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S1 Additional Simulations and Empirical Studies

S1.1 Stable densities and strict stationarity region

Recall that the proposed sAGARCH model (2.2) is strictly stationary if

and only if the top Lyapunov exponent
Yo = Eloga(n) <0, wherea(z)=¢,(z")*+¢_(z7)* + .

Fig.[S.1j(a) plots the densities f,(x) for different values of «, and Fig. [S.1|(b)-
(d) plots the surface of 7, = 0 in in terms of (¢, ¢_, ). The strict
stationarity region of model is the closed area bounded by the surface
Yo = 0 and the planes ¢, = 0, ¢_ = 0, and ¢ = 0. From the subfigures, we
observe that: (i) As « increases, the strictly stationary region expands; (ii)
within this region, ¢ is strictly no more than 1, while ¢, or ¢_ may exceed

1 if the other two parameters are sufficiently small.

S1.2 Performance of the MLE in the stationary cases

In this subsection, we report the full simulation results for the stationary
cases with ag = 1.5,1.0, and 0.5. The number of observations is n =
200, 500, 1000, and 2000, each with 1000 replications. We consider the fol-
lowing three stationary cases, with true parameters 6y = (0.2,0.1,0.2,0.5,1.5)’,

(0.1,0.1,0.2,0.3,1), and (0.05,0.02,0.05,0.1,0.5)’, respectively.



S1. ADDITIONAL SIMULATIONS AND EMPIRICAL STUDIES 3

077 —— =20
- = 0=15
06 ' s @=1.0

" c=+ a=05
0.5 n

0.4 o "

fa(x)

Figure S.1: (a) The densities fo(x); (b)-(d) The surfaces determined by {(¢1,d—, ) :
Yo = 0} in for different fixed values of cr. The vertical axis represents v, and the
other two represent ¢, and ¢_. In (d), the black curve represents the boundary of the
surface in the ¢ = 0 plane. The surfaces are plotted within a finite region (0,1)? for
the sake of clarity, while the whole surface can stretch very far, e.g. the extremely small

values of ¢4, and large value of ¢_.
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Table reports the empirical biases (Bias), empirical standard devi-
ations (ESD), asymptotic standard deviations (ASD) of the MLE 0,, to-
gether with two estimators A/S\Dint and ASD  of ASDs from S and Sres
in Section 3.2l The ASDs are calculated from Theorem [1] (ii). Table
shows that: (i) For the MLE U,, the biases are small in each case, and
the values of the ESD and ASD are close to each other, particularly for
large n. (ii) The two estimators of the ASD for {$n+,$n_,$n} perform
similarly well. For a,,, A/S\Dirlt tends to outperform ASD  when ag < 1,
whereas ASD outperforms A/S\Dint when ag € [1,2). Their differences
diminish as n increases. (iii) Although &, is theoretically consistent and
asymptotically normal for the stationary case, its finite-sample performance
is unsatisfactory, particularly when ay < 1: both the ESDs and estimated
ASDs are relatively large. Notably, the performance of &, improves as n
increases. In fact, this issue has appeared in [Francq and Zakoian (2012]),
but no plausible explanation has been given so far. According to our model,
this phenomenon is likely related to the extreme values of the observations.

Intuitively, the intercept w can be viewed as a scale parameter for y,, as

model (2.2)) is equivalent to

{ yt/\/_z (Ut/\/a)%
(00/vV@)2 = 14 ¢4 (U1 /V@)2 + b (Y1 /@) + (001 /@),
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This is also an sSAGARCH model for the scaled series with intercept 1
and other parameters unchanged. As « decreases, the tail of the innova-
tion becomes heavier, leading to extreme values of y,. Consequently, the
estimator of the scale parameter w is likely influenced by the scale of
and may be overestimated in some cases. Additionally, random number
generators often perform poorly for heavy-tailed distributions, as outliers
are frequently generated and may deviate from the theoretical distribution.
Further, numerical evaluations of stable densities and their partial deriva-
tives can exhibit unreliable behavior near the boundary when « is close to
1, or when a < 1 and x is large (see, e.g., Matsui and Takemura| (2006])).
These factors all contribute to the poor performance of @,,, and also explain
why the estimated ASDs of @, perform less well when oy = 1. we further
examine the medians of the MLE and the medians of estimated ASD across
1000 replications in Table [S.2] As a result, the median estimators of all
parameters are much closer to the true values, and the medians of the es-
timated ASD are closer to the theoretical ASD, even when n is small. It

indicates that the poor performance of @, is indeed driven by outliers.
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onary cases.

Simulation results for the MLE 6, for sAGARCH(1,1) under stat

Table S.1

n

Qg = 1.5

Qg = 1.0

Qg = 0.5

EOHO.M Avo+”O.H %D\”O.w @o”@@ QOHH.m

EOHO.H @o+ =0.1 %,o\”_u.w Qouow QOHHO

wp=0.05 ¢4+ =0.02 po_=0.051p=0.1 p=0.5

Wn ot b Un Qn, On, Bt b n Qn, Wn, Bnt bu— Un Qn,
Bias [0.0360 0.0038 0.0008 -0.0007 0.0253|0.0334 0.0039 0.0072 0.0085 0.0200| 0.3249 0.0019  0.0064 0.0109 0.0107
ESD |0.1213 0.0610 0.0883 0.1086 0.1131|0.1082 0.0527 0.0985 0.0764 0.0710| 1.4575 0.0170  0.0413 0.0410 0.0361
200 [ASD [0.0890 0.0504 0.0813 0.0878 0.1085|0.0636 0.0489 0.0866 0.0657 0.0780| 0.0665 0.0136  0.0315 0.0311 0.0342
.>\m_/u:: 0.1095 0.0519 0.0818 0.0948 0.1070|0.3908 0.0506 0.0897 0.0702 0.0561| 3.5211 0.0150  0.0357 0.0353 0.0351
>\w_/u2m 0.1099 0.0521 0.0821 0.0951 0.1076|0.3899 0.0510 0.0902 0.0705 0.0580| 3.4737 0.0147  0.0350 0.0347 0.0355
Bias |0.0181 0.0001 -0.0026 0.0016 0.0113|0.0135 -0.0002 0.0003 0.0030 0.0084| 0.0486 0.0005  0.0004 0.0045 0.0048
ESD |0.0653 0.0330 0.0518 0.0585 0.0712|0.0649 0.0313 0.0519 0.0424 0.0403| 0.1573 0.0094  0.0206 0.0210 0.0215
500 |ASD |0.0563 0.0319 0.0514 0.0555 0.0687|0.0402 0.0310 0.0547 0.0416 0.0493| 0.0420 0.0086  0.0199 0.0197 0.0216
.>\m_/u:; 0.0627 0.0320 0.0511 0.0576 0.0683|0.0540 0.0309 0.0548 0.0427 0.0292| 3.3471  0.0088  0.0201 0.0205 0.0219
.\@nmm 0.0628 0.0320 0.0512 0.0576 0.0684|0.0538 0.0309 0.0548 0.0427 0.0300| 3.2913 0.0086  0.0197 0.0201 0.0219
Bias {0.0080 0.0008 0.0005 -0.0002 0.0052|0.0059 0.0008 0.0017 0.0004 0.0040| 0.0209 0.0004  0.0005 0.0022 0.0020
ESD |0.0435 0.0239 0.0361 0.0409 0.0474|0.0367 0.0239 0.0397 0.0314 0.0285| 0.0704 0.0062  0.0141 0.0144 0.0156
1000{ASD |0.0398 0.0225 0.0364 0.0392 0.0485|0.0284 0.0219 0.0387 0.0294 0.0349| 0.0297 0.0061  0.0141 0.0139 0.0153
@EH 0.0422 0.0226 0.0366 0.0397 0.0485|0.0321 0.0219 0.0387 0.0295 0.0205| 0.2901  0.0062  0.0142 0.0141 0.0154
>>\m~/u$m 0.0423 0.0227 0.0367 0.0397 0.0485|0.0321 0.0219 0.0387 0.0294 0.0210| 0.2821 0.0060  0.0139 0.0137 0.0154
Bias ]0.0014 -0.0002 -0.0005 0.0005 0.0025|0.0032 -0.0011 0.0001 -0.0001 0.0011| 0.0136 0.0002  0.0003 0.0010 0.0008
ESD |0.0284 0.0164 0.0253 0.0276 0.0328|0.0254 0.0199 0.0278 0.0233 0.0200| 0.0420 0.0045  0.0097 0.0098 0.0108
2000[ASD 10.0282 0.0159 0.0257 0.0278 0.0343|0.0201 0.0155 0.0274 0.0208 0.0247| 0.0210 0.0043  0.0100 0.0098 0.0108
@:; 0.0288 0.0159 0.0256 0.0279 0.0343|0.0216 0.0152 0.0271 0.0206 0.0135| 0.0371 0.0043  0.0099 0.0097 0.0108
>\m.d$w 0.0288 0.0159 0.0256 0.0279 0.0343|0.0215 0.0152 0.0270 0.0205 0.0137| 0.0363 0.0042  0.0097 0.0095 0.0109




S1. ADDITIONAL SIMULATIONS AND EMPIRICAL STUDIES 7

Table S.2: Simulation results (Median Bias/ASD) for the MLE b, for sAGARCH(1,1)

under stationary cases.

apg =1.0 ag = 0.5
n |6 010 010 020 030 1.00 | 005 002 005 010 0.50
MLE | @  ént  Gn- %o Gn | @ Gt bn- Gn G
Bias | 0.0064 -0.0030 -0.0107 -0.0023 0.0138 |0.0114 -0.0024 -0.0019 0.0061 0.0082
ASD | 0.0636 0.0489 0.0866 0.0657 0.0780 |0.0665 0.0136 0.0315 0.0311 0.0342
20 ASD™ | 0.0667 0.0480 0.0845 0.0688 0.0694 |0.0667 0.0120 0.0308 0.0343 0.0350
ASD'™ | 0.0663 0.0479 0.0848 0.0691 0.0733 |0.0655 0.0118 0.0305 0.0337 0.0353
Bias | 0.0009 -0.0036 -0.0037 0.0017 0.0078 | 0.0062 -0.0008 -0.0023 0.0035 0.0041
ASD | 0.0402 0.0310 0.0547 0.0416 0.0493 |0.0420 0.0086 0.0199 0.0197 0.0216
o ASD™ | 0.0411 0.0303 0.0537 0.0424 0.0496 |0.0433 0.0082 0.0191 0.0203 0.0219
ASD™™ | 0.0412 0.0303 0.0538 0.0424 0.0499 |0.0426 0.0081 0.0187 0.0199 0.0219
Bias | 0.0020 0.0001 -0.0011 -0.0007 0.0030 |0.0039 -0.0004 -0.0012 0.0012 0.0007
ASD | 0.0284 0.0219 0.0387 0.0294 0.0349 |0.0297 0.0061 0.0141 0.0139 0.0153
. ASD™ | 0.0290 0.0218 0.0382 0.0204 0.0350 |[0.0312 0.0059 0.0138 0.0140 0.0153
ASD | 0.0291 0.0218 0.0383 0.0293 0.0352 |0.0307 0.0058 0.0135 0.0137 0.0154
Bias | 0.0015 -0.0027 -0.0007 -0.0004 -0.0023|0.0039 -0.0004 -0.0006 0.0005 0.0009
ASD | 0.0201 0.0155 0.0274 0.0208 0.0247 |0.0210 0.0043 0.0100 0.0098 0.0108
2000 ASD™ | 0.0210 0.0152 0.0271 0.0206 0.0247 |0.0245 0.0042 0.0098 0.0097 0.0109
ASD | 0.0208 0.0152 0.0269 0.0206 0.0245 |0.0239 0.0041 0.0096 0.0095 0.0109
Bias  [-0.0002 -0.0013 -0.0012 -0.0004 -0.0023|0.0001 0.0000 -0.0003 0.0006 0.0001
ASD [ 0.0142 0.0110 0.0194 0.0147 0.0175 |0.0149 0.0030 0.0070 0.0069 0.0077
o ASD™ | 0.0146 0.0108 0.0191 0.0145 0.0173 |0.0181 0.0030 0.0069 0.0067 0.0077
ASD | 0.0146 0.0108 0.0191 0.0145 0.0171 [0.0177 0.0029 0.0068 0.0066 0.0077
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S1.3 Performance of the MLE in the explosive cases

Next, we examine the finite-sample performance of é\n in explosive cases.
Similar to the stationary case, three true parameters are set to be 6, =
(0.2,0.1,0.2,0.8,1.5), (0.1,0.1,0.2,0.5,1)’, and (0.05, 0.04,0.08,0.1,0.5)’, re-
spectively. The true top Lyapunov exponents 7,, are calculated and re-
ported in Table [S.4]

Table reports the Bias, ESD, ASD of é\n, together with two esti-
mators @int and @res of the ASD of 1/9\n The ASDs are calculated
based on the asymptotic covariance matrix T in Theorem [2| (ii). We can
see that @, is completely biased and the performance does not improve with
increasing n (e.g. when ay = 1). This point confirms the fact that wy is not
estimable in the explosive case. The other findings are in accordance with
those in the stationary case. Fig. m plots the histograms of \/ﬁ(";)\n — )
with n = 1000 and ¥y = (0.1,0.2,0.8,1.5)".

As for the Lyapunov exponent 7,,, we provide here two estimators in

similar ways as Section (3.2

st = 108 s 4 B4 B
R

-~

ares LNy ~
T == > 108 [0ns ()% + Gn- (i) + n].
t=1

Table [S.4] summarizes the true value of the top Lyapunov exponent for
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S1.

1ve cases.

sults for the MLE 6, for SAGARCH(1,1) under explos

ion re:

Simulat

Table S.3

ag=1.5 ag=1.0 ag=0.5
n wo=0.2 .+ =0.1 ¢g_=0.2 1=0.8 ap=1.5|wp=0.1 g4+ =0.1 ¢p_=0.2 10g=0.5 cp=1.0] wp=0.05 o =0.04 ¢o_=0.08 19=0.1 p=0.5
Bn bt Gue Un Gn | Bn Gur Gue Yn Qg B Pt O
Bias 33.810 -0.0058 -0.0105 0.0207 0.0278|15.845 0.0022 0.0045 0.0176 0.0200(1.933 x 10° 0.0046 0.0076 0.0145 0.0098
ESD [495.58 0.0471 0.0722 0.0684 0.1146|162.99 0.0494 0.0901 0.0829 0.0833(5.892 x 10 0.0322 0.0581 0.0433 0.0364
200 |ASD / 0.0446 0.0711 0.0646 0.1085 / 0.0465 0.0820 0.0700 0.0780 / 0.0254 0.0482 0.0317 0.0342
,P\m_/u:; / 0.0412 0.0660 0.0601 0.1070 / 0.0463 0.0818 0.0680 0.0636 / 0.0276 0.0515 0.0328 0.0351
M@/usm / 0.0422 0.0667 0.0607 0.1081 / 0.0467 0.0827 0.0682 0.0658 / 0.0271 0.0507 0.0322 0.0353
Bias 7.3643 -0.0016 -0.0009 0.0061 0.0083|7.9374 0.0020 0.0016 0.0071 0.0100(3.032 x 10° 0.0015 0.0043 0.0056 0.0034
ESD 41.017 0.0299 0.0460 0.0509 0.0863|108.21 0.0300 0.0523 0.0470 0.04171(9.585 x 106 0.0177 0.0345 0.0232 0.0215
500 [ASD / 0.0282 0.0449 0.0408 0.0687 / 0.0294 0.0518 0.0443 0.0493 / 0.0161 0.0305 0.0200 0.0216
MW/O:; / 0.0275 0.0443 0.0399 0.0683 / 0.0296 0.0516 0.0438 0.0292 / 0.0165 0.0318 0.0205 0.0218
>\m/_uam / 0.0278 0.0445 0.0401 0.0684 / 0.0297 0.0520 0.0439 0.0300 / 0.0162 0.0312  0.0200 0.0219
Bias 23.358 -0.0012 -0.0009 0.0044 0.0019|15.452 0.0001 0.0018 0.0048 0.0018| 4.7857 0.0002 0.0008 0.0035 0.0018
ESD [631.87 0.0203 0.0317 0.0293 0.0498|436.81 0.0199 0.0363 0.0318 0.0328 | 70.947 0.0118 0.0218 0.0159 0.0159
1000|ASD / 0.0199 0.0318 0.0289 0.0485 / 0.0208 0.0367 0.0313 0.0349 / 0.0114 0.0215 0.0142 0.0153
k@i / 0.0196 0.0315 0.0286 0.0484 / 0.0207 0.0368 0.0313 0.0226 / 0.0114 0.0217 0.0144 0.0154
>\ma/u3m / 0.0197 0.0316 0.0286 0.0486 / 0.0208 0.0369 0.0313 0.0230 / 0.0112 0.0213 0.0140 0.0154
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Figure S.2: The histograms of ﬁ(@n — )" with n = 1000 and ¥y = (0.1,0.2,0.8,1.5)".
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both stationary and explosive cases, together with its empirical mean (EM)

and ESD of two estimators ™ and A%. From Table [S.4] we find that

the empirical mean of A is closer to the true value than that of 3™

while its ESD is slightly larger than that of the latter. Moreover, deriving
Sres

the asymptotics of 4% is more straightforward. Thus, we use 7% in the

stationarity test in Section [4.1]

S1.4 Performance of the test statistics

In this subsection, we examine the finite-sample performance of the station-
arity and asymmetry tests proposed in Section [4]

We use n = 200,500, and 1000, each with 1000 replications for the
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~int Ares

Table S.4: True values of Lyapunov exponent v,, with estimates 7,,"* and 7;>°.

Yoo < 0 Yoo > 0
(&%) n N N N N
Tt T Tt T
Yoo = —0.1796 Yoo = 0.1663
TRUE
(9o = (0.1,0.2,0.5,1.5)") | (9o = (0.1,0.2,0.8,1.5)")
EM —0.2079 —0.2064 0.1575 0.1578
200
ESD 0.1230 0.1243 0.0455 0.0472
1.5
EM —0.1907 —0.1901 0.1648 0.1653
500
ESD 0.0595 0.0611 0.0292 0.0310
EM —0.1840 —0.1838 0.1669 0.1665
1000
ESD 0.0400 0.0407 0.0203 0.0215
Yoy = —0.1516 Yoo = 0.1663
TRUE
(9o = (0.1,0.2,0.3,1.0)) | (9 = (0.1,0.2,0.5,1.0))
EM —0.1682 —0.1604 0.1578 0.1582
200
ESD 0.1303 0.1349 0.1109 0.1148
1.0
EM —0.1614 —0.1564 0.1620 0.1640
500
ESD 0.0796 0.0832 0.0598 0.0641
EM —0.1617 —0.1563 0.1694 0.1700
1000
ESD 0.0582 0.0596 0.0458 0.0480
Yao = —0.0959 Yoo = 0.1789
TRUE
(Yo = (0.02,0.05,0.1,0.5)") | (9o = (0.04,0.08,0.1,0.5)")
EM —0.1305 —0.1279 0.1510 0.1535
200
ESD 0.2666 0.2708 0.2772 0.2798
0.5
EM —0.1101 —0.1094 0.1743 0.1765
500
ESD 0.1607 0.1641 0.1668 0.1706
EM —-0.0977 —0.0980 0.1734 0.1747
1000
ESD 0.1149 0.1182 0.1225 0.1256
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sAGARCH model with 6y = (0.1, ¢or, o, 0.5,1.5)". The choice of
ap = 1.5 is based on the empirical examples in Section [6} Consider two
scenarios: (I) a symmetric case with ¢y = ¢o_, ranging from 0.18 to 0.32;
(IT) an asymmetric case with ¢o. = 0.2 and ¢¢_ varying from 0.24 to 0.38.
Note that the true top Lyapunov exponent 7,, equals 0 for ¢oy = ¢ =
0.2492 and for ¢y, = 0.2 and ¢o_ = 0.3052. Table summarizes the
finite-sample performances of the stationarity and asymmetry tests based
on the test statistics T, and T® respectively under these two scenarios.
Specifically, the stationarity test considers the hypothesis H{ : 7., < 0, and
the asymmetry test considers the hypothesis Hy : ¢, = ¢o_. The relative
frequencies of rejection are reported at the significance level a = 5%.
From the upper panel of Table[S.5 we can see that the empirical size of
asymmetry test TS under the null hypothesis is about 5% (see the numbers
in the row of Hy), regardless of the value of ¢y_. The empirical size of the
stationarity test under the null is close to the nominal level, shown in the
bold-face column. The frequency of rejection of H{ rapidly decreases to 0
when 7, goes below zero, and tends to 1 when ¢y_ increases from 0.2492.
The power improves with increasing n. On the other hand, the bottom
panel of Table also reveals the satisfactory size of the stationarity test

marked in bold-face, and the rejection frequency approaches 0 when 7,, < 0
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Table S.5: Finite-sample performances of the stationarity and asymmetry tests based
on the statistics T,, and Tf‘L respectively under two scenarios at the significance level
a = 5%. The relative frequencies of rejection of hypotheses are written in percentage

(%) and the sizes of the tests are displayed in bold.

Model with ¢0+ = ¢0_ Wy = 0.1, lbo = 0.5, ap = 1.5

Po—

n Null 0.18 0.2 022 02492 026 028 0.3 0.32

H) 0.0 0.0 03 4.2 8.9 228 453 69.2

500
HE 3.6 40 52 36 58 38 38 35
HY 0.0 0.0 00 41 13.6 413 742 945
1000
H 4.9 40 48 4.7 50 45 47 46
HY 0.0 0.0 00 45 173 67.7 958 99.9
2000
HE 6.0 41 40 48 38 3.7 55 6.2
Model with ¢t < ¢o— wo = 0.1, ¢ = 0.2,99 = 0.5, = 1.5
Po-
n  Null 024 026 028 03052 032 034 0.36 0.38
H] 0.1 02 11 38 51 99 158 233
500
HE 7.6 129 175 276 359 442 533 61.6
HY 0.0 02 1.0 4.6 68 164 27.0 445
1000
Hf 129 232 376 542 656 735 827 89.6
HY 0.0 0.1 0.7 49 113 228 476 695
2000

HY 22.7 41.3 643 838 931 968 985 99.3
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and tends to 1 when v,, > 0 as expected. Under the alternative hypothesis,
the power of TS tends to 1 when ¢q_ increases from 0.24 and when n in-
creases. These results illustrate the satisfactory finite-sample performances

of stationarity and asymmetry tests.

S1.5 Empirical Studies on Portfolio Returns

To illustrate the merits of model for modelling aggregate behavior of
random variables, we analyze three portfolio returns and compare the per-
formance with that of the AGARCH model with ¢-innovation (t--AGARCH).
They are the daily series of the S&P 500 Index (SPX, Mar 3, 2021 — Aug.
26, 2024), Dow Jones Industrial Average (DJI, May. 7, 2020 — Aug. 26,
2024), and NASDAQ Composite (IXIC, Dec. 4, 2019 — Aug. 26, 2024).

Fig. plots the three portfolio return series.

5.0~
25~

25-
0.0-

SPX
DJI

0.0- 25-

25- 5.0~

' ' ' ' 7.5 ' ' ' ' ' ' ' ' '
2021 2022 2023 2024 2021 2022 2023 2024 2020 2021 2022 2023 2024

Figure S.3: The plots of three portfolio return series (%): SPX, DJI, and IXIC.

We fit the SAGARCH(1,1) model (2.2) to the data and the results are
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Table S.6: The upper panel displays the fitting results of SAGARCH(1,1) model, diag-
nostic checking statistics TP, the log-likelihood, and the value of the AIC for portfolio

n’

returns, respectively. The lower displays the fitting of --AGARCH(1,1) model for com-

parison.
Model S&P500 DJI IXIC
n 846 1046 1146
On 0.013 0.008 0.032
Gns  1.4e-4 (0.009) 1.4e-4 (0.006) 2.8e-4 (0.009)
dn_  0.105 (0.017)  0.050 (0.009)  0.110 (0.016)
¢n  0.875(0.022)  0.919 (0.015)  0.860 (0.019)
SAGARCH(1,1) &,  1.954 (0.039) 1.854 (0.046)  1.939 (0.032)
TD 2.577 2.676 3.726
p-value 0.020 0.015 0.000
log-lik -1133.5 -1349.9 -1934.0
AIC 2277.1 2709.8 3878.0
B 0.007 0.029 0.047
Ot 0.061 0.027 4.4e-4
b 0.171 0.120 0.187
t-AGARCH(1,1) .
N 0.883 0.873 0.870
U 27.577 11.737 9.140
log-lik -1143.0 -1350.7 -1936.3
AIC 2295.9 2711.3 3882.5
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summarized in Table [S.6] together with the diagnostic checking statistics
TP, The estimated ASDs in parentheses are calculated by the universal
estimator T, in Section [3.3L Moreover, we also fit a -AGARCH(1,1) model
to the data and report the estimation results for comparison, as well as the
values of the log-likelihood and the AIC.

Table [S.6] reveals the following findings:
(i) We can see that ggn_, @n and @, are significant. Interestingly, for all
portfolio returns, ngSn+ are very small and less than ngﬁn_, which accords with
the phenomenon that negative returns tend to have a stronger impact on
future volatilities than positive returns of the same magnitude.
(i) As evidenced by the values of the AIC, we can see that the SAGARCH(1,1)
model has a better fit than the t--AGARCH(1,1) for all three portfolio re-
turns. It indicates that stable distributions are useful for modelling aggre-
gate behavior and characterizing the risk of portfolios. The t-distribution
is sometimes insufficient for capturing the tail-thickness of the innovation.

We further compare the fitting performances of SAGARCH(1,1) and -
AGARCH(1,1) models by examining the empirical cumulative distribution
function (ECDF) of residuals. Fig. plots the CDF of stable distri-
bution with estimated @,, or CDF of ¢-distribution with estimated degree

of freedom 7,, and the ECDF of the residual. From the figure, we can
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see that for all three portfolio returns, the ECDF nearly coincides with
the true one, which illustrates the goodness-of-fit of both sSAGARCH(1,1)
model and t--AGARCH(1,1) model on the whole. Nevertheless, the value
of the AIC implies the SAGARCH(1,1) model has a better fit than the
t-AGARCH(1,1).

(a) SAGARCH - ECDF of Residuals in SPX (b) t-AGARCH - ECDF of Residuals in SPX

Fn(x)
Fn(x)

X X
(¢) SAGARCH - ECDF of Residuals in DGI (d) t-AGARCH - ECDF of Residuals in DGI
1.0
0.8
2 3 0.6 +
= =
= = 04
0.2 — - ECDF
— t11.74(X)
0.0
T T T T T
10 5 0 5 10
X X
(e) SAGARCH - ECDF of Residuals in IXIC (f) t-AGARCH - ECDF of Residuals in IXIC

Fn(x)
Fn(x)

Figure S.4: The ECDFs of residuals of portfolio returns, i.e., SPX, DJI, and IXIC.
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S2 Proofs of Theorems

Let w = inf{w | 0 € O}, ¢, = inf{p, | § € O}, ¢_ = inf{o_ | 6 € O},
¢ =inf{¢;,¢_ | 0 € O} ¥ =inf{y | § € O}, a = inf{a : 0 € O},

sup{w | 0 € O}, ¢, = sup{¢, | 0 € O}, ¢_ = sup{¢_ | 0 € O},

¢ =sup{o,,o_ | 0 €O}, v =sup{v | 0 € O}, @ =supf{a: 0 € O}. Let
9=

gl
I

(¢4,0-,¢,a)". The notation K is a generic constant that may vary

across lines. Define the [0, oo]-valued random sequence

2 1
Z{m ny)" + o (0 ) }h ¥
(77t g ey 20 77t k
with the convention [[/_] = 1if j < 1, where ag(z) = ¢o (x7)2+¢o_ (x7)%+

Yo and {n,} satisfies Assumption [I] Let Oy = {0 € © : ¥ < exp(7q,)}-

S2.1 Proof of Theorem (1

Let L (0) = {L,(0)—Ln(00)}/n, 0 € ©. Equivalently, 0, = arg maxgeo L:(0).
(i). For the stationary case 7,, < 0, we first show the strong consistency

of 8. From , 01(6p)/0¢(0) is a measurable function of strictly stationary

and ergodic series {y;—; : j > 1}, and y; is measurable of i.i.d. sequence

{m:}. By the independence of 1, and o,(6y)/0:(0), {(c:(00)/:(0),m:)} is also
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strictly stationary and ergodic. By the strong law of large numbers,
RS o¢(bo) o¢(0o)
1:0) = 23 g [ 21, (1 2] o )
n 4= +(0) a¢(0) o

=l [ 0 (05,5 | - ot

Define F; = o(ys, Y4—1,...). Further, by the inequality logz < z — 1 for

x > 0, we have

E{log {”t(%)fa (ntat(%) } —logfao(m)}

o (0)

-5 {2 o [55 i}
E } / fao(n {log [Utt 090)) fa Snz(gj))ﬂ — log fao(n)] dn}
Ao

m -0 )1 — log fay (1)

(%) (S2.1)
gE/LO[“O (1250 /o)~ 1] an
=E ))> fao( )} }
=F {/Rfa(x)da: — /Rfao(x)d$} =1-1=0,
and the equality holds if and only iof
(< )) ( Ut(ﬁ;) foo(me), a.s., VteZ. (S2.2)

By Lemmall] we have a = ap, and 0¢(6)/0¢(f) = 1, a.s., Vt € Z. Thus,

0 =07 (0) — o7 (6)
=(w = wo) + (¢+ — G0 )(Wi21)* + (0 — do-) (Yr_1)* + Vo1 (0) — Yo7y (o)
=(w —wo) + (¢+ = Gor)(WiL1)* + (0 — b0 ) (yr_1)” + (¥ — tho)oi_1(6), as.
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Since y;_ 1 € Fy_1 and 02, € F; o, it implies that ¢, — ¢ = 0 and
¢_ — ¢o— = 0, otherwise y;_; would be measurable with respect to F;_».
Therefore, ¢, = ¢o,, _ = ¢o_, and we have 0 = (w—wy)+ (VY —10)o2_,(6p),
a.s. By the randomness of o2 (), we obtain that ¢ — 1y = 0, w —wp = 0,
i.e., ¥ =1y, w = wy. Thus, the equality holds if and only if 6 = 6.

The rest of the proof uses a standard argument invoking the compact-
ness of O, following the framework of proof of Theorem 2.1 in [Francq and
Zakotan| (2004). For any 6 € ©, and 6 # 6, let Vi(0) be an open ball
with center § and radius 1/k. Note that supyce |logoy(f)| < 5{|logw| +
[supgeo 07(0)]/t} < K{1+supgee 07(0)}, for some ¢ € (0,a0/4). Similar
to the proof of Lemma , by the Ci-inequality we have that E{ supgce 07°(0) } <

0o. In view of the definition of ¢,(f) and Lemma

E{sup|t;(0)|} < K{l + E{supo;*(0)} + E(yfb)} < 00.
e 0co
By Lemma |3 and ergodic theorem, it yields that

1 -
limsup— sup L,(6%)
n—oo T 9*eV, (0)nO

1 1 ~
<limsup— sup L, (0")+limsup — sup|L,(0) — L,(0)|
n—oo T gV (9)NO n—oo Tl 9O
1 n
< limsup — sup  £(6F
n—oo N ; 0*€Vi(0)NO t< )

=FE sup 4(0%), as.
6+ Vi (0)nO
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As supg- ey, (9)ne £1(07) is non-increasing with respect to k, supg.cy, (g9)ne £1(6*)
— £1(0) a.s. as k — oo, and E supg.cy, pne £1(0°) < 0o, by the Monotone
Convergence Theorem, we have E supg.cy, g)ne {1(0°) — E41(0). By ,
when 0 # 6, El1(0) < El1(6p). Note that E/(f) is continuous with re-
spect to @ € ©. Thus, for any 6 # 0y, there exists an open set V' (6), such

that

1
limsup — sup L,(0") < El1(6y), a.s. (52.3)
n—oo T gxeV(0)nO

Consider an arbitrarily small open neighborhood V'(6y) of 6. By the defi-

nition of the MLE and Lemma [3]

1 1~ 1
liminf —  sup  L,(0%) > lim —L,(6) = lim ELH(HO) = El(6p), as.

nre0 MgV (60)NO noreo
(S2.4)

Let V¢(6) be the complementary set of V' (6y). Since V(6y) MO is compact,
there exists a finite subcover of V¢(6y) N O of the form {V(6;),60; € V<(6y),
i=1,...,k}, satistying V¢(6) N © < U, V(6;). Thus,

1 ~ 1 ~
—sup L,(0) = — max sup L,(0)
UNEEC) n 0<i<k gcv(9;)nO

1 1 ~
= max {— sup L,(f), max — sup Ln(Q)}.
M 9V (69)nO 1<i<k M gev(9;)n0

Combining (S2.3))-(S2.4), it follows that a.s.

1~ 1 -
—supL,(0) =— sup L,(0), forn large enough.
n gco T 9cv (6p)NO
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Thus, a.s., 6, € V(6,) for n large enough. Due to the arbitrariness of V(6,),
then én 225 0y. The proof is complete. [0
(ii). By Taylor’s expansion, we have

_ OLu(0,) _ 0Ln(00) | *La(0") »
0= 00 00 T 0000’ (0n — o),

where 6* lies between 6, and 6y, i.e., |0F — 00| < Hé\n — 6o||. By Lemmas
[79}, it follows that

1 0L,(6)) 1 OL,(6y)
Jn 00 \n 00
10°L,(0°)  19°L,(6)
n 9000  n 0000

+0,(1) L N(0, %),

Thus, it yields that

~ —1 ~
102L,(0%) 1 0L, (0y)
n 0000 vn o 00

OLn(%0) a, N(0,=7h). m

\/ﬁ(e\n - 90) = <_

= (o} =2

S2.2 Proof of Theorem [2

For ease of notation, the tilde symbol “~” over L,(f) is omitted under

explosive cases, and the following abbreviations are used:
Lo(0) := L, (0), £,0):=£,(0), o2(0):=352(0).

It is because we do not need the stationarity of o2(9) for explosive cases. As

a matter of fact, the process o7(#) will tend to infinity a.s. in these cases,
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regardless of the initial values. We thus need to construct a stationary and
ergodic process to approximate o2(6)/a?(6y).

(i). When 74, > 0, we decompose L’ (6) into three parts, i.e.,

L3 (8) = 0n(6) + Rin(6) + Ron(6),

n

where

On(9) = % {1082 [ﬁfa (ntv;w)” - 10gfao(77t)} ;

1 a; (0o 1
Rin(0) = o ; {10g gg((g)) —log o(0) } )
Ron(60) = %Z {log fa (”tgatt((eeo))) ~logfa (ntﬁ> } '

By Lemma |4 if § ¢ O, then L*(#) <2 —oco. Thus it suffices to consider

the case § € ©F, where Of is an arbitrary compact subset of ©,. By the

strong law of large numbers,

On(0) == E{ log [ fa (m )} — log fao(m)} <0,

v (9)

(0 19)

where the equality holds if and only if v,(9) = 1, a.s., and oy = . By
Lemma [5 ¢ = d.

For the term Ry, (0), by the Lagrange mean value theorem, v;(J) >
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v (¥) > 0, a.s., it follows that

I & 1| c2(0)
sup |[Ri,(0) < — su — | — (0
96@%| 1 ( )|_2n;9€@%{mt 0132(00) t( ) }
1 n 2 2
< — sup v (V) sup 0;(0)/0i(6o) —1],
2n —oeoy | M | oeoy|  vi(V)

where m; = p;o2(0)/02(0p) + (1 — pr)ve(¥9) > 0, pr € (0,1), 1 <t < n. By

0t2 0 a.s.
UtT(HO)) — Ut(’l9) — 0

Lemma , there exists ¢o > 0 such that e®’ supjce;
as t — oo. By the Markov inequality and Lemmal6 that 1/v,(9) is strictly

stationary and ergodic with finite moments of any orders, it follows that

ZP(@(&“M > 6) < ;6_1E<@>6_m < 6_1E<vt(1ﬁ)> ;e_cot < 0.

t=1

By the Borel-Cantelli lemma, we have e=% /v,(¢) 22 0. Thus, as t — oo,

2 2
0y (0>/Ut (‘90)
su —_— Y — 1
peer | vi(0)

a7 (0)
o7 (6o)

1
< su su — vy (
N 9e@p;5 {Ut(ﬂ) } 0€®p3 { )‘

< (ecot/vt(ﬁ)> (ecot sup
0oy

g o)) =0

and it follows that

{Ut<19) } 1 ]- a.s.
sup = sup = sup >
. my 0coy pt% + (1 _ Pt) 9coy, pt[gg(?/gf)(%) _ 1} +1

Thus, by the Stolz-Cesaro theorem, it follows that

. IR v (V) i (0)/ai (6h)
lim sup |Ri,(0)] < lim — su sup |——"F——+=>—1
lin sup |Run(0)] < lim 50> oup { me (250170
2 2
— lim 1 sup v (V) sup 0;(0)/ai(6o) 1
t=o0 2 geoz | ™u | oeo; ve(V)

=0, a.s.
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For the term Ry, (0), similarly it follows that

sup |Ran(0)]
)
910g ful@) [\ 1 & o2 (60) { 02(6) } 1
< K(sup sup |———=| )— su — () p ———
o (xeﬂgae[o},)a] Oz >n;969% ' th(Q) Ut2<00) t( ) 2 Ut('&)
dlog fa(x) [N 1 <~ ||V at (6)
< K(sup sup |——————=| |)— su — v ()|,

where V; is defined in ([S3.16) in Lemma[6] Using the fact that 1/v;(¢) and
V; are strictly stationary and ergodic with finite moments of any order by

Lemma |§| and E|n,|*/? < oo, it follows that by Markov’s inequality and

the Cauchy-Schwarz inequality

[e.9]

Z P( |n;12f;)e_cot > 6)

t=1 A

s ao/4 coa
< Zﬁ_a0/4E |:|nt|o¢0/4( ‘/t ) o/ }6_%]&
t=1 vy(9)

S 670{0/4(E|7h|a0/2)1/2 [E( Wﬁ))aO/Q]l/Qze‘cqﬁOt

(0 t=1

< E_a0/4<E|7]t|aO/2>1/2 [E(W)QOE< 1/4

_ COO‘Ot
E € 4 < Q.
t=1

1

o)

Using the Borel-Cantelli lemma, we have (|n;|V;/\/v:(d))e " == 0. By
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the Stolz-Cesaro theorem, it follows that

1o Ve o (0) ’

lim — ———— su — (0

n—oo N tz; A /Ut(ﬁ) 06@% 0752(90) t( )

20

— lim ‘nt“/t 0216( ) —Ut<19)‘

t=o0 . /,(0) seey | 7 (6o)

2

= lim (Me_c°t> e®! sup UQt ©) _ vt(ﬁ)‘ =0, a.s.

=00 \ /1y (V) ocey | 07 (0)

By Proposition [3| we can obtain that
1
sup | 228 @) g (1 ), (S2.5)
a€la, al Ox

where [a, @] C (0,2). Hence, it yields that

sup | Ry, (0)] == 0.
<O}

The conclusion of the proof uses similar arguments in Theorem [I|(i)
invoking the compactness of ©. More specifically, Lemma [4] entails that
when 0 ¢ O, L*(0) 2 —oo. Thus, it remains to prove the case 6 € O,
where ©f is an arbitrary compact subset of ©p. For any 6 € ©f, and
0 # 0y, let Vi.(0) be an open ball with center 6 and radius 1/k. Recall that

0 = (w,?). Let O,(9) := 13"  ¢(9), and denote = to be a restricted

T n
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subspace of ©f with respect to ¥. By the ergodic theorem,

limsup sup (0*) =limsup sup  [On(9") + Rin(6) + Ron(6%)]

n—oo  9*cV,(6)NO} n—oo  0*cVi(0)NO;

=limsup sup O,V
n—oo  9*eVy (9)NEG

=F sup q(9"), as.
9 €V (9)NE;

Note that supy.cy, (9)nz; ¢:(V") is non-increasing w.r.t. k, and supy-cy, 9)nz;

0

(%) L2 q,(09) as k — oo. Moreover,

sup |g;(¥)] < sup log (1 + \/W) + sup log (1 + ﬁ)

Ve VESY Vesg
1
+ sup K{1+1og <1+ T >}+K{1+log(1+!m!)}-
Ve vy (V)

By supyez: v:(V) < Ky 2 1 W /ao(ni—1)} and Lemma 2.2 in [Francq

and Zakoian| (2019), we have E(supﬂeag v (0))" < 00, ¢ € (0,1/4). In view

of Lemma@and independence of 1, and v;(1), it entails that E supyez (V)| <
co. Thus, E supy.cy; 9)nz; ¢(9") < 0o. By the Monotone Convergence The-
orem, Esupy.cy, g)nz; ¢(UV7) — Eq(J). From the preceding arguments,
Eq(9) < 0if ¥ # 9. Note that Eq(v) is continuous with respect to
¥ € Z§. Thus, for any 9 # 9, there exists an open neighborhood V' (¥9),

such that

limsup sup O,(9") <0, as.

n—oo  J*eV(I)N=G
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For an arbitrarily small open neighborhood V' (¢y) of 9y, by the definition

of the MLE and Lemma [3] it follows that
liminf sup  L;(0") =liminf sup  O,(V")
N0 9x eV (00)NO; N0 YreV (9o)NE

2 lim On(ﬁO) = eq(ﬂo) = 0, a.s.

n—oo

Since V() N E§ is compact, there exists a finite subcover of the form
{(V(9) : 9, € V), i = 1,...,k}, satistying V(1) N =g < UL, V().

Thus, a.s.,

lim sup L} (#) = lim sup O,(9)

n—oo 96@6 n—00 19636

= lim max{ sup  O,(¥), max  sup On(ﬁ)}.

n—00 eV (90)NEg 1<i<k gev (9,)n=;

Combining the above two inequalities, it follows that a.s.

sup O,(¥) = sup  O,(9), for n large enough.
YeTH YeV (90)NE

Thus, a.s., we have = V(¥p) for n large enough. Since V() is arbitrary,

then 571 2%, 9. The proof is complete. OJ

(11) Let 190 = (¢0+7¢0—7¢07O‘0)/ and 1/9\71 - (Q/b\n+7$n—a{/;n7an)/' By the

definition of é\n and Taylor’s expansion, it yields that

Tr 1 9L, (6,)
\/ﬁ Ow n\Y0 -~
= 6, —0 2.

0
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where 7, is a 5 x b matrix with elements

10°L,(07)

Tn(i,7) = EW,

where 0} = (w;*, s Oi, U5, Z) lies between 6, and 6.

Since 6y € ©g, we have 07 € ©, for n large enough. Due to the com-
pactness of © in Assumption [, 0 < w < w < @ < co. In view of Lemma

12((ii), we have, for i = 2,...,5,

1 a.s.
(1,1 — < o —w) — 0.
70V @) | <3 | 50| o
Further, Taylor’s expansion entails that
2,2 —_— 4 — —
M2 =7 Z a¢+ T agﬁaﬁf 0);

t=1

where 9" is between U3 and 9. By Lemmal[12[(iii)-(iv) and the consistency of
U3, it yields that 7,(2,2) — Y(1,1) a.s.. Similarly, we have J,,(i+1, j+1) —

Y(i,7) as. fori,j =1,...,4. By Lemma[11] and (S2.6)), it follows that

1 9L, (60)

T & N0, T, u

Vi@, — ) = {T +0,(1)}

S2.3 Proof of Theorem [3l

(i) When 7,, < 0, without loss of generality, take the entry 3, 4, = X,%,

as example, where 3, = éllE{a‘l(lo 8?;1(?)8% (60) } and %, = F [{1 + mogfao(n) n} }
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We aim to show that the following three estimators

- 1 < 1 0626, 052(0,) = 1< 0log fa, (1) 2
o= _ t \Yn t\7n) gires . 1 *n
Todn = 7/(0,) dpy 0oy " n Z { + ox nt} ’

f]innt = /]R {1 - Mu}Qfan(u)du,

=1
ox

are strongly consistent estimators of X, and X, respectively.

For i,, by the Lagrange mean value theorem,

1 O 1 9o} do} ~. 1 ¢ 1 Oo”‘j—1+22
an ; Uf(an) Op+ Oy (6) Tdn Z{ gn) len <yt—j> }

t=1 of ( j=1
] — 1 Oo? 2
=— 0
dn — {03(9) 8¢+( O)} .

where .S, is bounded by

5o <55y S0 |
o3 S 2

(s 20 = D Y2 1

for 6* such that ||0* — 6y] < Hé\n — 0||, where 0 = (w, ¢y, ¢ ), using

the ergodic theorem, the strong consistency of 3,, from Theorem (i), and

SUPpeo p<1 ||%8050£9) Hp < oo for all p > 1 with compact © from Lemma|§|
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and Lemma [I1] Combining Lemma 10} we obtain that

I & 0,) 052(0,) as. 1 1 0cZ(0y) Oai(6o)
R;a o) a¢+ R L e vy vl

For iffi let q:(0) = y/04(0), then 7 = Qt(§n> = yt/at(é\n)a and 7, =

q:(0o). Note that dg,(0)/00 = ¢,(0) 021(9) 805;9). By the mean value theorem,

we have

%Z(1+abg§§"(ﬁt>ﬁt>2:lz<1+alogfa0(m)m>2+5;,

with
1< Glog Far (qu(0%))
o ﬁ { ox }
x {th*)alog fo(;x(qt(@*)) X qf(&*)a2 log %I§Qt(9*))}
1 (9Jt (9 ) =
* ey op )
+ 25 {1+ ) TR, ) 0 6, )

where 0* = (w*,¥*) is between 0, and 6. By Proposition , the ergodic

1 902(9)

theorem, supycg <1 HW 23 Hp < oo for all p > 1 with compact O, and
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the strong consistency of ¥, from Theorem (i), it follows that

|15,
2
coup sup |14 dlog fa(x) sup sup Lolos fale) | 20 10gf2a(56)
z€R |a—ap|<e Ox z€R |a—ap|<e Ox Ox
I~ 1 09026 =
— 6, — 0
“ ; @) oo %)
log fa ?10g fa N
+ 2sup sup 1+$80g—f(:c) sup sup .CEM |, —
z€R |a—ap|<e Ox 2€R |a—ap|<e drda

=o(1), as..

Thus, by the strong law of large numbers, we have

—Z( 8logfan(m)m> E(1 +8logg;0(m)m>2. (82.8)

Finally, for th the mean value theorem yields that

/R{1 + %ﬂfn(“)u}%n(u)du :/R{1 + al%a—wu}zfao(u)dwsg,

with

sl ‘:/ {2(1 I 810g fa*(u)u) 02 log fa* <u>ufa*(u)
R

n ox dxOa

Las 8loga{:»«( u) )zalogaf;j*w for (u) }du(Giy — )
B dlog fo+(n) | 0%log fa- (1)
—E,. {2(1 )
1 1 *
4 (1 0 Ogg;l ( )7])26 OgaJ;Jz (77) }(an _ a0)7

where o* is between oy and @, and n ~ f,(x). By Propositions [1| - 3| and

(2.5)-(2.10) in |Andrews, Calder and Davis (2009), it can be shown that this
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expectation is uniformly bounded in the neighborhood of ay. By Theorem
[1}i), it yields that | S| = o(1), a.s. The convergence results for other entries
can be obtained similarly. Combining , it yields that St 2% 3,
and Sres 2% Y, as n — oo.

(ii) When 7,, > 0, the consistency of f]innt is already shown in (i), as

it only involves the strong consistency result of a,, and the consistency

of i‘ifs will be shown in [S2.10] of Section S2.4. It remains to prove the

consistency of estimators of F(d;d}) and E(d;). Without loss of generality,
take the entry E{(d?)?} = vo(1411)/{1p2(1—13)(1—14)} as example, where
v = E{wo/ao(n)}] for i = 1,2, and ag(x) = ¢os(x7)? + ¢o_(x7)? + 1p.

We aim to show that

Sint _ ¥ ‘
= | o)

-~

e _ LS~ P It
: n2{¢n+(w>2+¢n_<m2+¢n}’

t=1

are consistent estimators of v;, for 1 = 1, 2, respectively.

For 7" and i = 1, the mean value theorem yields that

Un
/R {C/b\nnt(lﬁ)? + an_(u—)2 + @Zn }fa" (u)du

= Yo
/R {¢0+(U+)2 + o (u™)? + 2o }fO‘O(u)du + Sn,
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where

_w*(u+)2 —~
1= | e s s P s = 0

() _
-/ T o g e (6 = )

¢y (u)? + 9% (u)? ~
' /R { (7 (ut)? + 9% (u™)? 4 ¥*)? }f“* (w)du(thn = o)

L dlog fo-(u)
+/R{¢i(u+>2+¢*(u—)2+w*} e e (@ = ),

where 6* is between 6, and 6. By Propositions f and the compactness
of ©, it can be shown that these integrals are uniformly bounded in the
neighborhood of 6y. Combining Theorem [2(i), it yields that |S,| = o(1),
a.s. The case of i = 2 can be proved similarly.

As for U}**, by the mean value theorem, we have

BN Un Yo ,
_ P 57
n t=1 ¢n+( ) +¢n ( ) _'_wn Z¢0+ +¢0 ( ) +r¢0 * "
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with

Sn
_ Z U [on (g (09)2 + 6% (q (07)%] 1 9ck(er)

(Wn — wo)

R e R,
n g (g 0)2 = [0 (g (0°))2 + ¢ (g (67))? 210 o

N | (g ( >[> Gl <+;>* jefq( >>*]};t( G
n . £))2 . 21 1 802(6%)

2y (ol >[; [m(qt <+;> o (g >>*]]; e N
n (g 2 R 003(07)y

* > - <[¢+)zqt <i>> +¢*<i{<0*>>w i 35 - .

*

where 0* = (w*,9%)" is between 9, and 6y. By Proposition 2.1 in [Francq
and Zakoian| (2013)), the strong consistency of 3, from (i), and the finite
moments of any order for d;(v) from Lemma [11] it holds that |S,| = o(1),
a.s. The proof for the case ¢ = 2 is analogous and is omitted. Combining

the above results, it follows that Yint 25 T, and Yres & T, as n — oc.

S2.4 Proof of Theorem {4

(i). When ~,, < 0, by the Taylor expansions of

—Z< —mogfan("t) ) and Z~4 )aaéf") (S2.9)

tlat

around 6y, where 7, = qt(gn) =/ at(ﬁn), the ergodic theorem, and Theo-

rem [I(i), the proof of (i) can be completed by standard arguments, similar
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to the proof of Theorem [3(i), and it is thus omitted. [
(ii). When ,, > 0, we will consider the two terms in ([S2.9) respectively,
and the other terms in T, can be dealt with analogously. As for the first

term, by the mean value theorem, we have

1 Z ( 310gfan(77t)m> _ %g <1 I alOgaf;zo(Ut)m>2 S,

Oz 2(0%) o0

{14 a (o) 2RI ODY gy T8 el 5 ),

where 0% = (w*, 9*)' is between 6, and 6. Denote d; () = (d* (9), d’~ (9), d’ (9))'.

o e (4 L~ LU PR L &) G, — )
2

By Proposition 2.1 in [Francq and Zakoian (2013)), it yields that for some

p € (V" exp(—Tay), 1),

|5l
log f. dlog fa 0% log f.
<sup sup |1+ x@og—f(q:) sup sup |z 08 fa(7) + og]; (z)
2€R |a—ap|<e Oz z€R |a—ap|<e Oz Oz
KN, e ~ L .
X — > (p'@n — wol + 7 (9)|6ns — Goi] + df~ (D)|bn— — So-| + i (9)]thn — to])
t=1
lo 2]
T€R |a—ap|<e Ox z€R |a—agp|<e OxOa

=o(1), a.s.,
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where the last equality follows from Proposition [3] the strong consistency
of ¥,,, and the finite moments of any order for di(9). Thus, by the strong

law of large numbers, we have

_Z ( | Olog fan(m)m) E<1 . %;O(m)m)z- s2.10)

Similarly, the convergence result can be obtained for the terms n=*3 " |

810gfan(n)510gfan(n 1 dlog fa,, (1t)
T Ui and nt Yo {Zlea @2

Now we turn to the second term in (S2.9)). For brevity, we only consider
the case i = j = 1, and the other terms can be handled similarly. By the

Lagrange mean value theorem,

2 (5, 06, 06"

n 3 {02 ) I (82.11)
:l i{d¢+ (190)}2 + l i [{ 1 aatz (90)}2 _ {d¢+ (190)}2 + 9
o= n 2 \o7(0) 90 f e

n) j=1
where S/ is bounded by

/
|55]
n

< S o2 @) oy i 18— ol + 1D~ o)

N

S

t

i{ Z (P (w5 H o6 306 = D@2 ) e

J=1

S [=

_|_

=o0(1), as.
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for * such that [|60* — 6o|| < ||6n — 6o|| and some p € (V* exp(—Ta,), 1), by
similar arguments as above. Moreover, the second term in the right-hand
side of ([S2.11|) converges to 0 a.s. in view of ([S3.22)), while the first term

converges to E{(d*(1))?}. Thus, we obtain that

1 80,? 8at ~ /

Together with (S2.10), it yields that 3\]1919 L2,
Finally, we consider the term 3, and $,.,. Note that {Z§=1 Yyt 5)%)

/02(0) < 1/¢... As for the first entry of Sy,,

P = H{E a0} (3 3 (1 s

n 2(
{ > (1+8logfa Ut)nt> }{t 1¢i+Zt zo 0?190 ZW 1}

2

{ Z": (1+ (9logfan nt)At> }Z”:pt@;égo;’

t=1 Ot

for some p € (0, 1) when n is large enough. Together with (S2.10)), it follows
that niﬁw = O(1) a.s.. Similarly, it can be shown that niﬁw =0(1) as.,
niww =0(1) a.s., and niaw =0O(1) a.s. As for iww, we have niw > K >

0. Thus it yields that
SoSlS =0(1) as.

The proof of (ii) is thus completed. [
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S2.5 Proof of Theorem [5l

The complete version of Theorem []is as follows, including the explicit forms

of ai,as, 1, cq:

Theorem 5. Let uy = logag(n;) — Yoy and 02 = Eul < oo. Suppose that

Assumptions [IH3 hold, it follows that

V(G = Yag) S N(0,02) asn — oo,
where

O-Z + {allz_ICL? - 4(1 - y1>2/01}7 Zf Yoy < 07

with
a; = (0, _ﬁl+’ —191,, —V1/¢0, 262(1 -V + C*>/Cl — 26)/,
ag = (0, =14, =01, =1 /1o, 2¢2(1 — 11) Jen),

¢ = Bluy (14 L8l )] o p(, 208 eal)y,

ox O
B dlog fao(m) \?2 L (0log fa,(me) Olog fo,(m:)
Cl—E[(H eon) | e = (=5 So o)

T N

PROOF. Define v,(0) = ;. 37/, log[¢4{q; (0)}* + ¢—{g; (0)}* + ¢], where

q@(0) = y;/0.(0), and 7,(0) is defined in (3.4). Note that ~,(#) does not

involve the stability parameter «, so it is equivalent to v, (6).
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In the stationary case that 7,, < 0, by standard arguments we have

~ ~ o 07(0) »

Y = Yn(00) + ¥ (6 — 00)axr) + 0p(n~1?), (S2.12)

with (4 x 1) representing the first four entries of the vector (é\n — b)), and

(

0
a% “1g , 1 952(6) (n,")?
= a[) t [¢O+(77j) +¢0—(77t ) ]a:tQ(eO) o0 - .
()
\ 1
=-V+ Op(l)v

where U = (1—17)Q2—a and ) = E{ 02(100) %ég@o) }, with a = (0, 714, 71—, v1 /1)’

= b { 6517(1:7)12) } ek { 6517(17;12) } ek {aoz(b:;l) } '

Moreover, the MLE é\n satisfies

and

~

V(0 — 60)ax1y = (Z71); L 9Ln(60)

SN

where (X71)xs5) represents the submatrix formed by the first 4 rows and

+ 0,(1),

first 5 columns of ¥ =1, Therefore, it yields that

\/ﬁ(ry\n - /yao \/— Zut - 4><5 \/1_(9[1829 ) + Op(l)'

Note that

1 .0L, 1., e
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where

=k ox Jda

Ut(1+ alogfao(nt)nt>]7 5:E< talogfao(nt))‘

By the Slutsky lemma and the central limit theorem for martingale differ-

ences, it entails that
Vi = Yaa) 5 N (0,02 + (0, ~28) 57 (,0)' + (¥, 0)=7(¥',0) ).
Denote 6y = (wo, ¢o, do—,0)". Then 6,dc2(8)/00 = o2(6,) a.s. and

. { 0?(190) % (1 - 03(190) %@O } =0,

which is 3(6),0) = (£, —2)', where

4 2
2
o= | (14208 ) N (9108 fa(m) 9108 fao () )
Ox Ox Oa

Moreover, (8),0)%(8),0)" = c;/4. Note that (1 — v1) = #)a, it follows that

(Y, —28) 21U, 0) = (0, 262¢7 _ 25) 2—1< _a, M)C

€1 €1
2ca(1 - 2e3(1 - 1)y 4
(@,0= (0 = (-, cal ”1))2-1( S 1Ll ”1)> ——(1-wn)
C1 &1 €1

Thus, the proof in the case of v,, < 0 is completed. [J
For the explosive case 74, > 0, let 8 be a sequence such that ||6} —6|| <

H§n — 6p||. By Proposition 2.1 in [Francq and Zakoian (2013), we have

1 (0
Z o &rt )—0(1) a.s. as n — oo.

=1 t



42 YUXIN TAO, HUAN GONG AND DONG LI

Similarly, it is not hard to get /n22za) g"éee 2l — (1) as., and Vo= (90)’8879’299, )(@\—

6p) = 0,(1), which shows that (S2.12)) still holds. By similar arguments, we

can complete the proof in the case 7,, > 0, with

0 0
df+(90) 1 iz
O=F = N and ¥ =0. [ |
J— V -
A~ (65) L
d’ (0
t ( 0) V1/¢0

S2.6 Proof of Theorem
Recall that 7, = yt/at(gn), t=1,...,n, and §n = (Wn, $n+,$n_,1;n)’ is the
restricted MLE of 50 under H, that ag = .. We have

-~ 1

Va(r) = n 2 Z[ (Fo. () <7) — 1]

where d(r) = \/ﬁ{Fa <F_*1(r) &t@)> — r}, and o0,(1) holds uniformly in
€ [0,1]. The third term in the last equality can be proved using similar

arguments in the proof of Theorem A.2 in Bai (1996). As for the second
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term, we have

t=1 Ot (50) 00’
where 0,(1) holds uniformly in r € [0, 1].

In the stationary case, i.e., 7,, < 0, we have

1 < 1 -1 1 L_90(%)
2 () = e EL VRO BY s =

}\/ﬁ(ﬁn — Bo) + 0,(1).

Hence, it entails that

Talr) = Valr) & 3 Fo (E ) () B LN ) +0,(1).

and then the conclusion follows by the same arguments as for Corollary 1
in Bai (2003).
In the explosive case when v,, > 0, there exist constants K, and p* €

(10 €Xp(—7ae), 1) such that, for ¢t large enough,

1 052(00) 1 <~ e Kp* ;
= —— Yl < —E <K, p"  as.
52(6y) Ow 53(90); L N P

where the inequality follows by the fact from Proposition 2.1 in [Francq and

Zakoian (2013) that, for any p > exp(—7a,), P'Y2 —=3 00, a.s. as t — Q.
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Then Y 2, K, p** = K, > .2, p* < 00, a.s., which implies that

—Z{~210 953 (0, }\/_{wn—wo\<%K( —w) 0.

Thus, by the boundedness of f,, (F,'(r))E, ! (r), the Stolz theorem, and

Qx

(1S3.22)), we can show that

Tulr) = Valr) + 3 o (F ) E2 0 E (Y VB~ To) + 0, (1),

where 0,(1) holds uniformly in r € [0,1]. Note that the derivative of
Jo (F 1 (1)) E M (r) with respect to r is bounded variation function on [0, 1].

The conclusion follows by the similar arguments as for Corollary 1 in [Bai

(2003). u

S3 Propositions and Technical Lemmas

The following propositions state some important properties of stable dis-
tribution used in the proof. Propositions [1| and [2| are basic properties of
stable distribution (see, e.g., Chapter 1 in Nolan| (2020)). Proposition
describes the asymptotic behavior of derivatives of log-stable densities (see,

e.g., (Calder| (1998)) or (2.5)-(2.10) in |Andrews, Calder and Davis (2009)).
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The proof utilizes the series expansions (see Theorem 3.5 in |[Nolan| (2020)))

and duality (see Theorem 3.6 in Nolan| (2020)) of stable densities.

Proposition 1 (Tail approximation). For the density of S(«, 3,7, ), where

0<a<2,-1< <1, when x — oo, it follows that

flz| o, B,7,8) ~ ay“ca(l + B)|z| D,

where “~7 represents limit equivalence, ¢, = sin(ma/2)I(a)/m, and T'(-) is
the gamma function. It entails that when 0 < o < 2, the tails of stable

distributions are asymptotically power laws with heavy tails.

Proposition 2 (Moments). For a non-Gaussian stable random variable
X ~ S(a,8,7,0), 0 < o < 2, when 0 < p < «, E|X|P < oco; when
p > «a, BE|X|P = 4+00. Moreover, log|X| has moments of any order, i.e.,

E|log|X||? < 00, V ¢ > 0.

Proposition 3 (Order of partial derivatives of log-stable densities). For

non-Gaussian stable densities ,

dlog fo(x) _ . dlog fu(x)

ox - O = ~logz;
Plogfole) _ ,  Ploghls) __
Ox? - ’ drda ’

as x — o0, where “<” represents “of the same order”. To be more precise,
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for symmetric non-Gaussian stable densities, as xr — o0,

1

). 2ogtal®) O%J;a<‘”) = —(a+ Dz + 0@

.. Olog fu(z ] A Cw

(ii). ga—i() = %](O<a<l) + A_1](1<a<2) —logz + O(x™*log x);
2

(iii). 9 log fol) loggx];“@) = (a+ Dz 2+ 0(z~2);
2

(iv). (91;5—(;‘";(13) =z '+ O(:lc’“’1 log z),

where

d{T'(a + 1) sin(r/2)}

g1 =T(a+sin(ra/2), 4 =

do ’
_ v i d{1/sin®(x/(20))}
A= sin®(7/(2a))’ A da ‘

Remark 1. For (ii) and (iv), we made some corrections based on the results
in p.14-15 of |(Calder| (1998)). Properties of other partial derivatives can be
found in p.14-15 of |Calder| (1998) or (2.5)-(2.10) in Andrews, Calder and

Davis| (2009).

Lemma 1. Suppose random variables € and n are independent, € > 0 a.s.,

and the density function of 1 is fu,(x). If € and n satisfies

efalen) = fao(n), a.s., (S3.13)

where fo(x) is the density function of standardized symmetric stable random
variable (see (2.1)) with stability parameter o € (0,2). Then it holds that

a=ay, ande =1 a.s.
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PROOF. For any x € (0, 00), (S3.13)) implies that

efalEM e, = foo (M Imemoo): a-s.

Note that f,(z) is bounded, by taking conditional expectation it yields that

EE{fOc (En)j(ne[:t,OO)) |5} = E{fao (n)](ne[a:,oo)) |5}7 a.s.

As € and 7 are independent and using the density function of 7, we have

6/00 Jao(u) foleu)du = /00 f2 (wdu, as.

Thus, there exists a set A with P(A) = 0 such that for any fixed @ € Q\ A,

() / o () fo(2(@) ) dt = / T2 (wdu, GeQ\A  (S3.14)

and () is positive and finite, i.e., 0 < ¢(@) < 0.
By Proposition [I| (when 5 =0, v = 1), as x — 00,

fa(x) N F(Oé + 1) Sin(7ra/2)$f(a+1)7

™

ie.,

: fa(@) _
a:h—{go [(a + 1)sin(ra/2)z—(@+) /7 L

For any given @ € Q0 \ A, from (S3.14]), we have

[['(ap + 1) sin(mag /2)][T'(a + 1) sin(rer /2
m2le(@)]*(a + ag + L)zataot]

L k@) [ )o@t

Y [T(ap + 1) sin(may/2)]?
_/r fio(u)du ~ 72(2040 + 1)$2a0+1
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It follows that

C(ap + 1) sin(mag/2) (o + ap + 1) [e(@)]* lim 299 — 1
I'(a+ 1) sin(ma/2) 2a0 + 1 z—500 '

Thus, we obtain that a = ap, and in turn [e(0)]* = 1, ie., (@) = 1,
we Q\ A. Since P(A) =0, we have ¢ = 1 a.s., which completes the proof.

Lemma 2. Suppose Assumption[]] holds and ., < 0, then there exists an

L € (0,/4) such that E(c?) < oo, and E(y?) < oco.

PROOF. From model ({2.2)) we have

0t2 = wy + [¢0+ (77;1)24‘(?07 (7];1)24-1#0]0}271, VtelZ.

By Theorem 2.4 in Bougerol and Picard (1992D)), the process {o? : t € Z}
has a unique strictly stationary solution, which is
S ! 2 2
o7 = wo + Zwo {H [0+ (124)" + do— (n_k)” + o] } , as., VtelZ.
j=1 k=1
Note that E(|n,]*/?) < oo, by the C,-inequality and ag/4 € (0,1), we have

E([¢or(n)? + do_(n;)? + 1]*/%) < oo. By Lemma 2.2 in Francq and

Zakoian| (2019), there exists an ¢ € (0, o/4) such that

0 < p = E([¢os+ (n")* + do-(n;)* + ') < 1.
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Using the C,-inequality again and i.i.d. series {1}, it follows that
00 i )
E(o}') < wh + ngE{ H do+ (1,1 4 o (n_1)" + o] }
j=1 k=1

o0
Wb
O

< Q.

Since 7; and o; are independent, it yields that F(y?) = E(c2)E(n?) < oo

Lemma 3. Suppose Assumptions[I{9 hold and ., < 0, if © satisfies Vf €

O, ¢y <1, then

1 ~
lim —sup |L,(0) — L,(0)] =0, a.s.

n—oo M, 0cO

PROOF. Since © is compact, and V6 € O, ¢ < 1, there exists a constant p

such that supy.g ¥ < p < 1. By iteration, we have

07 (0) = (w+ o4 (y 1) + o-(yy)?) + - + ' (w+ oy (yg)> + o-(y5)?) + ¥'og (),

5;(0) = (w+ oy ) + o (1)) + -+ w, VE> L
Then

sup|a§(9)—5f(0)|:21615\¢f—1¢+(y0) + o (yg )2 + Ulop(9)]

0cO

< Kp{(yg)* + (w5 ) +§ug<73(9)}, Vi > 1.
S
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Note that

sup oa () < sup Z pP{w+os(y)? +o-(y-;)*}

<Y P (E B 4057

=0
Lemma [2] gives that Ey? < oo, ¢ € (0,ap/4). By the C,-inequality and

strict stationarity of {y;}, we have

Thus Y272 P {w+ ¢, (y;)* + &_(y~,)*} < o0, a.s. and supyee 0 (0) < o0,

a.s. It follows that

sup|oZ(0) — a7 (0)] < K,p', as. Vt>1, (S3.15)
60

where K, := K{(y5)? + (y5)? + supgee 04(0) } is a random variable inde-

pendent of index ¢ > 1 and parameter 6. Using inequalities logz < z — 1
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and [logz —logy| < |z — y|/ min(x,y), z,y > 0, we have

sup|£,(6) — Lo(0)
S e ) e )
Y b F T

First, n=!' 371" | p' = 0. By Markov’s inequality and Lemma

(o) |2L o0

Py Y .
LTI SELA LR, o
t=1

t=1 t=1

By the Borel-Cantelli lemma, pf|y,| <= 0. Using Cesaro’s lemma, we have

S Pyl /n =25 0. Since K, < o0, a.s., combining (S2.5)) yields that

lsup‘L Zn(G)‘ 2250, |
n geo

Lemma 4. When v,, > 0, for any 0 € Oy, the process v,(0) is strictly
stationary and ergodic. Further, for any compact ©F C Oy, there ezists a

constant cqg > 0 such that

2 9)
et su 7i — v (VY
06@% Utg(eo) 9)

a.s.

— 0.

Finally, for any 6 ¢ ©q it holds that c2(0)/a?(0y) — oo a.s.
PROOF. Notice that oZ(0) = 23:1 YN w + o4 (Y )% + o-(y;;)?), and

Z it {H 074 (60) }w+¢+<yrj>2+¢<y;j>2 .

k= lat k+1(90) 0-t27](90)
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where

(T y o2 (60) :
at_z t] tJ {H tk }':Zatja

o7 ]+1 et o7 k+1 90) =

_ j-1_ W
bt_zw 03(90).

As ©g = {0 € ©:0 <Y < exp(Va)}, when 7,, > 0, by Cauchy’s root
test, it can be shown that v,(¢) is finite a.s. for any 6 € 0. Since v(?))
is a measurable function of i.i.d. sequence {7;,j < t}, then v,(?¥) is strictly
stationary and ergodic.

Let 1y = sup{¢ | # € ©}}. By Proposition 2.1 in [Francq and Zakoian
(2013), for any p > exp(—7a,), p'o? == 00 as t — oo. Choose py =
(Yoo — log 1)) /2, then py > 0, and exp(pg)ty < exp(Va,). Thus, we have
e suppeg: by < Kw{emyo}' /ot (6) == 0.

On the other hand, notice that

o7 1.(60) _ o7 1.(60) < 1
07 w1 (B0)  wo 4 ao(m—r)o7 1 (60) ~ ao(m—k)’

ao("—k) Ut{kﬂ(@o) N a%(nt—k)affk(eo)'

A simple calculation yields that
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Then,
t o]
0 <w(d) —a < Z(Utj — ay;) + Z V5
j=1 j=t+1

where v,(9) := 377 | vy;. For the second term, clearly,

6p°tsuva <6p0tz {¢+ M j) +¢ nt] }H @Eo

96@3] =t+1 j=t+1 (77'5 —Jj CLO 77t k;
i 194 (n —z) +o_(n2) }t+i_1 o
— pPo
’ zzl ao(n—) kl_[1 ao(M—r)
L=l /) i—1 -
_ _pot Yo {6:(n iz‘) +¢ } Yo }
eI T s

Since lim { — po —log o + 1/t Y34y log ao(im) } = —po —1og o + 7ay > 0,
a.s., we have that epot{ H};lo zﬂo/ao(nk)} 2%, 0. By Cauchy’s root test, it

follows that

oo I 2 i—1 -
¢4 ( Yo
5% P2 <o s
— 0(n-i i @o(n-k)
Thus, €' supgeg: ;11 Vij 2% 0 as t — oo.

It remains to show that e®’ supyco; Z;:l(vtj — ay;) == 0. Note that

0 < sup Vi — a
96@*2 tj t])

0 j=1
¢+ i j) +¢ (. g>2 = 1;0 — Wo 1
= Z ao (1) [E GO(Uti)} 1 ao(ne—r) 071, (00)

(G ()2 + 6 () P)wo Tr o
+Z ag(ne—3)o_;(6o) hel ao (1)

= Il + IQ.
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For I, exchanging summation yields that

I = ZZ%UH +¢

k=1 j=k+1 0(7he—

1 _

)’ 177 %0 ] w0 1
) “1 ao(m_i)] ao(1e—r) o7 (00)

1=

2 — ¢+(77t g) +¢ TIt ] 2]71 o Wo 1
- { Z i Z }[ Z ao(1h—;) T a0 (- @)} ao(Me-1) 07— (00)

k=1 k=[t/2]+1 j=k+1 1=

= 11,1 + 1172'

where | z] is the floor function of x. For I 1, note that o2(6o) > ao(n;-1)07_,(6o),

then

t—|t/2]

ao(Ne—k)o7 1 (00) > 071791 (6o) H ap(mi—i), when k < [t/2].
i—k

Choose p1 = —~2(log \/7)/3, where p € (exp(—7a,), 1), then p'o? “% oo as

t — 00, and
t/2 1 _
ep1]11<ep1L2/:J[Z¢+ntJ ntJQJ o ] Wo 1
k=1 j=k+1 i—1 ao(Me—i)d ao(ne— k>0t k(‘go)
/2] wo 1
= ey, (Y
O 2 )

Lt/2] t—[t/2]

1
Swgepltvt { }
RO Grrns =

Ty 1172)(0o)

[t/2] t—k t [t/2] 1
a0 )
; i gz jaolm) o p2 p Lol g (80)
By Cauchy’s root test and the C,-inequality, it holds that ZW 2l HZ /2] ao(l 3

and vy(9) converge a.s., and have fractional moments. Thus, by the fact

pt 12 pt2 < 1, the Markov inequality, and the Borel-Cantelli lemma, it
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follows that eP[; ; <= 0.
For I} 5, since 07 ,(0p) > wp, we have
t—1 2] 1 T
o, (nf 77 Y 1
UERS Z [Z ) =) Ha(o }a )
ke(t/2) 41 jmhtl Z1077tz 077tk
1 T %
<nlios ) > oy [ 1
Yo \Pot  Po- o Lt/2J+1J ol i1 ao (i)
[t/2] - &0
< K{ Z > [ i )
=[t/2]+1 j=k+1 i=[t/2]+1 -
; [t/2]
< K| ] Z H }
i=1 —li/2)+2i=11/2)+1 @
By Cauchy’s root test and the C,-inequality, Zj /2] 42 Hz /2] 41 m

converges a.s. and has fractional moments. Moreover, choose py :=

log 1) /4, then

s <eth{1j I ol S O]

o(i- =[t/2]+2i=|t/2] +1 =)
[t/2]

ol

(’YCYO -

< K exp {gpzt + [t/2] log g — Y log ag(m—i) + log(t/ 2)}

i=1

)

> T

i=lt2)+2i=(tj2)+1 ¢

Since

| ) [t/2] log(t/2
}5?0{ — 3py — log o + 2] Z; log ao (i) - i(/z/J )}

= —3py — log g + Ve, >0, a.s.,
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by the strong law of large numbers, Markov’s inequality, and the Borel-
Cantelli lemma, it yields that eI} 5 =% 0.

For I, similarly, we have

Jj—1

(6, 00f )2+ 6 ) I o
“Z aZ(m—3)o7;(0o) gaom_k)

—1 —

I

(77t —3)oi;(00) i ao(mh-k)

[t/2] t—1 Jj—=1 15
<K E T E | | 0
{ } (77t —j Ut 90 ao 77t k
J

=1 j=[t/2]+1 k=1

t

<.

()Y

= [271 + [2’2.

For Iy 1, by 02(0) > ao(ni_1)a?_1(6p), it follows that

Lt/2]
em ]21 < 6p1tK Z

Wo

H?/}o)

J
ao(11—3)07;(6o) o G0 (Th—k

Lt/QJ t—t/2] j—1 7

<€p1twK]Z; H 90 Haontk

_j aO 77t Z t/QJ k=1
Lt/2] t—t/2]

1 w 1
<e WOK{ Z H ao (i) }Ut?—tt/%(eo)

1t/2] t-11/2] o)
ity 1 as.
< WOK { } 0.
I |

j=1 =1

/\




S3. PROPOSITIONS AND TECHNICAL LEMMAS 57

For I, 5, since 07, (6p) > wpg, we have

t—1 j—1

1

ao(e—;) 3= @o(e—r)

€p2t[272 S €p2tK
j=|t/2]+1
t—1 7j—1 -
1 Yo
< PR S c—
<eri- >, 1
j=lt/2]+1 k=1
[t/2] t—1 j—1

< eith& I1 L{e?t S I o } s, g

k=1 ao (11, j=[t/2]4+1 k=[t/2]+1 ao(7h—k)

by the fact
i 112 .
thiilo{ ~3p2 —log o + Ty 2; log ao(nt_i)} = —3py — log Vg + Ve, > 0, as.

To sum up, choose ¢y := min(pg, p1, p2) = (Yoo — max(log1h,0))/4 > 0, it

follows that

a;(6)

2250 ast — oco.
o (6o)

— v (V)

e sup
)

Finally, for 6 ¢ ©q, Yty <t, p > e 0, as t — oo,

By Cauchy’s root test for the case 1) > €70, and the Chung-Fuchs Theorem
for the case ) = e70, we can obtain that 220:1 Uy 2% 50, as tg — 0o. The

proof is complete. [ |

Lemma 5. If 0 € ©q, then v, (9) = 1, a.s. if and only if (¢, 0_,1) =

(¢0+7 gbo—a ’QZ)())
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PROOF. From the definition of v,(1), it follows that

w0 (1) = Yoea (V) + 64 (50)" + o ()"
Then,
{0:(9) = 1}ao(1n—1) =tve-1(9) — o + (¢4 — P04 ) (121)* + (6- — o) (1)
By the strict stationarity of v,(?), it follows that v,(9) = 1 a.s. if and only
if

b =10+ (b1 — do4 ) (11)* + (60— — ¢o-)(m_1)* = 0.
By the randomness of 7;, then (¢, 6, %)’ = (dos, do_, bo)'. m

Let © be the compact set of ¥’s such that (w,?') € ©.

Lemma 6. For any m € Z,
2 m 1 m
Esup (Utz(eo)) < oo and FEsup ( ) < 0.
9o \ 07(0) 96 \vt(V)

PROOF. Let € > 0 such that p(e) := P(|n:] <€) € [0,1). If [n—1| > €, we

have

o2(6) < wo + ao (e—1) 071 (o)
o7 (0) ~ w+ ¢+‘7752—1(‘9)<77t+—1)2 +¢-07 1 (0)(n,_1)* + a7, (0)
Wo 5 (o L
§Z+é+?._l{(e).

Similarly, if |7,_1] < € and |n_s| > €, then

Q
N
—
>
o
N—
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By iteration, we can obtain that

2
a;(6)
<V,
Geg 01&2(9) -
where
. Wo i—2 CI/O(E) J ao(E) i—1
Vi = Z Tesi<e Al <eline i >e w ¥ i ¥ Hey
=1 I B B

For any m € Z., it follows that

e (5) <0 o {25 (42) + WV )

& |&

Jj=

> apl € m(i-1)
< (K + K- py sl (UF)

Since liﬁ)lp(E) = 0 and liﬁ)l ap(€) = o, we have p(e)(ao(e)/1))™ < 1 for e
small enough. Thus, the first result holds. The proof of the second one is
similar to that of Lemma A.3 in Francq and Zakoian (2012)), and is thus

omitted. ]

Lemma 7. If Assumptions[1{3 hold and ~4, <0, then

06

L N(0,%), asn— .

PROOF. Let § = (w, ¢4, $_, ). By the expression of 9¢,(6)/98, it follows
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that
aEt(QO) — 1 80-132(80) {1 + 810g fao (77t)?7 } agt(QO) alog fao(nt)
o0 202 90 ox t O O
(S3.17)

By Proposition [3| dlog fa,(x)/0z, £910g fa,(x)/dx are bounded and

010g fao(7)/0c < —log || as |z| — co. Thus, by the fact that E|n,|*/? <

810g fao (77t) alngao (’Wt) alngao (’Wt)
ox

o0, we have E’ < 00, E‘

< 00, and E‘ nt‘ <

oo. Further, since f,,(z) and 0f,,(z)/0a are even, and 0 f,,(x)/0x is odd
on R, and f,,(z) < |z|~0+*) as |z| — oo, a simple algebraic calculation

yields that

E{ﬁlogg;o(m)} _ E{alogggo(”tl} _0, E{mo%;o("t)m} — 1

By Lemma [ there exists 0 < ¢ < ag/4 such that E(y* + 02) < oc.

Similar to the proof of (4.14) in [Francq and Zakoian (2004), we have

1 8Ut 90)

EHUQ 7o) | < oo, which implies E||a£t

Wo)|| < oo. Similarly, it can

be shown that £ ||a£t fo) 8[5;0) | < co. By {D and the independence of
ne and o2, {90;(0y)/00} is a martingale difference sequence. Thus,

N

by the martingale central limit theorem in |Brown (1971)), where

4 N(0,%)

t,(60) 0L, (65)

E:E{ 90 o0

} - (Eeieg‘)SxSa 0:,0; € {w, 04,0, 9, a},



S3. PROPOSITIONS AND TECHNICAL LEMMAS 61

with
1 1 90{(6h) O} (6o) dlog fa, () 2
oo = ZE{U?(%) 06 oo }E {1+ Oz m} ’
R 1 1 803(60) alog fao (777&) alog fao (7715)
Hio = _§E{Ut2(90) a0 }E{ ox O nt}’
_ alog fao(nt) 2
Zaa =F [{—aa } . B

Lemma 8. If Assumptions[1{3 hold and ., < 0, then X is positive definite.

PRroOOF. First, it is easy to see that X is a positive semi-definite matrix.

For any u = (uy, ...,us) € R®, suppose u'Yu = 0. That is,

,00,(60) 00,(00)
E{“ 50 o0 “}_0'

Then, u'00;(0y)/00 = 0 a.s., which is equivalent to
ulf)&(ﬁo)/ﬁw—i—uQ@& (90)/8¢++u38€t(90)/3¢_+u48€t(80)/8¢+u53€t(00)/804 =0 a.s.

Thus,

1 803(90) {1 + 8log fao(nt)nt} o u5alog fa0<77t)

202(00) 00 Bz da O ase

(Ul, ...,U4)

Due to the independence of n; and 1;_1, there must be us = 0, and in turn

1
92 (6 (y21)? o2, (6
0= (uy, ..., us) 9 (~ 0) = (Ug, ..., Uyg) ! + (uq, ...,u4)at;~(0)
00 o, 00
(yt—l)
‘7752—1 (‘90>

= U + U2(yt+_1)2 + U3(yt__1)2 + uwf_l, a.s..
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The stationarity of {do2(6y)/08} implies that uy = usz = 0, otherwise y?
would be measurable with respect to the o-field generated by {n;,i < t—1}.
By the randomness of 02 ;, we have u; = 0 and in turn u; = 0. Thus, u =0

and then X is positive definite. [ |

Lemma 9. If Assumptions[1{3 hold and ~,, < 0, then, for any € > 0,

(i). FE {Heflgp<€ ‘} = O(e).

10%L,(00)
PROOF. (i). By the explicit expressions of 9%(;(0)/0006¢" in the Appendix

1PL.(6)  10°La(6))
n 0000 n 0000

(ii). 5000 — =%, as.

[S3] Proposition [3] and the mean value theorem, the proof can be completed
by simple algebraic calculations and is thus omitted. [
(ii). By the strong law of large numbers for strictly stationary and

ergodic sequences, we have

1 aan<00) a.s. azgt(eo)
n 0000’ E ( DOl )

Since fo,(7) ~ |2|7(0+%0) as |z| — oo, a simple calculation gives that

62 lOg fa @ log fa 2
E{n’? &EQO(m) —Hﬁ( 8:E0(77t)> } =2

010g fao () | 0108 fay(ne) D10g fau(n)\ 93.19
E{m Ox0c i ox Ja } =0, (53.19)
82 logfao(nt) alogfao(nt) 2 _
E{ oa? + ( Oa ) } =0

In view of ((S3.18]), Lemma |7, and the explicit expressions of 92;(0)/0006¢’,
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it follows that

Thus (ii) holds. |

Lemma 10. If Assumptions[1{3 hold and o, < 0, then, as n — oo,

n

1 Z {agt<90) _ 8(2(90)}‘

p

V& 06 a6
) L\~ [ 20(0)  PL(O)| as
). sap 2 it el

PROOF. First, taking the first-order partial derivatives of o2(6) with respect

to 6 gives

952(0) < &

aw - kzzgw 9

833(0)
06,

t—2
= ZT/)k(yttkfl)Q;
k=0
952(0) = ko .
0. ;7/) (Y k1)
952(0)
oY

t—2
= Z kﬂ/’k_l(w + ¢+(y;——k71)2 + ¢ (y;k—l)Q) +(t - 1)¢t_2a’-
k=1

The second-order partial derivatives of o2() and ¢Z(6) with respect to 6

can be derived similarly. Since © is compact and V6 € O, < 1, similar to
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Lemma [3, we have, Vt > 1,

da;(0) 957 (0)
06 00

0%02(0)  9%52(0)
2000 9000

sup
0co

¢
< K,p', a.s.,

t
H < K,p', sup
0cO

(83.20)

where K, is some random variable independent of index ¢ > 1 and param-

eter 6. Moreover, from ([S3.15|) we have

1 1 a7 (6) — a7 (6o) Kyt o7 (6) ¢
— = = — , = <1+ K,p".
o2(0p) ~ 32(60)| ~ | 0%(00)5%(60) |~ oF(6o) 57 (6o) v
(S3.21)
Since
04:(0y) 1 303(80){1 + mogfao(nt)} 0ly(0o) _ dlog fa, (1)
00 202(00) 00 Y ox " da oo’
04:(0) 1 303(90){1 a0 )mogfao(@t(@o))}_ 0Ly(0o) _ 0108 fa,(G:(00))
00 252(60) 96 o O " da da ’
where G(6o) = v:/7:(6p), it follows that
9,(00)  9(B)| |1/ 1 1\ 052(6,) 0108 fay (G(60))
o0 00 | 2<a§(90) 5,?(90)> 7] {1+Qt(90) ox }
1 1 (00i(6y) 057 (6o) _ 1 0log fo,(G(0o))
tomaCar T A =R
1 1 80-152(00) 8 log foco (nt) ~ a log fao (@(00))
+§0t?(«90) 00 { ! Ox ~ &%) Ox }
0log fa,(2) 1 9o7(6)
<K,pt 20711 AN
oo sup [r =2 14 s S
dlog fao, () 1 0o(6o)
t 0 t
+Kyp iﬁg Ox ’ o2(0y) 00 Ut‘
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by (S3.15)), ((S3.20)), (S3.21]), and the Lagrange mean value theorem. Thus,

1 80'?(00)
o200) o6 I

9l (60)  9Ly(6o)
{ 5@0 5970 }‘

alogfaO 1 0c(0)
SKyiﬁ% oz ‘fzp{‘Ho? 0 on |+

By Markov’s inequality, the independence of 7, and o2(6,), E|n,|*/? < oo,

and Proposition 3], it follows that

EN)

Al (0)  Oly(6y)
{ (;eo (;9}0}

Thus, (i) holds. (ii) can be similarly proved by (S3.20)), Hélder’s inequality,

Markov’s inequality, and Borel-Cantelli Lemma, and is thus omitted. W

Let 5: (¢+7 ¢—7 w>/7 50 = ((b(]—‘r; ¢0—7 wO)lv a’(nt) = ¢+<77;r)2 +¢—(77;>2 +

1. We now introduce three new [0, oo]-valued processes:

o [e'¢) (77;;])2 j—1 ¢ o0 — 2 j—1 ¢
= ]Zl a(ni—) i alin—r)’ jzl a(n- ]) s almerk)’
PRI Al G U R Ui y S

2 va(n-;) o1 @ (k)

Further, let ¢:(0) = y:/0:(0).

Lemma 11. If Assumptions[1{3 hold and o, > 0, then

1 0L.(0)

=g N,

Moreover, T is positive definite.



66 YUXIN TAO, HUAN GONG AND DONG LI

PROOF. Since E{log[t/a(m)]} < 0, the processes df*,d?~, and d¥ are

strictly stationary and ergodic by the Cauchy root test. Further, we have

8at =1 )2, (y)?
% Z¢ W )% W y)?),
a(gzi - D G- Hw+ o)+ o- ()}

=2
A simple calculation yields that

2

tzl( ) 80} Zw] 1 {H Zt k(e) } ((ytjl_’ (y;j) ) < (df+(5)7d?7(5))7

¢+7 k 10t k+1(0)

1 aat( ) N - - j—2 U?fk(Q) {w+¢+(yttj)2 +¢—(y;j)2} T
O JZQ(” e {lﬂ Uf_kH(H)} =0 < d/(9)

where the first inequality holds element-wisely. Moreover, for any fixed

ty < t,

where

N R v )y veta0)
Stg = Z {a(ntj) H a(M—) JtQ_jH(@) ;!;[1 af_kﬂ(g) } )

For all p > 1, since [ /a(m)ll, < 1 and | (57)" /a(m)ll, < 1/¢+, we have

74, |l, = 0 as tyg — oo. In addition, [|¢o? ,(0)/c?(0)|, < 1, and by the



S3. PROPOSITIONS AND TECHNICAL LEMMAS 67

Dominated Convergence Theorem,

Yw

Y _ Yoy (9)
a(ne1)o? (0)

a(ne—1)  of(0)

— 0, ast— oo.
p

p
Thus, ||s||, = 0 as t — oco. The same arguments hold true when A is
replaced by df~ and d¥. Therefore, dJ* (5), do- (5), and d¥ (5) have finite
moments of any order, and

1 9c%(0)

(PN aP— 9 g9
LSRR RN ()

— 0. (S3.22)

p

Let dy = (df* (Jo),d? (), d" (Jo)), and by the explicit expression of 9¢,(6) /96

and the ergodic theorem, it follows that
8& = 1 9oZ(6) D10g fo, (0t 2
= E| — =31
{\/_ Z } ; [ 202(600) 99 { L mH

1p {{1 | 91og oy () f“‘)(m)m}j i E (dyd}) + o(1)

4n ox

1 i alogfao(nt) 2
s {1+ 280, 1] e

Similarly,

Cov (

0l,(6o) 1 010g fu, (1) 0108 fay (1)
\/_Z : ) - _§E<dt)E{ ox e m}’

{\/—Z 0l (6p) } {{Glogafgo(m)}?] '

By the martingale central limit theorem in [Brown| (1971)), we have

1 9L, (6,)

Tag AN,
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where
1 , 01og fo,(n) 2
o1 0log faq (1) O1og fa, (1) B 0 log fae(m:) 12
Yoo = _§E(dt>E{ ox Oa 771‘}, Yoo = F { o } '

The explicit form of E(d;d}) and E(d;) are given in the Appendix [S3| below.

Finally, we show that T is positive definite. First, it is easy to see that
T is positive semi-definite. Assume there exists u = (uy, us, us, uy)’ € R,
such that «/Tu = 0 holds. From the form of T and arguments in Lemma

8l we must have uy = 0. Thus it holds that (uy,us, uz)d, = 0, a.s., which is

- () () (7 = D{¢os (0 ;)% + ¢o-(n_;) }]1 Yo
U +u +u
z{ 1 : : [T,

= U alm—y)  “ao(m—) Yoao(ne—;) ao(1—k

It is equivalent to

ao(ﬁt1){ (77t+—1)2 (77;—1)2 } _
o Uy aO(ntfl) + Ug aO(Uz%l) = fi—2, a.s,

which is

S+ ) = s as,

where f;_, is measurable with respect to 0({77j,j <t- 2}) Due to the
independence of 7, 1 and f; 5, and the definition of 7,1, it entails that
up = ug = 0. Thus, uzg = 0. Hence, u = 0, which completes the proof that

T is positive definite. [ |
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Lemma 12. If Assumptions[1}{3 hold and o, > 0, then,

o0

(i). ;eseugo agc(f) < 00, a.5.;

(ii). ieseu@po a;f)tég) H < 00, a.S.;

(iii). wes[lul}pw] %til (;eri—w — Y| =0(1), a.s. foralli,je{1,2,3,4};
(iv). %;S&%o) % —0(1), as., foralli,j k€ {2,3.4,5).

PROOF. (i). For all § € Oy, there exists a random variable K, and p* €

(1 exp(—7ay), 1), such that, for ¢ large enough,

1

- dlog fu(z)
© 207(0)

ox ’

‘ 0,(0)

dlog folq)
Ow ox

‘1—1—6],5 zt:¢j_1§Kyp*tsup 1+
e z€R
where the inequality follows by the fact from Proposition 2.1 in [Francq
and Zakoian| (2013) that, for any p > exp(—7a,), P92 ——> 00, a.s. as
t — oo. Since z dlog f,(z)/0x is bounded , we have >~,° | K,p* sup,cp |1+
xdlog fo(x)/0x| < 00, a.s., uniformly in § € ©¢, which completes the proof
of (i). O
(ii). The proof is similar to that of (i), and is thus omitted. [
(iii). The proof can be completed element-wise. For brevity, we only

consider the case ¢ = 2 and 7 = 4. The other terms can be dealt with
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similarly. Recall that

ox

. _ - 1 Y Y 81 ag 2
= lim n 121(1?*(190)@#(190){1 + Mm} .

n—00 (99(:
t=1

T(2,4) = iE(df‘Ld;ﬁ)E {{1 + MW}Q}

Further, note that

0*l(w, %) _ 1 0o} do} { 3 010g foo(q) | 1 0210g1300h>}

9.0 o} 0py O L 1% g2
;ol azi(gw{l g (0}
{gt Z¢ 5PN 1t i(z — 16w+ Gos (5,)* + do- (i) }
e e

__{%Z]—l b yt ]) }{1—'_%%;0(%)}’
% 5

where 02 = 02(w,9y) and ¢ = q;(w, ) for ease of simplicity here. Thus, it

suffices to show that, as t — oo,

1 ! i—1 2 b+ 19 a.s.
2000 ;wé (i) = di* ()| == 0; (83.23)
1 ! . S _ a a.s.
sup | — (J — Dy Hw+ ¢0+(yt+—j)2 + ¢0—(yt—j)2} - df(ﬁO) — 0;
we|[w,@] 0% (90) j=2
(S3.24)
1 < 1
— D)yt ) — ——dP (D) £ 0; $3.25
7 2o~ D) = 5t () (53.25)
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2(w, ¥
sup e M — 1] 230, where ¢y = (74, — max(log )y, 0))/2 > 0;
W€ [w,®] Oy (90)
(S3.26)
a]. e al « a.s.
UJG[Q,(D} 61‘ ax
82 1Og foc (qt) 82 108; foz (nt) a.s.
R N 5229

First, (S3.23])-(S3.25) can be proved by the similar arguments used to es-
tablish the convergence in Lemma [il Second, since o2(fy) — 02(w, ) =
> ¥ (w—wo) and 1/57(6y) = o(p") as. for some p € (exp(—Yao)s o 1),

(1S3.26]) can be proved. Third, for (S3.27)), we have

810 o 81 «
sup | 8 faola) " 08 fao (1)
WE[w,@] a'E a.’L’
2]
z€R z€R Ox wE|w,w]
dlog fa (93) 0% 10g fao (%) a¢(0o)
< — ’ — ‘ —~ 1
G e R | I L Aoy
_ 9 ) g (CL) 190
< K cot Ut 0 cot t _ 1‘
{ | t‘O't w ﬁo)}{wzl[g?w}e O't(eo }
= 0.

by the Lagrange mean value theorem and ([S3.26[). Similar arguments can be
used in the proof of (S3.28) by the fact that 220? log fa, (z)/0x? is bounded.
Thus, (iii) holds. O

(iv). Similar to (iii), we only consider the case i = j =2 and k =4. A
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simple calculation yields that

530,(0)
0¢2.0¢
- {0?1(9) 2 Wl(yj—j)Q}Q{agl(e) DU =0+ o (u,)" + o (i)}

y {1+15 olog falq) 9 ,0log fala) 1 0310gfa(qt)}

8o TR o TR
. zw—wy:_jf}{(,;@ >~ ()7}

{1_|_ 3 0Olog fa(q) | 1 28210gfa(qt)}

2 oz 9t 02
~\2 o~ 15 c‘ﬂogfa @) | 9 90%log fulq) | 1 30%log falg
:<df+<0)) dff’(ﬁ){l Ay 8 (995( - + éq? 0x? ! + gqf ox3 ( t>}
3 Olog fulq) 1 ,0%log fulq)
o1 (5 " 9. 008 /o) 1 207108 Jalgt)
+d ()¢+d (19){ ol Xy }+ o(l) as.

where the term o(1) is obtained by similar arguments used in the proof of
(1S3.23)-(S3.25). Similar to the facts (2.5) in |Andrews, Calder and Davis
(2009), using the series expansion of stable densities f,(z), we can obtain

that

*log fo(x)|

sup 9 = O(|z|™®), as |z| — oo.

la—ap|<e

Since d* () and d¥(9) have finite moments of any order, by the ergodic
theorem and the Cauchy-Schwarz inequality, the proof of (iv) is complete.
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S4 Some Explicit Expressions

S4.1 Partial derivatives of ¢,(0)

We display the explicit expressions of partial derivatives of ¢;(6). For ease

of notation, let

0 (0) = yi/ou(0) = yo/ {w + b1 (41)7 + & (y1)* + ba? ()17,

The first-order partial derivatives of 02 () with respect to 6 = (W, dy, )

are
a?cie) . ¢aa§a :}(9);
20— ey 0220
Ll
%f) = 074(0) + waat;z(e)'
Recall the definition of ((0): £(0) = —logou(6) + log fa(y:/o4(6)),

where f,(z) is defined in 1) and 02(0) = w + ¢ (y;L_l)2 + ¢ (?Jt_—1)2 +
o2 | (0). Then, the first-order partial derivatives of ¢;(6) with respect to 6

are given by

ol(0) 1 957(0) 0log fa(qi(0))\ 0L(0)  Olog fa(q:(0))
00 20%(0) a0 {1 @(6) Oz } oa da ’
Olog fa(@:(0)) _ Olog fa()
where o = o )
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The second-order partial derivatives of ¢;(0) with respect to 6 are given

by
9%, 1 802(0)0c20) (1 3, dlog fule(0)) 1, 8%log fu(q(6))
0606 ot(0) 06 06 {5 1O 1905
1 1 9%2() dlog fa(q:(0)) .
20%(0) 9600 {1+a(0) D &
0°060) 1 1 00}(6) . *log fu(w(h)).
000a  207(0) 00 “O g0t

0*0,(0)  0%log fala:(6))
da? da? '

S4.2 Fisher matrix T in explosive cases

Next, we give the exact value of Fisher matrix T in the explosive case when
ap = 1. Recall that d, = (d0*,d{~,d"). Let aoy () = dor(n])? + o,

ao—(ne) = ¢o-(n; )* + %o, and

ol

for ¢ = 1,2. Then

7Vi+:E

{aof)(om) }] ek

1 =204 + vy )(1— 1) +2(hy — 101) (1 —114)
G5 (1 —v1)(1 — 1) ’
(e =o)L =) + (- — 1o )(1 —11y)
¢0+¢0—(1 - V1)<1 - VQ) ’ (84.29)
B V2(1 - V1+) + vy — Vot
 Yodos (1 —1o)(1—1y)

B{(d!)} = wg(fi“ij?)_ 5

B{(@)) =

B(df+d) =

E(d*dy)

j
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and E{(d")?} (resp. E(d)~d?)) is obtained by replacing ¢os by ¢o_ and

Vi by vi in E{(d}*)2} (vesp. E(d’*dY)). Moreover,

1=y I —v_ 2! !
Bld) = (¢0+(1 — 1) go-(1 — 1) ho(1 — V1)> ' (54.30)

Particularly, when oy = 1, i.e., n follows the standard Cauchy distribu-

tion, the following values (also given in |Li, et.al. (2023))) are available:

g l{é’logfao(n)}z] _E [{H 6’logfao(77)n}2] _ %

ox ox
010g fo,(n) 0log fo,(n) \  C—1+log2
E{ ox Oa 77} N 2 ’
g {6’logfao(77)}2 _ (C—=1+log2)* =
O - 2 12’

where C = 0.577 215664 --- is the Euler-Mascheroni constant. Based on

these, the exact value of Fisher matrix T can be calculated. Specifically,

Lo a . b - a N 1 L b n 1
YT 2(a+1) 20b+1) YT 20a+1) T2 T 20+1) T2
a(2a4+1)  b2b+1) a(2a+1) 1 b(20+1) 1
V2= 2 5y Vo= o T 5 Voo = o T 5,
4(a+1)2  4(b+1) 4(a+1)2 2 40b+1)2 2

where a = \/1o/¢os and b = \/1bg/Po_. Thus, the exact values of E(d,d})

and F(d;) can be calculated, and T is given by
B{(d*)} B(dd7)  B(d]dy)  —2rE(d))

BE(d{*d]") E{(d}")?} E(d{"d}) —27E(d{")

ol =

E(d*d)) E(d;-d) E{(d})*} -—27E(d})

—2rE(d)*) —2rE(d)") —2rE(d) 4%+ %

where 7 =C — 1 + log 2.
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