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Appendix A
The limiting values are D, C and F' in Theorem ?? are given as
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Appendix B
B.1 Technical Lemmas

Lemma B.1. Under assumption ?? and assumption ??; consider a p X p matrix AP whose entries
Afj have finite (8 + €)-th moment for some € > 0. Suppose further that AP is independent of Sy,
kk'=1,--- ,K;k #k, we have as p — o

BLAP By — pro Q00 t1(AP) /p =45 0

B AP By — o tr(AP) [p =45 0



Proof of Lemma(B.1} When k = k', this lemma is the same as lemma C.3 in Dobriban & Wager
(2018)) and theorem 2 in |Sheng & Dobriban (2020). When k # £/, the same results still holds
trivially under the bounded moments condition of A. This result has already been used by theorem
3.1 and theorem 4.1 of [Zhao & Zhul (2019)). O

Lemma B.2. Under the assumption ?? and ??, recall the definition of sample covariance matrix
Y = XT X /n and its companion 3 = X X7 /p; we have
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6(5 4+ AL) 7S] /p s %(A;(_A) 1)
10p, (=) = Avf (=)
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Proof of Lemma The first four convergence statements follow from Marchenko & Pastur|(1967)
and Silverstein (1995). The convergence of last two trace terms are from lemma 2 of |Ledoit &
Péché (2011) and lemma 2.2. of Dobriban & Wager| (2018]). Their moment assumptions are satis-
fied given assumption ??. [

B.2 Proofs of Lemmas in the main text

Proof of Lemma ??. In the first case, whenny = --- = nxg = nso~vy, = --- = yx¢ = v and use
A1 = -+ = Ag = A, the limits of term E}; has been found in the proof theorem 3 in Sheng &
Dobriban|(2020). When ¥ = [,,, the term FEj;, boils down to

Ekk’ = tr[(Zng/nk + AkIZJ)_l(ZIZ:Zk’/nk’ + Ak/]p)_l]/p]

To prove the second case, we always have have

1
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Recall H is the limiting population spectral distribution, and z;, = z(7V, \x) is the fixed point

solution to )

1-— = 1—A _
Ty 'Vk[ k/xktJr)\k

When ¥ = I,,, H only has a point mass on 1 so the expectation decomposes and

dH ()]

B —a.s. mp, (=Ae)mp, (=)

As an alternative proof when we have assumption ??; we know Z;, will be asymptoticly free from
any bounded constant matrices, this is a standard result, ex. theorems 5.4.5 in |Anderson et al.
(2010). Further, we know sample covariances of the form Z[ Zj, /n; is asymptotically free from
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Z,ng/ /ny |Capitaine & Casalis| (2004). Two arguments combined suggests that (Z,ZZ;C /ny +
MieI,) 7! is asymptotically free from (Z}, Zy /nys + A\ I,) ™! therefore,

Ek:k’ - mF’yk (_Ak)mF’Yk/ (_Ak/) “as. 0

For the third case, a slight generalization of Corollary 3.9 of Knowles & Yin (2017) tells us

1
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where /1, ¢, can be any continuous random vectors independent from (ik + A\elp)"'. We can
decompose Eji by
(S + M) S+ Al Ze p e, (“N)) o /p —as 0

Ekk’

where /1 ; is e; with 1 in its 4'" entry and 0 else where; and (5 ; := (ik/ + A I,) " te;. From now on,
simplify the notation by using mj := mp, (=X\g) and my == m F,, (—Ag). Perform the similar
trick to {5 ;, we have

1
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In addition

tr(([p + me)_l(Ip + mk/E)_l)/p
AL AR

:)\k)\k/ [1 — My tr((fp + me)—lg)/p — My tr(([p + mk,z)—1z)/p

+mpmy tr((L, +mp ) 'S(L, + mpX) )] /p
where we used the matrix identity
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Each of the terms can be expressed in empirical quantities by
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With the same techniques, we get
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Substitute these expressions back into the expressions for Ej finishes the proof. [



Proof of Lemma ??. The proof is similar to the proof of lemma ??. In the first case where n; =
=nNg=ns0y =---=79g =yanduse \; = --- = A\g = A\, we have
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When ~ is equal across all populations, we will use the shorter notation m := mpg (—=X),m’ =
m'z (—A) in this proof. By definitions, we have
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Here 2’ is the derivative of x with respect to A. Then
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For the second case, when ¥ = [, Py = Ejy. So the proof follows from lemma ??. For the
third case, pulling the trick with results from Knowles & Yin|(2017) again gives
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which can be consistently estimated by

1 )\kmk — )\k/mk/

>\k)\k’ mpgr — My
as claimed by the lemma. [

B.3 Proofs of the Theorems

Proof of Theorem ??. We can express the estimation risk as
M(W) = WT(A+ R)W — 265 BW + |3l
Where A, R and B are defined in Theorem ??. Take the derivative w.r.t. W, we get
Wi=(A+R) v
where A, R, v have been defined in the main text. Substitute this W}, into M (1), we get
M(W) = Bill, — B(B"B + R)™'B" |8k
as claimed. [

Proof of Theorem ??. Under the assumptions of theorem ??, given lemma [B.1] and lemma [B.2
firstly for V.and k =1, --- , K — 1, we have
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and similarly
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We can then find the limits of diagonal term of A and R; fork=1,--- | K
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Fork, k' =1,--- K and k # K/,
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where we used &;; from lemma ??. O
Proof of Theorem ??.
K
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Where C| F, D are defined in theorem ??. Take derivative w.r.t. W and equate it to 0, we get
Wi=(C+F)'D
Substitute this solution into the expected prediction risk formula, we have
rc(Wp) =0k + BrSBx — D" (C + F)™'D
which is the claim in the theorem. [l

Proof of Theorem ??. This proof follows directly from assumption ??, assumption ??, lemma

and lemma . We continue with the simplified notations using my, = mp,_ (=), mpr =
mek,(—)\k/ , UV = ’UF%(—A]C) and Vg = UF”/k’<_>\k/>' FiI'Stly note Z“ =1for: = 1, L, P,

tr(X)/p = 1. Starting with the limit for Dy, k =1,--- | K — 1,
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where the first step follows from lemma [B.1]and (i) follows from lemma[B.2] When k = K, we

simply replace ppxr0r0K With a%-0% in the first step. We now use the same set of techniques
to find the limites for terms Cyp, k=1,--- | K and Fj, k=1,--- | K.

Ci = Be(BS5y)
= BF [Ty — M (S + ML) ST, — Me(Sk + M) 7'1BE
o, Pt = M (Sp 4 ML) IS — MBSk + M) 7!
F A2 (S 4+ ML) T+ ML) Y

(0
= PR OK 0RO K[l —



A, 1 A R(=AR) — At (=An)
Yo MUR(=AR)" T e [Avr(—Ak)]?
Fip = 02 t0[(S 4 Medp) I8 (5% + ML) 1]/

= o2y [tr[S (S, 4+ ML) T /] — M tr[2 (5% + AL) "2/
1 1 lvk(—Ak) — )\kU]/§<_)\k)

—a.s. am[%(m —D- )\7 [Akve(=Ak)]?

]

—as Orag[l —2

]
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The expression for Py is given in lemma ??. Substitute these limiting expressions into the optimal
prediction risk and optimal prediction weights complete the proof. [

B.4 Proofs of Corollaries

Proof of Corollary ??. Assume without loss of generality that indices 1,--- , K — 1 are in Z,,
K +1,---, N indices are in Z;; and the target population is put in the K™ place. Then we have

Wi = (A+R)"Y

@ (AK + RK) 0 ! Vi
0 (Axy +Rn) Vi
_(C D Vi
- \E F Vv
where Ax, Rk, Vi are defined as in theorem ?? for populations 1,--- , K and Ay, Ry, Vy are
for populations K + 1,--- , K + N. (i) follows since pyr = 0 for k € Z,, k' € Z;. By the block
matrix inversion formula, we see both D and E will be all-zero matrix. Thus, the K + 1to N
entries of W}, will be zero. Moreover, the first K entries are (Ax + R &) 'Vi. We now prove the

limiting weight for target population is 1 when all other populations have correlation 0. Under this
scenario, from the results above we know
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The proofs for results when p — 1 can be found in Theorem 8 of Sheng & Dobriban (2020). [




Proof of Corollary ??. Define a length K vector with constants Vi=1 = Arm(A) and a diagonal
matrix D with Dy, = Ry, + A, — pa® V2. With by = Ry; + Ay — pa®V;2 we have
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here 1 is a length K all one p x 1 vector, and 1, is a length K p x 1 with first K entries p and K™
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This gives us the final results
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Proof of Corollary ??. This proof is purely algebraic. Recall that o “‘A"Ijl(_)‘)P = 1};&{@57;({);)} =
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When p = 1, it indeed recovers the distributed ridge estimation risk. [
Proof of Corollary ??. When ¥ = I, lemma ?? states that
A = P OO R i [1— A (M) [1 — A (Mg )]
When A\ = = Ak =A\npy=---=ngsoy, =---=vx =vand oy = --- = o = 1 Define
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Recall 34 is defined in corollary ??, and ¢; = o?[1—2Am(—\)+ ?*m(—\)?], D = diag[m'(—\)—
m(—\)?]. Then
A+R =c1Ys+ ol
where co = AN2a?[m’/ (=) —m(—=\)?|+~v[m(=\)—Am’(—\)]. Atthe same time, we can control the
largest eigenvalue of g by the Gershgorin circle theorem. This implies the maximum eigenvalue

of ¥, <1+ aand ZkK:l’k# lpi] < aVi e {1,---,K}. Choose a so the inequality is tight,
denote and arrange the eigenvalues for X, + i—f[ K as Ay > -+ > Ag. We have
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where in step () we performed the eigenvalue decomposition of X, + 2k [



Appendix C

C.5 Demonstration of Corollary ??

Suppose the limiting estimation risks for individual ridge estimators are 0.2, and we have a signal-
to-noise ratio 0.5. 1 — Am(—A\) is 0.4. Taking derivative of M (W5;), we get

dMi (Wg)
dp
_a?[[1 = p[t = dm(=N)]]? = Kp*[1 — Am(=N)]%]
[(K = 1)p[l = Am(=A)] + 1]?

n (K = 2)(K = 1)p*[1 = dn(=N)° — p[l = dm(=N)*(K(p - 2) +2)

i meE K — Dlpll = dm(=N)] + 12[(K = 1)p[l — Am(=A)] + 1]2
N pll = Am(=N](K(=Kp+p+2)—4) —2Kp+ K + 2(p+ [1 — Am(=\)])

i nrmer K — Dlpll = Am(=N)] + 12[(K — 1)p[1 — Am(=N)] + 1]

Substituting in the value of 1 — Am(—\), it becomes a quadratic function of p, K. Simple calcula-
tions reveal that for 2 < K < 5, this derivative is strictly negative for all 0 < p < 1.

C.6 Demonstration of Corollary ??

When argsup;c(; ... k3 ZkK:Lk# |pix| # K, the second term in the upper bound strictly increases
with pyc for i € {1,-+- K — 1}. When argsup,cqy . gy Sz 0wl = K, 1+a* = 1+
Zf; pir- Simple derivative analysis reveals that the sufficient condition for this upper bound to
strictly decrease with p;x fori € {1,--- | K — 1} is

> Pkt 20ik > 1
ke{l, K—1}\i

which holds for most p;x, k € {1,--- , K — 1}.

Appendix D

D.7 Parameter Estimation for Analysis of the Colorectal Cancer Microbiome Data

We consider a Bayesian hierarchical regression framework for estimating the population parame-
ters { prr’, Ok, i }. Recall X € R™*P is the design matrix for the k-th population and Y, € R™
is the corresponding response vector. Define the matrix of linear coefficients:

B= (B B - PBk),

where each 3, € R? is a vector of regression coefficients associated with the k-th population. The
regression model is given by:

Y, = XpB +en, e~ N(0,001,,) fork=1,... K.
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For each predictor index j =1, ..., p, we have:

ﬂj = (61j762j7 s aBKj)T NN<Oa Zﬂ);

where >3 1s a K X K covariance matrix defined by:

2 2 . ,
(Zp)kr =
Pk QO 00y if K # K.

The hyperparameters oy, oy, and pgi have the following priors:
o ~ N=o(0,1), g ~ N-(0,1), pgrr ~ Uniform(—1, 1),

with pgir = pii ensuring symmetry of 2g. The definitions for the distribution are summarized
below.

* N(0,X3) denotes a multivariate normal distribution with mean vector 0 and covariance ma-
trix X 8-

* N(0,07) denotes a normal distribution with mean 0 and variance o7.
* N-o(0,1) denotes a standard normal distribution truncated to (0, 0o).
* Uniform(—1, 1) denotes a uniform distribution over [—1, 1].

Given this Bayesian framework, we perform 12,000 iterations of the No-U-Turn Sampler (NUTS)
(Hoffman et al.l [2014), setting an average proposal acceptance probability of 0.99 and using a
maximum tree depth of 16. Implementations are conducted via RStan (McElreath, [2018)). We
use the posterior mean of oy, oy, and pgis as the parameter estimates.
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