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The Supplementary Material provides detailed explanations and discussions of related comments in the manuscript
(Sections[ST|and[S2)), as well as auxiliary lemmas (Section [S3)), proofs of theoretical results (Section[S4)), and additional

numerical studies (Section , including a statistical power study.

S1 Problem Description and Formulation

S1.1 Supremum-based p-value Combination Tests

The supremum-based p-value combination tests are a class of methods that combine input
p-values from individual hypothesis tests into a single test statistic, as defined by (2.8) in
the manuscript, to assess the global null hypothesis. This approach encompasses a broad

range of test statistics.

The minP test is considered to belong to this family because we can define a statistic
equivalent to the minP statistic Pyy: T§(P) = sup;;c, f(FPy), where f(-) is a strictly

decreasing function satisfying Assumption [I] This equivalence follows from the one-to-one
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correspondence of these events: for any p € (0, 1), with ¢t = f(p),

(R <) = UF80) > 00} = {sup £(P0) > ¢} = (15(P) > 1.

Therefore, in testing, 1y and T¢(P) yield the same decision rule at any chosen significance

level.

Similarly, the Simes test is also a member of this family because Tsimes(P) = min—y {P(i) !

.....

is equivalent to T¢(P) = sup;<;<,, fi(P)), where f;(z) = f(z%) and f(-) is a strictly decreas-

1

ing function with lim,_,o f(z) = +oo. Thus, f; satisfies Assumption . This equivalence

follows because, for any p € (0,1) with ¢t = f(p),
{Hgin{P@%} < P} = {SHP f(Poy}) > f(P)} = {Sup fi(Pay) > t}-

The HC statistic Tyo(P) = max;— G P0) takes the form of (2.8) with f;(Pu)) =

””” " Po(1-Fa)

f (%, Puy) and f (%, x) = Vila=® which compares the magnitude of F;) with its expected

z(l—z)’

value £ under the null (Donoho and Jin, 2004) (although, strictly speaking, E(Pu)|Ho) =

(Zhang et al., 2020)).

The one-sided ¢-divergence statistics defined by ([2.7)) are also special cases of the statistic

family in (2.8]), noting that f;(z) = f. s(%, x) is strictly decreasing for a given s, i, and n.

In general, when f;(Py) = f(%, Py) is defined as a decreasing function of P that
measures the deviance from its null expectation approximated by %, the statistic is said to

belong to the general goodness-of-fit (GGOF) family (Zhang et al.l 2020).
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S2 Asymptotic Correlation Robustness under Gaussianity

S2.1 On the tail bounds for the minP statistic

Corollary 2.1 of |[Li and Shao (2002)) has shown that for X satisfying the Gaussian model in

with o;; € [—1,1],

|IP) (TmaxN(X) > t|2) —P (TmaxN(X) > t|I) |

<

S Alogles(—2/(+ o)}, vi>o0. (s2.1)

1<i<j<n

] =

Equation (3.14) in the manuscript provides a sharper bound than (S2.1)), provided that the

X, are not perfectly correlated and ¢ is large. To demonstrate this, we obtain the following

result using (3.14)):

‘P (TmaxN(X) > t|2) - P (TmazN<X) > t|I) |

<A (1) + Bolt) + C(t), (52.2)

where

(1+03)* exp(—t*/(1+0y)).

An(t) = > Ay(t), with Ay(t) = 2 e :
1<i<j<n 2my /1 — o5

Bn(t) n(n_21>q)2( )’
c =3 () -y

As t — 00, Ayj(t) = Ot 2 exp(—t2/(1 + 035))), Bu(t) = O(t~2e7), and C,,(t) = o(B,(t)).

Therefore, (S2.2) improves upon (S2.1)) by a factor of ¢~2 if |oy;| < 1 for i # j.
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S2.2 The Simes test versus the minP test

Equations (3.13) and (3.16]) in the manuscript provide an insightful comparison between the

minP and Simes tests under arbitrary correlations. Specifically, we have the following:

lim P(TSimes(P> < p|2)

= 1.
p=0 P (Trinp(P) < p/n|X)

This indicates that for a small p, the p-quantile of Tsjmes (Which is roughly p) is approxi-
mately n times the p-quantile of T,,;,p under the null hypothesis and arbitrary correlations.
Moreover, the p-value of the minP test is always asymptotically greater than or equal to
that of the Simes test. To see this, let p;) be the observed statistic of T},;,p. The observed
statistic of Tgimes 1S given by min; {p(i)%}, which is less than or equal to np;). The p-value
of the minP test is

P(Thinp < 1)) ~ P(Tsimes < np)| ) > P (Tgimes < min {p@%} \2) , (S2.3)
where the right-hand side is the p-value of the Simes test. Therefore, for the same data, the
Simes test is more likely to yield a significant result than the minP test. In other words,
for a sufficiently small a, if P(Tmimp < pa)) = «, then P (Tsimes < min; {p(i)%} \2) < a,
indicating that the Simes test (which rejects Hy if p) < ia/n for at least one i) effectively
controls the probability of type I error (i.e., it is a level-a test). Although both tests are
level-a tests, the statistical power of the Simes test is asymptotically greater than or equal
to that of the minP test under arbitrary correlations. It is worth noting that this conclusion
holds for any arbitrary correlation structure (see Corollaries |§| and [7| for results in the non-
Gaussian case), whereas Sarkar| (1998) requires the test statistics vector X to be multivariate

totally positive of order two (see also Simes| (1986)); Sarkar and Chang| (1997)).
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S3 Auxiliary Lemmas and Proofs

In this section, we present auxiliary lemmas that are essential for proving the results in
the manuscript. Lemmas - introduce important techniques from the existing lit-
erature. Lemma provides an asymptotic calculation of tail probabilities for bivariate
normal random variables. Lemma [A6]identifies the conditions under which the joint bivari-
ate tail probability becomes negligible compared to the marginal tail probability. Lemma
provides non-asymptotic upper and lower bounds for the tail of a multivariate normal
distribution. Finally, Lemma presents necessary and sufficient conditions for checking
whether the supremum-based p-value combination test statistics satisfy Assumption [I]in the

manuscript.

Lemma A1l (Bonferroni Inequalities (Bonferroni, [1936; |Liu and Xie, 2020)). For every

1<p<|n/2],

2p 2p—1
S (1S < BUL, A) < 3 (DS
k=1 k=1

where Sy =3 1 oj < <ipen P(An N NA;).
When p = 1, the inequalities reduce to

ip(/xi)— > P(A4NA) <P( ?1Ai)§zn:IP>(Ai). (S3.1)

1<i<j<n

Lemma A2 (Sarkar’s Equation (Lemma 2.1 and Remark 2.1 in Sarkar| (1998)))). Let X1y <
Xy < ... £ X(n) be the ordered components of an arbitrary random vector X = (X1, Xo, ..., Xn)T.
Denote X((l_)i), - X((n_i)l) the ordered components of (n—1) dimensional random vector X (=

by eliminating X; from X.
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1. For any fired a1 < as < ... < ay,,

n

1

P (X > o Xy > ap) =1 —— P(X; < a,

(Xay = a1,y Xn) > an) n;( an)

n n—1

(X; < a; I1(X; <a;

—|—Z E[{ ,:_CIJH)— ( - aj)}x]P(X((J))>aj+1,.,X(( ))>an]X>}

=1 j=1 J J

(S3.2)
2. For any fized by < by < ... < by,

P (X() < biy ooy Xny < b) ZIP’X <b)

n n—1
(Xi > bp—j)  I(X; 2> bp_jir) (=i (=i
+ZZEH , _ , IP’(X(I) < by, XD <bnj|X>

=1 j=1 J +1 J
(53.3)
If X;’s are i.i.d. with a common CDF F(x), then Equations (53.2) and (S3.3)) reduce to,

respectively,

P(Xqy>ar,...Xm > a,) =1-P(X; <a,)

(Xi <aj1)  P(X; <a5)
+ TLZ |: ] + 1j - ] . x P (X(j):n—l > Aj41, -'7X(n—1):n—1 > an) ) (834)

and

P (X (1) < blu 7X(n) < bn) = ]P)(Xl < bl)

(X; > b ;) P(X; > by ii1)
T nz |: ] +1 2 — ] J x P (X(l):n—l < bla "JX(n—j):n—l < bn—j) ,

(93.5)

where X(1)mp—1, .-, X(n—1):m—1 are the order statistics of (n — 1) dimensional random vector

X = (X1, X5, .., Xn1) .

Lemma A3 (Lemma 2 in the supplementary material of [Long et al.| (2023))). Asy — 0T,
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the inverse Gaussian function is in the following range,

V2log (1/y) +1—1< &7} (y) < /2log(1/y). (3.6)

Lemma A4 (Multivariate Mill’s Inequality (Savage, [1961)). Let X follow a multivariate
normal distribution N (0,%), with ¥ = (0i)1<ij<n, i = 1, and |oy;| < 1 for i # j.
The probability density function (pdf) of X is denoted by f(x). Let X! = (07 )1<ij<n
A, = Z?Zl tjos;, and t be a row vector satisfying tY~1 > 0 entrywise. Then, the multivariate

tail probability is bounded by

1— 3200 20 04 (1+05) /(M) _PX >t 1
[T A T f@) T IIL A

(83.7)

Furthermore, the univariate Mill’s inequality (Mills, 1926;|Borjesson and Sundberg, |1979)

1s that for any t; > 0,

(f(jf)t? <P(X;>t) < ¢§t) (S3.8)
and
20(t:)t; 20(t;) .

($3.9)

7

Lemma A5 (Bivariate normal tail probabilities). Suppose (X1, X2)" follows a standard bi-
variate normal distribution with the density function f(x1,z2) = (27v/1 — 02)7} exp(—ﬁ(x%—
20m122 + 23)) and 0 € (—1,1). If |o] < t1/ta < |%], then as t1,ty — o0,

1-0%?
(tl — O'tg)(tg — O'tl)’
(1 —0?)?
(tl + O'tg)(tz + O'tl).

P (X1 >, Xe > t) =P (X < —t1, Xo < —t2) ~ f(t1,t2)

P(Xl < —tl,Xg > tz) = ]P)(Xl > tl,XQ < —tg) ~ f(tl, —tg)

Proof. First, notice that, by the symmetry of the distribution of the bivariate vector (X1, X»)",

we have P(Xl > tl,XQ > tg) = P(Xl < —tl,Xg < —tz) and
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P(Xl < —tl,Xg > tg) = ]P(Xl > t17X2 < —tg)

Second, the magnitudes of the tail probabilities follow Lemma [A4] Specifically, the bi-

1 o

variate vector (X, X5)" corresponds to ¥ = (1 ¢) and 71 = (ﬂ,"Q o ) Let t = (t1,t2).

62-1 1—02

Since |o| < t1/ty < \%\, for sufficiently large t¢1, to, we have t; — oty > 0, and t5 — oty > 0.

Therefore, t£7! = (422 2290) = (A, A,) with

1-02 7 1-02

as ty,ty — 00.

Accordingly, Equation (S3.7) reduces to

= < .
A A, A A, (S3.10)

1 2—0)/(1—0)\ PX>t) PXi>t,Xs>t) 1
(1 - ) = f(t) f(t1,t2) T AAy

(1—02)?
tlfo'tg)(tgfa'tl)

As t1,ty — 00, we have A11A2 =1 — 0. Therefore,

(1-0%)?
(tl — O'tg)(tg — O'tl) '

H‘D(Xl > tl,XQ > tg) ~ f(tl,t2> (S?)]_l)

Similarly, we can get P (X; < —t1, Xy > to) = P(—X; > t1, X5 > t3).

—o 1 o 1
62-1 1—02

Notice that (=X, X5)" is bivariate normal with £ = (! 77) and 7! = (1"2 ot )

We have t¥ 1 = (442 Lioh) — (A, A,). Under the condition |o] < t;/t2 < ||, we

have
G st
as t1,to — 00.
Similar to the calculation in , we have
PX>1) PXi>t0,Xp>1) 1 (1 —0?)?
f-x1.x,(t) foxi.x,(t, ) A1Ay  (t1 +oty)(ta + oty)

Since f_x, x,(t1,t2) = fx, x,(—t1,t2) = f(—t1,t2), and f(—t1,t2) = f(t1, —t2) by symme-
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try, we get

(1—0%)?

P(Xl < —tl,Xg > tg) = ]P(—Xl > tl,XQ > t2> ~ f(tl,—tg) (t ot )(t ot )
1 2 2 1

Lemma AG6. Suppose (X1, X5)" follows a standard bivariate normal distribution with the
correlation coefficient o € (—1,1). For ty,ty — oo and |o| < limy, 1,00 t1/ta < |1/0|, we

have

P (X, > t1, Xo > to) =o (min {P(X; > #,),P (Xo > t2)}). (S3.12)

]P)(|X1| > 1y, |X2| > tg) =0 (mln {IP)(|X1| > tl) ,]P)(IXgl > tg)}) . (S?)].g)

Proof. By Lemma [AF]

(1-0%)°
(t1 — oty) (t1 — oty)
(1 —0?)%exp (—2(?102) (t2 — 20t1ty + t%))
21 (t; — oty)(ty — oty)V1 — o2
(1—02)2 1
T 2n(t — ota)(ta —aty) P (_m

]P)(Xl > tl,XQ > t2> ~ f(tl,tg)

(] — 20t1ts + t§)> :

Applying the univariate Mill’s inequality in (S3.8)), we have

ty 1 t2

P(X; >t) >
(X3 1)—1+t

=N
d
N
@D
"
=
[\

Thus, as t1,t; — o0,

]P)(Xl > tl,Xg > t2)
]P)(Xl > tl)
(1—02)2 (1+1¢2) < 1 2>
< e - (0t] — ¢ — 0.
_\/ 27Tt1(t1 — O'tg)(tg — O'tl) P 2(1 - U2> <O_ ! 2)

P(X1>t1,X2>t2) — 0

Similarly, limy, 1,00 B(Xaots)
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By Lemma [AF]

P(|X1| > t1, [ Xo| > t2) =P (X1 > 1, Xo > 1) + P(Xy < —t1, Xp < —t)
+]P>(X1 < —t17X2 > tg) +P(X1 > t17X2 < —tg)

=2P (Xl > tl,XQ > tg) + 2P (Xl < —tl,Xg > t2>

3

(1—0‘2)5 1 ) )
- (B —20tity+t
m(t; — oty)(ty — oty) exp 2(1 — 02) ( 1 otily + 2)
(1—0’2)3 1 ) ,
- (7 20tt t
- 7(t, + ota)(ty + oty) eXPp 2(1 — 0?) (7 + 2011ty + t3)

=C (1-0%: exp (—; (t] = 2|o|tits + t2)) .
m(ty = |ofta)(tz — [o]t1) 2(1 = |of?) ’

Also, by the univariate Mill’s inequality in (S3.8)), we have

IP)(|X1| > tl) =P (X1 > tl) —f-]P)(Xl < —tl)

Thus, as t1,t; — o0,

P(|X1] > 1, Xs| > )
P (|1 X1 > t1)
C(1—0%)3 (1+8) ( | 2)
= exp | =5 (ol —12)" | — 0.
_tl(tl - ’0'|t2)<t2 — |0-|t1> p 2(1 —_ |O'|2) (| ‘ 1 2)

P(Xa1|>t1,|Xa[>t2) _
P(|X2[>t2) ’

Similarly, limy, 1,00

Lemma A7. Suppose that X = (Xy,...,X,)" is Gaussian as in Definition . Let

fij(u,v) = (2my /1 — afj)’1 exp(—ﬁ(u2 — 20uv + v?)),

)

and t; > 0,1 <i<n.

1. Define the events A; = {X; > t;},1 < i <n. Ift;—o,t; >0 and t; — o;t; > 0, we
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have

fij(tisty)

(1-02)? }

(s — oijt;) (t; — o3jti)

<P (O A@) <) ‘ﬁf"); (S3.14)

— S
+ |
T ¥
|
—

2. Define the events A; = {|X;| > t;},1 <i <n. Ift, £ 0;t; > 0 and t; £ o;;t; > 0, we

have
20(ti)t; (1— Uizj)Q (1— Uz'zj)Q
- 2fi;(ti, b + 2fi;(ti, t;)
1;71 1 + t? 1<Zj:<n { ]( ]) (tl — O'ijtj)(tj — O'ijti) J J (tl + O'ijtj)<tj + O'Z‘jti)
<P (U Ai|2> <) d)t(tz). (S3.15)
i=1 1<i<n

Proof. To ease the notation, we write P(-|X) as IP(-) throughout the proof.

1. According to Bonferroni inequality in Lemma

i]p (A)— Y P(ANA) <PULA) < iP(AZ-) . (S3.16)

1<i<j<n i=1

By (S3.10)), if ¢; — oty > 0 and t; — oty > 0,

(1-— J?j)2

(ti = o3sty)(t; — oists)

P(A4;NA;) < fistity)

Applying the univariate Mill’s inequality in (S3.8)), we have

o(t:)t; (1- Uz‘?j)z n o(t;
2 1(+)75? -2 {fij(ti’tj)(ti — ojt;)(t; — Uz’jti)} SPULA) S D (tz g

1<i<n 1<i<j<n

2. Similar to the above deduction, by (53.10)), if ¢; & 0;¢; > 0 and ¢; £ 04;t; > 0,

]P)(AZ N A]) = 2P (Xz > ti,Xj > tj) + 2P (Xz > ti,Xj < —tj)

(1 — o'.2.>2 (]_ — 0'-2-)2
- +2fi;(ti, =) » :
(t; — 035t (t; — o4it;) (i + 03t;) (5 + 0ijti)

< 2fi(ti )

}
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Together with (S3.9)), we have

1<i<n 1<i<j<n
20(t;
<P (UL A) < > Phs)
1<i<n ¢

(1-— J%)Q

20(t;)t;
DR e AP IRC

i — 04ty (t; — oijti)

+ 2fi;(ti, —t;5)

(1-— al-zj)2

(t; + oijt;)(t; + 0it:)

Lemma A8. Consider f;(-) satisfying Assumption[l], i = 1,2,...,n. Fori < j, f;i(z) <

fi(x), x €[0,1] if and only if f7'(y) < f; ' (), V.

Proof. Sufficiency. Suppose that f;*(yo) > fj’l(yo) for some yo. Let z; = f; '(yo) and

ZEjO = fj_l(yo). Then fj(xiO) S Yo S fZ(ZL’]()) Note also that fi(xj()) < fj(ij) = Yo =

filwio) < fi(wy0). This is a contradiction! Thus, f;'(y) < fj_l(y), Vy.

Necessity. Because f; ' is also strictly decreasing, it follows from the proof of sufficiency

that fi(z) < fi(x), x € [0,1] if f;'(y) < fj_l(y), Y.

S4 Proofs of Main Results

S4.1 Proof of Lemma 1

Proof. To ease the notation, we write P(:|I) as P(+), Truinp(P) as Trinps Tmaen(X) as Traen,

and Tyaenn (X) as Thaenn throughout the proof.

}
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For p — 0,

For t — oo, since ®(t) — 0,

]P)(Tmaa;N > t) =1 - IP>(T‘mazN S t)
_1 - P(X; < 1)

—1—(1—®@)"

=nd(t) + O(P*(t)).

By (S3.8)), lim;_, % = 1. As a result, P(Th0.n > t) ~ no(t)/t.

Similarly,

]P(Tmath > t) =1-— ]P(Tmath S t)
—1—P(X] < 1)

=1— (1 —2®(t))"

2n9(t)

=2n®(t) + O(P*(t)) ~ -
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S4.2 Proof of Theorem [1I

Proof. To simplify the notation, we write P(:|3) as P(+), Thazen (X) as Traen, and Traenn (X)
as Tmath-

We first prove the case of one-sided p-values. The tail probability can be expressed as the

union of individual events
P (Tonazy > t) = P(|J Ai),

where A; = {X; > t}, 1 <i < n. By Bonferroni Inequality ([S3.16]),

P(Thaen > 1) = ZIP )+ 0> _P(A;N Ay)) (S4.17)

1<J

i<j

Let fi;j(z;, ;) be the joint density function of X; and X;. We have

_ 1 o
fl](ta t) - o /1_0_2_2j €xXp < 1+Jij> ’
By Lemma [AF)]

~

eXp(—lJf;j) (1—-03)? exp(—ljzij)

' =
o, f1—o2 (1 —0i)% t
Thus, P(Taen > t) = nP(X1 > t) + O(t 2 exp(—t?/(1 + max gy5))).

Similarly, letting A; = {|X;| > t}, 1 < i < n, we have

P (Thazin > t) = U Z]P’ )+ 00> P(A;NA)).

=1 1<J
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By Lemma [AF)]

P(Az ﬂAJ) =P (Xl > t,XQ > t) —|—]P>(X1 < —t,XQ < —t)

+P(X1 < —t,XQ >t)+]P)<X1 >t,X2 < —t)

—C, exp(—t*/(1 + 0y)) LC exp(—t*/(1 — 0y))
2 ? 2

=O(t* exp(—t*/(1 + |oy])))-

Therefore, P (Trnaenny > t) = nP(|X1] > ) + O(t 2 exp(—t?/(1 + max;.; |044]))).

Moreover, for one-sided p-values, let t = ®~(p). Then

P(Tmznp(P) < p) = P(TmamN > t) = TLP(Al) + O (Z P(AZ N AJ)> s

1<j

where A; = {X; > t}, i =1,...,n. Note that P(X; > t) = p and P(A4;, N 4;) = o(p) due to

(S3.12)), as p — 0. We have

P (Toinp < p) = np+ o(p). (S4.18)

Similarly, for two-sided p-values, let t = ®71(p/2) and A; = {|X;| > t},i = 1,...,n.
P(|X;| >t)=pforalli=1,..,n. Then
P(Thinp < p) = P(Tpaany > t) = nP(41) + O (Z P(A; N Aj)> . (S4.19)
i<j

It follows from (|S3.13|) that, as p — 0,

P (Tninp < p) = np + o(p). (54.20)

S4.3 Proof of Corollary

Proof. Note that P (T,0,n(X) > t|X) = P (max; X; > ¢|X) = P (U, {X; > t}|X) and
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P (Tnaznn(X) > t|X) = P (U {|X:i] > t}/X). So, Corollary [2|is a direct application of

Lemma [A7] with ¢; = ¢ for all 1.

S4.4 Proof of Theorem [2

Proof. To simplify the notation, we write Tsimes(P) as Tsimes and P (Tsimes < p|2) as P (Tsimes < P)-
First, the input p-values are one-sided, as defined in (3.11)). Accordingly, the ordered
p-values are Py = ®1(X(,_i41)), where X(1) < X(9) < ... < X(;,) are the order statistics of

X1, ..., X,,. The tail probability of the Simes statistic becomes

]P)(TSimes < p) =P | mn——< p

where b; = &~ (w),lgign.

n

Because b; is increasing in ¢, applying (S3.3) in Lemma yields the following:

P (X(n) < b, .oy X(2) < bo, X(1) < by)

1 n
n n—1
I(X; > bp—j)  I(X; > bpji1) (—i) (—i)
i=1 j=1
(S4.21)
" (X; > buy)  T(X; > byjin)
i = Un—j i Z Un—j+1 (=i (—1
“1-p+ EH R ; }xIP(X(l) <b1,..X(n]<an|X>]

=1 j=1
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where recall that X((;)i), e ,X((;_i)l) are the order statistics of the variables X1, ..., X; 1, X;11,..., X,.

The expectation term in the double-summation is

]Xz>bn— IXZan_ i »
E[{( 20 )1 j J+O}p<x&>gbhwxﬁgjgalﬂxo} (S4.22)

1
Cj+1

1
— =P (Xi > bp—j1, X
J

(=) (=)
P (Xz Z bn—jJX(l) S bl; ~7X(n_j) S bn—j>

(—i) (=)
(1) S b17 7X(n_]) S bn7]> .

For j =1,...,n—1, let E; _, be the event {X) = X, X2y = Xip, o0, X(neyj) =

177;27~~v77;n
Xi,_; }» where iy, iy, ...,i,_; are distinct indices from {1,2,...,i — 1,7 +1,...,n}. Write Pp(-)

as the conditional probability P(- | E;, 4, i, ). Then we have

—J
(i) (i)
P(&zmﬂJ@ g%w&%ﬁgmﬁ (S4.23)
= Z Pp (X; > by, Xi, < by, Xi o, S bu) P(Eiig,in.,) -
1,025y — €{1,2, e Li 1.}

Note that

Py (Xz' > bpj, Xy < b1, ., X5, < bnfj)

=Pp (X; > by—j) — P (X; > b,—j, Xi; > b1)
—Pp (Xi > byj, Xi, < by, Xy, > by)

—...— Py (X,L > bnfjaXil < bl; "7Xin7j71 < bn,jfl,Xi o> bn,]’) .

n—j
Because b; is increasing in 1,

Pg (Xi > by—j, Xiy > b1) <Pp(X; > b1, X;, > by)

CP(Xi 2 b, Xy > b B y) (S4.24)
P (Eih’ig,...,’infj) |
]P)(Xl > blaXh > bl)

<
- P (Eil,i2,~~~,in—j)

. (S4.25)
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Similarly, for £ = 2,3,...,n — j, we have

P (X, > by X; > b
Pg (Xi > bpj, Xy < by, Xy, <bpo1, Xy, 2 bk) < (IE” (E ko k)

177;27~-v7in7j)

Note also that P (X; > by, X;, > by) = o(® (b)) for k =1,2,....,n — j, due to Lemma .

As a result, the summand in (S4.23|) becomes
Pp (X; > boj, Xiy < b1, Xiy, < buey) P(Eiyig,.in,)
=P (Xi > byn_j, Eil,iQ,...,z‘n,j) + o(® (b1)),

and thus,
P (Xi > bogy X < by, XD < bn—j) =P (X; > by—;) + o(® (b1))
J+1
=——p+o(p).
n
Similarly,
P (Xi > bn—j—l—l;X((l_)i) < by, '-7X((,,:i)j) < bn—j> =P (Xi > by_ji1) + 0o(® (b))

_J
= p+ o(p).

Clearly, (S4.22)) becomes

o H I(Xi > bny)  1(X; Z‘bnﬂl)}ﬁp(

(—1) (=) _
(54.26)
By (S4.21)) and (S4.26)), for any fixed n,
P X <d'(P), . X < (D), X0y < 1(p) ) = 1 S4.2
(n) S (n),-.-, 2) S (n ) 1) = (p)) =1-p+o(p), (54.27)

and thus the tail probability of the Simes test is

P (TSimes < p) =p + O(p)a (S428)
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which is independent of the covariance matrix 3. Therefore, the equation in Theorem
follows. Note that we can also directly compare ((S4.28|) with the independence case when
Y =1, Tsimes follows a Uniform(0,1), i.e., P (Tsimes < p|I) = p (Simes, |1986).

For the two-sided input p-values, Py = 2®(|X|(,—i11)). Then,

=P _p
P(TSimes < p) =1-P <|X|(n) < (P(%)) X |X|(1) < @(%>> .

Let b; = @‘1(("21—“) Similar to the proof of (S4.27), we have

P (TSimes < p)

1 n
=1 EZ]P’(|Xi| <by)

i=1

n n—1
(|.X;| > by 1(|X;| > b,y
Y Sk H (62 ) 1012 >} P (1X[G < by XI5 < b ]|X)}

i=1 j=1 J

1 %Zp(p{i; <07 (5)) +olp)

=p + o(p), (S4.29)

which does not depend on the covariance matrix 3. O

S4.5 Proof of Theorem [3|

Proof. Throughout the proof, we will write Tsimes(P) as Tsimes for ease of notation.

Without loss of generality, we assume that the m perfectly dependent p-values are P,_,,11 =
P pio=..=PF,. Let P# P, for: =1,2,....n — m + 1. Under the assumption, Pi#,
i=1,2,..,n—m+1, are i.i.d. U(0,1).

For I = 1,2,....,n — m + 1, we define A; as the event that Pf_mﬂ is the [th ordered

#
p-value P(l), ie

Ar={P m+1_P(7f§}-
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The tail probability of the Simes test can be decomposed in the following way:
n—m-+1
IP><T‘Sime§ < p) = Z ]P)(TSimes < p‘AlﬂP(Al)? <S430)
1=1

where P(A)) = (n—m+1)"1,1<I<n—-m+1.

Note that

P(TSimes < p|Al) = ]P)(k:rlnzln n{P(k) : ’I’L/k’} < p|Al)

777777

n n n n
—P(min{Py~,.... Ppyy—, P o, Py A ).
(mm{ o Py s Pl g Py 3 < 1 z)

When [ = 1, P(l) = .= P(m) and thus min{P(l)%, ...,P(m)%} = P(m)% We have
n n n
P(Tsimes < Pl A1) =P [ min{ Py —, Ponit)———, ooy Poy— ) <
(Ts plA) (mm{ ) o Pmet) oo Py 3 p)
n n
:1_]1]) i Pm_7P’ITL R 7Pn_ 2
(mlﬂ{ ) s Pmet) g oo Py 3 P)

Recall that P(f), k=1,...n—m+ 1, are the order statistics of {R#,z =1,2,..,n—m+1}

which are i.i.d. U(0,1). By (S3.4) in Lemma , for pk# = %’Hp, 1<k<n—m+1,

# +# # #
]P)(P(l) 2 P15 (n—m+41) Z pn—m—i—l)
| P " " 4 #
_ J J
=l-p+n-—m+1))_ i P (P(j)mfm > Pl Bl = pn_m+1>
j=1
where P(ﬁ_m_qﬂ):n_m, e (ﬁ_m):n_m are the order statistics of the (n —m)-dimensional ran-

dom vector obtained by eliminating Pi# from P#. Following the joint distribution of ordered
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U(0, 1) random variables,

P (Pl > it Pl = i)
:/ﬂ;jp.../pl (Z%T))!!(pj)jldpj...dpnm
NW’ as p — 0,
we have
P (Tsimes < p|A1) (54.31)
~p — (n—m+1) iz:;n :T_T:]f - mti._lp] (n ;!m)!.

Similarly, for [ # 1, the conditional probability P(Tsimes < p|A;) can be expressed as the
joint probability of the order statistics P&f), 1 <k <n—m+1. In particular, for | = n—m+1,

the conditional tail probability is

P(TSimes < D | An—m—l—l )

n n n n
=P ( min{ Py, Poyss s Ponom v Py} <
(mm{ W7 Porg - Plommy ooy Py} p)
4 # o P pn o 2P ” (n—m)p 4
—1 P(P(l) > Pz Ph 2 P )

Using a similar argument with pf = %p, 1<k<n+m,and pf_mﬂ = p, we obtain

P(TSimes <p ’ Anferl)

P (n—m)p

n—m+1_n—m

p p
~p—(n — H{———-—-—=1. S4.32
p=(n—m+ )(n—m+1 n) ( )
For [ = 2,...,n —m, the conditional tail probability becomes

]P)(TSimes < p|Al)
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. n n n n n
—P (mln{P(l)I, -~-7P(l—1)—7 P(l)_7 ...,P(H_m_l)—_l, ceey P(n)ﬁ} < p>

[—1 { [+
(1 — 1)p (l+m—1)p
=1-P (P;T) Pl 1 > % > 7”'7P(ﬁ mt1) = P
n—m (j+m)p ]—i—m 1)p
~D — —m+1 n —
p—(n—m+1) §:<J+1 )
(I4+m—1)p n
+ n (84.33)
l (- )

In view of (S4.30]) — (S4.33)), we have

]P)(TSimes < p) ~p — Isum7

where

Let Cyym = n'p(n —m)!. Note that by ”m “LJL_I =(m—1)

. = (jtm j+m-—-1\1

1
g j+1 3/
n—m 1
- Csum m— 1 . 5
( )F10+D'

and
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n—m

sum
=1

We have Igm = Lsum1 + Lsimz2 = 0 and thus P(Tgimes < p) ~ p. O

S4.6 Proof of Theorem [

Proof. First consider the one-sided input p-values. Note that f;(z) £ f(i/n,z) is strictly

decreasing in = € [0, 1]. The tail probability of the test statistic is
P(Ty(P) > t) =1 — P(max fi(Pyy) < t)
=1 —]P)(P(l) > pi, i = 1,2,...,’/'L>
=1-P(Xu <b,i=12,...,n), (S4.34)

where p; = f;'(t) and b; = &~ (f,,,1(¢)). Because b; is non-decreasing in 4, by Lemma

we have

n n—1
I(X; > bn—a) I(X; > bn—JH) (
+3"SE { - ; ]P’(X() < by, X0 <0, ]\X)
i=1 j=1
n n—1
_ —i) (~i) ,
=l—pa+ Y > LTP (X > by X)) < by, XD < bn_J)
i=1 j=1

1 _
—=P (Xz' > bp_ji1, X!

i) (=)
] (1) Sblwan_j) Sbn—j>:| .

Similar to the proof of Theorem [2], we have

P (Xi > bnfj;X(l_i) <b, .., X

o §0) S b)) =P (X2 by ) + 0@ (b))

=Pj+1 + O(pn)a (S435)
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and

P (Xi> by, X

Plugging (S4.35)) and (S4.36) into (S4.21) — (54.23)), we obtain

P (X(n) < bn, ...,X(l) < bl)

one D8 (B )

=1 j=1
_1—pn+nz(f¢3- B) 4 ol

=1 —np1 + o(pn)-

Therefore, P(T;(P) > t) = nf; ' (t) + o(f,71(t)).

O <1, XG0 < b)) =y olpa).

(S4.36)

B -1
For the two-sided input p-values in (3.11)), let b; = &1 <f"+“(t)) The tail probability

of T¢(P) becomes

P(Ty(P) > t)
=1-P(|X]|s <b,i=1,2,...,n)

1

i=1

n n—1
(|.X;| > by 1(|X;| > by
Y YR H ()2 ) 10212 >} P (1X[G < by XI5 < b ]|X)}

i=1 j=1 J
=1- (1—pn+zlzl(fj_:ll— ) —l—o(pn))
=nfi ' (t) +o(f, ' (1)).

Therefore, proof is completed.
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S4.7 Proof of Corollary

Proof. We just need to show that the conditions in Theorem [4| are satisfied.

For the HC statistic, fi(z) = @, x € [0,1] with

z(l—z

22—ty /2 4+ 4i(1 — L) 4+ 2
fz‘_l(t) = t e R,

2(£2 + n) ’

for i = 1,2,...,n. Note f/(x) = /n(z(l — 2))?[(i/n — 1/2)x —i/(2n)], x € [0,1]. If
i/n <1/2, fi(z) < 0forx € (0,1); and ifi/n > 1/2, fi(z) < /n(z(1—2))732[i/(2n)—1/2] <
0, for x € (0,1). Moreover, lim, .o fi(z) = 400. Thus, Assumption [I| is fulfilled and

@) < f7H ) < ... < f7Y(t) for any t, due to Lemma A8

Note that
R t\/m +2
i) = 2 )
1- \/1 41— Lyt g o
B 2(14+nt=2)
:% [1 — (1 +2(1 - %)t2 + 0(t2)> + th} [1 oty o(t*Q)}

1 —2
:ﬁ—f‘O(t ), t—)OO,

and f, ' (t) = Z%. It follows from Theorem {f that, as t — oo,

P(Tye(P) > 1) :tl? + o(tlQ).

S4.8 Proof of Corollary

Proof. Write f,(i/n, Pu)) as fi(Py). It suffices to verify the conditions in Theorem .



Xiaohui Chen, Fangfang Wang, Hong Zhang, and Zheyang Wu

Note that

1

fi(x) = V2n(-1) SA—s)

gi(z), s>1,2€][0,1],

where gi(z) = 1 — (i/n)°2'* — (1—i/n)*(1—2)" ", and j = 0 if 2 < i/n and j = 1 if
x> i/n. Because g(z) = (s — 1) [(i/n)*z™ — (1 —i/n)* (1 — 2)"*] is strictly decreasing in

€ (0,1) and g(i/n) = 0, we have for 0 < 2 < i/n, g;(z) is strictly increasing in z and

thus fi(z) = v/2n[s(1 — s)]~1g;(x) is strictly decreasing in x; while for i/n < x < 1, g;()

is strictly decreasing in x and thus f;(x \/ 2n[s(1 — s)]1g;(x) is also strictly decreasing

in z. Moreover, lim,_,q f;(z) = +00. So, Assumption [l|is satisfied for s > 1.

Next we need to show that f;(x) is increasing in ¢ for any fixed x € [0, 1]. Define G(z,y) =
-zt — (1 —y)*(1 — )%, z € [0,1],y € [0,1]. The partial derivative of G(z,y) with
s—1,.1-s

respect to y is Gy (z,y) = —s [y* 11 ™* — (1 — y)* (1 — 2)*~*], which is decreasing in y. Note

that Gy(z,z) = 0. For 0 <y < z, G(z,y) is increasing in y and thus ¢;(z) = G(z,i/n) is

increasing in i. Because fi(z) = —+/2n[s(1 — s)]"1g;(x), fi(z) is increasing in i for z > i/n.

For z < y < 1, G(z,y) is decreasing in y and thus f;(z) = /2n[s(1 — s)]"1G(z,i/n) is
increasing in ¢ for # < i/n. By Lemma , ) < f1@) < < ).

n

Lastly, we will evaluate f; *(t) for t — co. For # — 0 and x < 1/n, we have f,(z) =

V2n[s(1 — s)]71(1 — 21~%) and thus

FHE) =1+ (2n) ts(s — 1)t2]_1/(s‘1) _ O/,

More generally, note that fi(z) = \/2n[s(1 — s)]~'g;(z) and gi(z) = 1 — (i/n)*z'~* — (1 —

i/m)*(1—2)=* =1—(1—-1i/n)*— (i/n)*z"* + O(x). We have

T+ 0(@) =(n/fi)* [C+ (2n)7s(s = 1) fila)?]
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where C'=1— (1 —i/n)® > 0. This implies that

2(1+0(2%)) =(n/i)*/ 0= [C + (2n) "s(s — 1) fi(x)?] /")

1

=t (B50) T e o))

So, for z = o(1) or t — oo

i = (U5
By Theorem [4] the tail probability is
P(Ty,(P) > t) =nfi ' (t) + o(f, (1))

1
_1 T s—1
_ (%) o), o oo

S4.9 Proof of Theorem Bl

1<i<n

Proof. By definition, Ty(P) = sup fi(FPy)). Under Assumption , the tail probability can

be written as

P(Ty(P) > ) =1 —P(sup fi(y) <?) (54.37)
=1—-P(Py > fi'(t),i=1,..,n). (S4.38)

For a fixed ¢, let a; = fi_l(t). Because a; < as < ... < a,, it follows from (S3.2)) that

P(Pay > a1, ..., Py > ay)

n n—1
I(F < aj1)  1(F < aj) () (i)
DD {H= ) IEE0 s p (P69 2 00 P, 2 alP)

n n—1
1 (—i) (=)
0t DY [P (B £ 0 B 2 e B 2 )

i=1 j=1

1 —i —i
_;P (-Pz S CL],P((]) ) Z Qj41, 7P((n_)1) 2 an>:| )
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where recall that P((f)i), cee P((q;_i)l) are the order statistics of the variables Py, ..., Pi_1, Pii1,..., P,.

For any fixed j, let F; = {P(fi) =P, Py = pCi — Z-TH}, where

Galjdlseenyin—1 (]) (]+1) [P ERERIES) (n—l) =

Gy0j415 -, In—1 are distinct indices from the set {1,2,...,i—1,i+1,...,n}, and write Pg(-) as
the conditional probability P(- | E; for simplicity. Then

jyij+l7~-~7in—1)

P (R- < aj+1,P(-7i) 2> 41, '-aPH)) > a”)

(4) (n—1
- Z Pg (PZ < Gjt1, Pij 2 Qs By 2 an) P (Ez‘j,z‘ﬂl,...,z‘n,l) :
il,iz,...,in,jE{l,?,...,i—l,i-ﬁ-l,...,n}
Note that
Pp (P, < aj41, Py, > ajpr, ., P, > an)

=Py (P, < aj41) — Pg (Pi < aj, By < aj+1) —Pg (Pi < aji, P > a5, Py, < aj+2)

—...=Pp (P, <aju1, P, > ajy1,.., Py > an1, P

i; = n—1

< ay),
Fork=1,....n—1—7,

Pg (Pi <ajr, Py > ajp, Py 2 aguk, Py < Clj+k+1)

<Pg (P; < ajipt1, P, < Wjyht1)

<P (P, < tjips, Py, < 01p11)
= P (E,

j7ij+17-~~7in—1)

by noting that a; is non-decreasing in j. Because (4.17)) can be equivalently expressed in

terms of the joint distribution of the p-values as
PP <p,P; <p)=o(p), Vp—D0, (54.39)

we obtain P (B- < @kt Py < aj+k+1) = 0(@jsp11) for k. =0,1,...,n —1 — j. Conse-

quently,

IEDE (PZ < a’j+17P’£j > Aj41, JP’L > an) P (Ez

n—1 j,ij+1,.“,in,1)

:]P (P’L S a“j-i-l) Eij,ij+1,...,in_1) + O(an)'
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This implies that

P (P < aji, P!

())>CL]+1,..,P( Z)) >(ln>

(

- Z (IED (R < Aj+15 Eij,ijﬂ ..... in,l) + O(an))

i1,i2yrin_ €{1,2,0yi—1,i41,...,n}
=P (P, < a;1) + o(a,)

=a;1 + o(ay).
Similarly,
P (R- < a;, PG > agar, . PUY > an> —a; + olay).

As a result,

=1 j=1 ‘7+1
n—1 a a
Jj+1 J
=0y — N + ola,
Z<J+1 J) (@)
=na; + o(ay)

which is nf; 1 (t) + o(f1(t)).

S4.10 Proof of Remark [1l

Proof. 1. Product Copula:

Clu,u) — (2u—1) =(1 —u)(1 —u) = o(1 — u).
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2. Farlie-Gumbel-Morgenstern (FGM) Copula: for 6 € [—1,1],

Clu,u) — (2u—1) =u® (146 (1 — u)z) —(2u—1)
=(1—u)’(1+46u?)
=o(1 — u).

3. Ali-Mikhail-Haq (AMH) Copula: for 6 € [—1, 1],

Cu,u) — (2u—1) =

4. Survival Copula: for 6 € [0, 1],
Clu,u) — (2u— 1) =u? (exp(—f(Inu)?) — 1) + (1 — u)?
Because Inu = In(1 — (1 —u)) = —(1 — u) + O((1 — u)?) for any i,
exp(—0(Inu)?) — 1= —0(1 —u)* + o((1 — u)?)
Clearly,

Cu,u) — (2u—1) =(1 = 0)(1 —u)* + o((1 — u)?) = o(1 — u).

5. Gaussian copula: Introduce an auxiliary vector (Z;, Z;)" which follows a bivariate

normal distribution with mean vector zero and covariance matrix equal to the correlation
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matrix R with ent;(R) = enty(R) = 1 and ent12(R) = enty; (R) = p;;. We have

C(u,u) — (2u—1)

—(2u—1)

=P(Z; > & (u), Zy > & ' (u)).

It follows from Lemma that C(u,u) — (2u — 1) = o(min(P(Z; > &' (u)),P(Zy >

o~1(u)))) = o1 - u).

S4.11 Proof of Remark 2l

Proof. For the first four copula functions mentioned in Remark (1} it is straightforward to
derive that by taking their formulas, Cp(u,u) ~ u* = o(u), as u — 0.
We just need to show that the Gaussian copula and Cuadras-Augé copula satisfy (4.19)),

and the Cuadras-Augé copula does not satisfy (4.17)).

(1) Taking for the formula of the Gaussian copula,

Cp(u,u) =P(Z, < ' (u), Zo < 3 (u))

=P(Z; > ® (1 —u),Zy > &' (1 —u))

where (71, Z2)T follows a bivariate normal distribution with mean vector zero and covariance
matrix equal to the correlation matrix R with enty1(R) = enty(R) = 1 and ent12(R) =

ents1 (R) = p;j. The second equation follows from the symmetry of this bivariate normal

distribution. It follows from Lemma [A6|that Cp(u,u) = o(min(P(Z; > @711 —u)),P(Z; >
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(1 = u)))) = o(u).

(2) For the Cuadras-Augé copula, if Cp(u,u) takes its formula, we have
Cp(u,u) =u*"% =o(u), u—0.

So (4.19) is satisfied.

However, if C'x(u,u) takes this formula, then is not satisfied. This is because
Cx(1—u,1—u)—(1—2u)=(1—-u)>?—(1-2u).
As (1 —u)"? =1—(2—0)u+ O(u?) for u — 0, we obtain
Cx(l—u,1—u)—(1—2u)=[1-(2—0)u+O0(?)] — (1 —2u)
=0u + o(u).

Clearly, (4.17)) is not satisfied for any fixed 6 € (0, 1). O

S4.12 Proof of Theorem

Let a, and b, be two nonnegative quantities. We write a, < b, if there exists a constant
C > 0, independent of «, such that a, < Cb, for all sufficiently small «; write a, = by, if
there exists a constant ¢ > 0, independent of «, such that a, > cb, for all sufficiently small

a; and write a, < by, if both a, < b, and a, 2 by,

Proof. From Theorem [4] and Assumption [2] ¢, satisfies
fil(ca) = Z(1+0(1)), a— 0. (S4.40)
n

Let a, = f; '(ca). Then a, = a/n(1 + o(1)) and a, =< .

First note that

{T5(P) > ca} = [ Jfi(Pw) > ca} = {Po < £ (o)}
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Let R, = Ui,{Ps) < fi'(ca)}. Under Assumption [2 f;'(ca) < fi'(ca) < @, i > 2. So
there exists a constant C' > 0 such that for small o, f;'(c.) < Ca, for i > 2. Therefore

R, C {Pp) < Ca}. It follows that
IPHl (P(l) < (la) < PHl (Tf(P) > Ca) < PHl(P(l) < aa) + ]P)Hl (P(Q) < CO{) (8441)

We next show Py, (Pp) < Ca) is negligible. Let u = Ca and z, = ® (1 — z). Note that

the event {Py) < u} means at least two p-values are below u. Hence, by the union bound,

Py, (Poy <u) < > Py (P <u, Py <) (S4.42)

1<i<j<n

There are three types of pairs. (1) The pair is centered bivariate normal with correlation

p <1, so

2
Pu, (P, < u, Py <) =Py (X; > 2, X; > 2,) S 2,7 exp {—11‘ } : (54.43)
P
for i,j > m (see Lemma [A5). (2) For one signal and one null coordinate,
]P)Hl(PL S U,Pj S 'Ll,) = PH1<X’L Z ZU,XJ' Z Zu) S ]P)Hl(Xz ) Z Zu — 5,Xj Z Zu — 5),
fori=1,...,mand j=m+1,...,n. Thus,
) (Zu - 5)2
Py, (P <u,P; <u) S(z,—0) “expq ——— 7. (54.44)

(3) For two signals,

U _5 2
P, (P < u, Py <) =Pu (Xi > 24, X; > 2,) S (2, — 0) 2 exp {—%} . (S4.45)

From (S4.42)) - (S4.45)), we have

-2 (2a — 96)?
Pr (Poy <u) S (2 —0) “expq ————— ¢ . (54.46)
On the other hand, since X; is a signal coordinate,

Pu, (Pay < a/n) > Py (P < a/n) =Py, (X1 > 2a/m)-
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Under Hy, X; ~ N(4,1), so by Mills’ ratio,

= 1 (Za/n - 5)2
Py, (Pay < a/n) > ®(2a/m — 0) < P P | ———5— | (54.47)

Combining this with (54.46|) gives

P P <C an_5 a 2 an_52
m(Fe = Co) < o 2exp{—(zc OF | G )}. (S4.48)
Py, (Pay < a/n) ~ (2ca — 9) 1+p 2
Note that
(ZCa - 5>2 (Za/n - 5)2 o Z%'a Zgz/n 2ZC’oz 2 1 1
11, 2 1w p 2 Polag, ) T T, )

Let L, = log(1/a). From Mills’ ratio, we have 2./, = v/2Lo(1 4+ 0(1)) and zcq = v/2La(1 +

o(1)). Therefore % — O(L:),

2 zin 1 1 11—
_ _FCa_ + Za/n —2L,, (_ — _> +o0(Ly) = __pLa + o(La),

14+p 2 1+p 2 1+p
6 (22 — zpm) = O(VLa), and % (3 = £1) = O(1). Tt follows that
(2u=0)*  (2am—0)°  1-p
_ =PI+ O(\ILa) + o(La).
150 + 5 T, + O( ) +o(La)

Because 0 < p < 1 and L, — oo, the right hand side of ((S4.48|) tends to 0. Thus,
Pr,(Pa) < Ca) = o(Py, (Puy < a/n)). (54.49)
We now prove that Py, (Pny < aq) ~ P, (Pay < a/n). Since a,/(a/n) — 1, by the mean

a/n—aa

#(a)

value theorem, z,, — za/n = for some &, between z,, and z,/,. Since D(z,,) = aq

and ®(2,/,) = a/n, Mills’ ratio gives

(a/n)za/n Za/n

For 1 <i<m, Py (P <) =Py (X; > 2,) =&z, — J). By Mills’ ratio,

(i)(zaa - 5) Ra/n — Y (Zaa - 5)2 — (Za/” — 6)2
_ ~ exp { — -
q)(Za/n - 5) Rae — 0 2
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Since zo, — Za/m = 0 (Zl/ ), we have ZZ/—"__; — 1 and (24, — 0)* = (Zayn — 0)* = (Za, —

Za/n)(Zae + Za/m — 20) = o(1). Therefore
P (24, — 0) ~ D(2a/m — 9). (S4.50)

For j > m, Py, (P; < z) = 2 = o{®(2, — §)}, because

T d(z,)
_ = = for fixed o . 4.51
50 —0) 305,90 — 0, for fixed § >0 (S4.51)

Let A;(z) = {P, < x}. Then {Py) <z} =J;_, Ai(z). Using inclusion-exclusion,

Pay (P < 2) = 3 By (Ai(@)) + O 3 Py (Ae) 1 Ay(x) ). (54.52)

i<j
For z =< «, the probability that two or more p-values are below x is negligible relative to the

probability that one signal p-value is below z, by the same argument used above. Hence,

since m and n are fixed,
Py, (Pay < x) ~ m®(z, — 6), T = a. (54.53)
Applying this with = a,, and x = «/n, and using (S4.50)), gives

Py, (Pay < ao) ~ Py, (Pay < a/n). (S4.54)

Combining (S4.41)), (S4.49), and (54.54)), we obtain

PHl{Tf(P) > Ca} = PHl (P(l) S aa)(l + O(l)) = PHl (P(l) S a/n)(l + 0(1))

S4.13 Proof of Theorem [T

Proof. By Theorem [5| or from (4.18), we have P(T;(P) > t) = nf; ' (t) + o(f; (1)), t — oo.

Hence the level-a critical value satisfies f ' (ca) = 2(1 + o(1)).



Xiaohui Chen, Fangfang Wang, Hong Zhang, and Zheyang Wu

Let ao = fi*(c,). Similar to the proof of Theorem [6 we have

PHl (P(l) < Cla) < ]P)Hl{Tf(P) > Ca} < ]P)Hl (P(l) < (Za) -+ PHl(P(Q) < COé)

By (5.27) and (5:28), Py, {T(P) > ca} = Py, (Puy < 2) (1 +0(1)). O

S4.14 Proof of Theorem

Proof. By Theorem [7] it suffices to show and hold.

Let u = Ca and z, = ®71(1 — u). For a signal coordinate, Py, (P; < u) = ®(2, — §), and
for a null coordinate, Py, (P; < u) = u. Since § > 0, u = ®(z,) = o{®(2, — I)}.

Now consider pairwise events. If i and j are both signal coordinates, let s, = ®(z, — 0).
Then

Py, (P, <u,P;<u)=1-2(1—s5,) 4+ Cx(1—5,,1—s5,) = o0(s4), (54.55)

by the copula condition: Cx(1—s,,1—s,) = 2(1—s,)—1+0(s,). If both are null coordinates,
then

Py, (P < u, P; < u) =o(u) = o(sy). (S4.56)
If one is signal and one is null, then
Py, (P, <u,P; <u) <Pp (P; <u)=u=o0(s,). (54.57)
Therefore, for every pair i # j, Py, (P; < u, P; < u) = o{®(2, — d)}. Since n is fixed,

Pr, (Poy S u) <> Py, (P < u, Py < u) = of®(z, — 6)}. (S4.58)

®(z4/n — 0). This proves (5.27).
Finally, the same Mills’ ratio argument used in Theorem |§| gives ((5.28). Combining the

two proves the result.
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]

S4.15 Proof of Theorem

Proof. Assume, for simplicity, that w; > 0 for all 7. Let W, = %, and W) = minj<;<, W;.

Since the CCT is ACR, its upper-tail null distribution is asymptotically the same as under

- 1 1
independence. Therefore, Py, (Teer > t) ~ =7, t — oo, and hence cCCT ~ —, a—0.

(e

Fix n € (0,1) and define

w; 1
A_ — 1M ! > 1 = |/|/ < [ —
cn {13% 7TPZ' ( 77)0} { (1) 71_(1 n)c} 5

and

+ Wi - . 1
Ay = {gﬁﬁ}; 7P, > (1 77)6} = {W(l) < (1 _n)c}'

We will show that there exists a constant K, > 0 such that, for sufficiently large c,

K
{TCCT > C} - AZTI U {P(g) < Tn} , <S459)
and
_ K,
Ac,n N P(n) S 1-— T g {TCCT > C}. <S460)

First, suppose Py > K,/c. Then at most one p-value is smaller than K /c. Let iy be
the index attaining Py). For j # i, we have P; > P9 > K, /c. Since cot(np) is decreasing
on (0,1) and ) . w; =1,

K K
ij cot(mF;) < ij cot (WTW) < cot (ﬂf) .

J#io J#io

as @ | 0, choose K, large enough so that, for sufficiently large c,

Using cotx ~ x~
cot (71'%) < (n/2)c. If additionally max;<;<, =5 < (1 — n)c, then since cot(mp) ~ 1/(mp)

for small p, w;, cot(nP;,) < (1 —n/2)c. Hence, for sufficiently large c,

Tocr = wi, cot(mPy,) + Z w; cot(mP;) < c.
i#10
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Therefore,
K,
{Teer > e} N (AL,)° C {P( 9 < — }7

which proves ([S4.59)).

Next, suppose that A_, holds and F,) <1— %1 Then there exists an index i, such that

wi*

nP;,

> (1 + n)c. Using again cot(mp) ~ 1/(mp) as p | 0, this implies
w;, cot(mP;,) > (1+n/2)c

for sufficiently large c. For all j # i,, the condition P; < P,y < 1 — K, /c implies

cot(mP;) > cot (w (1 — %)) = —cot (w%) .

K
Zw] cot(mP;)) Zw] cot (71’—) > —cot (71’777) > —gc,

JF JFix
where K, is chosen large enough. Therefore, Toor > (1+1/2)c—2c = c. This proves (54.60)).

In view of (54.59) and ([S4.60]), we have

Hence

K, K,
P, (Acy) — Pry (P(n)>1_7)<PH1(TCCT>C)<PH1(A )+ Py, (P()S C>.

Next, we will evaluate Py, (P(n) >1-— %) and Pp, (P(Q) < %)

Let W1y = minj<;<, % Since w; > 0 for all 4, define w, = maxj<;<;, w; > 0. Then

1 N
P, (W(l) < —> > Py, <Pi < w—) = ®(z,,/c — 9),
c c
for some signal coordinate i < m, where z, = ®~!'(1 — z). By Mill’s ratio, (T)(Zw*/c —0) <

L _exp A7) and z,,_/. = v/2log ¢(14+0(1)). Then ® (2, .—0) =< Lexp{d/2logc(1+
z ) 2 / / c

wx /c

o(1))}. Thus

Py, (W(l) < %) 2 %exp{éx/Qlogc(l +o(1))}. (54.61)
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Let u. = % From (S4.46)), we have

ZKT,/C — 5

K
Py (P < —1) < .= 0)72
m (P < C)N(ZKn/ ) eXP{ 1)

Then
Py, (Poy < K,/c) < (2K,/c — 0) 7 eXp{ 1+p
]PHl (W(l) < 1/6) ~ (Zw Je — 5) 1eXp < Zw*/c

Note that n is fixed, z,, /. = v2logc(1 + o(1)), and z,, = v/2logc(1 + o(1)). Similar to

)
(g /e—0)? }
)

the proof of ((S4.48]), we have

K, 1
]P (P(g) S —) =0 {]P)Hl <W(1) S —) } .
&
K 1

Let a, = &1 < ) Then a. ~ —y/2logc, and {P(n) >1-— %} = {minj<;<, X; < a.}.

We need to show

By the union bound,

K n
Py (P(n) >1— T) ZPHl (Xi < a.) = ;@(ac — 1) < n®(ay,).

i=1
By Mills’ ratio, ®(a.) =< %. Thus Py, (P(n) >1-— %) = O(c™!). Combining this with
(S4.61)),

Pi, (P > 1~ —) -
<ex v2loge(1+ o(1 — 0.
Pu, (W < 1/c) pi- s )

This proves (54.62]).
Therefore, Py, (AZ,)(1+ 0(1)) < Py, (Teer > ) < P, (AZ,)(1+ o(1)). That is,

PHl (W(l) < M) (1 —|—O(1)) < PHl (TCCT > C) < PH1 <W(1) < ﬁ) (1 + 0(1))

Letting first ¢ — oo and then 7 | 0, we obtain

Py, (Toor > ¢) = Po, <min L i) (1+0(1)).

1<i<n wj e
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Taking ¢ = T ~ 1/(na) yields

1<i<n w

Boor(8) = P, (Toer > ¢T) = P, (min h < 04) (1+o(1)) = Py, ( U {£ < Wia}) (1+0(1)).

i=1,...,n

]

S4.16 Proof of Remark [l

Proof. The proof is nearly identical to the proof of Theorem[6, We only indicate the necessary
modifications.

Let 6* = maxj<;<;, 0; > 0. Note that for one signal and one null coordinate, i.e., 1 <7 <m
and m < j < n, {X;—0 > 2, — 6, X; > 2z,} CH{X; —0; > 2z, — 6 X; > 2z, — &}
and for two signal coordinates, {X; > 2,,X; > z,} C {X; —6; > 2z, — 6, X; —0; >
zy — 0*}. Thus and , and thus are still valid with 0 replaced by
§*. For a signal coordinate i < m, Py, (P; < u) = Py, (X; > z,) = ®(2, — ;). Thus,
Py, (P(l) < %) > maxi<i<m i)(za/n —0;) > @(za/n —d,). In view of , we have ([S4.49))
holds true. Moreover, for each signal coordinate i < m, Py, (P; < z) = ®(2, — &). By
(S450), ®(z4, — &) ~ ®(2aym — ;). For j > m, Py, (P; < 2) = 2 = o{®(z, — §;)}, i < m,

due to (S4.51)). Same as the proof of (S4.53)), we can obtain, for z < «,
P, (Pay <) ~ > (2 — ). (S4.63)
i=1

Applying this with = = a, and x = a/n yields (S4.54)), and thus, Combining the preceding
displays gives (5.26)). Thus Theorem |§| remains valid under the revised alternative.

By (S4.63]), under the revised alternative, the common leading approximation is

Py, (P < %) ~ 3" (2 - ). (S4.64)
=1

which reduces to (5.25) when 6; = --- =4, = 0. O
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S4.17 Proof of Remark [G

Proof. The proof is nearly identical to the proof of Theorem[8, We only indicate the necessary
modifications.

For each signal coordinate i < m, define s;,, = Py, (P, < u) = ®(2, — §;). For a null
coordinate j > m, Py, (P; <u) =u= ®(z2,) = o{®(2, — &)} = 0(s;n), i =1,...,m. If i and
7 are both signal coordinates, becomes

Pr, (P < u, Py < 1) =P(Bg,(X3) > 1 — 8,0, By, (X;) > 1 — 55,
=Siu~+ Sju—1+Cx(1 —siu, 1 —;4)
=Siu+ Sju—1+1— 54— 8ju+ of{min(s;,, sj.)}
=o{min(s; ., s;u)}-
Moreover, becomes Py, (P < u, Pj < u) = o(u) = o(Sgu), kK < m,i,j > m; and
becomes Py, (P, < u, P; < u) < Py, (P < u) =u=0(8u),  <m,j > m. Thus
becomes
Py, (P <u)=o {i": sm} )

i=1
By virtue of (S4.52)) and the probabilities of pairwise events, (S4.63)) is true. Applying
(S4.63) with z = a, and x = «/n yields (5.28)). Together with the pairwise negligibility result
above, (5.27)) also holds. Therefore, Theorem [§ remains valid under the revised alternative.

In particular, (S4.64) remains valid as well. O]
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S5 Numerical Studies

S5.1 Correlation Robustness
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Figure S1: Plots of log(r(a)) against —log;o(e) under various correlation structures, and n = 10.

Correlation-robustness is illustrated by log(r(«)) approaching 0 as —log;, « increases (i.e., as « decreases).
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Figure S2: Plots of log(r(a)) against —log;o(e) under various correlation structures, and n = 50.

Correlation-robustness is illustrated by log(r(«)) approaching 0 as —log;, « increases (i.e., as « decreases).
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Figure S3: Plots of log(r(«)) against —log;o(a) under various correlation structures, and n
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Correlation-robustness is illustrated by log(r(«)) approaching 0 as —log;, « increases (i.e., as « decreases).
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Figure S4: Plots of log(r(a)) against —log;g(«) under various correlation structures, and n = 200.

Correlation-robustness is illustrated by log(r(«)) approaching 0 as —log;, « increases (i.e., as « decreases).

Going beyond the Gaussian assumption for input statistics, we further assess the correlation

robustness of the tests in realistic data analysis settings—specifically, when input statistics
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are derived from genotype-phenotype association analyses.

We focus on quantitative trait association analysis, where input statistics are obtained
from the linear regression model in . Genotype data are simulated using the HapSim
algorithm (Montanal, |2005)), generating genotypes (0, 1, or 2) based on specified minor allele
frequencies (MAF) and LD matrices for the genes CCDC170 and FSHR. The MAF and LD
patterns are based on SNPs defined by the GEFOS2012FN study and real genotype data

from the 1000 Genomes Project (see Section for details).

Under the null hypothesis of no association, individual SNP p-values are computed using
marginal score test statistics (McCulloch, [2000; Schaid et al.,|2002; Barnett et al., 2017), and
these p-values are used as input for gene-level p-value combination tests. We conduct 107
simulations, regenerating genotype data every 50,000 simulations to improve computational

efficiency.

Figure demonstrates the ACR property. The observed trends are consistent with
those in Figure [1] of the main text. Among the tests, the ¢3 test shows the strongest corre-
lation robustness, with 7(«) values remaining closest to 0 as « decreases (i.e., as —logy,(«)

increases).

While the preceding results demonstrate correlation robustness through type I error con-
trol, we now provide direct empirical evidence showing that the underlying asymptotic tail
independence condition is reasonable in GWAS data. Specifically, we estimate empirical
upper tail-dependence coefficients (TDCs) (Garcin, 2024; AghaKouchak et al., 2014) from
genotype-phenotype association simulations. The simulation settings follow those for the
continuous and binary traits in and . As above, genotype data are simulated

using the HapSim algorithm (Montana, 2005)), generating genotypes (0, 1, or 2) based on
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Figure S5: Plots of log(r(a)) against —log;,(a) based on simulations of a genetic association study of

quantitative trait, using genotype data from the genes CCDC170 (left panel) and FSHR (right panel).

specified minor allele frequencies (MAF) and LD matrices for 9 genes spanning a range of
sizes and LD strengths.
Specifically, for each pair of SNPs (i,j) within a gene, the empirical upper TDC at

threshold level g is estimated by
Y HXY > e (g), X7 > 8 (g))
Yl HX > e (g))

where Xi(b) and X ;b) are the b-th Monte Carlo replicates of the marginal score test statis-

Xz’j (q)

Y

tics for SNPs i and j, respectively. Since these statistics are asymptotically N (0, 1) under
the null, we use ®1(¢) as the common marginal quantile function. The quantity Xij(q)
estimates the conditional probability that X; exceeds the g-th quantile given that X; ex-
ceeds the same quantile, and thus measures the strength of upper tail dependence. Under
asymptotic tail independence, /)\\ij(q) — 0 as ¢ — 1. For each gene, the overall tail de-
pendence is summarized by averaging /)\\,»j(q) over all SNP pairs. We evaluate TDCs at

q € {0.5,0.55,...,0.95,0.975,0.99,0.999}.

Figure |S6[ (continuous trait) and Figure [S7| (binary trait) present the results for 9 genes
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representing three levels of LD strength: weak (Cl120rf29, Herdin distance 0.253; SOST,
0.231), moderate (MIR8084, 0.308; CFHR4, 0.357; IL7, 0.548; C11orf40, 0.549), and strong
(IPO7, 0.629; CCDC170, 0.633; FSHR, 0.759). The results show a clear decreasing trend
in the estimated TDCs as ¢ increases across all genes and LD levels, providing empirical
evidence consistent with asymptotic tail independence. For most genes, the average TDC is
near 0 at ¢ = 0.999. For IPO7, the average TDC remains elevated at ¢ = 0.999; the overall
decreasing trend is nevertheless consistent with asymptotic tail independence.

Next, we present simulation results illustrating the loss of correlation robustness when the
upper-tail independence condition is violated. In this setting, the input statistics X have
standard normal marginal distributions, but their dependence is structured by the bivariate

Cuadras-Augé copula, which induces upper-tail dependence:
Clu,uj) = (min(ui,uj))e (uiuj)l_g, 0€(0,1).

Data are simulated using the crBivariateCA function from the R package Distributacalcul,
with the dependencyParameter set to . As shown in Figure for 6 = 0.1, 0.5, or 0.9, all
tests are no longer correlation-robust, as their r(«) values diverge for small .

To assess the correlation robustness of the HC, MinP, Simes, ¢3, and CCT tests in the
GWAS setting, we examine their o®" values in SNP-set tests across 22,648 human genes.
Figure [S9 shows the distribution of SNP counts per gene. The distribution is highly right-
skewed, with the majority of genes containing fewer than 50 SNPs.

To provide an overall picture of how correlation influences o®", we group the genes based
on the strength of their correlations, measured by the Herdin distance (Herdin et al., 2005)),
which computes the distance between a given correlation matrix and the identity matrix,

thereby quantifying the deviation from independence. Specifically, for a correlation matrix
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Figure S6: Empirical upper tail-dependence coefficients (TDC) under the continuous trait model for 9

genes with different levels of linkage disequilibrium (LD): weak (C12o0rf29, Herdin distance 0.253; SOST,

0.231), moderate (MIR8084, 0.308; CFHR4, 0.357; IL7, 0.548; C1lorf40, 0.549), and strong (IPO7, 0.629;

CCDC170, 0.633; FSHR, 0.759). In each panel, grey dashed lines show pairwise TDC estimates Xij(q) for

all SNP pairs within the gene, and the blue solid line shows the average across all pairs. The z-axis shows

q € {0.5,0.55,...,0.95,0.975,0.99,0.999}.
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Figure S7: Empirical upper tail-dependence coefficients (TDC) under the binary trait model for 9 genes
with different levels of linkage disequilibrium (LD): weak (C120rf29, Herdin distance 0.253; SOST, 0.231),
moderate (MIR8084, 0.308; CFHRA4, 0.357; IL7, 0.548; C11orf40, 0.549), and strong (IPO7, 0.629; CCDC170,
0.633; FSHR, 0.759). In each panel, grey dashed lines show pairwise TDC estimates Xij(q) for all SNP
pairs within the gene, and the blue solid line shows the average across all pairs. The z-axis shows ¢ €

{0.5,0.55, . ..,0.95,0.975,0.99, 0.999}.
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Figure S8: Plots of log(r(«)) against — log;y(«) under the bivariate Cuadras-Augé copula. Rows 1, 2, and
3 correspond to n = 10, 100, and 200, respectively. The left, middle, and right columns show results for

f# = 0.1, 0.5, and 0.9, respectively.
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Figure S9: Distribution of the number of SNPs per gene across 22,648 human genes from the GEFOS 2012

study.

Y., the Herdin distance is defined as

tr(X1) tr(X)
p=1- =0y S5.1
=G - VAR (85.1)

where ||-||; denotes the Frobenius norm. We classify the 22,648 genes into three groups based
on the value of D: weak correlation (i.e., D < 0.3), medium correlation (i.e., 0.3 < D < 0.6),
and strong correlation (i.e., D > 0.6). Of the total, 5,720 genes (25%) have D < 0.3, 13,980
genes (62%) have 0.3 < D < 0.6, and 2,948 genes (13%) have D > 0.6.

Figure shows the distribution of genes identified by the five tests, as reported in
Table [1, across three gene classes: weak, medium, and strong correlations. For each test
method and gene class, we color-code the number of genes with o*" falling into six categories:
A" <1075, 1079 < <1074 1074 <" <1073, 103 <o <1072, 1072 < o < 107},

and o > 107!, The bar height represents the number of genes in each category. The
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Figure S10: Distribution of o values across three gene groups, classified by the Herdin distance-based
strength of SNP correlations (LD): weak (5,720 genes), medium (13,980 genes), and strong (2,948 genes).

Each bar in the plot represents a different testing method.

results indicate that stronger correlations tend to require smaller values of o, with genes
associated with lower o®” values being more prevalent in groups with stronger correlations.
When comparing the five tests, we observe that their robustness to correlation decreases in
the following order: CCT, ¢3, Simes, minP, and HC. This is evidenced by the increasing
bar areas representing smaller o within each correlation group. We also consider other
measures of correlation strength, based on the Frobenius norm and the spectral norm (both

scaled by gene size n), and obtain similar results, which are reported in Figures and [S12]
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Figure S11: Distribution of " values across three gene groups, classified by the strength of SNP correlations

(LD), as measured by the gene size-scaled Frobenius norm for the distance between the correlation/LD matrix

\/ o2,
and the identity matrix. Specifically, the distance is defined as Dy = ”E;I llr — z":ﬁ i The 22,648 genes

are categorized into three groups based on Dy: weak correlation (Dy < 0.3, 5061 genes), medium correlation
(0.3 < Dy <0.6, 16980 genes), and strong correlation (D > 0.6, 607 genes). Each bar in the plot represents

a different testing method.
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Figure S12: Distribution of " values across three gene groups, classified by the strength of SNP correlations

(LD), as measured by the gene size-scaled spectral norm of the correlation/LD matrix: D, = IIZan

the largest B value of ¥ e 92,648 genes are categorized into three groups based on Dy: weak correlation

(Ds < 0.3, 6177 genes), medium correlation (0.3 < D < 0.6, 13930 genes), and strong correlation (Ds > 0.6,

2541 genes). Each bar in the plot represents a different testing method.
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S5.2 On p-value Calculation of the MinP test
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Figure S13: Plot log,o P (Timazhn (X) > t|3) against ¢ under the equal-correlation structure with o = 0.7, 0.8,
and 0.9 (n = 10) and LD structures of genes C170f53 (n = 6) and WNT16 (n = 12). P(Thazrn (X) > t|X)
is evaluated by simulations (“sim”), and using pmvnorm (“default” and “custom” with the error tolerance
parameter “abseps” set to the default 10~% and 1071, respectively), along with its upper and lower bounds

from Corollary (“lower_bnd” and “upper_bound”).
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Figure S14: Plot logio P (Thinr < pol|X) against —log;o(po) under the equal-correlation structure with
o = 0.7, 0.8, and 0.9 (n = 10) and LD structures of genes C170f53 (n = 6) and WNTI6 (n = 12).
P (Thinp < po|X) is evaluated by simulations (“sim”), and using pmvnorm (“default” and “custom” with the
error tolerance parameter “abseps” set to the default 107¢ and 107!, respectively), along with its upper

and lower bounds from Corollary (“lower_bnd” and “upper_bound”).
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Figure S15: The lower-to-upper bound ratio (red dots) versus the pmvnorm-to-upper bound ratio (blue dots)

for the 43 top-hit genes identified by the CCT test. The lower and upper bounds are given in (3.15).

A key benefit of using the lower and upper bounds for computing tail probabilities is their
computational efficiency. The bounds can be calculated in closed form, while pmvnorm re-
quires numerical integration. Computation time for pmvnorm increases rapidly as n grows,
whereas the bounds can be computed over 100 times faster (see computation speed compar-
isons in Figure . Additionally, a limitation of the current pmvnorm function is that it

does not support n values greater than 1000.
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Figure S16: Computation time (in seconds) for 196 GEFOS2012-FN genes, for which the bounds from
Corollaryprovide accurate p-value calculations for the minP test (the lower-to-upper bound ratio is between
0.8 and 1). The X-axis represents gene sizes (number of SNPs, n). The black curve shows the time for tail

probability computation using the pmvnorm function in R, while the blue curve represents the time for

computing the bounds in (3.15)).

S5.3 Statistical Power

S5.3.1 Gaussian Mean Model and GWAS-Based Simulations

We assess the statistical power of supremum-based p-value combination tests under the
Gaussian model, linear models in a GWAS setting, and a non-Gaussian model defined by
pairwise Farlie-Gumbel-Morgenstern copula. Our goals are twofold: (1) to identify which
tests exhibit relatively higher power while maintaining type I error control (with the a-level

threshold determined numerically from extensive null hypothesis simulations), and (2) to
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examine how power changes when the threshold is calculated assuming independence, which

highlights the impact of this assumption on power calculations.

Under the Gaussian model, the null hypothesis is given in (3.10)) in the manuscript, while
the alternative is Hy : X ~ N(u,X) with g = (g, ..., pun)” # 0. In the simulations, we
generate k nonzero means (i, , ..., i, = p 7 0, with the indices {iy, ..., 4} randomly selected

from {1,...,n}.

Figure compares the statistical power of six tests (i.e., minP, Simes, HC, ¢3, CCT, and
BJ) at p = 3 across different signal densities (i.e., the number of signals k) and correlation
structures defined by 3. The solid curves represent the “true” power, where type I errors

are well controlled using empirical thresholds.

We have the following key observations regarding the “true” power. First, the correlation-
robust tests (i.e., minP, Simes, HC, ¢3, and CCT) perform similarly to each other but differ
significantly from the BJ test, which is not correlation-robust. When correlations are strong
(e.g., equal correlation with o = 0.5 or 0.9), BJ exhibits lower power. In contrast, when
correlations are moderate or weak, or show positive or negative polynomial decay, BJ is less
powerful for detecting sparse signals (i.e., when k is small) but tends to be more powerful
for detecting dense signals. Second, among the correlation-robust tests, the minP test is
the most powerful when correlations are very strong (e.g., equal correlation with o = 0.9).
However, under other correlation structures, the HC test demonstrates greater power. Third,
the minP and Simes tests perform relatively similarly, with the Simes test surpassing the
minP test when correlations are weaker or exhibit positive or negative polynomial decay.
Fourth, the CCT and ¢3 tests show comparable performance, with the CCT test often being

slightly more powerful. Except under strong correlations, their power surpasses that of the
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minP-Simes group but remains below that of the HC test.
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Figure S17: Power study based on a Gaussian model with different correlation structures. The signal strength
is fixed at p = 3, and the number of causal signals varies along the x-axis. The significance level is set at
a =5 x 107*. The number of input p-values combined is n = 10, and the number of simulations is 10°.
Solid curves labeled “emp” represent the true power when « is controlled using an empirical method. Dotted

curves labeled “ind” represent the nominal power under the assumption of independence.
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Next, we turn our attention to the comparison between the true power and the nomi-
nal power (indicated by dotted curves, where the a-level threshold is obtained under the
assumption of independence). For each test, the gap between its solid and dotted curves
represents the change in power, providing insight into the test’s robustness in terms of sta-
tistical power. As expected, the changes in power are smaller under weaker correlations.
Further interesting observations include: 1) Overall, the correlation-robust tests show rela-
tively small changes in power unless the correlations are very strong (e.g., equal correlation
with ¢ = 0.9). In contrast, the BJ test exhibits significant changes in power, confirming its
lack of robustness to correlations. If the BJ test procedure ignores correlations and assumes
independence, its power will be significantly inflated when correlations are positive (since
the true power is much lower) and deflated when the correlations are negative. 2) Among
the correlation-robust tests, strong correlations result in slightly lower power for the minP
and Simes tests, and slightly higher power for the HC test, when independence is assumed.
This aligns with the findings in Section [6.1] where assuming independence tends to make
the minP and Simes tests slightly conservative, while the HC test tends to behave slightly
liberally. The CCT and ¢3 tests show smaller differences between their solid and dotted
curves, indicating that they are more robust to correlation.

Figures and display similar results for ;1 = 2, with consistent patterns observed.

The second setting for the power study is consistent with GWAS. Specifically, we simulate

continuous and binary traits using regression and logit models, respectively:

Y, =GB+, ¢ ~N(O,1), (S5.2)

logit(P(Y; =1)) =GB, j=1,...,N, (S5.3)

where Y, represents the phenotypic trait of the jth subject, and G;. = (Gj1,...,Gjy,)" is
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the genotype vector of n SNPs associated with the jth subject. In the simulations, we set
N = 10,000 for both continuous and binary traits. For binary traits, we assume a 1:1
case-control design with 5,000 cases and 5,000 controls. For the Type I error and TDC
evaluations under the null hypothesis, we directly generate 5,000 cases and 5,000 controls.
For power simulations under the alternative hypothesis, we first generate an initial population
of 100,000 subjects to ensure a balanced sample, from which we randomly select 5,000 cases

and 5,000 controls.

The nonzero elements of 3 = (fy,- -, B,)" represent the causal genetic effects (i.e., the
“signals”) of the corresponding SNPs. The global hypothesis for the SNP-set test is as

follows:

Hy: B3 =0 versus H, : B3 # 0.

The genotype data G;. are simulated using the HapSim algorithm (Montanal [2005), where
the genotype values are 0, 1, or 2, based on given minor allele frequencies (MAF) and an
LD matrix (i.e., 3). The MAF and ¥ are set using gene-based SNP sets (as defined by
GEFOS2012FN) and real genotype data from the 1000 Genomes Project, following the same

method described previously.

We considered the genes FSHR and CCDC170, both associated with osteoporosis and
bone mineral density (BMD), representing a variety of gene sizes, MAFs, and LD structures
(https://www.genecards.org). In our data, gene FSHR contains 182 SNPs, including 15
rare variants with MAFs less than 0.05, and the Herdin distance between its LD matrix
and the identity matrix is 0.7593. Gene C'CDC170 contains 79 SNPs, two of which are rare

variants, with a Herdin distance of 0.6333.

When simulating traits under Hy, the causal SNPs are randomly located, and their effect
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sizes are represented by nonzero coefficients, 5; = 5. After generating the trait values using
Models ([S5.2)) and ([S5.3]), individual SNP p-values are calculated using the marginal score
test statistics (McCulloch) [2000; Schaid et all 2002; Barnett et al., 2017)). These p-values

serve as input for the p-value combination tests for the corresponding gene.

Figure shows the true power (with type I error controlled by the empirical method,
represented by solid curves) versus the nominal power (assuming independence, represented
by dotted curves) for continuous traits, with SNP genotypes simulated based on the FSHR
gene. We consider three levels of signal sparseness: 1, 5, and 30, representing the number of
nonzero elements in 3, along with two significance levels: ov = 0.005 (left panels) and 0.0005
(right panels). The x-axis in each panel reflects varying genetic effect sizes (i.e., the values

of nonzero B elements). Here, we focus on the ACR tests: minP, Simes, HC, ¢3, and CCT.
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Figure S18: Power study for continuous traits with SNP genotypes simulated from the gene FSHR. The
x-axis represents varying effect sizes. The number of causal SNPs is 1 (row 1), 5 (row 2), and 30 (row 3).
The significance levels are o = 0.005 (left column) and 0.0005 (right column). The number of repeated

simulations is 10° for obtaining the error control threshold, and 1000 for calculating power.

The following observations are made. 1) The difference between the true and nominal
powers is smaller at lower « levels, reinforcing the idea that these tests are ACR. This

pattern aligns with the Gaussian model, where the nominal power of the HC test is higher
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than its true power, while the minP and Simes tests exhibit slightly lower nominal power.
2) For the true power, there are no substantial differences among the tests, except that the
HC test demonstrates the highest power, followed by the CCT and ¢3 tests. The minP
and Simes tests have relatively lower power. 3) As the signals become denser (e.g., when
the number of signals equals 30), the differences among the tests become more pronounced.
This observation is consistent with previous findings that the HC test is more effective at
detecting denser signals than the minP test (Li and Siegmund|, 2015; Zhang and Wu, 2022]).
4) When the significance threshold is more stringent (e.g., « = 0.0005), the differences among
the tests are reduced.

Additional numerical results for different angles of comparison (e.g., varying the number
of signals on the x-axis), for binary traits, and for the gene CCDC170 are provided in Figures
— These results exhibit similar patterns to those summarized above, except that

the power differences among the tests are more subtle for the binary trait.
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S5. NUMERICAL STUDIES

Equal Correlation o =0.1 Equal Correlation o =0.5
= 02 = 02
g g
= =
£ £
w w
I 0.1 101
= =
() ()
e method 2 method
:’i 0.0 el % 0.0 ot
2 7 < MinP =lhe < hip
= ~ Phi3 = -~ Phi3
© ~ Simes o + Simes
o o
c c
5 -01 S -01
£ £
a a
&€ 02 £ 02
0 2 4 6 8 10 0 2 4 6 8 10
# of signals # of signals
Equal Correlation o =0.9 Positive Polynomial Decay
= 02 = 0.2
8 8
E. a
£
& &
I 0.1 101
2 NPT T method 2 method
2 e - ccT =3 - ccT
g 00 TE oo RRAEEY
2 R e e e e S e L L T - P
[} < Simes 8 + Simes
5 5
5 - o 0.1
g 0.1 g
a [a]
5} I}
s z
& -0.2 £ -0.2
0 2 4 6 8 10 0 2 4 6 8 10
# of signals # of signals
Equal Correlation o =-0.01 Negative Polynomial Decay
= 02 = 0.2
8 8
E. S
=
& &
101 101
5 5
2 method g method
§ - ccT $ 0o T ot
g 0.0 by =l < MinP
= -~ Phi3 = -~ Phi3
[} < Simes [} v Simes
g g
g § -01
&0t g0
a a
5} @
2 S
o o
 -0.2 @ -0.2
0 2 4 6 8 10 0 2 4 6 8 10
# of signals # of signals

Figure S20: Visualize the power difference between power curves obtained by empirical and independence-

assumption-based Type I Error Control in Figure
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Figure S21: Power study for continuous trait with SNP genotypes simulated from gene FSHR. Vary the
number of causal SNPs (x-axis). Effect size: 8 = 0.01 (row 1), 0.02 (row 2), and 0.04 (row 3). Significant
level: a = 0.005 (left column) and 0.0005 (right). The numbers of repeated simulation for getting error

control threshold and power are N = 10° and N = 1000, respectively.
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column) and 0.0005 (right). The numbers of repeated simulation for getting error control threshold and
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Figure S23: Power study for binary trait with SNP genotypes simulated from gene FSHR. Vary the number
of causal SNPs (x-axis). Effect size: 8 = 0.02 (row 1), 0.04 (row 2), and 0.06 (row 3). Significant level:
a = 0.005 (left column) and 0.0005 (right). The numbers of repeated simulation for getting error control

threshold and power are N = 10° and N = 1000, respectively.
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Figure S24: Power study for continuous trait with SNP genotypes simulated from gene CCDC170. Vary
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Figure S25: Power study for continuous trait with SNP genotypes simulated from gene CCDC170. Vary the
number of causal SNPs (x-axis). Effect size: 8 = 0.01 (row 1), 0.02 (row 2), and 0.04 (row 3). Significant
level: a = 0.005 (left column) and 0.0005 (right). The numbers of repeated simulation for getting error

control threshold and power are N = 10° and N = 1000, respectively.
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Figure S26: Power study for binary trait with SNP genotypes simulated from gene CCDC170. Vary effect
size (x-axis). Number of causal SNPs: 1 (row 1), 5 (row 2), and 30 (row 3). Significant level: a = 0.005
(left column) and 0.0005 (right). The numbers of repeated simulation for getting error control threshold and

power are N = 10° and N = 1000, respectively.
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Figure S27: Power study for binary trait with SNP genotypes simulated from gene CCDC170. Vary the

number of causal SNPs (x-axis). Effect size: 8 = 0.02 (row 1), 0.04 (row 2), and 0.06 (row 3). Significant

level: a = 0.005 (left column) and 0.0005 (right). The numbers of repeated simulation for getting error

control threshold and power are N = 10° and N = 1000, respectively.

S5.3.2 Power Comparisons with Summation-Based Statistics

We extend the power study to include summation-based p-value combination methods pro-

posed in the recent literature, including the heavy-tailed transformation statistics of
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et al.| (2023) and the averaging combination statistics of Vovk and Wang| (2020)). These
methods are compared with the supremum-based tests (minP, Simes, HC, ¢3, BJ) and CCT.

In the heavy-tailed transformation framework, the test statistic takes the form:

T,(P)=) g(P)=) F;'(1-P),
i=1 i=1
where Fj;! is the inverse CDF of a random variable U. Following [Fang et al.| (2023)), we
focus on the Box-Cox (BC) transformation, where g(P;) = 1/P; corresponding to U ~
Pareto(1/n,1) with n > 0, which gives the tail probability P(U > t) = t~Y/" for t > 1,
indicating a heavy tail. A larger n corresponds to a heavier tail. We consider three specific
cases with n = 1.5,1,0.5, denoted BC\;, HM, and BCj5, respectively, because BC] is
equivalent to the harmonic mean (HM) statistic.

In the averaging combination framework, the test statistic takes the form:

1/n
Pl P\ n
M, (P) = (@) . r#0; My,(P) = (H B-)
=1

n

Our simulations include the harmonic mean (HM, r = —1), geometric mean (GM, r = 0), and
the arithmetic mean (AM, r = 1). For fixed n, the GM is equivalent to Fisher’s combination
test, since the latter can be considered as applying a monotone —2 log transformation to the
GM statistic.

Similar to the previous power study, we evaluate both the true power and the nominal
power of the tests. The true power is obtained when the type I error is well controlled by
the a-level threshold determined from extensive null distribution simulations that properly
account for correlations; the nominal power is obtained using the independence-based thresh-
old. The distance between the true and nominal power curves indicates the change in power
when the test procedure ignores correlations and assumes independence, reflecting the extent

of the test’s robustness to correlation. Since closed-form null distributions are generally not
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available for these statistics, the independence-based type I error control threshold is also

obtained from the simulated null distribution under independence.

Gaussian mean model. Following the same simulation settings of Figure [S17] Figure
displays the true and nominal power of all eleven tests under six correlation structures.
Several observations can be made.

First, the asymptotically correlation-robust tests (i.e., minP, Simes, HC, ¢3, CCT, and the
BC family BC, 5, HM, BCy 5, proven in theory) exhibit similar patterns of true power curves.
Their curves tend to cluster together, all increasing in a sublinear manner as the number of
signals increases — that is, the marginal gain in power diminishes as more signals are added.
This pattern differs substantially from BJ, GM, and AM, which are not correlation-robust.
The curves of BJ, GM, and AM show a sigmoidal shape, with power increasing steeply at
moderate numbers of signals. Under weak-to-moderate correlation, these tests can achieve
higher true power than the correlation-robust tests when signals are dense, but lower power
when signals are sparse. However, this advantage diminishes as correlation increases: at
o = 0.9, the true power curves of BJ, GM, and AM are dominated by the correlation-robust
tests across nearly all signal levels. A common trend among all tests is that their true power
decreases as correlation strengthens when other factors are held constant; this can be seen
by comparing the same curves across different panels of varying correlation strength.

Second, within the BC family, the true and nominal power curves (solid and dotted lines,
respectively) are relatively close, confirming their robustness to correlation. However, the
degree of robustness differs: HM shows the smallest gap between true and nominal power,
followed by BC' 5, while BCy 5 shows the largest gap, especially under strong correlation.

This is broadly consistent with the results in [Fang et al.| (2023) showing that heavier-tailed
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transformations yield stronger asymptotic robustness, though the relationship is not strictly

monotone (HM is more robust than BC 5 despite having a lighter tail).

Third, the relative true power advantages within the BC family are associated with signal
sparsity and correlation strength. As shown in|Fang et al.| (2023) (cf. their Figure 1), heavier-
tailed statistics (e.g., HM and BC 5) transform small p-values into much larger values than
lighter-tailed statistics (e.g., BCy5), making them more driven by extreme values. This
property is advantageous when signals are sparse and strong but can be disadvantageous
when signals are dense and weak. The panel for ¢ = 0.5 in Figure shows a pattern
consistent with this property: BC)5 and HM have higher power than BCj 5 when signals
are sparse, but lower power when signals are dense. Meanwhile, the relative advantage also
depends on correlation patterns. Under strong correlation (o = 0.9), the entire true power
curve of BC)y 5 is lower than those of HM and B(Y 5, indicating that heavier-tailed statistics
maintain their advantage across signal densities when dependence is strong. Under weak
correlation (o = 0.1), BCy5 has similar power to BCi; and HM even when signals are
sparse, but indeed has higher power when signals are dense. Interestingly, HM and BC] ;5

have similar true power in most settings, with HM being slightly higher.

Fourth, HM and BC} 5 are mostly less powerful than the supremum-based tests (minP,
Simes, HC, ¢3) and CCT under the settings of Figure . However, the difference is not
substantial under the settings of Figure[S29] This is an interesting supplementary observation
consistent with Fang et al. (2023), which showed that HM and CCT are “approximately
identical” for small p-values (cf. Proposition 2 and Table 4). The similarity between HM
and CCT is evident in Figure where their true power curves nearly overlap, but less

so in Figure [S28] where CCT has a visible advantage. This may be because the asymptotic
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equivalence in [Fang et al.| (2023) applies in the extreme tail regime of very small p-values,
while the Gaussian model simulations produce p-values that are not sufficiently extreme for
the approximation to be tight.

Fifth, AM and GM are sensitive to correlation, evidenced by the substantial departure
between their true and nominal power curves. Their true power pattern is similar to BJ: they
can be more powerful when correlations are weak and signals are dense, but their relative
advantage drops significantly as correlation increases. The AM statistic is the least powerful

in most settings.

GWAS-based linear model. Figure presents the power comparisons under the linear
model with genotypes simulated from the FSHR gene, using the same settings as in Fig-
ure The results are broadly consistent with the findings under the Gaussian model.
The correlation-robust tests are closely clustered in terms of true power. The gap between
nominal and true power is larger for BJ, GM, and AM, and it becomes larger at the more
stringent significance level (from o = 5 x 1073 to 5 x 107%), indicating that they are not
robust to correlations. Compared with the correlation-robust tests, the BJ and GM statistics
can have lower power when signals are sparse (see the panels with the number of signals =
1), but their power can increase considerably to a similar level when signals become denser
(see the panels with the number of signals = 30). The AM statistic is the least powerful

across the settings considered here.
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Figure S28: Power comparisons including summation-based statistics under the Gaussian mean model with
six correlation structures. The signal strength is ;1 = 3, the significance level is & = 5 x 1074, n = 10,
and 10° simulations are performed. Solid curves (“emp”) show the true power with o controlled empirically
by simulation; dotted curves (“ind”) show the nominal power under the independence assumption. The

simulation settings are the same as in Figure @
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S5. NUMERICAL STUDIES

S5.3.3 Non-Gaussian Dependence: FGM Copula
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Figure S30: Power study under the bivariate FGM copula. The number of signals (k) among n = 10

components varies along the x-axis. The signal strength is i = 3; the significance level is & = 5 x 107%;

10% simulations are performed. Solid curves (“emp”) show empirical power with type I error controlled

by simulation; dotted curves (“ind”) show nominal power using the testing threshold calculated under the

assumption of independence.

Finally, we examine the statistical power of the tests under a non-Gaussian copula model.

The goal is to assess how well the tests perform when the input p-values are generated from

a non-Gaussian distribution, specifically using a copula that captures dependence between
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variables. Specifically, we conduct a simulation study using the Farlie-Gumbel-Morgenstern
(FGM) copula as described in Remark [Ij The input statistics X have normal marginal
distributions, X; ~ N(u;, 1), i =1,...,n, and their pairwise dependence is structured by the

bivariate FGM copula:

Under the null hypothesis, p; = 0 for all . Under the alternative, k randomly chosen
components have a nonzero mean value, i.e., f;,, ..., fti, = pt 7 0.

Figure displays the statistical power of six tests—minP, Simes, HC, ¢3, CCT, and
BJ—at p = 3 as the number of signals (k) varies, under FGM copula dependence with
0 = —1,-0.5,0.5,1 and significance level & = 5 x 107%. Solid curves represent the empir-
ical (true) power, where the a-level threshold is determined by simulation; dotted curves
represent the nominal power, where the threshold is calculated under the independence
assumption. The BJ test shows the largest difference between true and nominal power,
highlighting its sensitivity to dependence, while the other tests remain robust under FGM
copula dependence. For true power, BJ is more powerful when signals are dense (large k).
Among the correlation-robust tests, the power ranking as k increases is HC, CCT, ¢3, Simes,

and minP.
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