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Supplementary Material

The supplementary material provides the theoretical proof of all the
theorems, extended discussion on the selection bias, and the simulation
study of the new CAR with a specific allocation function g. The results on
the power are shown in Section [SI} The properties of the CAR procedures
are derived in Section [S2l The selection bias of the Pocock and Simon
(1975) procedure and its generalization is derived in Section [S3] while fur-
ther discussion on the selection bias and randomness is given in Section [S4]

The simulation study is presented in Section [S5]

S1 Deriving the asymptotic power

In this section, we prove the results on the power of hypothesis testing to

compare treatment effects which are given in Section 2.



Proof of Theorem 1. Write W,, = (D,,/v/n)* + Q2. Then

2 W,
n—02=Ww,+ 0(1)7 =W,(1+0(1)).

Let H(x) =In F(t;_o(v); v, /). Then

%F(tl_a(u); v,9)
OF (t1_o(v);v,0) 5

1

H' S .

(1) =3
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We first show that

LF(t;v,6)

SF(t0.0) — —1 as d - oo and v — o0 (S1.1)

uniformly in ¢ on a bounded interval. Notice that
F(t;v,6) =E [Cb(t X2 (v)/v — 5)] :

S 150.5) = —E [t/ W) - 9)].

where x?(v) is a random variable which has a x? distribution with degree
of freedom v. Choose a sequence €, such that 0 < ¢, — 0, €,0> — oo and
e,v — 0. Let E = {x*(v)/v < €,6°}. Note

) 1
- <1-0
1+062 —

©(9)

On the event F,
Pt/ X2 (v)/v = 9)
5P (t4/x2(v)/v — )

uniformly in ¢ on a bounded interval and w. Hence

E [go(t X2(V)/V—5)]E] = (1+0(1))dE [Cb(t X2(V)/V—(5)IE}



uniformly in ¢ on a bounded interval. On the other hand,

P(EC) §67V€V52/4E |:6X2(V)/4] < e*l/(el,62/4—1) < 6,252

<e " 6D(—08) < e T OF (t;v,0)
when § and v are large enough. Hence

E [gp(t Xz(y)/l/—é)] = (1+0(1))dE [@(t X2(V)/V—(5):|

uniformly in ¢ on a bounded interval. (S1.1]) is proved, which implies

_ 1 %F(tlfaoj);l/vé)

| 1
(:L‘) - 5 5F(t1_a(7/);l/> 5)

= —5(1 +0(1))
§=\z

as v and z tend to infinity. So, for 0 <y, < x, — oo with y,/z, — 0, we

have

2

H(«?) = H(a} = y2) = y2H'(z) = =2 (1+ 0(1).

n n

where 2, € (22 — y2,22). Hence

F(tio(v);v,zn0) B W2 )
F (tl_a(y); ” m) - {_ 5 (L (1))} : (S1.2)

Now, let 22 = %n, y: = %(n—é%). Then y2 = %Wfb(l + o(1)). Tt
follows that

2

LossPr (11| X) = exp {— “

803W”(1 + 0(1))} (S1.3)



Finally, note X, — 0 a.s. and

=1
—T —T— —T —— —T——
=N (X Xt = X X) = Moo (X, Xz — X, X o) |
—Var(X) = diag(o2,,- -+ ,02;) a.s

We have

W =(D,/vn)* + (Dz/vn)" [Var(X)] " (D2 / /)
+o(1) ((Dufvy? + | D3/ vi)

=Vo(1+0(1)).
This completes the proof. [J

Proof of Theorem 2. Notice that E[X}|d)(X})] is a function of X, =

dp(Xg). We write it as fr(X). Then X;p = iy + fe(Xix). Under the

condition that P22 = 0, ;= 1,....my, k=1,....p, we have
ST — D fi(Xig) _ Sty Dalks ) ()

NG = NG — 0.

Because the probability of 7; = 1 is a function of X7, ..., X;, the sequence
(2T; — 1)(51-,1, o ,5“), i = 1,2,..., is a sequence of martingale vector

differences with

Var ((27—; — 1)(51'71, Ce ,(Si,[) |yz’71) = dzag (03,17 Ce ,0'5271) s



where .%; is the history o-field generated by T3, ..., Ti—1, X1,..., Xi_1. By
the central limit theorem of martingales, we have

" T = 1) (6, 00)"
Zz=1< ’ )(51’1’ 7(5%1) i>NI(Oydiag(ag,lw"vo-g,l))'

Hence

The result follows. O

Proof of Remark 1. We first consider the two-sided t-test. Notice
that the distribution function of T is a F-distribution function F'(t;m,v,d)
with degree of freedom m = 1 and v = n — p — 2, and the non-central

parameter 0 = %Ei, it is sufficient to show that

4 E(t;m, v, 6) 1

a2 (1 1 S1.4
F(t;m,v,9) 2( +o(1)) (51.4)
uniformly in ¢t € [0,t9] as v — oo and § — oo. The non-central F-

distribution has the following expansion

F(t;m,u,é):i —6/2(5§?) F( m

Jj=0

:Z ’5/26/2 /fxmy]
§=0

t: 27,v,0
m—|—2j’m+ 7,V )

where

I‘( m+ v /2 +]) VV/Qmm/2+j[Em/2_l+j
/2t JT0) (o ma) o

flaim, v, j) =



So,

dF(t;m,v,0) 1

75 +§F(t;m,1/,5)
1 §/2) !
=3 E 66/2#/ flz;m,v,j+ 1)dx
X J: 0
J=0

I 55(0/2)7 m .
= — F t; 2(5 + 1 :
QjZOe 7 TR sm+2(7+1),v,0

It is obvious that

o012V

t: 2(7 + 1
5! <m+2(j+1> m 20 >’”’0>

2 +1) p6/2P  (m .
= 7 F t; 2 1
s G\ 2D
2(0+1
< U+ )F(t;m,u,é)

and

v+m-+25 mt
m+25 v+mt

t t
/ flxsm,v, 7+ 1)dx < / flz;m,v, j)dx.
0 0

It follows that

0 SW + %F(t;m, v,0)
g% Z: 2<j5+ 1)F(t;m, v,0)
’ %ém () [, sy
< (Q(K++W n mTt n 2Kt+ 1) F(t;m, v, 6).

This proves (S1.4)).



For the one-sided z-test for

Hy:p=0versus Hy : p > 0.

where p = p1 — o is the treatment effect difference, the test statistic is

Lj
(o2L(XTX)-1LT) /2

The power function is

2

Bun(i|X) = 1= ®(21_ — V3) with § = —

2
170

It is obvious that

APz 0 — VO
do (=1 \/_) — —1 as 0 — o0.
D210 — \/5) 2

We obtain a result similar to (S1.4]).

For the two-sided z-test for

Hy:p=0versus Hy : pu # 0,

the test statistic is U and the power function is

2
X . U
Buin(u|X) =1—®(21-a/2 — \/3) + ®(—z1-a/2 — \/5) with § = 1

It is easily seen that
% [q)(21—a/2 - \/5) - (I)(—Zl—a/2 - \/S)
¢(217a/2 - \/_) ( fl—a/2 — \/3)
1 (2102 — V6) — p(—21-aj2 — V)
2\/_ @(21 a/2 — \/g) @(—Zl_a/g — \/S)
p(21- /2 — \/3)
2\/_‘13(21 a2 — Vo)

~Y

1
—5 as 0 — o0.

Q
(LN )

(S1.5)
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We obtain a results similar to (S1.4). This completes the proof. [

S2 Deriving the properties of the CAR procedures

In this section, we prove the results on covariate adaptive randomization
procedures which are given in Section 4.

Recall that t = (t1,...,t), t; = 1,...,my,i = 1,...,1, has M =
H£=1 my, values. Our purpose is to study the properties of D,, = [D,(t)].
Besides D,,, we will also consider the weighted average of the imbalances

A,_1(t) asin (2.1). Let

I
An(t) =woDp + Y Wi Dy (i515) + w, Do (8),
=1

An = [An(t)]lgtlgml,...,lgtjgm[ .

Also let .%,_ be the history o-field generated by the covariates X7, . .., Xn_1
and results of allocation 77, ...,T,,_1. Then the allocation probability of the

nth patient is
P (Tn —1]Z 1, X, = (.. ,:zf;)) — gn (40,1(2)).

is a function of A,_;. It is obvious that A,, = L(D,,) : D,, — A,, is a linear
transform of D,,. The following proposition gives the relation between D,

and A, and tells us that both (D,),>; and (A,),>; are Markov chains.



Proposition S2.1. (i) If ws, > 0, then A,, = L(D,,) is a one to one linear
map; If ws + wp,; > 0, then each D, (i;t;) = Dy, (Ay) is a linear transform
of Ay; For any case, D,, = D(A,,) is a linear transform of A,,.

(i1) (Dy,)n>1 18 a non-homogeneous Markov chain on the space Z™ with
period 2;

(111) (Ap)n>1 is a non-homogeneous Markov chain on the space L(Z™)

with period 2.

Proof. For (i), taking the summation of A, (¢) over all ¢ yields

ZAn(t) = (ws + Zwm,i Hmj + woM ) D,,.

i=1 ji

So D, is a linear transform of A,. Taking the summation of A,,(t) over all

ty,...,tr except t; yields

> Ap(ty, ... tr)

tr,eoti 1 tig et

:(ws + Wi i Hm])Dn(l, ti) + (Z’me H m; + w, H mj)Dn‘

J# I#i JFul J#1
Hence, when ws + w,,; > 0, each D, (i;t;) is a linear transform of A,, and
D,,, and so it is a linear transform of A,,. Finally, when w, > 0, it is obvious
that each D, (t) is a linear transform of A, (t), D,(1;t1),..., Dn(I;t;) and
D,,, and so it is a linear transform of A,,. Hence, when wy > 0, A,, = L(D,,)

is a one to one linear map.



For (ii) and (iii), notice
1 -
Dy (t) = Dy (8) +2(T,, — §)H{Xn =z, ..., 7))
Then

P(AD,(t) = 1|Fy-1) =gn(4Mn-1(¢))p(2),
P(AD,(t) = —1|Fn1) =[1 — g, (401 (2)) | p(2),

P(AD,(t) = 0|%#,-1) =1 — p(t),

where p(t) = p(ti,...,t;) = P(X, = (31,...,37)), p = (p(t), t € Zmx-xmr).
Let AZ be the state space of AD,, = D,, — D,,_4, i.e., each d € AZ has
only one non-zero element which is 1 or —1. For two vectors & and y on
Zmermowe write @ -y = Y, x(t)y(t), |x| = (|x(t)]). The conditional
probability above can be written in the following form,

1 1
P(AD, = d|.F, 1) = (gn(4|d| ) - 5) d-p+3ld-pl  (S2.1)

1 1
~ (o 1] LD, - 5 ) -+ Gl

dec A9,

which depends only on A, 1 = L(D,,_1). So, conditional on D,, 1, D,, is
conditionally independent of (D, ..., D,_2). It follows that (D,),>1 is a
Markov chain on Z™.

For (iii), notice that for any point e in the state space {L(d) : d € AZ}



of AA,,

P(AATL = e\gfn,l) =
1 1
d:L(d)=e,deAZ

which depends only on A, _;. So, given A, 1, A, is conditionally inde-
pendent of (Ay,..., A, o). It follows that A, is a Markov chain. This
completes the proof of Proposition [S2.1] O
Proof of Theorem 4. Recall
I my;
M, = Z w, D2 (t) + Z Z Wy s D2 (i3 ;) + weD2.

t i=1 t;=1

By Proposition (i), M, = M*(A,) is a function of A, and M, <

C||A,|]?. On the other hand,

2

I
‘An(t)|2 < (w0|Dn| + Zwm,i|Dn(i§ti>| + w8|Dn(t)|)

=1

I I
< (IUO|Dn|2 + ZwmyﬂDn(Z’; ti)|2 + wS|Dn(t)|2)(wO —+ Zwm’i —+ ws),

=1 i=1
I

= 7~U0|Dn|2 + Z wm,i|Dn(i; ti>|2 + w8|Dn(t)|2a
=1

which implies that ||A,|> < M - M,,. We will prove the theorem via two

steps. First, we will show that under condition

gn(z) <1/2 < g,(—x) when z > 0, (52.3)



we have

M, =0O(n) in L, Vr > 0. (52.4)
In the second step, we will show that under conditions (S2.3|) and

1/2 —
11/2 = gnln)]| — 400 whenever 0 < [zl — 0, (52.5)

we have

M, = o(n) in probability, (52.6)

which, together with (S2.4)), implies that M, = o(n) in L, for any r > 0.
(i)-(iii) follow from immediately from this. Finally,

Elpn V (1= py)] =% + Zp(t)E’% - gn(4An_1(t))‘ = %

due to the condition that

1 n
Gn(Tn) — 5 whenever % — 0, (52.7)
n

[Anl

n
n

/
and the fact that <C # — 0 in probability. Hence

n

By == 3 ElpnV (1 - pu)] =

m=1

N —

Now, we begin the proofs of (52.4) and (52.6). Given X, = (z%',...,%%),




if T, = 1, then
M, — M, =w, {(anl(t) 1)t Dg_l(t)}
3w {(Dn_l(z'; t)+1)° = D2, (i; ti)}

+ Wo {(anl + 1)2 - D?L—l}

=2\, _1(t) + 1,
while, if T,, = 0, then M,, — M,,_; = —2A,,_1(t) + 1. So,
M, — M,y =2\, _1(t) (2T, — DI{X,, = (Z,...,#")} +1.  (S2.8)

Hence

20,1 () 290 (4A0_1 (£)) — 1] + 1

=4

Auca(®)] [ = 00 (48,-1(0)| 41

due to the condition that g,(—z) < 1/2 < g,(z) when x > 0. It follows

that
E (M| Zn-1] — My = =4S, (A1) + 1, (S2.9)
where
Sulhan) = S [hus)] -5 - 210




is a nonnegative function of A,_;.

From (52.9) and by noting My = 0, it follows that
E[M,] <n. (S2.11)

Further, by (S2.8)) we have

M, =M,y +1+2A,_1(t)(2T, — DI{ X, = (z*,..., &)}

It is obvious that
|€’ = 2|An—1(t)‘ <2 Mn—la E[g‘tg;n—l] = _4Sn<An—1)-
It follows that for positive integer r,
My =Myt = (r + 1)(Mo + 1)7¢
s+l
+ {(Mn_l +1T M Y ( )é’“(Mn_l -+ 1)T+1—’f}
k
k=2
< (r+1)(Mp-1+1)6+ Cr(My—y + 1),
where C, is a constant which depends on r. It follows that

E(M, ™ F] = My
< =A@+ 1) (M1 + 1) S(Ap_y) + Co(My_q + 1) (S2.12)

SCT(Mnfl + 1)r



By (S2.11) and the induction we conclude (S2.4). Obviously, (S2.4))

implies

A,
u — 0 in probability.
n

Next, we consider (S2.6). By (52.9),

E[M,] —E[M,_1] = —4E[S,(A,_1)] + 1. (S2.13)

Let m :=m, € {0,1,...,n} be the last one for which 1 —4E [S,,11(A,,)] >
0. Then

E[M,] < E[M1] < E[M,] +1

and

AE [y (Am)] < 1.

If m = m,, is bounded, the proof is completed. Assume m — oo. Recall

(S2.10). Notice that the condition (S2.5) implies

SwBm) A

o 2t [ (B)Pp(2) m

On the other hand,

My > M () Pp(E) > coM,y.

t

So for any 0 < € < 1, there exists a § > 0 such that

SmH(Am)[{M < 5} > liMmI{M < 5}.

m T Eem m



So
| A |

m

E| Ml {

< o] < emE[Smir(am)] < %

Also,

clar{ 1220 ) <(eoua]) *{p (1L - )}
gcmPW(M - 5).

m

It follows that

E[M,] < n{i + CPW(M > 5)} 41

m

By the fact P(% > 6) — 0, we conclude that EMa] 0. This proves

n

(S2.6]). The proof of Theorem 4 is completed. O

Proof of Theorem 5. Notice that, by ,
E[M; ] — E[M; 1) < = 4(r + DE [(My—1 + 1) Sp(An1)] + CoE [(My—y +1)7].
Let m :=m,, € {0,1,...,n} be the last one for which
—4(r+ DE[(M,, + 1)"Spi1(A)] + CLE[(M,, + 1)"] > 0. (52.14)
Then
E(M; ] < E[MIEL] < E[MLH] + CE (M, + 1)7]. (S2.15)

Recall (52.10). Note for 6 > 0 small enough, on the event F = E(t) =



{|Am<t)| < 5}7

Smea(hn) 2 L LA 0Pp() 2 eI 0P
and on the event E°,
Sir (M) 2 (5= 9(e0)) V (5~ 9(=0)) An(®lpt) > ol ()]

C~'M, <||A,|> < C - M,. Then by (52.14),
E[[Am(8)E] < Cm B [(Myy + 1) Sii1 (Am)] < Com B (M, +1)7],
and
E[[Am(t)|" B < CE[(Min + 1) Sms1(Am)] < CLE[(My, +1)7]
By the Holder inequality,

2r41 2r41
El|Am(8) 2] = E |[An(8)] 7 [ (8)] " 7 B

< (E [JAn@®P 1 E]) 7 (E [[Am(@) Pt HHme])
<, (E[(My+ 1)) (E [M;f%*%‘l])” ’
<C, (E[(My + 1) (E [M2149]) 2,
where p,q > 1, 1/p + 1/q = 1. It follows that
E[M*Y <E[M"Y + C.E [(M,, + 1)7] < CTZE A (8)|2%2] + CLE [(Mi + 1))

<Cm'E [(Mm I 1)r] +C, (E [(Mm + 1)7’])1/10 (E [Mglr+1+q})1/2q.

(S2.16)



We will use the induction method to obtain the moment estimates of E[M]

by inducting both in n and r. We assume

E[M:] < Cyn® for all integers n, s > 0,
and
E[M,] < C.n®" for all n,
where 0 < /2 <a < g <2.
Let ¢ be an integer large enough such that
ar 2r+1 1 r(f—a)+5/2 1
—+ 8 +-f=ar+ (B-a)+ 5/ +58<(r+1)a
p 2q 2 q 2
Then
E[M:n-l-l] SCrm'ymoar + Cr (mar)l/p (mﬁ(2r+1+q))1/2q
<C, (mfymar + ma(r—i—l)) ]
By (S2.15)),
E[M/ Y] < C(n'n® +nCD) < G for all n,

whenever a > 7.

(82.17)

(S2.18)

(S2.19)

Obviously, (S2.17) holds for 3 = 2 since M,, < n?, and (52.18) is true
for r = 0. So, by (52.19) and the induction, (S2.18]) holds for all integer

r whenever o > 1, which implies that (52.17)) holds for any 5 with § > ~

and $ > 1. Repeating the above procedure ¢ times concludes that ({S2.17))



holds for any 8 with 3 >~ and 8 > 1/2"!. Stopping the procedure when

1/2'71 < ~, we conclude that
EM) < C.n"" for all integers n and .

Thus,
M, =0O(n") in L, for all r > 0, (52.20)
is proved. By ([S2.20)), for any €,6 > 0,
EMQ
+e n —eQ
> P (M, > on"t) < saarg SO < > n <o

when @) > 1/e. By the Borel-Cantelli lemma,
M, = o(n"*) a.s. for any € > 0 (52.21)

is proved. And so, (i)-(iii) follow from Proposition [S2.1}

Finally, we consider the selection bias. Note

1 A [An(t)]
5~ gt (@0 (0) = 4/ 22 4, 0 P2 (s
where
oo (105
gm(t) = A[A (2] + 49/(0)

is bounded and converges to 0 in probability due to the fact that 0 <
g(x) <1, ¢’(0) is finite and W — 0 in probability. So, Ef,,(t)* = o(1)
as m — 0o. By the Cauchy-Schwartz inequality,

2\ V
An(t)] ‘ An(®)] ‘

2

E |6,0(t) —o(1)- | E

m7




It follows that

[Ana(B)]
(m—1)

I

Zp ‘Am 1(;)” +o (—(m _11)7/2) , (92.23)

where, the last equality is due to the fact that ||A,,| < CM? = O(m"/?)

in any L,. Hence

n

SB, :%Z E[pm V (1= p)]

m=1

— =403 Y Y S0 ()

mlt

::% +an "+ o (n?).

Next, we show a,, is bounded away from zero and infinity. From (S2.13)),

we conclude that

n

1

m=1

By noting (52.22), similar to (S2.23)) we have

ElSu (A = = 4(0) ) )EE2OE 4 o) Y pioe (ER2000)

mY
t

—¢'(0) Zp(t)E‘A?:;—W’ +0(1).

0= lim EMnil

n— 00 n



It follows that

E|A 1
s Z 2_ () ~ “16g(0)°

m=1 t

Regarding the summation on the right-hand side above as E|Z,|? of a ran-

—AW(/Q , where P(1 = m) = 1, P(k = t) = p(t), then

EA 1
LS SOz < @z~
m=1 t 44/—¢'(0)

dom variable Z,, =

1 «— mE|Z,,| — (m — 1)E|Z,,_
ann—7/2:_4g/(0)ﬁzm [ Zim| = (m JE| 1]

— m'Y/2
Lol nE|Z | 1
~ —4g (O)E peys + E mE|Z,,,| CESNE (52.24)
1 n(E]Zn\ )1/2 — , 1 1
AL 2 | BN T 2 : 1/2 _
S 4g (0)n fn/'Y/Z + 1m<E|Zm| ) m,y/Q (m + 1)'Y/2

_ 1 2¢/1g'(0)] _
n~/2 _ ~ SNV II NI —y/2

Hence limsup a, < 2/|¢'(0)|/(2 — )

n—o0

On the other hand,

E|A,,
R S (OL~ lyerty

mlt

and EZ2 < (E|Z,|)V2(E| Z,)?)"/2. Tt follows that

lim inf a,, =lim inf [—4¢'(0)] lim inf E|Z,,|
n—oo

n—oo n—o0

n—s00 EZ3

n

EZ2\?
> lim inf [—44'(0)] ( ") > o >0



by (52.24)). Thus

1
SBy =5+ O(n™7?). (S2.25)

is proved. To show the constant cy does not depend on ~. It is sufficient
to show that for any integer r > 0, there is a constant A, which does not

depend on v such that

r

lim sup
n T
n—oo

< A, (S2.26)

which implies that limsup,,_,. E[|Z,]?] < C for a constant C that does
not depend on y. We use induction, assume holds for r. We now
consider r + 1. Let m = m,, such that and hold. Similar to
, we have

10 - [y B + 1) 2 E[(My + 1) S (A
=~ 15 O (a1, 1y A O0lE)]
N 97 1/2
+o(1) [E ((Mm + 1)7’%) ]

>emE [(Mm + 1)TMm] + o(l)m_7 [EMTQT'L(T+1):| 1/2

=em ™ E [M1] + o(1)ym 7 Tm Y.

Hence, by ((S2.14)),

Ll) + Cr) E(M,, 4+ 1)" + o(1)m" 1),
C

E M?"-i—l < o
e <o (4



It follows that

r+1
lim sup ElM," ] < ( Cr +Cr> A,

n—00 n’y(r+1) 4(7” + 1)0
by the induction. This completes the proof. [

Proof of Corollary 3. Note C~'M, < ||A,]|> < CM,. By the

condition given in the corollary, when 4|A,,(t)| > o,

(108 = 5| 2 >0

Let E = {4|An(t)| < xo}. Then on E°,

Smi1(Am) 2 colAm(t)].

It follows that

EllAn @) E] < C,

and
E[|Am(t)|2r+1EC] <CE UAm(t)lQrSm-l—l(Am)] <CE [(Mm + 1)TSm+1(Am)] :

Let m € {0,1,...,n} satisfy (S2.14) and (S2.15). Then (S2.16) remains

true with v = 0. The remaining proof is similar to that of (52.20) and

(52.21)) by repeating the induction procedure (S2.17))-(S2.19) ¢ times until

/27 <e/2. O



S3 Deriving the asymptotic selection bias

In this section we give the proofs of Theorem 3 in Section 3 and Remark 2
in Section 4.

Theorem 3 is a special case of Remark 2.

Proof of the Remark 2. The proof of that sup, E[M]] < oo can be
found in Hu and Zhang (2020). For completeness of this paper, we give a
direct proof here. The allocation function probability g(4A,_1(t)) is now
only a function of A,,_1, so the Markov chain A,, is homogeneous. Note 0 <
g(x) < 1 for all z. The transition probability in is always positive.
So the Markov chain is irreducible. It can be verified that S,,(A;,—1) — 400
as M,_1 — co. By , it follows that there are positive constants b,

and ¢, such that
E[M; ™ F] = M < —(Mooy + 1) 4+ 0,1{M, 1 < &}

Notice that M,, = M*(A,,) is a function of A,,. The above inequality is just
Py — (M) < (M 1) 0,1 {M* < ¢}, (S3.1)

where M* = M*(A), (PAf)(A) = X prcp@my PA(A, A) f(A') is the transi-
tion expectation of the function f, Py(A,A’) is the transition probability
from A to A’. Then (S3.1) implies that the irreducible Markov chain A,

with period 2 is positive recurrent with an invariant distribution @ and



sup, E[(M, +1)"] < co. In fact, write

n 1 m
P(AN) —nZP§ (A, A),

where P)EW)(A7 A’) is the m-step transition probability from A to A’. (S3.1])

implies that for any initial distribution v,

lim sup woﬁg\n) (M* + 1)r <b, lim sup ﬂ'OFE\n)I{M* < c,,} + lim sup

n—o0 n—oo n—o0

<b, lim sup wol_jg\n)f{]\/[* < CT}, Vr > 0.

n—oo

o (M*>7‘+1

(93.2)

If the Markov-Chain is not positive recurrent, then for any A and A’,

Ff\n)(A,A’) — 0. For each C' > 0, {M* < (7} contains only a finite

number of values of the Markov chain. So, woﬁ(;)f {M*<C} - 0. It

follows that the limit in (S3.2)) is zero, which is obviously a contradiction

since 770?(;) (M 4+ l)r > 1. Hence A, is a positive recurrent Markov Chain

and has an invariant distribution 7. Now, (S3.2)) implies

(n)

E.[(M*+1) ] =nP," (M*+1)" <b,, Vr >0,

which implies sup,, E[M] < oo since %(E[Mgn] + E[M§n+1]> — Ex[(M*)"].



Next, consider the selection bias SB,,. Notice that
I 11 1
- m§:1 P V(L= pm)] = 5+~ m; [pm = 5|

=3 * 1 2o 2 Eolinatt) = 3t

5+ S Ee[Joaac) — 5 [[pe) > 172, (53.3)

by the ergodic theorem. Here the last inequality is due to g(z) # % and
the fact that the Markov chain A,, is irreducible and so each possible state
has a positive probability mass under the invariant distribution 7r. This

completes the proof. .

S4 Further discussion on the randomness

Selection bias under partial information guessing strategy. When the clin-
ical trials have many covariates, one may think that it is hard for the
experimenter to know all the information so that he/or she can use an op-
timal guessing strategy, and so the selection bias can be ignored. We can
show that this is not true at least for the Pocock and Simon’s (1975) pro-
cedure. Write the allocation probability p, = g(Ap_1(X,)) as a function
of Am_l(Xm). The guessing strategy is to guess treatment 1 when G,,, > 0,
treatment 2 when G,, < 0, and guess treatment 1 or 2 with probability

1/2 when G,, = 0, where G,, is the guessing factor. Then the expected



proportion of correct guesses is

SB,(g,G) = +% E {(pm— =)sen(Gm) |

2

where 7g” stands for the allocation g(x), ”G” stands for the guessing

strategy G,,. Because the experimenter uses part or all information of
Am,l(Xm), so G,, = G(Am,l(Xm)) is a function of Am,l(Xm), where
G(-) is a random function. We assume that under the guessing strategy,
the allocation is guessed in a correct direction, i.e., for any point z,y,
P{G(z) — G(y)} - {9(z) — g(y)} > 0) = P(z,y) > 1/2, and there is at

least a pair of points o and yo such that P(G(zo) > 0 > G(yo), g(z0) >

9(yo)) > 1/2.

Theorem S4.1. For the Pocock and Simon’s procedure, Hu and Hu’s pro-

cedure or more general procedures as in Remark 2, we have

lim SB,(g,G) >

n—oo

DN | —

Proof. Notice Remark 2. The sequence {A,(t);t; = 1,--- ,m;,j =
1,---,I}>°, is an irreducible positive recurrent multi-dimensional Markov
Chain having an invariant distribution 7. Let A*(t), X* be independent

copies of A(t), X and define n = A(X), n* = A*(X*). Then by the ergodic



theorem,

~Ex[g(n) — 5] ElsnlGO]) +
S Esr [(9n) — 9(r7)) (s2n(G ) — sz (G|

~E[o(n) — 3 |EBmlCm)]

4 S [| (90 — 9(0)) (s0(Gn) — s (@) | 2P0, )~ 1)

For the value of the limit, the second term is positive due to the assumption
for guessing in a correct direction. The first term is zero because Erg(n) =

1/2 under the invariant distribution 7r, which can be verified by

n

E<[Dn] 1 1
0 = — E.12T; — 1] = — 2(Exp; — 1) = 2E, — 1.
— n n; 2T ] nz (Exp; ) g(n)

Jj=1

This completes the proof. [

Entropy of a CAR procedure. Besides the selection bias, another mea-
sure of the randomness is the entropy. The entropy of a probability p is
defined by

E(p) = —plogp — (1 — p)log(1 — p).

The entropy of the design with allocation probabilities p,,s is defined by

1 n
Ent,=E |— E
it =€ [ )



It is obvious that 0 < Ent, < log2. FEnt, takes its largest value log2
when and only when the randomization is complete randomization in which
Pm = 1/2 for all m. Ent, takes its smallest value 0 when and only when

each patient is assigned deterministically.

Theorem S4.2. We have

1
Ent, — log2 if and only if SB, — —.

2
Proof. Since SB, = % + %Z?n:l E|pm — % , it is sufficient to notice
that
1\2 1
2(p-3) <B(3) - B) < @log2)|p - 5.
and

" " 1/2
1 1 1 12
— Elp, —=| < | — Elp,, — = . O
)< (s -3
Theorem S4.3. For the Pocock and Simon’s procedure, Hu and Hu’s pro-

cedure or more general procedures as in Remark 2, we have

lim Ent, < log?2.

n—oo

Proof. Similar to (S3.3), we have

Euty =+ 3 EB0w)] = - 3 € [B(s(4An-19)) ] ptt)

m=1 t

— Z Ex [E(g(élA(t)))] p(t) <log2,



by the ergodic theorem. Here the last inequality is due to F(z) < log2
when z # 1/2, g(x) # 1/2 and the fact that each possible state of A, has

a positive probability mass under the invariant distribution 7. [J

S5 Simulation Study

In this section, we study the new CAR by simulation.

Model Setting: The underlying model is a linear model with independent

covariates:
3
Vi =Ty + (1 = T;) pp + Zﬁin,j + €,
j=1

Where BJ =1 fij = 1,2,3, Xi,l ~ N(O,l), Xi,ZaXi,L% ~ N(l,l),
and the covariates are mutually independent. The random error €; ~

N(0,2?) is independent of all Xj ;.

For randomization, we employ complete randomization (CR) and four
covariate-adaptive randomization (CAR) procedures to assign patients to
treatments: Pocock and Simon’s procedure (PS) and the new CAR proce-
dures (NEW) with v = 0.2, 0.5, and 0.8, based on the discretized covariates
X, = (d(X;1),d(X;2),d(X;3)), where d(X) = 0[{X <0} +1/{0 < X <

2} 4+ 21{X > 2}. Pocock and Simon’s procedure is the general CAR with



imbalance measures

I

1
Il = 2 S0V )P,

=1

and the allocation probability

1—p, ImbyY — Imb? > 0,

Po=gn(Imb) = Imb?) = 1 g — @ =0, (85.1)
3 ImbyY — Imb? < 0,

\

where 1/2 < p < 1. For the new CAR, we choose imbalance measures the
same as that in Pocock and Simon’s procedure, and the function g in (4.8)
to be g(z) = (1—p)V (3 — L sgn(z)(1A]z])) Ap,0 <y <land 1/2 < p <1,

i.e., the allocation probability of the nth patients is

Pn = Gn(ImbV) — Imb?))

1 1 |]mb§3) — meﬁf)|
—(1-p)V | = — = sgn(Imb) — Imb® <1/\ ) Ap.
(1—p) 5 2sgn( mb, mb,”) =1y p

(S5.2)
This CAR procedure has the property that, when |Imb£}) — Imb{ |/(n—1)7
is large, the allocation probability is the same as that of Pocock and Simon’s
procedure, and when | mby — Imb |/(n — 1)7 is small, the allocation
probability is a linear function of (/ mby) — 1 mbg)) /(n— 1)

1 1 ]mb(l) — Imb?
= go(Imb) — ImbY)) = - — ——= -




Under each randomization procedure, we apply the two-sided t-test for

Ho:py=pe vs. Ha:py # o,

using the test statistic defined in Equation (2.3) of the main text.

We evaluate the Type I error rates under Hy, power under Hy : p; —
pe = 6/y/n for & = 510,15, and selection bias for sample sizes n €
{50, 100, 200, 400}. Each simulation result is based on 5,000 replications.

The results are reported in Table [ For complete randomization, the
selection bias is fixed at 0.5, obtained analytically rather than through
simulation.

First, across all settings, the Type I error rates are close to the nominal
level of 5%, indicating that the hypothesis tests are well calibrated. Sec-
ond, for relatively small sample sizes, both the new CAR procedures and
the PS procedure yield slightly higher power than complete randomization;
however, this power advantage gradually diminishes as the sample size in-
creases. Third, for the same value of p, the selection bias under the PS
procedure is consistently larger than that under the new CAR procedures.
Furthermore, smaller values of p lead to lower selection bias for both the new
CAR and PS procedures, and the larger values of v lead to lower selection
bias for the new CAR. Notably, the selection bias of the PS procedure does

not decrease with increasing sample size, whereas the new CAR procedures



Table 1: Simulation results for selection bias, Type I error rates, and power under various

randomization procedures and sample sizes.

n Ran Allocation Probability SB Type 1 Power

50 CR - 0.5000  0.0530 0.2120 0.6440 0.9356

PS with p = 0.9 0.8334 0.0550 0.2260 0.6672  0.9500
NEW with v =0.2,p=0.9 0.8186 0.0486 0.2328 0.6686 0.9502
NEW  (S5.2) withy=0.5,p=0.9 0.7391 0.0500 0.2280 0.6648 0.9496
NEW with v =0.8,p=0.9 0.6544 0.0510 0.2284 0.6696  0.9466

PS with p = 2/3 0.6444  0.0496  0.2222 0.6646  0.9468
NEW withy=0.2,p=2/3 0.6444 0.0506 0.2254 0.6664 0.9442
NEW with vy =0.5,p=2/3 0.6386 0.0518 0.2312 0.6596 0.9476
NEW with vy =0.8,p=2/3 0.6156 0.0510 0.2148 0.6696 0.9486

100 CR - 0.5000 0.0620 0.2328 0.6776  0.9490

PS with p=0.9 0.8254  0.0482 0.2330 0.6878  0.9578
NEW with v =0.2,p=0.9 0.8051 0.0506 0.2348 0.6950 0.9580
NEW with v =0.5,p=0.9 0.7098 0.0504 0.2304 0.7032 0.9562
NEW with v =0.8,p=0.9 0.6209 0.0468 0.2356 0.6882 0.9576

PS with p =2/3 0.6493  0.0504 0.2380 0.6966  0.9568
NEW with v =0.2,p=2/3 0.6491 0.0512 0.2354 0.6922 0.9534
NEW withy=0.5,p=2/3 0.6384 0.0486 0.2304 0.6916 0.9598
NEW with v =0.8,p=2/3 0.6026 0.0508 0.2382 0.6894 0.9558

200 CR - 0.5000 0.0492 0.2366 0.6910 0.9554

PS with p = 0.9 0.8336  0.0462 0.2424 0.7024  0.9616
NEW with v =0.2,p=0.9 0.7994 0.0452 0.2298 0.7160  0.9626
NEW withy=0.5,p=0.9 0.6856 0.0506 0.2382 0.6986 0.9608
NEW  (S5.2) with y=0.8,p=0.9 05960 0.0536 0.2426 0.7012  0.9608

PS (S51) with p=2/3 0.6512  0.0520 0.2286  0.6880  0.9590
NEW with y=0.2,p=2/3 0.6506 0.0472 0.2334 0.7004  0.9590
NEW with y =0.5,p=2/3 0.6332 0.0508 0.2310 0.6938 0.9570
NEW with v =0.8,p=2/3 0.5866 0.0520 0.2320 0.6908  0.9570

400 CR - 0.5000 0.0498 0.2308 0.6914  0.9590

Ps with p = 0.9 0.8295  0.0576  0.2376  0.7082  0.9612
NEW with y=0.2,p=0.9 0.7903 0.0524 0.2408 0.7026  0.9614
NEW with ¥ =0.5,p=0.9  0.6596 0.0492 0.2384 0.7002  0.9628
NEW with vy =0.8,p=0.9 0.5743 0.0516 0.2356 0.6994 0.9588

PS with p =2/3 0.6531  0.0504 0.2260 0.6918 0.9618
NEW  (S5.2) with v =0.2,p=2/3 0.6526 0.0462 0.2298 0.7056 0.9642
NEW  (S5.2) with v =0.5,p=2/3 0.6256 0.0502 0.2398 0.7116 0.9616
NEW with v =0.8,p=2/3 0.5694 0.0528 0.2400 0.7056 0.9604




exhibit a decreasing selection bias as the sample size grows. In particular,
the reduction is more pronounced for larger values of v, indicating a faster

convergence rate. This observation aligns with our theoretical results.
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