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Supplementary Material

This document contains supplementary materials for the paper “Valid test for multi-arm trials with generalized
linear models under covariate-adaptive randomization”. The materials are organized into four sections. Section
introduces the notation and imbalance measures under multi-arm CAR. Section[S2) presents ancillary results, including
technical lemmas and intermediate results used to establish the main theorems. Section provides detailed proofs
of the main theorems in Section 3 of the paper. Section [S4] studies the working variance term in the asymptotic

theory for different GLMs.

S1 Notation and imbalance measures under multi-arm CAR

This section collects the imbalance measures used in Section 3 of the main paper. The
notation follows |Hu et al.| (2023).

Consider a clinical trial with R discrete stratification covariates. The rth covariate has
m, levels. This induces M = Zle m, marginal categories and S = Hle m, strata. We use
(r,m}) to denote the marginal category where the rth covariate takes value m>: € {1,...,m,}.
We use s = (mf,...,m}) to denote the stratum where Z; = mj,..., Zr = mj,.

Let ny be the total number of patients assigned to arm k (k =0, ..., K). Let ng(r,m})

be the number of patients in marginal category (r, m}) assigned to arm k. Let ng(s) be the
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number of patients in stratum s assigned to arm k. We define three imbalance vectors.

Overall imbalance: Dy = (D, ..., Dg), where D}, = nj,—N and N = K;H Zgzo N =
K+1°

Marginal imbalance: Dy(r,m}) = (Do(r,m}),..., Dk(r,m})), where Dy(r,m}) =

ny(r,mz) — N(r,m;) and N(r,m;) = 5 S e (,m).

Within-stratum imbalance: Dy(s) = (Do(s), ..., Dk(s)), where Dy(s) = ny(s) —

N(s) and N(s) = KLH 2,5:0 N (8).

Remark 1. The multi-arm CAR procedures considered in this paper can be divided into
two categories in terms of within-stratum imbalance. Under stratified randomization-type
procedures (when ws > 0), the within-stratum, marginal, and overall imbalances are all
bounded in probability, that is, O,(1) (Hu et al., 2023). Under Pocock and Simon’s mini-
mization (when w, = wy = 0), the procedure controls marginal and overall imbalances, while
the within-stratum imbalances Dy(s) typically grow at rate V/N and admit an asymptotic

normal distribution (Hu and Zhang, 2020; Hu et al., 2023)).

S2 Ancillary Results

Lemma 1. Suppose that the overall imbalance is bounded in probability, D = O,(1). Then,

for every k =0,..., K,
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Proof. Since

k 1 Dy,
K+1+N’

=3

the result follows from Dy = O,(1). O

Lemma 2. Suppose that the equal-allocation covariate-adaptive randomization procedure
satisfies Condition 1 and is invariant under permutations of the K + 1 treatment labels.

Suppose further that the number of strata is finite, that

E(Y?) < oo,

and that

for every stratum s.

Under the global null hypothesis

H0:§1:---:5K:0,

let

vi=E(Y; | Z;)=h (0 +B"Z;),



GUANNAN ZHAI AND FEIFANG HU

and define
N
> (T = To)(Y; = v3)
1 =1
Ry=— :
N \/N
N
> (Tik = Tio) (V; — v3)
=1
N
Z(Ti _TiO)Vi
1 =1
Hy=—
N \/N
N
> (Tix — To)vs

i=1
Assume that the components of Hy converge jointly to a multivariate normal distribution

and that Condition 2 holds for each treatment-control contrast. Then

(\/mRN, \/mHN> =5 (&1, &),
where & and &, are independent, with
& ~ N (0, E{Var(Y | Z,)} [diag{21x} + 21x1%]),
& ~N(0,2(K +1)apV),
where

N —

Thus, the diagonal entries of V' are one and its off-diagonal entries are 1/2.

Proof. Let

Z={Z,....Zy}, T ={T.,.. . Ty}

and write

Ei:Y;—Vi.
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Under the global null hypothesis and the randomization assumption,

Moreover, conditional on (Z,7), the residuals ¢y, ..., ey are independent.

We first derive the limiting covariance matrix of Ry. For the kth component of Ry,

N

> (Tix — Tio)* Var(Y; | Z;)

1

Var (Ryy | Z2,T) =

==

7

I
==

(T + Tip) Var(Y; | Z;).

i=1

To evaluate the limit, let
72 =Var(Y; | Z; = s)
and let n(s) denote the number of subjects in stratum s. By the definition of the within-

stratum imbalance,

Therefore, for every a =0, ..., K,

Z T Var(Y; | Z;) Z Na(s
11 , 1 )
= XIiN S n(s)rs + N ZS:DG(S)T
Because the number of strata is finite and D,(s) = 0,(V) for every a and s,

1 9
3 L D57 = 0y(0).

Furthermore, by the law of large numbers,

1 P
N Zn(s)Tf — E{Var(Y | 2)}.
Consequently,

Z w Var(Y; | Z;) S K;]E{Var(Y | 2)}.
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It follows that

2
Var (Ryy | Z2,7T) 5 o Var(Y [ 2)1

For any j # k,
Cov (Ryj, Rni | Z2.T)

= —Z i — Too)(Tir, — Tio) Var(Y; | Z).
Because each subject is assigned to exactly one treatment arm,

(Tij — Tio)(Tiw — Tio) = Tho, J#k.
Therefore,

Cov (Rn;, Rnik | Z2,T)
K+1

N
1 1
== > T Var(Y; | Z;) & ——E{Var(Y | 2)}.
=1

Since the number of strata is finite and E(Y?) < oo, the Lindeberg condition holds for
the triangular array of residuals {e;} conditional on (Z,7).

Hence, by the conditional multivariate central limit theorem,

D 2E{Var(Y | Z)}
RN—>R~N(0, T V).

We next derive the covariance matrix of the limiting distribution of Hy. By the assumed
joint convergence, write

Hy 2 H ~N(0,5).

By Condition 2, for every k =1,..., K,
N
ik

1
Hyi= 7= (T

=1

—Ty) VZ—>N<O o?).
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Therefore,

Var(H) = o7, k=1,... K.
For any j # k, the continuous mapping theorem gives
D
HN,j — HN,k — H]’ — Hk
Moreover,

| X

Hy;— Hyp = —— ZT — Tyt
z:l

Because the equal-allocation CAR procedure is invariant under permutations of the K + 1
treatment labels, this treatment-treatment contrast has the same limiting distribution as

any treatment-control contrast. Hence,
H; — Hy ~ N(O,oi).
It follows that

o; = Var(H; — Hy)
= Var(Hj) + Var(Hk) -2 COV(HJ', Hk)

=20} —2Cov(H,, Hy).

Therefore,
o2
Cov(H;, Hy) = 7h j# k.
Consequently,
ZH == O'}%V,
and hence

Hy 5 H~N(0,02V).
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It remains to establish the asymptotic independence of Ry and Hpy. Notice that Hy

is measurable with respect to (£, 7). By the conditional multivariate central limit theorem,

for every bounded continuous function f,

E{f(Rx)| 2. T} & E{f(R)},

where the distribution of R does not depend on (Z,7).

Therefore, for any bounded continuous functions f and g,

E{f(Rn)g(Hy)}
=E[g(HN)E{f(Ry) | Z,T}]
— E{f(R)}E{g(H)}.
Thus,
(Ry, Hy) = (R, H),

where R and H are independent.

Finally, multiplying both components by /2(K + 1) gives

(V2K +1) R, Va(K + 1) Hy) 2 (61,6),

where

& =vV2(K+1)R, & =V2(K+1)H.

Since

4V = diag{21x} + 21417,
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we obtain
Var(&;) = 4E{Var(Y | Z)}V
=E{Var(Y | 2)} [diag{21x} + 21x1%] ,
Var(&;) = 2(K + 1)o7 V.
This proves the asserted joint convergence. O]

Lemma 3. Suppose that the assumptions of Lemma[9 hold. Under the global null hypothesis

HO : 5 - 0,
let
1 & al
wkzn—k;TikYi, nk:;Tik: k=0,... K
Then

Yp —E(Y)=0,(N""?, k=0,..., K.

In particular,

Proof. Let

and define the arm-specific outcome totals

N
QN,k:ZTikY;‘, k=0,....K.
i=1

For every k =1,... K,
N

Qnk— Qno =Y _(Tie — Tio)Yi.

i=1
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Using the decomposition

we obtain

Qi —Qvo 1 = o
Yoo “¢N;;H* Tio)(Yi — v;)

N
1
+—= ) (Tix — To)vi.
D
By Lemma [2] both terms on the right-hand side are O,(1). Therefore,
Qni — Qo = O,(VN), k=1,... K.

Since each subject is assigned to exactly one of the K 4 1 arms,

K N
D Qur=) Y.
k=0 i=1
Moreover,
K K
Z Ong = (K +1)Qnp + Z(QN,k — Qno)-
k=0 k=1
Consequently,

N K
1
@no = ) {;Y; - ;(QN,]C - QN,O)} :

Under the global null hypothesis, the ordinary central limit theorem gives

N

Y Y, =Nm+ O,(VN).

i=1
Together with

Qi — Qno = O)(VN),
this yields

Nm
Qno = K——i-l + Op(\/ﬁ)-
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For every k =1,... K,
Nm
Qnk = Qno+ (Qnk — Qnpo) = 5 + Op(\/ﬁ>'
Thus, for every k£ =0,..., K,

Oni = XML 0 (V).

K+1 b
By Condition 1,
N
- 1 = K
k K + 1 + Op( )7 k 07 )
It follows that
Wy —m = QN,k — mng
Nk
_ {Qnr — Nm/(K+1)} —m{n, — N/(K+1)}
n
= Op(Nil/z)-

Therefore,

S3 Proof of the Main Theorems

Proof of Theorem j: Let

and write
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For £k =0,..., K, define
N
= STy,
(08 nk; k
Also write

6= (o b 3 B = (B 5"

Under the treatment-only working model, the maximum likelihood estimators satisfy

gozg(%)a gk:g(¢k)_g(1/}0)v k=1,...,K.

Recall that the overall imbalance is defined by

N
De=m =g

Condition 1 implies Dy = O,(1). Moreover, since

and E|Y| < oo, we have

| < ——Z Yi| =

It follows that

K—i—l —(K+1)n
ZTzkY N )k1/)k
N

K+1 K+1)D

K+1
- = ZTmHop(N—”?).

By Lemma [2], for every k =1,..., K,
N
ik

2T

=1

_zOY O()

=il
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Therefore,
N
K+1
S (T~ To)Yi = 0,(N )
i=1
Furthermore,
K N N
1 K+1 1
) A D TuYip = ) Yi=m+Op(N?),
SRR
Consequently,

Yp—m=0,(N"Y% — k=0,... K

Applying a componentwise Taylor expansion of g at m gives

o = g(¥n) — g(to)
— ¢/ (m) (e — o) + 0p(N/2)
~ gm) " D (T = Ta)Yi + 0,(N )

=1

Since g = h™!, the inverse function theorem gives

1 1
!
m) = = —
g(m) W (o)  ho
Therefore,
N
~ K+1
= N S (T — Tw)Yi+0)(N7V?),  k=1,...,K. (83.1)

=1

We next derive the probability limit of the model-based standard errors. Let
T, = <1aﬂlv s 7EK>T

and

K
M=o+ > oxTik.
k=1

For the general link satisfying 6 = ~(n), the Fisher information matrix under the working

model is

~

e, e
1(6)= ’ > @) ()i
=1



GUANNAN ZHAI AND FEIFANG HU

Because
P ne p 1
— d —_ = —
(T m an N K1
we obtain
1 L 1%
1 A~ hho~t K
—1(9) i 070 K +1
N ¢ 1 1 7
K+1' % K+17F
The inverse of the block matrix above is
K+1 —(K +1)1%

—(K+1)1g (K+1)(Ix+1x1%)
Since

V == (Ix +1x1%),

N —

the treatment-effect block of the inverse Fisher information satisfies

— 20K +1
NVar(8) & UK+ Doy, (S3.2)
h/ /
070
In particular, for every k=1,..., K,
= 20K +1)p) "
VN &G B {%} . ($3.3)
070

We now derive the actual asymptotic covariance matrix of 5. Define

N

> (T — T)Y;

i=1

By the decomposition

and Lemma [2]

Cy 25N (o, {i + a,i} v) . (S3.4)
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Combining (53.1)) and (S3.4]) gives

WS&N(O,%{AJFW}V) (S3.5)

Finally, let

o~

S=(S,....5)",  S,= O
se(0x)

It follows from (S3.3]), (S3.5]), and Slutsky’s theorem that

2
Si>/\/<O,A+(K+1)Jh/2V).

oho /o

Equivalently,

Siﬁ\f(o E{Var(Y | Z2)} + (K + 1)03/2 V),

Col [hHE(Y) /' [ HE(Y)}
where

17 j:k7
Uik =

1/2, j#k.

This proves Theorem 4. Theorems 1-3 follow under their corresponding assumptions as

special cases obtained by setting 7/(n9) = 1 and/or o7 = 0. O

S4 Additional Working Variance Analysis in GLMs

For a general link, recall that the natural parameter satisfies # = () and

h(n) = b'{v(n)}

Consequently,
h'(n) = b"{~v ()}~ (n).

Let
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The model-based working variance term appearing in Theorems 3 and 4 is therefore

oh' (o)

Wim) = )

= @b {~(no)} (54.6)

Thus, W(m) is the variance function of the working response distribution evaluated at the

marginal mean m. For a canonical link, 7/(n) = 1, and (S4.6]) reduces to

W(m) = ¢h' (np).

Let

A=E{Var(Y | Z2)}.

For designs with bounded within-stratum imbalances, Theorem 3 shows that the marginal

asymptotic variance of each standard Wald statistic is

A

W (m)
For designs satisfying Conditions 1-2, Theorem 4 gives the marginal asymptotic variance

A+ (K +1)07 /2

Thus, for the latter designs, the additional imbalance variance must also be included when
determining whether the test is conservative or anti-conservative.

In the calculations below, let

pz=EY | Z),  m=E(uz) =E(Y).

S4.1 Bernoulli Regression with Probit Link

For a Bernoulli response with a probit link,
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where ® and ¢ are the standard normal distribution and density functions, respectively. The

Bernoulli natural parameter is
®(n) }
v(n) = log {— ,
= T ey

so that

b ©(n)
") = S e}

Because ¢ = 1 for a Bernoulli response,

Moreover,

E{Var(Y' | Z2)} = E{pz(1 - pz)}
=m(1 —m) — Var(uz)

< W(m).

The inequality is strict when Var(uz) > 0. Therefore, for designs with bounded within-
stratum imbalances, the standard model-based Wald test is asymptotically conservative when
prognostic covariates are omitted from the working model.

Under Conditions 1-2,

(K + 1)o7
2

(K + 1)0}21'

A
" 2

— W(m) = — Var(uz) +

Thus, the direction of the size distortion depends on the relative magnitudes of the omitted-

covariate and imbalance-variance terms.
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S4.2 Bernoulli Regression with Complementary Log-Log Link

For a Bernoulli response with a complementary log-log link,

h(n) =1 — exp{—exp(n)},

and
W' (n) = exp(n) exp{—exp(n)}.

The Bernoulli natural parameter is

which gives

oy K (n)
T = R - A
Consequently,
_ h/(ﬁo)
Wim) = ' (n0)
= h(no){1 — h(no)}
=m(l —m),
where

no = log{—log(1 —m)}.
As in the probit case,
E{Var(Y | Z)} = m(1 —m) — Var(uz) < W(m).

Thus, for designs with bounded within-stratum imbalances, the standard model-based Wald

test is asymptotically conservative when Var(uz) > 0.
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Under Conditions 1-2,

(K + 1)o7
2

(K + 1)o7

A
+ 5 ;

— W(m) = — Var(uz) +

so the direction of the size distortion depends on the additional imbalance variance.

S4.3 Gamma Regression with Log Link

For a Gamma response, use the usual parameterization
Var(Y | Z) = oy
Under the log link,
h(n) =exp(n),  h'(n) = exp(n).
The Gamma natural parameter is
v(n) = —exp(=n),  +'(n) = exp(-n).

It follows that

On the other hand,

E{Var(Y' | Z)} = ¢E(17)
= ¢{m?* + Var(uz)}

> W(m).
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The inequality is strict when Var(uz) > 0. Therefore, for designs with bounded within-
stratum imbalances, the standard model-based Wald test is asymptotically anti-conservative
in the presence of prognostic heterogeneity.

Under Conditions 1-2,

K +1)o}

2
JUNLES LSS

— W(m) = ¢ Var(uz) +

S4.4 Binary Indicator Obtained from an Ordinal Endpoint

The proportional-odds cumulative logit model for a full ordinal response contains multi-
ple cutpoints and does not have the one-parameter GLM form assumed in Theorems 1-4.
Therefore, those theorems cannot be applied directly to the full ordinal likelihood.

For a fixed threshold j, one may instead define the binary response

Y9 =1(v; < j)

)

and analyze this binary endpoint separately. Let
piz=PY <jl|Z),  m;=E(pjz).
For the separate Bernoulli logit working model,
Wi(m;) = m;(1 —m;),
whereas

E{Var(Y'9 | Z)} = E{p;z(1 — p;2)}
=m;(1 —m;) — Var(p; z)

< W;(m;).
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For designs with bounded within-stratum imbalances, this establishes conservativeness only
for a separately analyzed binary threshold.

Under Conditions 1-2, the sign is instead determined by

(K +1)oj

_Var(pj,Z) + 9 ;

where o7 ; denotes the Condition 2 imbalance variance for the binary response YU,
These calculations do not establish the corresponding result for a proportional-odds

model fitted jointly across all thresholds.

S4.5 Negative Binomial Regression with Log Link
Consider the negative binomial parameterization

Var(Y | Z) = py + ap, a >0,
where « is treated as fixed. Under the log link,

h(n) =exp(n),  NW'(n) = exp(n).

With ¢ = 1, the corresponding natural parameter is

v(n)zlog{aex—p(n)},

1 4+ aexp(n)

and hence

Therefore,
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The true average conditional variance is

E{Var(Y | Z)} = E(uz) + aE(u7)

— m + aE().
Thus,

E{Var(Y | 2)} = W(m) = a {E(x) — m?}
= a Var(uyz)

> 0.

For fixed o > 0, the inequality is strict whenever Var(uz) > 0. Thus, for designs with
bounded within-stratum imbalances, the standard model-based Wald test is asymptotically
anti-conservative when prognostic covariates are omitted.

Under Conditions 1-2,

(K + 1)o7}
2

K +1)o}

A+ —W(m) = aVar(uz) + ( 5 > 0.

If a is estimated under a misspecified treatment-only model, its probability limit must be

analyzed separately.
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