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The supplementary material provides the theoretical proof of all the

theorems, extended discussion on the selection bias, and the simulation

study of the new CAR with a specific allocation function g. The results on

the power are shown in Section S1. The properties of the CAR procedures

are derived in Section S2. The selection bias of the Pocock and Simon

(1975) procedure and its generalization is derived in Section S3, while fur-

ther discussion on the selection bias and randomness is given in Section S4.

The simulation study is presented in Section S5.

S1 Deriving the asymptotic power

In this section, we prove the results on the power of hypothesis testing to

compare treatment effects which are given in Section 2.
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uniformly in t on a bounded interval. On the other hand,
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This completes the proof. □

Proof of Theorem 2. Notice that E[Xk|dk(Xk)] is a function of X̃k =
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where Fi is the history σ-field generated by T1, . . . , Ti−1, X̃1, . . . , X̃i−1. By
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The result follows. □

Proof of Remark 1. We first consider the two-sided t-test. Notice
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uniformly in t ∈ [0, t0] as ν → ∞ and δ → ∞. The non-central F-
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For the one-sided z-test for

H0 : µ = 0 versus HA : µ > 0.
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We obtain a results similar to (S1.4). This completes the proof. □

S2 Deriving the properties of the CAR procedures

In this section, we prove the results on covariate adaptive randomization

procedures which are given in Section 4.

Recall that t = (t1, . . . , tI), ti = 1, . . . ,mi, i = 1, . . . , I, has M =∏I
k=1mk values. Our purpose is to study the properties of Dn = [Dn(t)].
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Proposition S2.1. (i) If ws > 0, then Λn = L(Dn) is a one to one linear

map; If ws +wm,i > 0, then each Dn(i; ti) = Di;ti(Λn) is a linear transform
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Dn, and so it is a linear transform of Λn. Hence, when ws > 0, Λn = L(Dn)
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For (ii) and (iii), notice
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which depends only on Λn−1. So, given Λn−1, Λn is conditionally inde-

pendent of (Λ1, . . . ,Λn−2). It follows that Λn is a Markov chain. This

completes the proof of Proposition S2.1. □

Proof of Theorem 4. Recall
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we have
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is a nonnegative function of Λn−1.

From (S2.9) and by noting M0 = 0, it follows that
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By (S2.11) and the induction we conclude (S2.4). Obviously, (S2.4)
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Proof of Theorem 5. Notice that, by (S2.12),

E[M r+1
n ]− E[M r+1

n−1] ≤− 4(r + 1)E [(Mn−1 + 1)rSn(Λn−1)] + CrE [(Mn−1 + 1)r] .

Let m := mn ∈ {0, 1, . . . , n} be the last one for which

−4(r + 1)E [(Mm + 1)rSm+1(Λm)] + CrE [(Mm + 1)r] ≥ 0. (S2.14)

Then

E[M r+1
n ] ≤ E[M r+1

m+1] ≤ E[M r+1
m ] + CrE [(Mm + 1)r] . (S2.15)

Recall (S2.10). Note for δ > 0 small enough, on the event E = E(t) =



{
|Λm(t)|
mγ ≤ δ

}
,

Sm+1(Λm) ≥
−g′(0)

2

1

mγ
|Λm(t)|2p(t) ≥ c0

1

mγ
|Λm(t)|2,

and on the event Ec,

Sm+1(Λm) ≥
(1
2
− g(cδ)

)
∨
(1
2
− g(−cδ)

)
|Λm(t)|p(t) ≥ c0|Λm(t)|.

C−1Mn ≤ ∥Λn∥2 ≤ C ·Mn. Then by (S2.14),

E[|Λm(t)|2r+2E] ≤ CmγE [(Mm + 1)rSm+1(Λm)] ≤ Crm
γE [(Mm + 1)r] ,

and

E[|Λm(t)|2r+1Ec] ≤ CE [(Mm + 1)rSm+1(Λm)] ≤ CrE [(Mm + 1)r] .

By the Hölder inequality,

E[|Λm(t)|2r+2Ec] = E
[
|Λm(t)|

2r+1
p |Λm(t)|

2r+1
q

+1EC
]

≤
(
E
[
|Λm(t)|2r+1Ec

])1/p (
E
[
|Λm(t)|2r+1+qEc

])1/q
≤Cr (E [(Mm + 1)r])1/p

(
E
[
M

r+ 1
2
+ 1

2
q

m

])1/q
≤Cr (E [(Mm + 1)r])1/p

(
E
[
M2r+1+q

m

])1/2q
,

where p, q > 1, 1/p+ 1/q = 1. It follows that

E[M r+1
n ] ≤E[M r+1

m ] + CrE [(Mm + 1)r] ≤ cr
∑
t

E[|Λm(t)|2r+2] + CrE [(Mm + 1)r]

≤Crm
γE [(Mm + 1)r] + Cr (E [(Mm + 1)r])1/p

(
E
[
M2r+1+q

m

])1/2q
.

(S2.16)



We will use the induction method to obtain the moment estimates of E[M r
n]

by inducting both in n and r. We assume

E[M s
n] ≤ Csn

βs for all integers n, s ≥ 0, (S2.17)

and

E[M r
n] ≤ Crn

αr for all n, (S2.18)

where 0 < β/2 < α ≤ β ≤ 2.

Let q be an integer large enough such that

αr

p
+ β

2r + 1

2q
+

1

2
β = αr +

r(β − α) + β/2

q
+

1

2
β ≤ (r + 1)α.

Then

E[M r+1
m ] ≤Crm

γmαr + Cr (m
αr)1/p

(
mβ(2r+1+q)

)1/2q
≤Cr

(
mγmαr +mα(r+1)

)
.

By (S2.15),

E[M r+1
n ] ≤ Cr

(
nγnαr + nα(r+1)

)
≤ Cr+1n

α(r+1) for all n, (S2.19)

whenever α ≥ γ.

Obviously, (S2.17) holds for β = 2 since Mn ≤ n2, and (S2.18) is true

for r = 0. So, by (S2.19) and the induction, (S2.18) holds for all integer

r whenever α > 1, which implies that (S2.17) holds for any β with β ≥ γ

and β > 1. Repeating the above procedure i times concludes that (S2.17)



holds for any β with β ≥ γ and β > 1/2i−1. Stopping the procedure when

1/2i−1 < γ, we conclude that

EM r
n ≤ Crn

γr for all integers n and r.

Thus,

Mn = O(nγ) in Lr for all r > 0, (S2.20)

is proved. By (S2.20), for any ϵ, δ > 0,∑
n

P
(
Mn ≥ δnγ+ϵ

)
≤
∑
n

EMQ
n

δQnQγnϵQ
≤ C ≤

∑
n

n−ϵQ <∞

when Q > 1/ϵ. By the Borel-Cantelli lemma,

Mn = o(nγ+ϵ) a.s. for any ϵ > 0 (S2.21)

is proved. And so, (i)-(iii) follow from Proposition S2.1.

Finally, we consider the selection bias. Note∣∣∣∣12 − gm+1 (4Λm(t))

∣∣∣∣ = −4g′(0)
∣∣Λm(t)

∣∣
mγ

+ 4θm(t)

∣∣Λm(t)
∣∣

mγ
, (S2.22)

where

θm(t) =

∣∣∣12 − g
(
4Λm(t)

mγ

)∣∣∣
4|Λm(t)|

mγ

+ 4g′(0)

is bounded and converges to 0 in probability due to the fact that 0 ≤

g(x) ≤ 1, g′(0) is finite and |Λm(t)|
mγ → 0 in probability. So, Eθm(t)

2 = o(1)

as m→∞. By the Cauchy-Schwartz inequality,

E

∣∣∣∣∣θm(t)
∣∣Λm(t)

∣∣
mγ

∣∣∣∣∣ = o(1) ·

E

∣∣∣∣∣
∣∣Λm(t)

∣∣
mγ

∣∣∣∣∣
2
1/2

.



It follows that

E [pm ∨ (1− pm)] =
1

2
+
∑
t

p(t)E

∣∣∣∣12 − gm (4Λm−1(t))

∣∣∣∣
=
1

2
+
∑
t

p(t)E

[
−4g′(0) |Λm−1(t)|

(m− 1)γ

]
+
∑
t

p(t)o(1)

E

∣∣∣∣∣
∣∣Λm−1(t)

∣∣
(m− 1)γ

∣∣∣∣∣
2
1/2

=
1

2
− 4g′(0)

∑
t

p(t)
E [|Λm−1(t)|]
(m− 1)γ

+ o

(
1

(m− 1)γ/2

)
, (S2.23)

where, the last equality is due to the fact that ∥Λm∥ ≤ CM
1/2
m = O(mγ/2)

in any Lr. Hence

SBn =
1

n

n∑
m=1

E [pm ∨ (1− pm)]

=
1

2
− 4g′(0)

1

n

n∑
m=1

∑
t

p(t)
E [|Λm(t)|]

mγ
+ o

(
1

nγ/2

)
=:

1

2
+ ann

−γ/2 + o
(
n−γ/2

)
.

Next, we show an is bounded away from zero and infinity. From (S2.13),

we conclude that

0 = lim
n→∞

E[Mn+1]

n
= −4 lim

n→∞

1

n

n∑
m=1

E[Sm+1(Λm)] + 1.

By noting (S2.22), similar to (S2.23) we have

E[Sm+1(Λm)] =− g′(0)
∑
t

p(t)
E|Λm(t)|2

mγ
+ o(1)

∑
t

p(t)E

(
E|Λm(t)|2

mγ

)2

=− g′(0)
∑
t

p(t)
E|Λm(t)|2

mγ
+ o(1).



It follows that

lim
n→∞

1

n

n∑
m=1

∑
t

p(t)
E|Λm(t)|2

mγ
=

1

−16g′(0)
.

Regarding the summation on the right-hand side above as E|Zn|2 of a ran-

dom variable Zn = Λτ (κ)

τγ/2
, where P(τ = m) = 1

n
, P(κ = t) = p(t), then

1

n

n∑
m=1

∑
t

p(t)
E|Λm(t)|
mγ/2

= E|Zn| ≤ (E|Zn|2)1/2 ∼
1

4
√
−g′(0)

.

Hence

ann
−γ/2 = −4g′(0) 1

n

n∑
m=1

mE|Zm| − (m− 1)E|Zm−1|
mγ/2

∼− 4g′(0)
1

n

[
nE|Zn|
nγ/2

+
n−1∑
m=1

mE|Zm|
(

1

mγ/2
− 1

(m+ 1)γ/2

)]
(S2.24)

≤− 4g′(0)
1

n

[
n(E|Zn|2)1/2

nγ/2
+

n−1∑
m=1

m(E|Zm|2)1/2
(

1

mγ/2
− 1

(m+ 1)γ/2

)]

∼
√
|g′(0)|

[
n−γ/2 +

1

n

n−1∑
m=1

m

(
1

mγ/2
− 1

(m+ 1)γ/2

)]
∼

2
√
|g′(0)|

2− γ
n−γ/2.

Hence lim sup
n→∞

an ≤ 2
√
|g′(0)|/(2− γ).

On the other hand,

E|Zn|3 =
1

n

n∑
m=1

∑
t

p(t)
E|Λm(t)|3

m3γ/2
= O(1)

and EZ2
n ≤ (E|Zn|)1/2(E|Zn|3)1/2. It follows that

lim inf
n→∞

an = lim inf
n→∞

[−4g′(0)] lim inf
n→∞

E|Zn|

≥ lim inf
n→∞

[−4g′(0)]
(
EZ2

n

EZ3
n

)2

≥ c0 > 0



by (S2.24). Thus

SBn =
1

2
+O(n−γ/2). (S2.25)

is proved. To show the constant c0 does not depend on γ. It is sufficient

to show that for any integer r ≥ 0, there is a constant Ar which does not

depend on γ such that

lim sup
n→∞

EM r
n

nγr
≤ Ar, (S2.26)

which implies that lim supn→∞ E[|Zn|3] ≤ C for a constant C that does

not depend on γ. We use induction, assume (S2.26) holds for r. We now

consider r+ 1. Let m = mn such that (S2.14) and (S2.15) hold. Similar to

(S2.23), we have

cr
4(r + 1)

E(Mm + 1)r ≥ E [(Mm + 1)rSm+1(Λm)]

=− 4g′(0)E

[
(Mm + 1)r

∑
t Λ

2
m(t)p(t)

mγ

]

+ o(1)

[
E

(
(Mm + 1)r

∑
t Λ

2
m(t)p(t)

mγ

)2
]1/2

≥cm−γE [(Mm + 1)rMm] + o(1)m−γ
[
EM2(r+1)

m

]1/2
=cm−γE

[
M r+1

m

]
+ o(1)m−γmγ(r+1).

Hence, by (S2.14),

E[M r+1
n ] ≤ mγ

(
Cr

4(r + 1)c
+ Cr

)
E(Mm + 1)r + o(1)mγ(r+1).



It follows that

lim sup
n→∞

E[M r+1
n ]

nγ(r+1)
≤
(

Cr

4(r + 1)c
+ Cr

)
Ar,

by the induction. This completes the proof. □

Proof of Corollary 3. Note C−1Mn ≤ ∥Λn∥2 ≤ CMn. By the

condition given in the corollary, when 4|Λn(t)| ≥ x0,∣∣∣∣gn(4Λn(t))−
1

2

∣∣∣∣ ≥ p0 > 0.

Let E = {4|Λm(t)| < x0}. Then on Ec,

Sm+1(Λm) ≥ c0|Λm(t)|.

It follows that

E[|Λm(t)|2r+2E] ≤ C,

and

E[|Λm(t)|2r+1Ec] ≤ CE
[
|Λm(t)|2rSm+1(Λm)

]
≤ CE [(Mm + 1)rSm+1(Λm)] .

Let m ∈ {0, 1, . . . , n} satisfy (S2.14) and (S2.15). Then (S2.16) remains

true with γ = 0. The remaining proof is similar to that of (S2.20) and

(S2.21) by repeating the induction procedure (S2.17)-(S2.19) i times until

1/2i−1 < ϵ/2. □



S3 Deriving the asymptotic selection bias

In this section we give the proofs of Theorem 3 in Section 3 and Remark 2

in Section 4.

Theorem 3 is a special case of Remark 2.

Proof of the Remark 2. The proof of that supn E[M
r
n] < ∞ can be

found in Hu and Zhang (2020). For completeness of this paper, we give a

direct proof here. The allocation function probability g(4Λn−1(t)) is now

only a function of Λn−1, so the Markov chain Λn is homogeneous. Note 0 <

g(x) < 1 for all x. The transition probability in (S2.2) is always positive.

So the Markov chain is irreducible. It can be verified that Sn(Λn−1)→ +∞

as Mn−1 → ∞. By (S2.12), it follows that there are positive constants br

and cr such that

E
[
M r+1

n |Fn−1

]
−M r+1

n−1 ≤ −
(
Mn−1 + 1

)r
+ brI {Mn−1 ≤ cr} .

Notice that Mn = M∗(Λn) is a function of Λn. The above inequality is just

Pλ

(
M∗)r+1 −

(
M∗)r+1 ≤ −

(
M∗ + 1

)r
+ brI {M∗ ≤ cr} , (S3.1)

where M∗ = M∗(Λ), (Pλf)(Λ) =
∑

Λ′∈L(Zm) Pλ(Λ,Λ′)f(Λ′) is the transi-

tion expectation of the function f , Pλ(Λ,Λ′) is the transition probability

from Λ to Λ′. Then (S3.1) implies that the irreducible Markov chain Λn

with period 2 is positive recurrent with an invariant distribution π and



supn E
[
(Mn + 1)r

]
<∞. In fact, write

P
(n)

λ (Λ,Λ′) =
1

n

n−1∑
m=0

P
(m)
λ (Λ,Λ′),

where P
(m)
λ (Λ,Λ′) is the m-step transition probability from Λ to Λ′. (S3.1)

implies that for any initial distribution π0,

lim sup
n→∞

π0P
(n)

λ

(
M∗ + 1

)r ≤br lim sup
n→∞

π0P
(n)

λ I
{
M∗ ≤ cr

}
+ lim sup

n→∞

π0

(
M∗)r+1

n

≤br lim sup
n→∞

π0P
(n)

λ I
{
M∗ ≤ cr

}
, ∀r > 0. (S3.2)

If the Markov-Chain is not positive recurrent, then for any Λ and Λ′,

P
(n)

λ (Λ,Λ′) → 0. For each C > 0, {M∗ ≤ C} contains only a finite

number of values of the Markov chain. So, π0P
(n)

λ I {M∗ ≤ C} → 0. It

follows that the limit in (S3.2) is zero, which is obviously a contradiction

since π0P
(n)

λ

(
M∗+1

)r ≥ 1. Hence Λn is a positive recurrent Markov Chain

and has an invariant distribution π. Now, (S3.2) implies

Eπ

[(
M∗ + 1

)r]
= πP

(n)

λ

(
M∗ + 1

)r ≤ br, ∀r > 0,

which implies supn E[M
r
n] <∞ since 1

2

(
E[M r

2n] + E[M r
2n+1]

)
→ Eπ[(M

∗)r].



Next, consider the selection bias SBn. Notice that

SBn =
1

n

n∑
m=1

E [pm ∨ (1− pm)] =
1

2
+

1

n

n∑
m=1

E
[∣∣pm − 1

2

∣∣]
=
1

2
+

1

n

n∑
m=1

∑
t

E
∣∣∣g(4Λm−1(t)

)
− 1

2

∣∣∣p(t)
→1

2
+
∑
t

Eπ

[∣∣∣g(4Λ(t))− 1

2

∣∣∣]p(t) > 1/2, (S3.3)

by the ergodic theorem. Here the last inequality is due to g(x) ̸≡ 1
2
and

the fact that the Markov chain Λn is irreducible and so each possible state

has a positive probability mass under the invariant distribution π. This

completes the proof. □.

S4 Further discussion on the randomness

Selection bias under partial information guessing strategy. When the clin-

ical trials have many covariates, one may think that it is hard for the

experimenter to know all the information so that he/or she can use an op-

timal guessing strategy, and so the selection bias can be ignored. We can

show that this is not true at least for the Pocock and Simon’s (1975) pro-

cedure. Write the allocation probability pm = g(Λm−1(X̃m)) as a function

of Λm−1(X̃m). The guessing strategy is to guess treatment 1 when Gm > 0,

treatment 2 when Gm < 0, and guess treatment 1 or 2 with probability

1/2 when Gm = 0, where Gm is the guessing factor. Then the expected



proportion of correct guesses is

SBn(g,G) =
1

2
+

1

n

n∑
m=1

E

[(
pm −

1

2

)
sgn(Gm)

]
,

where ”g” stands for the allocation g(x), ”G” stands for the guessing

strategy Gm. Because the experimenter uses part or all information of

Λm−1(X̃m), so Gm = G(Λm−1(X̃m)) is a function of Λm−1(X̃m), where

G(·) is a random function. We assume that under the guessing strategy,

the allocation is guessed in a correct direction, i.e., for any point x, y,

P
(
{G(x) − G(y)} · {g(x) − g(y)} ≥ 0

)
= P (x, y) ≥ 1/2, and there is at

least a pair of points x0 and y0 such that P
(
G(x0) > 0 > G(y0), g(x0) >

g(y0)
)
> 1/2.

Theorem S4.1. For the Pocock and Simon’s procedure, Hu and Hu’s pro-

cedure or more general procedures as in Remark 2, we have

lim
n→∞

SBn(g,G) >
1

2
.

Proof. Notice Remark 2. The sequence {Λn(t); tj = 1, · · · ,mj, j =

1, · · · , I}∞n=1 is an irreducible positive recurrent multi-dimensional Markov

Chain having an invariant distribution π. Let Λ∗(t), X̃∗ be independent

copies of Λ(t), X̃ and define η = Λ(X̃), η∗ = Λ∗(X̃∗). Then by the ergodic



theorem,

SBn(g,G)− 1

2
=

1

n

n∑
m=1

E

[(
pm −

1

2

)
sgn(Gm)

]
−→Eπ

[(
g
(
η)
)
− 1

2

)
sgn[G(η)]

]
=Eπ

[
g
(
η)
)
− 1

2

]
E [sgn[G(η)]] +

1

2
Eπ×π

[(
g(η)− g(η∗)

)(
sgn(G(η))− sgn(G(η∗))

)]
=Eπ

[
g
(
η)
)
− 1

2

]
E [sgn[G(η)]]

+
1

2
Eπ×π

[∣∣∣(g(η)− g(η∗)
)(

sgn(G(η))− sgn(G(η∗))
)∣∣∣ (2P (η, η∗)− 1)

]
.

For the value of the limit, the second term is positive due to the assumption

for guessing in a correct direction. The first term is zero because Eπg(η) =

1/2 under the invariant distribution π, which can be verified by

0← Eπ[Dn]

n
=

1

n

n∑
j=1

Eπ[2Tj − 1] =
1

n

n∑
j=1

2(Eπpj − 1) = 2Eπg(η)− 1.

This completes the proof. □

Entropy of a CAR procedure. Besides the selection bias, another mea-

sure of the randomness is the entropy. The entropy of a probability p is

defined by

E(p) = −p log p− (1− p) log(1− p).

The entropy of the design with allocation probabilities pms is defined by

Entn = E

[
1

n

n∑
m=1

E(pm)

]
.



It is obvious that 0 ≤ Entn ≤ log 2. Entn takes its largest value log 2

when and only when the randomization is complete randomization in which

pm = 1/2 for all m. Entn takes its smallest value 0 when and only when

each patient is assigned deterministically.

Theorem S4.2. We have

Entn → log 2 if and only if SBn →
1

2
.

Proof. Since SBn = 1
2
+ 1

n

∑n
m=1 E

∣∣pm − 1
2

∣∣, it is sufficient to notice

that

2
(
p− 1

2

)2
≤ E

(1
2

)
− E(p) ≤ (2 log 2)

∣∣∣p− 1

2

∣∣∣,
and

1

n

n∑
m=1

E
∣∣pm − 1

2

∣∣ ≤ ( 1

n

n∑
m=1

E
∣∣pm − 1

2

∣∣2)1/2

. □

Theorem S4.3. For the Pocock and Simon’s procedure, Hu and Hu’s pro-

cedure or more general procedures as in Remark 2, we have

lim
n→∞

Entn < log 2.

Proof. Similar to (S3.3), we have

Entn =
1

n

n∑
m=1

E [E(pm)] =
1

n

n∑
m=1

∑
t

E
[
E
(
g
(
4Λm−1(t)

))]
p(t)

→
∑
t

Eπ

[
E
(
g
(
4Λ(t)

))]
p(t) < log 2,



by the ergodic theorem. Here the last inequality is due to E(x) < log 2

when x ̸= 1/2, g(x) ̸≡ 1/2 and the fact that each possible state of Λn has

a positive probability mass under the invariant distribution π. □

S5 Simulation Study

In this section, we study the new CAR by simulation.

Model Setting: The underlying model is a linear model with independent

covariates:

Yi = Tiµ1 + (1− Ti)µ2 +
3∑

j=1

βjXi,j + ϵi,

where βj = 1 for j = 1, 2, 3, Xi,1 ∼ N(0, 1), Xi,2, Xi,3 ∼ N(1, 1),

and the covariates are mutually independent. The random error ϵi ∼

N(0, 22) is independent of all Xi,j.

For randomization, we employ complete randomization (CR) and four

covariate-adaptive randomization (CAR) procedures to assign patients to

treatments: Pocock and Simon’s procedure (PS) and the new CAR proce-

dures (NEW) with γ = 0.2, 0.5, and 0.8, based on the discretized covariates

X̃i = (d(Xi,1), d(Xi,2), d(Xi,3)), where d(X) = 0I{X ≤ 0} + 1I{0 < X <

2} + 2I{X ≥ 2}. Pocock and Simon’s procedure is the general CAR with



imbalance measures

Imb(t)n =
1

I

I∑
i=1

[D(t)
n (i; t∗i )]

2,

and the allocation probability

pn = gn(Imb(1)n − Imb(2)n ) =



1− ρ, Imb
(1)
n − Imb

(2)
n > 0,

1
2
, Imb

(1)
n − Imb

(2)
n = 0,

ρ, Imb
(1)
n − Imb

(2)
n < 0,

(S5.1)

where 1/2 < ρ < 1. For the new CAR, we choose imbalance measures the

same as that in Pocock and Simon’s procedure, and the function g in (4.8)

to be g(x) = (1−ρ)∨
(
1
2
− 1

2
sgn(x)(1∧|x|)

)
∧ρ, 0 < γ < 1 and 1/2 < ρ < 1,

i.e., the allocation probability of the nth patients is

pn = gn(Imb(1)n − Imb(2)n )

=(1− ρ) ∨

[
1

2
− 1

2
sgn(Imb(1)n − Imb(2)n )

(
1 ∧ |Imb

(1)
n − Imb

(2)
n |

(n− 1)γ

)]
∧ ρ.

(S5.2)

This CAR procedure has the property that, when |Imb
(1)
n −Imb

(2)
n |/(n−1)γ

is large, the allocation probability is the same as that of Pocock and Simon’s

procedure, and when |Imb
(1)
n − Imb

(2)
n |/(n − 1)γ is small, the allocation

probability is a linear function of (Imb
(1)
n − Imb

(2)
n )/(n− 1)γ:

pn = gn(Imb(1)n − Imb(2)n ) =
1

2
− 1

2

Imb
(1)
n − Imb

(2)
n

(n− 1)γ
.



Under each randomization procedure, we apply the two-sided t-test for

H0 : µ1 = µ2 vs. HA : µ1 ̸= µ2,

using the test statistic defined in Equation (2.3) of the main text.

We evaluate the Type I error rates under H0, power under HA : µ1 −

µ2 = δ/
√
n for δ = 5, 10, 15, and selection bias for sample sizes n ∈

{50, 100, 200, 400}. Each simulation result is based on 5,000 replications.

The results are reported in Table 1. For complete randomization, the

selection bias is fixed at 0.5, obtained analytically rather than through

simulation.

First, across all settings, the Type I error rates are close to the nominal

level of 5%, indicating that the hypothesis tests are well calibrated. Sec-

ond, for relatively small sample sizes, both the new CAR procedures and

the PS procedure yield slightly higher power than complete randomization;

however, this power advantage gradually diminishes as the sample size in-

creases. Third, for the same value of ρ, the selection bias under the PS

procedure is consistently larger than that under the new CAR procedures.

Furthermore, smaller values of ρ lead to lower selection bias for both the new

CAR and PS procedures, and the larger values of γ lead to lower selection

bias for the new CAR. Notably, the selection bias of the PS procedure does

not decrease with increasing sample size, whereas the new CAR procedures



Table 1: Simulation results for selection bias, Type I error rates, and power under various

randomization procedures and sample sizes.

n Ran Allocation Probability SB Type I Power

δ = 5 δ = 10 δ = 15

50 CR - 0.5000 0.0530 0.2120 0.6440 0.9356

PS (S5.1) with ρ = 0.9 0.8334 0.0550 0.2260 0.6672 0.9500

NEW (S5.2) with γ = 0.2, ρ = 0.9 0.8186 0.0486 0.2328 0.6686 0.9502

NEW (S5.2) with γ = 0.5, ρ = 0.9 0.7391 0.0500 0.2280 0.6648 0.9496

NEW (S5.2) with γ = 0.8, ρ = 0.9 0.6544 0.0510 0.2284 0.6696 0.9466

PS (S5.1) with ρ = 2/3 0.6444 0.0496 0.2222 0.6646 0.9468

NEW (S5.2) with γ = 0.2, ρ = 2/3 0.6444 0.0506 0.2254 0.6664 0.9442

NEW (S5.2) with γ = 0.5, ρ = 2/3 0.6386 0.0518 0.2312 0.6596 0.9476

NEW (S5.2) with γ = 0.8, ρ = 2/3 0.6156 0.0510 0.2148 0.6696 0.9486

100 CR - 0.5000 0.0620 0.2328 0.6776 0.9490

PS (S5.1) with ρ = 0.9 0.8254 0.0482 0.2330 0.6878 0.9578

NEW (S5.2) with γ = 0.2, ρ = 0.9 0.8051 0.0506 0.2348 0.6950 0.9580

NEW (S5.2) with γ = 0.5, ρ = 0.9 0.7098 0.0504 0.2304 0.7032 0.9562

NEW (S5.2) with γ = 0.8, ρ = 0.9 0.6209 0.0468 0.2356 0.6882 0.9576

PS (S5.1) with ρ = 2/3 0.6493 0.0504 0.2380 0.6966 0.9568

NEW (S5.2) with γ = 0.2, ρ = 2/3 0.6491 0.0512 0.2354 0.6922 0.9534

NEW (S5.2) with γ = 0.5, ρ = 2/3 0.6384 0.0486 0.2304 0.6916 0.9598

NEW (S5.2) with γ = 0.8, ρ = 2/3 0.6026 0.0508 0.2382 0.6894 0.9558

200 CR - 0.5000 0.0492 0.2366 0.6910 0.9554

PS (S5.1) with ρ = 0.9 0.8336 0.0462 0.2424 0.7024 0.9616

NEW (S5.2) with γ = 0.2, ρ = 0.9 0.7994 0.0452 0.2298 0.7160 0.9626

NEW (S5.2) with γ = 0.5, ρ = 0.9 0.6856 0.0506 0.2382 0.6986 0.9608

NEW (S5.2) with γ = 0.8, ρ = 0.9 0.5960 0.0536 0.2426 0.7012 0.9608

PS (S5.1) with ρ = 2/3 0.6512 0.0520 0.2286 0.6880 0.9590

NEW (S5.2) with γ = 0.2, ρ = 2/3 0.6506 0.0472 0.2334 0.7004 0.9590

NEW (S5.2) with γ = 0.5, ρ = 2/3 0.6332 0.0508 0.2310 0.6938 0.9570

NEW (S5.2) with γ = 0.8, ρ = 2/3 0.5866 0.0520 0.2320 0.6908 0.9570

400 CR - 0.5000 0.0498 0.2308 0.6914 0.9590

PS (S5.1) with ρ = 0.9 0.8295 0.0576 0.2376 0.7082 0.9612

NEW (S5.2) with γ = 0.2, ρ = 0.9 0.7903 0.0524 0.2408 0.7026 0.9614

NEW (S5.2) with γ = 0.5, ρ = 0.9 0.6596 0.0492 0.2384 0.7002 0.9628

NEW (S5.2) with γ = 0.8, ρ = 0.9 0.5743 0.0516 0.2356 0.6994 0.9588

PS (S5.1) with ρ = 2/3 0.6531 0.0504 0.2260 0.6918 0.9618

NEW (S5.2) with γ = 0.2, ρ = 2/3 0.6526 0.0462 0.2298 0.7056 0.9642

NEW (S5.2) with γ = 0.5, ρ = 2/3 0.6256 0.0502 0.2398 0.7116 0.9616

NEW (S5.2) with γ = 0.8, ρ = 2/3 0.5694 0.0528 0.2400 0.7056 0.9604



exhibit a decreasing selection bias as the sample size grows. In particular,

the reduction is more pronounced for larger values of γ, indicating a faster

convergence rate. This observation aligns with our theoretical results.
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