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1 More simulation results

In this section, we conduct simulation experiments in a bivariate VARMA(1,1)-
GARCH(1,1) model. We generate 1000 replications of sample size n =

1000, 5000, 10000 by the VARMA(1,1) - GARCH(1,1) model:

}/t — U= CI)(Yt_l - /J) + &+ @5t—17 (Sl)

Et = Dtnta Ht =W + Aé,l + BHtfl, (82>
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with a full matrix A and a diagonal matrix B. The parameter matrices in

the ARMA part are set to be

0.5 0.2 0.05 0.7 0.05
= , D= and © = , (S.3)

0.5 0.05 0.2 0.05 0.7

while the parameter matrices in the GARCH part are the same as (6.4)-
(6.6) for three cases. The innovation 7, is a sequence of i.i.d. multivariate
Gaussian distribution and standardized t5 distribution, respectively, with
mean 0 and covariance matrix I'.

Tables list the sample biases (Bias), the asymptotic standard
deviations (AD), and the sample standard deviations (SD) of Ay, (SQMLE)
and \, (LQMLE). Considering that the asymptotic normality of the local
QMLE requires finite variance and IGARCH case, we hereafter exclude all
simulation results concerning the LQMLE (including its AD and SD) for
case where F ||g;||* = oo with ¢ < 1. From tables , we find that the
results are similar to the VAR(1)-GARCH(1,1) model: (i) in all cases, the
AD and SD of both estimators are close to each other, which indicates our
methods are reliable; (ii) the local QMLE has smaller AD and SD than
those of self-weighted QMLE; (iii) Bias, AD, and SD for both estimators
become smaller as sample size n increases.

We also assess the finite sample performance of the Wald tests Wi,
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Table S1: Bias and standard deviations of estimators when E|jg;]|> < oo and n; ~

N(0,T) for VARMA(1,1)-GARCH(1,1) model

parameter Estimator n=1000 n=5000 n=10000
Bias AD SD Bias AD SD Bias AD SD
I SQMLE -0.0005 0.0375 0.0384 0.0000 0.0168 0.0165 -0.0002 0.0118 0.0118
LQMLE -0.0007 0.0373 0.0380 -0.0001 0.0167 0.0164 -0.0003 0.0118 0.0117
7% SQMLE -0.0011 0.0375 0.0365 -0.0006 0.0168 0.0164 -0.0007 0.0118 0.0114
LQMLE -0.0014 0.0372 0.0362 -0.0007 0.0167 0.0164 -0.0008 0.0118 0.0113
i1 SQMLE -0.0002 0.0434 0.0445 0.0005 0.0196 0.0194 0.0004 0.0138 0.0144
LQMLE -0.0008 0.0418 0.0427 0.0005 0.0189 0.0188 0.0004 0.0133 0.0138
Doy SQMLE  0.0023 0.0432 0.0433 0.0008 0.0194 0.0192 0.0000 0.0138 0.0139
LQMLE 0.0017 0.0417 0.0411 0.0004 0.0187 0.0188 -0.0001 0.0133 0.0134
(3P SQMLE  0.0018 0.0432 0.0429 0.0008 0.0194 0.0196 -0.0008 0.0137 0.0135
LQMLE 0.0019 0.0416 0.0407 0.0007 0.0187 0.0191 -0.0007 0.0132 0.0130
Do SQMLE -0.0018 0.0435 0.0435 0.0005 0.0196 0.0200 -0.0003 0.0139 0.0139
LQMLE -0.0021 0.0419 0.0415 0.0006 0.0189 0.0191 -0.0001 0.0133 0.0136
O11 SQMLE  0.0002 0.0293 0.0300 0.0003 0.0132 0.0129 0.0000 0.0093 0.0095
LQMLE 0.0004 0.0287 0.0293 0.0000 0.0130 0.0127 0.0000 0.0092 0.0093
O21 SQMLE -0.0033 0.0292 0.0290 -0.0008 0.0131 0.0131 0.0002 0.0093 0.0095
LQMLE -0.0032 0.0287 0.0287 -0.0006 0.0129 0.0129 0.0002 0.0091 0.0094
O12 SQMLE 0.0001 0.0292 0.0293 -0.0010 0.0132 0.0128 0.0001 0.0093 0.0095
LQMLE 0.0000 0.0287 0.0288 -0.0009 0.0129 0.0127 0.0001 0.0091 0.0093
[SF SQMLE 0.0010 0.0293 0.0291 -0.0002 0.0132 0.0132 0.0004 0.0093 0.0097
LQMLE 0.0010 0.0288 0.0287 -0.0002 0.0130 0.0131 0.0003 0.0092 0.0094
Wy SQMLE  0.0017 0.0133 0.0141 0.0000 0.0058 0.0058 0.0001 0.0041 0.0040
LQMLE 0.0015 0.0131 0.0139 -0.0001 0.0057 0.0057 0.0001 0.0041 0.0039
Wy SQMLE  0.0023 0.0134 0.0142 0.0003 0.0058 0.0060 0.0002 0.0041 0.0041
LQMLE 0.0021 0.0131 0.0140 0.0003 0.0057 0.0059 0.0001 0.0041 0.0041
A1l SQMLE -0.0024 0.0426 0.0442 -0.0009 0.0193 0.0191 -0.0007 0.0137 0.0135
LQMLE -0.0021 0.0408 0.0429 -0.0010 0.0185 0.0183 -0.0006 0.0131 0.0130
Agq SQMLE  0.0045 0.0412 0.0442 -0.0007 0.0184 0.0183 0.0002 0.0131 0.0133
LQMLE 0.0046 0.0395 0.0417 -0.0004 0.0177 0.0176 0.0003 0.0126 0.0129
A1z SQMLE  0.0010 0.0407 0.0437 0.0006 0.0185 0.0180 0.0006 0.0131 0.0131
LQMLE 0.0013 0.0390 0.0416 0.0007 0.0178 0.0175 0.0006 0.0125 0.0126
Ago SQMLE -0.0023 0.0429 0.0459 -0.0021 0.0193 0.0190 -0.0001 0.0137 0.0136
LQMLE -0.0026 0.0411 0.0437 -0.0018 0.0185 0.0183 0.0000 0.0131 0.0132
B SQMLE -0.0037 0.0576 0.0606 0.0003 0.0259 0.0253 -0.0005 0.0183 0.0180
LQMLE -0.0035 0.0562 0.0608 0.0004 0.0253 0.0249 -0.0005 0.0179 0.0177
Bao SQMLE -0.0072 0.0581 0.0618 0.0007 0.0259 0.0266 -0.0003 0.0183 0.0185
LQMLE -0.0068 0.0568 0.0601 0.0005 0.0253 0.0260 -0.0003 0.0179 0.0183
021 SQMLE 0.0010 0.0293 0.0294 0.0001 0.0131 0.0132 0.0002 0.0093 0.0096

LQMLE 0.0011 0.0287 0.0287 0.0001 0.0129 0.0129 0.0001 0.0091 0.0094

and W, as in (3.7) and (4.2) of VARMA(1,1)-GARCH(1,1) model. For
the linear Wald test for the ARMA part, the setting of ARMA parameter

matrices are set to be

0.5 0.2 &k 0.7 0.05
= , P = and © = ,

0.5 0.05 0.2 0.05 0.7

and the GARCH parameter matrices are the same as (6.4)-(6.6). k =

0,0.05,0.1 in all cases, where the null hypothesis is kK = 0. We fit each
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Table S2: Bias and standard deviations of estimators when F ||e,||* < oo and 7, ~ t5 for

VARMA(1,1)-GARCH(1,1) model

parameter Estimator n=1000 n=5000 n=10000
Bias AD SD Bias AD SD Bias AD SD
I SQMLE -0.0002 0.0368 0.0380 -0.0001 0.0173 0.0178 -0.0004 0.0123 0.0121
LQMLE -0.0007 0.0368 0.0384 -0.0002 0.0173 0.0179 -0.0003 0.0123 0.0121
7% SQMLE -0.0008 0.0368 0.0380 0.0004 0.0172 0.0174 0.0000 0.0123 0.0121
LQMLE -0.0012 0.0368 0.0382 0.0004 0.0172 0.0174 0.0000 0.0123 0.0121
i1 SQMLE -0.0012 0.0520 0.0540 -0.0005 0.0248 0.0257 -0.0002 0.0177 0.0175
LQMLE -0.0024 0.0498 0.0515 -0.0007 0.0237 0.0245 -0.0003 0.0169 0.0167
Doy SQMLE -0.0013 0.0520 0.0572 -0.0004 0.0244 0.0252 -0.0005 0.0175 0.0175
LQMLE -0.0017 0.0498 0.0543 -0.0004 0.0233 0.0241 -0.0003 0.0168 0.0169
(3P SQMLE -0.0001 0.0513 0.0521 0.0008 0.0243 0.0254 0.0003 0.0174 0.0176
LQMLE -0.0001 0.0490 0.0511 0.0008 0.0233 0.0248 0.0004 0.0166 0.0167
Do SQMLE -0.0013 0.0522 0.0549 0.0003 0.0245 0.0253 -0.0001 0.0176 0.0178
LQMLE -0.0021 0.0500 0.0516 0.0002 0.0234 0.0242 0.0001 0.0168 0.0171
O11 SQMLE  0.0007 0.0340 0.0368 0.0000 0.0162 0.0171 0.0002 0.0115 0.0113
LQMLE 0.0012 0.0331 0.0360 0.0001 0.0158 0.0166 0.0002 0.0112 0.0109
O21 SQMLE  0.0002 0.0339 0.0378 -0.0003 0.0161 0.0167 0.0002 0.0115 0.0111
LQMLE 0.0002 0.0331 0.0365 -0.0002 0.0156 0.0163 0.0001 0.0112 0.0109
©12 SQMLE -0.0008 0.0336 0.0349 -0.0003 0.0159 0.0161 -0.0001 0.0114 0.0108
LQMLE -0.0010 0.0328 0.0342 -0.0005 0.0156 0.0156 -0.0001 0.0111 0.0106
©22 SQMLE -0.0001 0.0340 0.0369 -0.0004 0.0161 0.0164 -0.0004 0.0115 0.0112
LQMLE 0.0004 0.0332 0.0358 -0.0005 0.0157 0.0158 -0.0004 0.0112 0.0109
Wy SQMLE  0.0022 0.0162 0.0182 0.0011 0.0080 0.0088 0.0000 0.0058 0.0060
LQMLE 0.0018 0.0158 0.0176 0.0009 0.0078 0.0086 -0.0001 0.0056 0.0058
Wy SQMLE  0.0025 0.0162 0.0192 0.0007 0.0080 0.0086 0.0006 0.0059 0.0064
LQMLE 0.0020 0.0159 0.0190 0.0006 0.0078 0.0084 0.0005 0.0058 0.0063
A1l SQMLE  0.0016 0.0670 0.0785 0.0041 0.0354 0.0466 0.0006 0.0249 0.0267
LQMLE 0.0020 0.0630 0.0730 0.0034 0.0330 0.0425 0.0005 0.0232 0.0250
Agq SQMLE  0.0121 0.0669 0.0839 0.0030 0.0326 0.0357 0.0027 0.0236 0.0265
LQMLE 0.0120 0.0624 0.0774 0.0033 0.0306 0.0337 0.0025 0.0221 0.0246
A1z SQMLE  0.0066 0.0633 0.0743 0.0021 0.0321 0.0342 0.0022 0.0236 0.0272
LQMLE 0.0060 0.0590 0.0698 0.0025 0.0301 0.0318 0.0017 0.0222 0.0254
Ago SQMLE  0.0077 0.0703 0.0918 -0.0008 0.0334 0.0367 0.0004 0.0243 0.0255
LQMLE 0.0075 0.0659 0.0848 -0.0010 0.0313 0.0341 0.0005 0.0228 0.0239
B SQMLE -0.0147 0.0794 0.0932 -0.0070 0.0403 0.0449 -0.0014 0.0297 0.0320
LQMLE -0.0140 0.0767 0.0905 -0.0064 0.0389 0.0431 -0.0011 0.0286 0.0307
Bao SQMLE -0.0209 0.0802 0.0966 -0.0037 0.0405 0.0435 -0.0039 0.0296 0.0309
LQMLE -0.0208 0.0775 0.0967 -0.0036 0.0391 0.0422 -0.0037 0.0286 0.0305
021 SQMLE 0.0007 0.0315 0.0327 0.0006 0.0145 0.0150 -0.0001 0.0103 0.0105

LQMLE 0.0007 0.0308 0.0322 0.0007 0.0141 0.0146 -0.0002 0.0101 0.0102

replication by a VARMA(1,1)-GARCH(1,1) model, and then use W, and
W, to detect the null hypothesis. The nonlinear VIGARCH model tests
(4.4) and (4.5) are conducted for the VARMA(1,1)-GARCH(1,1) models
and with the parameter matrices as and (6.4)-(6.6). Tables
reports the percentages of the empirical size and the power of the

Wald tests, respectively.

From Tables [STHS8, (i) for the ARMA part, the sizes of W, and W,
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Table S3: Bias and standard deviations of estimators for VIGARCH case and n; ~

N(0,T) for VARMA(1,1)-GARCH(1,1) model

parameter Estimator n=1000 n=>5000 n=10000
Bias AD SD Bias AD SD Bias AD SD
i SQMLE -0.0007 0.0459 0.0474 0.0000 0.0204 0.0200 -0.0002 0.0144 0.0144
LQMLE -0.0008 0.0458 0.0471 0.0000 0.0203 0.0200 -0.0003 0.0144 0.0143
7> SQMLE -0.0013 0.0458 0.0446 -0.0007 0.0204 0.0199 -0.0009 0.0144 0.0139
LQMLE -0.0014 0.0457 0.0444 -0.0008 0.0203 0.0199 -0.0009 0.0144 0.0139
Pq1 SQMLE -0.0007 0.0431 0.0444 0.0004 0.0194 0.0193 0.0005 0.0137 0.0144
LQMLE -0.0011 0.0413 0.0423 0.0006 0.0186 0.0187 0.0004 0.0132 0.0136
Doy SQMLE 0.0013 0.0421 0.0428 0.0007 0.0189 0.0190 0.0000 0.0134 0.0135
LQMLE 0.0008 0.0404 0.0405 0.0003 0.0181 0.0183 -0.0001 0.0128 0.0130
Pqg SQMLE 0.0014 0.0421 0.0419 0.0007 0.0189 0.0190 -0.0007 0.0134 0.0133
LQMLE 0.0017 0.0403 0.0397 0.0007 0.0181 0.0186 -0.0007 0.0128 0.0126
Pog SQMLE -0.0020 0.0432 0.0428 0.0005 0.0194 0.0197 -0.0003 0.0137 0.0137
LQMLE -0.0023 0.0414 0.0410 0.0006 0.0186 0.0188 -0.0002 0.0132 0.0134
O11 SQMLE 0.0003 0.0288 0.0297 0.0003 0.0130 0.0127 -0.0001 0.0092 0.0095
LQMLE 0.0005 0.0281 0.0288 0.0001 0.0127 0.0125 -0.0001 0.0090 0.0091
O21 SQMLE -0.0025 0.0284 0.0284 -0.0008 0.0128 0.0128 0.0001 0.0091 0.0092
LQMLE -0.0023 0.0277 0.0280 -0.0006 0.0125 0.0125 0.0002 0.0088 0.0090
O12 SQMLE 0.0001 0.0284 0.0283 -0.0011 0.0128 0.0124 0.0001 0.0090 0.0092
LQMLE 0.0000 0.0277 0.0277 -0.0010 0.0125 0.0122 0.0001 0.0088 0.0090
[SPP) SQMLE 0.0010 0.0289 0.0290 -0.0001 0.0130 0.0130 0.0004 0.0092 0.0095
LQMLE 0.0011 0.0282 0.0285 -0.0001 0.0127 0.0128 0.0003 0.0090 0.0093
Wy SQMLE 0.0025 0.0148 0.0153 -0.0001 0.0064 0.0061 0.0003 0.0045 0.0044
LQMLE 0.0023 0.0145 0.0153 -0.0001 0.0062 0.0060 0.0002 0.0044 0.0043
Wy SQMLE 0.0028 0.0147 0.0157 0.0005 0.0064 0.0067 0.0002 0.0045 0.0044
LQMLE 0.0026 0.0144 0.0155 0.0004 0.0063 0.0066 0.0002 0.0044 0.0044
A1l SQMLE -0.0012 0.0464 0.0483 -0.0008 0.0210 0.0207 -0.0006 0.0149 0.0146
LQMLE -0.0019 0.0443 0.0461 -0.0010 0.0200 0.0197 -0.0006 0.0142 0.0140
Az SQMLE 0.0052 0.0392 0.0418 -0.0005 0.0175 0.0173 0.0000 0.0124 0.0126
LQMLE 0.0047 0.0373 0.0396 -0.0004 0.0167 0.0164 0.0002 0.0118 0.0121
Az SQMLE 0.0017 0.0388 0.0414 0.0006 0.0176 0.0170 0.0004 0.0124 0.0124
LQMLE 0.0016 0.0370 0.0395 0.0005 0.0167 0.0163 0.0005 0.0118 0.0118
Ao SQMLE -0.0018 0.0467 0.0490 -0.0020 0.0210 0.0207 0.0001 0.0149 0.0147
LQMLE -0.0026 0.0445 0.0469 -0.0020 0.0200 0.0197 0.0001 0.0142 0.0141
Bi1 SQMLE -0.0038 0.0472 0.0494 0.0003 0.0212 0.0201 -0.0006 0.0150 0.0147
LQMLE -0.0034 0.0460 0.0492 0.0005 0.0206 0.0196 -0.0005 0.0145 0.0142
B SQMLE -0.0060 0.0473 0.0500 0.0006 0.0212 0.0215 -0.0002 0.0150 0.0149
LQMLE -0.0055 0.0461 0.0490 0.0007 0.0206 0.0209 -0.0002 0.0145 0.0147
o21 SQMLE 0.0013 0.0294 0.0295 0.0003 0.0132 0.0133 0.0002 0.0094 0.0097
LQMLE 0.0012 0.0287 0.0288 0.0001 0.0129 0.0129 0.0001 0.0091 0.0094

approach the nominal ones as n increases, while the size of Wy, are a little

less than the nominal ones when the sample size n=10000 and the case

E||e/|* = oo; (ii) for testing VIGARCH model, the sizes of Wi, are close

to the nominal ones as n increases, while the sizes of W), are little larger

than the nominal ones; (iv) for all tests, the powers of all the tests increase

as the value of n increases; (v) for all tests, the powers of Wald tests when

n ~ N(0,T) are larger than the powers of Wald tests when 7, ~ t5.
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Table S4: Bias and standard deviations of estimators for VIGARCH case and 7; ~ t5

for VARMA(1,1)-GARCH(1,1) model

parameter Estimator n=1000 n=>5000 n=10000
Bias AD SD Bias AD SD Bias AD SD
i SQMLE -0.0002 0.0423 0.0438 0.000I 0.0200 0.0207 -0.0005 0.0142 0.0140
LQMLE -0.0005 0.0423 0.0441 0.0000 0.0200 0.0207 -0.0004 0.0142 0.0140
7> SQMLE -0.0007 0.0423 0.0442 0.0006 0.0199 0.0203 -0.0001 0.0142 0.0141
LQMLE -0.0009 0.0424 0.0443 0.0005 0.0199 0.0203 0.0000 0.0143 0.0141
Pq1 SQMLE -0.0015 0.0530 0.0551 -0.0010 0.0255 0.0261 -0.0002 0.0182 0.0180
LQMLE -0.0025 0.0507 0.0523 -0.0009 0.0243 0.0248 -0.0001 0.0174 0.0172
Doy SQMLE -0.0011 0.0517 0.0568 -0.0003 0.0245 0.0250 -0.0004 0.0176 0.0176
LQMLE -0.0012 0.0493 0.0537 -0.0003 0.0233 0.0238 -0.0003 0.0168 0.0170
Pqg SQMLE -0.0003 0.0510 0.0518 0.0009 0.0244 0.0251 0.0002 0.0175 0.0176
LQMLE -0.0002 0.0486 0.0504 0.0007 0.0231 0.0252 0.0004 0.0166 0.0166
Pog SQMLE -0.0019 0.0535 0.0559 0.0002 0.0253 0.0261 -0.0002 0.0182 0.0185
LQMLE -0.0024 0.0511 0.0527 0.0000 0.0241 0.0248 0.0000 0.0173 0.0176
011 SQMLE 0.0007 0.0343 0.0374 0.0002 0.0165 0.0169 0.0001 0.0118 0.0116
LQMLE 0.0011 0.0334 0.0365 0.0003 0.0160 0.0165 0.0001 0.0114 0.0112
(SIS SQMLE 0.0003 0.0336 0.0373 -0.0002 0.0161 0.0167 0.0001 0.0115 0.0112
LQMLE 0.0003 0.0327 0.0360 -0.0002 0.0156 0.0162 0.0001 0.0112 0.0109
O12 SQMLE -0.0008 0.0334 0.0353 -0.0003 0.0160 0.0158 0.0000 0.0114 0.0108
LQMLE -0.0009 0.0325 0.0343 -0.0004 0.0155 0.0157 -0.0001 0.0111 0.0107
[SFP SQMLE -0.0003 0.0345 0.0374 -0.0003 0.0165 0.0168 -0.0004 0.0118 0.0115
LQMLE 0.0002 0.0335 0.0363 -0.0003 0.0160 0.0161 -0.0004 0.0115 0.0111
Wy SQMLE 0.0024 0.0168 0.0186 0.0010 0.0083 0.0090 0.0000 0.0060 0.0062
LQMLE 0.0021 0.0165 0.0182 0.0008 0.0081 0.0088 0.0000 0.0058 0.0060
Wy SQMLE 0.0023 0.0168 0.0196 0.0008 0.0083 0.0088 0.0006 0.0061 0.0066
LQMLE 0.0019 0.0165 0.0193 0.0007 0.0081 0.0086 0.0005 0.0060 0.0065
A1l SQMLE 0.0028 0.0753 0.0902 0.0040 0.0391 0.0445 0.0008 0.0276 0.0297
LQMLE 0.0024 0.0711 0.0835 0.0035 0.0366 0.0456 0.0008 0.0260 0.0277
Az SQMLE 0.0098 0.0630 0.0756 0.0024 0.0310 0.0326 0.0022 0.0226 0.0258
LQMLE 0.0092 0.0587 0.0704 0.0027 0.0291 0.0312 0.0020 0.0211 0.0238
Az SQMLE  0.0049 0.0599 0.0693 0.0020 0.0307 0.0327 0.0020 0.0225 0.0256
LQMLE 0.0047 0.0561 0.0655 0.0023 0.0287 0.0307 0.0015 0.0211 0.0240
Ao SQMLE 0.0085 0.0775 0.0923 -0.0002 0.0372 0.0411 0.0004 0.0270 0.0281
LQMLE 0.0075 0.0729 0.0849 -0.0008 0.0349 0.0381 0.0004 0.0255 0.0266
Bi1 SQMLE -0.0121 0.0674 0.0780 -0.0057 0.0344 0.0373 -0.0015 0.0252 0.0273
LQMLE -0.0121 0.0653 0.0762 -0.0054 0.0331 0.0364 -0.0013 0.0243 0.0261
B SQMLE -0.0173 0.0682 0.0794 -0.0035 0.0341 0.0368 -0.0029 0.0251 0.0257
LQMLE -0.0169 0.0661 0.0783 -0.0032 0.0329 0.0353 -0.0027 0.0242 0.0253
021 SQMLE 0.0007 0.0315 0.0329 0.0006 0.0145 0.0151 -0.0001 0.0103 0.0105
LQMLE 0.0007 0.0308 0.0324 0.0007 0.0141 0.0146 -0.0002 0.0101 0.0102

To access the performance of portmanteau tests Qg,(M) and Q, (M)

in the finite samples, we generate 1000 replications of sample size n =

1000, 5000, 10000 from two different models. The null model is model (S.1})-

(S.2) with parameter sets (S.3) and (6.4)-(6.6), denoted by Model 1. The

alternative models are as follows:

Model 2: Y, — pu=®(Y;—1 — ) + &1 + Oy,
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Table S5: Bias and standard deviations of estimators when E ||e;||* = oo and 1, ~

N(0,T) for VARMA(1,1)-GARCH(1,1) model

parameter Estimator n=1000 n=5000 n=10000
Bias AD SD Bias AD SD Bias AD SD
I SQMLE -0.0009 0.0712 0.0775 0.0000 0.0304 0.0303 -0.0001 0.02I5 0.0215
wo SQMLE -0.0026 0.0711 0.0699 -0.0004 0.0304 0.0299 -0.0013 0.0215 0.0213
[F8Y SQMLE -0.0007 0.0431 0.0445 0.0002 0.0194 0.0195 0.0006 0.0138 0.0144
(D SQMLE 0.0011 0.0422 0.0423 0.0005 0.0189 0.0190 -0.0001 0.0134 0.0137
Do SQMLE 0.0012 0.0420 0.0414 0.0007 0.0189 0.0190 -0.0006 0.0134 0.0131
Doy SQMLE -0.0021 0.0432 0.0432 0.0004 0.0194 0.0194 -0.0002 0.0138 0.0139
O11 SQMLE  0.0000 0.0291 0.0298 0.0004 0.0132 0.0130 -0.0001 0.0093 0.0095
O SQMLE -0.0026 0.0286 0.0289 -0.0006 0.0129 0.0129 0.0001 0.0091 0.0094
©12 SQMLE -0.0001 0.0286 0.0284 -0.0010 0.0129 0.0127 0.0001 0.0091 0.0092
[SF SQMLE  0.0007 0.0291 0.0293 -0.0001 0.0132 0.0133 0.0003 0.0093 0.0096
Wi SQMLE  0.0040 0.0216 0.0206 0.0003 0.0088 0.0084 0.0006 0.0062 0.0062
Wy SQMLE  0.0046 0.0217 0.0214 0.0010 0.0088 0.0090 0.0004 0.0062 0.0062
A SQMLE -0.0005 0.0444 0.0459 -0.0003 0.0200 0.0199 -0.0003 0.0142 0.0140
Agq SQMLE  0.0057 0.0373 0.0396 -0.0001 0.0166 0.0163 0.0001 0.0118 0.0119
Aio SQMLE  0.0020 0.0368 0.0390 0.0010 0.0167 0.0163 0.0005 0.0118 0.0118
Ago SQMLE -0.0012 0.0445 0.0469 -0.0016 0.0200 0.0197 0.0004 0.0142 0.0142
B SQMLE -0.0021 0.0399 0.0412 -0.0003 0.0180 0.0176 -0.0006 0.0127 0.0125
Boo SQMLE -0.0038 0.0399 0.0415 0.0004 0.0179 0.0176 -0.0002 0.0127 0.0129
021 SQMLE 0.0020 0.0296 0.0298 0.0004 0.0133 0.0136 0.0002 0.0094 0.0098

Table S6: Bias and standard deviations of estimators when E ||g;]|** = oo and 1, ~ t5

for VARMA(1,1)-GARCH(1,1) model

parameter Estimator n=1000 n=>5000 n=10000
Bias AD SD Bias AD SD Bias AD SD
w1 SQMLE -0.0006 0.0537 0.0567 0.000I 0.0253 0.0264 -0.0007 0.0I80 0.01I78
I SQMLE -0.0016 0.0537 0.0577 0.0008 0.0253 0.0255 -0.0002 0.0181 0.0179
Pqq SQMLE -0.0013 0.0535 0.0552 -0.0007 0.0258 0.0269 -0.0003 0.0184 0.0182
Poy SQMLE -0.0013 0.0520 0.0567 -0.0002 0.0247 0.0254 -0.0003 0.0178 0.0179
[P SQMLE -0.0009 0.0513 0.0522 0.0007 0.0246 0.0267 0.0001 0.0177 0.0176
Pog SQMLE -0.0014 0.0540 0.0561 0.0000 0.0256 0.0260 -0.0003 0.0183 0.0186
O11 SQMLE 0.0004 0.0350 0.0383 0.0000 0.0169 0.0175 0.0001 0.0120 0.0117
O21 SQMLE 0.0005 0.0341 0.0381 -0.0002 0.0164 0.0170 0.0001 0.0117 0.0113
O12 SQMLE -0.0005 0.0339 0.0357 -0.0003 0.0162 0.0166 0.0000 0.0116 0.0108
[SP SQMLE 0.0000 0.0350 0.0382 -0.0002 0.0168 0.0171 -0.0003 0.0120 0.0116
Wy SQMLE 0.0022 0.0195 0.0207 0.0007 0.0096 0.0105 0.0001 0.0069 0.0072
Wa SQMLE 0.0023 0.0197 0.0215 0.0010 0.0096 0.0100 0.0006 0.0071 0.0075
A1l SQMLE 0.0021 0.0722 0.0851 0.0033 0.0374 0.0454 0.0009 0.0264 0.0283
Az SQMLE 0.0090 0.0596 0.0726 0.0030 0.0297 0.0325 0.0020 0.0215 0.0248
Az SQMLE 0.0041 0.0565 0.0638 0.0020 0.0291 0.0312 0.0020 0.0214 0.0245
Aszo SQMLE 0.0087 0.0750 0.0934 0.0001 0.0355 0.0392 0.0003 0.0258 0.0268
Bi1 SQMLE -0.0081 0.0581 0.0641 -0.0040 0.0299 0.0322 -0.0016 0.0218 0.0235
Bas SQMLE -0.0137 0.0596 0.0697 -0.0033 0.0295 0.0322 -0.0022 0.0215 0.0220
021 SQMLE 0.0008 0.0317 0.0327 0.0008 0.0146 0.0151 -0.0002 0.0104 0.0106

et =Dy, Ho =W + A1&_1 + Aséi—o + BH; ;.

where the parameter matrices in the ARMA part are the same as (S.3)), with

the parameter matrices in the GARCH part are the same as (6.8)-(6.10).
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Table S7: Size and power of the Wald tests for ARMA part for VARMA(1,1)-

GARCH(1,1) model

E|led)? < oo VIGARCH E|le* = o0
xk=0.0 r = 0.05 k=0.1 x=0.0 x = 0.05 k=01 k=00 =005 ~=0.1

"t n Wsn Wi Wen Wi Wep Wy Wen Wi Wep Wi Wep W, Wiy Wan Wsn
N(0,T) 1000 4.8 5.3 22.3 225 639 66.8 6.1 5.5 23.3 24.2 65.5 69.3 4.7 23.4 64.6
5000 5.3 5.4 746 77.6 100 99.9 5.3 5.7 77.5 80.7 100 100 5 76.9 100

10000 4.5 4.2 949 96.6 100 100 4.8 4.4 95.8 97.6 100 100 3.9 96.5 100

ts 1000 5.6 5.9 187 20 485 528 5.1 6.3 19 19.6 50.1 53.8 5.1 18.7 48.9
5000 4.9 5.7 56.1 60 974 979 4.2 54 56.6 60.7 97.1 98 4.6 55.9 97.1

10000 3.7 4.9 81.4 86.1 99.9 100 4.3 4.7 819 86.5 99.9 99.9 3.3 81.6 99.9

Table S8: Size and power of Wald tests for VIGARCH errors for VARMA(1,1)-

GARCH(1,1) model
Size with VIGARCH Power with E ||e¢]|> < oo Power with E ||e:]|?* = oo

N(0,T) ts N(0,T) ts N(0,T) ts
n WS’I'L Wn WS’I’L W’I’L WSTL Wn WSTL W’I’L WSTL WSTL
1000 5.1 6.5 3 53 727 76.2 29.6 34 54.1 12.2
5000 4.2 5.6 5.7 7.2 100 100 85.1 87.1  99.4 64.7
10000 5.5 6.9 4.3 6.7 100 100 96.2 97.5 100 93.3

All simulated data from Models 1 and 2 are fitted by VARMA(1,1)-
GARCH(1,1) model. M is set to be 6 for all cases. The results are summa-
rized in Table[S9, and the sizes correspond to the Model 1. From the table,
we can show that:

Table S9: Size and power of portmanteau tests

E |le:|? < oo VIGARCH E |les])?" = o0

N(0,T) ts N(0,T) ts N(O,T) t5

n QSTL Q’I’L an Q’I’L QS’VL Qn QS’T‘L Q'I’L an QS'I’L

Model T 1000 7 7 98 6.1 6.1 62 83 5.6 5.8 7.6
5000 56 51 91 52 5 55 79 5.6 5.5 7.4

10000 5.8 59 74 6.2 57 59 64 6.2 5.8 6.4
Model 2 1000 75.7 81.5 32.1 29.4 72.4 77.7 29.2 27.3 85.6  34.1
5000 100 100 86.7 77.9 100 100 82.5 74.6 100  90.5

10000 100 100 98.1 94.4 100 100 98.1 92.3 100  99.1

From the Table [S9, we can show that: (i) the sizes of Q,, and @, are
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a little larger than their nominal ones and close to the nominal ones as

sample size n increase, except for some cases; (ii) all the powers increase

when n increases; (iii) the powers when n ~ N(0,T') are greater than the

powers when 7, ~ ts.

2 Technical Proofs

We give some basic formulas as follows:

Oeu(p) 5
agp’ = -V (L)[@(l), Xt—l ® [m]7 (84)
afété(lx) — (5 > B, Li>1 (s Her @ 1), (S.5)

ag;(f )_ (tn - 2_; Bz-Li)l(j; A (22 8‘3;9,0)), (S.6)

where X;_1 = (Y ,—1/, ...

-

Y = (9), ey (9), Hoy = (81 (),

s E(9), Hi_y(N), .o, Hi_ (X)), and & () = diag(e1(0), - - -, Eme ().

We further give the quasi-score function and the quasi-information ma-

trix as follows.

() Oel(e) ~1
e = s (De(MTDe(N) ™ ()
oL\ 10H(N) __,

= T3 & Dy (AN)G(N),
oly(N)  1oved(I)

80‘ __5 80‘

Ol (N) (1)

Fox - f R -RY,

10H)
2 Oy

D NG, (S.7)

(S.8)

vee(I™ =T D (Ner(p)ei(0) D (AT, (8.9)

(S.10)
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R = " (0, e D)),
@ _ LOH{(A) Ly OH(N)
Rt _4 8:\ Dt (A)At(A)Dt ()‘) a;\, )
(8) _ (v 0 dey() .
Ry —(5t(¢)®fN)$VGC{ 5 (DED) }
+ (G @ ]N)%VGC B%@D;Q(A)}
LOH(A) - 7 -1n-1 A -1 Oe(¢)
o P (M) [AMNTIDHA) 4+ Ay(AN) Dy ()\)]—85\’ ,
L) O(0)
dpda’ Oy (ei(@) D (NI @ D (MK
L1OH(A) 1,y 9G(N)
3o, P W (S.11)
PL(\) _ 1OH{(N) 5.\ 9G(N)
2600 ~ 2 a5 Dt W5 (.12)
af;ﬁ) = (NI @a\), T HK, (S.13)
aa:a(if) - %’C/(F_l ® In) [[m2 — (P7'D7 (Neulp)er(9) D7 (A) @ In)

~ (In @ T D (Ner(@)el () D ()| (I @ T K,

(S.14)

where N is the length of X, ¢ = II — 7,0 ', I = (1,...,1) ., A, =
D, + Ay, Ay = diag(ef T n;, ..., T ), e, = (0,...,0,1,0,...,0)
of which the ith element is 1. 7, = diag(nis, . .., Mme) With n = €5/ hit,
1=1,...,m. First, we give four lemmas.

Lemma A.1 Let &, be defined as in Assumption 3.1. If Assumptions 2.1-

2.4 hold, then exist constants C' and p € (0,1), such that the following holds



2. TECHNICAL PROOFS

uniformly in ©:

825#(%0)
Dy

5 are bounded a.s. by C&p—1 for

851&(@)
(pl

,and‘

i) e (@)l \

1=1,...,m,
(i) ||H,(N)|| is bounded a.s. by CE, .

Proof. For (i), by (2.4), we have

[V = 1) @ L|| = Vm [Veei — u] (S.15)
Z H‘Iﬁl(L)[(Yt/—l 1) [m]H - Z Z’VkKY;I—z—k — 1) ® L],
(S.16)

SN D) © Il = 3 [0 D LY~ 1) ® Ll
(S.17)

USng (24)7 7 ""

Z Yk (Yick—1 — 1)

k=0

<C <1 + Z,Ok ’|Yt—k—1||> = C&1,

k=0

sup [l ()| = sup
e e

s Ozi(p) H < sup W O@(1)]| +sup D [0 (DO~ 1) © L |

oy’

+oup Y UL () 1|

p q 00
SCHCY Y A ik —pl +CY Y o Yook — il < O,

i=1 k=0 i=1 k=0
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(1—1—2,0 | Yimie 1”) = C&-1.

sup

D*eiu(p)
Opdy’

Thus, (i) is proved.

For (ii), by (2.4) and (2.8),

Z FkW + Z Plkf‘:t k

<01+CQZ/0 SUP||5t k()]

k=1

Z Yu(Yiep—t — 1)
=0

sup |[H:(\)|| = sup
()

2

<Ci+0s Zpk sup ler-k(@)[I* = C1 + Cs Zﬂk sup
k=1 k=1

~ 2
SO |14+ Y 0 Yeiall| = Cagos
=0
Thus, (ii) holds. This completes the proof. O

Lemma A.2 Let £, be defined as in Assumption 3.1. Under Assumptions

2.1-2.4, there exists a neighborhood ©q of Ay such that

. OH[(\

(Z) S(})lp 5(§ )Dt ( )” < ngt 1’
3 1 9%*hi(N)
(“) S(E)lg) hﬁ(}\) 8585/ ‘ Cfpt 1

for any 7 € (0,1), p € (0,1) and C is independent of T and t.

Proof. Rewrite (3.2) in matrix form as

Ht =G + GHtfl, (SlS)



2. TECHNICAL PROOFS

where G is defined as in (2.5),

Hi(N) W+ Adii(p)
He 1 (\) 0
H, = and ¢ = . (5.19)
He o) 0

Setting s; = m+ (p+q)m?, so = 2m+ (p+q)m?+rm?, and s3 = 2m+ (p+

q)m? + (r + s)ym?, that is s3 = N in (S.10). By (2.7), (S.18), and (S.19),

00 k
?;)’\lt :Z{ZGj_lG(i)Gk_j}Qt—k’ Z’:32—|—1,...,83,

k=1 \j=1

where G = 0G/0); is a matrix whose entries are all 0, apart from a 1
located in the same place as A; in GG. By abuse of convention, we denote
H;,: the i;—th component of H;, ¢, +—k the ji—th component of ¢,_, and
G (i1, j1) the (i1, j1)-th entry of G. With similar argument to the proof of
Theorem 10.9 in [Francq and Zakoian| (2019), that is, x/(1 + z) < 2™/2 for

all z > 0 and 7 € (0,1], and the inequalities

OH - OH,; - = S
Mg € kGre g Nig < kD G )
i k=1 f k=l

=1 5jn=1
where 1 = s9 + 1,..., s3, and setting w = 1<i1(1<f Wi,
<i<m
m
Hiyp > w+ Z G (i1, 1) ¢y o k.

Jji=1



Bibi Cai', Mengya Liu? and Shiging Ling*!

By (2.7), we obtain

A 6’Hi1t Zk 1k231 =1 (Zl’jl)gjht—k
Hie ON w+2] _; G*(iy, JUCH ik

o) m Z ]) /2
1,J1 1,
<3 (3 i)
k=1

Ji=1
() m /2
< Z <Zp]1—]1t k) ’ i232+17"'7837 (820)
k= J1=1

where the constant p;, (which also depends on 4;, 71) is on the interval
[0,1). Note that these inequalities are uniform on 6Oy and can be extended

to higher-order derivatives. As in the univariate case, by (S.20]), for all

i1=1,...,m,allt=s0+1,...,8s3,
<1 1 Ohiye(N)
ol | e (V) 2

m - m T1/2
< C'sup Z k Z pfl (le + Z Z A1, l2)5122,t—k—z(90)>]

©0

Lji=1 =1 ly=1
m m r m T1/2
S AT 3 zpz/azuhzz>af2,m<w>]
0 k=1 |[j1=1 j1=1 1=1 ly=1

T1/2
<CZI€ p +Zﬂ le—k—i( H2]
<C’ka —I—CZkZp ler—r_i()]|™

k=1 =1
<CZp +02p lee—r ()™

1+Zpk HEt—k(%@)ll“] : (S.21)
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where A;(j1,ls) is the (j1,l2)-th entry of matrix A;, and constants p € (0, 1)
and C' > 0 may vary across different places. Similarly, we can show that

Ai Ohi(N)
hijt(A) O\

sup
(SN

'SC L+ b les@I™ [ i=si+ L5
k=1

(S.22)

Let p be the maximizer of the p in Lemma A.1(i), (S.21]), and (S.22)), similar

to (A.12) in Ling (2007), we can show,
DAl < Cghy, (8.23)
k=1

for some p € (0,1). Thus, using (S.21)-(S.23)), (i) holds. Using a similar

method, (ii) holds. This completes the proof. H

Lemma A.3 Let &, be defined as in Assumption 3.1. Under Assumptions
2.1-2.4, there exist constants C and p € (0,1), such that

_ OH!(\)
() sup a@f} ), 1<A>H < Ot

(i) sup L Pha())

© A/ hzt()\) 890890/
1 9%hy(N)
(iii) Sgp TN 000y
Proof. By (2.8) and (S.6),

S Cfptfla

S Cgpt—l .

Hy(\) =) T+ Tuéii(p),
k=0 k=0

hise(N) = T(in, j1)e5, (), (S.24)
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8H 85
! = 22 [ip (€t k ta:;(gp)> ,
8hz1 o=,
i =2 Z Z Flk 217]1 5]1 t— k(gp) 6j 580]‘7(@)’ <825>

k=1 j1=1

where I'g(i1, j1) is the (i1, j1)-th entry of matrix I'y.

By (2.8), (S.24) and ([S.25), and Lemma A.1(i),
‘8[—]’ H
sup
e
Ohii( 1
<C ) sup -
1121 890 Vit (N)
Ohi (M) 1
=C sup :
,121 99" \/hiy(\)
o m m Flk(il? j1)€j1 t—k:((P) 0€j1 t—k:((P)
<C sup ’ )
;;; © hit(A) Op
I | Mo J>a_<>H <0t
= i=1j1=1 © Oy -

Similarly, we can prove that (ii) and (iii) hold. This completes the proof. [
Lemma A.4 Under Assumptions 2.1-2.4, for any v; € (0,1), it follows that

(1) sup LX) = EV] = O(p") Ry ™,

(i) sup '8%)\ 8l H PRI,
(S}
32115( ) azle 3+L1
(i) sup || on 8)\8)\’ = Ol R,

where Ry = 1—1—2Z ofpt i» and &y is defined as in Assumption 3.1 for some

pe(0,1).
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Proof. For convenience, the initial values Y; are assumed to be zero when

i < 0. When the initial values are not zero, the proof is similar. By (2.4),

o8] t—1
alp) = > Yk — ), ei(0) =D yu(Yk — ),
k=0 k=0
sup lee(p) — eilo)ll = Zp 1Y — p
L+ Zpk IY_ill| = O(p")ép0-  (S:26)
k=0

By Lemma A.1 (i) and ( -

SUp 1€:(p) — ()]l < ngpz g3 () — €5 ()]

Zrat il ]sup > leule) +<ie \]

< ngp lee(0) — €5 ()]l Sup lec(0) + €5 (o) ]

< Csup

= 0(p")&p6pt- (S.27)
By (2.8),
=Y W+ ) Tuéi(9), (S.28)
k=0 k=0
t—1 t—1
= Z LW + ) Tudi_i(9)- (S.29)
k=0 k=0

By Lemma A.1(i - -,

slép [ Hi(A) — Hi(A]]

t—1

<O prsup|lEii(e) — & k(@) + C D pFsupllEi—i(p)]
k=0 9 k=t ©
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t—1 0
<O P bk +C Y P lIE—k(p)]
k=0 K=t

< Cp'& + Cp'éyo i otk = O(p") Ry (S.30)

Thus, by (S.26)-(S.30)),
sup [hie(A) — hip(V)] < sup | Hi(A) = Hi (M) = O(p") Ry, (S.31)
sup ein(p) — (el < sup fleuly) i)l = O(p")épo, (S.32)

sup(e(p) — ein(0))” < Csuple() = ei(p)ll supllie ()] + llei ()]

= O(p")&0t. (S.33)

wherei =1,...,m,0 < p < 1. Because h;(\) and h$,(\) have lower bounds

uniformly in all ¢, i and A, by (S.31)),

L1

1 _ 1
Vhi(\)  /hg (V)
Vi) = VI ()

hi(A)

sup <C sup

V zt V hft

= (C'sup
e

hig(A

< ngp |hit(X) — hg,(N)]?

= O(p") R4, (S.34)
" enle) e5(9) m | T
; ha(N) /RGN Zl [g” ha(N) VRGOV

+ (eirlp) — 5%(90))2] , (S:39)
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for any +; € (0,1). By - -, we have

sup [ In [ DyA)TDy(A)] = In | Di(AT DA

— hi(N)
: Zsup Foik ZS o
< Czsgp |hie(N) — hiy(M)] = O(p") Ry, (S.36)

Sup () (Do MT D (V) eu(i0) — f () (DT D)) e ()]
= sup |26,(¢) Dy FOTHD (Ne(p) — Dy (Vei(9)
— (@)D (A) = £ (P) D AN HD  (Veulw) — D (Ve (0))]
< Csup (P <Zl
+C sup Z \;;n o \/h
< Csupz [II@ ) e (e

Ezt(so) 5;:(90)

2\ 1/2
Vi) B )
(90) i
1 1
m N VRN

2
1 1 ]

+ 5?15(90)

MOSEIRVZAON

lec(@)ll leie(w) — 5@ + (einl0) — €iyl0))

—i—CsupZ

= 0(1)&,0(p" )Rt + O(1)&5,0(p" )R + O(1)6,0(p")&40 + O(p") 60840

= O(p" R ™. (S.37)

Thus, by (S.36])-(S.37), we can show that (i) holds. Similarly, we can show

that (ii) and (iii) hold. This completes the proof. O
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Proof of Theorem 3.1(i)

Proof. First, the parameter space © is compact and )y is an interior point
in ©. Second, L§,()\) is continuous in © and is a measurable function of
{Yi,t =n,n—1,--- }forall A\ € ©. Third, by Assumption 2.3, || D;(A)I'D;(A)]]

has a lower bound uniformly over ©. By Lemma A.1,

agt(@)
oy’

sup [le.(@)[| < [[eoel| + sup [l — ol sup
e o e
< (1Dl 1m0 | + Cp—1 < C [ Honll? o] + C&r
< C&p—1(1 + [[noel])- (S.38)
By (S.38)), Assumption 3.1, and Lemma A.1(ii),
Esup |wigi(0)(De(MTDy(N)) " er(p)] < Esupu llee(@)II* [ (De(ATDe(A) |
< CEw &y E(1+ [|no])* < oo,

wyIn | [ hae(N)

Esup |w;In ’Dt()\)FDt()\)}‘ < CEsup
© © i=1
< CFEsup |w hit(A) — 1
= @p t;| +(A) |]

<(C+CFEsupw
@p t;

hi()]
< C+ CEsupwy ||H(N)]|
©

Thus, we can claim that E sup |w,l;(\)| < oo.
e
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By Theorem 3.1 in [Ling and McAleer| (2003),
sup | Lgn(A) — Elwdy(N)]] 2 0. (S.39)
e

It’s straightforward to show that sup(|l;(A)| + [If(A)]] < CE&,. By Assump-
e
tions 3.1-3.2 and Lemma A.4(i),
s k() ~ OV < wesup 1 3) = BV -+ e = w sup 50V

= O(p" )R + O(1)|w, — wil€2 = Ay + As,

(S.40)

/112 B
E(jwy — wi§2)"® < |Elw, — wi|**EGy?| T = 0™, (S41)

where (¢ is the same as in Assumption 3.2, and ¢; is the same as in Lemma

A.4. To prove Y ;' Ay/n = o0,(1), it is sufficient to show
1 n
o 2 A
o
where ¢ is the same as in Assumption 2.5. By Assumption 2.5,

1 n
E;Au

t/(1421)

E — 0, as n — oo,

o/ (1401)
E

1 n
= nt/(+u) ZE|A”|L/(1+L1)
t=1
1 < £\ plte ¢/ (1+e)
) ZE 0" Ry ™|
t=1
1 - t L
= JiFe > O(h)ER;
t=1

t L
1+ Z fzti]
i=0

1 - .
= 7 2L OPDE
t=1
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L

2
1< ! ~
=/t Z O(p)E |1+ Z (1 + Zﬁ”ymy‘\)
t=1 i=0 §=0
— 0. S.42
(
Similarly, by (S.41]),
n t0/8
1
= Ay
n t=1

By (S.40), (S.42))-(S.43), we can show that

E

— nto/8

<! ZE[A;‘;/S} g#ZO(t—l)—m. (S.43)
t=1

1 n
- > sup lwels(A) — wilE(N)] = 0,(1). (S.44)
t=1

By (S.39) and (S.44)), it follows that
Sup |L5,(A) — Elwili(N)]| = 0,(1). (S.45)
Fourth, we need to prove Efw;l;(\)] achieves its maximum at A = A.

Elwdy(N)] = Elwy(—In |Dy(A\)TDy(N)| — e4(0)(Di(MTDy(N)) " ter())]
= {=Ew; In|Dy(NTDy(N)]] — Elwieg,(Dy(ANTDi(X) eql] }
— E [wy(e:(0) — €0t) (De(MTD(N)) " (e (i0) — €0r)]

= Li(\) + Lo(N).

If and only if /() = eor, L2(A) obtains its maximum at zero. According
to Lemma 4.2 in |Ling and McAleer| (2003)),

Oe
St(@) —Eot = 8_<pt’ (90 - 900) =0,

©*
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where @* lies between ¢ and ¢y, and the above equation holds if and only

if ¥ = @o.

Let M, = (Dy(A)TDy(A))~/2(DoiTo Doy ) (D (AT Dy(X))~Y/2,

Li(\) = E{wt[— log | Dy (AT Dy(N)| — trace(Mt)]}

= Ewt[log |Mt| — trace(Mt))] — Ewt log |DOtFODOt|]'
Similar to Lemma 4.4 in Ling and McAleer| (2003)),
log | M;| — trace(M,;) < —m,

the equality holds only if M; = I,,, with probability one. Thus, L; () reaches

its maximum —mEw; — Fw;log|DoI' Dy| if and only if Dy(AN)TDy(N) =

Do T'gDo;. By the definition of I'y, we have hg;; = hy, and I' = T.

Since max L(A) < max L;(\) + max Ly(A), then max L(\) = —mEw; —
PYELC) Ae© A€O 1O

FEuw;log|DoI'g Do if and only if max Ly(N\) = 0 and max Li(\) = —mFEw;—
€ €

Ewglog | Dy I'g Dy |, which occurs if and only if ¢ = o, T' = g, hyy = hog.

From ¢ = g and h;; = hg;, we have

_0H,
=00 0’

(H; — Hor)|

)(5—50)20

(00,0*

with probability one, where 0* lies between § and dg. Again, according to
Lemma 4.2 in |Ling and McAleer| (2003), the above equality holds if and only

if = dp. Thus, L(A) is uniquely maximized at Ag. Thus, all the conditions
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in Theorem 4.1.1 in|Amemiya| (1985)) have been established. This completes

the proof. O
Proof of Theorem 3.1(ii)

Proof. First, Mg - Ao as n — oo. Second, 821,(\)/ONON exists and is

continuous in ©. Third, since ||D;(\)| has a lower bound uniformly in ©,

by (539).

sup [, = sup [ B (0) + AV

< Osup Ine(N)* < C'sup lee()]1®

< O+ [lnel)*€2,s, (5.46)
sup (N0 D) + A7 ()|

< sup [N [T} |07 (]| +sup | & | D7 ]

< Csup (W] < CO+ D (5.47)
sup lei(e) @ In|| < C'sup le(@)ll < O+ [|moe])Epe—1, (S.48)
sup [G/() @ Ivl| < Csup [m(N)|* < OO+ o P€r (5.49)

By (S.10)), (S.46), and Lemmas A.1-A.3, there exists a neighborhood Oy of

Ao such that

2
<C&yys (S.50)

B

< C'sup
S2

sup
©o

‘362(90)
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OH)
D)

R

sup
S}

‘ < C'sup
S}

2
sup 1Al < C(L+ [Inoel)*Epes-
0

(S.51)
It is not hard to see
0 oe!
87[ 2 <Dt<A>rDt<A>>-1}
%en(p)
ONON
= [(Dy(ANTD:(N) ™" ® Iy]
825mt(4p)
ONON
oe! B B ) B OH,(\
[ S (1,0 D7) |- vl e D) P
oe! _ 3 ) 3 OH ()
# [ S (D @ 1) |- gt e D) P
(S.52)
o [1oH/(N)
85\/V€C 5 D;=(\)
1 82hu(N) 1 9hw(N) Ohus(N)
. hit(X) ONON . hi,(A) O\ ON
1 hau(N) 1 Ohya(N) Ohue(N)
Bnt(X)  ONON h2.(A) O ON

By Lemmas A.1-A.3, (S.52)-(S.53)), there exists a neighborhood ©q of

Ao such that
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a 5zt
<C Dy(MNTDy( 1
< Osup [[(DANTDA NHZZSUp ONON ‘
+ Csup ||, ® 85t(~<p) H sup || L, @ Dy (AT 7|
(SH) (9)\ SH)
x sup ||diag(eq, - - - ,em)Dt:}()\)MH
©o oN
S Céitfh (854>
su 0 ec (1 OH; (A > H
—V
on lox 2 8/\ D
- 1 0%hi(A
<C s
= z; o0 |l hie(N) aAax
- 1 Ohi(\) Ohir(N) H
+C ) su = a
Z o0 11200 0% ox
< C&y . (S.55)

Denote R,Eg) = R(g) + RQt + R3t , by (IS 47|) dS.49I),dS.54I)—(IS.55I), Lemmas

A1-A.3,

‘%Vec {052(50) <Dt(>\)FDt<)\))_1:|

sup HRﬁi’) W(p) @ Iy|sup
© ©

O
C(1+ [lnocl)p—1, (S.56)
9 < sup ) o s | Zovee (52253 0200 )|
C(1+ lInoel)?€5 1 (S.57)
Ol < csup | 228X pr2 )| sup agtg(’p)H
[SH Ch)
x sup |[7, (VLD T\ + A, Dy H

©0
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< C(L+ [Imoel&pe-1- (S.58)

ThU.S, by "‘.

R

sup | B < O+ limor )26 (3.59)

Sh)

By (S.10), (5.50)-(S51), and (5.59),

%1,(\)
ONON

REI) RIEQ) R§3)

< O+ [Imoel) e (5.60)

< sup
SN}

sup
SN

+ sup + sup
@0 60

By Assumption 3.1, we can show that

921, ()

— S5.61
ONON (58.61)

E sup
©o

Wi

Similarly, we can show that

921,(\)
Wt

0pda’

921, ()

Esup w5550

821, ()

we Oodo’

E sup
e

FE sup
e

Thus, we can claim
0?1, (\)
ONON

Wy

FE sup
e

0

By the ergodic theorem and Theorem 3.1 in |Ling and McAleer| (2003), we

can show that 9?L,(\)/ONIN converges to E [wtﬁzlt()\)/ INON ] uniformly
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in ©g in probability. Similar to (S.44]), using Lemma A.4 (iii), we can show

that

PLa(N)  PLL N 0
ONON amox ||~ o\

sup
©0

For any sequence of A, such that A\, — Ay in probability, by dominated

convergence theorem, we can show that

S = S0+ 0,(1). (S.62)

Fourth, for the previous neighborhood O, (S.7)-(S.9), (S.38), (S.49), and

Lemmas A.1-A.3,

sup | 2| < sup | 24 s 2 OE D) s et
g 2 0200 sup e
<O [+ m )€+ (1 + 6]
< OO+ Il s
sup | 2022 < Csup | ZE D2 s e
<O+ Il €
w || <75 s et
0| 5 sup vectr Dy o)D)

< 1+ el *&pe-r-
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Thus, we can prove

Qy=F [wt 8[(;()\ ) agg\/)] <00
Similarly to the proof of Lemma 4.2 in |Ling and McAleer| (2003), we can
show —Xg and (2 are positive definite. By central limiting theorem, we have
OLsn(No)/ON 5 N(0,9p). Similarly, we can show that /n||0Lsn(Ao)/OA —
AL, (M) /O] = 0,(1) and hence JLE, (Ao)/OX =5 N(0,Q). Thus, all the

conditions in Theorem 4.1.3 in Amemiya| (1985) have been established and

hence /n(Asn — Ao) 5 N(0,%25'Q%5"). This completes the proof. O

The following lemmas are the key results for Theorem 4.1.
Lemma A.5 Let &, be defined as in Assumption 3.1 and & = 1 +
St 0 leos—ill.  If Assumptions 2.1-2.4 hold, then for any p,o € (0,1),
there exist constants o1 € (0,1),7 € (0,1/2) and C' not depending on t such

that

(1) &t < Copyt a.s.,
§OQt 1 -
( ) \/_—050@115 1 a.s. fOTk—L...,m

Proof. By Assumptions 2.1-2.2, Y; has the following expansion:

Y=+ ko,
k=0

where vy, is defined as in (2.4). Thus, (i) can be directly proved. Let Gy
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be defined as G in (2.5) with B; = By,;. By (2.2),

Ho = Cow+ Y _ Y U'GIU Ao i, (S.63)

i=1 j=0

where COw - (Im - Zle BOi)_1W07 U = (Im70m7 e 70m>m><m57 Om is an
m X m matrix with all elements being 0. Since all the elements of By, are

non-negative, it is not difficult to show that U’'GU > BJ,. Thus, we have

HOt 2 COw + Z Z BglAOigO,t—i—j (S64>
i=1 7=0
> Cow + Z Bl Ao (S.65)
7=0
2 COw + 3611401‘50,15—]‘—1- fOl" all J (866)

Note that 18, ;1 = |le0s_j_1|°, where 1/ = (1,...,1). Let i € (0,1/2)
such that (bm)¥? > p, where b = min By ;j, Bousj is the (i,7)th entry of
i

By, we have

&)Qt—l ngt—l < £OQt—1
Vhort h(L)kt N (62;0010 + €} B An€oi—j—1)"

ol ot ]

=0 1 + 6238111/50,157]'71]

A8 ST YRR

=0 [1 + ¢, Bl 1 leo—j-1]7]

P 6/ Bj 1 HSOt,',lHQ
=C |1+ oyl R
Z B(J)l o 1+ €. By 1 ”EO,t—j—lH2

1-27 2\7
<C 1+Z B(Jn - lleo.t—j1ll (e, Bd11 €0 —j-1]] )/2]
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=C 1+Z

BJ H eo eyl T (€ BH1L) leo - 1“]
01l
=C 1+Z BJ 7 | 07,5_j_1||”] . (S.67)
01l
There exists g; € (0,1)
o o o\,
, < — = - < 07. S.68
< wor ~ (@) <4 e
By and (S.68)), using the same method as for (A.12) in |Ling (2007)
we have
Sogt- 7
\;Zo—kl 1 +ZQ1 leo,e—j— 1“ < Cfoglt 1
¢

7=0

for all k =1,...,m. Thus, (ii) holds. This completes the proof a

Lemma A.6 If assumptions of Theorem 4.1 hold and v/n || A, — Xo|| < M
then it follows that

(Z) Enkt = €0kt + Op(1> V hOkt7

(11) hoke = howe + 0p(L)hore, k=1,.

co,m,

where epgr = €kt(Pn), Pt = hit(An), 0p(1) holds uniformly int =1

Proof. First, it is straightforward to show that

Enkt = €0kt T+ O(n_l/Q)fpt—l-
Furthermore, by Lemma A.5(i), we have a constant ¢ € (0, 1) such that

Enkt = Eokt T O(?”flﬂ)fomﬂ (S.69)
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By Theorem 2.6 in [Zhang and Ling| (2026), for any 7,0 € (0,1), we have

E(&,)? < oo. Thus,
max £7/v/t = oy(1), (5.70)

for any 7,0 € (0,1). By (S.69)-(S.70)), and Lemma A.5(ii), we can see (i)
holds. Let G}, be defined as G in (2.5) with A = \,,, €,—i—j = E1—i—i(An),

Chw and A,; be defined as Cy,, and Agy; with A\g = \,. By (S.63),

Pkt — howt = €}, | Crw — Cow + Z Z(U’GiLUAm- — UIGéUAOi)gO,tfifj

i=1 j=1
+ 6;6 Z Z U/G%UAm [é’m,,;,j — 50,157@'73']
i=1 j=1
= Bln + BQn; (S71>

where U is defined as in (S.63)). This is a constant ¢ > 0 such that
Go(1 — ¢/v/n) < G, < Go(1 + ¢/\/n), where “B < C” for matrices
B = (b;;) and C = (c¢;;) means that b;; < ¢; for all ¢ and j. Thus,
UGU = U'GHU < maz{|(1 — ¢/y/n) = 1[,|(1 + ¢/v/n)) = 1JU'GHU =
0@ /v/n)(1+¢//n)U'G)U. Furthermore, since €, (Cpy — Cow) = O(n"1/?)
and A,; and Ag; are bounded, it follows that

Bin = € [Crw — Cow] + €}, Z Z U/GiU(Am' — Ai)€0—i—j

i=1 j=1

e Y Y [UGIU - U'GIU] Avigo i

i=1 j=1
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1 r o0 c j . .
-0( ) +a0 (4 >§§§KZ‘W)U@W”%¢H
+ek0( ) Z]( iﬂ) U’GJUll’eot imj

=1 j=1

:O(%> ( ) 12](1+ )UGJUluso“Jll

=1 j

Using (S.63)), as n is large enough, we have

1 c J :
1+ — | UGEUL||eosiil?
rochd (142 ) VGUL feoris]

J 1T 2
Sj(l—i-i) e, U' G}, U1||]60tzj||
e;.Cow + eL.U'GyU Apigo 1—i—;

Jn

<oj (14 &) UGl
\/ﬁ 1 +€k,U/G6U1 ||5O,t—i—j||

J
. C IR iV all L1
< i (1+ =) @UGU ol

< Op |leo—izi| ™

for some p € (0,1) and ¢; € (0,1/2). Thus, as for (A.12) in |[Ling (2007), we

can show that
1 31
Bln:O(\/—>+h0ktO( )ZZPJHEM i JH2

()

by 1D where 11 € (0,1/2). By , howt > aekU’G]UIHEOt i ]||

where g is the minimum of entries of Ag;. Let @ be the maximum of entries

1+ hop Z 5(2);}51] = hortop(1), (S.72)
i=1
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of Ay, by (S.69), Lemma A.1(i) and Lemma A.5(i),

By, < ey, » Y U'GLULY [ mimj — Eomisy]

i=1 j=1
< Ce, {Z Y UGLUL[eny iy — 20pijll llensiy + €O,tz’j||}
i=1 j=1
1
con]sSvenn [ Lo o) [l s Lo
k{;]zl \/— Ogt—i—j—1 H 0, j“ \/ﬁ Oot—i—j—1
{fZZU’GJUlusm -y }
=1 j=1
+Cej, {_ Z Z U/G%Ulgggt—i—j—l}
[
=C { NG ZZ <1 + ) e U'GRU [|eg il fo@t—z‘—j—l}
=1 j5=1
C {5 Zpr’ﬁém_i_j_l}
i=1 j=1
Vh .
{ Ot Z Z (1 + ) kU'GéUl)l/2 §OQt—z‘—j—1}
=1 j=1
1 .
e {5 Zpr&%Qtul}
i=1 j=1
1 T [e.9] 2
< >Vh0ktzzp]§0gt1] 1+O<E)ZZ p]£09tzj 1 ’

=1 j=1 i=1 j=1
for some p,0 € (0,1). Reordering > i >, > 7%, lle0s—i—j1-1]l, We can

show that 39 € (0, 1), such that

B = O0) |05 4 2| = oo (573)

by (S.70) and Lemma A.5(ii), where 0,(1) holds uniformly in ¢t =1,...,n
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By (S.71)-(S.73)), (ii) holds. This completes the proof. O

Lemma A.7 If assumptions of Theorem 4.1 hold and v/n || A\, — Xo|| < M,

then it follows that

2 2
n Z aal)ia)\/ N %2:: 3@?\56);3 0p(1), Jor any fived constant M.

Proof. We first show that

RAP) 1 <= (M)
§ 2y o). S.74
8)\8)\’ 2= on ol (5.74)

t=1 t=1

0?1, (N)/ AONON in (S.10) includes five terms, we only provide the proof of the

following three equations, while other terms can be proved similarly.

1 « 1 «

SSTRPOW) = = 3T R (M) + op(1), (S.75)

n t=1 n t=1

1 « 1 «

=~ RY W) = Y R (o) +0,(1), (.76)
t=1 t=1

1 — 1 «

=~ R ) = Y R () + 0,(1). (8.77)
t=1 t=1

DenOte f]ta Nt Ata Ah and Dt by ﬁnta Tint, Anta Ant) and Dnt7 respeCtiveIY7

when A = \,. By Lemma A.6,

1 1/2 1/2 |<€0it‘
it — Noit] < |€nit — €0it] =75 + |Pmiz — Poic | 75175
t t‘ ’ t t’ h1/2 t it h1/2h1/2

nit nit 70t

= 0p(1) + 0p(1)|n0t],

170t = 0l = 0p(1) + 0p(1) [|770:] (S.78)
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where 0,(1) holds uniformly in all ¢, i = 1,...,m. By (S.78),

|7y e — oLy Vo |
< ||t (T = o e || + || (e — 7loe) T * (e — 7ioe) |
+ 2 |70t L5 (Fine — 7ot ||

= 0,(1) + 0p(1) [lm0el” (S.79)

HAmﬁm — Aosiior

< HAnt — Ay, |7t — Tt |

|7t || + HAOt

= ||diag(ey Ty 1t - - s €5, ine) — diag (€30 1or, -+ €5, 08 || 177t
+ [|diag (et 15 ors - €6 L5 0e) [ 1t = 7

< ||diag(€\ Ty Tt - - -, € T M) — diag (1T nogs - - -, € T 10e) || 1177t
- Hdiag(e'lfglnolg, el Totng) — diag(ei Ty M nor, - - -, €. Tg Mnor) H |77t
+ || diag(eiTg ot - - - » €0, 10e) || 177t — Flot|

= 0p(1) + 0p(1) [loe]|* (5.80)
By (5.79) and (5.80),
120 = Dorll = 05(1) + 0,(1) l0ell” (S.81)

By Lemma A.2-A.3, and Lemma A.5, there exists a neighborhood © of A



2. TECHNICAL PROOFS

such that
OH(\) _ OH;(\ OH(\)
S(lalop E;S(\ >Dt (WD) 82}\<’ )H < S(lalop ‘ t~( >Dt () < CSOQt 1
(S5.82)

where C' is a constant independent of 7 and t. By (]S.81))-(S.82)), and Theo-

rem 2.6 in Zhang and Ling| (2026]),

—Z [8;ng 2N, Dy, 20Hn _ af{"tp 2Ny D;; 28H’“]
n

— "aN 9A N
OH! 2 0Ho
nt D AOt) a)\,

2
= —Z Soar-1(0p(1) + 05(1) llm0e*)] = 0,(1),
since Efog_tb_l < o0, B In0:ll” < o0, and 0,(1) holds uniformly in t =

1,...,n. By Lemma A.2-A.3, Lemma A.5, and Theorem 2.6 in|Zhang and Ling

(el

—oWEsw {HW |

(2026)),

2}<oo.

Further, by proceeding equation, the dominated convergence theorem, and

the ergodic theorem, we can show that ([S.75)) holds.
By (S.53) and (S.78), Lemmas A.2-A.3, Lemmas A.5, Theorem 2.6 in

Zhang and Ling (2026]),

1Cat = Cotll < Nmel I70ell || T = T ]
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+ 2 [73ne — 7ol |70 n0e || + 173 — 7ioell* || To |

= 0,(1) + 0, (1) ||0e]*
0 CF@H;(/\)
2 9\

”' < Cfogt 1- (S.83)

Thus,

n

1 & 0 10H!, 1 0 10H!,
iy Do = b In)— LD
n;(Ct N)a)\ {2 (9)\ t:| ntz:;(COt N)a)\ {2 8)\ t:|

(€ ® In) — (G ® In)] -Lvee [1% Dgf}

1 n
< —
n z; oN 2 0A
o)y g Il = o) (580
where 0,(1) holds uniformly int =1,...,n.
Furthermore,
10H!(\) } H
E L2 DA ® 1
sup{ | ovee | 5222020 [ o 1
O ELE 21 (1 + Imoel|)] < oo (5.85)

By (S.84)-(S.85)), the Dominated Convergence Theorem, and the ergodic

theorem, ([S.77)) holds.

By (S.52),

(62(@) ® Iy) %Vec agé(fp) (Dy(MT Dy (M) !
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5251t(90)
ONON
= [ei(p) D7 (AT IDH (V) @ Iy :
625mt(90)
ONON
/ Ogy(p) 4 —1 L. 3, OH: ()
et o S D] | Jaingten e DN Y
/ -1 Ly Ogi() L. 31 OH(A)
—l—[at(go)Dt AN ® Y }_—édlag(el ..... em)D; > () oY }
825”(@)
ONON
= [n,(MT™'DH(N) @ Iy] :
85mt(90>
ONON
/ Ogi(¢) 1 1 Lo OH ()
[ o S D] |- Jdingler D) 24
' o 05(p) 1. L3, OH (M)
—i—{nt()\)f‘ ® 5 ]|:—§dlag(€1, vem)D; () Y }
Pe1i(p)
INON
= (i (N @ In)(D'D;7 M (M) @ Iy) :
0%€mi(¢)
ONON
' dei(p) 4 -1 L. o\ OH(N)
L) © 1)1 © R D)) | dingler ) D20 A
) o Oge) | 1 _3. OH ()
+ (N @ In)(I ® 5 ){—gdlag(el ..... em)D; % (N) Y }
(S.86)

= (,(A) ® In)Ay(N),
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where
D*e1(p)
NN
A\ = (TN @ In)
825mt(90)
NN
oel(p) _ 1. _ OH;(\
+(In ® 5& )Dt toor—h {—Edlag(el,...,em)Dt 2(\) atx(' )}
1 Ogi(p 1. s WOH(A
+ I '® 5?\ )) {—idlag(el, coyem) Dy 3()\)%} .
So (S.76) is equivalently to
li(' ® Iy)A —li(’@)I)A + 0,(1) (S.87)
n &= Mt N)Ant = n & Mot N ) Aot plL). .

By (S.78)), Lemmas A.1-A.3, A.5, and Theorem 2.6 in [Zhang and Ling

(2026)),
sup [ A4V < Ot (5:355)
0
1 - / /
- D (e © In) Ane — (0fy ® In) A
t=1
1 . / /
= D e = ) @ In) Al
t=1
== Z (0p(1) + 0p(1 ||770t”)§09t 1] = 0p(1). (5.89)
Furthermore,

ESgP{IIAt(A)II Inor @ Inll} < O(1) El&55" [Inoell] < oo. (S.90)
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By the (S.89 - ), the Dominated Convergence Theorem, and the ergodic

theorem, ([S.87)) holds, and then (S.76]) holds.

Similarly, we can show

0?1 (A O0?1y( )\0
(1

Z &p@a Z Do’ o(1);
8 lt - a2lt()\0)

8580 - 2 g500r )
8 li(An) 821t()\0)

p— — 1 .

n < 0odo’ dodo’ o(1)

This completes the proof. n

Proof of Thereom 4.1

Proof. We first show that

0?1(No)
ONOA

1 Phi()
n ‘= ONON

and =X+ 0,(1). (5.91)

d

By (S.10)-(S.14)), (S.83), (S.86)), (S.88), Lemmas A.1-A.3, Lemma A.5, and

Theorem 2.6 in Zhang and Ling] (2026)), it follows that

2

Oe! _,0g0 osh,
E gt(DOtFODOt) la_ﬂft < CE‘ agtDof < o0,
oH' OH, OH' 2
E /\OtDOtQAOtDOtQ aXOt < CEFE H OtDOt E|Agl < oo,
OH/ Ocot
E )\OtDOt [TIOtF IDOt +A0tD0t ] N
OH! Oe OH/ Oe
< E H OtDOt UOtrolDOtla_;/t +FE H 0tD0t2AOtD0tla_£,t
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8H6t ' 1a€0t
D2 || D —=|| B
H ot ot N H770tH
OH! Oe
H OtDOt ‘ O—tl—.f” EHAOt 0,
10H]
H<<0t®IN)8)\ Vec[ a/\OtDOt:|
0 10H!
<EHC0t®INHE‘ ES T {2 80tD0t:| < 00,
0 e (N)
Ell(eh, @1 vec | —2222 (D, LoD H
(Ot N)a)\/ |: )\ ( 0t 0 (]t)

< E[ngr © In[| E [|Aoe|| < oo

Similarly, we can show that the other terms in F [021;()\g)/ONON] are finite.

Thus, the first part in (S.91]) holds. The second part of (S.91)) holds by the
ergodic theorem. By Taylor’s expansion, we have

Ol (Nen) = OlE(No) e DPLE(NE)
ox O\ OXNON

t=1 t=1 t=1

where \* lies between )y and Asn. By |D Lemma A .4(iii), and Lemma

(Xsn - )‘0)7 <892>

A.7, we can show that

0%l (Asn) 1L PN
"2 - T o) 2 oy =Tl (5.99)

By Lemma A.4(ii), we can show that

% > al';(; ~ 2 Z alt L(1). (S.94)

As in Ling and McAleer| (2003)) and |[Francq and Zakoian| (2004), we can

show that —X > 0 and Q > 0. Furthermore, since /n(As — Xo) = O,(1),
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by (4.1), (5:92)-(5:99), we have

An = Aan — [Z + 0,(1)] {% % +[Z 4 0,(1)](Asn — AO)} +0, (%)

t=1

Y1 8lt(>\0) ( 1 )
=X\ — +o,| — |-
" —~ 0\ PA\Vn

Finally, by the central limiting theorem, we can show that the conclusion

holds. This completes the proof. O

Proof of Theorem 5.1

Proof. If the model is correct, by (3.2), (5.2), Theorem 3.1 in|Ling and McAleer

(2003), the dominated convergence theorem, and similar argument to Lemma

A4,
fn == Eg()wt + Op(l) = OP(1)7
1 - € (3 — 12 2 2
=Y () = Gl = B+ 0,(1) = mkEw? + 0,(1),
t=1
and hence

R _ Z?:H_l gwt(;\sn)gwt—l(;\sn)/n
ol mkEw?

+o,(1). (S.95)

We only need to consider the asymptotic distribution of

n

Ksn,l = Z gwt(j\sn)gwtfmj\sn)- <896>
t=0+1

Let K = (K1, Ky, ..., Ky) and Ky, = (Kgn1, Kano, ..., Kanar)', where
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f(sml is K; when 5\571 is replaced by \g. By Taylor’s expansion, we have

. 0K . 1

where 0K /ON = (0K, /0N, 0K3/0\, ..., 0Ky /ON), and

oK. 1 <& 20el,, _
8_)\l = Z 0wt [wt—za—(;’\tl(Do,t—lFoDo,t—l) 150775—l]
t=Il+1
1 z": ) y ovec(Dg—I'oDoy—1)
Ow,t t—I O\
t=I+1

X VeC[(Do,t—lroDo,t—l)_150,15—156,1;_1(Do,t—lFoDo,t—z)_l]}

20¢,
+ — Z SOw,t— l[wt t(DOtFODOt) 150t

e
1 & ovec(Dy o Do)’ _ _
- — Z §0w,tl{wt ( 80; 0Dor) vec[(DoLoDor) ™ eorely (Dotl'o Dot ) 1]}
g
(S.98)
By the ergodic theorem, it is easy to obtain
aK a.s.
8_)\l — —X;, as n — oo. (5.99)
By (S.99), (S.97) can be written as
K=K —XM\g—X)+0 ! (S.100)
sn — sn 0 P \/ﬁ . .

According to the proof of Theorem 3.1 (ii),

A 1 az (Mo)
Aan — Xo = =[S0 + 0,(1 [E > w, o ] (S.101)
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By (5.95), (S-100)-(5.101),

(kB [VitR] = ViR + 0y(1)

= VK — X[Vn(Aa — Xo)] + 0,(1)
— JﬁK—X[—Zf(%ZM%)] +0p(1)

= \/ﬁK+X201%<Zwt%> +0,(1)

= VZ;i + OP<1)7

. 1w LX)
where Zn:\/ﬁ{K,EZtlwt t@)\’o } :

Finally, the conclusion holds by the central limit theorem for martingale

difference sequence. O
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