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S1 Proof of Uniqueness of the Delaunay Weight Vec-
tor

Given that Z is generic, the Delaunay triangulation D7 (Z) is unique (Leibon and
Letscher, 2000). Thus, for each p € M, the Delaunay simplex S(p;Z) containing p*,
the projection of p on the convex hull H4(Z), is unique. By condition (a) of Definition 2,
the number of nonzero components of w(p; Z) is not larger than d+1. Without loss of gen-
erality, let V(S(p;Z)) = {21, ...,Zas1}. As a result, conditions (b) and (c*) of Definition 2

imply that (wi(p;Z), ..., we1(p;Z))T is the solution of the following equation,
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Since the intrinsic dimension of M is d and log,.(z1),...,log,(z411) € Tp-M, which
is a d-dimensional Euclidean space, we deduce that log,.(z1),...,log,.(z41) are linearly
dependent. Without loss of generality, for k = 0,...,d, let {log,.(21),...,log,.(zx41)} be
the smallest subset of linearly dependent log maps.

When £ = 0 (i.e., log,. (z1) itself is linearly dependent), we have log.(z1) = 0 and thus
(S1) has a unique solution (1,0,...,0)".

When k£ =1,...,d — 1, we have p* being in the k-simplex formed by z,...,2z;1. By

the convexity of S(p;Z), all points zg.o,...,2Z4.1 are on the same side of the k-simplex
formed by zq,...,2Z,.1. In other words, the geodesic path between any pair of points in
Zi12,---,Zq41 does not intersect the k-simplex formed by z1,...,z;1. Thus, the solution
of (S1) has Byio == P41 =0.
In conclusion, for k = 1,...,d, the number of solutions of (S1) is the same as that of
B
1 e 1 1
: = , (S2)
log,-(z1) -+ logy(2Zkt1) 0
Br+1
and Bgio == g1 =0, when k=1,...,d— 1.
Since
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logp* (Zl) T logp* (Zk+1)
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1ng* (Zl) logp* (ZQ) - logp* (Zl) e logp* (Zk+1) - 1ng* (Z1>
0 0 1
and log,.(z2) — log,«(2z1), . .., 108, (Zr41) — log,«(z1) are linearly independent, Ay has a

full-column rank and thus (S2) has a unique solution. It follows that (S1) has a unique

solution and the Delaunay weight vector w(p;Z) is unique for all p € M and generic Z.



S2 Formulas of Kernel Density Estimate in Figure 4

To characterize the direction information captured by different graphs, we adopt the kernel

density estimate (KDE) of directions vy, ..., v, € 0Bga(0,1),

= viu

h(u) o ¥ K < 5 ) , u € dBra(0,1),
i=1

proposed by Hall et al. (1987) and Bai et al. (1988). Under the case that d = 2, the above

KDE can also be expressed as

Here, a larger value of h(f) indicates that more directions are concentrated around the
direction 6.

In Section 3.1, we generate a dataset Z in R?, where Z = XUY, X = {xy,...,Xa0}
contains 20 points from MVN(0, diag(4,1)), and Y = {y;,..., ¥4} is obtained by rotating
X by 7/2 counterclockwise with respect to the origin. Thus, we have 40 points in Z.
Without loss of generality, we let z; = x; fori =1,...,20 and z; =y, _,, for i =21, ...,40.
Based on the neighborhood graphs of Z induced by k-NN, k-MST and I'z, we derive the
direction of any edge z; — z; as

_(zj—z)"

U ey 3

and compute KDE of direction among edges pointing x;’s and y;’s as follows.

e For the neighborhood graph G induced by either k-NN or £-MST, the KDE of direc-



tion among edges pointing x;’s and y;’s are respectively
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hg x( - j exp{ — -V, ,
; jzl & 7 \sin(6)
40 40
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and hgy () o Z Z ] 9) exp e vi |l :
i=1 j=21 sin(6)

for 6 € [—m, 7.

e For the neighborhood graph induced by I'z, = (7;;)40x40, the KDE of direction among

edges pointing x;’s and y;’s are respectively

40 20
1 cos(0)
how x(0) o Z Z%‘j P ¢ Vi | ’
P sin(6)
40 40
1 cos(0)
and thy(Q) X Z Z Yij * €XP E ’ V;rj . ’
i=1 j=21 sin(6)

for 6 € [—m, 7.

In Figure 4 (d)-(f) of Section 3.1, we visualize the KDEs with the bandwidth ¢ = 1/3.
By doing so, hpw x(#) measures the proportion of weights assigned to edges pointing x;’s
with direction close to 6. If most of the density in hpw x(f) concentrates at the principal
direction of X, we can say that the neighborhood graphs of Z induced by the Delaunay

weight matrix I'z capture the information of X’s principal direction. This is also true for

how v (0).

S3 Robust Manifold Learning Algorithm

We first provide the intrinsic dimension estimation method proposed by Facco et al. (2017)
in Algorithm S1. We use ¢ = 0.9 in our numerical experiments. The computational
complexity of Algorithm S1 is dominated by step 2 with the cost O(n?D) where D is the

dimension of the the ambient space R”.



Algorithm S1 Estimation of intrinsic dimension (Facco et al., 2017).

1: Input: Dataset Z = {z1,...,2,} and a tuning parameter ¢ € (0, 1).

2: Compute the distances ||z; — z;|| for all i # j.

3: fori=1,...,ndo

4:  Obtain ry, ;2 as the smallest and the second smallest values among ||z; — z4]|,. . .,
12 — ziall, |20 — Zivall, - - |20 — 2a ).

5. Compute p; = r40/71.

6: end for

7: Obtain the ECDF of u;’s as
(1) = Ly Hp = i}
F(u - ;1 >t

8: Discard all the records (log(y;),log(1 — F(11;))) with F(u;) > e.
9: Fit a linear model,

log{1l — F'(1;)} = d x log(11;) + &, d € {1,2,.. .},

~

to all the remaining records (log(s;),log{1 — F'(u;)}) and obtain the estimated integer
d of d. A
10: Output: Estimated intrinsic dimension d.

Based on the estimated intrinsic dimension d, we follow the idea of Isomap (Tenenbaum
et al., 2000) to develop a robust manifold learning algorithm as shown in Algorithm S2.
A key feature is the use of the union of a k-NN graph and a MST graph as the adjacency
graph, which ensures connectivity and computational efficiency. Because the computational
complexity of MDS algorithm to embed Z in RY is O(n?d), together with the computa-
tional complexity O(n?D) required by estimating the intrinsic dimension, we conclude that

the overall computational complexity of performing the nonlinear dimension reduction is

O(n?D).

S4 Stereographic Projected DELAUNAYSPARSE Al-
gorithm

Algorithm S3 details the procedure to find the Delaunay simplex S(z;;Z \ {z}), for

1t = 1,...,n, where we suggest n = 10 in practice. Compared with the original DELAU-



Algorithm S2 Robust manifold learning algorithm.

1: Input: Dataset Z = {zi,...,2,} and the d obtained by Algorithm S1.

2: Compute the MST Gysr(Z, Emst) with respect to the Euclidean distance among Z.

3: Compute the symmetrized k-NN graph Gy nn(Z, Egnn) with respect to the Euclidean
distance among 7Z, where k = 4 - d (Budninskiy et al., 2019) and the edge (7, ) € Eknn
if either z; is one of the k nearest neighbors of z; or vice versa.

4: Construct the extended graph Gpy(Z, Epxt) where Epye = Enst U Ernn-

5: for 1 <i< j<ndo

6:  Compute the shortest path, i.e., the estimated geodesic distance CZM(ZZ', z;), by ap-

plying Dijkstra’s algorithm to Gpy.

7: end for

8: Perform the metric multidimensional scaling (MDS) to compute the low-dimensional

Euclidean representation 7= {Z1,...,2,} C R4 as the solution of
. - o 2
min Y (dulzz) - |2 - 2l) .
L 1<icj<n
9: Output: The low-dimensional Euclidean representation Z = {Z1,...,2,} C R

NAYSPARSE algorithm (Chang et al., 2020) which finds S(2;; Z \ {z;}) directly in R, the
stereographic projected DELAUNAYSPARSE algorithm performs the same task in a round-
about way by projecting data from R? to 9B,.... \ {(04, 77max) "} (steps 2-3 of Algorithm
S3), finding the Delaunay simplex S8* on 9B,.... \ {(0a, N7max) "} (steps 6-17 of Algorithm
S3) and translating S* back to S(z;;Z \ {z;}) on R (steps 18-24 of Algorithm S3). As
the computational complexities of projection from R to 9B,,,... \ {(0a, 7rmax)"} (O(d)
for each Z;) and translation of S* to S(Z;;Z \ {2;}) (O(nd?) for each Z;) are dominated by
finding S*, whose computational complexity is O(n'*'/4d?) for each z; (Chang et al., 2020),
the overall computational complexity of the stereographic projected DELAUNAYSPARSE
algorithm is n x O(n'*tY/4d?) = O(n**'/d?).

To empirically evaluate the impact of the stereographic projection parameter 1 on the
final Delaunay weight matrix, we perform an experiment. Here, we generate 1000 Gaussian
datasets Z containing n = 200 i.i.d. individuals from the multivariate normal distribution
MVN(04, Lixa) (d = 20), compute the Delaunay weight matrix I'; | with different 7 (n =
5,10,15,20) and compute the average Frobenius norm [[I'z | —T'z  |l2 over 1000 datasets.

As shown in the Table S1, the Delaunay weight matrix rs, only differs due to floating-



Algorithm S3 Stereographic projected DELAUNAYSPARSE algorithm

1: Input: Euclidean representation 7 = {Z1,...,2,} C R% and scaling parameter n > 0.

2: Compute rypa, = max;—1__, ||Zi||, and apply the inverse stereographic projection ¢, !

Tmax
in (6) to obtain z; = ¢, (2;), fori=1,...,n. !

3: Set Z = {%,...,%,} by augmenting the reference point zy = (0g, Nmax) -

4: Initialize S = @.

5. fori=1,...,ndo

6:  Generate a random seed Delaunay simplex Sgeeq on the d-hypersphere 0B, . with

respect to the set Z \ {2;}.
T Let Scurrent = Sseeda AFrontier = {Sseed}7 AExplored =J.
8:  while z; ¢ Scyrreny do

9: Compute Fj, (Scurrent) as the set of facets of Seyrrent that are visible to z;. A facet
F of the simplex Scurrent 1S Visible to z; if there exists an internal point z of Scurrent
such that the geodesic path (o, (Z;,2) intersects F.

10: for each facet F € Fy, (Scurrent) dO

11: Grow a new Delaunay simplex Spew 7# Scurrens O the facet F.

12: AFrontier — AFrontier U {Snew} if Snew ¢ AExplored U AFron‘cier-

13: end for

14: Update AExplored — AExplored U {Scurrent} and AFrontier < AFrontier \ {Scurrent}'

15: Update Scurrent @s the simplex that enters Apontier €arliest among all remaining

simplices in Agontier-
16: end while
17:  Let 8* = Scurrent-
18 if zg ¢ V(S*) then
19: Obtain S(z;:Z \ {z;}) as the simplex formed by {z;:2; € V(§%)}.
20:  else
21: Compute ST as the neighbor simplex of $* opposite to z.
22: Obtain S(z;Z \ {z;}) as the simplex formed by {z; : z; € V(S)}.
23:  end if B
24:  Update S=SU{S(z;;Z\ {z})}
25: end for
26: Output: The set of Delaunay simplices S.




point errors of when 1 > 15. Considering that setting 1 too large would make projections

Z close to the same hyperplane and reduce the numerical stability, we set 7 = 15 in all our

experiments.

Table S1: Average Frobenius norm [[I'z, — T [[> over 1000 datasets for different pairs
of (n1,72).

1000
m e Zz‘:1 (HI‘Z,m - FZ,WH2)/1OOO

5 10 1.381 x 107*
5 15 1.474 x 1074
5 20 1.474 x 1074
10 15 1.614 x 1077
10 20 1.614 x 1075
15 20 3.166 x 10715

S5 Proof of Theorem 1

Given the observed pooled sample Z and sample sizes (n1,ng), it is clear that I'y is fixed
and thus the conditional distribution of Tpw can be deduced from the null distribution
of 4. Recall that § contains n; ones and ng zeros. Therefore, under the null hypothesis

Hy: F =@, é is independent of Z, and the probability of any given realization of § is

1 7?,1!77,0'

)= A

For any distinct values i, 7, k and [, among all (:1) realizations of 8, there are

. (;‘1:44) realizations satisfying §; = 0; = 0, = 0, = 1;

° (:D_j) realizations satisfying §; = 0; = 0, = 0, = 0;

. (7?1—_42) realizations satisfying §; = ; = 1 and dy = 9; = 0;

° (7:"1__42) realizations satisfying ¢; = 0, = 0 and &, = 9§, = 1.



Therefore, we have

7)0 EPF((SZ' = 5j75k = 5Z|Z)

:PI‘(5Z = 6j, 51@ = 5[)

:PI'<(51:5J :5]@:51 = 1)—|—PI‘<(52:(5J :5k:61 :0)
—|—PI’((SZ :5j = 1,(5k =0 = 0) —|—Pr((5l = (Sj = 0,5k =0 = 1)
(ns) + Gopa) +2075)

:nl(nl — 1)(”1 — 2)(”1 — 3) —+ no(no — 1)(”0 — 2)(”0 — 3) -+ 2n1(n1 — 1)71/0(710 — 1)

n(n—1)(n —2)(n —3)
4’”177,0 477,1(711 — 1)720(710 — 1)

=1 — ) S3
nn—1) nn—-1)(n—-2)(n—-23) (53)
For any distinct values ¢, j and k£, among all (:1) realizations of 9, there are
° (:1__33) realizations satisfying 6; = 0; = 0, = 1;
° (:;33) realizations satisfying d; = 0; = 05, = 0.
Therefore, we have
P =Pr(é = 0j = 0k|Z)
n—3 n—3
_ (n1—3) + (no—3)
()
_ ni(ny — 1)(ny — 2) + no(ng — 1)(ng — 2)
n(n—1)(n —2)
3n1n0
=1-—7-. 4
n(n —1) (54)

For any distinct values ¢ and j, among all (:1) realizations of 4, there are

. (:1:22) realizations satisfying 6; = 0; = 1;

° (%:é) realizations satisfying d; = 6; = 0.

9



Therefore, we have

732 = PI‘((;l = (SJ|Z)
= PI‘((;Z = 6])
() + ()
()
_ nl(nl — 1) + no(no — 1)
n(n—1)

2711710
n(n—1)

—1-

Recalling the notation ¥;; = 7;; + 7;;, since

TDW— ZZ’YHXI Z %Jxlé—é)

j 1 i#j 1<1<]<n

and Zl§i<j§n Yij = n, we have that

Eny(Tow|Z) = Y n 'y x Pr(6; = §;|2)

1<i<j<n

= Z n_l'v}/w

1<i<j<n
=P,

_ ni(ny — 1) +no(ng — 1)
n(n —1)

and

VarHO (TDW |Z)

Z n_Q%% x Varg,{I(6; =9;)}

1<i<j<n

+ Z 271_2’%]"3/% X COVHO{I((Si = 5]‘), ](5, = 5k>}

1<i<j<k<n

10

(S5)

(S6)



+ D 2075 x Covu {1(5; = 6;), 1(5; = &)}

1<i<j<k<n
+ > 20 x Covy {1(6; = 0x), 1(5; = 01}
1<i<j<k<n
+ > 207 x Covig {1(6; = 6;), 1(0, = &)}
1<i<j<k<i<n
+ > 20 Fu x Covig {1(8 = 6k), 1(6; = 6,)}
1<i<j<k<i<n
+ > 203w x Covig {1(6 = 6,), 1(8; = 6,)}
1<i<j<k<i<n
= Z n255 X (Pa = P3) + Z 2072 (%Y + Vi Vi + ViwTin) X (Pr — P3)
1<i<j<n 1<i<j<k<n
+ Z 2072 (i + YT + JaYie) X (Po = P3). (S7)
1<i<j<k<iI<n

Using (S3)—(S5), we have

P, — 'P2 _ 4nl(nl - 1)”0(”0 — 1) B 477,%77%
0 2 n(n—l)(n—2)(n_3) n2(n_1)27
2 mng 4nind
731 7)2 - n(n - 1) nz(n . 1>27
Py— P2 = 2mng - dning

n(n—1) n?(n—1)%

and thus

VarHO (TDW |Z)

2nn
—2.92 1740 ) .. ..
1<z'<j<nn E n(n—1) ! 1<i<j<ksn T ST ) n(n—1)
4711(711 — 1)710(710 — 1)
n(n—1)(n —2)(n — 3)

+ Z 2072 (N + VarYir + YaVix) X

1<i<j<k<i<n
2
4nind .
I WP
1<i<j<n
<92 S .. « .
_ Z Vi o Z (YigYiw + Vi Ve + Vir Vi) o ning(n — 2)

‘—~  n(n—1)/2 n? L nn—1)(n—2)/6 3n?

1<i<j<n 1<i<j<k<n

11



(Fig Ve + Fae Vit + FaVie) ni(ny — 1)ng(ng — 1) 4ning

P> n(n— 1)(n—2)(n—3)/24 3n2 CEREE

1<i<j<k<lI<n

ni(ny — 1)ng(ng — 1) ning(n — 2) L 4nind
- Voz + Oy Voy — ——'o S8
3n? 0z 7+ 3n? 1zt T e (n —1)2n2’ (S8)

given that Zl§i<]’§n Vij =N

S6 Proof of Theorem 2

Recalling from (4) where

Tpw = %ZZ%&' x 1(0; = 6;),

i=1 i#j

we define an analogous statistic,

Tiw = — ZZ%X”*—&" = Z iy < 1(67 = 63), (S9)

J 1 i#j 1<Z<J<n

where 6 = {47,...,0}} and

1,  with probability n/n,
5 = ' (S10)

0, with probability ng/n,

i—1 07 and let 2 denote equality in distribution, it is clear

fori=1,...,n. Let nf =>_"
that when H, is true,
(Towlnt = n1,Z) == (Tow|Z), (S11)

for all Z. To prove the asymptotic null distribution (7), we study the asymptotic distri-
bution of (T}, n}) conditional on Z. We first introduce several lemmas in S6.1-56.3 and

then prove Theorem 2 in S6.4.

12



S6.1 First Two Moments of (T}w,n})

Lemma 1. For the first two moments of (T{yw,n}), we have

* n1
EHo(nl/n) :?7
Vary, (1} /) ===,
" n? + n?
EH0<TDW|Z) = 1n2 07
. nini(n —1)(n —2)(n — 3 ning(n —1)(n — 2
varH0<TDW|Z) — 1 0( >?En5 )( )%,Z 4 1 0( 3n3)( )‘/172
ning(n — 1) 4nink
T T T

2711710 (n1 — no)
n4

COVHO (TBW7 ni/n|Z) =

Proof of Lemma 1: The §;’s are defined to be i.i.d. Bernoulli variables with probability

ni/n, and thus we have for any distinct values i, 7, k and [,

Py =Pr(6; = 65,0, =9;)
—Pr(6; =8} = & = 6 = 1)+ Pr(6] = 67 = 6; = 6} = 0)
+Pr(6; =65 = 1,6 = 6; = 0) + Pr(6; = &% = 0,67 = 67 = 1)

ni  ng  nin2  nind
=Tt T
nt  n n n
dning  4Ann?
=1- + 10 (S12)

n2 nt
P =Pr(6 = (5}‘ =0;)
=Pr(6; = (5;-‘ =0, =1)4Pr(6; = 5; =0, =0)

—1- (S13)

Py =Pr(5; = 5)
=Pr(6; = 0} = 1) + Pr(6} = 67 = 0)

2 2
M
n? n?

13



27&1710

=1 — - (S14)
Since nj follows the binomial distribution with parameters n and n;/n, we have
E ( */ ) % nq % 1 s
ni/n)=nx — X — = —
ol n n n’
% nq ny 1 o A
Varg, (nj/n) =n x . X <1 n) X =5
Based on equations (S12)—(S14), we have
( 2
Py~ (P =0
. § ning  4An’n?
Pl - (732)2 = n2 - 7;4 07 (Sl5>
2ning  4An’n?
* *\2 1740 17°0
\PQ _(PQ) - n2 - n4 :

Thus, similar to (S6)—(S8), we have

, - ni +nj
Euo(TowlZ) = > n '3 xPr(6; =6;) = Y n "9 x Py =P; =

n? '
1<i<j<n 1<i<j<n
Varg, (TowlZ) = ) 07255 x {P5 — (P3)°}
1<i<j<n
+ Z 2072 (Yii¥ik + Vi Vik + YaYie) X {Py — (P3)?}
1<i<j<k<n

+ Z 2072 (Vi + VarVi + YaVie) X {Pg — (P3)*}

1<i<j<k<I<n

o 2ning e« o . n1Ng
= Z Vi % VR Z 2(%igVie + Fig Vi + VirTin) X "

1<i<j<n 1<i<j<k<n

4n2n? i
-5 X Z Vi | — Z 2(Vij Y + Yiu Vi + JaVin)

1<i<j<n 1<i<j<k<l<n

_ Z 712] nino(n — 1)

n(n—1)/2 x n3

1<i<j<n
i Z YigVik T Vij Vik T VikVik o ning(n —1)(n — 2)
L n(n—1)(n—2)/6 3n3
1<i<j<k<n

14



 Aning {1 B Y i<icienai<n 2(Vig Ve + YaeVie + YaVik) }
n* n?

:n%ng(n—l)(n—2)(n—3) N ning(n — 1)(n — 2)

3Inb ‘/O,Z I3 ‘/l,Z
ungln 2Dy, , i, 519

with Zl§i<j§n Vij = M.

Because 07, 07 and ¢, are i.i.d. Bernoulli variables with probability n, /n, we have

Covi, {1(57 = 67), 81} =0, (S17)
Covi, {1(87 = 87),67 + 67} =Eno {1(87 = &%) x (5] +87)}
— Eu{1(67 = 67)}En, (6; + 67)
=2 x Pr(6; = 67 = 1)
— 2 % Pr(8; = &%) x Pr(5; = 1)

:2><Pr(5;‘:6;:1)—2><73§ x Pr(6f = 1)
2n?  2(n? 4+ nynd)
n? n3

3

2(n? + ning —n? — nynd)

= n3
_ 2711710 (n1 - no)

= (S18)

Using (517)~(S18) and }_,,_,<, ¥ij = n, we have

Covyy (T, 1’ /n|Z) = Z n=24;;Covi {1(6; = 07),6; + &7}

1<i<j<n

+ > 7y Covy {I(67 = 67), 64}

1<i<j<n k+i,j

oL 2ning(n; — n
= 3 gy x el )

1<i<j<n
_ 2711%0 (n1 — no)

n4

15



S6.2 Proximity Graph Induced by I';

For any events A and B, let “A = B” denote the statement “A is sufficient for B” and
let “A <= B” denote the statement “A is necessary and sufficient for B”.

We first define the proximity graph G(Z, ) induced by I'z by letting

& ={(i,4) : 3 > 0} (S19)

and the weight of edge (7, ) be ¥;;. Recalling that 5,; = vi; + i, we have (4, j) € £ <=
{’yl-j > 0 or v > 0}. To investigate the asymptotic property of degrees dy,...,d, of G,
where d; = >, I(¥i; > 0), we first deduce a necessary condition for any pair of (i, j) to
be linked in G.

Lemma 2. Let Z = {zy,...,2,} be an i.i.d. sample from a distribution H with Lipschitz
continuous density h with respect to the measure on M induced by the Lebesque measure on
the ambient Euclidean space. The prozimity graph G(Z, &) defined by (S19) is a subgraph of
the auziliary graph G*(Z,E*) a.s. asn — oo, where £* = {(i,j) : 3§ € DT m(Z) s.t. z;,2; €
V(S)}.

Although the proximity graph G(Z, ) and the auxiliary graph G*(Z,E*) are both de-
fined in terms of Delaunay triangulation, they are different because G depicts the rela-
tion between each z; to the Delaunay triangulation DT p(Z \ {2z;}) of the leave-one-out
dataset while G* is directly constructed on the Delaunay triangulation DT ((Z) of the
whole dataset.

Proof of Lemma 2:

For all 7, 7, we intend to show that
Yij > 0= dS ¢ DTM(Z) s.t. z;,2; € V(S), a.s. (82())

as n — oo.
For fixed i, since M is geodesically convex, we project all the z;’s (j # i) on M to

log, (z;) on the tangent space T, M. Let Z® = {log, (z;) : j = 1,...,n} C T, M and

16



define DT 1, pm(Z?) as the Delaunay triangulation of projected dataset Z( on the tangent
space T, M. For any fixed i, we define

N(z;, DT m(Z)) = {z; : 3S € DT m(Z) s.t. z;,z; € V(S)},
as the set of all neighbors of z; in DT (Z). Analogously, we also define

N(zi,DTTZiM(Z(i))) = {log,.(z;) : 3S € DTTziM(Z(i)) s.t. 0,1og, (z;) € V(S)},

as the set of all neighbors of z; in DT, Mm(ZD). Here, with slight abuse of notation,
log, (z;) denotes the endpoint of the vector log, (z;). Since M is locally Euclidean and H

is a continuous distribution on M, we have
z; € N(z;, DT m(Z)) <= log,, (z;) € N(2i, DTr, m(Z")), Vj # i, as. (S21)

as n — oo.

Let T'y6) = (’y,(f?)nxn be the Delaunay weight matrix of Z() c T,, M. Since S(z;; Z\{z;})
on M and 8(z;;Z% \ {z;}) on T,, M depict neighborhoods of z; in DT ;(Z \ {2z;}) and
DT r,, m(ZD \ {z;}) respectively, we have

vij > 0 <= 71-(;) >0, Vj #1i, a.s. (522)

as n — o0.

Using (S21)-(S22), it is clear that proving (S20) is equivalent to proving that, for all
LF ]
7@‘(;) > 0= log,,(z;) € N(Zi,DTTZiM(Z(i))), a.s. (S523)

as n — 0.

Recalling the property (1) in the Euclidean space (Abadie and L'Hour, 2021), we have

(01 1) T = wizs 29\ {z)) = lm w2 20\ {=z:}),  (524)
’ ’ —
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where w® (z;: ZO\ {z;}) = (0, ..., w, wgi)l, -, w))T is the solution of the optimiza-

tion problem,
2

+ A Z w]” logz,‘ (Zj)"27

J#i

min Z w;log, (z;)

J#i

subject to w = (w1, ..., W1, Wis1,...,w,)" €[0,1]""1 and Z#i w; = 1. By Theorem 3 of
Abadie and L'Hour (2021) that for all log, (z;) ¢ N(z;, DTTZiM(Z(i))), the corresponding

wj(.k) in wiV(z;; Z0 \ {z;}) are all 0, we have

w™ > 0= log,, (2;) € N(zi;, DT, m(Z?)), ¥j # i. (S25)

J

Letting A — 0, we conclude (S23) from (S24)—(S25) and, as a result, (S20) is shown.

Similarly, we also have
v;i > 0= 35 € DT m(Z), s.t. z;,z; € V(S), as.
as n — 0o, and thus

(i,j)€5<:>'yij>00r7ﬁ>0

=385 € DT m(Z), s.t. z;,2; € V(S) <= (i,7) € £, ass.

as n — 0o. Hence, Lemma 2 is proven.

We then provide the asymptotic property of dy, ..., d, in Lemma 3.

Lemma 3. Let Z = {z1,...,2,} be an i.i.d. sample from distribution H with Lipschitz
continuous density h with respect to the measure on M induced by the Lebesgue measure
on the ambient Euclidean space. Assume that there exists v < 9/4 such that Y ;| [Ni|* =
o(n”), where N; = UsepT v (2)2:esV(S). Then, forn =1,2,3,4, the degrees d; of the graph
G(Z,E) defined by (S19) satisfy

Z d! = o(n'tnv=D/4), (526)
i=1
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Proof of Lemma 3: By Lemma 2 which suggests that G is a subgraph of G* a.s. as

n — oo, we have for n=1,2,3,4,

id? < i N[
=1 =1

Thus, (526) holds when n = 4 because Y i, [N;|* = o(n”). In addition, by the Cauchy—

Schwartz inequality, we have

e when n = 2,

SO < SN < [ YDA = Vol k) = o(n )
i=1 =1 i=1

e when =1,

Sd <YW <
=1 =1

n X Z V|2 = \/o(n x plt=1)/2) = O(n1+(u—1)/4);
i=1

e when n =3,

Do < SOINGF < | DN x DT NG = yo(n /2 ) = o)
i=1 i=1 i=1 i=1
Hence, Lemma 3 is proven.

S6.3 Asymptotic Distribution of (7})y,n]) Conditional on Z

To deduce the asymptotic distribution of (T}, n}) conditional on Z, we first introduce a

lemma obtained from the proof of Theorem 5.1 of Chen et al. (2018).

Lemma 4. (Chen et al., 2018) Consider a prozimity graph G(Z,E) of the data Z =

{z1,...,2,}. For each edge e = (i,7) of G, we define two sets,

A.={e}u{eeG:ene 40}, B.=A.U{"e€G 3 € A, e€ne" £z},  (S27)
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and the weight w, € [0,1]. Recalling the definition of 6" in (S10), we define two random

variables
T, —ET,|Z) . ni-m

Var(T#|Z) "o Vning/n

where Ty =301 i icn Wi L (07 = 65). If (1) the edge weights {w.|e € G} satisfy

U, =

maXeeg We

S g, = o(1);

(ii) there ewists 1 < 8 < 1.5 such that the number of edges in G is |G| = O(n®), >, .o |Ac* =
o(n**7), and 3 g |Ac| - |Be| = o(n'); then (U, Uy)

7. converges in distribution to a

bivariate Gaussian random variable as n — 0.
By applying Lemma 4, we prove the asymptotic normality of (17}, n}) as follows.

Lemma 5. Let Z = {zy,...,2,} be an i.i.d. sample from distribution H with Lipschitz
continuous density h with respect to the measure on M induced by the Lebesgue measure
on the ambient Euclidean space. Assume that there exists v < 9/4 such that Y ;| |Ni|* =
o(n”), where N = Usepr v (2)2:esV(S). Let

* TBW_EHO(TBW’Z> * ni/n_nl/n

U — 9 n¥ — )
bw \/VarHO(TBW|Z) ! \/ning/n?

where Tfy is defined by (S9). Then, {(Uw U*,{)

n

Z} converges in distribution to a bivariate

Gaussian random variable as n — 0o.

Proof of Lemma 5: Consider the proximity graph G(Z, &) constructed on the basis of
I';, where € = {(i,) : %; > 0} and the weight of edge (7,7) is 7;;. We can verify that G

satisfies all the assumptions of Lemma 4 for § = max{2v/3,1} € [1, 1.5) as follows.
e Since >, <, ¥ij = n while 4;; € [0,2] for all 1 <4 < j <n, we have

maxi<j<j<n Vij
21§i<j§n Vij

IA
SN

=o(1). (528)

e Since the number of nonzero components in each row of I'z is not larger than d + 1,
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we conclude that

Gl= > I(%>0< Y {I(yy>0)+I(yi>0}<n(d+1)=0(n),
1<i<j<n 1<z<]<n
(S29)
and thus |G| = O(n?).

e By Lemma 3, we have

Y IAL= Y I

i > 0) | I(%55 > 0) +

Z {15 > 0) + 1(%;0 > 0)}

ecg 1<i<j<n ke¢{i,j}
= D I(35 > 0)(di +d; — 1)°
1<i<j<n
> I3y > 0)(d] + d] + 2did; — 2d; — 2d; + 1)
1<i<j<n
< > I35 > 0)(2d] +2d3 — 2d; — 2d; + 1)
1<i<j<n
= ) I(3y > 0)(2d? +2d% — 2d; — 2d;) + Y I(; > 0)
1<i<j<n 1<i<j<n
=33 15 > 0)(d? + d2 - +Zd/2
i=1 j#i
=D 16 > +ZZI%J>0 )(d2 — d;) +Zd/2
i=1 j7#i J=1 i#j
= di(d? —d;) + Zdj(dQ d;) + Zdi/Z
i=1 j=1 i=1

= (2d} - 2d; + d;/2)

i=1

:O(n1+3(u—1)/4> +O(n1+(u—1)/2) +O(n1+(u—1)/4)

1+3(u71)/4>

=o(n = o(n5+h), (S30)

since 0.5+ 3 >05+2r/3>1+3(v—1)/4 for all v < 9/4.
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By the definitions of A, and B, in (S27), we have B, = Ugea, Aer and thus

Z | Al - |Be| = Z |Ae| - [ Uerea, Ael

ecg ecg

< Z\Ael{ > IAe/I}
e€g e'c€Ae

=> > IAd- 1A
ecG e'cA.

<3S (AP + A2
ecG e’€A.

=SS APz 3 S A2
ecG e’€A, e'eGecA,

=D JAL2+ ) AdP/2
ecg e'eg

= Z |Ae|3
eeg

= > Iy > 0) (> 0)+ Y {I(Fa > 0)+ (5 > 0)}

1<i<j<n k¢{i,5}

= > I(3 > 0)(di+d; —1)°

1<i<j<n

< Z I(%i; > 0)(d; + d;)°

1<i<j<n

= > I(3 > 0){d} +3(d; + d;)did; + d3}.

1<i<j<n

Since both d; and d; are positive, we have
(di + dj)didy < (d; + dj) (d2 + d2)/2 = (d? + d2)/2 + (d; + d;)did; /2,
and thus (d; + d;)did; < d} + d3. As a result, by Lemma 3, we have

DAL Bl < Y0 1( > 0){d} +3(d; + dj)did; + d5}

e€g 1<i<j<n

< Y I6 > 0)(dd? + 4d?)

1<i<j<n

22
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=Y 1 > 0) (2 + 248

i=1 j#i
=) I( > 028 + > 0> (5 > 0)2d]
=1 j#i J=1 i#j

= ndix2df’+ nd~><2d3
J J
i=1 j=1

= Xn: Ad}
=1

= o(n”) = o(n**?). (S31)

By Lemma 4 and (528)—(S31), we conclude that (Upy, Uy )|Z converges in distribution to
a bivariate Gaussian random variable as n — oo.
Thus, we conclude that the conditional distribution {Upw|U;., Z} converges to a Gaus-

sian distribution as n — oo or equivalently,

Tw — En, (TowlZ)
\/VarHo (TS\N'Z)

ni, z}iﬂv(u, o?) (832)
as n — oo, for some p and a? > 0.

S6.4 Asymptotic Null Distribution of Tpw

Finally, we derive the asymptotic null distribution of Tpw. We first need to prove

VarHO (TDW |Z>

— 1, as. S33
Vs, (TowlZ) (533)
Ey (T7w|Z) — Eg (Tow|Z
HO( DWl ) *HO( DW| )_>07 a.s. (834>
v Varn, (TowlZ)
as n — 0o. Since
VarHO(TDW|Z) _ VaI'HO(TDw‘Z) — VarHO(TBW|Z)
Var, (T |Z) Var g, (Tfw|Z) ’
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(S33) is equivalent to

VarHo (TleZ) — VarHO (TBW ‘ Z)
Varp, (T |Z)

— 0, as. (S35)

as n — oQ.

By Theorem 1 and Lemma 1, we have

Vary, (Tow|Z) — Varm, (Thw|Z)

_ {n%n%(m — (o= 1) _ nfng(n—1)(n ~2)(n - 3) }VO )

3ningn? 3nb
ning(n —2)  ning(n —1)(n —2)
- %
+ { 3n? 3n3 e

ning  ning(n — 1) 4ning 4nind
T 2 3 Vaz — 2n2 4
n n (n—1)%n n

ning(ny — 1)(ng — 1)n® —n?n(n — 1)(n — 2)(n — 3)

- 3nd Yoz
ning(n — 2) ning 4nin2(2n — 1)
S ANV 7 A0y
3n3 12+ nd 7 (n—1)2n?
ninon® — ninon? + nind(6n* — 11n + 6)
- 3nb Voz
ning(n — 2) ning 4nini(2n — 1)
e YA 7 A0y
3n3 1zt nd  r (n—1)2n?

Because lim n;/n =k, lim no/n = (1 — k), Vaz,Viz, Voz € (0,1),
n—oo n—oo

_n%n%(n —1)(n—2)(n—3)

ninon — 1)(n — 2
Var, (T |2) = Vo + el =) =2

3n3

Viz
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and
[ ningn® — ningnt + nin2(6n* + 11n — 6)
nind(n —1)(n —2)(n — 3)
ning(n —2) /ning(n —1)(n — 2)
3n3 3n3

-1
nlzo/nmo(z ) 0,
n n
4n2nd(2n — 1)/4n%n%

— 0,

— 0,

— 0,

(n—1)2n* nt

as n — 00, (S35) holds, and thus (S33) is shown.

In addition, by Lemma 1, we have

ni+ng  ni(n —1) +no(ng — 1)

En,(Tow|Z) — En,(Tow|Z) =

n? n(n —1)

_ ni(n—1)+ni(n—1) —nin — nin + n?
n?(n —1)

_ n? —n? —nd

n?(n —1)

271177,0
= . S36

n?(n —1) (536)

By (S15), if lim ny/n = k = 1/2, we have P§ — (P3)* =0, Ps — (P3)* = 1/4 + o(1),

and )
nng  4ning

Pik - (P;)Q - 4

n? n
~ myng(n® — 4ning)
o 4

n
7711710{(’[“ + n0)2 — 4711710}
= "

_nmo(nl - n0)2
o 4

> 0.
n

As there are at most d + 1 nonzero values in each row of I'; with the sum equal to 1, we
have

Z[(’}/U >0) € {1,,d—|—1}, and Z’%]:Z”}/w XI(’}/U >0):1,

J# J#i J#
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forall i =1,...,n. Also, using the Cauchy—Schwartz inequality, we have

{Zﬁj}{zl(%j > 0)} — {Z%@}{ZI(% > 0)2} > {Z%‘j x I(yi; > 0)}2,

J#i J#i J#i J#i J#i
for all i = 1,...,n. Therefore, using (S16) and the results above, if lim n;/n =k = 1/2,
n—oo
we have

Varg, (ThwlZ) = > 07255 x {P5 — (P3)*}

1<i<j<n
—2/~ ~ © © o~ * *\ 2
+ 207 Fia + T+ Yaae) < {PF — (P3)%}
1<i<j<k<n
+ Z 2072 (Yo + T + Vi) x {Ps — (P3)*}
1<i<j<k<l<n
> ol x {1/4+0(1)}
1<i<j<n
DR E T e
— | 4n? “
1<i<j<n
1 _
= Z {4—712 +o(n 2)}(%’;’ + 75)
1<i<j<n
1 _
Z{? +o(n 2)} Z (V%5 +73)
1<i<j<n
1
2
> L n O(H,g) Z {Zj7&i Yij X I(vi; > 0)}
| 4n? P Zj;éil(fyij >O>
1 N 1
1 1
> -2 —
1 _9 n
—{zﬁ+“”>}xd+1
1 1
= ). S37
@s1 o) (537)
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If lim ny/n =k # 1/2, we have
n—oo

P; — (Py)? =0,

ning  4nind

Py — (Py)? =" AU (1 )1~ an(1 = )} + o(1).
. oo 2ning  4nind . .
Py — (P2)2 = le ° - nl4 . > 2{P1 - (P2)2}-

As >, <icj<n Vij = M, using the Cauchy—Schwartz inequality, we have

[z -5 5)

|

J# J#i
Z{ZZ%J} = {2 Z %j} = 4n’.
i=1 j#i 1<i<j<n

Using (S16) and the results above, if lim ny/n =k # 1/2, we have
n—oo

Vary, (ThwlZ) = Y n7*35 < {P5 = (P3)°}

1<i<j<n

+ Z 2072 (Y ¥ik + YijVik + YirYie) X {PF — (P3)?}

1<i<j<k<n
+ Z 2072 (Vi + VirVi + YaVie) X {Pg — (P3)*}
1<i<j<k<I<n
> 3w 2P - (P
1<i<j<n
+ Z 2072 (Y Vire + Vi Vik + YaYie) X {Py — (P3)?}
1<i<j<k<n
—n2{ Z 297 + Z 2(Yij¥ir + FVig Vi + ’VYz'k’Vij)}
1<i<j<n 1<i<j<k<n

X [k(1 = r){l —4r(1 — K)} + o(1)]
=n" Z{Z%J} (1 —r){1 —4k(1 — K)} + o(1)]
Jj#i
>n"2 x 4n x [k(1 — k){1 — 4k(1 — K)} + o(1)]
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sl — n){ln— A=K} oy, (938)

By (S36)—(S38), we conclude (S34). By (S11), we have under H,

*
n, = n17Z}7

o Z} By (Thw|Z) — By (Tow|2)

TDW - EHO (TDW|Z)
\/VarHO (TDW|Z)

g\ 2 ) Tow — B (Tow|Z)
\/V&I‘HO (TDW|Z)

where the right-hand side equals

Vv Varg, (Tow|Z)
:\/VarHo <T5W|Z) X {TBW — En, (T5w|Z)

\/V&I'HO (TDW ‘ Z)

*
nj :nl,Z}

{TBW — By (Tiw|2)

Vary, (Tow|Z) V/ Vary, (Tiw|Z)
Var (Tow|Z) | B (Tow|Z) — Eny (Tow|Z)
Var gy, (Tow|Z) VVarg, (Tiw[Z)

which, according to (S33) and (S34), has the same asymptotic distribution as

*
nj :nl,Z}

as n — 0o. The quantity above converges to a Gaussian distribution according to (S32).

Tiw — En (ThwlZ)
\/varHo (TBW ’Z>

Hence,

TDW - EHO (TDW|Z)
\/V&I‘HO (TDW |Z)

asn — oo. Finally, using the law of total probability and noting that N (0, 1) is independent

Z}iﬂv(o, 1), (S39)

of Z, we conclude the result of Theorem 2.
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S7 Proof of Theorem 3

Lemma 6. Under the same conditions as in Theorem 2, if X, Y and {z,1} are disjoint

sets in M such that XUY U {z,11} is generic, we have
Erm, (|Tow — Towl) = o(n~'V/1%), (540)

as n — oo, where TSy is the Delaunay weighted test statistic with respect to XUY and

{(Znt1,0n11)}-

Proof of Lemma 6: By Lemma 2 that the proximity graph G(Z = XU Y, &) defined
by (S19) is a subgraph of the auxiliary graph G*(Z,£*) a.s. as n — oo, we consider the
auxiliary graph G*(Z, &*).

For any fixed i, by the duality between the Voronoi diagram and the Delaunay trian-
gulation, we have (i, j) € £* if and only if V;(Z) N V;(Z) # @, where

Vi(Z)={ze M:dm(z,z;) < min dum(z,z;)}

J=1,..m; i

is the Voronoi cell with respect to z; € Z. Thus, z;’s neighbors in G*(Z,£*) are {z; :
Vi(Z)NVHZ) # o} U VI(ZU{zpi1}) N Vi1 (ZU{zy41}) = &, we have V;(Z U {z,11})
remains the same as V;(Z), and thus {z; : Vi(ZU {z,11}) N V;(ZU{2,11}) # @} = {z; :
Vi(Z)NV(Z) # o}

In other words, if z; is not z,41’s neighbor in G*(Z U {z,41},&;,,) (or equivalently,
(i,n+1) ¢ &, ), its neighbors in G*(ZU{z,41}, &) remain the same as its neighbors in
G (Z,&*), where &1 = {(4,7) : IS € DT m(Z U {2 11}) s.t. z;,z; € V(S)}. Therefore, if
z; is not z,41’s neighbor in G*(ZU{z,+1}, &), all nonzero elements {v;; > 0|7 # i} in the
i-th row of I'zu(4,,,} remain the same as the i-th row of I'z a.s. as n — oo. According to
the statement that Y 7 | |N;| = o(n'*=D/4) in proof of Lemma 3, the expected number of
Zn+1's neighbors in the graph G*(ZU{z,41}, E541) is o(n=D/%) = o(n®/16), due to v < 9/4.
As a result, on average, only nonzero elements in o(n°/') rows among the first n rows of

I'z20(2,.,y can be different from I';. Because the sum of each row of I'z is fixed as 1, we

29



conclude (S40), and Lemma 6 is proven.

Proof of Theorem 3: To prove the consistency of our Delaunay weighted test, we need

to show that under H; : F' # G,

TDW - EHO (TDW|Z)
\/V&IHO (TDW |Z)

—00, a.s. (S41)

as n — 0.

In Theorem 2 of Henze and Penrose (1999), the authors showed that

n 'R, =n" i Z I(MST of Z contains an edge of z; and z;)(d; # 0;)
=1 it

/ 2r(1 — k) f(2)g(2)

rf(z) + (1= K)g(z)

dz, a.s.

as n — oo. We intend to follow their Poissonization approach to show that

Tow =n""Y > % x (6 = &))
=1 73
k2 f3(z) + (1 — K)%g*(2)
— wem Kf(z)+ (1 —r)g(z) dz, a.s. (S42)

as n — o0.

Specifically, let N; and Ny be Poisson random variables with means n; and ng respec-
tively, which are independent of each other and X' = {xy,...,xn,} and Y' = {y,,...,yn,}
on M. As aresult, X" and YT can be treated as observations from nonhomogeneous Poisson
processes of rates ny f(+) and ngg(-) respectively. Analogous to the derivation in Henze and
Penrose (1999), when T]SW is deduced from the Deluanay weight matrix I';+ of the pooled

sample Z' = Xt U Y and the group indicator 8" in the same way as (4), we have

Er, (|1 Thw — Towl) = B {Ba, (IThw — Towl | N1, No)}
< Eu{Em (ITow — Tow|) - (|N1 — mi| + [No — no|)}
= Em {(INy = na| + [ No — no|)} - o(n~11/16)

= O(n/?) - o(n=1Y16) - 0, (543)
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as n — oo with lim n;/n = k, where the second equality follows from Lemma 6.
n—oo

Let Z' = {z},..., 2z} be an i.i.d. sample from the distribution {n, F(-) +noG(-)}/n on

M and let 51, e ,5]{, be independent Bernoulli random variables defined by

1
Pr(6f = 1|z}) = ”1f( ) i=1

: N
n1f (2;) +nog(2])

....N, (S44)

where N is a Poisson variable that is independent of all the z}’s with mean n. Similar
to T, we define Tj based on Z! and 6},...,0%. Following the same argument as in
the proof of Theorem 2 of Henze and Penrose (1999) that T}, and Tjy, follow the same
distribution and (S43), it suffices to prove (S42) with Thw replaced by Tiy, .

Using (S44), conditional on Z*, the probability of {4} = 5}} (for any i # j) is

Ui no(2},25) =Pr(6} = 82, 23)

=Pr(0! = 1|z )Pr(5i = 1|z ) 4 Pr(6} = 0|z} )Pr( = ()|z )
nif(z})f(z})
(@) + nog(z )}{nlf(f
ngg(z})g (2,
{nlf( 1)+ nog(z) Hna f (7)) + nog(2])}

nif(z )f( )‘H"Log(Zf)g( )
{mf( )+ nog(z )}{nlf(z}t)Jrnog( o)

\_/\_/

and thus
EH1 T]%W|Zi Z n %gl/}m no( Zi, f)

1<i<j<N

where ﬁj = ﬁj + %iZ Again, following the same argument as in the proof of Theorem 2 of

Henze and Penrose (1999), we conclude that

En, (T} EH{ > nThe §.>}+O(1), (S45)

1<i<j<n
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where
Aot
+(1—r)g(z))}

U(z,z}) = :

K f(2;)f(25) + (1 = )’y
{Kf(2) + (1= r)g(z)) Hrf(2)

We consider

End 3 ottt = {5 et )|

1<i<j<n i=1 j#i
z:{}] : (546)

e { 3ottt o
Analogous to deriving (11) of Proposition 1 of Henze and Penrose (1999), we have

=Epy, [EHl{Z%] zl,zi)

j=2

EHl{zwzi,zp
j=2

Z%} ¢<Z17 EHl{Z,YI.]
j=2

zl} +o(1), (547)

which equals ¢(z!, zt) + o(1) due to 2;12 A ; = 1 by Definition 2 of the Delaunay weight.
Combining (S45)—(S47), we have

EHl (TDW> - EH1{1/}(Z17 i)}

B [ RPE (- )
‘/zeﬂ(’“ f@) (1 = r)g(z)d /zeM wF @)+ (=R "

z,

as n — o0o. Applying Theorem 2.3 of Henze and Voigt (1992), which proves the almost
sure convergence of symmetric multi-sample statistics, we conclude (S42).

We next prove (S41) by showing that under H; : F' # G, the right-hand side of (S42)
is larger than Epy, (Tpw|Z) and Vary,(Tpw|Z) tends to 0 a.s. as n — oo.

By (S42), Theorem 1 that

ni(ny — 1) +ng(ng — 1)
n(n —1)

En, (Tow|Z) = — K>+ (1 — k) (S48)
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as n — 0o, and

(1-

/ (1 —k)f(z)dz + /ZEM kg(z)dz
[ l—me LT
) + k(1

VA

(2)g(2) + (1 - K)g*(2) |
rf(z) + (1= r)g(z)
—r)g*(z)

+ (1 =r)g
/ 1—m)f2()+{f€ +(1-r)*}f(z)g(z
M rf(z) + (1 - K)g(z)

we have under H; : F # G,

Tow — En, (Tow|Z)
P+ (=@ e ey
—>{/zeM kf(z) + (1 —r)g(z) }—{/4: + (1 —k)*} as.
{/‘ i) a0 ) gt + (1 >f@%4d1—@ﬂ@w@w}
eM

rf(z) + (1 —r)g(z)
—{K*+25(1 — k) + (1 — K)? — 26(1 — K)}

:_/ {nf(2) + (1 = w)g(2)}* = 2x(1 = 1) f(2)9(2)
eM rf(z) + (1 = r)g(2)

—{(k+1—-r)?*—2k(1 —kK)}

= kf(z —K)g(z)}dz — 261 = 1) (2)9(2) z| —{1—-2k(1—kK
—1AW{ﬂ)+ﬂ Jo(z)}d /@mﬂm+uﬂmmﬂ] {1 - 20(1 - )}

N @)\
‘{1 2wl [ s 1—»@g@fi} =2l =R}

(
o[ [ AR (R (1 - 1) @) + RO - )
=21 )[Lew <f@) + (1—rg(2) d]

ol [ =R~ 260 = ) f(@)g(s) + 5~ R)g()
el >{A;M 57(@) + (1~ n)o(a) ! }

ool [ PE) 2@ )
el ){wafﬁ®+ﬂ—@ﬂ@ d}
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—9k2(] — )2 {f(z) — g(2)}? ”
=21~ r) [/M @)+ (-] 7" (519

as n — 0.

Because lim ni/n = k and hm no/n = 1 — k, recalling the expressions of P; to Ps
n—oo

from (S3)—(S5), we have

s 4ni(ng — Dng(ng — 1) 4nind
730 - PQ — — — — - B — B
nn—1)(n-2)(n—-3) n?(n-1)
_ dning{n(n —1)(ny —1)(np — 1) — (n — 2)(n — 3)nyno}
n?(n —1)%(n —2)(n — 3) ’
Angng{—n?(n1 + ng) — nnyng +n(n +ny +ng — 1) 4+ Snnyng — 6ning}
B n?(n —1)%(n —2)(n — 3) ’
_Angng{—n® 4 2n* — n + dnnyng — 6nyng}
B n?(n —1)%(n —2)(n — 3) ’
=0(n™"),
52 Mang 4nink <
P —P; = D=1 nn—1) = <(P,—P3)/2<1/2,
9 2n1ny 4n2n?
_ _ _ <1.
Pr= nn—1) n?(n—1)2~ !
By (S7) and

2
Z 2072 (i + Vi + FaVie) < 712( Z ’sz'j) =1,

1<i<j<k<I<n 1<i<j<n
we have
VarHO TDw|Z Z n- %] PQQ)

1<i<j<n

+ Z 2072 (YijVir + VijVik + YY) X (P1 — P3)
1<i<j<k<n

+ Z 2n*2(’y¢ﬂk1 + YY1 + YaVie) X (Po — P3),
1<i<j<k<l<n
Z nP g+ Z 0”2 (i i + Yig iw + YY) + (Po — P3)

1<i<j<n 1<i<j<k<n
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Z nyg + Z 0 (3 Vik + YigVik + FinVie) + O(n7)

1<i<j<n 1<i<j<k<n
1 e« . _
:ﬁ{ Z 275 + Z 2(’Yij’Yik+’Vij’ij+’Y¢k’ij)} +0(n™")
1<i<j<n 1<i<j<k<n
2
IR ; -
o0z (Z%a) +0(n™). (S50)
i=1 \ j#i

Since 7;; € [0,1] and ¥;; = 745 + Vi, we have 7;; <2 x I(§;; > 0) forall 1 <i < j < n.

Thus, from (S50) and Lemma 3, we have

VaI'HO(TDw|Z =3 22(2’%]) 7’L 1)
JFi

n

J7

:% Z{Z I(%ij > O)} +0(n™)

J#i
2 . 2 -1
=1

—o(n V2" L O(n™1) = o(n™%/8), (S51)

because v < 9/4. Thus by (S49) and (S51), (S41) holds under H; : F # G.

Since Tl(jlv)w ey T](D@ generated from the permutation procedure in Section 3.4 follow the
null distribution of Tpw, according to Theorem 2, we have, for i =1,..., B,

(@ _
Tow — B (Tow|Z) ZLN(0,1) (S52)
\/V&I‘HO (TDw’Z)

as n — oco. Using (S41), (S52) and the standard consistency result of the permutation test
(Hoeffding, 1952), the proof is concluded.
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S8 Additional simulation results

To provide empirical evidence of Theorem 2, we present in Figures S1-S2 QQ-plots of the
standardized test statistic in (S39) over 1000 randomly sampled Z under the null. We
consider two cases, F' = G = MVN(0y, Ixq) or Unif{[—1,1]¢}, and it is observed that
under both cases, the ECDF of the standardized test statistic as in (S39) is close to N (0, 1)

even for a small sample size n; = nyg = 20 with d = 20.
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Figure S1: QQ-plots of the standardized test statistic in (S39) over 1000 randomly sampled
Z under the null Hy : F' = G = MVN(04, Lixq) with different dimensions (d) and sample
sizes (ny and ng). Each gray solid line corresponds to the standardized test statistic under
one randomly sampled Z, while the dashed line is the reference line y = z.
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Figure S2: QQ-plots of the standardized test statistic in (S39) over 1000 randomly sampled
Z under the null Hy : F = G = Unif{[-1,1]?} with different dimensions (d) and sample
sizes (ny and ng). Each gray solid line corresponds to the standardized test statistic under
one randomly sampled Z, while the dashed line is the reference line y = z.
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