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This supplementary material consists of ten sections. Section presents technical preliminaries. Section-
S [S6] contain proofs of Theorems 1 and 2, Corollary 1, and Theorems 3 and 4, respectively. Section
proposes a testing procedure to evaluate the adequacy of the proposed semiparametric likelihood ratio
model (SPLRM). Section contains additional simulation results and also investigates the finite-sample
agreement between the bootstrap variance estimates and the corresponding theoretical variances. Section
[S9| presents additional analysis results about the LLvsPSID dataset. Finally, Section [SI0]presents additional

simulation results for the estimation of conditional average treatment effects (CATE).

S1 Preparation

Before presenting the proofs of the theoretical results stated in the main paper, we
first introduce some model-related notations and preliminary results to facilitate the
subsequent analysis.

Denote Z = (Y, X, D), recall that the likelihood function of F' and £ based on
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the observations {Z;,1 < i < n} is

F ) n e(XiT,Bl))/idF(Y;) bi e(X?ﬁo)YidF(yi) = 911
n(F, )—H A0 [T BtdF(t) : (SL.1)

Let P, be the empirical measure induced by the data-set {Z; : 1 < i < n},
and denote F, the probability measure of Z. Let (), be the empirical measure
induced by the data-set {(X;, D;) : 1 < i < n}, and denote () the true probability
measure of (X, D). In general, for a function g of Z and an estimator £, we use
P,g(Z:€) to denote P,g(Z; €) evaluated at & = €. We write Pyg(Z;€) likewise. Let
G, = v/n(P, — Fy). Throughout the supplementary material, we use the notations
Fy (o) x (-) and Fy)x () interchangeably, as well as Fy () (-) and Fy(-), without further
distinction.

Denote the log-likelihood function based on an ideal observation Z = (Y, X, D)

by

(F,B) = D- [Y BIX +IndF(Y) aney'ﬁlTXdF(y)]

+(1—-D) [Y By X +IndF(Y) — aney'ﬂOTXdF(y)] . (S1.2)

For fixed (F, 3), define a path, through F' indexed by e, as dF. = (1 + ¢hy)dF,
where hy is an arbitrary nonnegative bounded function. The derivative of the log-

likelihood with respect to € along the path evaluated ¢ = 0 yields a score function in
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the direction hq, i.e.

o) = 10 fo- )
 Sexp(y - I X) I (y)dF (y)
Sexp(y - BT X)dF(y)

+l)-{hﬂYj }. (S1.3)

Similarly, define a path through 3, index by €, as . = §+¢hy, where hy = (hi;, hyy)"
and hy is an arbitrary vector in R%. Differentiation of the log-likelihood with respect
to € along this path and evaluation at ¢ = 0 yield the score function for g in the

direction hs:

_ _ Syexp(yﬂTX)dF(y)>
(1-D) (Y Jexp(y-B] X)aF ()

_ Syexp(y-BfX)dF(y))
D (Y Sexp(y-8, X)dF(y)

- Syexp(y-l?SX)dF(y))}
§exp(y - A7 X)dF(y)

 Syexply- BIX)dF(y)

§exp(y - BX)dF(y) )} (51

hylors(Z) = hy-

:}%X{Q—Dy<Y

+hl, X {D~ <Y

Along any direction h = (hy(-), ha), define the score of ¢(F, ) with respect to F
and 3 like

Srplh)(Z) = b1 pplhi](Z) + hylo rp(2). (SL.5)

~ A

Because (F', () is the maximizer of the empirical log-likelihood ¢, (F, 5) = >, loglik(Z;; F, j3),

where

loglik(Z;; F,8) = D;- [Y; B X + IndF(Y;) — lnfey'ﬁlTXidF(y)]
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+(1—D;) [Y - BIX: + IndF(Y;) — aney'BOTX"dF(y)] } .

It then follows that
0 =Pn{S 5[hl(Z)} = Po{Sks[h](2)}-

Let Agy(u; F) = §y*g(y) exp(u - y)dF(y) and we write Ay (u; F) when g(y) =
1, where £ = 0 or 1 and ¢ is some function. Since the boundness assumption
of the support X and Y, we can easily get that A, (8, X;F) is continuous, even
uniformly continuous, with respect to 8;. Denote the information operator by o(h) =
(01(h),09(h)), where oq(h) is a bounded function of bounded variation and o (h) is
a (2d)-dimensional vector. The operator o under our SPLRM in the main paper is

defined through

Py (oo e [1)(Z) + By lo,pn e (2)} = Co[h]. By = f o2 (1) ()b (y)dF* + hyoa(h), Vh,

(S1.6)

where
eBo Xy Aon, ( STX;F*)eBS“TX-y
Jl(h)(y) = QO (1 - D) hl(y)Am(ﬁgTX'F*) o A%1<B6KTX.F*)
eﬁakTX.y eBOTX-yAH< (‘)FX’ F*)

o X— _pl X
YA G X T A (B X F)
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XY gy, (BT et
+D hl(y) *T V. * - 2 *T V. *
Ao (BT X5 F*) AG (BT X F)
BT Xy AT XVAL(BITX FF)
+ yhg?XA *T V. %) h;QX A2 %T 1. *
01(51 X’F) 01(51 XaF)

and

oa(h)

A ﬂ*TX;F* AQ 6*TX;F*
(1=D) [(AEE %TX;F*§ - Aéigﬁ%TX;F*D XXTh?l]

= Qo

[ (Ao (BFTXF*) A3 (BFTXGF¥) T
D_(Am(ﬁfTX;F*) A2, (BFTXF*) XX has

. A1n (,83<TX;F*) B All(ﬁgTX;F*)th (B(TTXJ?*)
S [< As (55 T X5F%) FENGAB X

D[ (Al FTXGE*) An(BFTXGE*) Ao, (BT XGF¥) X
Ao1 (BF T X;F*) AZ (BFTXF*)

+Qo

The information operator o : BVy; x R?** — BVy; x R?*? is onto and continuously
invertible following from a lemma stated by [Murphy et al. (1997) and |Luo and Tsai
(2012). This conclusion is also valid under our model settings. Denote its inverse by
G : BVy x R** — BVy; x R?* with the first component a function in BV and the
second component a d-dimensional vector.

Similar to the conclusion in the proof of Theorem 3 in Luo and Tsai| (2012)),
we can also prove the linear approximation of F and B, that is, for any h, setting

hi = G5(h) and hi = &1(h), we have

\/ﬁ{fhld(ﬁ’ —F*)+ h3 (8= 6%} = Gu{lyps s (Z)[1F] + (h3) laps 5 (Z)} + 0p(1)

= G {Spxp[a(h)](Z)} + 0,(1), (S1.7)
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where G[h](-) = (61[h](+), 52[h]) is the primary image of h under the operator o.

S2 Proof of Theorem 1 in main paper

In order to complete the proof of Theorem 1, we first introduce the following impor-
tant lemmas, which will simplify our proof procedure. For convenience of notation,
we rewrite the support set of Y as ) = [[, u] and define YX = {(y,z) : y € Y, x € X'}.
Let ¢*(YX) be the set of all bounded and measurable mappings YX — R. We con-
sider YX as a subset of R'™¢ with relative topology and let p denote a standard

metric on R'*? where R = R U {—00, c0}.

Lemma 1 (Hadamard differentiability of potential operator). For any functions g
and g2, Define their semi-metric as 6(g1,82) = [FPo(g1 — g2)2]1/2. Let Gy, be the class
of bounded functions that contains {Fyyx(y|-) : y € ¥} as well as the indicators of
all the rectangles in RP, such that Gy is totally bounded under &, k € {0,1}. Let
D, be the product of the space of measureable functions I' : YX — [0,1] defined
by (y,z) — T(y,z) and the bounded maps I : Gy — R defined by f — § fdlIl,
where 11 is restricted to be a probability measure on X. Consider the map ¢ : Dy <

(P(PX) x LP(Gr) — £*(Y), defined by
(I,10) — (I, 10) = JF(-,x)dﬂ(aj).

Then for k =0 and 1, the map ¢ is well defined. Moreover, the map ¢ is Hadamard-
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differentiable at (I, 11) = (Fy ) x, Fx) with the derivativ map (v, m) — ¢,Fy(k>|x,Fx (v, 7)

mapping (2 (Y X)x 02 (Gy) to (2(Y) defined by (ﬁ%y(knx,FX (v,m)(y) = §v(y, x)dFx (z)+

T(Fy iy x (y]-)), which is continuous on {*(YX) x L7(Gy).

Lemma (1] is similar to Lemma D.1 in Chernozhukov et al.| (2013), so we omit its

proof here. Next, we will provide a formal proof of Theorem 1 in main paper.

Proof. Tt is easy to find that for any g € G in Lemma (1] the functional central limit
theorem implies Gn(g)—d> G(g) under our SPLRM model and Assumption 2 in the
main paper, where G is a zero-mean tight Gaussian process. Recall the definition of
Fy ) x (y|), afunction of F'(y) and 3, so our plg-in estimate Fy(k)|x(y|l’) is a function
of F and . Applying the delta method along the direction hy = (F — F* j3, — Br)

to linearly approximate Fy(k)‘x(y‘LU) for k = 0 or 1 and some (y,x), we get

where

eﬁ,sz-u Aos ( ;:T:C. F*)
S . F* * k’ - = [_ . y s
F(uayax> 76 ) ) AOl( ;:TQZ,F*) { ( oo,y](u) A01< ;:TSL’,F*) }7
[ Aor, (BT F*) - Ao, (BT F7) An (BT F)
Ao1 (85w F*) A (BE s F*)

Sﬂk(x7F*7/6*7 k)

and I, = I(_yy). We denote Si(x, F, 3, k) = (kSj, (x, F, 3, k), (1 — k)Sgk(x, F,B,k))
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, then F(k) (y|x) can be re-writen as
Fug(yle) = Fuylylz) + fSF(W y, 2, F*, 5% k)d(F(u) — F*(u)) + Sj(x, F*, 5% k) (8 — 5%).

Let S4%F — (Sp(w;y, x, F, 8,k), S5 (x, F, 3, k)7, the conclusion in (S1.7) gives
F.B B

A

Zan(y, ) = Vn(Fy g x (y]2) — Fyoox (y]z))
_G, {fLF*,B* (Z)[61[SLE ] + 6 [sng;’g*]%f*ﬁ*(Z)} +0,(1)

s Gl ()G [SEEB N + B SEE ) o0 (2) = Zuly, ),
(52.8)

where Z(y, z) is a zero-mean tight Gaussian process with a.s. uniformly continuous
paths with respect to the semi-metric p by the functional central limit theorem.
Recall the definition of ¢ in Lemmma , we re-write Fy)(y) = &(Fyu)x, Fx)
and Fy(k) (y) = gb(Fy(k”X,ﬁ’X). Throughout the article, we estimate the marginal
distribution F'yx of the covariable X using the empirical distribution function,that is
Fx(x) =" Iz <a)/n= o2 Iag < ). Lemmmaestablished that map
¢ (potential operator) is Hadamard differentiable at (Fy ) x, Fx). By the Functional

A

Delta Method, it follows that, for v(y,x) = Fyg)x — Fy@x and 7(z) = Fy — Fx,

A

\/ﬁ(FY(k) (?/) - FY(k) (?/))
= Vro(Fyax, Fx) — ¢(Fyax, Fx))

= Ve (VW 2), 7(@) + Vnop(| [y, 2)lle + (|7 (2)]|20),
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= ﬁ{fﬁy(k)X —Fy(k)‘XdFX +7T<Fy(k)X)} —I-Op(l)
= Jﬁ(FY(k)X — Fy(k)‘x)dFX + JFY(k)|X<y|$)\/Ed<FX — Fx) + Op(1>
- J\/ﬁ(ﬁ’m)x — Fygyix)dFx + Gu { Fy(yx } + 0p(1)

d, j Zu(y, 2)dFyx + G(Fyopx) = Zu(y),

where the third equation holds because we have proved that ﬁ(ﬁy(k” x — Fyayx)
and \/n(Fyx — Fx) respectively converge weakly to tight Gaussian processes with
zero mean and a.s uniformly continuous sample path. Therefore, the limiting pro-
cess Zi(y) € £*(Y) is also a zero-mean tight Gaussian process with a.s. uniformly

continuous sample path. ]

S3 Proof of Theorem 2 in main paper

Proof. Since the boundness of the support X and Y, we can easily get that Ay, (5L X; F)
is continuous, even uniformly continuous, with respect to ;. For fixed [, consider-
ing two functions that are very close together, F} and F5, in F. When the distribution
function F'is a step function, let’s assume that F only has a jump at some 1 for sim-
plicity. Assuming dFy(yo) = dFi(yo) +A, where A arbitrarily small. Then, the differ-
ence AAy (B X; ) = exp(BF X yo)A is arbitrarily small. If F is a continuous distribu-
tion function, [A A (87 X; )| < §(87 X -p)|d(Fa(y)— Fi(y)] < M §[d(Fa(y)— Fi(y))],
where § |d(Fy(y)—Fi(y))| represents the variation of the function Fy(y)—F(y). When

the distance between F} and Fy approaches 0 , the variation of Fy(y) — Fi(y) will
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also approach 0. A(S.X) actually is identical to Ao (8, X; F). Therefore, we have
proven the continuity of A(5;X) with respect to 5y and F', regardless of whether F'
is a continuous distribution function or a step function. { e’ X¥dF(y) is the moment
generating function corresponding to the distribution function F', and it is strictly
away from 0. Therefore, 7(z) is continuous with respect to F' and . Combining the
conclusions in Theorem 1, the Continuous Mapping Theorem directly implies the
uniform consistency of 7(z).

Below, we give a proof of the asymptotic normality of 7(x) for fixed . Applying

the delta method along the direction h™ = (F' — F* 7 — 5*T) to 71(z), we have

Va((z) —n(z) = nKi(h;z) + o,(v/nh)
= {fKH Y, T ) F*( )) +K12(x)-r(ﬁl Bl)} +OP< )’

where K(-;x), a bounded linear operator, is the Fréchet derivative of 7;(x) with
respect to (F, 1) at (F*, 57).Recall the definition of 7 (z) and Ay, (u; F), it can be

seen that

Y A (87" F) BT
K = — 1 Ty
u(y, 7) [Am SwFY) AL )

is a bounded function of bounded variation,

A (B2 F¥)  A2(BFa; )
K _ _ .
12(2) le1< T F  A(Grn )|
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is a d—variate bounded vector function of bounded variation.

Similarly, we also apply delta method along the direction h to To(x), we get

Vi(to(@) — mo(x)) = VnKo(h;z) + o,(v/nh)
— i { [ Kol o)dF) ~ P ) + Kala) (= 550} + o)

where Ko (y, ) and Ko(z) are similar to K71 (y, z) and Kja(x), except that they are
obtained by replacing g with 55 in Ki1(y, z) and Ki9(z) respectively.

Denote K'(y,z) = Kii(y,z) — Koi(y,x), K*(x) = (Ko(z)", Ki2(2)™)" and
KY2(y,x) = (K'(y,z), K*(z)")7, we express the linear approximation of 7(x) at

(F*, 3*) along the direction h as

~

ffm V() — F*(y)) + K2(2)7(8 — 8) + 0,(R).

Therefore, using the result in (S1.7)), we further have

Vn(#(x) —7(z))

Vitd [ K 00d(F) ~ Fo) + K0 (5 - 57} + oy
Gl o g (D)1 [V, 2)]) + 220, 20)] oo g (2} + (1)

= Gu{Spr g G[K(Y,2)]1(Z)} + 0p(1), (53.9)

which converges to N(0,02,.) in distribution with

02 = Var(fLF*ﬁ* (Z)[&l[Klz(Y, .CE)]] + 6’2[K12(Y, .CE)]TKZF*,B* (Z))

cate
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=PSB (Y 2)])(2))

= (KP(Y,2),6[KZ(Y,2)]). (53.10)

S4  Proof of Corollary 1 in the main paper

Proof. 1t is evident that 7y, Ta, and 74, are functions of 7(z) (conditional expec-
tations of 7(z) under different populations).
We first prove the asymptotic property of 7,.. To achieve the asymptotic nor-

mality of 7., we consider a class of functions

_ . CAuBln F) An(Bym F) [P
T—{T(x,F;ﬁ>—A01(ﬁlTx;F) AOI(ﬁgx;F>.Fef,6—(6O,BI) ,BEB},

(S4.11)

where F and B defined in Assumption 2 are both compact. The functions in 7 are

clearly uniformly bounded, therefore T forms a P-Donsker class. From the results in

(1S3.9), we consequently have

\/ﬁ(%ate - Tate)
= /n(P,(7(X; F, B)) — Py(1(X; F*, 5%)))

Gu {r(X3 ™, B%)} + G {7(X3 F, B) = 7(X: F*, 8*) } + VAR (7(X; ', B) = 7(X; F*, 8%))

= G {r (X5 ™, 87)} + G {Ex, (brre 5+ (2)[61 [K (Y, X)]] + 62 K (Y, Xo) ] o 52 (2)) } + 0p(1)
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= G {T(X; F*, ")} + G, {Ex, (Spx g+ [6[K*(Y, X,)]](2)) } + op(1),

where G, {T(X; F.B)—1(X;F*, ﬁ*)} = 0,(1) is obtained by asymptotic equiconti-
nuity.
After simple algebraic calculation, we find that 7(X; F*, 5*) and Sgg[h](Z) are

not correlated for any direction h. Therefore, we can derive from the equation above

that /1 (Fate — Tate)— N(0,02,.), where

02, = Var(r(X;F* %) + Ex, (Sp+ s+ [6[K(Y, X:)]](2))) (54.13)

ate

= Ex, (K™(Y, X.,), 6[KP(Y, Xo)]) + Po{Ex, (Spea¢ [0[ K (Y, X)]1(2) }**.

Let P,,; be the empirical measure induced by the data-set {X; : D; = 1,1 < i < n},
and denote Py as the conditional probability measure of X given D = 1. Sim-
ilar notations for control group D = 0 are P,q and Fy. Accordingly we write
Gno = Vno(Pno — Poo) and G, = /ng(Pny1 — Py1). And let E% and EY denote
the conditional expectation of X given D = 0 and D = 1 respectively. Similar to

(S4.12)), we can get

\/ﬁ (%att - Tatt)

= Vn(Pu(r(X; F, B)) — Pou(7(X; F*, B%)))

- Gl 8 [ G fr (P - (5, )

+/nPoy (T(X; F, B) —7(X; F*, 5%))

(S4.12)
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= \/nzl Gt {T(X)} + G {EX, (G, px 5 (2)[61 [K (Y, Xo)]] + 62 [ K2 (Y, Xo)] o s g+ (Z)) } + 0p(1)

= \/nzl Gt {T(X)} + Gy {EX, (Spx g+ [6[ K2 (Y, X)](2))} + op(1), (S4.14)
which implies v/n(7an — Tatt)—d> N(0,02,) with

Oan = PEX (Y, XL G[K (Y, X)]) + Po{EX,, (Spe e [0 K (Y, X,)]1(£))1.

(S4.15)

Similarly, we can directly obtain the asymptotic distribution of 7y, /1 (%atc—Tatc)—d> N(0,02,.),

where
Tae = PES, (KP(Y, Xo), 6[K (Y, Xo) ) + P{EX, (Sp= o2 [6[ K (Y, X,)]](2))}#°.
(54.16)
O

S5 Proof of Theorem 3 in the main paper

The following Lemma [2| establishes the limiting property of a quantile process, and
the Lemma is actually Theorem 1 of Doss and Gill (1992). With the help of this
Lemma and Lemma [I| we will easily complete the proof of the asymptotic property

of Theorem 2 in the main paper.

Lemma 2 (Limiting process of quantile process, Doss and Gill, 1992). Let & be
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a function defined on a bounded interval [l,u] with a derivative &' that is positive
and continuous. Let &, be nondecreasing right-continuous process on [l,u] satisfying
En(l) = &) a.s. and \/n(&, — §)—d> W in DI[l,u], where W has a.s. continu-
ous sample paths, then for every e > 0, /n(&' — €1)—5 — W(E /€Y in

DIE(), &(u) —e].

In the following, we give the complete proof of Theorem 3, which is a simple

application of Lemma [2]

Proof. Tt is obvious that the estimates of Fy(k)‘ x and Fy(k) we construct are a non-
decreasing function of y under our SPLRM model. Under Assumption 4, the potential
distribution of Y (k), (k = 0,1),has continuous density function fy)(y). Then the

conclusion in lemma [2] implies

Vi{Qrw(@ - Qrw@} = VA, - Fri)@

4 Zk(Qy ) (q))
(

Fowo@rale) — e@- (S517)

where Vj(q) is a stochastic process indexed by ¢ € (0, 1) and it is also zero-mean tight
Gaussian process. Then by the extended continuous mapping theorem, we can easily

get that

Vi(Fge(@) = Tae(@) = V(Qvwy(@) — Qvy(@) — vVr(Qy) (@) — Qv (a))

a4 Z@Qvo(9) 2@y
fro(@yo(2)  fro@va

q))
O (S5.18)

Y(1
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Up to now, we have completed the entire proof of Theorem 3. O

S6 Proof of Theorem 4 in main paper

Under the null hypothesis, suppose the true value of g is g* = (57, 57)", where

Bf € R The empirical log-likelihood function based on our observations is
(o(F,B) =nPU(Z; F, ).
The likelihood ratio test statistic is
R = Q{S;EKR(F’ B) — i}lﬁl? U(F, (B, 1))} = Bi — Ro,

where

Rl Q{Sl}}é)gn(Fv 5) - Sl;pgn(F> (ﬁfaﬁf)} = 2{€n(F7 B) - Sl;‘pgn(F; (Bikvﬁik)}

Iy = Z{Supgn(F7<61761))_SgPETZ(F?(ﬁT?BT)}:Q{En(ﬁ7(31761))_Sgpgn(F7(6T7BD}‘

F?/BI

S6.1 Approximation of R,

Luo and Tsai (2012)) has proved that B is an asymptotic semi-parametric efficient

estimate of 3, and its corresponding efficient score function is

le(Z) = lorp(Z) — birplg™](2),
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0

Fagro d) . is the least favorable direction and ¥ = 9 ( E2£X2 d) is the

where ¢* = —a, (

asymptotic efficient variance. Then, it follows that
R = {Gules(2)} 'S HGule(Z)} + 0,(1).

S6.2 Approximation of R,

We will look for similar approximations to Ry. First, we calculate the efficient score
for # when the null hypothesis Hy holds.
Under the null hypothesis, the conditional log-likelihood function based on an

ideal observation Z = (Y, X, D) is
UZ FBr) = UZ F (B ) = Y- BIX + IndF(Y) —In f e HXdF(y).  (S6.19)

The score function with respect to F' along the direction hy is

 Sexply - BIX)hi(y)dF (y)
Sexp(y - B X)dF (y)

Opsml(Z) = m(Y) = l1,7,(8,,80) [M](Z)

The score function for 3, in the direction ho; is

~ Syexp(y - 8] X)dF (y)
Sexp(y - B]X)dF (y)

holopp (Z) = hyX <Y ) = hoy Ely 1(5,,6)(Z),

where F = (Fagxad, Faax2a) and Eogxoq is (2d)-dimeansional identity matrix. Then
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along any direction hy = (hy(+), hay), the score of £(F, 3;) with respect to F and 3 is

Sealhil(Z2) = lips[Ml(2) + hyilors, (Z)

= lupes)ml(Z) + by Bl pys,.6,)(Z)-
Because (F, B) is the maximizer of £,(F, 81) = nP,{(Z; F, 3;) we have
0 =P, {Sz 5 [M](Z)}. (56.20)
Recall that
pr(Y =y|X =z, D =1) = exp{l(z; F, B1)}.
Then

1= fexp{z(z; FL, Bie)}dQ(z)

for each |e| small enough. Taking the derivative with respect to e on both sides of

the above equation gives

0 = (190 P B ol P51 }Q()
0 = J[{vaag(% Fe, Bie)} + {VEZ(Z§ F, ﬁla)}z] eXp{Z(Z; FL, 1) }dQ(2)
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Setting € = 0 in the first equation, we have

0 = Po{Spe s [11)(2)} = Po{lspo e [M)(Z) + W3y Ely pe g2 (7)), (S6.21)

Setting € = 0 in the second equation leads to

0 = —{ot[ht], hy) + (Spx g [14](Z), Sps px[14](Z))

or equivalently

(otlhi], ht) = (Spx px[1](Z), Spx gx[11](2)), (S6.22)

where the inner product operator is defined as (g1, ¢2) = P(g192) for any ¢; and

g2 and the operator o under our model (1) in the main paper is defined similarly

through
_ _ 2
R {gl,F*,,Bi" [](Z) + h;‘ng*,ﬂf(Z)} = f”l[hT](y)hl(y)dF*(?/) + h;TazT[hT]a Vh,
where
P Xy Ao, (BT X F*)eft X
h = Py{h -
01( T)(y) 0{ 1(y)A01( TTX,F*) A%l( TTX,F*)

+ yhy X

Xy T AL BTG F)
A (ByTX; F*) Af (BFTX; F*)
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and

A (BFTX F*) AL (BTTX; F*)
= P — XXT
72t() ’ KAm(ﬁTTX;F*) A2 (B X; F*) ot

P, {(Alhl( X ET) An(BETXG F) A ( TTX%F*)>X]
Aot (BT X5 F*) Afy (BT X F¥)

In a similar computational procedure to [Luo and Tsai (2012)), we can define the
least favorable direction for estimation 8 = (3], 8])" is gf = —d1y ) Iy ! where
2 = Oof ( Edox d) is the asymptotic variance. Then we can approximate Ry using the

following formula

Ry = {Gulert(2)} 2 H{Goulert(2)} + 0,(1),

where

geffT(Z) = ZQ,F*,B{"<Z) - Zl,F*,ﬂf(Z)[Q:]'

Based on the above results, we have

R = Ri— Ry

= {Gulea(2)} X HGulen(2)} — {Gulert(2)} 57 {Gnlenrt(Z)} + 0p(1).
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S6.3 Asymptotic Chi-square property

In order to find the relationship between the efficient score leg(Z) and legi(Z), we
need redifine the scores of /(F, ) with respect to F and /3 using the operator concept.

The score operator can be expected to take the form
A[R)(Z) = Ai[m](Z) + hy Ax(Z),

where Ay [-] = ¢4 px g=[-] is the score operator for the nuisance parameter F' and Ay =
Uy g+ gx. The adjoint operator A} is a linear map characterized by the requirement
(Ailh], 9y, = <h, AT[g])py, for every h € Ly(Ppxpx) and g € Hp, where Hp is
nuisance tangent space. Here, the brackets denote the inner products in the Hilbert
space Lo(Prg) and Hp. Denote A = (A1, A2) and A*A is called the information
operator, which is actually is ¢ defined in section of this proof. ¢ is onto and
continuously invertible, so is A*A. Under the notation of the operator, the least
favorable direction is g* = — A3 A;(AFA;)~! and asymptotic efficient variance can be
rewritten as 3 = A3 Ay — A5 A, (AFA;) T AT A,

When the null hypothesis holds, the score operator can be re-expressed as
Ai[h](Z) = Avi[l](Z) + hyy Asi (Z),

where Ay -] = 04 ps gr[] = lopwge[-] = Ai[-] is the score operator for the nui-

sance parameter F and Ay (Z) = EQ,F*ﬁ;k(Z) = Elypxpr(Z) = EAy(Z). De-
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note Ay = (Ai, Ag;) and AfA; is the information operator, which is actually oy.
Similarly, the least favorable direction under the null hypothesis is re-expressed as
g:rk = A§TA1 (ATA1>_1 and directly ET = A§TA2T — A;TA1<ATA1)_1ATA2T = EYE".

Recall that

let(Z) = ZQ,F*,B;"(Z)_gl,F*,Bf[g:](Z)

le(Z) = lypxpr(Z) — b ppx[g"|(Z)

and

g2,F*,5;" (Z) = EéZ,F*,ﬁf(Z)v Z1,F>1<,6;“ [](Z) = fl,Fﬂ*['](Z),

where E = (Egxa, Faxa). In addition, as Ay; = E'A,, we have

and therefore

O e (2)[97] = Bl pe 5+ (Z) 97]

Consequently,

let(Z) = Elg(2).
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In addition, we have shown that

S = EXE".

Let U, = ©7Y2G,leg(Z). We have shown that U, N(0, E;). Now we have

R = R — R,
= UJU, — UJS'?S7'S20, + 0,(1)
= UN(E;—XYV2ET(ESET)'EXY)U, + 0,(1)

— UIQU, + 0,(1)

where

QO =FE;—X\?E"(EXE") 'EXY?

It can be seen that

0 = E;—2%'Y2ET(EXET)'EXY?
+YV2ET(ESET)IESY? x SV2ET(EXSET) T ERY?
- E;— Y V2EY(EXET)'ER?

= Q.
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Thus €2 is an idempotent matrix with rank d, therefore

R = UIQU, + 0,(1)—5 \2.

S7 Evaluate the adequacy of the SPLRM model

This section develops a practical diagnostic procedure for evaluating the adequacy of
the SPLRM. We formulate the associated joint testing problem and present a simple
bootstrap-based implementation. We will establish the entire diagnostic process in
three steps.

Step 1. Testing the single SPLRM structure.

The testing problem (i) in Remark 1 reduces to the following question. Given
a sample of observations {(X;, Y;)}"; from one treatment group, we assess whether

their conditional distribution admits the single SPLRM representation

AF(y | : F, 8) = SR -2 AP Q) (S7.23)

~ (exp{t-2TB}dF(t)’

where 8 € R? is an unknown finite-dimensional parameter and F denotes some
unspecified baseline distribution.

we address this issue by a score test. To capture possible departure of the true
data generating process from the SPLRM, we relax the fixed 5 to be a random
vector [ + e, where e follows a multivariate normal distribution with mean zero and

variance-covariance matrix Y. For simplicity, we further assume that ¥ = 71, a
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diagonal matrix. Then the problem of testing whether the SPLRM fits the data is

equivalent to testing whether 7 = 0 or not. Thus, testing model adequacy reduces to

Hy:7=0 wversus H;:7>0.

We follow the score test procedure in |Liu et al. (2021) to check the goodness of
model (S7.23|). Let ¢(u) denote a multivariate standard normal distribution. Under

this assumption, the likelihood of (7, 3, F') is

)(b(u)du (S7.24)

exp(Y; - X/ B+ Y X u\/T)dF(Y;
BT = HJ Joxp(t X7 + £ X uyn)dF(l)

The log-likelihood is

o (F,B,7) = anln {mi(F,B,7)}, (S7.25)
i=1
where
_ [exp(Yi- X[ B+ Y X[uy/T)dF(Y;)
miF, 8, 7) = Texp(t- X7 B+t X, uy/m)dE(t) $u)du
Note that

exp(Y; - X[ B+ Y, - X u\/T)dF(Y;) -1
(F' = Y. - XTu——
Vel B, 7) (exp(t- X B+t Xjuym)dF(t) i '2yr (u)du
exp(Vi- X7 8 +Y; - XJuym)dF(Y))

[explt- X, 6+ t- X, uy/m)dF(D)}?
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. J exp(s-X;BJFS-XZ-Tuﬁ)s-XTuQ\—ﬁdF( §)b(u)du
1

= 2\_5%(]:’5’7)’

where

exp(Y; - X/ B+ Y- X u\/7)dF(Y;)
Soxp(t X, B+ £ X uym)dE(D)
exp(Vi - X[ B + Y X uy/7)dF (V)

ol X7+ 1 X uyD)AE (D)2

x fexp(s X[ B+ s X un/T)s - X udF (s)p(u)du

Y; - X7 ud(w)du

%(Rﬂﬂ') =

The score function is

n

1 1
VLo (F,B,7) = Zm F ) 2ﬁqi(F,6,T)

=1
a(F, B, 7)
2meZF6, 7)

To calculate the limit of the above score as 7 — 0, we use the L’Hopital’s rule:

a(F, B, 7)
1/[ 2mZ (F,B,7) 1=
]- - Tqi<F7B7T>_ (F 67 )vai(F’ﬁ7T)
Z{ mi(F7B7T> ( ( }

lir% VA, (F,B,17) =

1/ < F,B,7))? 7=0
_ 1 C 2\/FVTQi<F7577-)_Qi(F757T)Xqi<F7B7T>
B 2;{ m;(F, B, T) (m;(F,8,7))? } 7=0
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Note that
_exp(Y; - X/ B)dF(Y;)
m;(F, 3,0) = [exp(t- X; B)dF (1)
and
 (expYi- X[ B)dF(Y)) T
WEGO) = | Texplt- X gar o uowd
Y XT dF f T T
{E};Z;(t . XT?)dF((t)L X Jexp(s - X{B)s - X udF (s)¢(u)du
-0
Therefore
' lim, 0 2y/7V,q;(F, 3,7)
PL%VE (F,5,7) :_Z m;(F, 3,0)

We need to calculate V,¢;(F, 3, 7). It can be seen that

VTQZ'(F7B7T) = (Y XT)

Sexp(t- X6+t X u\/T)dF(t)
explYi- X, 6+ Y, - X uyI)dF(Y)
Texplt X701 1 X, uym)dF(1)}?
X Jexp(v X B+ v X uT)v - %dF(v) x Y;- (X[ u)?o(u)du
exp(Y; - X, B+ Y- X uy/T)dF(Y;) Y- X u

(Sexp(t- X[ B +t- XJuyT)dF(H)}2 247
X Jexp(s X/ B+ s X uyT)s - X[ udF (s)p(u)du

exp(Y; - X B+ Y - Xjuy/7)dF(Y))

Toxplt- X[ 8 11X, uyD)AF(D)

\F
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(X u)?

N RO

X Jexp(s X[ B+ 5 X u\/T)s*dF (s) -

exp(Yi - X] 3 + Y+ X uy/T)dF ()
{Sexplt- X[ B+ t- X, uyT)dF (1)}

X Jexp(s X[ B+ s X uT)s - X[ udF(s)

exp(t- X,/ B+t X;u\ﬁ)t 2i/(;udF(t) x ¢(u)du

Therefore

X X, Y- X[ dF
2 x VP pr) - [ S S S B (v X ()
explYi X+ Yo X[uyP)E(Y)

{Sexp(t- X;/B+1- X-Tu\ﬁ)dF(t)Z

[

p(v- X[ B+ v X uy/T)vdF(v) x Y; - (X;u)?¢(u)du

exp(Y; - X/ B+ Y- X u\/T)dF(Y;)
{Sexpt XTB+t- XTu\/T)dF(t)}?

[ex
f

X (exp X/ B+ s X uy/T)s - X[ udF (s)o(u)du
f

exp(Y; - X/ B+ Y- X u\/T)dF(Y;)
J {SeXp X B+t XuyT)dF (1)}
(

Y X u

X [‘exp(s'XTﬁ—ks-X-Tu\/?)stF() (X[ u)é(u)du

exp(Y; - X] B + Vi X[ uyT)dF(Y;)
(Texp(t- X7 B+t~ X un/7)dF (1)}

fexps X/ B+ s X uyT)s - X/ udF(s)

J t- X/ B+t X uy)t- X[ udF (t) x ¢(u)du
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Setting 7 = 0 on the right hand side of the above equation gives

exp(Y; - X[ B)dF(Y;)

A(F,B) = Texp(t- X7 B)dF (1) (Y - X[ u)?¢(u)du
T e somat
P vt
f {(E};ipyt );?)dF((t)Z}Z <4 J exp(s - X; B)sdF(s)}* x (X[ u)*¢(u)du
- egxfxpt)gf/gfg( )) A
AR e a1
e
e KO 30
Therefore
lim V.l (F,B,7) = %i hmﬁojﬂ;/(;vé?;()ﬂﬁ’ﬂ
< S
- %le XX
*SGX;Y ;;XdF f exp(v - X] B)odF (v)
X7 X,

X B)s*dF(
Sexpt X/ B)dF(t Jexps B)s°dF(s)
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L 2K
Sexp(t - X/ B)dF

i < ewls - xippsar (o]

The above limit corresponds to the score function with respect to 7 evaluated at

7 = 0. We therefore define it as

Since (F, () is unknown, implementing the score-based goodness-of-fit test re-
quires consistent estimation under H,. For the single SPLRM , Cheng et al.
(2025)) reformulate the estimation problem as two biased-sample empirical likelihood
problems, whose solutions admit closed forms. We adopt their iterative procedure to

A

obtain (F, B) under Hy. Under the proposed algorithm in |Cheng et al.| (2025),
F(y) = Zﬁi[(Yi <), é(!ﬁ) = chiI(Xi < x),
i=1 i=1

where p; = pi(8,G), 4 = G;(8,F). Here G is an auxiliary distribution function
introduced for reparametrization.
Specifically,

1/A2<}/;767 G)
o1 1/Ao(Y;,8,G)

1/A1<Xi757 F)
Z?:l 1/A1(Xj76a F)7

pi(8,G) = (B, F) =
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where

Az, B, F) = few”)y dF(y), Doy, 5,G) = f 'Y 4G (z).

The estimated conditional distribution in ([S7.23)) is then

F(yla; F, B) = Y wiw; B, F, G)I(Y; < y), (S7.26)
i=1
where
o e n o exp(zT BY))
Wi\ ,F,G = P; ,G—A X~ A~ S7.27
(0. .G) = p(5,0) TS (s7.27

and A F, G) = S iu(5, G) expla™ B Y0

The test statistic is constructed as

To approximate the null distribution, we employ a bootstrap procedure under

H()Z
1. Generate X7, ..., X} from the empirical distribution function of {X;}7 ;;
2. For each j = 1,...,n, generate Y;* from {Y;};_, according to the discrete dis-

tribution (S7.26). Specifically, conditional on X7, sample Y;* from {Y;}7_; with

probabilities {wl(X;“;B,F, é’), - ,wn(X’-“;ﬂA, F,G)}

3. Based on the bootstrap sample {(X;‘,Y}*)}?:l, re-estimate (F*,B*) using the
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iterative procedure of |(Cheng et al.| (2025]), and compute the bootstrap statistic

TF = SE(F*, ).

B
Repeating this procedure B times, let ¢ _, denote the (1—a) quantile of {maX{Tﬁk(b), 0}} .

b=1
We reject Hy if

%
T, > ci_,-

Step II. Testing equality of baseline distributions.
We now consider testing whether the two groups share a common baseline dis-
tribution.

Suppose we have observations {(X;,Y;, D;)}"_,, for the general SPLRM,

AF () = S22 B dFly) (S7.28)

B Sexp{t -« B} dFy(t)’

we consider the hypothesis test
H):Fy=F =F versus H:Fy# Fi.

Specifically, we construct a profile likelihood ratio statistic under the SPLRM
formulation and approximate its null distribution via bootstrap. Let gn(Fo, Fy, Bo, B1)
denote the corresponding profile log-likelihood, which has the same form as (2.3) in

the main paper, namely,

ng 1

1 Ns
gn(Fo, Fi, Bo, 51) = Z ZYm : X;;-ﬁk + 10g(p/m‘) — log {Z Zpsr : eXP(Ysr : X}L/Bk)}] .
k=0

i=1 s=0r=1
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The likelihood ratio statistic is defined as

én = 2{ sup gn(Fva’laﬁmﬁl) — sup g11(}717 F7 50761)}

Fo,F1,B0,61 F,Bo,51

Under the unrestricted model, we estimate (Fj, ;) separately for k = 0,1 by
applying the iterative procedure of |Cheng et al. (2025)) to each group-specific sam-
ple. This yields the maximizer supg, g, 5,5, gn(FO,Fl,,BO,Bl), with corresponding
estimates (ﬁo,ﬁl,éo,él). Under H{, we impose the constraint Fy = F; = F and
estimate (F, fp, 1) using the iterative procedure described in the main paper. This
gives supr 5, 5, Zn(F, F, Bo, f1), with estimates (F, E., B, Bl) Recall that 3 = (BO, Bl)

Under H{), the estimated conditional distribution has the same form as in Equa-

tion (2.6) of the main paper:

Fuyly | 2) = Y win(z; F, B)I(Y; <), (S7.29)
i=1
where
by (T 5
wuk(xa F7 5) pz(/B) A(I’Tﬁk,p) ) (8730)

and ]31(5) denotes the limiting iterative value of p,, in (2.5) with (3, F') replaced by
(B, F).

Because the asymptotic distribution of En is nonstandard, we approximate it-
s null distribution via bootstrap. Under the unconfoundedness assumption, the

propensity score m(x) = P(D = 1| X = z) can be consistently estimated. Let
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7(x) denote such an estimator.

1. Generate X7, ..., X* from the empirical distribution function of {X;}? ;
2. For each j =1,...,n, generate D} from a Bernoulli{7 (X7 )} distribution.
3. For each j = 1,...,n and k € {0, 1}, generate potention outcome Y}*(k) from

{Y;} | according to the discrete distribution (S7.29)). Specifically, conditional on
X7, sample Y;* (k) from {Y;}7; with probabilities {w »(X}; F.B),. . wpp(X*F

)

Set Y;* = DIY7(1) + (1 - D})Y*(0).

4. Based on the bootstrap sample {(X*,Y;*, D¥)}!" |, compute the bootstrap statis-
tic

R: = 2{ sup EZ(F(%FI’/BOMBI) — Sup EZ(Fa F7/60761)}-
Fo,F1,B0,61 F,F,Bo,p1

Repeating the above procedure B times, let ¢, denote the (1 — «) quantile of
{ﬁz(b)}{il. We reject Hyj if

D *
R, > qi_,.

Step III. Joint diagnostic via Bonferroni adjustment.

The overall diagnostic for SPLRM requires simultaneously testing the two hy-
potheses corresponding to (i) and (ii). To control the family-wise error rate at level a,
we apply a Bonferroni correction. Specifically, each test is conducted at significance
level a/2. The SPLRM assumption is rejected if either of the two null hypotheses is

rejected under this adjusted level.
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S8 Additional simulation results

Tables present additional simulation results when data were generated from

Examples 1 and 2 in the main paper.

Table S1:  Simulated Biases, Variances, and MSEs under data generated from Example 1 with
low-dimensional (d = 5) covariates of the ps-N type. All numbers reported have been multiplied
by 100.

Tate Tatt Tatc T0.1 T70.5 70.9 Tate Tatt Tatc 70.1 T0.5 T0.9
HOM:Bias HET:Bias

SPLRM -0.43 -0.33 -0.49 -0.67 -0.44 0.15 -0.62 -0.2 -0.84 -0.44 -0.41 -0.29
GLM -2.97 2148 -17.35 178 -3.44 -19.4 -5.98 21.58 -21.6 18.16 -6.39 -26.77
POW 3.9 11.75 -8.65 9.72 13.06 -15.86 3.15 11.86 -10.68 10.27 14.24 -21.07
GRF  -3299 0.3 -44.86 -17.95 -32.84 -47.26 -40.74 0.42 -56.09 -20.77 -40.21 -60.33
GBM  -21.19 13.45 -39.22 -1.9 -20.89 -39.58 -28 13.36 -49 -3.57 -27.26 -52.02
IDEAL -0.29 -0.28 -0.29 -0.16 -0.17 -0.75 -0.26 -0.18 -0.3 0.12 -0.1 -1.09
T-PAR -04 0.09 -0.64 042 -0.34 -1.03 -0.37 0.19 -0.65 0.68 -0.33 -1.3
F-PAR -38.23 -23.35 -45.46 -13.11 -39.27 -34.34 -45.81 -23.25 -56.79 -30.14 -46.94 -78.43
POOL -0.55 -0.2 -0.73 -0.48 -0.49 -0.43 -0.52 -0.1 -0.74 -0.12 -0.48 -0.8
AIPW-1 -047 0.04 -0.73 0.33 -0.79 -1.3 -045 0.15 -0.76 0.83 -0.94 -1.65
ATIPW-2 -26.9 0.85 -40.41 -11.45 -27.27 -41.67 -33.65 0.95 -50.5 -13.31 -33.7 -53.91

HOM:Variance HET:Variance

SPLRM 137 09 183 065 14 281 138 092 185 093 1.71 4.36
GLM 1.9 317 253 742 285 876 206 3.14 292 786 3.18 10.98
POW  16.11 10.1 20.32 27.23 35.52 35.52 19.96 10.12 25.34 32.45 43.21 42.88
GRF 1.68 2.09 218 5.09 293 624 186 224 245 5.64 331 7.21
GBM 23 358 242 74 391 7.06 25 359 282 78 422 788
IDEAL 041 127 062 174 076 173 042 1.28 0.64 181 0.82 1.84
T-PAR 138 127 18 172 138 3.08 1.39 128 182 1.78 1.39 3.34
F-PAR 163 198 1.75 3573 1.61 687.79 1.84 2.16 1.98 116.58 1.82 513.56
POOL 127 096 1.75 1.01 127 293 129 098 177 1.1 129 32
AIPW-1 147 115 202 385 235 513 148 116 204 42 258 545
AIPW-2 1.64 209 195 457 252 5.19 1.8 222 218 5 2.8  5.99

HOM:MSE HET:MSE

SPLRM 138 09 184 065 14 281 138 092 185 093 1.71 4.36
GLM 1.98 7.78 554 1059 296 1253 241 7.8 7.59 11.16 3.59 18.14
POW  16.26 11.48 21.07 28.17 37.23 38.03 20.06 11.53 26.49 33.5 45.24 47.32
GRF 12,57 2.09 2231 831 13.72 28.58 18.45 224 3391 9.95 19.48 43.61
GBM 6.8 539 178 744 827 2273 1034 5.38 26.82 7.93 11.65 34.94
IDEAL 041 128 0.62 174 076 174 042 128 0.64 181 0.82 1.85
T-PAR 1.38 127 1.8 173 138 3.09 139 1.28 182 179 139 3.36
F-PAR 16.25 7.44 22.42 359.02 17.03 699.59 22.83 7.56 34.23 125.67 23.86 575.08
POOL 1.28 097 176 101 128 293 129 098 177 1.1 129 3.21
AIPW-1 147 115 203 385 235 514 148 116 205 42 259 548
AIPW-2 887 2.1 1828 588 9.96 2255 13.12 223 27.68 6.77 14.15 35.05
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Table S2: Simulated Biases, Variances, and MSEs under data generated from Example 1 with

large-dimensional (d = 10) covariates of the ps-L type. All numbers reported have been multiplied

by 100.

Tate Tatt Tatc T0.1 T0.5 T0.9 Tate Tatt Tatc T0.1 T0.5 T0.9
HOM:Bias HET:Bias
SPLRM -0.5 0.07 -0.64 -3.65 -0.66 3.01 -0.9 0.23 -1.18 -2.44 -0.25 1.51
GLM  -11.47 -3.87 -12.24 10.3 -6.67 -40 -14.24 -3.82 -15.35 11.55 -8.52 -48.57
POW -18.19 -81 -17.2 19.74 -12.5 -64.69 -22.4 -8.05 -21.67 24.92 -15.65 -78.57
GRF -25.9 -21.31-23.49 -20.7 -24.7 -30.95 -31.04 -21.27-29.35-24.24 -29.17 -38.47
GBM  -23.37-14.99 -25.15 -13.13 -21.92 -32.58 -28.56 -14.95 -31.46 -15.05 -27.04 -40.14
IDEAL -0.28 -0.48 -0.24 -0.1 -0.52 -0.16 -0.21 -0.42 -0.18 0.54 -0.37 -0.43
T-PAR -0.61 0 -0.77 -197 -0.82 1.11 -0.54 0.05 -0.7 -1.09 -0.75 0.63
F-PAR 177 -03 224 -9.14 233 5945 237 -0.24 296 -13.7 -1.04 2.98
POOL -0.7 -0.22 -0.83 -4.07 -0.91 3.05 -0.62 -0.16 -0.76 -2.88 -0.83 2.26
ATPW-1 0.15 -0.09 0.16 -0.15 -0.27 -0.11 0.18 -0.1 0.2 -0.28 -0.09 -0.75
ATPW-2 3.51 -0.89 4.52 -954 1.07 19.36 4.46 -0.82 5.68 -9.71 1.2 21.95
HOM:Variance HET:Variance
SPLRM 5.23 2.05 741 286 533 9.51 518 2.17 7.31 344 6.22 119
GLM 30.38 14.77 40.38 54 64.28 58.39 39.71 14.95 53.12 67.74 85.18 77.82
POW  42.19 24.48 56.47 67.61 88.39 73.99 52.24 24.66 70.43 84.74 110.87 95
GRF 9.5 5.69 14.07 23.99 16.11 35.78 12.66 6.46 18.78 30.56 21.56 48.62
GBM  10.01 9.23 13.37 27.52 17.38 33.91 12.85 9.63 17.28 34.17 22.43 42.74
IDEAL 04 229 05 201 092 201 0.42 239 0.53 224 1.04 2.22
T-PAR 548 225 7.66 5.12 548 9.31 552 234 7.71 5.19 552 9.68
F-PAR 48.51 9.2 72.15 139.48 145.64 2074.24 63.66 10.04 94.95 48.93 49.58 620.94
POOL 549 197 7.69 4.66 5.49 9 5,53 2.06 7.74 476 553 941
ATPW-1 6.54 2.62 9.43 16.11 105 21.99 6.65 2.7 9.56 18.24 10.83 24.34
ATPW-2 47.76 9.33 71.42 54.17 43.32 103.92 63.16 10.09 94.71 69.05 57.22 140.69
HOM:MSE HET:MSE

SPLRM 5.23 2.05 7.41 299 5.33 9.6 519 2.17 732 35 6.22 11.92
GLM 31.69 14.92 41.88 55.06 64.72 74.4 41.74 15.1 55.47 69.07 85.91 101.42
POW 45.5 25.14 59.43 71.51 89.95 115.84 57.26 25.31 75.12 90.95 113.32 156.73
GRF 16.21 10.23 19.58 28.28 22.21 45.36 22.29 10.98 27.39 36.44 30.06 63.42
GBM 1547 11.48 19.69 29.25 22.19 44.52 21 11.86 27.17 36.43 29.74 58.85
IDEAL 04 229 05 201 092 201 0.42 239 0.53 224 1.04 2.22
T-PAR 548 225 7.67 5.16 5.48 9.32 552 234 7.72 52 552 9.69
F-PAR 48.54 9.2 722 140.32 145.69 2109.59 63.71 10.05 95.04 50.81 49.59 621.03
POOL 55 197 7.7 482 55 9.09 5,53 2.06 7.75 4.84 554 9.46
ATPW-1 6.54 2.62 9.43 16.11 105 21.99 6.65 2.7 9.56 18.25 10.83 24.34
ATPW-2 47.88 9.34 71.62 55.08 43.33 107.67 63.36 10.1 95.03 70 57.24 145.51
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Table S3: Simulated Biases, Variances, and MSEs under data generated from Example 1 with

large-dimensional (d = 10) covariates of the ps-N type. All numbers reported have been multiplied

by 100.

Tate Tatt Tate T70.1 T0.5 T0.9 Tate Tatt Tate 70.1 T0.5 T0.9
HOM:Bias HET:Bias
SPLRM 0.04 -0.6 0.34 -2.33 -047 298 -0.24 -0.58 -0.1 -238 -0.3 2.55
GLM -3.01 19.95 -16.66 10.99 -2.94 -14.09 -6.03 19.83 -20.86 9.9 -6.21 -19.98
POW  -1.13 9.03 -14.14 591 881 -23.19 -2.99 891 -17.7 6.67 9.19 -32.2
GRF  -35.46 -7.98 -45.03 -25.2 -35.17 -45.67 -43.3 -8.09 -56.34 -29.97 -43.25 -56.65
GBM  -2499 59 -39.86-11.67-24.84 -37.64 -31.96 5.68 -49.87 -15.4 -31.74 -48.68
IDEAL -0.2 -0.77 0.09 -1.78 -0.16 1.22 -0.17 -0.89 0.17 -2.14 -0.24 0.97
T-PAR -0.07 -0.91 0.33 -2.61 -0.42 2.64 -0.04 -1.03 0.42 -2.8 -0.67 2.35
F-PAR -38.78 -24.78 -45.58 -29.14 -39.98 -36.67 -46.46 -24.89 -56.95 -34.04 -53.82 -92.93
POOL 0.06 -0.69 041 -3.02 -0.29 331 0.09 -0.8 05 -3.01 -054 2383
ATPW-1 0.08 -0.61 0.41 -1.59 -046 2.12 0.12 -0.71 0.5 -2.25 -0.6 1.9
ATPW-2 -28.47 -4.23 -40.24 -17.6 -28.73 -38.82 -35.29 -4.33 -50.33 -21.65 -35.58 -49.25
HOM:Variance HET:Variance
SPLRM 1.46 1.06 197 088 1.6 295 149 1.14 199 1.92 216 5.55
GLM 2.72 3.85 4.11 10.19 4.61 13.85 3.27 3.87 53 11.31 5.58 18.46
POW  30.66 19.38 35.31 56.54 62.28 51.87 39.21 19.42 46.95 70.42 79.26 62.77
GRF 249 273 327 75 408 7776 297 3.14 395 884 4388 9.6
GBM 28 4.1 355 99 466 9.07 353 459 45 11.51 5.73 11
IDEAL 042 1.21 0.63 194 1.03 209 045 1.28 0.68 215 1.13 227
T-PAR 148 1.26 197 194 1.48 3.37 1.5 132 198 206 1.5 3.54
F-PAR 246 2.75 269 4.38 243 280.12 299 3.19 3.3 4.86 172.64 915.58
pPOOL 138 1.02 193 1.17 138 321 141 1.08 194 1.3 141 341
ATPW-1 1.62 124 226 4.76 296 596 1.65 131 227 529 325 6.59
ATPW-2 248 2.82 3.06 6.65 3.62 6.68 297 3.22 371 7.78 438 8.32
HOM:MSE HET:MSE

SPLRM 1.46 1.07 197 093 1.6 3.04 149 1.14 199 197 216 5.62
GLM 281 7.82 6.88 11.39 4.7 1584 3.64 7.8 9.65 1229 596 2245
POW  30.68 20.19 37.31 56.89 63.06 57.25 39.3 20.21 50.08 70.87 80.11 73.14
GRF 15.06 3.37 23.55 13.85 16.45 28.61 21.72 3.8 35.69 17.82 23.59 41.69
GBM 9.1 445 19.44 11.26 10.82 23.24 13.75 4.91 29.37 13.89 158 34.7
IDEAL 042 1.22 063 197 1.03 2.1 0.45 1.29 0.68 219 1.13 2.28
T-PAR 148 1.27 197 201 148 344 1.5 133 199 214 1.51 3.6
F-PAR 175 8.89 23.46 12.88 18.41 293.56 24.57 9.39 35.73 16.45 201.61 1001.95
POOL 138 1.03 193 126 138 332 141 1.09 194 139 141 349
ATPW-1 1.62 1.24 226 4.78 296 6.01 1.65 1.31 227 534 325 6.63
ATPW-2 10.59 3 19.26 9.75 11.87 21.75 15.42 3.41 29.04 12.47 17.04 32.57
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Table S4: Simulated Biases, Variances, and MSEs under data generated from Example 2 with
large-dimensional (d = 10) covariates. All numbers reported have been multiplied by 100.
Tate Tatt Tate 70.1 T0.5 T70.9 Tate Tatt Tatc T0.1 T0.5 T0.9
ps-L:Bias ps-N:Bias
SPLRM 8.69 -7.56 12.39 0.02 12.53 30.29 -2.3 -5.7 -0.59 -3.69 2.73 14.59
GLM 14.93 -3.84 17.28 22.71 19.82 3.12 11.15 -0.37 15.92 4.31 13.18 15.6
POW 23.9 -1.3 25.11 33.22 33.53 -3.42 10.34 0.12 17.61 12.1 16.3 1.26
GRF 31.49 -1.48 36.17 20.02 35.03 40.67 28.35 -0.91 42.28 13.86 32.13 37.45
GBM 29.8 -1.51 36.62 19.54 35.53 37.19 24.25 -0.86 35.98 12.87 28.38 29.6
IDEAL -0.02 -1.07 0.01 -0.38 0.31 -0.81 -0.85 -1.27 -0.61 -0.57 -0.97 -1.64
T-PAR 0.42 -0.95 053 0.72 1.14 -0.88 -0.25 -0.65 -0.03 -0.05 0.18 -1.15
F-PAR 93.13 27.58 108.74 19.3 123.62 125.14 47.4 28.72 56.5 5.24 79.7 46.39
POOL  49.14 28.93 53.79 12.91 87.61 30.62 33.6 28.32 36.2 4.84 72.48 9.5
AIPW-1 -1.04 -141 -1.19 2.83 1.68 -4.71 -0.71 -0.86 -0.6 0.2 -0.53 -0.48
ATPW-2 48.9 4.31 59.45 19.6 45.34 84.64 23.19 1.36 33.82 9.57 26.7 33.11
ps-L:Variance ps-N:Variance
SPLRM 6.08 5.29 8 0.82 9.62 9.18 1.98 249 227 0.6 3.94 4.29
GLM 21.05 17.19 26.98 7.73 41.86 92.12 3.2 4.27 4.18 1.41 6.73 15.44
POW 39.54 31.54 51.45 21.87 74.13 144.61 22.81 23.51 22.45 11.41 48.09 88.08
GRF 9.19 6.32 1297 4.31 15.01 55.56 2.47 2.98 3.08 1.15 4.85 14.26
GBM 9.37 9.05 12.08 4.4 15.82 63.52 2.66 3.89 3.35 1.29 5.56 14.74
IDEAL 091 5.23 1.07 0.53 195 4.22 0.88 2.98 1.2 0.48 199 4.11
T-PAR 1.74 334 174 037 176 7.06 1.09 1.72 1.04 0.16 0.89 5.43
F-PAR 1997 10.39 29.1 2.01 15.74 76.41 7  6.96 9.21 0.75 5.15 32.88
POOL 437 0.84 7.69 1.88 4.07 20.68 1.03 0.53 1.57 0.4 1 491
AIPW-1 6 538 7.91 1.69 10.02 49.47 1.85 2.61 2.1 0.77 3.83 11.38
AIPW-2 15.89 7.15 23.38 3.79 15.74 83.27 3.21 3.12 4.93 1.09 4.92 14.58
ps-L:MSE ps-N:MSE

SPLRM 6.83 5.87 9.53 0.82 11.19 1835 2.03 2.82 228 0.73 4.01 6.41
GLM 23.28 17.33 29.96 12.88 45.78 92.22 4.44 4.28 6.72 1.6 8.47 17.87
POW 45.25 31.56 57.75 32.9 85.38 144.73 23.88 23.51 25.56 12.88 50.75 88.1
GRF 19.11 6.34 26.05 8.32 27.28 72.1 10.51 2.99 20.95 3.07 15.17 28.29
GBM 18.25 9.07 25.49 8.22 28.45 77.36 854 39 16.3 2.95 13.61 23.49
IDEAL 091 524 1.07 0.54 195 423 0.89 3 1.2 049 2 4.13
T-PAR 174 335 1.75 037 178 7.07 1.09 1.73 1.04 0.16 0.89 5.45
F-PAR 106.69 18 147.35 5.74 168.56 233  29.47 15.21 41.14 1.03 68.68 54.4
POOL 2852 9.21 36.62 3.55 80.82 30.06 12.33 8.55 14.68 0.64 53.54 5.82
AIPW-1 6.01 54 7.92 177 10.05 49.69 1.85 2.62 2.1 0.77 3.83 11.38
AIPW-2 39.8 7.33 5872 7.63 36.3 154.92 8.58 3.14 16.37 2.01 12.05 25.54
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S8.1 On asymptotic variances and their bootstrap estimates

In the main paper, we have derived the asymptotic variance of the proposed estima-
tors for various estimands. In the real data analysis of the main paper, we report
bootstrap-based estimates of the asymptotic variances. We may wonder whether the
bootstrap-based estimates are close to the theoretical variances.

To address this concern, we consider a representative simulation setting: Exam-
ple 1 under the low-dimensional setting (d = 5), the propensity score satisfying the
ps-L model, and fy = f; = (04,...,0.4). See Section 4.2 in the main paper for
more information on this setting. To calculate the theoretical (asymptotic) variance
or approximate it as closely as possible, we set sample size n to be 5000 or 10000. For
each n, we generate 1000 samples of size n, calculate the proposed point estimate
based on each sample, and calculate the sample variance, say S, of the resulting
1000 point estimates. Then the quantity n x S is an approximate of the asymptotic
variance of this point estimator. The first panel of Table Table |S5| gives such results
for all the causal parameter of interest. We observe that, as the sample size increas-
es from n = 5000 to n = 10000, the estimated variances for all causal parameters
remain essentially unchanged. This stability suggests that the values reported in the
first panel can be regarded as reliable approximations to the theoretical asymptotic
variances.

The second panel of Table [S5| presents the bootstrap variance estimates for vari-

ous causal parameters based on B = 300 bootstrap samples of size n € {500, 1000, 2000}.
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We see that the bootstrap variance estimates are very close to the theoretical counter-
parts when the causal parameters are 7., Tatt, Tate and 795. The bootstrap variance
estimates for 75, and 799 are a bit larger than the theoretical variances when the
sample size is as small as 500. Their gaps decrease as the sample size increases to
1000 and 2000. In practice, using a slightly inflated variance estimate is more accept-
able than using an underestimated one, because it produces a conservative confidence

intervala result that is typically deemed acceptable.

Table S5: Table of theoretical (asymptotic) and bootstrap variance estimates under Example 1
(d = 5a pS_L)

n Tate Tatt Tatc 70.1 T0.5 70.9

Theoretical Variance
5000 20.935 7.409 29.971 8.299 21.003 40.100
10000 20.926 7.425 30.047 8.212 20.801 39.605

Variance estimation based on bootstrap

500 23.543 8.145 33.824 12.734 25.237 51.766
1000 22.441 7.901 32.305 10.809 23.420 46.287
2000 21.606 7.824 31.050 9.677 22.337 43.145

S9 Additional results for LLvsPSID dataset

Estimates based on IPW and AIPW are highly sensitive to propensity score estima-
tion and may become unstable in the presence of extreme weights. To assess this
sensitivity in the LLvsPSID data, we additionally implemented truncated IPW and
ATPW estimators; the corresponding results are reported in Tables [S6] and [S7]
Relative to the untruncated estimators, truncation generally brings the IPW

and AIPW estimates closer to those obtained from SPLRM and REG. The effec-
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Table S6: Truncated estimates and 95% bootstrap confidence intervals ([Lower, Upper]) for ATE,
ATT, and ATC on the earnings of participants aged below 30 years based on the LLvsPSID data.
Cut-off point for propensity scores: 0.02.

GLM-trunc POW-trunc GRF-trunc GBM-trunc AIPW-trunc
EST -9290.48 -8143.09  -11182.87 -10466.90 -9914.25

ATE Lower -12807.09 -12610.63 -14230.23 -13681.51  -13172.60
Upper -5773.87 -3675.54 -8135.52 -7252.30 -6655.90

EST 90.79 -859.52 -3672.18 -1109.07 -2899.99
ATT Lower -1880.17 -10021.38  -5581.97 -3358.96 -4619.60
Upper 2061.74 8302.34 -1762.40 1140.82 -1180.39

EST  -12445.57 -13093.24 -12566.16 -12849.14  -11616.54
ATC Lower -16664.14 -16496.55 -16889.23 -17071.06  -15554.84
Upper -8227.00 -9689.94 -8243.09 -8627.22 -7678.24

t is particularly pronounced for the POW-based estimators, in which truncation
substantially alters both ATE and QTE estimates, even reversing their signs. For
example, QTES0, QTE75, and QTE90 change from non-significant pre-truncation
values of 3131.09, 5224.29, and 7999.13 to significant negative values of -8919.46,
-13921.67, and -17803.98. For these quantiles, the truncated AIPW estimates al-
so move markedly closer to SPLRM. These findings suggest that IPW and AIPW
estimates are strongly influenced by extreme propensity scores. In contrast, SPLR-
M provides a model-flexible alternative that avoids reliance on inverse probability
weighting and yields empirically more reliable estimates in the presence of extreme

propensity scores.
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Table S7:  Truncated estimates and 95% bootstrap confidence intervals ([Lower, Upper]) for QTEs
on the earnings of participants aged below 30 years based on the LLvsPSID data. Cut-off point for
propensity scores: 0.02.

GLM-trunc POW-trunc GRF-trunc GBM-trunc AIPW-trunc

EST 0.00 0.00 -218.70 0.00 -128.21
QTE10 Lower -1013.12 -974.65 -1605.81 -1200.99 -997.34
Upper 1013.12 974.65 1168.41 1200.99 740.91

EST -5484.68 -3151.43 -8766.79 -6719.89 -8432.41
QTE25 Lower -8871.68 -7944.01  -10403.43  -9593.19 -9967.01
Upper -2097.68 1641.16 -7130.15 -3846.58 -6897.80

EST  -10744.56  -8919.46  -14174.78 -12358.20  -13675.30
QTES0 Lower -14930.00 -14054.00 -17382.50 -16060.32  -16601.17
Upper -6559.11 -3784.91  -10967.07  -8656.07 -10749.43

EST  -13986.37 -13921.67 -15724.50 -14574.74  -14870.22
QTE75 Lower -17324.71 -18112.40 -19405.01 -17231.87  -17787.45
Upper -10648.04  -9730.95 -12043.99 -11917.62  -11952.99

EST  -19281.70 -17803.98 -19622.80 -19919.27  -13918.65
QTE90 Lower -34113.33 -29698.79 -32777.39 -35555.01  -26490.32
Upper -4450.08 -5909.17 -6468.22 -4283.53 -1346.97
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Figure S1: Age distribution of treated and control groups for individuals under age 30 in LLvsPSID
Data.
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Figure S2: Estimated propensity score distributions using different methods for Individuals under
Age 30 in LLvsPSID data.

S10 Additional simulation for conditional average treatment

effect

Under the same simulation settings as in Section 4 of the main paper, we further eval-

uate the estimation of the conditional average treatment effect (CATE), denoted by

7(X). The IPW method is excluded from this comparison due to its well-documented
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instability. As shown in the main simulation results, IPW offers no clear advantage
in terms of bias or MSE for estimating ATE and ATT under these settings, and
performs similarly for CATE estimation. Since ATE and ATT are averages of CATE
over specific subpopulations, we focus instead on three more widely used methods

for CATE estimation:

(1) GRF: the causal forest method proposed by Wager and Athey| (2018), imple-

mented in the R package grf (Tibshirani et al., 2018).

(2) X-learner: a meta-learning algorithm for CATE estimation proposed by |Kiinzel
et al. (2019). This method is particularly efficient when the treatment and con-
trol group sizes are highly imbalanced, making it well-suited for our simulation
scenarios. We use BART as the base learner due to the relatively small sample

size.

(3) BART: The Bayesian additive regression trees method, widely used for causal
inference, which also provides credible intervals for CATE estimation (Dorie and

Hill, [2017; Dorie et al., 2019)).

We assess the performance of the CATE estimators using the expected mean
squared error (MSE) for estimating 7(X) at a randomly drawn test point X, and the
empirical coverage probability with a nominal coverage level of 0.95. The simulation
settings mirror those in Section 4 of the main paper, except for the HET case in
Example 1, where the coefficients differ across treatment groups. For each experi-

ment, we generate a training sample of n = 500 units to train the CATE estimators
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and assess their performance on a test set of 10,000 units with known true CATE
values. Each experiment is repeated 50 times, and the reported results are aver-
aged over these replications. This evaluation procedure follows the approach used by
Kiinzel et al. (2019)) and Wager and Athey| (2018) for calculating the MSE of CATE
estimators.

Figure reports the MSE performance of six CATE estimators. In the two
leftmost columns of subplots, all methods achieve low MSEs across both dimen-
sions, except for the F-PAR method. The performance of SPLRM, T-PAR, and
F-PAR aligns with their corresponding ATE results reported in Tables 1-3 of the
main paper. Specifically, under the “HOM+ps-L” setting, the MSEs of F-PAR for
ATE estimation are 0.348 and 0.485, and under “HOM+ps-N" they are 0.163 and
0.175—substantially higher than those of SPLRM and T-PAR. Among the three ma-
chine learning-based estimators, GRF consistently achieves lower MSEs compared to
BART and the X-learner.

The two rightmost columns of subplots in Figure[S3|highlight the clear superiority
of our proposed SPLRM method, which consistently achieves the smallest MSE across
all scenarios. The MSEs obtained by the BART, X-learner, and GRF methods are
comparable, with the X-learner performing slightly better overall. This may be
attributed to the X-learner’s ability to handle data imbalance effectively, as noted
by |[Kiinzel et al.| (2019)). In contrast, the T-PAR method, even under perfect model

specification, exhibits consistently larger MSEs than the other methods due to its
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sensitivity to data imbalance.
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Figure S3: The boxplot of mean square error (MSE) of CATE. Each panel corresponds to one of
the four scenarios, except for the case where the Sy # 1 in Example 1. The abbreviations “Equ.”,
“Lin.”, and “Non.” stand for “Equal”, “Linear”, and “Nonlinear”, respectively, and correspond to
the HOM, ps-L, and ps-N scenarios introduced in the main paper.

Figure [S4] presents the empirical coverage results for CATE, and Figure [S5| shows
the corresponding interval lengths. We use a nonparametric bootstrap method with
B = 50 resamples to estimate the variance of CATE for the SPLRM, T-PAR, and F-
PAR methods. Our proposed SPLRM method achieves satisfactory coverage across
all scenarios while maintaining relatively short interval lengths. However, the interval

length of SPLRM increases slightly as the covariate dimension d increases from 5 to
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10. BART and X-learner generally provide higher coverage probabilities, but their
intervals tend to be conservative. GRF achieves better coverage and shorter intervals
than BART and X-learner in Example 1; however, it fails to maintain adequate
coverage in Example 2. For the T-PAR method, the intervals provide reasonable
coverage with short lengths in the first two scenarios, but severe under-coverage is
observed in the last two scenarios, again highlighting its inability to handle data

imbalance effectively.
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Figure S4: Empirical 95% coverage of CATE. The solid red line is the 95% coverage level value.



Manli Cheng and Yukun Liu

Examplel. + Equ.+ Lin.

Examplel. + Equ.+ Non.

Example2. + Lin.

Example2. + Non.

BBBBB

eeeeeeeeee

SSSSSS

GRF- ~|[|—
F-PAR -

1

I
I

1
I

BBBBB

eeeeeeeeee

SSSSSS

T

I
i
Sl
I
I

0T

Figure S5:

Figure [S4

Bibliography

Cheng, M., Y. Liu, and J. Qin (2025). A novel semiparametric approach to non-

ignorable missing data by catching covariate marginal information. Scandinavian

Journal of Statistics 52(2), 691-709.

Chernozhukov, V., I. Fernandez-Val, and B. Melly (2013). Inference on counterfactual

distributions. Econometrica 81(6), 2205-2268.

Average length of interval estimate for CATE, which corresponds to the results in




BIBLIOGRAPHY

Dorie, V. and J. Hill (2017). aciccomp2016: Atlantic causal inference conference

competition 2016 simulation. R package Version 0.1-0 4, 19.

Dorie, V., J. Hill, U. Shalit, M. Scott, and D. Cervone (2019). Automated versus
do-it-yourself methods for causal inference: Lessons learned from a data analysis

competition. Statistical Science 34, 43-68.

Doss, H. and R. D. Gill (1992). An elementary approach to weak convergence for
quantile processes, with applications to censored survival data. Journal of the

American Statistical Association 87(419), 869-877.

Kiinzel, S. R., J. S. Sekhon, P. J. Bickel, and B. Yu (2019). Metalearners for esti-
mating heterogeneous treatment effects using machine learning. Proceedings of the

National Academy of Sciences of the United States of America 116(10), 4156-4165.

Liu, Y., P. Li, L. Song, K. Yu, and J. Qin (2021). Retrospective versus prospective
score tests for genetic association with case-control data. Biometrics 77(1), 102

112.

Luo, X. and W. Y. Tsai (2012). A proportional likelihood ratio model. Biometri-

ka 99(1), 211-222.

Murphy, S., A. Rossini, and A. W. van der Vaart (1997). Maximum likelihood
estimation in the proportional odds model. Journal of the American Statistical

Association 92(439), 968-976.



Manli Cheng and Yukun Liu

Tibshirani, J., S. Athey, R. Friedberg, V. Hadad, D. Hirshberg, L. Miner, E. Sver-
drup, S. Wager, M. Wright, and M. J. Tibshirani (2018). Package grf. Comprehen-

swe R Archive Network.

Wager, S. and S. Athey (2018). Estimation and inference of heterogeneous treat-
ment effects using random forests. Journal of the American Statistical Associa-

tion 113(523), 1228-1242.



	Preparation
	Proof of Theorem 1 in main paper
	Proof of Theorem 2 in main paper
	 Proof of Corollary  1 in the main paper
	Proof of Theorem 3 in the main paper
	Proof of Theorem 4 in main paper 
	Approximation of R1
	Approximation of R2
	Asymptotic Chi-square property

	Evaluate the adequacy of the SPLRM model
	Additional simulation results
	On asymptotic variances and their bootstrap estimates 

	Additional results for LLvsPSID dataset
	Additional simulation for conditional average treatment effect

