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S1 Proof of Uniqueness of the Delaunay Weight Vec-

tor

Given that Z is generic, the Delaunay triangulation DT M(Z) is unique (Leibon and

Letscher, 2000). Thus, for each p ∈ M, the Delaunay simplex S(p;Z) containing p∗,

the projection of p on the convex hull HM(Z), is unique. By condition (a) of Definition 2,

the number of nonzero components of w(p;Z) is not larger than d+1. Without loss of gen-

erality, let V(S(p;Z)) = {z1, . . . , zd+1}. As a result, conditions (b) and (c‡) of Definition 2

imply that (w1(p;Z), . . . , wd+1(p;Z))T is the solution of the following equation,

 1 · · · 1

logp∗(z1) · · · logp∗(zd+1)




β1
...

βd+1

 =

1

0

 . (S1)
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Since the intrinsic dimension of M is d and logp∗(z1), . . . , logp∗(zd+1) ∈ Tp∗M, which

is a d-dimensional Euclidean space, we deduce that logp∗(z1), . . . , logp∗(zd+1) are linearly

dependent. Without loss of generality, for k = 0, . . . , d, let {logp∗(z1), . . . , logp∗(zk+1)} be

the smallest subset of linearly dependent log maps.

When k = 0 (i.e., logp∗(z1) itself is linearly dependent), we have logp∗(z1) = 0 and thus

(S1) has a unique solution (1, 0, . . . , 0)T.

When k = 1, . . . , d − 1, we have p∗ being in the k-simplex formed by z1, . . . , zk+1. By

the convexity of S(p;Z), all points zk+2, . . . , zd+1 are on the same side of the k-simplex

formed by z1, . . . , zk+1. In other words, the geodesic path between any pair of points in

zk+2, . . . , zd+1 does not intersect the k-simplex formed by z1, . . . , zk+1. Thus, the solution

of (S1) has βk+2 = · · · = βd+1 = 0.

In conclusion, for k = 1, . . . , d, the number of solutions of (S1) is the same as that of

 1 · · · 1

logp∗(z1) · · · logp∗(zk+1)




β1
...

βk+1

 =

1

0

 , (S2)

and βk+2 = · · · = βd+1 = 0, when k = 1, . . . , d− 1.

Since

Ak =

 1 · · · 1

logp∗(z1) · · · logp∗(zk+1)



=

 1 0 · · · 0

logp∗(z1) logp∗(z2)− logp∗(z1) · · · logp∗(zk+1)− logp∗(z1)



1 1 · · · 1

0 1 · · · 0
...

...
. . .

...

0 0 · · · 1


and logp∗(z2) − logp∗(z1), . . . , logp∗(zk+1) − logp∗(z1) are linearly independent, Ak has a

full-column rank and thus (S2) has a unique solution. It follows that (S1) has a unique

solution and the Delaunay weight vector w(p;Z) is unique for all p ∈M and generic Z.
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S2 Formulas of Kernel Density Estimate in Figure 4

To characterize the direction information captured by different graphs, we adopt the kernel

density estimate (KDE) of directions v1, . . . ,vn ∈ ∂BRd(0, 1),

h(u) ∝
n∑

i=1

K

(
vT
i u

ξ

)
, u ∈ ∂BRd(0, 1),

proposed by Hall et al. (1987) and Bai et al. (1988). Under the case that d = 2, the above

KDE can also be expressed as

h(θ) ∝
n∑

i=1

K

1

ξ
· vT

i

cos(θ)

sin(θ)

 , θ ∈ [−π, π].

Here, a larger value of h(θ) indicates that more directions are concentrated around the

direction θ.

In Section 3.1, we generate a dataset Z in R2, where Z = X ∪ Y, X = {x1, . . . ,x20}

contains 20 points from MVN(0, diag(4, 1)), and Y = {y1, . . . ,y20} is obtained by rotating

X by π/2 counterclockwise with respect to the origin. Thus, we have 40 points in Z.

Without loss of generality, we let zi = xi for i = 1, . . . , 20 and zi = yi−20 for i = 21, . . . , 40.

Based on the neighborhood graphs of Z induced by k-NN, k-MST and ΓZ, we derive the

direction of any edge zi → zj as

vij =
(zj − zi)

T

∥zj − zi∥22
,

and compute KDE of direction among edges pointing xi’s and yi’s as follows.

� For the neighborhood graph G induced by either k-NN or k-MST, the KDE of direc-

3



tion among edges pointing xi’s and yi’s are respectively

hG,X(θ) ∝
40∑
i=1

20∑
j=1

I((zi, zj) ∈ G)
di

· exp

1

ξ
· vT

ij

cos(θ)

sin(θ)

 ,

and hG,Y(θ) ∝
40∑
i=1

40∑
j=21

I((zi, zj) ∈ G)
di

· exp

1

ξ
· vT

ij

cos(θ)

sin(θ)

 ,

for θ ∈ [−π, π].

� For the neighborhood graph induced by ΓZ = (γij)40×40, the KDE of direction among

edges pointing xi’s and yi’s are respectively

hDW,X(θ) ∝
40∑
i=1

20∑
j=1

γij · exp

1

ξ
· vT

ij

cos(θ)

sin(θ)

 ,

and hDW,Y(θ) ∝
40∑
i=1

40∑
j=21

γij · exp

1

ξ
· vT

ij

cos(θ)

sin(θ)

 ,

for θ ∈ [−π, π].

In Figure 4 (d)-(f) of Section 3.1, we visualize the KDEs with the bandwidth ξ = 1/3.

By doing so, hDW,X(θ) measures the proportion of weights assigned to edges pointing xi’s

with direction close to θ. If most of the density in hDW,X(θ) concentrates at the principal

direction of X, we can say that the neighborhood graphs of Z induced by the Delaunay

weight matrix ΓZ capture the information of X’s principal direction. This is also true for

hDW,Y(θ).

S3 Robust Manifold Learning Algorithm

We first provide the intrinsic dimension estimation method proposed by Facco et al. (2017)

in Algorithm S1. We use ε = 0.9 in our numerical experiments. The computational

complexity of Algorithm S1 is dominated by step 2 with the cost O(n2D) where D is the

dimension of the the ambient space RD.
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Algorithm S1 Estimation of intrinsic dimension (Facco et al., 2017).

1: Input: Dataset Z = {z1, . . . , zn} and a tuning parameter ε ∈ (0, 1).
2: Compute the distances ∥zi − zj∥ for all i ̸= j.
3: for i = 1, . . . , n do
4: Obtain ri1, ri2 as the smallest and the second smallest values among ∥zi − z1∥, . . . ,

∥zi − zi−1∥, ∥zi − zi+1∥, . . . , ∥zi − zn∥.
5: Compute µi = ri2/ri1.
6: end for
7: Obtain the ECDF of µi’s as

F̂ (µ) =
1

n

n∑
i=1

I{µ ≥ µi}.

8: Discard all the records (log(µi), log(1− F̂ (µi))) with F̂ (µi) > ε.
9: Fit a linear model,

log{1− F̂ (µi)} = d× log(µi) + ϵi, d ∈ {1, 2, . . .},

to all the remaining records (log(µi), log{1− F̂ (µi)}) and obtain the estimated integer
d̂ of d.

10: Output: Estimated intrinsic dimension d̂.

Based on the estimated intrinsic dimension d̂, we follow the idea of Isomap (Tenenbaum

et al., 2000) to develop a robust manifold learning algorithm as shown in Algorithm S2.

A key feature is the use of the union of a k-NN graph and a MST graph as the adjacency

graph, which ensures connectivity and computational efficiency. Because the computational

complexity of MDS algorithm to embed Z in Rd̂ is O(n2d̂), together with the computa-

tional complexity O(n2D) required by estimating the intrinsic dimension, we conclude that

the overall computational complexity of performing the nonlinear dimension reduction is

O(n2D).

S4 Stereographic Projected DELAUNAYSPARSE Al-

gorithm

Algorithm S3 details the procedure to find the Delaunay simplex S(z̃i; Z̃ \ {z̃i}), for

i = 1, . . . , n, where we suggest η = 10 in practice. Compared with the original DELAU-
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Algorithm S2 Robust manifold learning algorithm.

1: Input: Dataset Z = {z1, . . . , zn} and the d̂ obtained by Algorithm S1.
2: Compute the MST GMST(Z, EMST) with respect to the Euclidean distance among Z.
3: Compute the symmetrized k-NN graph Gk-NN(Z, Ek-NN) with respect to the Euclidean

distance among Z, where k = 4 · d̂ (Budninskiy et al., 2019) and the edge (i, j) ∈ Ek-NN

if either zi is one of the k nearest neighbors of zj or vice versa.
4: Construct the extended graph GExt(Z, EExt) where EExt = EMST ∪ Ek-NN.
5: for 1 ≤ i < j ≤ n do
6: Compute the shortest path, i.e., the estimated geodesic distance d̃M(zi, zj), by ap-

plying Dijkstra’s algorithm to GExt.
7: end for
8: Perform the metric multidimensional scaling (MDS) to compute the low-dimensional

Euclidean representation Z̃ = {z̃1, . . . , z̃n} ⊂ Rd̂ as the solution of

min
Z̃

∑
1≤i<j≤n

(
d̃M(zi, zj)− ∥z̃i − z̃j∥2

)2
,

9: Output: The low-dimensional Euclidean representation Z̃ = {z̃1, . . . , z̃n} ⊂ Rd̂.

NAYSPARSE algorithm (Chang et al., 2020) which finds S(z̃i; Z̃ \ {z̃i}) directly in Rd, the

stereographic projected DELAUNAYSPARSE algorithm performs the same task in a round-

about way by projecting data from Rd to ∂Bηrmax \ {(0d, ηrmax)
T} (steps 2-3 of Algorithm

S3), finding the Delaunay simplex S∗ on ∂Bηrmax \ {(0d, ηrmax)
T} (steps 6-17 of Algorithm

S3) and translating S∗ back to S(z̃i; Z̃ \ {z̃i}) on Rd (steps 18–24 of Algorithm S3). As

the computational complexities of projection from Rd to ∂Bηrmax \ {(0d, ηrmax)
T} (O(d)

for each z̃i) and translation of S∗ to S(z̃i; Z̃ \ {z̃i}) (O(nd2) for each z̃i) are dominated by

finding S∗, whose computational complexity is O(n1+1/dd2) for each z̃i (Chang et al., 2020),

the overall computational complexity of the stereographic projected DELAUNAYSPARSE

algorithm is n×O(n1+1/dd2) = O(n2+1/dd2).

To empirically evaluate the impact of the stereographic projection parameter η on the

final Delaunay weight matrix, we perform an experiment. Here, we generate 1000 Gaussian

datasets Z̃ containing n = 200 i.i.d. individuals from the multivariate normal distribution

MVN(0d, Id×d) (d = 20), compute the Delaunay weight matrix ΓZ̃,η with different η (η =

5, 10, 15, 20) and compute the average Frobenius norm ∥ΓZ̃,η1 −ΓZ̃,η2∥2 over 1000 datasets.

As shown in the Table S1, the Delaunay weight matrix ΓZ̃,η only differs due to floating-
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Algorithm S3 Stereographic projected DELAUNAYSPARSE algorithm

1: Input: Euclidean representation Z̃ = {z̃1, . . . , z̃n} ⊂ Rd and scaling parameter η > 0.

2: Compute rmax = maxi=1,...,n ∥z̃i∥, and apply the inverse stereographic projection ϕ−1
ηrmax

in (6) to obtain ži = ϕ−1
ηrmax

(z̃i), for i = 1, . . . , n.

3: Set Ž = {ž0, . . . , žn} by augmenting the reference point ž0 = (0d, ηrmax)
T.

4: Initialize S = ∅.
5: for i = 1, . . . , n do
6: Generate a random seed Delaunay simplex Sseed on the d-hypersphere ∂Bηrmax with

respect to the set Ž \ {ži}.
7: Let Scurrent = Sseed, AFrontier = {Sseed}, AExplored = ∅.
8: while ži /∈ Scurrent do
9: Compute Fži(Scurrent) as the set of facets of Scurrent that are visible to ži. A facet

F of the simplex Scurrent is visible to ži if there exists an internal point ž of Scurrent
such that the geodesic path ℓ∂Bηrmax

(ži, ž) intersects F .
10: for each facet F ∈ Fži(Scurrent) do
11: Grow a new Delaunay simplex Snew ̸= Scurrent on the facet F .
12: AFrontier ← AFrontier ∪ {Snew} if Snew /∈ AExplored ∪ AFrontier.
13: end for
14: Update AExplored ← AExplored ∪ {Scurrent} and AFrontier ← AFrontier \ {Scurrent}.
15: Update Scurrent as the simplex that enters AFrontier earliest among all remaining

simplices in AFrontier.
16: end while
17: Let S∗ = Scurrent.
18: if ž0 /∈ V(S∗) then

19: Obtain S(z̃i; Z̃ \ {z̃i}) as the simplex formed by {z̃j : žj ∈ V(S∗)}.
20: else
21: Compute S† as the neighbor simplex of S∗ opposite to ž0.
22: Obtain S(z̃i; Z̃ \ {z̃i}) as the simplex formed by {z̃j : žj ∈ V(S†)}.
23: end if
24: Update S = S ∪ {S(z̃i; Z̃ \ {z̃i})}
25: end for
26: Output: The set of Delaunay simplices S.
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point errors of when η ≥ 15. Considering that setting η too large would make projections

Ž close to the same hyperplane and reduce the numerical stability, we set η = 15 in all our

experiments.

Table S1: Average Frobenius norm ∥ΓZ̃,η1 − ΓZ̃,η2∥2 over 1000 datasets for different pairs
of (η1, η2).

η1 η2
∑1000

i=1 (∥ΓZ̃i,η1
− ΓZ̃i,η2

∥2)/1000

5 10 1.381× 10−4

5 15 1.474× 10−4

5 20 1.474× 10−4

10 15 1.614× 10−5

10 20 1.614× 10−5

15 20 3.166× 10−15

S5 Proof of Theorem 1

Given the observed pooled sample Z and sample sizes (n1, n0), it is clear that ΓZ is fixed

and thus the conditional distribution of TDW can be deduced from the null distribution

of δ. Recall that δ contains n1 ones and n0 zeros. Therefore, under the null hypothesis

H0 : F = G, δ is independent of Z, and the probability of any given realization of δ is

1(
n
n1

) =
n1!n0!

n!
.

For any distinct values i, j, k and l, among all
(
n
n1

)
realizations of δ, there are

�

(
n−4
n1−4

)
realizations satisfying δi = δj = δk = δl = 1;

�

(
n−4
n0−4

)
realizations satisfying δi = δj = δk = δl = 0;

�

(
n−4
n1−2

)
realizations satisfying δi = δj = 1 and δk = δl = 0;

�

(
n−4
n1−2

)
realizations satisfying δi = δj = 0 and δk = δl = 1.
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Therefore, we have

P0 ≡Pr(δi = δj, δk = δl|Z)

=Pr(δi = δj, δk = δl)

=Pr(δi = δj = δk = δl = 1) + Pr(δi = δj = δk = δl = 0)

+ Pr(δi = δj = 1, δk = δl = 0) + Pr(δi = δj = 0, δk = δl = 1)

=

(
n−4
n1−4

)
+
(
n−4
n0−4

)
+ 2
(
n−4
n1−2

)(
n
n1

)
=
n1(n1 − 1)(n1 − 2)(n1 − 3) + n0(n0 − 1)(n0 − 2)(n0 − 3) + 2n1(n1 − 1)n0(n0 − 1)

n(n− 1)(n− 2)(n− 3)

=1− 4n1n0

n(n− 1)
+

4n1(n1 − 1)n0(n0 − 1)

n(n− 1)(n− 2)(n− 3)
. (S3)

For any distinct values i, j and k, among all
(
n
n1

)
realizations of δ, there are

�

(
n−3
n1−3

)
realizations satisfying δi = δj = δk = 1;

�

(
n−3
n0−3

)
realizations satisfying δi = δj = δk = 0.

Therefore, we have

P1 ≡ Pr(δi = δj = δk|Z)

= Pr(δi = δj = δk)

= Pr(δi = δj = δk = 1) + Pr(δi = δj = δk = 0)

=

(
n−3
n1−3

)
+
(
n−3
n0−3

)(
n
n1

)
=
n1(n1 − 1)(n1 − 2) + n0(n0 − 1)(n0 − 2)

n(n− 1)(n− 2)

= 1− 3n1n0

n(n− 1)
. (S4)

For any distinct values i and j, among all
(
n
n1

)
realizations of δ, there are

�

(
n−2
n1−2

)
realizations satisfying δi = δj = 1;

�

(
n−2
n0−2

)
realizations satisfying δi = δj = 0.

9



Therefore, we have

P2 ≡ Pr(δi = δj|Z)

= Pr(δi = δj)

= Pr(δi = δj = 1) + Pr(δi = δj = 0)

=

(
n−2
n1−2

)
+
(
n−2
n0−2

)(
n
n1

)
=
n1(n1 − 1) + n0(n0 − 1)

n(n− 1)

= 1− 2n1n0

n(n− 1)
. (S5)

Recalling the notation γ̌ij = γij + γji, since

TDW =
1

n

n∑
j=1

∑
i̸=j

γij × I(δi = δj) =
1

n

∑
1≤i<j≤n

γ̌ij × I(δi = δj)

and
∑

1≤i<j≤n γ̌ij = n, we have that

EH0(TDW|Z) =
∑

1≤i<j≤n

n−1γ̌ij × Pr(δi = δj|Z)

=
∑

1≤i<j≤n

n−1γ̌ijP2

= P2

=
n1(n1 − 1) + n0(n0 − 1)

n(n− 1)
(S6)

and

VarH0(TDW|Z)

=
∑

1≤i<j≤n

n−2γ̌2ij × VarH0{I(δi = δj)}

+
∑

1≤i<j<k≤n

2n−2γ̌ij γ̌ik × CovH0{I(δi = δj), I(δi = δk)}
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+
∑

1≤i<j<k≤n

2n−2γ̌ij γ̌jk × CovH0{I(δi = δj), I(δj = δk)}

+
∑

1≤i<j<k≤n

2n−2γ̌ikγ̌jk × CovH0{I(δi = δk), I(δj = δk)}

+
∑

1≤i<j<k<l≤n

2n−2γ̌ij γ̌kl × CovH0{I(δi = δj), I(δk = δl)}

+
∑

1≤i<j<k<l≤n

2n−2γ̌ikγ̌jl × CovH0{I(δi = δk), I(δj = δl)}

+
∑

1≤i<j<k<l≤n

2n−2γ̌ilγ̌jk × CovH0{I(δi = δl), I(δj = δk)}

=
∑

1≤i<j≤n

n−2γ̌2ij × (P2 − P2
2 ) +

∑
1≤i<j<k≤n

2n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)× (P1 − P2
2 )

+
∑

1≤i<j<k<l≤n

2n−2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)× (P0 − P2
2 ). (S7)

Using (S3)–(S5), we have

P0 − P2
2 =

4n1(n1 − 1)n0(n0 − 1)

n(n− 1)(n− 2)(n− 3)
− 4n2

1n
2
0

n2(n− 1)2
,

P1 − P2
2 =

n1n0

n(n− 1)
− 4n2

1n
2
0

n2(n− 1)2
,

P2 − P2
2 =

2n1n0

n(n− 1)
− 4n2

1n
2
0

n2(n− 1)2
,

and thus

VarH0(TDW|Z)

=
∑

1≤i<j≤n

n−2γ̌2ij ×
2n1n0

n(n− 1)
+

∑
1≤i<j<k≤n

2n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)×
n1n0

n(n− 1)

+
∑

1≤i<j<k<l≤n

2n−2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)×
4n1(n1 − 1)n0(n0 − 1)

n(n− 1)(n− 2)(n− 3)

− 4n2
1n

2
0

n4(n− 1)2
×

( ∑
1≤i<j≤n

γ̌ij

)2

=
∑

1≤i<j≤n

γ̌2ij
n(n− 1)/2

× n1n0

n2
+

∑
1≤i<j<k≤n

(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)

n(n− 1)(n− 2)/6
× n1n0(n− 2)

3n2
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+
∑

1≤i<j<k<l≤n

(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)

n(n− 1)(n− 2)(n− 3)/24
× n1(n1 − 1)n0(n0 − 1)

3n2
− 4n2

1n
2
0

(n− 1)2n2

=
n1(n1 − 1)n0(n0 − 1)

3n2
V0,Z +

n1n0(n− 2)

3n2
V1,Z +

n1n0

n2
V2,Z −

4n2
1n

2
0

(n− 1)2n2
, (S8)

given that
∑

1≤i<j≤n γ̌ij = n.

S6 Proof of Theorem 2

Recalling from (4) where

TDW =
1

n

n∑
j=1

∑
i̸=j

γij × I(δi = δj),

we define an analogous statistic,

T ∗
DW =

1

n

n∑
j=1

∑
i̸=j

γij × I(δ∗i = δ∗j ) =
1

n

∑
1≤i<j≤n

γ̌ij × I(δ∗i = δ∗j ), (S9)

where δ∗ = {δ∗1, . . . , δ∗n} and

δ∗i =

1, with probability n1/n,

0, with probability n0/n,

(S10)

for i = 1, . . . , n. Let n∗
1 =

∑n
i=1 δ

∗
i and let

D
== denote equality in distribution, it is clear

that when H0 is true,

(T ∗
DW|n∗

1 = n1,Z)
D
== (TDW|Z), (S11)

for all Z. To prove the asymptotic null distribution (7), we study the asymptotic distri-

bution of (T ∗
DW, n

∗
1) conditional on Z. We first introduce several lemmas in S6.1–S6.3 and

then prove Theorem 2 in S6.4.
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S6.1 First Two Moments of (T ∗DW, n
∗
1)

Lemma 1. For the first two moments of (T ∗
DW, n

∗
1), we have

EH0(n
∗
1/n) =

n1

n
,

VarH0(n
∗
1/n) =

n1n0

n3
,

EH0(T
∗
DW|Z) =

n2
1 + n2

0

n2
,

VarH0(T
∗
DW|Z) =

n2
1n

2
0(n− 1)(n− 2)(n− 3)

3n5
V0,Z +

n1n0(n− 1)(n− 2)

3n3
V1,Z

+
n1n0(n− 1)

n3
V2,Z −

4n2
1n

2
0

n4
,

CovH0(T
∗
DW, n

∗
1/n|Z) =

2n1n0(n1 − n0)

n4
.

Proof of Lemma 1: The δ∗i ’s are defined to be i.i.d. Bernoulli variables with probability

n1/n, and thus we have for any distinct values i, j, k and l,

P∗
0 =Pr(δ∗i = δ∗j , δ

∗
k = δ∗l )

=Pr(δ∗i = δ∗j = δ∗k = δ∗l = 1) + Pr(δ∗i = δ∗j = δ∗k = δ∗l = 0)

+ Pr(δ∗i = δ∗j = 1, δ∗k = δ∗l = 0) + Pr(δ∗i = δ∗j = 0, δ∗k = δ∗l = 1)

=
n4
1

n4
+
n4
0

n4
+
n2
1n

2
0

n4
+
n2
1n

2
0

n4

=1− 4n1n0

n2
+

4n2
1n

2
0

n4
, (S12)

P∗
1 =Pr(δ∗i = δ∗j = δ∗k)

=Pr(δ∗i = δ∗j = δ∗k = 1) + Pr(δ∗i = δ∗j = δ∗k = 0)

=
n3
1

n3
+
n3
0

n3

=1− 3n1n0

n2
, (S13)

P∗
2 =Pr(δ∗i = δ∗j )

=Pr(δ∗i = δ∗j = 1) + Pr(δ∗i = δ∗j = 0)

=
n2
1

n2
+
n2
0

n2

13



=1− 2n1n0

n2
. (S14)

Since n∗
1 follows the binomial distribution with parameters n and n1/n, we have

EH0(n
∗
1/n) = n× n1

n
× 1

n
=
n1

n
,

VarH0(n
∗
1/n) = n× n1

n
×
(
1− n1

n

)
× 1

n2
=
n1n0

n3
.

Based on equations (S12)–(S14), we have


P∗

0 − (P∗
2 )

2 = 0,

P∗
1 − (P∗

2 )
2 =

n1n0

n2
− 4n2

1n
2
0

n4
,

P∗
2 − (P∗

2 )
2 =

2n1n0

n2
− 4n2

1n
2
0

n4
.

(S15)

Thus, similar to (S6)–(S8), we have

EH0(T
∗
DW|Z) =

∑
1≤i<j≤n

n−1γ̌ij × Pr(δ∗i = δ∗j ) =
∑

1≤i<j≤n

n−1γ̌ij × P∗
2 = P∗

2 =
n2
1 + n2

0

n2
,

VarH0(T
∗
DW|Z) =

∑
1≤i<j≤n

n−2γ̌2ij × {P∗
2 − (P∗

2 )
2}

+
∑

1≤i<j<k≤n

2n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)× {P∗
1 − (P∗

2 )
2}

+
∑

1≤i<j<k<l≤n

2n−2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)× {P∗
0 − (P∗

2 )
2}

=
∑

1≤i<j≤n

γ̌2ij ×
2n1n0

n4
+

∑
1≤i<j<k≤n

2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)×
n1n0

n4

− 4n2
1n

2
0

n6
×

{( ∑
1≤i<j≤n

γ̌ij

)2

−
∑

1≤i<j<k<l≤n

2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)

}

=
∑

1≤i<j≤n

γ̌2ij
n(n− 1)/2

× n1n0(n− 1)

n3

+
∑

1≤i<j<k≤n

γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk
n(n− 1)(n− 2)/6

× n1n0(n− 1)(n− 2)

3n3

14



− 4n2
1n

2
0

n4

{
1−

∑
1≤i<j<k<l≤n 2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)

n2

}

=
n2
1n

2
0(n− 1)(n− 2)(n− 3)

3n5
V0,Z +

n1n0(n− 1)(n− 2)

3n3
V1,Z

+
n1n0(n− 1)

n3
V2,Z −

4n2
1n

2
0

n4
, (S16)

with
∑

1≤i<j≤n γ̌ij = n.

Because δ∗i , δ
∗
j and δ∗k are i.i.d. Bernoulli variables with probability n1/n, we have

CovH0{I(δ∗i = δ∗j ), δ
∗
k} =0, (S17)

CovH0{I(δ∗i = δ∗j ), δ
∗
i + δ∗j} =EH0{I(δ∗i = δ∗j )× (δ∗i + δ∗j )}

− EH0{I(δ∗i = δ∗j )}EH0(δ
∗
i + δ∗j )

=2× Pr(δ∗i = δ∗j = 1)

− 2× Pr(δ∗i = δ∗j )× Pr(δ∗i = 1)

=2× Pr(δ∗i = δ∗j = 1)− 2× P∗
2 × Pr(δ∗i = 1)

=
2n2

1

n2
− 2(n3

1 + n1n
2
0)

n3

=
2(n3

1 + n2
1n0 − n3

1 − n1n
2
0)

n3

=
2n1n0(n1 − n0)

n3
. (S18)

Using (S17)–(S18) and
∑

1≤i<j≤n γ̌ij = n, we have

CovH0(T
∗
DW, n

∗
1/n|Z) =

∑
1≤i<j≤n

n−2γ̌ijCovH0{I(δ∗i = δ∗j ), δ
∗
i + δ∗j}

+
∑

1≤i<j≤n

∑
k ̸=i,j

n−2γ̌ijCovH0{I(δ∗i = δ∗j ), δ
∗
k}

=
∑

1≤i<j≤n

n−2γ̌ij ×
2n1n0(n1 − n0)

n3

=
2n1n0(n1 − n0)

n4
.
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S6.2 Proximity Graph Induced by ΓZ

For any events A and B, let “A =⇒ B” denote the statement “A is sufficient for B” and

let “A⇐⇒ B” denote the statement “A is necessary and sufficient for B”.

We first define the proximity graph G(Z, E) induced by ΓZ by letting

E = {(i, j) : γ̌ij > 0} (S19)

and the weight of edge (i, j) be γ̌ij. Recalling that γ̌ij = γij + γji, we have (i, j) ∈ E ⇐⇒

{γij > 0 or γji > 0}. To investigate the asymptotic property of degrees d1, . . . , dn of G,

where di =
∑

j ̸=i I(γ̌ij > 0), we first deduce a necessary condition for any pair of (i, j) to

be linked in G.

Lemma 2. Let Z = {z1, . . . , zn} be an i.i.d. sample from a distribution H with Lipschitz

continuous density h with respect to the measure onM induced by the Lebesgue measure on

the ambient Euclidean space. The proximity graph G(Z, E) defined by (S19) is a subgraph of

the auxiliary graph G∗(Z, E∗) a.s. as n→∞, where E∗ = {(i, j) : ∃S ∈ DT M(Z) s.t. zi, zj ∈

V(S)}.

Although the proximity graph G(Z, E) and the auxiliary graph G∗(Z, E∗) are both de-

fined in terms of Delaunay triangulation, they are different because G depicts the rela-

tion between each zi to the Delaunay triangulation DT M(Z \ {zi}) of the leave-one-out

dataset while G∗ is directly constructed on the Delaunay triangulation DT M(Z) of the

whole dataset.

Proof of Lemma 2:

For all i, j, we intend to show that

γij > 0 =⇒ ∃S ∈ DT M(Z) s.t. zi, zj ∈ V(S), a.s. (S20)

as n→∞.

For fixed i, since M is geodesically convex, we project all the zj’s (j ̸= i) on M to

logzi(zj) on the tangent space TziM. Let Z(i) = {logzi(zj) : j = 1, . . . , n} ⊂ TziM and
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define DT TziM(Z(i)) as the Delaunay triangulation of projected dataset Z(i) on the tangent

space TziM. For any fixed i, we define

N(zi,DT M(Z)) = {zj : ∃S ∈ DT M(Z) s.t. zi, zj ∈ V(S)},

as the set of all neighbors of zi in DT M(Z). Analogously, we also define

N(zi,DT TziM(Z(i))) = {logzi(zj) : ∃S ∈ DT TziM(Z(i)) s.t. 0, logzi(zj) ∈ V(S)},

as the set of all neighbors of zi in DT TziM(Z(i)). Here, with slight abuse of notation,

logzi(zj) denotes the endpoint of the vector logzi(zj). SinceM is locally Euclidean and H

is a continuous distribution onM, we have

zj ∈ N(zi,DT M(Z))⇐⇒ logzi(zj) ∈ N(zi,DT TziM(Z(i))), ∀j ̸= i, a.s. (S21)

as n→∞.

Let ΓZ(i) = (γ
(i)
kj )n×n be the Delaunay weight matrix of Z(i) ⊂ TziM. Since S(zi;Z\{zi})

on M and S(zi;Z(i) \ {zi}) on TziM depict neighborhoods of zi in DT M(Z \ {zi}) and

DT TziM(Z(i) \ {zi}) respectively, we have

γij > 0⇐⇒ γ
(i)
ij > 0, ∀j ̸= i, a.s. (S22)

as n→∞.

Using (S21)–(S22), it is clear that proving (S20) is equivalent to proving that, for all

i ̸= j,

γ
(i)
ij > 0 =⇒ logzi(zj) ∈ N(zi,DT TziM(Z(i))), a.s. (S23)

as n→∞.

Recalling the property (1) in the Euclidean space (Abadie and L’Hour, 2021), we have

(γ
(i)
i1 , . . . , γ

(i)
i,i−1, γ

(i)
i,i+1, . . . , γ

(i)
in )

T = w(zi;Z(i) \ {zi}) = lim
λ→0

w(λ)(zi;Z(i) \ {zi}), (S24)
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where w(λ)(zi;Z(i) \{zi}) = (w
(λ)
1 , . . . , w

(λ)
i−1, w

(λ)
i+1, . . . , w

(λ)
n )T is the solution of the optimiza-

tion problem,

min

∥∥∥∥∥∑
j ̸=i

wj logzi(zj)

∥∥∥∥∥
2

+ λ
∑
j ̸=i

wj∥ logzi(zj)∥
2,

subject to w = (w1, . . . , wi−1, wi+1, . . . , wn)
T ∈ [0, 1]n−1 and

∑
j ̸=iwj = 1. By Theorem 3 of

Abadie and L’Hour (2021) that for all logzi(zj) /∈ N(zi,DT TziM(Z(i))), the corresponding

w
(λ)
j in w(λ)(zi;Z(i) \ {zi}) are all 0, we have

w
(λ)
j > 0 =⇒ logzi(zj) ∈ N(zi,DT TziM(Z(i))), ∀j ̸= i. (S25)

Letting λ→ 0, we conclude (S23) from (S24)–(S25) and, as a result, (S20) is shown.

Similarly, we also have

γji > 0 =⇒ ∃S ∈ DT M(Z), s.t. zi, zj ∈ V(S), a.s.

as n→∞, and thus

(i, j) ∈ E ⇐⇒ γij > 0 or γji > 0

=⇒∃S ∈ DT M(Z), s.t. zi, zj ∈ V(S)⇐⇒ (i, j) ∈ E∗, a.s.

as n→∞. Hence, Lemma 2 is proven.

We then provide the asymptotic property of d1, . . . , dn in Lemma 3.

Lemma 3. Let Z = {z1, . . . , zn} be an i.i.d. sample from distribution H with Lipschitz

continuous density h with respect to the measure on M induced by the Lebesgue measure

on the ambient Euclidean space. Assume that there exists ν < 9/4 such that
∑n

i=1 |Ni|4 =

o(nν), where Ni = ∪S∈DT M(Z):zi∈SV(S). Then, for η = 1, 2, 3, 4, the degrees di of the graph

G(Z, E) defined by (S19) satisfy

n∑
i=1

dηi = o(n1+η(ν−1)/4). (S26)
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Proof of Lemma 3: By Lemma 2 which suggests that G is a subgraph of G∗ a.s. as

n→∞, we have for η = 1, 2, 3, 4,

n∑
i=1

dηi ≤
n∑

i=1

|Ni|η.

Thus, (S26) holds when η = 4 because
∑n

i=1 |Ni|4 = o(nν). In addition, by the Cauchy–

Schwartz inequality, we have

� when η = 2,

n∑
i=1

d2i ≤
n∑

i=1

|Ni|2 ≤

√√√√n×
n∑

i=1

|Ni|4 =
√
o(n× nν) = o(n1+(ν−1)/2);

� when η = 1,

n∑
i=1

di ≤
n∑

i=1

|Ni| ≤

√√√√n×
n∑

i=1

|Ni|2 =
√
o(n× n1+(ν−1)/2) = o(n1+(ν−1)/4);

� when η = 3,

n∑
i=1

d3i ≤
n∑

i=1

|Ni|3 ≤

√√√√ n∑
i=1

|Ni|2 ×
n∑

i=1

|Ni|4 =
√
o(n1+(ν−1)/2 × nν) = o(n1+3(ν−1)/4).

Hence, Lemma 3 is proven.

S6.3 Asymptotic Distribution of (T ∗DW, n
∗
1) Conditional on Z

To deduce the asymptotic distribution of (T ∗
DW, n

∗
1) conditional on Z, we first introduce a

lemma obtained from the proof of Theorem 5.1 of Chen et al. (2018).

Lemma 4. (Chen et al., 2018) Consider a proximity graph G(Z, E) of the data Z =

{z1, . . . , zn}. For each edge e = (i, j) of G, we define two sets,

Ae = {e} ∪ {e′ ∈ G : e ∩ e′ ̸= ∅}, Be = Ae ∪ {e′′ ∈ G : ∃e′ ∈ Ae, e
′ ∩ e′′ ̸= ∅}, (S27)
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and the weight we ∈ [0, 1]. Recalling the definition of δ∗ in (S10), we define two random

variables

U∗
w =

T ∗
w − E(T ∗

w|Z)√
Var(T ∗

w|Z)
, U∗

n∗
1
=

n∗
1 − n1√
n1n0/n

where T ∗
w =

∑
1≤i<j≤nw(i,j)I(δ

∗
i = δ∗j ). If (i) the edge weights {we|e ∈ G} satisfy

maxe∈G we∑
e∈G we

= o(1);

(ii) there exists 1 ≤ β < 1.5 such that the number of edges in G is |G| = O(nβ),
∑

e∈G |Ae|2 =

o(n0.5+β), and
∑

e∈G |Ae| · |Be| = o(n1.5β); then (U∗
w, U

∗
n∗
1
)|Z converges in distribution to a

bivariate Gaussian random variable as n→∞.

By applying Lemma 4, we prove the asymptotic normality of (T ∗
DW, n

∗
1) as follows.

Lemma 5. Let Z = {z1, . . . , zn} be an i.i.d. sample from distribution H with Lipschitz

continuous density h with respect to the measure on M induced by the Lebesgue measure

on the ambient Euclidean space. Assume that there exists ν < 9/4 such that
∑n

i=1 |Ni|4 =

o(nν), where Ni = ∪S∈DT M(Z):zi∈SV(S). Let

U∗
DW =

T ∗
DW − EH0(T

∗
DW|Z)√

VarH0(T
∗
DW|Z)

, U∗
n∗
1
=
n∗
1/n− n1/n√
n1n0/n3

,

where T ∗
DW is defined by (S9). Then, {(U∗

DW, U
∗
n∗
1
)|Z} converges in distribution to a bivariate

Gaussian random variable as n→∞.

Proof of Lemma 5: Consider the proximity graph G(Z, E) constructed on the basis of

ΓZ where E = {(i, j) : γ̌ij > 0} and the weight of edge (i, j) is γ̌ij. We can verify that G

satisfies all the assumptions of Lemma 4 for β = max{2ν/3, 1} ∈ [1, 1.5) as follows.

� Since
∑

1≤i<j≤n γ̌ij = n while γ̌ij ∈ [0, 2] for all 1 ≤ i < j ≤ n, we have

max1≤i<j≤n γ̌ij∑
1≤i<j≤n γ̌ij

≤ 2

n
= o(1). (S28)

� Since the number of nonzero components in each row of ΓZ is not larger than d+ 1,
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we conclude that

|G| =
∑

1≤i<j≤n

I(γ̌ij > 0) ≤
∑

1≤i<j≤n

{
I(γij > 0) + I(γji > 0)

}
≤ n(d+ 1) = O(n),

(S29)

and thus |G| = O(nβ).

� By Lemma 3, we have

∑
e∈G

|Ae|2 =
∑

1≤i<j≤n

I(γ̌ij > 0)

[
I(γ̌ij > 0) +

∑
k/∈{i,j}

{I(γ̌ik > 0) + I(γ̌jk > 0)}

]2
=

∑
1≤i<j≤n

I(γ̌ij > 0)(di + dj − 1)2

=
∑

1≤i<j≤n

I(γ̌ij > 0)(d2i + d2j + 2didj − 2di − 2dj + 1)

≤
∑

1≤i<j≤n

I(γ̌ij > 0)(2d2i + 2d2j − 2di − 2dj + 1)

=
∑

1≤i<j≤n

I(γ̌ij > 0)(2d2i + 2d2j − 2di − 2dj) +
∑

1≤i<j≤n

I(γ̌ij > 0)

=
n∑

i=1

∑
j ̸=i

I(γ̌ij > 0)(d2i + d2j − di − dj) +
n∑

i=1

di/2

=
n∑

i=1

∑
j ̸=i

I(γ̌ij > 0)(d2i − di) +
n∑

j=1

∑
i̸=j

I(γ̌ij > 0)(d2j − dj) +
n∑

i=1

di/2

=
n∑

i=1

di(d
2
i − di) +

n∑
j=1

dj(d
2
j − dj) +

n∑
i=1

di/2

=
n∑

i=1

(2d3i − 2d2i + di/2)

=o(n1+3(ν−1)/4) + o(n1+(ν−1)/2) + o(n1+(ν−1)/4)

=o(n1+3(ν−1)/4) = o(n0.5+β), (S30)

since 0.5 + β ≥ 0.5 + 2ν/3 > 1 + 3(ν − 1)/4 for all ν < 9/4.
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� By the definitions of Ae and Be in (S27), we have Be = ∪e′∈AeAe′ and thus

∑
e∈G

|Ae| · |Be| =
∑
e∈G

|Ae| · | ∪e′∈Ae Ae′ |

≤
∑
e∈G

|Ae|

{ ∑
e′∈Ae

|Ae′|

}

=
∑
e∈G

∑
e′∈Ae

|Ae| · |Ae′ |

≤
∑
e∈G

∑
e′∈Ae

(|Ae|2 + |Ae′|2)/2

=
∑
e∈G

∑
e′∈Ae

|Ae|2/2 +
∑
e′∈G

∑
e∈Ae′

|Ae′ |2/2

=
∑
e∈G

|Ae|3/2 +
∑
e′∈G

|Ae′|3/2

=
∑
e∈G

|Ae|3

=
∑

1≤i<j≤n

I(γ̌ij > 0)

[
I(γ̌ij > 0) +

∑
k/∈{i,j}

{I(γ̌ik > 0) + I(γ̌jk > 0)}

]3
=

∑
1≤i<j≤n

I(γ̌ij > 0)(di + dj − 1)3

≤
∑

1≤i<j≤n

I(γ̌ij > 0)(di + dj)
3

=
∑

1≤i<j≤n

I(γ̌ij > 0){d3i + 3(di + dj)didj + d3j}.

Since both di and dj are positive, we have

(di + dj)didj ≤ (di + dj)(d
2
i + d2j)/2 = (d3i + d3j)/2 + (di + dj)didj/2,

and thus (di + dj)didj ≤ d3i + d3j . As a result, by Lemma 3, we have

∑
e∈G

|Ae| · |Be| ≤
∑

1≤i<j≤n

I(γ̌ij > 0){d3i + 3(di + dj)didj + d3j}

≤
∑

1≤i<j≤n

I(γ̌ij > 0)(4d3i + 4d3j)
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=
n∑

i=1

∑
j ̸=i

I(γ̌ij > 0)(2d3i + 2d3j)

=
n∑

i=1

∑
j ̸=i

I(γ̌ij > 0)2d3i +
n∑

j=1

∑
i̸=j

I(γ̌ij > 0)2d3j

=
n∑

i=1

di × 2d3i +
n∑

j=1

dj × 2d3j

=
n∑

i=1

4d4i

= o(nν) = o(n1.5β). (S31)

By Lemma 4 and (S28)–(S31), we conclude that (U∗
DW, U

∗
n∗
1
)|Z converges in distribution to

a bivariate Gaussian random variable as n→∞.

Thus, we conclude that the conditional distribution {U∗
DW|U∗

n∗
1
,Z} converges to a Gaus-

sian distribution as n→∞ or equivalently,{
T ∗
DW − EH0(T

∗
DW|Z)√

VarH0(T
∗
DW|Z)

∣∣∣∣∣n∗
1,Z

}
D−→N(µ, σ2) (S32)

as n→∞, for some µ and σ2 > 0.

S6.4 Asymptotic Null Distribution of TDW

Finally, we derive the asymptotic null distribution of TDW. We first need to prove

VarH0(TDW|Z)
VarH0(T

∗
DW|Z)

→ 1, a.s. (S33)

EH0(T
∗
DW|Z)− EH0(TDW|Z)√
VarH0(T

∗
DW|Z)

→ 0, a.s. (S34)

as n→∞. Since

VarH0(TDW|Z)
VarH0(T

∗
DW|Z)

= 1 +
VarH0(TDW|Z)− VarH0(T

∗
DW|Z)

VarH0(T
∗
DW|Z)

,
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(S33) is equivalent to

VarH0(TDW|Z)− VarH0(T
∗
DW|Z)

VarH0(T
∗
DW|Z)

→ 0, a.s. (S35)

as n→∞.

By Theorem 1 and Lemma 1, we have

VarH0(TDW|Z)− VarH0(T
∗
DW|Z)

=

{
n2
1n

2
0(n1 − 1)(n0 − 1)

3n1n0n2
− n2

1n
2
0(n− 1)(n− 2)(n− 3)

3n5

}
V0,Z

+

{
n1n0(n− 2)

3n2
− n1n0(n− 1)(n− 2)

3n3

}
V1,Z

+

{
n1n0

n2
− n1n0(n− 1)

n3

}
V2,Z −

{
4n2

1n
2
0

(n− 1)2n2
− 4n2

1n
2
0

n4

}

=
n1n0(n1 − 1)(n0 − 1)n3 − n2

1n
2
0(n− 1)(n− 2)(n− 3)

3n5
V0,Z

+
n1n0(n− 2)

3n3
V1,Z +

n1n0

n3
V2,Z −

4n2
1n

2
0(2n− 1)

(n− 1)2n4

=
n1n0n

3 − n1n0n
4 + n2

1n
2
0(6n

2 − 11n+ 6)

3n5
V0,Z

+
n1n0(n− 2)

3n3
V1,Z +

n1n0

n3
V2,Z −

4n2
1n

2
0(2n− 1)

(n− 1)2n4
.

Because lim
n→∞

n1/n = κ, lim
n→∞

n0/n = (1− κ), V2,Z, V1,Z, V0,Z ∈ (0, 1),

VarH0(T
∗
DW|Z) =

n2
1n

2
0(n− 1)(n− 2)(n− 3)

3n5
V0,Z +

n1n0(n− 1)(n− 2)

3n3
V1,Z

+
n1n0(n− 1)

n3
V2,Z −

4n2
1n

2
0

n4
,
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and 

n1n0n
3 − n1n0n

4 + n2
1n

2
0(6n

2 + 11n− 6)

n2
1n

2
0(n− 1)(n− 2)(n− 3)

→ 0,

n1n0(n− 2)

3n3

/
n1n0(n− 1)(n− 2)

3n3
→ 0,

n1n0

n3

/
n1n0(n− 1)

n3
→ 0,

4n2
1n

2
0(2n− 1)

(n− 1)2n4

/
4n2

1n
2
0

n4
→ 0,

as n→∞, (S35) holds, and thus (S33) is shown.

In addition, by Lemma 1, we have

EH0(T
∗
DW|Z)− EH0(TDW|Z) =

n2
1 + n2

0

n2
− n1(n1 − 1) + n0(n0 − 1)

n(n− 1)

=
n2
1(n− 1) + n2

0(n− 1)− n2
1n− n2

0n+ n2

n2(n− 1)

=
n2 − n2

1 − n2
0

n2(n− 1)

=
2n1n0

n2(n− 1)
. (S36)

By (S15), if lim
n→∞

n1/n = κ = 1/2, we have P∗
0 − (P∗

2 )
2 = 0, P∗

2 − (P∗
2 )

2 = 1/4 + o(1),

and

P∗
1 − (P∗

2 )
2 =

n1n0

n2
− 4n2

1n
2
0

n4

=
n1n0(n

2 − 4n1n0)

n4

=
n1n0{(n1 + n0)

2 − 4n1n0}
n4

=
n1n0(n1 − n0)

2

n4
≥ 0.

As there are at most d + 1 nonzero values in each row of ΓZ with the sum equal to 1, we

have ∑
j ̸=i

I(γij > 0) ∈ {1, . . . , d+ 1}, and
∑
j ̸=i

γij =
∑
j ̸=i

γij × I(γij > 0) = 1,
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for all i = 1, . . . , n. Also, using the Cauchy–Schwartz inequality, we have

{∑
j ̸=i

γ2ij

}{∑
j ̸=i

I(γij > 0)

}
=

{∑
j ̸=i

γ2ij

}{∑
j ̸=i

I(γij > 0)2

}
≥

{∑
j ̸=i

γij × I(γij > 0)

}2

,

for all i = 1, . . . , n. Therefore, using (S16) and the results above, if lim
n→∞

n1/n = κ = 1/2,

we have

VarH0(T
∗
DW|Z) =

∑
1≤i<j≤n

n−2γ̌2ij × {P∗
2 − (P∗

2 )
2}

+
∑

1≤i<j<k≤n

2n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)× {P∗
1 − (P∗

2 )
2}

+
∑

1≤i<j<k<l≤n

2n−2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)× {P∗
0 − (P∗

2 )
2}

≥
∑

1≤i<j≤n

n−2γ̌2ij × {1/4 + o(1)}

=
∑

1≤i<j≤n

{
1

4n2
+ o(n−2)

}
γ̌2ij

=
∑

1≤i<j≤n

{
1

4n2
+ o(n−2)

}
(γij + γji)

2

≥

{
1

4n2
+ o(n−2)

} ∑
1≤i<j≤n

(γ2ij + γ2ji)

=

{
1

4n2
+ o(n−2)

}
n∑

i=1

∑
j ̸=i

γ2ij

≥

{
1

4n2
+ o(n−2)

}
n∑

i=1

{
∑

j ̸=i γij × I(γij > 0)}2∑
j ̸=i I(γij > 0)

=

{
1

4n2
+ o(n−2)

}
n∑

i=1

1∑
j ̸=i I(γij > 0)

≥

{
1

4n2
+ o(n−2)

}
n∑

i=1

1

d+ 1

=

{
1

4n2
+ o(n−2)

}
× n

d+ 1

=
1

4n(d+ 1)
+ o(n−1). (S37)
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If lim
n→∞

n1/n = κ ̸= 1/2, we have

P∗
0 − (P∗

2 )
2 =0,

P∗
1 − (P∗

2 )
2 =

n1n0

n2
− 4n2

1n
2
0

n4
= κ(1− κ){1− 4κ(1− κ)}+ o(1),

P∗
2 − (P∗

2 )
2 =

2n1n0

n2
− 4n2

1n
2
0

n4
≥ 2{P∗

1 − (P∗
2 )

2}.

As
∑

1≤i<j≤n γ̌ij = n, using the Cauchy–Schwartz inequality, we have

n

[
n∑

i=1

{∑
j ̸=i

γ̌ij

}2]
=

[
n∑

i=1

12

][
n∑

i=1

{∑
j ̸=i

γ̌ij

}2]

≥

{
n∑

i=1

∑
j ̸=i

γ̌ij

}2

=

{
2
∑

1≤i<j≤n

γ̌ij

}2

= 4n2.

Using (S16) and the results above, if lim
n→∞

n1/n = κ ̸= 1/2, we have

VarH0(T
∗
DW|Z) =

∑
1≤i<j≤n

n−2γ̌2ij × {P∗
2 − (P∗

2 )
2}

+
∑

1≤i<j<k≤n

2n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)× {P∗
1 − (P∗

2 )
2}

+
∑

1≤i<j<k<l≤n

2n−2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)× {P∗
0 − (P∗

2 )
2}

≥
∑

1≤i<j≤n

n−2γ̌2ij × 2{P∗
1 − (P∗

2 )
2}

+
∑

1≤i<j<k≤n

2n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)× {P∗
1 − (P∗

2 )
2}

=n−2

{ ∑
1≤i<j≤n

2γ̌2ij +
∑

1≤i<j<k≤n

2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)

}

× [κ(1− κ){1− 4κ(1− κ)}+ o(1)]

=n−2

n∑
i=1

{∑
j ̸=i

γ̌ij

}2

× [κ(1− κ){1− 4κ(1− κ)}+ o(1)]

≥n−2 × 4n× [κ(1− κ){1− 4κ(1− κ)}+ o(1)]
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=
4κ(1− κ){1− 4κ(1− κ)}

n
+ o(n−1). (S38)

By (S36)–(S38), we conclude (S34). By (S11), we have under H0,{
TDW − EH0(TDW|Z)√

VarH0(TDW|Z)

∣∣∣∣∣Z
}

D
==

{
T ∗
DW − EH0(TDW|Z)√

VarH0(TDW|Z)

∣∣∣∣∣n∗
1 = n1,Z

}
,

where the right-hand side equals{
T ∗
DW − EH0(T

∗
DW|Z)√

VarH0(TDW|Z)

∣∣∣∣∣n∗
1 = n1,Z

}
+

EH0(T
∗
DW|Z)− EH0(TDW|Z)√
VarH0(TDW|Z)

=

√
VarH0(T

∗
DW|Z)

VarH0(TDW|Z)
×

{
T ∗
DW − EH0(T

∗
DW|Z)√

VarH0(T
∗
DW|Z)

∣∣∣∣∣n∗
1 = n1,Z

}

+

√
VarH0(T

∗
DW|Z)

VarH0(TDW|Z)
× EH0(T

∗
DW|Z)− EH0(TDW|Z)√
VarH0(T

∗
DW|Z)

,

which, according to (S33) and (S34), has the same asymptotic distribution as

{
T ∗
DW − EH0(T

∗
DW|Z)√

VarH0(T
∗
DW|Z)

∣∣∣∣∣n∗
1 = n1,Z

}

as n → ∞. The quantity above converges to a Gaussian distribution according to (S32).

Hence, {
TDW − EH0(TDW|Z)√

VarH0(TDW|Z)

∣∣∣∣∣Z
}

D−→N(0, 1), (S39)

as n→∞. Finally, using the law of total probability and noting thatN(0, 1) is independent

of Z, we conclude the result of Theorem 2.
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S7 Proof of Theorem 3

Lemma 6. Under the same conditions as in Theorem 2, if X, Y and {zn+1} are disjoint

sets inM such that X ∪ Y ∪ {zn+1} is generic, we have

EH1(|T∆
DW − TDW|) = o(n−11/16), (S40)

as n → ∞, where T∆
DW is the Delaunay weighted test statistic with respect to X ∪ Y and

{(zn+1, δn+1)}.

Proof of Lemma 6: By Lemma 2 that the proximity graph G(Z = X ∪ Y, E) defined

by (S19) is a subgraph of the auxiliary graph G∗(Z, E∗) a.s. as n → ∞, we consider the

auxiliary graph G∗(Z, E∗).

For any fixed i, by the duality between the Voronoi diagram and the Delaunay trian-

gulation, we have (i, j) ∈ E∗ if and only if Vi(Z) ∩ Vj(Z) ̸= ∅, where

Vi(Z) = {z ∈M : dM(z, zi) ≤ min
j=1,...,n;j ̸=i

dM(z, zj)}

is the Voronoi cell with respect to zi ∈ Z. Thus, zi’s neighbors in G∗(Z, E∗) are {zj :

Vi(Z) ∩ Vj(Z) ̸= ∅}. If Vi(Z ∪ {zn+1}) ∩ Vn+1(Z ∪ {zn+1}) = ∅, we have Vi(Z ∪ {zn+1})

remains the same as Vi(Z), and thus {zj : Vi(Z ∪ {zn+1}) ∩ Vj(Z ∪ {zn+1}) ̸= ∅} = {zj :

Vi(Z) ∩ Vj(Z) ̸= ∅}.

In other words, if zi is not zn+1’s neighbor in G∗(Z ∪ {zn+1}, E∗n+1) (or equivalently,

(i, n+1) /∈ E∗n+1), its neighbors in G∗(Z∪{zn+1}, E∗n+1) remain the same as its neighbors in

G∗(Z, E∗), where E∗n+1 = {(i, j) : ∃S ∈ DT M(Z ∪ {zn+1}) s.t. zi, zj ∈ V(S)}. Therefore, if

zi is not zn+1’s neighbor in G∗(Z∪{zn+1}, E∗n+1), all nonzero elements {γij > 0|j ̸= i} in the

i-th row of ΓZ∪{zn+1} remain the same as the i-th row of ΓZ a.s. as n → ∞. According to

the statement that
∑n

i=1 |Ni| = o(n1+(ν−1)/4) in proof of Lemma 3, the expected number of

zn+1’s neighbors in the graph G∗(Z∪{zn+1}, E∗n+1) is o(n
(ν−1)/4) = o(n5/16), due to ν < 9/4.

As a result, on average, only nonzero elements in o(n5/16) rows among the first n rows of

ΓZ∪{zn+1} can be different from ΓZ. Because the sum of each row of ΓZ is fixed as 1, we
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conclude (S40), and Lemma 6 is proven.

Proof of Theorem 3: To prove the consistency of our Delaunay weighted test, we need

to show that under H1 : F ̸= G,

TDW − EH0(TDW|Z)√
VarH0(TDW|Z)

→∞, a.s. (S41)

as n→∞.

In Theorem 2 of Henze and Penrose (1999), the authors showed that

n−1Rn = n−1

n∑
j=1

∑
i̸=j

I(MST of Z contains an edge of zi and zj)I(δi ̸= δj)

→
∫

2κ(1− κ)f(z)g(z)
κf(z) + (1− κ)g(z)

dz, a.s.

as n→∞. We intend to follow their Poissonization approach to show that

TDW = n−1

n∑
j=1

∑
i̸=j

γij × I(δi = δj)

→
∫
z∈M

κ2f 2(z) + (1− κ)2g2(z)
κf(z) + (1− κ)g(z)

dz, a.s. (S42)

as n→∞.

Specifically, let N1 and N0 be Poisson random variables with means n1 and n0 respec-

tively, which are independent of each other and X† = {x1, . . . ,xN1} and Y† = {y1, . . . ,yN0
}

onM. As a result, X† and Y† can be treated as observations from nonhomogeneous Poisson

processes of rates n1f(·) and n0g(·) respectively. Analogous to the derivation in Henze and

Penrose (1999), when T †
DW is deduced from the Deluanay weight matrix ΓZ† of the pooled

sample Z† = X† ∪ Y† and the group indicator δ† in the same way as (4), we have

EH1(|T
†
DW − TDW|) = EH1{EH1(|T

†
DW − TDW|

∣∣N1, N0)}

≤ EH1{EH1(|T∆
DW − TDW|) · (|N1 − n1|+ |N0 − n0|)}

= EH1{(|N1 − n1|+ |N0 − n0|)} · o(n−11/16)

= O(n1/2) · o(n−11/16)→ 0, (S43)
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as n→∞ with lim
n→∞

n1/n = κ, where the second equality follows from Lemma 6.

Let Z‡ = {z‡1, . . . , z
‡
N} be an i.i.d. sample from the distribution {n1F (·)+n0G(·)}/n on

M, and let δ‡1, . . . , δ
‡
N be independent Bernoulli random variables defined by

Pr(δ‡i = 1|z‡i ) =
n1f(z

‡
i )

n1f(z
‡
i ) + n0g(z

‡
i )
, i = 1, . . . , N, (S44)

where N is a Poisson variable that is independent of all the z‡i ’s with mean n. Similar

to T †
DW, we define T ‡

DW based on Z‡ and δ‡1, . . . , δ
‡
N . Following the same argument as in

the proof of Theorem 2 of Henze and Penrose (1999) that T †
DW and T ‡

DW follow the same

distribution and (S43), it suffices to prove (S42) with TDW replaced by T ‡
DW.

Using (S44), conditional on Z‡, the probability of {δ‡i = δ‡j} (for any i ̸= j) is

ψn1,n0(z
‡
i , z

‡
j) ≡Pr(δ‡i = δ‡j |z

‡
i , z

‡
j)

=Pr(δ‡i = 1|z‡i ) Pr(δ
‡
j = 1|z‡j) + Pr(δ‡i = 0|z‡i ) Pr(δ

‡
j = 0|z‡j)

=
n2
1f(z

‡
i )f(z

‡
j)

{n1f(z
‡
i ) + n0g(z

‡
i )}{n1f(z

‡
j) + n0g(z

‡
j)}

+
n2
0g(z

‡
i )g(z

‡
j)

{n1f(z
‡
i ) + n0g(z

‡
i )}{n1f(z

‡
j) + n0g(z

‡
j)}

=
n2
1f(z

‡
i )f(z

‡
j) + n2

0g(z
‡
i )g(z

‡
j)

{n1f(z
‡
i ) + n0g(z

‡
i )}{n1f(z

‡
j) + n0g(z

‡
j)}

,

and thus

EH1(T
‡
DW|Z

‡) =
∑

1≤i<j≤N

n−1γ̌‡ijψn1,n0(z
‡
i , z

‡
j),

where γ̌‡ij = γ‡ij + γ‡ji. Again, following the same argument as in the proof of Theorem 2 of

Henze and Penrose (1999), we conclude that

EH1(T
‡
DW) = EH1

{ ∑
1≤i<j≤n

n−1γ̌‡ijψ(z
‡
i , z

‡
j)

}
+ o(1), (S45)
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where

ψ(z‡i , z
‡
j) =

κ2f(z‡i )f(z
‡
j) + (1− κ)2g(z‡i )g(z

‡
j)

{κf(z‡i ) + (1− κ)g(z‡i )}{κf(z
‡
j) + (1− κ)g(z‡j)}

.

We consider

EH1

{ ∑
1≤i<j≤n

n−1γ̌‡ijψ(z
‡
i , z

‡
j)

}
= EH1

{
n−1

n∑
i=1

∑
j ̸=i

γ‡ijψ(z
‡
i , z

‡
j)

}

= EH1

{
n∑

j=2

γ‡1jψ(z
‡
1, z

‡
j)

}

= EH1

[
EH1

{
n∑

j=2

γ‡1jψ(z
‡
1, z

‡
j)

∣∣∣∣∣z‡1
}]

. (S46)

Analogous to deriving (11) of Proposition 1 of Henze and Penrose (1999), we have

EH1

{
n∑

j=2

γ‡1jψ(z
‡
1, z

‡
j)

∣∣∣∣∣z‡1
}

= ψ(z‡1, z
‡
1)EH1

{
n∑

j=2

γ‡1j

∣∣∣∣∣z‡1
}

+ o(1), (S47)

which equals ψ(z‡1, z
‡
1) + o(1) due to

∑N
j=2 γ

‡
1j = 1 by Definition 2 of the Delaunay weight.

Combining (S45)–(S47), we have

EH1(T
‡
DW)→ EH1{ψ(z

‡
1, z

‡
1)}

=

∫
z∈M

ψ(z, z){κf(z) + (1− κ)g(z)}dz =

∫
z∈M

κ2f 2(z) + (1− κ)2g2(z)
κf(z) + (1− κ)g(z)

dz,

as n → ∞. Applying Theorem 2.3 of Henze and Voigt (1992), which proves the almost

sure convergence of symmetric multi-sample statistics, we conclude (S42).

We next prove (S41) by showing that under H1 : F ̸= G, the right-hand side of (S42)

is larger than EH0(TDW|Z) and VarH0(TDW|Z) tends to 0 a.s. as n→∞.

By (S42), Theorem 1 that

EH0(TDW|Z) =
n1(n1 − 1) + n0(n0 − 1)

n(n− 1)
→ κ2 + (1− κ)2 (S48)
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as n→∞, and

1 = (1− κ) + κ

=

∫
z∈M

(1− κ)f(z)dz+
∫
z∈M

κg(z)dz

=

∫
z∈M

κ(1− κ)f 2(z) + (1− κ)2f(z)g(z)
κf(z) + (1− κ)g(z)

dz+

∫
z∈M

κ2f(z)g(z) + κ(1− κ)g2(z)
κf(z) + (1− κ)g(z)

dz

=

∫
z∈M

κ(1− κ)f 2(z) + {κ2 + (1− κ)2}f(z)g(z) + κ(1− κ)g2(z)
κf(z) + (1− κ)g(z)

dz,

we have under H1 : F ̸= G,

TDW − EH0(TDW|Z)

−→

{∫
z∈M

κ2f 2(z) + (1− κ)2g2(z)
κf(z) + (1− κ)g(z)

dz

}
− {κ2 + (1− κ)2} a.s.

=

{∫
z∈M

κ2f 2(z) + 2κ(1− κ)f(z)g(z) + (1− κ)2g2(z)− 2κ(1− κ)f(z)g(z)
κf(z) + (1− κ)g(z)

dz

}
− {κ2 + 2κ(1− κ) + (1− κ)2 − 2κ(1− κ)}

=

[∫
z∈M

{κf(z) + (1− κ)g(z)}2 − 2κ(1− κ)f(z)g(z)
κf(z) + (1− κ)g(z)

dz

]
− {(κ+ 1− κ)2 − 2κ(1− κ)}

=

[∫
z∈M
{κf(z) + (1− κ)g(z)}dz−

∫
z∈M

2κ(1− κ)f(z)g(z)
κf(z) + (1− κ)g(z)

dz

]
− {1− 2κ(1− κ)}

=

{
1− 2κ(1− κ)

∫
z∈M

f(z)g(z)

κf(z) + (1− κ)g(z)
dz

}
− {1− 2κ(1− κ)}

=2κ(1− κ)

{
1−

∫
z∈M

f(z)g(z)

κf(z) + (1− κ)g(z)
dz

}

=2κ(1− κ)

[∫
z∈M

κ(1− κ)f 2(z) + {κ2 + (1− κ)2 − 1}f(z)g(z) + κ(1− κ)g2(z)
κf(z) + (1− κ)g(z)

dz

]

=2κ(1− κ)

{∫
z∈M

κ(1− κ)f 2(z)− 2κ(1− κ)f(z)g(z) + κ(1− κ)g2(z)
κf(z) + (1− κ)g(z)

dz

}

=2κ2(1− κ)2
{∫

z∈M

f 2(z)− 2f(z)g(z) + g2(z)

κf(z) + (1− κ)g(z)
dz

}
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=2κ2(1− κ)2
[∫

z∈M

{f(z)− g(z)}2

κf(z) + (1− κ)g(z)
dz

]
> 0 (S49)

as n→∞.

Because lim
n→∞

n1/n = κ and lim
n→∞

n0/n = 1 − κ, recalling the expressions of P1 to P3

from (S3)–(S5), we have

P0 − P2
2 =

4n1(n1 − 1)n0(n0 − 1)

n(n− 1)(n− 2)(n− 3)
− 4n2

1n
2
0

n2(n− 1)2

=
4n1n0{n(n− 1)(n1 − 1)(n0 − 1)− (n− 2)(n− 3)n1n0}

n2(n− 1)2(n− 2)(n− 3)
,

=
4n1n0{−n2(n1 + n0)− nn1n0 + n(n+ n1 + n0 − 1) + 5nn1n0 − 6n1n0}

n2(n− 1)2(n− 2)(n− 3)
,

=
4n1n0{−n3 + 2n2 − n+ 4nn1n0 − 6n1n0}

n2(n− 1)2(n− 2)(n− 3)
,

= O(n−1),

P1 − P2
2 =

n1n0

n(n− 1)
− 4n2

1n
2
0

n2(n− 1)2
≤ (P2 − P2

2 )/2 ≤ 1/2,

P2 − P2
2 =

2n1n0

n(n− 1)
− 4n2

1n
2
0

n2(n− 1)2
≤ 1.

By (S7) and

∑
1≤i<j<k<l≤n

2n−2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk) ≤ n−2

( ∑
1≤i<j≤n

γ̌ij

)2

= 1,

we have

VarH0(TDW|Z) =
∑

1≤i<j≤n

n−2γ̌2ij × (P2 − P2
2 )

+
∑

1≤i<j<k≤n

2n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)× (P1 − P2
2 )

+
∑

1≤i<j<k<l≤n

2n−2(γ̌ij γ̌kl + γ̌ikγ̌jl + γ̌ilγ̌jk)× (P0 − P2
2 ),

≤
∑

1≤i<j≤n

n−2γ̌2ij +
∑

1≤i<j<k≤n

n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk) + (P0 − P2
2 )
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=
∑

1≤i<j≤n

n−2γ̌2ij +
∑

1≤i<j<k≤n

n−2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk) +O(n−1)

=
1

2n2

{ ∑
1≤i<j≤n

2γ̌2ij +
∑

1≤i<j<k≤n

2(γ̌ij γ̌ik + γ̌ij γ̌jk + γ̌ikγ̌jk)

}
+O(n−1)

=
1

2n2

n∑
i=1

(∑
j ̸=i

γ̌ij

)2

+O(n−1). (S50)

Since γij ∈ [0, 1] and γ̌ij = γij + γji, we have γ̌ij ≤ 2 × I(γ̌ij > 0) for all 1 ≤ i < j ≤ n.

Thus, from (S50) and Lemma 3, we have

VarH0(TDW|Z) ≤
1

2n2

n∑
i=1

(∑
j ̸=i

γ̌ij

)2

+O(n−1)

≤ 1

2n2

n∑
i=1

{∑
j ̸=i

2× I(γ̌ij > 0)

}2

+O(n−1)

=
2

n2

n∑
i=1

{∑
j ̸=i

I(γ̌ij > 0)

}2

+O(n−1)

=
2

n2

n∑
i=1

d2i +O(n−1)

=o(n(ν−1)/2−1) +O(n−1) = o(n−3/8), (S51)

because ν < 9/4. Thus by (S49) and (S51), (S41) holds under H1 : F ̸= G.

Since T
(1)
DW, . . . , T

(B)
DW generated from the permutation procedure in Section 3.4 follow the

null distribution of TDW, according to Theorem 2, we have, for i = 1, . . . , B,

T
(i)
DW − EH0(TDW|Z)√

VarH0(TDW|Z)
D−→N(0, 1) (S52)

as n→∞. Using (S41), (S52) and the standard consistency result of the permutation test

(Hoeffding, 1952), the proof is concluded.
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S8 Additional simulation results

To provide empirical evidence of Theorem 2, we present in Figures S1–S2 QQ-plots of the

standardized test statistic in (S39) over 1000 randomly sampled Z under the null. We

consider two cases, F = G = MVN(0d, Id×d) or Unif{[−1, 1]d}, and it is observed that

under both cases, the ECDF of the standardized test statistic as in (S39) is close to N(0, 1)

even for a small sample size n1 = n0 = 20 with d = 20.
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Figure S1: QQ-plots of the standardized test statistic in (S39) over 1000 randomly sampled
Z under the null H0 : F = G = MVN(0d, Id×d) with different dimensions (d) and sample
sizes (n1 and n0). Each gray solid line corresponds to the standardized test statistic under
one randomly sampled Z, while the dashed line is the reference line y = x.
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(d) d = 10, n1 = 30, n0 = 10. (e) d = 10, n1 = 75, n0 = 25. (f) d = 10, n1 = 150, n0 = 50.

(g) d = 20, n1 = 20, n0 = 20. (h) d = 20, n1 = 50, n0 = 50. (i) d = 20, n1 = 100, n0 = 100.

Figure S2: QQ-plots of the standardized test statistic in (S39) over 1000 randomly sampled
Z under the null H0 : F = G = Unif{[−1, 1]d} with different dimensions (d) and sample
sizes (n1 and n0). Each gray solid line corresponds to the standardized test statistic under
one randomly sampled Z, while the dashed line is the reference line y = x.
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