†−2
ε tr

{(
σ2
ε − σ†2

ε

)(
Ω†

Y − S
)
Ω†−2

Y

(
IT ⊗

(
Λ− Λ†))(IT ⊗ Λ†τ

)}
= OP

(
T−1/2

)
.

By (A.7), we have

DSQ6 = 4tr
{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

[((
L− L†)Σ†

FL
†τ
)
⊗ IN

]}
= 4tr

{
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

[((
L− L†)Σ†

FL
†τ
)
⊗ IN

]}
≈ 4tr

[(
Σ†

F ⊗ IN − vec(F )vec(F )τ
)((

L− L†)τ ⊗ IN

)
Ω†−1

Y

((
L− L†)⊗ IN

)]
+

4

N
σ†−2
ε tr

{
Ω†−1

E

(
Ω†

E − vec(Eτ )vec(Eτ )τ
)
Ω†−1

E

[(
L†Σ†

F

(
L− L†)τ(L− L†)Σ†

FL
†τ
)
⊗ Ic

]}
− 8

N
σ†−2
ε tr

{
vec(F )vec(Eτ )τΩ†−1

E

(
IT ⊗ Λ†)τ[(L†Σ†

F

(
L− L†)τ(L− L†))⊗ IN

]}
− 8

T
σ†−2
ε tr

{
vec(F )vec(ε)τ

[(
L†(L− L†)τ(L− L†))⊗ IN

]}
− 8

NT
σ†−2
ε tr

{
vec(ε)vec(Eτ )τΩ†−1

E

(
IT ⊗ Λ†)τ[(L†Σ†

F

(
L− L†)τ(L− L†)L†τ

)
⊗ IN

]}
+

4

T 2
σ†−4
ε tr

{(
σ†2
ε ITN − vec(ε)vec(ε)τ

)[(
L†(L− L†)τ(L− L†)L†τ

)
⊗ IN

]}
.
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Following the proof of Lemma 6, the first term of the above six terms is

4tr
[(

Σ†
F ⊗ IN − vec(F )vec(F )τ

)((
L− L†)τ ⊗ IN

)
Ω†−1

Y

((
L− L†)⊗ IN

)]
≈ 4tr

[(
IN ⊗ Σ†

F − vec(F τ )vec(F τ )τ
)(

IN ⊗
(
L− L†)τ(L− L†))]

= 4tr
[
IN ⊗

((
L− L†)Σ†

F

(
L− L†)τ)− vec

((
L− L†)F τ

)
vec

((
L− L†)F τ

)τ]
= 4

T∑
t=1

[ N∑
i=1

r∑
j=1

(ljt − l†jt)
2Σ†

Fjj
−

N∑
i=1

( r∑
j=1

(ljt − l†jt)fij

)2]
= 4

T∑
t=1

(l·t − l†·t)
2
{ N∑

i=1

[ r∑
j=1

Σ†
Fjj

−
( r∑

j=1

fij

)2]}
= OP

(
T 1/2

)
.

The others are similar to the first term, thus DSQ6 = OP

(
T 1/2

)
. Furthermore, by (A.6)

and (A.7), we obtain

DSQ7 = 4tr
{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]}
≈ 4

T 3
σ†−6
ε tr

{(
Ω†

Y − S
)[(

L†(L− L†)τ)⊗ IN

][(
L†Σ†−1

F

(
ΣF − Σ†

F

)
Σ†−1

F L†τ
)
⊗ IN

]}
≈ 4

T
σ†−2
ε tr

{(
IN ⊗ Σ†

F − vec(F τ )vec(F τ )τ
)[

IN ⊗
((

L− L†)τL†Σ†−1
F

(
ΣF − Σ†

F

)
Σ†−1

F

)]}
= OP

(
1
)
,

DSQ8 = 8tr
{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ ⊗ IN

]
Ω†−1

Y

(
IT ⊗

(
Λ− Λ†))Ω†

E

(
IT ⊗ Λ†τ

)}
≈ 8

NT
σ†−4
ε tr

{(
Ω†

Y − S
)[(

L†(L− L†)τ ⊗ IN

][
IT ⊗

((
Λ− Λ†)Λ†τ

)]}
≈ 8tr

{(
vec(Eτ )vec(F )τ )

((
L− L†)τ ⊗ IN

)(
IT ⊗

(
Λ− Λ†))}

= OP

(
1
)
,

DSQ9 = 4tr
{
Ψ†Ω†−1

Y

[(
L†Σ†

F

(
L− L†)τ)⊗ IN

]
Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)}
≈ 4

N2T
σ†−6
ε tr

{(
Ω†

Y − S
)[(

L†(L− L†)τ)⊗ IN

](
IT ⊗ Λ†

)(
Ω−1

E − Ω†−1
E

)(
IT ⊗ Λ†τ

)}
= OP

(
1
)
,

DSQ10 = tr
{
Ψ†Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]
Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]}
≈ tr

{
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
Σ†−1

F

(
ΣF − Σ†

F

)
L†τ

)
⊗ IN

]}
≈ 1

T 2
σ†−4
ε tr

{(
Ω†

Y − S
)[(

L†Σ†−1
F

(
ΣF − Σ†

F

)
Σ†−1

F

(
ΣF − Σ†

F

)
Σ†−1

F L†τ
)
⊗ IN

]}
= OP

(
N1/2T−1 +N−1T 1/2

)
= OP

(
T−1/2

)
,

DSQ11 = 4tr
{
Ψ†Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
IT ⊗

(
Λ− Λ†)τ)Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
IT ⊗

(
Λ− Λ†)τ)}

≈ 4

N2
σ†−4
ε tr

{
Ω†−1

Y

(
Ω†

Y − S
)(

IT ⊗ Λ†(Λ− Λ†)τΛ†(Λ− Λ†)τ)}
= OP

(
N−1/2T 1/2

)
= OP

(
1
)
,
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DSQ12 = 4tr
{
Ψ†Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)
Ω†−1

Y

(
IT ⊗

(
Λ− Λ†))Ω†

E

(
IT ⊗ Λ†τ

)}
≈ 4

N3
σ†−6
ε tr

{(
Ω†

Y − S
)(

IT ⊗ Λ†
)(

Ω−1
E − Ω†−1

E

)(
IT ⊗ Λ†τ

)(
IT ⊗

(
Λ− Λ†))(IT ⊗ Λ†τ

)}
= OP

(
N−1/2T 1/2

)
= OP

(
1
)
,

DSQ13 = 4tr
{
Ψ†Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]
Ω†−1

Y

(
IT ⊗

(
Λ− Λ†))Ω†

E

(
IT ⊗ Λ†τ

)}
≈ 4

NT 2
σ†−6
ε tr

{(
Ω†

Y − S
)[(

L†Σ†−1
F

(
ΣF − Σ†

F

)
Σ†−1

F L†τ
)
⊗ IN

](
IT ⊗

(
Λ− Λ†))(IT ⊗ Λ†τ

)}
= OP

(
N1/2T−1

)
= OP

(
T−1/2

)
,

DSQ14 = 4tr
{
Ψ†Ω†−1

Y

[(
L†(ΣF − Σ†

F

)
L†τ

)
⊗ IN

]
Ω†−1

Y

(
IT ⊗ Λ†

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ

)}
≈ 4

N2T
σ†−6
ε tr

{(
Ω†

Y − S
)[(

L†Σ†−1
F

(
ΣF − Σ†

F

)
L†τ

)
⊗ IN

](
IT ⊗ Λ†

)(
Ω−1

E − Ω†−1
E

)(
IT ⊗ Λ†τ

)}
= OP

(
1
)
,

DSQ15 = tr
(
Ψ†Ω†−1

Y

(
IT ⊗ Λ†)Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
IT ⊗ Λ†τ))

≈ 1

N2
σ†−4
ε tr

((
IT ⊗ Λ†τ)(Ω†

Y − S
)(
IT ⊗ Λ†)(Ω−1

E − Ω†−1
E

)
Ω†

E

(
Ω−1

E − Ω†−1
E

))
≈ tr

((
Ω†

E − vec(Eτ )vec(Eτ )τ
)(
Ω−1

E − Ω†−1
E

)
Ω†

E

(
Ω−1

E − Ω†−1
E

))
= OP

(
T 1/2

)
.

From the results of DSQ1 ∼ DSQ15, with probability going to one, we have

d2Q
dx2

(0|Θ,Θ†) ≤ 4C2
1/
√
yT 1/2. (A.10)

Finally, for any u ∈ (0, 1), we show that the third order differential in (A.8) is

d3Q
dx3

(u|Θ,Θ†) = OP

(
N1/2T−1/2

)
+OP

(
NT−1

)
= OP

(
1
)
. (A.11)

Denote Θ§ = Θ† + u
(
Θ−Θ†), we then have

Ω−1
Y dΩY

∣∣∣
Θ§

≈ σ§−2
ε dσ2

ε

((
IT − 1

T
L§L§τ)⊗ (

IN − 1

N
Λ§Λ§τ))

+σ§−2
ε

[((
IT − 1

T
L§L§τ)dLΣ§

FL
§τ
)
⊗
(
IN − 1

N
Λ§Λ§τ)]

+σ§−2
ε

((
IT − 1

T
L§L§τ)⊗ (

IN − 1

N
Λ§Λ§τ))(IT ⊗ dΛ

)
Ω§

E

(
IT ⊗ Λ§τ).

Thus(
Ω−1

Y dΩY

∣∣∣
Θ§

)3

≈ σ§−6
ε

(
dσ2

ε

)3((
IT − 1

T
L§L§τ)⊗ (

IN − 1

N
Λ§Λ§τ))

+σ§−6
ε

(
dσ2

ε

)2[((
IT − 1

T
L§L§τ)dLΣ§

FL
§τ
)
⊗
(
IN − 1

N
Λ§Λ§τ)]

+σ§−6
ε

(
dσ2

ε

)2((
IT − 1

T
L§L§τ)⊗ (

IN − 1

N
Λ§Λ§τ))(IT ⊗ dΛ

)
Ω§

E

(
IT ⊗ Λ§τ).
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Similar to the first and second order differential, we can obtain the third order differential
in (A.2) as follows:

d3Q
dx3

(u|Θ,Θ†)

≈ −3σ§−6
ε

(
σ2
ε − σ†2

ε )3tr
[((

IT − 1

T
L§L§τ)⊗ (

IN − 1

N
Λ§Λ§τ))(Ω§

Y − S
)]

− 3

N
σ§−8
ε

(
σ2
ε − σ†2

ε )2tr
{[((

IT − 1

T
L§L§τ)(L− L†)L§τ

)
⊗

(
IN − 1

N
Λ§Λ§τ)](Ω§

Y − S
)}

− 3

N
σ§−8
ε

(
σ2
ε − σ†2

ε )2tr
[((

IT − 1

T
L§L§τ)⊗ (

IN − 1

N
Λ§Λ§τ))(IT ⊗

(
Λ− Λ†)Λ§τ

)(
Ω§

Y − S
)]

= OP

(
N1/2T−3/2

)
+OP

(
NT−2

)
.

By combining equations (A.9), (A.10), and (A.11) with (A.8), it can be shown that,
with probability approaching one, a constant C1 exists such that C1 > (1 +

√
r)/4, and

that
d2Q
dx2

(0|Θ,Θ†) >

(
dQ
dx

(0|Θ,Θ†) ∨ d3Q
dx3

(u|Θ,Θ†
)
.

These final results demonstrate that if we choose a sufficiently large radius for VΘ, then
L(Θ) > L(Θ†) for all Θ ∈ ðVΘ with probability one. As a result, we can prove the
consistency of the maximum likelihood estimate of Θ.

Proof of Theorem 2.4. Recall∇Q(x|Θ̂,Θ†) = ∇L
(
Θ†+x

(
Θ̂−Θ†)), here Θ† denotes

the true value of Θ. Consider the second order Taylor expansion of the score function at
x = 1 around x = 0

0 = ∇Q(1|Θ̂,Θ†) = ∇Q(0|Θ̂,Θ†) +
d∇Q
dx

(0|Θ̂,Θ†) +
1

2

d2∇Q
dx2

(u|Θ̂,Θ†),

for u ∈ (0, 1). Then we have

Θ̂−Θ† = −I−1(Θ†)∇Q(0|Θ̂,Θ†)− I−1(Θ†)
(
Î(Θ†)− I(Θ†)

)(
Θ̂−Θ†)

− 1

2
I−1(Θ†)

d2∇Q
dx2

(u|Θ̂,Θ†), (A.12)

where Î(Θ†) is the Hessian matrix. According to (A.12), we show that the finite dimension
distribution of its first term

I−1(Θ†)∇Q(0|Θ̂,Θ†)

is asymptotically normal with mean zero and covariance matrix

Σ =


Cov(σ̂2

ε)

Cov
(
vec(L̂)

)
0

Cov
(
diag(Σ̂F )

)
0 Cov

(
vec(Λ̂)

)
Cov

(
Σ̂E, Φ̂

)

 .
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Here, Cov
(
Σ̂E, Φ̂

)
is the asymptotic covariance matrix of the MLE of

(
diagτ (ΣE), vec

τ (Φ)
)τ
.

According to IΘ, we can find that there are uncorrelated among σ̂2
ε , L̂, Λ̂ and Σ̂F , which

are also uncorrelated with Σ̂E and Φ̂. However, Σ̂E and Φ̂ are correlated, we should be
careful about them.

By (A.7) in Lemma 6, we can easily obtain the asymptotic normality of all parameters.
For σ̂2

ε , we can obtain

σ̂2
ε − σ†2

ε = −tr−1
(
Ω†−2

Y

)
tr
(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
= −tr−1

(
Ω†−2

Y

)
tr
(
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y

)
≈ −tr−1

(
Ω†−2

Y

)
tr
[
Ω†−1

Y

(
σ†2
ε ITN − vec(ε)vec(ε)τ

)
Ω†−1

Y

]
≈ −tr−1

(
Ω†−2

Y

)
tr
[
Ω†−1

Y

(
σ†2
ε ITN − vec(ε)vec(ε)τ

)
Ω†−1

Y

]
≈ 1

NT

N∑
i=1

T∑
t=1

(
ε2it − σ†2

ε

)
.

Then, we have
√
NT

(
σ̂2
ε − σ†2

ε

)
→ N

(
0,E(ε4it)− σ†4

ε

)
.

For L̂, we can obtain

vec
(
L̂− L†)

= −
[
trs

(
KNTΩ

†−1
Y KTN

)
⊗ Σ†

F

]−1
vec

{
Σ†

FL
†τ trs

[
KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

]}
= −vec

{
L†τ trs

[
KNT

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
KTN

]
trs−1

(
KNTΩ

†−1
Y KTN

)}
≈ − 1

N
σ†2
ε vec

{
trs

[
KNr

(
L†τ ⊗ IN

)
Ω†−1

Y

(
Ω†

Y − S
)
Ω†−1

Y KTN

]}
≈ − 1

NT
vec

{
trs

[(
IN ⊗ Σ†−1

F

)(
IN ⊗ Σ†

F − vec(F τ )vec(F τ )τ
)(

IN ⊗
(
L†Σ†−1

F

)τ)]}
− 1

N3
σ†−2
ε vec

{
trs

[
KNr

(
L†τ ⊗ Λ†)Ω†−1

E

(
Ω†

E − vec(Eτ )vec(Eτ )τ
)
Ω†−1

E

(
IT ⊗ Λ†)τKTN

]}
+

1

N2T
σ†−2
ε vec

{
trs

[
KNr

(
L†τ ⊗ Λ†)Ω†−1

E vec(Eτ )vec(F τ )τ
(
IN ⊗

(
L†Σ†−1

F

)τ)]}
+

1

N2
vec

[
trs

(
KNr

(
Σ†−1

F ⊗ IN
)
vec(F )vec(Eτ )τΩ†−1

E

(
IT ⊗ Λ†)τKTN

)]
+

1

N2
vec

[
trs

(
KNr

(
L†τ ⊗ Λ†)Ω†−1

E vec(Eτ )vec(ε)τΩ†−1
Y KTN

)]
+

1

N2T
σ†−2
ε vec

{
trs

[
KNr

((
L†Σ†−1

F

)
⊗ IN

)
vec(ε)vec(F )τ

((
L†Σ†−1

F

)τ ⊗ IN

)
KTN

]}
+

1

NT 2
σ†−2
ε

{
trs

[
KNr

((
L†Σ†−1

F

)
⊗ IN

)
vec(ε)vec(Eτ )τΩ†−1

E

(
IT ⊗ Λ†)τKTN

]}
− 1

NT

{
trs

[(
IN ⊗

(
Σ†−1

F L†τ))(σ†2
ε ITN − vec(ετ )vec(ετ )τ

)
KNTΩ

†−1
Y KTN

]}
+

1

N
σ†2
ε vec

[
trs

((
IN ⊗ Σ†−1

F

)
vec(F τ )vec(ετ )τKNTΩ

†−1
Y KTN

)]
=

1

N
σ†2
ε vec

[
trs

((
IN ⊗ Σ†−1

F

)
vec(F τ )vec(ετ )τKNTΩ

†−1
Y KTN

)]
+ oP (N

−1/2)11,T

≈ vec
(
Σ†−1

F

( 1

N

N∑
i=1

Fiε
τ
i·
))

=
(
IT ⊗ Σ†−1

F

)
vec

( 1

N

N∑
i=1

Fiε
τ
i·

)
,
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where εi· = (εi1, εi2, . . . , εiT )
τ . Since

cov
[
vec

( N∑
i=1

Fiε
τ
i·

)]
= cov

[ N∑
i=1

vec
(
Fiε

τ
i·

)]
= cov

( N∑
i=1

(
IT ⊗ Fi

)
vec

(
ετi·
))

= E
[( N∑

i=1

(
IT ⊗ Fi

)
εi·

)( N∑
i=1

(
IT ⊗ Fi

)
εi·

)τ]
= E

[ N∑
i1,i2=1

E
((

IT ⊗ Fi1

)
εi1·ε

τ
i2·
(
IT ⊗ F τ

i2

)∣∣
Fi1

,Fi2

)]
= E

(
σ†2
ε

N∑
i=1

IT ⊗
(
FiF

τ
i

))
= Nσ†2

ε

(
IT ⊗ Σ†

F

)
.

We then have for t = 1, . . . , T

√
Nvec

(
L̂t − L†

t

)
→ Nr

(
0, σ†2

ε Σ†−1
F

)
.

For Σ̂F , we can obtain

vec
(
Σ̂F − Σ†

F

)
= − 1

N

(
Σ†

F ⊗ Σ†
F

)
vec

[
trs

(
(L† ⊗ IN)

τΩ†−1
Y

(
Ω†

Y − S
)
Ω†−1

Y (L† ⊗ IN)
)]

≈ − 1

N

(
Σ†

F ⊗ Σ†
F

)
vec

[
trs

((
Σ†−1

F ⊗ IN
)(
Σ†

F ⊗ IN − vec(F )vec(F )τ
)(
Σ†−1

F ⊗ IN
))]

− 1

N3
σ†−4
ε

(
Σ†

F ⊗ Σ†
F

)
vec

[
trs

((
L†τ ⊗ Λ†)Ω†−1

E

(
Ω†

E − vec(Eτ )vec(Eτ )τ
)
Ω†−1

E

(
L† ⊗ Λ†)τ)]

+
1

N2
σ†−4
ε

(
Σ†

F ⊗ Σ†
F

)
vec

[
trs

((
L†τ ⊗ Λ†)Ω†−1

E vec(Eτ )vec(F )τ
(
Σ†−1

F ⊗ IN
))]

+
1

N2
σ†−4
ε

(
Σ†

F ⊗ Σ†
F

)
vec

[
trs

((
Σ†−1

F ⊗ IN

)
vec(F )vec(Eτ )τΩ†−1

E

(
L† ⊗ Λ†τ))]

+
1

NT
σ†−2
ε

(
Σ†

F ⊗ Σ†
F

)
vec

{
trs

[(
Σ†−1

F ⊗ IN
)
vec(F )vec(ε)τ

((
L†Σ†−1

F

)
⊗ IN

)]}
+

1

N2T
σ†−4
ε

(
Σ†

F ⊗ Σ†
F

)
vec

{
trs

[(
L†τ ⊗ Λ†)Ω†−1

E vec(Eτ )vec(ε)τ
((

L†Σ†−1
F

)
⊗ IN

)]}
+

1

NT
σ†−2
ε vec

{
trs

[((
L†Σ†−1

F

)τ ⊗ IN

)
vec(ε)vec(F )τ

(
Σ†−1

F ⊗ IN
)]}

+
1

N2T
σ†−4
ε vec

{
trs

[((
L†Σ†−1

F

)τ ⊗ IN

)
vec(ε)vec(Eτ )τΩ†−1

E

(
L† ⊗ Λ†τ)]}

− 1

NT 2
σ†−4
ε vec

{
trs

[((
L†Σ†−1

F

)τ ⊗ IN

)(
σ†2
ε ITN − vec(ε)vec(ε)τ

)((
L†Σ†−1

F

)
⊗ IN

)]}
= − 1

N
vec

[
trs

(
IN ⊗ Σ†

F − vec(F τ )vec(F τ )τ
)]

+ oP (T
−1/2)11,N

≈ vec
( 1

N

N∑
i=1

FiF
τ
i − Σ†

F

)
.
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Then we have

diag
(
Σ̂F − Σ†) =

1

N

N∑
i=1

diag
(
FiF

τ
i − Σ†

F

)
=

( 1

N

N∑
i=1

(
f 2
i1 − σ†2

F1

)
, . . . ,

1

N

N∑
i=1

(
f 2
ir − σ†2

Fr

))τ

.

Thus,
√
Ndiag

(
Σ̂F − Σ†) → Nr

(
0,E

(
diag(FiF

τ
i )

2
)
− Σ†2

F

)
.

For Λ̂, we can obtain

vec
(
Λ̂− Λ†)

= −
[ T∑
t2=1

T∑
t1=1

(
Ω−1

Y

)
t1,t2

⊗
(
ΩE

)
t1,t2

]−1
vec

{
trs

[
Ω†

E(IT ⊗ Λ†τ )
(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)]}
≈ − 1

T

(
IN ⊗ Σ†

E

)−1
vec

{
trs

[
Ω†

E(IT ⊗ Λ†τ )Ω†−1
Y

(
Ω†

Y − S
)
Ω†−1

Y

]}
≈ − 1

T 3
σ†−4
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[
Ω†

E

((
L†Σ†−1

F

)
⊗ Λ†τ

)(
Σ†

F ⊗ IN − vec(F )vec(F )τ
)((

L†Σ†−1
F

)τ ⊗ IN

)]}
− 1

NT
σ†−2
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[(
Ω†

E − vec(Eτ )vec(Eτ )τ
)
Ω†−1

E

(
IT ⊗ Λ†)τ]}

+
1

T 2
σ†−2
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[
vec(Eτ )vec(F )τ

((
L†Σ†−1

F

)τ ⊗ IN

)]}
+

1

NT 2
σ†−4
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[
Ω†

E

((
L†Σ†−1

F

)
⊗ Λ†τ

)
vec(F )vec(Eτ )τΩ†−1

E

(
IT ⊗ Λ†)τ]}

+
1

T 2
σ†−2
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[
Ω†

E

((
L†Σ†−1

F

)
⊗ Λ†τ

)
vec(F )vec(ε)τΩ†−1

Y

]}
+

1

NT 2
σ†−4
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[(
IT ⊗ Λ†)τvec(ε)vec(F )τ

((
L†Σ†−1

F

)τ ⊗ IN

)]}
+

1

N2T
σ†−4
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[(
IT ⊗ Λ†)τvec(ε)vec(Eτ )τΩ†−1

E

(
IT ⊗ Λ†)τ]}

− 1

NT
σ†−2
ε

(
IN ⊗ Σ†−1

E

)
vec

{
trs

[(
IT ⊗ Λ†)τ(σ†2

ε ITN − vec(ε)vec(ε)τ
)
Ω†−1

Y

]}
+

1

T

(
IN ⊗ Σ†−1

E

)
vec

[
trs

(
vec(Eτ )vec(ε)τΩ†−1

Y

)]
=

1

T

(
IN ⊗ Σ†−1

E

)
vec

[
trs

(
vec(Eτ )vec(ε)τΩ†−1

Y

)]
+ op(T

−1/2)11,N

≈ 1

T

(
IN ⊗ Σ†−1

E

)
vec

[
trs

(
vec(Eτ )vec(ε)τ

)]
=

1

T

(
IN ⊗ Σ†−1

E

)
vec

( T∑
t=1

Etε
τ
·t

)
,

where ε·t = (ε1t, ε2t, . . . , εNt)
τ . Since

cov
[
vec

( T∑
t=1

Etε
τ
·t

)]
= cov

[ T∑
t=1

vec
(
Etε

τ
·t

)]
= cov

( T∑
t=1

(
IN ⊗ Et

)
vec

(
ετ·t
))

= E
[( T∑

t=1

(
IN ⊗ Et

)
ε·t

)( T∑
t=1

(
IN ⊗ Et

)
ε·t

)τ]
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= E
[ T∑
t1,t2=1

E
((

IN ⊗ Et1

)
ε·t1ε

τ
·t2

(
IN ⊗ Eτ

t2

)∣∣
Et1 ,Et2

)]
= E

(
σ†2
ε

T∑
t=1

IN ⊗
(
EtE

τ
t

))
= Tσ†2

ε

(
IN ⊗ Σ†

E

)
.

We then have for i = 1, . . . , N

√
T
(
Λ̂i − Λ†

i

)
→ Nc

(
0, σ†2

ε Σ†−1
E

)
.

Note that J = T

(
IΣE ,ΣE

IΣE ,Φ

IΦ,ΣE
IΦ,Φ

)
, then we have

(
vecτ

(
Σ̂E − Σ†

E

)
, vecτ

(
Φ̂− Φ†))τ

= −1

2
J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
ΩE(IT ⊗ Λ†τ )

(
Ω†−1

Y − Ω†−1
Y SΩ†−1

Y

)
(IT ⊗ Λ†)Ω†

E

]
≈ − 1

2N2
σ†−4
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
(IT ⊗ Λτ )

(
ΩY − S

)
(IT ⊗ Λ)

]
= − 1

2N2
σ†−4
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
{(

L† ⊗ Λ†τ)[Σ†
F ⊗ IN − vec(F )vec(F )τ

](
L†τ ⊗ Λ†)}

− 1

2N2
σ†−4
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
{
(IT ⊗ Λ†τ )

[
σ†2
ε ITN − vec(ε)vec(ε)τ

]
(IT ⊗ Λ†)

}
+

1

2N
σ†−2
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
vec(Eτ )vec(F )τ

(
L†τ ⊗ Λ†)]

+
1

2N
σ†−2
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[(
L† ⊗ Λ†τ)vec(F )vec(Eτ )τ

]
+

1

2N2
σ†−4
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[(
L† ⊗ Λτ

)
vec(F )vec(ε)τ (IT ⊗ Λ†)

]
+

1

2N2
σ†−4
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
(IT ⊗ Λ†τ )vec(ε)vec(F )τ

(
L†τ ⊗ Λ†)]

+
1

2N
σ†−2
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
vec(Eτ )vec(ε)τ

(
L†τ ⊗ Λ†)]

+
1

2N
σ†−2
ε J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
(IT ⊗ Λ†τ )vec(ε)vec(Eτ )τ

]
−1

2
J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
Ω†

E − vec(Eτ )vec(Eτ )τ
]

≈ −1

2
J −1

(
Υ1,Υ2

)τ ∣∣
Σ†

E ,Φ†vec
[
Ω†

E − vec(Eτ )vec(Eτ )τ
]
+ oP (T

−1/2)12c2

=
1

2
J −1

( ∂vec(Γ)

∂vecτ (ΣE)
,
∂vec(Γ)

∂vecτ (Φ)

)τ
∣∣∣∣
Σ†

E ,Φ†
E+ oP (T

−1/2)12c2 ,

where E =
(
vecτ

(
E1E

τ
1−Σ†

E

)
,
T−1∑
t=2

vecτ
(
EtE

τ
t −Σ†

E

)
, vecτ

(
ETE

τ
T −Σ†

E

)
, 2

T−1∑
t=1

vecτ
(
EtE

τ
t+1−

Σ†
EΦ

†τ))τ

.
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From the above, we can see that whether
(

∂vec(Γ)
∂vecτ (ΣE)

)τ ∣∣∣
Σ†

E ,Φ†
E or

(
∂vec(Γ)
∂vecτ (Φ)

)τ ∣∣∣
Σ†

E ,Φ†
E is a

weighted sum of vec
((

E1E
τ
1 +E1E

τ
2

)
−
(
Σ†

E +Σ†
EΦ

†τ)), T−1∑
t=2

vec
((

EtE
τ
t +EtE

τ
t+1

)
−
(
Σ†

E +

Σ†
EΦ

†τ)), and vec
((

ETE
τ
T +ET−1E

τ
T

)
−
(
Σ†

E+Σ†
EΦ

†τ)). By Lemma 5 for {EtE
τ
t +EtE

τ
t+1},

thus we have
√
T
(
vec

(
Σ̂E − Σ†

E

)τ
, vec

(
Φ̂− Φ†)τ)τ

→ NT

(
0,JΠJτ

)
,

where J = 1
2
J −1

(
∂vec(Γ)

∂vecτ (ΣE)
, ∂vec(Γ)
∂vecτ (Φ)

)τ
∣∣∣∣
Σ†

E ,Φ†
and Π = Cov

(
E
)
.

Next, in (A.12), we will show the order of the second term

I−1(Θ†)
(
Î(Θ†)− I(Θ†)

)(
Θ̂−Θ†) = OP

(
N1/2T−3/2 + T−1

)
11+Tr+Nc+r2+2c2 . (A.13)

Here, since the other elements is similar to the diagonal elements, we only show the order
of the diagonal elements of Î(Θ†)− I(Θ†). The order of Î(Θ†)− I(Θ†) is first to be showed
by considering

d2L− E
(
d2L

)
= tr

(
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y dΩYΩ
†−1
Y dΩY

)
= tr

{
Ω†−1

Y

(
S − Ω†

Y

)[
Ω†−1

Y dσ2
ε + Ω†−1

Y

((
L†Σ†

FdL
τ
)
⊗ IN

)
+Ω†−1

Y

((
dLΣ†

FL
†τ)⊗ IN

)
+ Ω†−1

Y

((
L†dΣFL

†τ)⊗ IN

)
+Ω†−1

Y

(
IT ⊗ dΛ

)
Ω†

E

(
IT ⊗ Λ†τ)+ Ω†−1

Y

(
IT ⊗ Λ†)Ω†

E

(
IT ⊗ dΛτ

)
+Ω†−1

Y

(
IT ⊗ Λ†)Ω†

EdΩ
−1
E Ω†

E

(
IT ⊗ Λ†τ)]2}. (A.14)

We then have by tr
(
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−2

Y

(
dσ2

ε

)2)
in (A.14) and Lemma 6,

Îσ†2
ε ,σ†2

ε
− Iσ†2

ε ,σ†2
ε
=

1

T
tr
(
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−2

Y

)
= OP

(
N1/2T−1/2

)
.

Since in (A.14)

tr
{
Ω†−1

Y

(
S − Ω†

Y

)[
Ω†−1

Y

((
L†Σ†

FdL
τ
)
⊗ IN

)
+ Ω†−1

Y

((
dLΣ†

FL
†τ)⊗ IN

)]2}
= tr

{
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

((
L†Σ†

FdL
τ
)
⊗ IN

)
Ω†−1

Y

((
L†Σ†

FdL
τ
)
⊗ IN

)}
+tr

{
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

((
L†Σ†

FdL
τ
)
⊗ IN

)
Ω†−1

Y

((
dLΣ†

FL
†τ)⊗ IN

)}
+tr

{
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

((
dLΣ†

FL
†τ)⊗ IN

)
Ω†−1

Y

((
L†Σ†

FdL
τ
)
⊗ IN

)}
+tr

{
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

((
dLΣ†

FL
†τ)⊗ IN

)
Ω†−1

Y

((
dLΣ†

FL
†τ)⊗ IN

)}
=

1

T 2
σ†−4tr

{
Ω†−1

Y

(
S − Ω†

Y

)((
L†dLτ

)
⊗ IN

)((
L†dLτ

)
⊗ IN

)}
+

1

T 2
σ†−4tr

{(
S − Ω†

Y

)((
L†dLτ

)
⊗ IN

)
Ω†−1

Y

((
dLL†τ)⊗ IN

)}
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+
1

T 2
σ†−4tr

{(
S − Ω†

Y

)
Ω†−1

Y

((
dLL†τ)⊗ IN

)((
dLL†τ)⊗ IN

)}
+tr

{
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

((
dLΣ†

F

)
⊗ IN

)(
dLτ ⊗ IN

)}
=

1

T 2
σ†−4tr

{
KNTΩ

†−1
Y

(
S − Ω†

Y

)(
L† ⊗ IN

)
KrN

(
IN ⊗

(
dLτL†dLτ

))}
+

1

T 2
σ†−4tr

{
KNr

(
L†τ ⊗ IN

)(
S − Ω†

Y

)(
L† ⊗ IN

)
KrN

((
dLτdL

)
⊗ IN

)}
+

1

T 2
σ†−4tr

{
KNT

(
L†τ ⊗ IN

)(
S − Ω†

Y

)
Ω†−1

Y KTN

(
IN ⊗

(
dLL†τdL

))}
+tr

{
KNTΩ

†−1
Y

(
S − Ω†

Y

)
Ω†−1

Y KTN

(
IN ⊗

(
dLΣ†

FdL
τ
))}

=
1

T 2
σ†−4tr

{
trb

(
KNTΩ

†−1
Y

(
S − Ω†

Y

)(
L† ⊗ IN

)
KrN

)(
dLτL†dLτ

)}
+

1

T 2
σ†−4tr

{
trb

(
KNr

(
L†τ ⊗ IN

)(
S − Ω†

Y

)(
L† ⊗ IN

)
KrN

)(
dLτdL

)}
+

1

T 2
σ†−4tr

{
trb

(
KNT

(
L†τ ⊗ IN

)(
S − Ω†

Y

)
Ω†−1

Y KTN

)(
dLL†τdL

)}
+tr

{
trb

(
KNTΩ

†−1
Y

(
S − Ω†

Y

)
Ω†−1

Y KTN

)(
dLΣ†

FdL
τ
)}

.

Then, by (A.6) and (A.7) in Lemma 6 and tr
(
AτBCD

)
=

[
vec(A)

]τ(
Dτ ⊗ B

)
vec(C) for

any matrices A,B,C and D, we have

ÎL†,L† − IL†,L† =
1

T 3
σ†−4KTr

{
L†τ ⊗ trb

(
KNTΩ

†−1
Y

(
S − Ω†

Y

)(
L† ⊗ IN

)
KrN

)}
+

1

T 3
σ†−4

{
IT ⊗ trb

(
KNr

(
L†τ ⊗ IN

)(
S − Ω†

Y

)(
L† ⊗ IN

)
KrN

)}
+

1

T 3
σ†−4

{
L† ⊗ trb

(
KNT

(
L†τ ⊗ IN

)(
S − Ω†

Y

)
Ω†−1

Y KTN

)}
KrT

+
1

T

{
trb

(
KNTΩ

†−1
Y

(
S − Ω†

Y

)
Ω†−1

Y KTN

)
⊗ Σ†

F

}
=

N

T

{
IT ⊗

(
ΣF − 1

N

N∑
i=1

FiF
τ
i

)}
+

N

T

{(
σ2
εIT − 1

N

N∑
i=1

εi·ε
τ
i·

)
⊗ ΣF

}
+OP

(
N−1T−1

)
1Tr +OP

(
T−2

)
1Tr

= OP

(
N1/2T−1

)
1Tr.

Since in (A.14)

tr
{
Ω†−1

Y

(
S − Ω†

Y

)[
Ω†−1

Y

(
IT ⊗ dΛ

)
Ω†

E

(
IT ⊗ Λ†τ)+ Ω†−1

Y

(
IT ⊗ Λ†)Ω†

E

(
IT ⊗ dΛτ

)]2}
=

1

N2
σ†−4tr

{(
S − Ω†

Y

)
Ω†−1

Y

(
IT ⊗ dΛ

)(
IT ⊗ Λ†τ)(IT ⊗ dΛ

)(
IT ⊗ Λ†τ)}

+
1

N2
σ†−4tr

{
Ω†−1

Y

(
S − Ω†

Y

)(
IT ⊗ Λ†)(IT ⊗ dΛτ

)(
IT ⊗ Λ†)(IT ⊗ dΛτ

)}
+

1

N2
σ†−4tr

{(
S − Ω†

Y

)(
IT ⊗ Λ†)(IT ⊗ dΛτ

)
Ω†−1

Y

(
IT ⊗ dΛ

)(
IT ⊗ Λ†τ)}

+tr
{
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

(
IT ⊗ dΛ

)
Ω†

E

(
IT ⊗ dΛ

)}
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=
1

N2
σ†−4tr

{ T∑
t1=1

T∑
t2=1

((
IT ⊗ Λτ

)(
S − Ω†

Y

)(
IT ⊗ Λ

))
t1,t2

dΛτ
(
Ω†−1

Y

)
t2,t1

dΛ
}

+
1

N2
σ†−4tr

{
trb

((
IT ⊗ Λ†τ)(S − Ω†

Y

)
Ω†−1

Y

)
dΛΛ†τdΛ

}
+

1

N2
σ†−4tr

{
trb

(
Ω†−1

Y

(
S − Ω†

Y

))
Λ†dΛτΛ†dΛτ

}
+tr

{ T∑
t1=1

T∑
t2=1

(
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

)
t1,t2

dΛ
(
Ω†

E

)
t2,t1

dΛτ
}
.

We similarly obtain that

ÎΛ†,Λ† − IΛ†,Λ† =
1

TN2
σ†−4

{ T∑
t1=1

T∑
t2=1

(
Ω†−1

Y

)τ
t2,t1

⊗
((

IT ⊗ Λτ
)(
S − Ω†

Y

)(
IT ⊗ Λ

))
t1,t2

}
+

1

TN2
σ†−4

{
Λ† ⊗ trb

((
IT ⊗ Λ†τ)(S − Ω†

Y

)
Ω†−1

Y

)}
KcN

+
1

TN2
σ†−4KcN

{
Λ†τ ⊗ trb

(
Ω†−1

Y

(
S − Ω†

Y

)(
IT ⊗ Λ†))}

+
1

T

T∑
t1=1

T∑
t2=1

(
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

)τ

t1,t2
⊗

(
Ω†

E

)
t2,t1

≈ N

T

(
IN ⊗

( 1

N

T∑
t=1

EtE
τ
t − Σ†

E

))
+
(
σ†2IN − 1

T

T∑
t=1

ε·tε
τ
·t

)
⊗ Σ†

E

= OP

(
N1/2T−1

)
1Nc +OP

(
T−1/2

)
1Nc.

Since in (A.14)

tr
{
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

((
L†dΣFL

†τ)⊗ IN

)
Ω†−1

Y

((
L†dΣFL

†τ)⊗ IN

)}
≈ tr

((
L†τ ⊗ IN

)
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

(
L† ⊗ IN

)(
dΣF ⊗ IN

)(
Σ†−1

F ⊗ IN
)(
dΣF ⊗ IN

))
= tr

{
trb

(
KNr

(
L†τ ⊗ IN

)
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

(
L† ⊗ IN

)
KrN

)
dΣFΣ

†−1
F dΣF

}
.

By (A.7) in Lemma 6, we have

ÎΣ†
F ,Σ†

F
− IΣ†

F ,Σ†
F

=
1

T

{
Σ†−1

F ⊗ trb
(
KNr

(
L†τ ⊗ IN

)
Ω†−1

Y

(
S − Ω†

Y

)
Ω†−1

Y

(
L† ⊗ IN

)
KrN

)}
≈ N

T

{
Σ†−1

F ⊗
(
Σ†−1

F

(
Σ†

F − 1

N

N∑
i=1

FiF
τ
i

)
Σ†−1

F

)}
+OP

(
NT−2

)
1r2

+
N

T

{
Σ†−1

F ⊗
(
Σ†−1

F

1

N

N∑
i=1

Fiε
τ
i·

)}
+OP

(
N−1T−1

)
1r2

= OP

(
N1/2T−1

)
1r2 .

Since in (A.14)

tr
{
Ω†−1

Y

(
S − Ω†

Y

)[
Ω†−1

Y

(
IT ⊗ Λ†)Ω†

EdΩ
−1
E Ω†

E

(
IT ⊗ Λ†τ)]2}
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≈ 1

N2
σ†−4tr

{
dΩ−1

E

(
IT ⊗ Λ†τ)(S − Ω†

Y

)(
IT ⊗ Λ†)dΩ−1

E Ω†
E

}
.

By vec
(
dΩ−1

E

)
= Υ1vec

(
dΣE

)
and vec

(
dΩ−1

E

)
= Υ2vec

(
dΦ

)
, we have

ÎΣ†
E ,Σ†

E
− IΣ†

E ,Σ†
E

=
1

N2T
Υτ

1

{
Ω†

E ⊗
((

IT ⊗ Λ†τ)(S − Ω†
Y

)(
IT ⊗ Λ†))}Υ1

≈ 1

T
Υτ

1

{
Ω†

E ⊗
(
vec(Eτ )vec(Eτ )τ − Ω†

E

)}
Υ1 +OP

(
N−1T−1

)
1c2

= OP

(
N1/2T−1

)
1c2 ,

and

ÎΦ†,Φ† − IΦ†,Φ† =
1

N2T
Υτ

2

{
Ω†

E ⊗
((

IT ⊗ Λ†τ)(S − Ω†
Y

)(
IT ⊗ Λ†))}Υ2

≈ 1

T
Υτ

2

{
Ω†

E ⊗
(
vec(Eτ )vec(Eτ )τ − Ω†

E

)}
Υ2 +OP

(
N−1T−1

)
1c2

= OP

(
N1/2T−1

)
1c2 .

Then the order of the second term is determined.
Finally, in (A.12), similar to the order of d3Q

dx3 (u|Θ̂,Θ†), we can show the order of the
third term

I−1(Θ†)
d2∇Q
dx2

(u|Θ̂,Θ†) = OP

(
N1/2T−3/2 +NT−2

)
11+Tr+Nc+r2+2c2 . (A.15)

Put (A.13) and (A.15) together, we can obtain the asymptotic normality of MLE for

Θ̂.

Proof of Theorem 2.5. Recall the second order Taylor expansion of the score function
at x = 1 around x = 0

0 = ∇Q(1|Θ̂,Θ†) = ∇Q(0|Θ̂,Θ†) +
d∇Q
dx

(0|Θ̂,Θ†) +
1

2

d2∇Q
dx2

(u|Θ̂,Θ†),

for u ∈ (0, 1). Then we have

Θ̂−Θ† = −I−1(Θ†)∇Q(0|Θ̂,Θ†)− I−1(Θ†)
(
Î(Θ†)− I(Θ†)

)(
Θ̂−Θ†)

− 1

2
I−1(Θ†)

d2∇Q
dx2

(u|Θ̂,Θ†),

where Î(Θ†) is the Hessian matrix.
By the proof of Theorem 2.4, Theorem 2.5 can be proved.
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