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S1 Proposed algorithm details

S1.1 Termination conditions

The algorithm progressively decreases the regularization parameter from
infinity and identifies intervals over which the optimal solutions exhibit a
fixed sparsity pattern. For each such interval, the method determines the
unique sparsity structure and derives a closed-form expression for comput-
ing the global minimizer at any regularization value within the interval.
The proposed algorithm incorporates two termination criteria: one to
ensure the uniqueness of the solution for a given regularization parameter

and another to restrict the explored sparsity level along the solution path
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for computational efficiency.

The uniqueness criterion is verified by checking the necessary optimal-
ity conditions for Problem (2.1) in the main manuscript. Specifically, when
the sparsity pattern of the global minimizer is known in a segment, the
subgradient optimality conditions reduce to a linear system in A, as shown
in Equation (2.3) of the main manuscript. For this linear system to be
identifiable, the corresponding design matrix I"4, 4, must be invertible. Ac-
cordingly, the algorithm includes an invertibility check as a termination
criterion. Satisfying this condition ensures the uniqueness of the global
minimizer along the solution path.

The second termination criterion restricts the explored sparsity level
along the solution path. The parameter ¢, referred to as the active-set
bound, specifies the maximum cardinality of the active set along the solution
path. Importantly, ¢ controls the maximum explored sparsity level but does
not modify the underlying lasso-penalized D-trace optimization problem. In
practice, ¢ serves two purposes: (i) it limits the number of nonzero entries in
the estimated differential networks, providing explicit sparsity control and
preventing the construction of overly dense and impractical networks, and
(ii) it enhances computational efficiency by bounding runtime and memory

usage in high-dimensional settings.
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S1.2 Active-set bound

Owing to the continuous piecewise linearity of the solution path established
in Theorem 1 of the main manuscript, variables enter and leave the model
sequentially as the regularization parameter decreases. This allows the
algorithm to monitor the size of the active set along the path.

To control sparsity along the solution path, we introduce a parameter
¢ € N, referred to as the active-set bound. This parameter specifies the
maximum allowable cardinality of the active set and therefore determines
the largest sparsity level explored by the algorithm. Equivalently, ¢ lim-
its the maximum number of nonzero entries in the estimated differential
networks along the computed solution path. Importantly, ¢ does not alter
the underlying lasso-penalized D-trace optimization problem. It only limits
how far along the exact solution path the algorithm proceeds, acting as a
computational safeguard against excessively dense solutions. Specifically,
the active-set bound enhances computational efficiency in high-dimensional
settings, since both runtime and memory usage increase with the active-set
size. Choosing an appropriate value for ¢ enables efficient use of computa-
tional resources and prevents unnecessary computations. To examine the
impact of varying ¢, we conduct a dedicated sensitivity analysis, the results

of which are presented in Section .
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S1.3 Sensitivity analysis of the active-set bound parameter c

To assess the effect of the active-set bound parameter ¢, we evaluated the
proposed method across a range of values of ¢ while keeping all other set-
tings fixed. The experimental design follows that of the first simulation
study in the original manuscript, except that the sample size was held
constant. Specifically, the reported results are averaged over 100 indepen-
dently generated datasets with dimensionality parameters d € {50, 100} and
m = m' = 500. The differential network was constructed by randomly per-
turbing 20 edges of the underlying graph. Figure m reports precision-recall
performance, computational time, memory consumption, and the number
of detected knots as functions of ¢. The results show that increasing c
yields estimators with higher recall. However, the marginal improvement
diminishes as ¢ grows. In contrast, runtime and memory consumption in-
crease monotonically with ¢. Furthermore, the number of detected knots
grows approximately linearly with the active-set bound. These findings
demonstrate that the proposed method is statistically robust to moderate
variation in ¢, particularly when c is chosen sufficiently large. At the same
time, computational cost can be effectively controlled by avoiding excessive

overestimation of this parameter.
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Figure 1: Impact of the active-set bound c on differential network inference performance
and computational resources. (A) Precision-recall curves for dimensions d € {50,100},
with annotated points indicating selected values of ¢. (B) Runtime in seconds (log scale)
as a function of ¢. (C) Memory consumption in megabytes (log scale) as a function of
c. (D) Number of detected knots along the solution path. Experiments are averaged
over 100 independently generated datasets, each with m = m’ = 500 samples per group.
Differential networks are generated by randomly perturbing 20 edges of the underlying

graph.

S1.4 Computation complexity analysis

To analyze computational complexity, we define the matrices and sets as

follows:
1 (~ ~ o~ o~ A
F:5{2®2’+2’®E}, Vzve0<2—2’), Ac={1,....d"} \ A

In each iteration, the computation of I, 4 and the matrix inverse (I'4, A)_l
requires O(cd?) and O(c?®) operations, respectively. Furthermore, Step 4 of

Algorithm 1 in the main manuscript incurs an additional O(cd?) computa-
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tional cost. The remaining steps in each iteration contribute an additional
O(c) operations. Accordingly, the overall computational complexity per

iteration is O(cd? + %),

S1.5 Resumable path property

Although the parameter ¢ determines how far along the exact solution path
the algorithm proceeds, it does not impose a practical limitation due to
the algorithm’s resumable path property. Specifically, after computing a
segment characterized by the tuple (), As,s¢), the algorithm can proceed
from this state without recomputing any previously obtained segments. All
quantities required for subsequent updates are fully determined by the tuple
associated with the most recently identified knot. Thus, continuation only
requires initializing Step 1 of Algorithm 1 in the main manuscript with
these values.

This property implies that the active-set bound ¢ does not induce an
irreversible truncation of the solution path. If a higher sparsity level is sub-
sequently desired, the algorithm may be resumed from the last computed
segment with an enlarged value of ¢, thereby extending the path without re-
peating prior computations. Consequently, the method naturally supports

incremental refinement and we can use an incremental refinement, allowing
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the value of ¢ to be adjusted progressively in practice. Specifically, one
may initially compute a partial solution path using a moderate value of c,
evaluate model adequacy, and extend the path further only if additional

sparsity levels are required.

S2 Covariance estimator details

We focus on estimating the covariance matrix for the first heterogeneous col-
lection of datasets; the second collection can be handled in a similar manner.
Recall that the diagonal entries of each covariance matrix are assumed to
be 1, implying that each covariance matrix is equivalent to its correspond-
ing Pearson correlation matrix. Furthermore, the set of transformation
functions f is assumed to be unknown, which prevents us from directly es-
timating the covariance matrix of the underlying GGM. However, it is well
established that in multivariate Gaussian models, there exists a one-to-one
correspondence between the Pearson correlation and Kendall’s tau corre-
lation (Kruskal, [1958; Kendall, 1948). This relationship also extends to
non-paranormal distributions. Specifically, if z ~ NPN (0, X, f) represents

a d-dimensional non-paranormal distribution, then for all &, € [d],

ZkJ = sin <g7—k’l> s (321)
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where 75, denotes Kendall’s tau correlation between z; and z; (Liu et all,
2012).

We leverage the relationship in equation (S2.1]) to construct an esti-
mator of the Pearson correlation matrix. Specifically, let X () denote the
data matrix of size m, x d for dataset D,. The empirical Kendall’s tau

correlation between the kth and [th variables in dataset D, is given by

St (35 -35) (x5

Tl =

=) (52.2)

To aggregate information across the heterogeneous datasets, we compute a

weighted average of the individual Kendall’s tau estimates:

" om
Tl =D A (52.3)
where m = Zi\le m, is the total number of samples across all N datasets.

Using the transformation in equation (), we then define the estimator

of the correlation matrix, denoted by %, as follows:

sin <§?ﬁ))> . k#I

ik,l = (52.4)

1, k=1
While the non-paranormal framework elegantly handles unknown trans-
formations, applying a naive rank-based aggregation like 3 across heteroge-
neous datasets introduces a substantial methodological obstacle: the result-

ing matrix ¥ is not guaranteed to be positive semi-definite (PSD). Ensuring
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a PSD covariance estimate is a strict mathematical requirement to guaran-
tee the convexity of the optimization problem (2.1) in the main manuscript.
This convexity is absolutely essential for the optimality conditions to hold,
which in turn is required by Theorem 1 of the main manuscript to guarantee
the identification of an exact global solution without relying on approxima-
tion. Therefore, our covariance estimator must be meticulously tailored to
satisfy these requirements. To address this, we project ¥ onto the cone of
PSD matrices using the method proposed by Zhao et al| (2014), which iden-
tifies the nearest PSD matrix to 3 under the max norm. This algorithm
approximates the solution up to an arbitrary precision p, where smaller
values of p yield higher accuracy at the cost of slower convergence rate. We
denote the resulting projected matrix by i(u), representing the final PSD
estimate obtained from ¥ via this projection method. In the following, we
formally present a concentration bound for the estimator f)(,u) in lemma El,
with the proof provided in Section @ It is notable that this bound help us
to establish the error bounds for our proposed differential network analysis
with the same order of sample complexity provided in [Yuan et al| (2017)
with different statistical setting. Notably, this bound allows us to establish
error guarantees for the proposed differential network estimator with the

same order of sample complexity as in Yuan et al| (2017), despite operating
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under a different statistical setting.

Lemma 1. Let ¢ > 0 and 6 > 0 be arbitrary positive constants. The

estimator 3, (1) satisfies the following concentration inequality:

—m (max {20 — p, 0})2> _

(200 20) < oy (i

In particular, when p = ¢, the bound simplifies to:

~ —-m 2
F (HE(“) - EHOO = “) = deXP( 327:; ) '

S3 Proof of Theorem 1

In this section, we present the proof of Theorem 1 by outlining the main
steps and providing detailed arguments in the subsequent paragraphs. We
begin by establishing the continuity of the solution path A (\) in Lemma E
We then demonstrate that the solution path exhibits a piecewise linear
structure, as shown in Lemma H Finally, we show that Algorithm 1 cor-
rectly identifies the sequence of segment tuples (g, Ay, st)tTZO, which fully
characterizes the solution path over the interval (A7, 00). Part of the argu-
ment is conceptually related to the path-following framework of Rosset and
Zhu (2007). We therefore first discuss the relationship between our setting
and that framework, and then present the lemmas and proofs required for

our analysis.
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Relation to the piecewise linear path framework of Rosset and Zhu (2007).
The piecewise linearity of regularized solution paths has been studied in the
general framework of Rosset and Zhy (2007). In particular, Theorem 2 of

Rosset and Zhu (2007) shows that optimization problems of the form

~

B(A) = argmin L(y, X 8) + AJ(5),

BERP

with the ¢; penalty
J(B) = 1Bl

generate piecewise linear coefficient paths when the loss function can be
written as
Liy, XB) = > Uy, BT,

where [(-) is a differentiable piecewise quadratic function of the residual
or margin. Based on this result, Rosset and Zhu (2007) propose a general
algorithm for computing the solution path.

Our setting differs from this framework in two important aspects.

First, Theorem 1 establishes not only the piecewise linearity of the
solution path but also its continuity with respect to the regularization pa-
rameter. This property is essential for the correctness of Algorithm 1, which
traces the path by sequentially identifying its breakpoints.

Second, the loss function in the D-trace formulation does not belong to

the class considered in Rosset and Zhu (2007). Specifically, our objective
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function is

~

Lo(A: S5 — %1 (4, A) +(&4,48)) - (A5,

which is a quadratic form in the matrix parameter A rather than a sum of
functions of the form I(y;, 87 x;).

In principle, one could attempt to transform this quadratic objective
into a least-squares form in order to apply the results of Rosset and Zhu
(R007). By vectorizing the parameter matrix A, the objective can be written

as

2vec(A) T vec(A) + vec(A) v,

where

~

1 /e o~ o .
r:§<2®z’+z’®z), v = vee(S — 5).

Since I' is positive semidefinite, it admits a factorization I' = X ' X,
allowing the objective to be written as an equivalent least-squares problem.
However, constructing such a representation requires factorizing the matrix
I' € R¥”*%¥ The cost of this step alone is at least Q(d*) simply to access all
entries of I', and standard decompositions such as the Cholesky factoriza-
tion require O(d®) operations. In addition, constructing the corresponding
response vector requires solving a linear system of dimension d?.

Therefore, converting the D-trace objective to the form required by
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Rosset and Zhu (2007) would introduce a computational overhead substan-
tially larger than the complexity of the proposed algorithm itself. Instead,
we directly exploit the structure of the D-trace loss to establish the piece-
wise linearity and continuity of the solution path and derive Algorithm 1
without performing this transformation.

It is also worth noting that existing methods for differential network
estimation are typically formulated and implemented directly in terms of
the matrix-valued D-trace objective and its gradient, without explicitly con-
structing or factorizing the full Kronecker-product Hessian; see, for exam-
ple, Zhao et al] (2014); [Yuan et al| (2017); Zhao et al| (2022). The main
distinction of the proposed method is therefore not the avoidance of Kro-
necker factorization itself, but rather the development of a D-trace-specific
active-set path-following algorithm that exploits the piecewise-linear struc-
ture of the regularization path. This enables efficient computation of exact

solutions across a range of regularization parameters.

Lemma 2. Suppose that optimization problem (2.1) admits a unique min-
imizer for all A € (Ar,00), and that S and &' are positive semi-definite
matrices. Then the solution path 3(/\) is continuous with respect to A\ on

the interval (Ar, 00).

Proof. The Hessian of the function Lp(A; 3, YY) (defined in Equation (2.2)
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of the main manuscript) with respect to A is (i Y +¥® i) /2, where
® denotes the Kronecker product. Since both S and 3 are positive semi-
definite matrices, the function Lp(A; f], Sy ) is convex with respect to the
parameter A. The ¢; norm ||Al]; is also convex. Consequently, the objective
function in optimization problem (2.1), namely Lp(A:3, ) + MA, is
jointly convex in (A, \) over the domain RP*? x R*.

Furthermore, the objective function is continuous in both A and A pa-
rameters. The feasible set for A is RP*P| which is nonempty and by assump-
tion, optimization problem (2.1) has a unique minimizer for all A € (Ar, 0o).
Hence, the conditions required by Theorem 5.2 in Still (2018) are satisfied.
This theorem states that, for a parametric convex optimization problem,
if the feasible set is nonempty and the objective function is continuous in
both the optimization variable and the parameter, then the optimal solu-
tion is continuous with respect to the parameter whenever the minimizer is
unique.

Therefore, it follows that the solution path ﬁ(/\) is continuous with

respect to A on the interval (Ar, 00). O

Lemma 3. Assume that & and S/ are positive semi-definite. Let A (A =
vec (3 ()x)) denote the wvectorized solution of problem (2.1). There exists

a sequence of segment tuples ()\t,At,st)tho, with oo = Ng > A\ > Ay >
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o> Ap, where Ay # Ay for allt € {0,1,...,T — 1}, such that for every

te{0,1,...,T —1} and for all X € [Ayy1, M|, the solution A (\) satisfies:

&At (A) = - (FAt,At)_l (V-At + Ast) ) (S3l>

A (V) =0, (S3.2)

provided that the matriz I' 4, 4, is invertible. Here, A; denotes the active

set in the t-th linear segment, and s; is the corresponding sign vector.

Proof. Our analysis is conceptually related to the path-following arguments
used in Rosset and Zhu (2007), but is adapted to the specific structure
of the D-trace loss. In particular, we analyze the subgradient optimal-
ity conditions of problem (2.1). The proof exploits the convexity of the
Lasso-penalized D-trace loss function to characterize the solution path via
subgradient conditions that capture the relationship among the differential
network estimator, the covariance matrix estimators, and the regularization
parameter \.

We begin the proof by assuming that the active set (the indices of the
nonzero coefficients) and its corresponding sign vector are known for a given
value of A\. Under this assumption, we show that solving the optimization
problem (2.1) reduces to solving a linear system restricted to the active

components. This analysis is then extended to show that the same rela-
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tionship holds for all values of A\ within an interval around the given point,
thereby establishing that the solution path is piecewise linear with respect
to A.

As shown in the proof of Lemma B, under the assumption that the co-
variance matrix estimators 3 and 3 are positive semi-definite, the Lasso-
penalized D-trace loss function defined in Equation (2.1) is convex. This
convexity property permits the use of subgradient-based optimality condi-
tions to characterize the solution (Beck, 2017). Specifically, the optimal

solution A()) satisfies the following condition:

s (10 (30:55) 02300 )

o GRS +E’+)\8HA

where A()) denotes the minimizer of the objective in Equation (2.1) corre-
sponding to the regularization parameter .
We reformulate the subgradient optimality condition in vectorized form

as:

0e {r&(A)+v+AaH5(A

)|}

{i@i%i/@i}, vV = vec (i’—i), 0 = vec (04q4) and
A

TAN) +v ==\, (S3.3)
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where each component v; (A) of v () satisfies:

[—1,1], if A (\) =0

\
Therefore, for each i € {1,...,d*}, the subgradient optimality condition

given in Equation () can be equivalently expressed as follows:

T;.A (\) + vi = —Asign (&i (A)) LA (N £0
(S3.4)
DA (N) 4 vi| < A if A; (\) =0.

Let us define the set of active variables A, as the indices corresponding

to the nonzero entries of A(X), i.e.,
Ay = {2 e{1,....d) A () 7Ao}.
Correspondingly, we define the active sign vector sy4, as:
sS4, = sign <&A/\ ()\)) )

It is obvious that given an active set Ay and its associated sign vector s 4, ,
the subgradient optimality conditions specified in Equation () reduce to

a system of linear equations. Moreover, if the submatrix I" 4, 4, is invertible,
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this system admits a unique solution, given by:

-

A-AA ()‘) = (FA,\,AA)il (V.AA + )\SAA) ) (835)

—

A (\) =0. (93.6)

A

Accordingly, the exact solution to the optimization problem (2.1) can be
explicitly computed for any value of A, provided that the active set A, and
its corresponding sign vector s 4, are known, and the submatrix I' 4, 4, is
invertible.

A key observation is that as the regularization parameter \ decreases,
the system of linear equations given in Equations () and () remains
unchanged across different values of A\, provided that the corresponding ac-
tive set and its associated sign vector remain fixed. This observation implies
the existence of a sequence ()\t)tho, where co = A\g > A\{ > Ay > -+ > Ap,
such that for each t € {0,1,...,7 — 1}, the active set and its sign pattern
remain constant throughout the interval (A1, A¢). This invariance implies
that the solution A(/\) evolves linearly with respect to A over each such
interval. More concretely, let A; and s; denote the active set and its asso-

ciated sign vector for all A € (Aj41, A;). Then, for each ¢t € {0,1,...,7 — 1}
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and all A € (A1, Ar), the solution is given by:

A-At (/\) == (F.At,At)il (VAt + /\St) )

&Ag (A) = 07

provided that the matrix I'4, 4, is invertible. Moreover, since Lemma B
guarantees continuity of A (A), these expressions in fact hold on the closed
interval A\ € [A;1, \¢], thereby establishing the continuous piecewise-linear

structure of the solution path. O

Lemma B establishes that the solution path A () over the interval
(Ar,00) is continuous and piecewise linear, with its structure fully charac-
terized by the sequence of segment tuples (A, Ay, st)tho. Moreover, it shows
that each pair of successive linear segments is associated with a distinct
active set. In what follows, we focus on proving that Algorithm 1 correctly
recovers this sequence of segment tuples, thereby completing the proof of
the theorem.

To establish the correctness of Algorithm 1 in recovering the segment
tuples (A, Ay, st)fzo, we employ a mathematical induction argument con-
sisting of two parts: the base case and the induction step. Algorithm 1
initializes the first segment tuple as (oo,0,0). For all A € (A, 00), it is

obvious that A (A = 0. Hence the corresponding active set is empty and
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the initial tuple (g, Ao, s9) = (00,0, ) is correctly initialized. Thus, the
base case holds.

We now turn to the induction step. More concretely, assuming that the
t-th tuple (A, Az, s¢) has been identified correctly, we aim to show that the
algorithm’s update rules produce the correct (¢ + 1)st tuple (Aiy1, Ais1, Si1)-
This is achieved by enforcing the subgradient optimality conditions. At each
iteration, the algorithm evaluates all possible events—namely, the entry or
exit of variables from the active set—and selects the event that would first
violate the optimality conditions as A decreases. The active set and the
corresponding sign vector are then update at the identified \;,;, thereby
maintaining feasibility. By iteratively applying this procedure, the algo-
rithm guarantees that the subgradient optimality conditions are satisfied
throughout the entire piecewise-linear solution path. Consequently, it suf-
fices to verify that the evaluation phase (Steps 4-6 of Algorithm 1) and the
update phase (Steps 7-12 of Algorithm 1) correctly identify the first violat-
ing event and maintain the validity of the subgradient conditions at each
iteration. To this end, we first establish the correctness of the evaluation
phase, followed by a verification of the correctness of the update phase.

In the evaluation phase (Steps 4-6 of Algorithm 1), all potential events

that may violate the optimality conditions are examined and categorized
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into two types: exit events and entry events. This classification is motivated
by Lemma a, which establishes that consecutive linear segments of the
solution path are characterized by distinct active sets. Both categories are
assessed to identify the nearest possible event to the current knot \; that
violates the optimality conditions. After determining the candidate knots
for each category, the one closest to \; is selected as the next knot, denoted
by A¢r1. We first analyze the scenario in which variables exit the active set,
followed by the scenario in which variables enter it.

When a variable exits the active set, its corresponding component in
the differential network estimator becomes zero. Since the current segment
tuple (A, A¢, s¢) is given, Equation () characterizes the direction of the
solution path along the current linear segment. Based on this characteriza-
tion, one can determine the value of the regularization parameter A\ at which
each variable becomes zero along this line. Specifically, for each variable

u € A, the following condition holds by applying Equation ()

— [(Cana) ], (Vg + A (u) s1) =0,

where A& (y) denotes the value of A at which the variable u becomes zero

during the t-th identified line. Solving for A (u) yields:

- [(F.At,.At)_l] u,: VA,

)\exit u) =
o [(FAtht)il]u;St
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To identify a candidate for the next successive knot along the solution
path, corresponding to a potential exit event, we must determine the closest
value of A (as it decreases from J);) at which a variable in the active set
becomes zero. This is achieved by computing A& (u) for all u € A;, and
selecting the largest among those that are strictly less than );. Formally, the
candidate knot associated with an exit event, denoted by A is obtained

by solving the following optimization problem:
A = max A (u)

st A (u) < A\, u € A

This optimization procedure identifies the earliest potential exit event
occurring after \; as the regularization parameter \ decreases. Conse-
quently, no exit events occur for any A € (A™ )\;). Moreover, if the vari-
able(s) attaining the maximum—i.e., those for which A& (u) = A*i*—are
not removed from the active set at A = A\, and no earlier knot is de-
tected as A decreases from ), then the linearity of the current segment
implies that the sign of the corresponding coefficient would change, thereby
violating the assumed sign pattern. Therefore, a knot must necessarily lie
within the interval [\  \;). This scenario is explicitly addressed in Step 5
of Algorithm 1, where a notational simplification is employed: specifically,

g (u) is used to denote A& (u) for the sake of clarity.
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We now consider the case in which one or more variables enter the active
set. Specifically, when a variable u € A§ becomes active at a particular value
of the regularization parameter A\, with associated sign s,, the following

optimality condition must be satisfied:

LA (N) 4 vy = —Asy, (S3.7)

)

which is derived from the subgradient optimality conditions presented in
Equation () of Lemma B Since the current segment tuple (A, Ay, ;) is
given, Equation () characterizes the direction of the solution path along
the current linear segment. By substituting this expression into Equa-
tion ()7 we can compute the value of the regularization parameter A
at which each variable satisfies the entry condition. Specifically, for each

u € Af and s, € {—1,1}, the following equation holds:
Tuds (Toapa) ™ (Vo + A (u,50) 80) — 00 = 8,07 (u,5,), (S3.8)

where A\{™ (u, s,) denotes the value of \ at which the variable u with sign
s, meets the entry condition in Equation () Solving for A;™™ (u, s,,)

yields:

)\entry ( ) _ Fu,At (FAz,At)_l VA, — Uy
t ycu) T — .
Sy — Fu,At (FAt,At) ! St

As in the case of exit events, to identify a candidate for the next suc-

cessive knot along the solution path, corresponding to a potential entry
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event, we must determine the closest value of A (as it decreases from \;)
at which one or some variables in the complement set of active set satis-
fies the entrance conditions provided in Equation (53.7). This is achieved
by computing A" (u, s,) for all u € A,, and selecting the largest among
those that are strictly less than A\;. Formally, the candidate knot associated
with an entry event, denoted by A is obtained by solving the following

optimization problem:

t
A = max A (u, 8,),

Uy
st A (u,8,) < Ayu € AS s, € {—1,1}.

This optimization procedure identifies the earliest potential entry event
occurring after \; as the regularization parameter \ decreases. Conse-
quently, no entry events occur for any A € (A _\,). Moreover, if the vari-
able(s) attaining the maximum—i.e., those for which A\{™™ (u) = A\*™—are
not added to the active set at A = A" and no earlier knot is detected as A
decreases from \;, then the linear dependence of the term FW& (A)+wv, on
A implies that, for those variable(s), this term exceeds A in magnitude
for all A < A", This violates the optimality conditions given in Equa-
tion () of Lemma B Therefore, a knot must necessarily lie within the
interval [A®* );). This argument is analogous to the argument previously

established for the case of exit events. Notably, this scenario is explicitly
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addressed in Step 4 of Algorithm 1, where a notational simplification is
employed: specifically, h (u, s,,) is used to denote A\{™ (u, s,) for the sake
of clarity.

By analyzing the two possible cases—variable entry and exit—the value
of the tuning parameter at the next knot must correspond to the closest
impending event in order to preserve the optimality conditions in both
cases. That is, M\p1 = max { A\ \»1 - which corresponds to Step 6
of Algorithm 1. By consolidating the arguments from both scenarios, it
follows that the optimality conditions are satisfied for all A € (A1, \).
Conversely, the optimality conditions are violated for any A < A\, if the
active set remains unchanged. This implies that \;;; indeed corresponds
to a valid knot on the solution path. Consequently, Algorithm 1 correctly
identifies the knots at each iteration, as Steps 4-6 implement this procedure.

We now turn our attention to the update phase (Steps 7-12 of Algo-
rithm 1), during which the active set and its corresponding sign vector for
the next segment (segment ¢ + 1) are determined. In the evaluation phase,
we identified a set of candidate events that must occur at A\;11, and these
events dictate the necessary updates to the active set. No other modi-
fications are permissible. Specifically, removing a non-candidate variable

from the active set would introduce a discontinuity in the solution path,
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contradicting the continuity property established in Lemma @ Similarly,
adding a non-candidate variable would violate the optimality conditions,
as previously discussed. Therefore, applying only the identified candidate
events at A\, is essential for preserving the validity of the solution. This
update procedure is formalized in Steps 7-12 of Algorithm 1, which ensures
that the algorithm correctly updates the segment tuples at each iteration.
Consequently, the inductive step holds, and Algorithm 1 correctly identifies

the sequence of segment tuples (A, Ay, St)tT:g, thereby completing the proof.

S4 Proof of Lemma 1

The proof of the lemma proceeds in three steps. First, we derive a con-
centration bound for the weighted Kendall’s tau estimator ?,gfl”) for all pairs
k # 1. Second, we use this bound to obtain a concentration result for the
corresponding entry of the correlation matrix estimator ik,b Finally, we
establish a Probably Approximately Correct (PAC) bound in the max norm
for the proposed covariance matrix estimator i(,u), as stated in the lemma.

For the sake of convenience, let z,;, = {Xi(;g,X (r)}, and define the

il

function h (2,4, 2,;) = sign <<XZ(2 — X;Q) <X.(? — X;?)) Recall that the

) (2

(w)
|

statistic 7, (

is a function over the samples, i.e., ?kff) : (R xR)™ +— R, and
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it can be rewritten as follows:

Mz

Z h (24, 2r ) (S4.1)

l<z<]<mr

7w (z

k.l 1,1y - - - ’ZN,mN
- my (m, — 1)

r=

To provide a concentration bound for all pairs k # [ on ?,S;’), we apply

McDiarmid’s Inequality (McDiarmid et al), 1989). Given the assumption

of independence between datasets and samples within datasets, we focus

on demonstrating the bounded difference property, which is a sufficient

condition for applying McDiarmid’s Inequality to the weighted average of
(w)

the individual Kendall’s tau estimators, 7;;". For all indices k,l € [d]

with k # [, for any r € [N], u € [m,], and for any collection of points

2115+ ANy Zray, € R x R, we have
~(w) ~(w) ;
Th (2171, ey Zras ey ANomy) — Th (2171, Y AT ,szN)
(@)
- ’ E :h (Zrus 2rj) = h (ZrmZT,J) |
J#u
200 4o

<—F——x2(m, — 1) = —,

m,. (m, — 1) m,

where (a) follows by substituting equation () and eliminating the sim-
ilar terms. This provides the bounds required by the bounded differences
property condition. Therefore, for all k,1 € [d] with k # [, and for any

t > 0, McDiarmid’s Inequality gives:

—ot?

=2exp| ——— | .
2 N a2
Ziv:l Z:Zl (%) 8 ZT:l mr

]P’(‘?,i,l) Tkl ‘ >t> < 2exp
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We set a, = ™= for all r € [N] to obtain the tightest bound. Thus, we

obtain:

—mit2
P (‘?,5“;) - Tlg;})‘ > t) < 2exp ( Z ) . (54.2)

To derive an error bound for the corresponding entry of the correlation
matrix estimator, we utilize the Lipschitz continuity of the sine function.

Specifically, we obtain:

P (‘2,” - zk,l( >t) @p (
(b) T T () —mt?
<P (‘5 [Tw]k,l ) [Tw]k,l > t) < 2exp ( o2 ) )

where step (a) follows from the equation in (2.6), step (b) uses the fact

that the sine function is 1-Lipschitz, i.e., [sin (z) — sin (y)| < |z — y|, and
step (c) follows from the concentration inequality established in ()
Consequently, by applying a union bound over all off-diagonal entries, we

obtain the following concentration inequality in the max norm for any ¢ > 0:

P([5-3], 20) <eew (o). ($43)

Finally, we adopt the projection method proposed by Zhao et al| (2014)
to map X onto the positive semi-definite cone, resulting in the estimator
S(1). According to equation (A.6) in Zhao et all (2014), the following

inequality holds:

oo <efs-s] +h
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where 1 > 0 is an arbitrary parameter that regulates the approximation

error introduced by the projection. Consequently, for any § > 0, we have:
~ (a) ~ 1
(50 2) 2255+ 42

® 5 [ —m(wax {26 — p,0})°
< d*exp ( 3973 . (S4.5)

where step (a) follows from inequality (), and step (b) is obtained by
applying the concentration bound given in (), using the substitution
t = (20 — u)/4 for the case § > p/2. For the case § < u/2, we use the
fact that max {26 — p,0} = 0, leading to a trivial upper bound on the

probability. Therefore, by setting 6 = p, we obtain:

2
~ —my
IP(HZ —EH > ><d2 “mey
(k) _zn)sdexp| o

which completes the argument.

S5 Proof of Theorem 2

To establish the results of our theorem, we adopt the proof strategy de-
veloped in Theorem 1 of [Yuan et al| (2017). We begin by presenting
the key definitions and lemmas that underpin this approach, and then
proceed to apply them in the proof of our theorem. The original proof
presented in Yuan et al (2017) relies on the satisfaction of the tail condi-

tion, denoted by T (f, v«), for the covariance matrix estimator. Specifically,
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this condition requires that there exist a constant v, > 0 and a function

f: N x (0,00) — (0,00) such that
P (Him - ZHOO < 5) >1—d/f (m,d)

for any 0 < § < 1/v,, where ¥ denotes the true covariance matrix and sm
is the corresponding estimator constructed from m independent samples.
Moreover, assuming the tail condition holds, we define the following inverse

functions for any fixed § > 0, m € N, and for all » > 1:
mys(0,7) =max{m: f(§,r) <r}, (S5.1)
d¢(m,r) =max{d: f(m,0) <r}. (S55.2)

The original proof provided in Yuan et al| (2017) establishes a general
result applicable to a broad class of covariance matrix estimators, which

can be reformulated as the following lemma.

Lemma 4. Let the threshold parameter § be defined as:

M 1
in { \/ M2+ (6skr) " — M, [2M? a B
mln{\/ + (Bsrr) ’\/ T s (2sM?K2 + Kr) d—a'v, )’

where M = max {||X|| _,[|1¥ ||}, with ¥ and ¥’ denoting the true co-

variance matrices of the two groups, respectively. Assume the following

conditions are satisfied for some r > 1:

(C1) the covariance matriz estimator S™ meets the tail condition T (f,v),
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where the function f is monotonically increasing in both m and 6, and

continuous in 9.
(C2) the number of samples m satisfies m > my (6,7).

(C3) the irrepresentability condition holds, i.e.,

—1
max
eCA*¢

I ae (T u) <L

Let the reqularization parameter \ be chosen as:

Y

\ {2(4 —a)(0p +0}) 24sM(2sM?kt + kr)(070% + Moy 4 Md}) }
= Imax 9
(0% (67

(95.3)

where o = 1 — max,¢ g+ , 0p = 0p(m,7), and 0} =

* * -1
Tear (T ac) .
d¢(m/,r). Then, with probability at least 1 — d*r~", the support of A (\) lies

in the support of A*, and the following error bound holds:

HA(A)—A*

< val30 -

< K max {@,5}} ,

with

M 6sMB(2sM?2k2
K =/5 {kr + 3sk2AB)} <2+4max{z, sMB(2s “FJF“F)})
(8%

+ 65" M k2B,

aM

A=
4—q’

B =A+2M.
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Proof. The result in Lemma @ follows from Lemma A1l and Equation (A6)
in Yuan et al] (2017) with minor modifications. For completeness, we re-
state the key elements needed to derive the present version of the lemma.

Specifically, Equation (A6) in Yuan et al| (2017) states that

H&(A) _ A

<{kr + 3sk{(070% + My + M&y) } (67 + 05 + A)

+ 65sM k7. (070, + My + M&Y).

Immediately after this equation, it is shown that 6y < A and §} < A,
where A = 24 Clearly, §; < max{dy,d}} and &} < max{dy,d;}. Using

the definition of A in () and combining these bounds yields

R 2,2
HA()‘)_A* M 6sMB(2sM /£F+/1p)})

N < {/{1" + 33/@%143} (2 +4max{z,

(67

x max{dy, 0%} + 6sM ki B max{dy, o},

where B = A+ 2M.

Furthermore, Lemma A1(ii) in Yuan et al| (2017) specifies three condi-
tions under which the estimator 3()\) has at most s nonzero elements. As
shown in the section “Proofs of Theorems 1 and 3” in [Yuan et al| (2017),

these conditions hold under the setting of the present lemma. Consequently,

HE(A) _ A AN — A

<Vs
F

o
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Combining the above bounds yields

H&(A) _ A AN — A

<Vs
F

< K max{dy,d}},

where

M 6sM B(2sM?r?
K =y/s{kr + 3sk{ AB} (2+4max{ i (2sM ki +KF)})

A’ a

+ 65" M~K2B.
O

We now proceed to prove Theorem 2 by leveraging Lemma @ To this
end, we first recalibrate the parameters in Lemma @ to align with our specific
setting, and then verify that the conditions stated therein are satisfied.
Finally, we reformulate the conclusion of Lemma @ within our context to
establish the desired result.

Based on Lemma 1, our proposed estimator satisfies the tail condition

with v, = oo and the function f is given by

f=exp (m (max{20 — O})2> . (S5.4)

3272

In addition, we have:

5:min{—1+ \/1+ (6skp)™", =1+ V24 M1, 4&}7
-«

which follows from the definition of § in Lemma @, with the simplifica-

tion M = 1. This simplification is justified by our assumption that the
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diagonal entries of the covariance matrices are equal to 1, which implies
~ A 2

max S]], |]l] < L. Here, M is defined as 22(Er).

Let we define r = d" for some > 2. Since we assume p < 26, the

function f, as defined in Equation (), can be simplified, allowing the

expression for my (5 , d”) to be computed as follows:

<\ 32r*nlogd

m 5,7" = 2> 855
7 (d,7) 25— 1) (55.5)

which follows from the definition of my (5 , r) provided in Equation ()
From Equation (), it is obvious that the function f, as defined in
Equation (), is monotonically increasing in both m and §, and con-
tinuous with respect to . Consequently, it satisfies the condition (C1) in
Lemma @ Furthermore, given the assumption that m > %logzd, which
(25-19)
implies m > my (5, r) when incorporating Equation (), the condition
(C2) is also satisfied. Additionally, by assuming the irrepresentability con-
dition holds, as stated in our theorem, condition (C3) is satisfied as well.
Therefore, the conclusion of Lemma @ holds in our setting.

Based on this foundation, we proceed to compute the adopted value

for the regularization parameter A and the quantities 0y and ¢} within our
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framework. Specifically, we have:

0 | p
N
, 0 p
5f_\/m’+§7
_ 2u+Ga) - p 7
A—max{—A M ((Ga+ U+ DG+ ) b

where 0 = W, Ga = \/iﬁ + \/% and Gp = \/%. These expres-
sions are derived based on the definition of ¢y, 5} and A, as provided in
Equations and , respectively, together with straightforward alge-
braic manipulations. From the definitions of §; and ¢%, it also follows that
max{dy, 0} } = S S £. As a result, by applying Lemma @ to our

£/ min{m,m’}

specific setting, we obtain the result, i.e.,
2
Y By /LT
0 min {m,m’'} = 2

1 6sB(2skd + kr) })

HA(A)—A* AN — A

<Vs
F

with

K =V/s{kr + 35k AB} <2 + 4max{

A a
+ 651 B,
A 4 f a’
B =A+2.

After a simple rescaling of constants, the bound can be written in the
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more compact form

AN = A*

HK(A)—A*

| nlogd I
<C - + ;
o ( min {m,m’'} 47?\/5)

<
F

with

C =4m\/2s ({xr + 3skf (A* +2A)} (1 + 2X) + 3skf (A+2)),

_ {1 6S(A+2)(2SI<@%+/<&F)}.

(0%

|

S6 Proof of Theorem 3

The proof is similar to the proof of Theorem 2 presented by [Yuan et al.
(2017). We know from Theorem 2 that the nonzero elements of A are a
subset of the nonzero elements of A*. Moreover, we derive a probabilistic
upper bound on the estimation error. In addition, it is assumed that the
minimum absolute value of the nonzero elements of A* is greater than twice
the obtained probabilistic upper bound in Theorem 2. Consequently, we

can deduce the conclusion of Theorem 2.
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S7 Derivation of the KKT residuals
We rewrite the regularized optimization problem in (2.1) as

d d
D+7g1*iél]Rd><d LD(DJr_ E +)‘;; D++D

subject to D, >0, D;; >0, Vi, je€ld].

Let A" and A~ denote the optimal solutions corresponding to DT and
D~ respectively. The Karush—Kuhn—Tucker (KKT) conditions associated

with this problem are as follows.

Primal feasibility.

Aifj >0, A;; >0, Vijeld.
Dual feasibility. Let I';; > 0 and I';; > 0 be the Lagrange multipliers
associated with the nonnegativity constraints. Then

>0, I;;>0, Vijeld.

Z7J

Complementary slackness.

TH AL =0, T AL =0, Vijeld.

L))
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Stationarity. The Lagrangian is given by

LAT, AT THT7) = Lp(At —A; 8, %) +)\Z (Af + A7

2 TLAL T2 TLA,
Y]
For each (i, j) € [d] x [d], the first-order optimality conditions are

oL 1,4 e e S S L@
8Tfj <Zi,:(A+ - A )Z/ + E;,:(AJr -A )E:J) - Zi:j + E;,j A - FZJ’ =0,

HJ
oL 1/ e e e\ e e .
e = =5 (Ba(at = A+ F (A - ADE,) + 8 - T+ ATy =0
2v)

In vectorized form, the stationarity conditions can be written as
f(&*—&’) +v+r-—T+=0,

—

—f(&+—A—> —v+Ar-T-=0,
where
T = <§®§’+§’®i>, v:vec<§’—§),
and

X = VGC()\]_dXd) s

with 1444 denoting the d x d matrix whose entries are all equal to one.
Define

zz{kzﬁgzﬁ,;zo}.

We partition the index set {1,...,d*} into Z and its complement Z°.
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Case 1: k€ 2. Combining dual feasibility and stationarity yields

Do (B = A7) +vi+ 420,
_fk# (&Jr — &7> —vir+A>0.
Equivalently,

D (Y= A7) + vk‘ <\ (S7.1)

Case 2: [ € 2°. At least one of &f or &l_ is strictly positive. By comple-
mentary slackness, the corresponding dual variable must be zero. Substi-

tuting into the stationarity conditions yields

fl7:&—|—vl+)\20, if&l>0,
(57.2)

—fl’:& —vi+A=0, if &l <0,

where A = At — A~
Combining (S7.1f) and (), the KKT residuals r; fori = 1,...,d? can

be expressed as

fi’;& + v, + )\SlgIl(AZ) s if 52 §£ 0,

max{

r, =

f@;& + V;

—)\,O}, it A, = 0.
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S8 Notation and preliminaries

For clarity and to facilitate understanding of the formulas and derivations
presented in this supplementary material, we summarize the notations used
throughout the manuscript and supplement in Table m This table includes
key matrices, vectors, sets, and parameters that appear in the main method,

the proposed algorithm, and theoretical results.

S9 Expanded simulation studies

This section presents details of three experimental studies evaluating the
performance of the proposed method against existing approaches. The first
experiment compares the accuracy and computational efficiency of the pro-
posed method with alternative methods. The results demonstrate superior
performance in both accuracy and runtime, consistent with the theoretical
findings. The second experiment quantifies the differences between exact
and approximate optimization. Our exact solver is compared against the it-
erative APGD algorithm over the same regularization path A. Performance
is assessed via five metrics: (1) the attained objective value, (2) KKT resid-
uals (measuring optimality), (3) structural discrepancies induced by ap-

proximation, (4) memory consumption and (5) the minimum computation
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time required for APGD to attain a solution without structural error. The
results demonstrate that our method attains exact solutions, while APGD
produces non-negligible structural errors. Eliminating these errors requires
many iterations and substantial computation, especially as A becomes small.
The third experiment investigates the robustness of the proposed method
when applied to heterogeneous collection of datasets, as compared with
homogeneous datasets. The findings indicate that the method maintains
a level of accuracy comparable to that observed in the homogeneous set-
ting, thereby supporting the theoretical guarantees. Detailed descriptions

of these experiments are provided below.

S9.1 Simulation setup and data generation

In all experiments, synthetic data are generated by constructing two subject-
specific networks. The first network adopts a scale-free structure, which is
commonly used to model real-world data accurately (Barabasi, 2009). The
second network is derived by randomly deleting and inserting 20 edges
from the first network. This process allows us to identify the zero entries
in the precision matrices for each group. Subsequently, we generate the
non-zero entries of the precision matrices by sampling from the distribu-

tion w = sign(v) + v, where v ~ N(0,1). If the resulting matrices are not
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positive definite, we add (1+4+)1, for a suitable value of -y, to ensure positive
definiteness. This process results in two valid precision matrices, 2 and ',
for the respective subject-specific networks.

After constructing the precision matrices 2 and €Y, we generate syn-
thetic data from multivariate normal distributions. Specifically, for the
first network we independently draw m samples from N(0,Q7!), and for
the second network we independently draw m’ samples from N(0,Q71).
Here, m = YN m, and m’ = ijlzl m,, denote the total numbers of sam-
ples across N datasets of the first network and N’ datasets of the second
network, respectively. The samples in each network are then partitioned
into disjoint datasets. In the first network, the r-th dataset contains m,
observations, while in the second network the 7’-th dataset contains m., ob-
servations. These datasets share no samples, so each dataset is generated
independently.

To estimate the covariance matrices, we use a rank-based estimator
described in Section 2.5 of the main manuscript. This estimator is invari-
ant to monotone transformations of the variables in non-paranormal dis-
tributions. As a result, the simulation design mimics data generated from

non-paranormal models of the form NPN(0, Q7! f.) and NPN(0,QY 1, f/,),

since our differential network inference procedure requires only covariance
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matrix estimates for the two groups of observations. Here, each dataset
has its own set of monotone transformation functions f, or f,. Therefore,
generating multivariate normal samples and estimating the covariance ma-
trices using the procedure in Section 2.5 of the main manuscript provides
a practical way to reproduce both homogeneous and heterogeneous data

scenarios considered in our methodology.

S9.2 Experiment 1: competing methods, hyperparameters, ad-

ditional results

In the first experiment, we evaluate the performance of the proposed solu-
tion path method against three established approaches. (i) APGD D-trace
(Yuan et al,, 2017), implemented using the Dtrace function in the DiffGraph
package (Zhang et al), 2018), which applies accelerated proximal gradient
descent to obtain an approximate solution to the ¢;-penalized D-trace loss
minimization problem. (ii) CrossFDTL (Wu et al., 2020), which estimates
the differential network through an alternative optimization formulation
that directly targets structural changes. (iii) Fused graphical lasso (FGL)
(Danaher et al), 2014), a widely used baseline method implemented via the
FGL function in DiffGraph (Zhang et al, 2018), which jointly estimates two

precision matrices using a fused lasso penalty. Both the proposed method
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and CrossFDTL are implemented in C++ using Repp (Eddelbuettel et al.,
2011)).

To assess the algorithm’s performance on synthetic data, we employ
precision-recall analysis. Let A denote an estimator of the true differential
matrix A*. The precision and recall metrics are formally defined as follows:
Vi HA #0 & AL #0)

S L{A:; # 0}

Zi<j ﬂ{ﬁi,j 7£ 0 & Af,j 7£ O}
>ic; H{A; # 0} ’

precision = )

recall =

where 1{.} represents the indicator function.

We perform a comparative evaluation of four methods, focusing on
precision-recall performance and computational efficiency. This analysis
averages results over 100 randomly generated datasets, with dimensional-
ity parameters d € {50,100} and m = m’ € {500,1000}. For both the
APGD D-trace and CrossFDTL methods, 50 distinct values for the reg-
ularization parameter are sampled from the interval [0.001,0.8]. For the
FGL method, 50 values of the regularization parameter Ao, which controls
the sparsity of the differential network, are sampled from [0.001,0.2]. To
ensure a fair comparison, the regularization parameter’s range is controlled
by setting ¢ = 100. This specific value is chosen because our experimental

observations indicate that the proposed method identifies approximately
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50 knots within the solution path, which is comparable to the number of
distinct tuning parameter values explored in case of the APGD D-trace
and CrossFDTL methods. The CrossFDTL method includes an additional
tuning parameter, p, which governs the effect of Frobenius norm of A in its
objective function. For a fair comparison, p is set to 0 in all evaluations.
Similarly, the FGL method includes an additional parameter \; that con-
trols the sparsity of the individual group precision matrices. This parameter

is also fixed at 0 throughout the experiments.

S9.3 Evaluation under hub-perturbed network structure

To examine the effect of structured changes, we conducted a variant of the
first experimental setting in which the differential structure was no longer
random. Instead, we introduced a hub-based perturbation pattern. Specif-
ically, a single node was randomly selected, and 20 of its connections to
randomly chosen nodes were perturbed. This design simulates a biologi-
cally relevant scenario in which structural differences arise from hub nodes.
The results of this experiment are presented in Figure E The performance
under this hub-perturbation setting is similar to that observed in the origi-
nal experiment. These findings indicate that the proposed method remains

robust when structural changes are concentrated around hub nodes.
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Figure 2: Performance comparison of four differential network estimation methods on

synthetic data with hub-perturbed network structures. Line color denotes the method.
Data are generated from networks with d € {50,100} nodes and m = m’ € {500, 1000}

samples per network. Results are averaged over 100 datasets. (A) Precision-recall curves

for detecting differential edges. Line type corresponds to the number of iterations used

by iterative methods. The proposed method is non-iterative and is therefore shown only

with solid lines. (B) Computational time for estimating the differential network across

all regularization parameters. The x-axis shows the number of iterations of iterative

methods and the y-axis shows runtime. The horizontal blue line indicates the average

runtime of the proposed method.
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S9.4 Experiment 2: exactness, KKT derivations, additional met-

rics

In this section, we introduce four performance metrics: the objective gap,
the Karush-Kuhn-Tucker (KKT) residual, the false selection rate, and the
minimum computation time required to obtain a solution without false
selections. To formally define these metrics, let ﬁ()\) denote the solution
obtained by the exact solver (the proposed method), and let A(), k) denote
the estimator produced by an approximate solver (the APGD method) after

k iterations. The objective gap is defined as
Lo k) S5 + MAG B = (Lo(B):£,S) + AAWIL).

which quantifies the difference between the objective value achieved by the
approximate solver and that attained by the exact solver.
We assess optimality via the KKT residual, defined as the magnitude

of violation of the optimality conditions,

(89.1)

Lo AN 4+ v < A, if A;(\) =0.

Here, A()) denotes the vectorized form of either 3(/\) or ﬁ()\, k). The total
KKT residual is defined as the sum of all individual residual magnitudes.

The derivation of these optimality conditions is provided in Section @
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Finally, we define the false selection rate as

| U Fl
Bl
where
Fa={(ig) : Ay £0 & A\ k) =0},
Fo={00,3): Aij(0) =0 & A\ k) #0},
and

~

€ = {(i.4) : Riy(N) # 0},

S9.5 Supplementary information for experiment 2

In the main body of the manuscript, we introduce the second experiment,
in which we illustrate the elimination of approximation error achieved by
the proposed method and examine the effect of approximation on feature
selection accuracy. In this section, we provide an additional evaluation of
this experiment by assessing computational resource usage. Specifically, we
compare the proposed method with the APGD method in terms of memory
consumption and computation time. Figure B summarizes these compar-
isons. Panel (A) of Figure E reports the memory usage of both methods. For
the proposed method, labeled “Solution Path (Exact)” in the figure, mem-

ory usage reflects the resources required to compute the entire solution path.
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For the APGD method, labeled “APGD (Approximate)”, memory usage is
measured on a per-iteration basis for each value of the regularization pa-
rameter. As expected, the per-iteration memory consumption of the APGD
method remains approximately constant across different regularization val-
ues. However, the memory required to compute the full solution path using
the proposed method is substantially lower than the memory required for a
single iteration of the APGD method at a given regularization value. Panel
(B) of Figure a reports computation time for both methods. For the pro-
posed method, the reported time is the total time required to compute the
complete solution path. For the APGD method, the reported time is the
minimum time required, for each regularization value, to obtain a solution
with no false positives or false negatives relative to the exact solution of the
optimization problem. The results show that the computation time of the
APGD method increases rapidly as the regularization parameter decreases.
Across a range of regularization values considered, the total time required
by the proposed method to compute the entire solution path is lower than
the time required by the APGD method to obtain an accurate solution for

a single regularization value, particularly for small values of .
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Figure 3: Comparison of computational resource usage between the proposed solution
path method and the APGD-based approximate method across regularization parame-
ters and problem dimensions. Panel (A) reports memory consumption as a function of
the regularization parameter A. For the proposed method, memory usage corresponds
to the resources required to compute the entire solution path, whereas for the APGD
method it is measured per iteration for each value of A. Panel (B) reports computation
time on a logarithmic scale. The reported time for the proposed method corresponds to
the total time required to compute the full solution path, while for the APGD method
it represents the minimum time required, for each A, to obtain a solution without false
positives or false negatives. Shaded regions indicate + one standard error around the

mean. Results are shown for different problem dimensions d.

S10 Real data applications details

S10.1 Workflow

Our proposed method produces a solution path—a collection of candidate

solutions corresponding to different values of the regularization parameter.
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Consequently, selecting an appropriate solution from this collection is a
critical step. To address this, we adopt a stability-based model selection
approach inspired by the StARS method (Liu et al), 2010). Specifically,
we generate random subsamples comprising 80 percent of the data from
each group and apply our method to each subsample to obtain a solution
path. This procedure is repeated 10 times, and the instability of the inferred
networks is computed across different regularization parameter values. By
setting the instability threshold to 0.001, we determine the optimal regular-
ization parameter and, subsequently, the final differential network inferred

from the full dataset.

S10.2 Ovarian cancer: analysis details

We analyze gene expression data from ovarian cancer cases available in
The Cancer Genome Atlas (TCGA) (Network et all, 2011)), comprising two
groups categorized by drug response according to the criterion proposed by
Nabavi et al| (2016). Specifically, we select 242 platinum-sensitive and 98
platinum-resistant tumors. Genes expression for each case was measured
using three different platforms, resulting in three datasets per group. To
enhance computational efficiency and facilitate model interpretability, we

restrict our analysis to 551 genes associated with relevant biological path-
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ways, as proposed by h)ilruba and Kalayda| (l2016|) and ()

Figure H illustrates the inferred differential network, comprising 77

edges among 127 genes. Notably, we identified several high-degree genes in

the network for which strong literature support exists, including CDKN1A

(Xia et all, 2011; Lincet et all, 2000; Koster et all, 010), MAP2K1 (Pénzvaltd
et all, 2014), MNAT1 (Qiu et all, 2020), and PRKCA (Mohanty et all, 2005;

IArrighetti et al.|, }ZOld; tBasu and Weixe]l, |199d).

To systematically assess the biological relevance of the inferred dif-
ferential network, we performed pathway and transcription factor regu-

lon enrichment analyses using over-representation analysis (Khatri et al,,

), with the 551 candidate genes serving as the background universe. P-

values were adjusted using the Benjamini-Hochberg procedure (

|and Hochbergj, fZ018|). Reactome pathway analysis (|Gillespie et a1.|, lZOQﬂ)

identified significant enrichment of transcription-related pathways, includ-
ing Gene expression (Transcription) (54 of 120 genes; adjusted p = 0.018),
Generic Transcription Pathway (53 of 120 genes; adjusted p = 0.018), and
RNA Polymerase II Transcription (53 of 120 genes; adjusted p = 0.018).

To further characterize these findings, we conducted transcription factor

regulon enrichment analysis using the DoRothEA database (|Garcia—Alonso|

, ) Among all tested regulators, only the FOXM1 regulon showed



S10. REAL DATA APPLICATIONS DETAILS

significant enrichment (12 of 87 genes; adjusted p = 0.014). FOXM1 is a
well-established transcription factor involved in cell cycle regulation, and re-
cent studies have implicated it in cancer drug sensitivity (Koo et al., 2012).
These results support the biological plausibility of the detected structural
differences.

To further evaluate the biological relevance of our findings, we com-
pared the inferred differential network with a reference set of 912 genes
previously implicated in platinum resistance in cancer (Huang et al{, 2021)).
The genes in the differential network were classified into two categories:
(1) non-isolated genes, which participate in at least one interaction, and
(2) connector genes, which engage in more than one interaction (degree
greater than one). Fisher’s exact tests revealed significant enrichment of
platinum resistance—associated genes in both categories, with p-values of
0.01 for non-isolated genes and 0.003 for connector genes. These results
indicate that the genes identified by our method are closely linked to estab-
lished platinum resistance markers, thereby providing additional evidence

for the biological validity of the inferred differential network.
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Figure 4: Differential gene network between platinum-sensitive (n=242) and platinum-
resistant (n=98) ovarian tumors from TCGA, restricted to 551 genes in relevant bio-
logical pathways. The network was estimated using the proposed method, with the
regularization parameter selected via StARS (instability threshold = 0.001, 10 random
80% subsamples per group). Nodes represent genes, with size and color proportional to

degree.
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S10.3 Breast cancer: analysis details

Breast cancer remains one of the leading causes of cancer-related mortality
among women worldwide and comprises four principal molecular subtypes:
luminal A, luminal B, basal-like, and HER2-enriched (Network et al), 2012).
These subtypes exhibit distinct clinical outcomes and genomic character-
istics (Schnitt, 2010). Characterizing differences in gene regulatory archi-
tecture across molecular subtypes may provide insight into the biological
mechanisms underlying subtype heterogeneity. In this study, we estimate
differential gene networks between the luminal A and basal-like subtypes
using Breast Invasive Carcinoma (BRCA) data obtained from The Can-
cer Genome Atlas (TCGA) (Network et alj, 2012) through the Genomic
Data Commons via the curatedTCGAData (v2.1.1) Bioconductor package
(Ramos et al), 2020). Both RNASeqGene and mRNAArray assays were
included. The RNA-seq dataset contains 247 luminal A samples and 99
basal-like samples, while the microarray dataset contains 264 luminal A
samples and 106 basal-like samples. In this study, we restricted the analy-
sis to 145 genes from the breast cancer pathway (hsa05224) obtained from
the Kyoto Encyclopedia of Genes and Genomes (KEGG) (Kanehisa and
Gotd, 2000).

We applied the proposed method to the breast cancer dataset following
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the same procedure described in the ovarian cancer application (Section
). The inferred differential network is shown in Figure B, comprising
14 edges among 17 genes. Because no ground-truth differential network
between luminal A and basal-like subtypes is available, direct evaluation
of estimation accuracy is not feasible. Instead, we assess the biological
plausibility of the estimated network through functional relevance of the
identified genes, following the strategy suggested by [Tu et al| (2021). In
Tu et al) (2021), six key genes were highlighted based on strong literature
support and their analytical findings. These genes include IGF1R, CDKG6,
ESR1, CCND1, RB1, and LEF1. All except LEF1 recovered in our esti-
mated differential network, indicating substantial agreement between our
results and previously reported biologically meaningful findings. Notably,
ESRI1 is also identified as a hub in our model.

To further evaluate biological relevance, we conducted over-representation
analysis using the MSigDB C2 curated gene sets (Subramanian et al,,
2005; Liberzon et al), 2011, 2015). The C2 collection comprises manu-
ally curated gene sets derived from pathway databases, published stud-
ies, and domain experts, and is widely used for hypothesis-driven func-
tional interpretation of gene lists. The 145 candidate genes considered in

the network analysis were used as the background universe, and p-values
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were adjusted using the Benjamini-Hochberg procedure (Benjamini and
Hochberg, 2018). The analysis revealed significant enrichment for the gene
set SMID BREAST CANCER._BASAL_ UP (6 of 17 genes; adjusted p-
value = 0.024), which consists of genes upregulated in basal-like breast can-
cer. This enrichment indicates that a substantial proportion of the genes
identified by our method are associated with transcriptional programs char-
acteristic of the basal-like subtype. Given that our analysis contrasts lumi-
nal A and basal-like tumors, the enrichment of a basal-upregulated signa-
ture provides independent biological validation that the inferred differential

network captures meaningful subtype-specific molecular differences.

References

Arrighetti, N., G. Cossa, L. De Cecco, S. Stucchi, N. Carenini, E. Corna, P. Gandellini, N. Zaf-
faroni, P. Perego, and L. Gatti (2016). Pkc-alpha modulation by mir-483-3p in platinum-
resistant ovarian carcinoma cells. Tozicology and applied pharmacology 310, 9-19.

Barabasi, A.-L. (2009). Scale-free networks: a decade and beyond. science 325(5939), 412-413.

Basu, A. and K. M. Weixel (1995). Comparison of protein kinase ¢ activity and isoform ex-
pression in cisplatin-sensitive and-resistant ovarian carcinoma cells. International journal
of cancer 62(4), 457-460.

Beck, A. (2017). Chapter 3: Subgradients, pp. 35-86. Philadelphia, PA: Society for Industrial



MOJTABA NIKAHD AND SEYED ABOLFAZL MOTAHARI

RB% E2F3
FGF9

WNT6 EGFR

KIT

TCF7LL ~—
FGF1

ESR1

E2F1
IGF1R

IGF1

CDK6 CCND1

FGF7

PGR

Figure 5: Differential gene network between luminal A (n=247 RNA-seq, 264 microarray)
and basal-like (n=99 RNA-seq, 106 microarray) breast cancer subtypes from TCGA,
restricted to 145 genes in the KEGG breast cancer pathway (hsa05224). The network was
estimated using the proposed solution path method, with the regularization parameter
selected via StARS (10 random 80% subsamples, instability threshold = 0.001). Nodes

represent genes, with size and color proportional to degree.

and Applied Mathematics.

Benjamini, Y. and Y. Hochberg (2018, 12). Controlling the false discovery rate: A practical
and powerful approach to multiple testing. Journal of the Royal Statistical Society: Series

B (Methodological) 57(1), 289-300.



REFERENCES

Burris, H. A. (2013). Overcoming acquired resistance to anticancer therapy: focus on the

pi3k/akt/mtor pathway. Cancer chemotherapy and pharmacology 71(4), 829-842.

Danaher, P., P. Wang, and D. M. Witten (2014). The joint graphical lasso for inverse covariance

estimation across multiple classes. Journal of the Royal Statistical Society. Series B,

Statistical methodology 76(2), 373.

Dilruba, S. and G. V. Kalayda (2016). Platinum-based drugs: past, present and future. Cancer

chemotherapy and pharmacology 77(6), 1103-1124.

Eddelbuettel, D., R. Francois, J. Allaire, K. Ushey, Q. Kou, N. Russel, J. Chambers, and

D. Bates (2011). Rcpp: Seamless r and c++ integration. Journal of statistical soft-

ware 40(8), 1-18.

Garcia-Alonso, L., C. H. Holland, M. M. Ibrahim, D. Turei, and J. Saez-Rodriguez (2019).

Benchmark and integration of resources for the estimation of human transcription factor

activities. Genome research 29(8), 1363-1375.

Gillespie, M., B. Jassal, R. Stephan, M. Milacic, K. Rothfels, A. Senff-Ribeiro, J. Griss,

C. Sevilla, L. Matthews, C. Gong, C. Deng, T. M. Varusai, E. Ragueneau, Y. Haider,

B. May, V. Shamovsky, J. Weiser, T. Brunson, N. Sanati, L. Beckman, X. Shao, A. Fab-

regat, K. Sidiropoulos, J. Murillo, G. Viteri, J. Cook, S. Shorser, G. D. Bader, E. Demir,

C. Sander, R. Haw, G. Wu, L. Stein, H. Hermjakob, and P. D’Eustachio (2022). The

reactome pathway knowledgebase 2022. Nucleic Acids Res. 50(D1), 687-692.

Huang, D., S. R. Savage, A. P. Calinawan, C. Lin, B. Zhang, P. Wang, T. K. Starr, M. J.



MOJTABA NIKAHD AND SEYED ABOLFAZL MOTAHARI

Birrer, and A. G. Paulovich (2021). A highly annotated database of genes associated with

platinum resistance in cancer. Oncogene 40(46), 6395-6405.

Kanehisa, M. and S. Goto (2000). Kegg: kyoto encyclopedia of genes and genomes. Nucleic

acids research 28(1), 27-30.

Kendall, M. G. (1948). Rank correlation methods. Griffin.

Khatri, P., M. Sirota, and A. J. Butte (2012). Ten years of pathway analysis: Current approaches

and outstanding challenges. PLoS Comput. Biol. 8(2).

Koo, C.-Y., K. W. Muir, and E. W.-F. Lam (2012). Foxml: From cancer initiation to pro-

gression and treatment. Biochimica et Biophysica Acta (BBA) - Gene Regulatory Mecha-

nisms 1819(1), 28-37.

Koster, R., A. Di Pietro, H. Timmer-Bosscha, J. H. Gibcus, A. Van Den Berg, A. J. Suurmei-

jer, R. Bischoff, J. A. Gietema, S. De Jong, et al. (2010). Cytoplasmic p21 expression

levels determine cisplatin resistance in human testicular cancer. The Journal of clinical

investigation 120(10), 3594-3605.

Kruskal, W. H. (1958). Ordinal measures of association. Journal of the American Statistical

Association 53(284), 814-861.

Liberzon, A., C. Birger, H. Thorvaldsdéttir, M. Ghandi, J. P. Mesirov, and P. Tamayo (2015).

The molecular signatures database hallmark gene set collection. Cell systems 1(6), 417—

425.

Liberzon, A., A. Subramanian, R. Pinchback, H. Thorvaldsdéttir, P. Tamayo, and J. P. Mesirov



REFERENCES

(2011). Molecular signatures database (msigdb) 3.0. Bioinformatics 27(12), 1739-1740.

Lincet, H., L. Poulain, J.-S. Remy, E. Deslandes, F. Duigou, P. Gauduchon, and C. Staedel

(2000). The p21cipl/wafl cyclin-dependent kinase inhibitor enhances the cytotoxic effect

of cisplatin in human ovarian carcinoma cells. Cancer letters 161(1), 17-26.

Liu, H., F. Han, M. Yuan, J. Lafferty, L. Wasserman, et al. (2012). High-dimensional semipara-

metric gaussian copula graphical models. The Annals of Statistics 40(4), 2293-2326.

Liu, H., K. Roeder, and L. Wasserman (2010). Stability approach to regularization selection

(stars) for high dimensional graphical models. Advances in neural information processing

systems 24(2), 1432.

McDiarmid, C. et al. (1989). On the method of bounded differences. Surveys in combina-

torics 141(1), 148-188.

Mohanty, S., J. Huang, and A. Basu (2005). Enhancement of cisplatin sensitivity of cisplatin-

resistant human cervical carcinoma cells by bryostatin 1. Clinical cancer research 11(18),

6730-6737.

Nabavi, S., D. Schmolze, M. Maitituoheti, S. Malladi, and A. H. Beck (2016). Emdomics: a

robust and powerful method for the identification of genes differentially expressed between

heterogeneous classes. Bioinformatics 32(4), 533-541.

Network, C. G. A. et al. (2012). Comprehensive molecular portraits of human breast tumors.

Nature 490(7418), 61.

Network, C. G. A. R. et al. (2011). Integrated genomic analyses of ovarian carcinoma. Na-



MOJTABA NIKAHD AND SEYED ABOLFAZL MOTAHARI

ture 474(7353), 609.

Pénzvaltd, Z., A. Lanczky, J. Lénart, N. Meggyeshazi, T. Krendcs, N. Szoboszlai, C. Denkert,
I. Pete, and B. Gy&rffy (2014). Mekl is associated with carboplatin resistance and is a
prognostic biomarker in epithelial ovarian cancer. BMC cancer 14(1), 1-10.

Qiu, C., W. Su, N. Shen, X. Qi, X. Wu, K. Wang, L. Li, Z. Guo, H. Tao, G. Wang, et al. (2020).
Mnatl promotes proliferation and the chemo-resistance of osteosarcoma cell to cisplatin
through regulating pi3k/akt/mtor pathway. BMC cancer 20(1), 1-12.

Ramos, M., L. Geistlinger, S. Oh, L. Schiffer, R. Azhar, H. Kodali, I. de Bruijn, J. Gao,
V. J. Carey, M. Morgan, and L. Waldron (2020). Multiomic integration of public oncol-
ogy databases in bioconductor. JCO Clinical Cancer Informatics 1(4), 958-971. PMID:

33119407.

Rosset, S. and J. Zhu (2007). Piecewise linear regularized solution paths. The Annals of

Statistics, 1012—-1030.

Schnitt, S. J. (2010). Classification and prognosis of invasive breast cancer: from morphology

to molecular taxonomy. Modern pathology 23, S60-S64.

Still, G. (2018). Lectures on parametric optimization: An introduction. Optimization Online,

Subramanian, A., P. Tamayo, V. K. Mootha, S. Mukherjee, B. L. Ebert, M. A. Gillette,
A. Paulovich, S. L. Pomeroy, T. R. Golub, E. S. Lander, et al. (2005). Gene set en-

richment analysis: a knowledge-based approach for interpreting genome-wide expression



REFERENCES

profiles. Proceedings of the national academy of sciences 102(43), 15545-15550.

Tu, J.-J., L. Ou-Yang, Y. Zhu, H. Yan, H. Qin, and X.-F. Zhang (2021). Differential network
analysis by simultaneously considering changes in gene interactions and gene expression.
Bioinformatics 37(23), 4414-4423.

Wu, Y., T. Li, X. Liu, and L. Chen (2020). Differential network inference via the fused d-trace
loss with cross variables. FElectronic Journal of Statistics 14(1), 1269-1301.

Xia, X., Q. Ma, X. Li, T. Ji, P. Chen, H. Xu, K. Li, Y. Fang, D. Weng, Y. Weng, et al. (2011).
Cytoplasmic p21 is a potential predictor for cisplatin sensitivity in ovarian cancer. BMC
cancer 11(1), 1-9.

Yuan, H., R. Xi, C. Chen, and M. Deng (2017). Differential network analysis via lasso penalized
d-trace loss. Biometrika 104(4), 755-770.

Zhang, X.-F., L. Ou-Yang, S. Yang, X. Hu, and H. Yan (2018). Diffgraph: an r package for
identifying gene network rewiring using differential graphical models. Bioinformatics 34(9),
1571-1573.

Zhao, B., Y. S. Wang, and M. Kolar (2022). Fudge: A method to estimate a functional differ-
ential graph in a high-dimensional setting. Journal of Machine Learning Research 23(82),
1-82.

Zhao, S. D., T. T. Cai, and H. Li (2014). Direct estimation of differential networks.

Biometrika 101(2), 253-268.

Zhao, T., K. Roeder, and H. Liu (2014). Positive semidefinite rank-based correlation matrix



MOJTABA NIKAHD AND SEYED ABOLFAZL MOTAHARI

estimation with application to semiparametric graph estimation. Journal of Computational

and Graphical Statistics 23(4), 895-922.



REFERENCES

Table 1: Notation used in the manuscript and supplementary material.

Symbol Definition

d Number of variables (dimensions) in the graphical model
[d] The set {1,2,...,d}

X =[z1,...,24)T d-dimensional random vector

3, Covariance matrices of two groups / states

A* = E—l _ (E/)—l
A*={(i,7) - Aj; # 0}
s =|A*|

5,5

r=EeY+3e%)/2
v =vee(S — 5)

Ay

S¢

At

N, N’

my

(r) ~(w)
Tl » Tyl

True differential network

Support of the differential network

Sparsity of the differential network

Estimated covariance matrices (PSD)

Initial correlation matrix estimate via weighted Kendall’s tau
PSD-projected covariance estimate

D-trace loss function

Regularization parameter in the lasso-penalized D-trace loss
Solution of the lasso-penalized D-trace optimization problem
Hessian matrix (Kronecker form)

Vectorized difference of covariance matrices

Active set at segment t along the solution path

Sign pattern of active set at segment ¢

Knot point (regularization value) at segment ¢

Active-set bound controlling maximum cardinality of A;
Number of heterogeneous datasets in each group

Number of samples in dataset D,

Kendall’s tau (dataset r / weighted across datasets)
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