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S1 Theoretical Properties

S1.1 The definition of membership matrix

Denote 8y = éy, where 9 = {1; ;} is a (pn+2n + q + p) x (pK; + 2K, +
q+ K3) dimensional 0/1 membership matrix, |z ]| be the largest integer less
than z, and mod(a/b) = a—|a/b|b. ¢;; = 1for [(i—1)/(p+2)| +1 € Goy,
lG—1/(p+2)]+1=korie (n(p+2)+1,n(p+2)+q),j=i—n(p+2)+
Ki(p+2)ori—n(p+2)—q€Dy;,j—Ki(p+2)—q=1and 0 otherwise.
That is, ¢, ; = 1 represents the ([(: — 1)/(p + 2)] + 1)th subject belongs
to the (|[(j — 1)/(p + 2)| + 1)th prognostic group or (i — n(p + 2) — q)th

predictor belongs to the (7 — K;(p + 2) — ¢)th predictive group.

S1.2 Conditions

The following regularity conditions are required for the proofs of the major

results:
(C1) The end time of study 7 satisfies that [ Ao(t)dt < oo.

(C2) The at-risk Process Y;(t) = I(t < Tj;) is left-continuous with right-

hand limits, and P(Y;;(t) = 1,Vt € [0,7]) > 0.

(C3) As Ny — oo, we have sup;¢( |S](\]fk’l)(d(k),D,t) — skD(a® 1) — 0,

where s®0(_#), s®D( ), and s*®? (. t) are continuous in & € B
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(where B is the neighborhood of &), uniformly in ¢ € [0, 7]; s*0(., )
sBD( 1), and 52 (., 1) are bounded on Bx [0, 7]; (9 (., t) is bounded

from zero on B ® [0, 7].

(C4) The covariates satisfy sup, ; | Djjlloo < e for some positive constant

c1, where |lal|o = max|a,|.
j

(C5) The Fisher information X(éy, 7) and the matrix C(& 1, 7) defined in

equation (S1.8]) are positive definite.

Remark: Condition (C1)-(C4) guarantee the asymptotic normality of
the maximum partial likelihood estimates. See |Andersen and Gill| (1982);
Fan and Li (2001). D ;; = (ziTj, ZIGDM Tij Wijy -+ ,ZleDU‘KQ Tijwi;) ", and
we have || 32,cp,  @ijuwijllec < 00, to ensure sup, | Dyjllo < c1. For fixed p
or p = 0(Npin), the following assumption is satisfied. In the case where p =
O(N®), we require that the number of nonzero elements s = ||g||o satisfied
s = 0(Npin). In the ultra-high dimensional setting where p = exp(N®) for
some «a € (0,1), the condition becomes slog(p) = o(IN). See (Fan and Lv,
2008; Bickel et al., 2009). Condition (C5) guarantee the the covariance of

T.g")7 exist.

the oracle estimator (v
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S1.3 Proof of Proposition 1

Proof: It is equivalent to show that M A p (@™, a™ ™)) < MpycaAp(©™, al™),

where the penalized negative log-likelihood is defined as
MDCAF(@’ Oﬁ) = _SDCAF(@v Oé) = _Ln(ea g, 7)+p>\1 (0, asa)+pA2 (g, a4)+p>\3(a1)7

with py, (6, c®) = py, (6, a1, @z, a3) and py, () = 3712 Y0 py (o g).

Step 1: Surrogate functions. Because the KHM penalty is non-convex in
the subgroup centres a®® and ay, the MM (majorization—minimization)
principle is used to construct convex upper bounds (surrogates) that are

tight at the current iterate. Define:

MDCAF,l (0; qg,7, Oésa7 Qy; aSa(m))

~Lo(6,9.7) + M Y {KHM(s: 0, 0" +Zw (16: = a7 — 16 — oy ™|) }

=1
+ Drs (g7 (14) + DPrs (al)v

MDCAF,Q(Ha 9,7, ™, au; aim))

p

—Ln(0,9,7) + pr(0,0) + A Z{KHM s:9;,04™) + Z o (97 — qun)® = (9 —

Jj=1

+ DPrs (a1)

By construction, each surrogate majorizes Mpcap and equals it at the

(m)
4.k

)}
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expansion point:

sa(m)

Mpcar(©,a) < MDCAF,l(Qv o; ™) with equality when a®® = o :
(S1.1)

MpcAF(©, @) < Mpoap.2(©, o a!™),  with equality when oy = ™.

(S1.2)

Step 2: Algorithm updates. At iteration m, the five block-coordinate up-

dates are:

6" = argmin MpcAp(9.9™, 7™, a™),

(m+1)

gt = argmin Mpc AR08, g, 4™, a™),
g

m+1) g(m+1)

~™*+D) — argmin MDCAF(G( ~, a™),
v

asa(m+1) = argmin MDcAFJ(e(m—H)’g(m—i—l),,y(m—f—l)’asa’aim); asa(m)%
aSa

(m+1)

oy = argmin MDCAF72(0(m+1)7g(m+1)77(m+1)’ asa(m+1)7 o a(m))
ay

4

Because 7 enters Mo A only through —L,, (and not through any penalty
term), the update of 41 minimizes Mpo AR over v regardless of the
value of . Similarly, g™*+") minimizes MpcAF over g for any fixed value
of a®® (since p,, does not depend on g). These observations are used in

Steps (a) and (d) of the chain below.

Step 3: Monotone descent chain. Using the above updates and surrogate
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properties, we establish the following chain of inequalities:

—SpEAR(©@TH), almHD)

_ MDCAF(O(m+1)7g(m+1)77(m+1)7a(erl))

(607D, glmHD) () g (m+1)y

< MpcAF

Y

< Mpeap 207, g, 4, @t oY ")

m+1) (m+1) m+1)  (m), (m)>

S MDCAF,2(0( g ) 7(m)7 asa( Oy 0y

= MpoAp(8™ ), g ), 4, @t o)

< MDCAF(O(m+1)7g(m)7 v(m), asa(m+1)7 aim))

m+1) m+1) (m), asa(m))

7g(m)7 Py(m)a asa( ) a4 )

< Mpcap,1 (6"

(6D gm) (m) gysalm) o (m), salm)y

Y

< MpCAF,1

Y

e MDCAF(O(m+1)7g(m)’ ,7(771)’ a(m))
< Mpcap(@™, g™ ™ alm)

= —Spcar(©@"™, ™),
where each step is justified as follows:

(a) ¥V minimizes My Ap over v for any a (since v does not appear

in any penalty term), so replacing v ! with 4™ cannot decrease
MpCAF-

(b) The surrogate majorizes the original objective (equation (S1.2))), so
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~ __(m+1)
MpCoAF < MpOAF,2 at aa = o

(c) aémﬂ) is the minimizer of MDC AF.2 over ay, so substituting back

the previous iterate aim) can only increase the surrogate.

d) The surrogate M equals M at the expansion point oy =
DCAF,2 DCAF

aflm) from equation ((S1.2)).

(e) g *+Y minimizes My af over g for any a*® (since py, does not de-

pend on g), so replacing g™+ with g™ cannot decrease MpCAF-

(f) The surrogate majorizes the original objective (equation (S1.1)), so

sa(m+1)

MpcAr < Mpoar, at o™ =« :

(g) a1 is the minimizer of MDC AF.1 over a®*, so substituting back

the previous iterate a®*™ can only increase the surrogate.

h) The surrogate M equals M at the expansion point a®® =
DCAF,1 DCAF

o™ from equation (S1.1]).

(i) 8" is the minimizer of My p over 6 at the current (g™, v a(™),

m+1

so replacing 1) with 8™ cannot decrease MpcAF:

Combining the chain yields —SDCAF(@(m+1), o™ty < —SDCAF(@(m), al™),

which is the desired result. O
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Theorem 1 (Theorem 1). Assume that (x;;, w;;, Z;;) are independent ran-
dom samples for i = [n], j = [m], and that T;; and C;; are conditionally
independent given (X, w;;, Z;j). Under conditions (C1)-(C5), if Nuyin =
ming N, — o0 and /Nuin A3 = O,(1), then there exists a local maximizer

acr of the oracle objective such that
16 — éol| = op(1/\/Nmm) .

S1.4 Proof of Theorem 1

Let the filtration F; be the statistical information accruing during the time
0,¢], namely, F; = o{N;;(u),Y;;(u),i = [n],j = [m],0 < u < t}, where
Ni;(u) = I(Ty; < u,6;; = 1) and Yy;(u) = I(T}; > u). Then, under the

independent censoring scheme,

Mi;(t) = Nij(t) —/O Aij(w)Yij(u)du, i@ = [n], j = [m] (S1.3)

is an martingale.

Sor orT or or orT or or orT or or T
Let a”" = (a1,1 3 Qg 1, Qg 1y O g Qg e s Qg e Y Qg gyt aa4,K2) 5

orT

~ (k)or __ orT or or or or T _
aFor — (0417/,C e, g, Y agh, ,044’K2) , k = [K1]. Denote

Ki m r
Ly(@",m)=> Y > /O D/ aWrdN(t)

k=11i€Gp 1 j=1

‘/oTlog S S v esn(Dlab) ban

k=1 iEgO’k 7j=1
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where N(t) = YK, 5 Y7 Ny (8).

ngo k

For each a°" in a neighbourhood of &,

1/N{Ln(&"",7) — Ly(é,7)} = (& — é)T An(ég, 7)

L@ — a0 B0, @ — o)1+ o,(1),

where
>y 2oty Yii(t) Dyj exp(Dyjé)
Awl o, 7) = 1/N;jzl/ { v >t Zj:l Yi;(t) eXp(ngO) }dNij@),
and

~ _ T Ez 12; 1 Z]( )D%Q'QGXP(D;]—‘dO)
vl@o7) = 1/N/ { D e 12]’ 1Yzj(t>eXP(Di;d0>
i 123 1 Y5t )DijeXp(DiEdo) =Y
[ S S V() exp(Dj ) } }‘”V“)

where Dij = ( (Z S gOl) 11]7"' 7](Z S gO,Kl) 1137D;2j)—r' For | =

0,1,2, we denote S](\’fk’l)(dék),D,t) =1/N, Y Z LYt )]_:)f?l exp(b;jdék)),

1€G0,k

and S (aO,D t)=1/N Z,[:ll Ny S(kl (& " D ,t). Denote the expectation
of S kl)( " D ,t) and S(l (évo, D, t) by s:b (a(()k), t) and s (&, t), respec-

tively. Under the assumption Ny — oo, we have sup ]S &P, D, t) -
tel0,7]

sE0 (&P )| — 0.

Redefine S]\fll)( . D.t) = 1N, S S

Jj=1
1€G0,k

Yij(u)Daj eXP(DT (k) ), is the sub-

Yi;(t) Dy exp(DS &),

and Sy'h (&, D,t) =1/N, S S

A J=1
1€G0,k

vector of S](\]fk’l)(dék), D, t) correspond to the Dy ;; and Ds;;, respectively.
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Similarity, Denote S a 1)( al¥ D 1), S(k 2) o(a (()k), D, t) is the sub-matrix

of S k2)< D ,t) correspond to Dy ngI@]

and Dy ;; D, ... respectively.

2,13
S(k %) (a((] D ,t) is the sub-matrix of S (a(() , D, t) correspond to Dy ;; Dy ;.
s(k’o)(d(() ) 1), Ek l)(a(() ) ¢ t) and s l))(a(() ,t) has the same definition, where

j:1727 lam:172> k= [Kl]

A substitution of (S1.3)) into Ay (e, ) and By(&y, T) gives

An(a, ) = 1/NZZ/{ %}dﬂ%@a

i=1 j=1
i SP(ae, D, t)  [SV (a0, D, 1)1 , -
By(éo,7) = 1/N/{ 5 0, D, 1) [J(VU)(~0 )1 }dM(t)
S OC(],D t) SN ( o,D,t)
1)/~ ®2
+/ {SJ‘V)(aO,D,t)—SN(O()O‘O’D’t) })\U(t)dt
0 SN (~0>D7t>

= Bni(aw,T)+ Bna(ow, 7).

We now derive the asymptotic normality of the term Ay (e, 1),

SV (6, D, 1)
SO (&, D, t)

(A, A () = 1/N /0 {sﬁ>(d0,p,t) - })\o(t)dt,

where
N/NSGE T (&, D, t)

S](\})(d()aDat) = . 5
Nig, /NS (@, D, 1)

o UNG/NSGY (&Y, DLt
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and

(2) (= _ 2 ~ 2 ~ 2 ~
Sy’ (@, D, t) —(S}V’)(l’l)(ao,D,t) S 2y (@0, D, )Y 1 o) (6, D, 1) s}vfm)(ao,p,t)),

where S\, 1) (6, D, t) = diag(N1/NS?), | (60, D, 1), Ni, /stjj;ﬂl)(ao,p,t)),
S](\i)(m)(do,D,t):(S](V U560, D), - s“ﬁ (@0, D)7, and S, ) (6o, D, 1)
= S Ni/NSG2, 0 (6. D).

By Large Number Theorem, and we can show that for any 0 <t <7,

SOy, D, t) = wa &y, t) + 0,(1/VN)
= s<0><ao,t>+op<1/m>,

st (@ 1) Op(vV/Ni/N)

SV, D,t) = ' +
wiey s (@ ) O,(v/Ni, /N)
St wess (@ 1) O,(1/VN)

= (1) ao, +O \/ HlaXNk/N
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and

alB@n 0
(2,2) (1 ~(2)
0 was (e ) - 0
) (1,1)\o
S](\i)(lyl) (a07 Da t) =
0 0 lesgl 1)2)(0‘0
O,(VN1/N) 0 0
0 Op(v/N3/N) - 0
_l’_
O O Op(N/NKl/N>
wlsg 2)(0‘0>t) p(VNL/N)
Sz(\?)u 9 (00, D, 1) + : ’
WKl‘SEl ;)2)(a07t) P(V NKl/N




S1. THEORETICAL PROPERTIES
S$ (&, D, t)
wlsﬁ f;(aél), t) 0 0 wlsﬁfg(do, t)
0 WQSE?:?; (déQ), t) 0 wgsgé; (&, t)
0 0 e lesEK) )(a((]Kl),t) les(Tlfgl’Q)(do,t)
msﬁ:;gT(do, t) wzsgﬁgT(do, t) - WK15§1 2 )T(ao, t)y S wyst 2 (2.2) (ao, t)
VNN 0 0 VNi/N
0 VNo/N 0 VN2/N
+
0 0 VNi/N /N, /N

VRN VENi/N 1/VN

) + Op(v/max Ny /N).

/ Nk, /N
a07
So we can get F(Ay(ayp,t)®?) = S(ap,t)/N + O,(v/max N /N?), where

N T ) s (at s (&o,t)
Z(OéoaT) = fo {5(0)(do,t)_ 50 (&o,t)

2
> }5(0)(d0,t))\0(t)dt. Using Theorem

3.2 of |Andersen and Gill (1982)), it can be proved that

VN An(é,7) = N(0, S(é, 7)), (S1.4)
Next, we consider By(c, 7). It is obvious that By (&, ) = 0,(1)
since it is a stochastic integral against a martingale measure, and conse-
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quently By (e, T) = (&, 7) + 0,(1), since Bya(éy, ) converges to the
Fisher information (&g, 7) > 0.

To handle the case of potentially diverging K, we employ an anisotropic
scaling that reflects the different amounts of information available for group-
specific parameters versus shared parameters. Partition u as (ulT, R u}l , ﬁT)T,
where u; € RPT? corresponds to the group-k specific parameters (o g, oo , a3 1)
and 19 corresponds to the shared parameters (v, a4). Define the anisotropic

displacement

S(w,9) = (0] /v/Ny,...,ug, //Nig,, 0T /N)T.

We want to show that for any given € > 0, there exists a large constant ()
such that
P sup Spear(@o+0(u,9)) <Spear(ag) p >1—e(S1.5)
iy lug 24192 = G K
By the compactness of the closed anisotropic ball B, = {&y + é(u,?) :
SO el + 9] < C2K,} and the continuity of Spoar, implies
that the global maximum of Spcar over B, is attained in the interior. Hence

there exists a local maximizer & satisfying

&5 —e0.4ll = Op(N; ) = O (Nohl), 13 &5) (0, @ug)l| = Op(N 17,

min

Consequently & — ao| = Op(Noil?).

min
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To establish (S1.5]), define

DN(u, 19) 1/N[SDCAF((~XO +(5(11, 19)) — SDCAF(dO)]
= 1/N{Ln(ao +d(u,9))—Ln(c)}

v N
_AS/NZZ<‘0601]€J _hffljtk]/ k’ ’&A01i15]|> (816)

k=1 j=1 l,k] ‘ lk]

where Oélmt denotes the ridge initial estimator used as the adaptive LASSO
weight.
Step 1 (Quadratic lower bound). By the second-order Taylor ex-

pansion of 1/NLy at &g and By(&, 7) = X(é, 7) + 0,(1),
1
1/N{Ln(C~¥0 + 5) - Ln(do)} = 5TAN(O~£0,7') - §5TBN(&0, 7')5 (1 + Op(l))

Under the anisotropic scaling, the group-k diagonal block of By = By (&, T)

satisfies [By]kr = (Nk/N)Zgx + 0,(1), so

u; [By]kkuy _ u, Sppuy Yo [Juy|?
Nk N b Nk ‘

The cross block satisfies ||[By]gs|l2 = O(Ni/N), hence by Young’s inequal-

< 2N/ Nl [0 _ 2ev/NilfuglI91] _ e(lfus]* + [19])
= VN.N N3/2 = N '

Since (&, 7) is positive definite by Condition (C5), combining diagonal

and cross-block contributions yields, for C? = Y70t [lug|? + [|[9|2,

5T By > AmmN< V2 4o (1),
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where Apin(X) > 0 is independent of K and wy, = Ni/N.
Step 2 (First-order term). The group-k component of Ay is a sum
of N martingale increments each scaled by 1/N, so Ag\]f’l) = O,(v/Ni/N).

Under the anisotropic displacement,

ul e o (el VNS (]
—E_AFY = o, (L. YR — o (1AL
VN, VN, N N

Summing over all groups and shared parameters and applying Cauchy—

Schwarz,

‘yﬂNﬁmﬂ%ﬂ%(zumm+ww>:O4ggzgj)'

N N
Step 3 (Choice of (). Set C? = C2K;, i.e. C = Cy/K;. Combining
Steps 1 and 2,

UN{L G0+ )~ L)y < 2GR Lo ) 4o,
. C()Kl )\min(E)CO
i PG +op(1)}.

Coky
N

For Cy > 4/A\nin(X), the bracket is negative with probability at least 1 —e/2
for all large n.

Step 4 (Penalty term). Since the initial ridge estimator satisfies

~ini ~1/2 o .
AT — a0k = Op(N, / ), a Taylor expansion gives, for each active coor-

dinate j < Ps,k;
1 1 0,(1)

— = + .
a5l |kl VN
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Applying the triangle inequality to the penalty difference and summing over

all active coordinates,

K1 Ds, Ky bs,
Zi\ulka’/ka As Zi U,k ( n Op(l))
k 1 j=1 Almtl V min 4. _ 1 ’ O,l,kg| vV Nmin

A3y K1 ps C >\300K1\/_s

< 1)) =
N\/ min |Oéo m1n|( ( >> N\/ Nrnin ‘ao,min’

(1+0p(1)),

where p, = maxy, ps . and | min| = ming j<,_, [ao,1k;| > 0. Since V/Niin g =
O,(1), this penalty contribution is O,(CoK1 /(N Nmin)), which is negligible
relative to the quadratic O(C2K;/N) since Ny, — 0.

Combining Steps 3 and 4, for Cy > 4/Anin(X) and all sufficiently large
n, Dy (u,9) < 0 holds on the anisotropic sphere S_rt, [lug ||+ |9 = C2K,
with probability at least 1 — . Therefore holds and it completes the

proof.

S1.5 Proof of Theorem 2.

(i) Here we show that &fm = 0 for k = [K,]. Following similar proofs as

those in (Zhang and Lu, 2007), we want to show

~ ~or xor
Spcar(ai”,0) = max Spear(af, af")
leegry LI SCNa/? h=[F1]

in

dSpcar(a’”

or
dax 1k2]

In other words, we will show that ) and ai'}.o,; have different signs

for af’ 5 ; € (=CN,, 2 ON- 1/2) and af’y , ; is the j-th element of af"; for

min min
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j:ps,k—i_l?'” ,» D- Forj:ps,k+17"' » Dy we have

oS a’ OLn(&°" sign(a’, o stan(a®”, . .
powel(6”) _ ILn(&T) y, ston(oilay) =0p(N1/2)—(NA3)N$€§—91/§ fi2s)
O k2,5 aoﬁ,k,zj O‘l,k,zj‘ | minOZ(l)Tk’27j|

Note that Nl/z(oz‘l’fmJ —0) = O,(1), so that we have

min

8SDCI:TF(G ) _ Nl/Q{Op(l) _ /NNmm&M} (S1.7)
a5 Op(1)

Since NpinA3 — 00, the sign of %’T(dw) in (S1.7)) is completely deter-
1,k,2,5

mined by the sign of af’ ,;, when Ny, is large, and they always have
different signs.
(i) Here we have show the asymptotic normality of &¢". Denote ¢, =
orT orT

orT or or \T _ ) _ T 5 — T
(al,kz,l’ N T O‘3,k) fork=1,--- K,0=(y"",af ). auo= (aD,l,kz,D 00,2,k s

o3x) ' and 0, = (Yo, agA) is the true value of é&;, and 6.

0Spcar(a°)
0 = 1/N daer |{0~“1W75‘3T}:{&170}

aLN(él) Sign(dzm) 3i9n<d1T,K1,1)
= 1/Nw|{agr,agr}:{&l,o} — A3 T,TM’O’Q o 7W7070?OQ+K2
= An(do,b 7') - Bn(do,b 7')(&(1” - 540,1)

sign(a sign(a
+A_>\3 (%70707”' ) 50£71’K171),070,0q+[(2>,
Qg1 5 K

where fln(doyl, 7) be the first Z,I::ll(pm +2)+ K5+ q elements of A, (&, 7),

and B, (&1, 7) is the first Zlel(pk,s +2)+ Ky+qx Zf:ll(p,m +2)+Ky+q
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10 — 6013 + w1 [| 5" — éty 0|3
10 — 6013 + wa| &g — cta 0|3

submatrix of B, (&, 7), A = O,

10 — 6013 + wr, |&F, — g, o3

A A K ¢ «
16 = 6013 + 220ty wllag” — cusolf3

The last equation is implied by sign(&i 1) = sign(aoik1) for k = [Ki]
when N, is large, since dIk’l is a 100t- Ny, consistent estimator of a1 41,
for k = [K;].

According to Theorem 3.2 of |Andersen and Gill (1982), we have
VNA, (&1, 7) = N(0,%(é1,t)), and B, (6, 7) — S(égq,t) + 0,(1),

where X(é 1, t) s first 31 (Pro+2) + Ko +qx Somt, (prs+2) + Ko+ sub-

. T - T
. sign(o ) szgn(ao’ K1, )
matrix of E(ag, t) Denote b = (%, O, O, HRN %, O, O, Oq+K2 5
1,1,1 1,Kp,1
then
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Denote

E(070,1,7) = , h(&o,laT) = {hij(&o,l,T)}lgi,jgkl,

®2
T K; {ZKl WgS ’ (a t)}
N k,2), ~ k=1 1 0,15
has (61, 7) = /0 > wislyy) (o, t) — 5 o(t)dt,

- ! i,2) ( ~ (i
hii(G,1,7) = / WiSELl))(aé,)lat) —
0 _

(3,1) ¢ = (4) (7,1)

hi(G - T wiw;sy (aO,lat)Sl (a0717t
ij(Qo1,7) = — e e ov( ~ (B

0 Zk:lwks( ’ )(0‘071715)
hia(@1,7) = {h12,; (01, T) hi<j<i,, for 1 <j < K,

T (]71) ~ (.]) Kl (kvl) ~ (k T
R oy w;sy (@, t) D 0t wksy (@, t)
hia,j(éo,1,7) Z/ [wa‘sg’,?)(aéﬁ,t) - { — 0}1(1 kk(l) ~(i) = Ao(t)dt.
0 Zk:lwks( ’ )<a0,17t)

~ () T
) Ao(t)dt, 1 <i#j < K,

We know that

- Yi1(&0,,7) —h~H@o,1, T)ha(Go, 7)C (G, T)
E_ (0071,7') = 818)
—C &1, )y (G0, TR (60,1, 7) C~H (e, )

where le(d()’l, 7') = h71<d0,1, T)‘I—hil(d(ll, T)hlg(d(ll, T)Cil<d071, T)hig(dOJ, T)hil(do,h T),
C'_1(070,1, T) = ha(ao 1, T)h_l(do,l’ T)h1a(Go1, 7).
Let wP = diag(wi, - ,wg), and w = (wi, - ,wg)'. Using the

Shermann-Morrison-Woodbury formula,

(A+uw ) t=A" -0 A A, o=1+0" A1y,
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we have that
h™H (&1, 7) = O((w” —ww')™") = O((w”) ™ + (1 + w ' (w”) w) H(w”) ww (w”)™)
=0 (w”)"' +0.5117),
his(Go1, )R (A1, T)hia(Go 1, 7) = O(1),
C Heaga, ) = 0(1).

So we have

(& — éy) = X A, 7)(An(Go 1, 7) — Asb) 4 7y

(K1 +wi )]0 — 613+ [|&g" — @3 + pty will &g — éuoll3
(K1 +w;y 1)[|0 — 6012 + || &g — @noll3 + pty will & — éuoll3
wherery = O,

— A A < ~ K < ~
(K1 + wie) )10 = 0ll3 + ok, — ey oll3 + 3252 willog” — duoll3

Ki1]l6 — 6013 + 3232 wellag” — éuoll3

Under the condition N < N2, and K; = O(N'279) for some 0 < § < 1/2,

if v/ NiminAz — 0, we have for j =1,2,--- | Ky,

2,07
Q11— Okl

\% Nk CAYng — (2 - N(Oa ill,k(d0,17 7_))7

@g'"k — Qo3
and
Y — o
VN — N(0,C Y (é1,7)),

ai” — 00’4
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where in’k(do’l, T) = wk2117k<d0,17 7-)7 and Ell,k(do,h T) is the (pke + 2) X

(pr, + 2) submatrix of ¥q1(a 1, 7).

S1.6 Proof of Theorem 3

Let
- T T

b= min (o, a2k 050) = (@ p 1 020, 0a0)ll2:

by = min |y — Qqprl.

2 i v g 4|
Denote 0; = (¢, ni,v;)7,0 = (8] ,--- ,01)T. Define the oracle parameter
space as

_ np+2) . g — 0. — (] T i

Mgo’l = {9 €R : 92 = 0]' = (alyk,ag,k,agk) , for any 1,j] € g07k,1 < k < Kl},

Mp,o = {g€ R :g; =gy =auy, forany j,5' € Doy, 1 <k < Ky}

Define the mapping 77 : R"®*2) — RK1(P+2) and Ty : RP — RK? as

T1*<0> = {‘go,krl Z 02,]{3 = [Kl]}7

i€Go,k

- Z gj>k: [Kﬂ}a

J€Do

175(g) = {|Dox

respectively. Let the one-to-one mapping T} : Mg, — RE1?*+2) such that
T1(0) is the K;(p + 2) vector whose k-th sub-vector equal to the common
values of ; for i € Gy, and satisfying T1(0) = T7(0). Ty : Mp,2 — R

, such that T5(g) is the Ky x 1 vector whose k-th sub-vector equal to the
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common values of g; for i € Dy satisfying T5(g) = T5(g). For any vector
6 € R""*2) and g € RP, set a*® = T7(0), ay = T3 (g) and 6* =T} ' (T7(6))
and g* = TQ_I(TQ*(g)). Clearly, for any vector v and 6* € Mg, and

g* € Mp, 2. Define

SNUO*,g",7) = Lapn(0%,9%,7) — 2, (0", T7(0)) — pr, (9", T5(g)) — Py (x1),
Sn(0,9,7) = Spcar(©®,a) = L,(O) — py, (0, ) — pr, (g, as) — pr, (1),

where L, ,(0%,9*,7) = Ln(a®, oy, v, 7), pr, (05, T7(0)) = M1 >, (1/K1 25:11 ||6F —

1/s

sal|2s)1/s * K: * P
i [*) 7 pa (gt T3 (g) = Ao 200 (/K2 3002, g5 — a*) 7, and

f)N(oﬁ“, oy, Y, T)
K m; r Ko

= Z Z/ azaT(X;;, 1, wij)T + ')’TZij + Z ( Z "lfi]’,swij)a&l dNZ]<t)
k=11i€Go s j=1 "0 I=1 s€Dy,

t Ki m; K> B

- / log Z Z Z Yi;(s)exp aZ“T(XiTj, Lwy)" +~"zy + Z ( Z Tij,sWij)aay | o AN (1),

0 k=11i€Go ), j=1 I=1 s€Dy,

Consider the neighborhood of (8y, 70, go), that is, O, = {6 € R"P+? ~ ¢
Ri,g € R |1y —oll2 < ¢n, max; [|0; — Opil|l2 < dp, max; [g; — goi| < Pn}-
where ¢, — 0 as Ny, goes to infinity. By the result in Theorem 1, there
is an event F; such that on the event Ej, (GA"’”,'S/OT,QO’") € ©,, on the
event F;. We show that (é‘””, 4°", g°") is the strictly local maximizer of the
objective function with the probability approaching 1 through the following

two steps.
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T

(i) On the Event Ej, for any (OT,'VT,gT)T €0,,,if (0)7,77,(g")") #
~ T ~
((907’)7’ (,3,07‘>T7 (gor)—l—) , then SN(G*, ’Y?g*) < SN(HO'I" ,?or)gor).

.
(i) For any (BT,')/T,QT)T € ©,,,, there is a neighborhood of <(00’”) (AT, (go’”)T>

denoted by ©9' , such thatSy (8,7, g) < Sy(0*,7, g*) for any (GT7 7T7gT)T €

©,, NOY.

Therefore, by the results of (i) and (ii), we have Sx(0,~,g;17(0),T5(g)) <
Sy (07,47, 7 Ty (0°7), To(g")) for any (87,~47,g7)" € ©4, NOF and
<9T’ AT gT)T £ <(6}m~)T7 ()7 (gor)T)T’ o that ((éor)T’ (47T, (gor)T)T
is a strict local maximizer of Sy (6,7, g) given in (2.5).

In the following we prove the result in (i), note that when s < 0,

Px (9* 11(67)) + px. (9", Ta(g"))

1/s Koy Koy 1/s
_)\12|90k| <I/KIZHak—ak, ) + X2 [Dol (1/K22|a4,k—a47k/|25>

k=1 k=1 k=1
=0,
where the last equation follows from the fact that 1/K 31 a;2 = 0 when

some aj = 0. Similarly, we have

P (07, T1(67)) + pra (97, To(97))

1/s 1/s
—A12|90k|<1/f<12|!“““ ”‘“’”ll) +AQZ\DM\ (1/K2Z|az§“k AZ@FS)

K'=1 K'=1
=0.
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R T
Note that ((HO’")T, (AT, (Q‘”")T> is the local maximizer of L, (0, g,7)—

(@), then S0, g% T1(6%), Ta(g")) < SN0, 4, g3 TL(07), To(g™")),
we have S(8, 57, g7 T1(07), Ta(9”)) = Sn (07,47 g7: T1(07), T2(§"™)),
and S{(0*,~,g% T1(07), Ta(g*)) = Sn(0*,~,g% T1(0%),T5(g*)), and the
result in (i) is proved.

Next we prove the result in (ii). For (BT,'YT,gT)T € ©4 ND,, by

Taylor’s expansion, we have
SN(O, g,7; asav a4) - SN<9*’ 9*7 g T1*(9)> TQ*(Q))

9L,(© 6 — 6 y
_G(QT T)> 0= g—gm (g—g*) — oA (0, @) — pa, (g, o)

= I\1 — P (07 aSCL) — Pxz (97 a4)7

where 0™ is a vector between 8 and 0*, and g™ is a vector between g and

*

qg .
For I'q, let
) ( ) S TdN
Ui o= g— gm_z nga , Wij) ij(t)
/ Z;le;J X, ,wij) exp ((07") 7 (xj, 1, wig) " +7Tzij+(9m)TXijwij)dN(t>
> e 12?’1 Vi (t) exp ((87) 7 (x; 1, wig) T+~ "z + (g™) Txi5035) ’
and

8Lan
U2l - ( ) |9 om . g= gm—ZZ/ xzylwzg )

=1 j=1

_/T Z?zl Do Yi(t)aigwi exp ((07) " (xfj, 1, wig) " + "2y + (gm)TXijwij)dN(t)
Zi:l Z;nll Y;j( )eXp ((ezn) ( Zj? 17w1j) + 7Tzij + (gm)TXijwij) ’
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where N(t) = Y7 357 Nyj(t). Then after some calculation, we have

n p
:ZU;(ei—O;)+ZUQz(gz—gZ‘)
_ZZUE —0;) +ZZUZJ 95)

k=11i€Go I=1 jeDy,
03y UO8) v 5 el o)
k=1 1,5€Go. K |g0k‘ I=1 j,i€Dy,; |D01’
K1 K2
_Z Z Ulz Ulj 0 —9 Z Z U2z UQJ 9; — gj)
k=1 1,j€G0 2‘90’“‘ 1=1 i,jEDy 2| Do,

I/\@

K Ko
2max, ||Uy]|60; — 6| 2 maxy, |Uxyl|g: — g
Z Z ; DD '
o |Go x|

I=1 i,j€Dy 1,i<j Do,

(a) is due to the definition of 6 = m S0, > ULO; — 6r)

J€G0,k 1€G0,k

T 1 _ UL(6:—6;) . . _

S UT6- Y 6= X U iy, S U (g—g7) =
iego,k ' jego,k l'JGQ'o,k ’ jGID()J

> %. (b) is due to the Cauchy-Swarch inequality, (Uy;—Uy;) " (0;—
j,iEDOYl ’

0;) < ||[Uri—Uy,||[|0;—0;]| < 2max [|Uy]|||0;—6;|, similarly, (Us;—Us;)(gi —

g5) < 2max; |Uy||g; — gj-

When s < 0, using max; ||6; — 6o ;|2 < ¢, and by, by > ¢,,, we have

Px, (0 asa) + Do (.97 014)

1/s Koy Ko 1/s
_Alz > (1/K12|ye 2) +dy ) (1/K2219j—a4,k,|28>

k=11i€Go k'=1 k=1 j€Dg k'=1

K1 KZ
=M D 1Goul Ky 002 + 2 > [Doslo i, .
k=1 k=1
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p-VALUES

Combining the above two inequalities, we have

F1 — P (97 asa) — Px, (97 (14)

Kl Kl
2ma>q|Ul 01—0 —1/s
SZ Z [Tl il —MZI%,HKl 1/ ¢i

k=1 i,j€00 ,i<j |Go.x k=1

i 2 maxy, |Usilgi — 95 =
+Z Z k1Y2k(19i — 9j _>\22|D0,k|¢iKQ_1/S
k=1

=1 4,j€Dy 1,i<yj |D0,k|
K, Ky
3 sl (2 4l M ,) 4 35 Dl (2 01 - ;)
k=1 =1

<0,

where the last inequality holds under the conditions that A\ K, Y “p >
2max; ||Uy|| and MKy ¢, > 2max |Usg||, and max; ||Uy|| < ¢; and
max; ||Usj|| < ¢1 from condition (C2) for some positive constant ¢, so that

the result in (ii) is proved.

S2  Procedures on calculating standard errors and
the p-values

S2.1  Splitting procedure

e With the full data, determine the number of the subgroup K, Ky and

model S}

e Let B be a large positive integer, for each b=1,--- | B,
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(i) randomly split the data into equal halves(split in country or hos-

pital), D} and D5;
(i) on DY, apply S to select a subset of predictors, denote 5’%;

(iii) on DY, for each j = 1,--+ ,p* K; — 1 + K5 + ¢, append j to S’f
such that giﬂ =juU 5’11’, fit a Cox proportional hazard model on

Cib 3b
5% 1, denote as 5}

e Fusing: the estimator for j = 1,--- ,px K1 — 1+ Ky + q is le =

-
% Zb:l 11?13

.. | B b .

e covert (ii) and (iii), Bj2 = 5 >y Bjo3

e Average: the final estimator for j = 1,--- ,p*x K3 — 1+ Ky + ¢ is

5 _ Binth
B = le 2.

S2.2 A variance estimator via the functional Delta method

Let Jy; € {0,1} indicate whether the i-th observation is in the b sub-

B
sample of the second data part, and J; = @. For each i =1,--- ,n,

we define the re-sampling covariance between .Jp,; and 5;-’1 as

_ S (Joi — Ta)(Bh — Bin)
B

Sij
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Define S; = (s1j, Saj," " , Snj), and let ny = |D5|. Then, a variance estima-

tor for 3;; is

po_nn—l) grg
V= (n—m)zs S;. (S2.9)

Furthermore, for a finite B, we propose a bias corrected version of (52.9)):

7B ? 1 -1
b= g {5 2 )

Finally, a variances estimator for Bj as follows,

Va4V . VB4vE
- le 2 o PP = R ($2.10)

When the sample size is large, we only choose le or BjQ as the estimator,

and \/;]13 or ng as the corresponding variances estimator. The p-value of

testing Hy : 3, = 0is 1.96 x (1 — ®(] 3; | /A/V;)), where ®(.) is the

standard normal cumulative distribution function.

S3 Tuning Parameter Selection

In Section 2, five parameters need to be selected: the number of two-way
subgroups K, Ky, the thresholding parameters A, Ay and the shrinkage
parameter A3. We propose to use the BIC to simultaneously select K7, Ko,

A1, A2 and A3 by minimizing

BIC = —L,(6,9,7)/N + C,log N/N(|S| + K1 + K2 +¢),  (83.11)
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where N = 321 mj, C,, = Clog(n(p+2)+p+q), |S| = 3202, Y0, Ia gy #
0), and C'is a constant. Different values of A.,r = 1,2, 3 correspond to dis-
tinct estimates of @, g and ~. It is important to note that A\; and Ay impact
the variability of 6; and g; within each group, respectively. A higher A\;(\2)
results in reduced variability of 6;(g;) within each group. For instance,
when \; = 00, 0; = a, for i € Gi; whereas when \; = 0, ; is the solution
that minimizes the partial likelihood. A3 influences the sparsity level of
a i, A larger A3 leads to increased sparsity of o ;. Consequently, A; and
Ao influence the first term of equation by altering 6, g values and
subsequently . A3 affects the first term of equation by altering o

values, which in turn impacts 6;, g, and ~. Furthermore, A3 impacts the

second term of equation (S3.11)) through |S| := ZkK:ll L1 I(aik; #0). In

practice, we adopt a hierarchical search strategy: for each candidate pair
(K1, K5), we first narrow the range of A\; and A\ using a coarse grid, then
refine jointly with A3 on a finer grid, and select the combination that min-

imizes BIC. Warm starts from the nearest previous configuration are used
to reduce computation. We found that the BIC proposed in (S3.11|) worked

well, as shown by the results of Simulation Studies.

S4 Additional numerical studies

S4.1 The estimation results of Simulation Study 1

The estimation results of the and Setting 1 and Setting 2 are presented in Table[SI]and Table[S2]

respectively.
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Table S1: The simulation results of Setting 1 of Simulation Study 1

(n1,m9,n3)
Rig-ref Pairwise FMCox DCAF Oracle

= (10,10, 10)

30% Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE

a; 0.060 0.287 0.294 0.049 0.238 0243 0.039 0.242 0.245 0.047 0.174 0.180 0.050 0.170  0.178

ay 0.086 0290 0.302 0.089 0.265 0.280 0.070 0.261 0.271 0.034 0.215 0.218 0.032 0.197 0.199

az 0.018 0.229 0229 0.026 0.224 0.226 0.016 0.223 0.224 0.049 0.217 0.223 0.054 0.219 0.225
Accuracy 1* 0.740 0.960 1 1
RI 0.941 0.937 0.947 0.982 1

15%  Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD  RMSE
o 0.012 0.18 0.18 0.035 0.216 0.219 0.015 0.177 0.177 0.041 0.155 0.160 0.044 0.154 0.161
oy 0.060 0.211 0.219 0.051 0.226 0.231 0.052 0.211 0.217 0.034 0.188 0.191  0.030 0.177 0.180
a3 0016 0202 0202 0.011 0.202 0.202 0.026 0.204 0.205 0.043 0.194 0.199 0.048 0.193 0.199

Accuracy 1* 0.790 0.950 1 1
RI 0.966 0.967 0.969 0.990 1
(n1,n2,m3)
Rig-ref Pairwise FMCox DCAF Oracle
=(15,7,8)

30% Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE

a; 0.057 0294 0.299 0.053 0.339 0.344 0.056 0.294 0.299 0.045 0.214 0.219 0.056 0.205 0.212

a; 0.020 0191 0.192 0.032 0412 0413 0.010 0.190 0.191 0.030 0.173 0.176 0.034 0.168  0.171

a3 0.014 0.199 0.200 0.015 0.270 0.270 0.014 0.199 0.199 0.040 0.190 0.194 0.045 0.191 0.196
Accuracy 1* 0.710 0.995 1 1
RI 0.966 0.951 0.967 0.991 1

15%  Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE

a; 0.021 0.241 0.242 0.043 0.244 0.247 0.016 0.227 0.228 0.045 0.190 0.195 0.051 0.185 0.192

ay 0.014 0.181 0.181 0.037 0.211 0.214 0.016 0.175 0.175 0.028 0.161 0.164 0.032 0.154 0.158

a3 0.017 0.188 0.189 0.016 0.190 0.191 0.022 0.180 0.182 0.038 0.176 0.181 0.042 0.177 0.182
Accuary 1* 0.810 0.990 1 1

RI 0.967 0.968 0.981 0.994 1

S4.2 The estimation results of Simulation Study 2

Substudy 2.1(Continuous biomarkers) In this substudy, the survival time for the j-th

subject in the i-th cluster was generated from Ti; = €;;/ exp(n; + & xij + viwi; + g ' Xijwi; +

) . . ii.d. .
~"zi;), i = [n],j = [mi], where the treatment variable w;; “<" Bernoulli(0.5), and z;; =
T . . ii.d. . ii.d.
(#ij,1,° "+ »2ij,q) were confounder variables with ¢ = 2, 2z;5,1 '~ Bernoulli(0.5), and z;j2 '~
T T
N(,1). v = (v, -+ ,vn) = (a1, 081,032, ", 032,033, " ,as,3) , where ag1 = —0.5,
ni n2 n3

az2 =0,and az 3 = 0.5. The predictive effect g = (g1, ,gp) " = (Qa1, -+ ,Qa1,Qa2, - ,Qa2) "

p/2 p/2
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Table S2: The simulation results of Setting 2 of Simulation Study 1

(n1,n2,n3)
Rig-ref FMCox DCAF Oracle

= (10,10, 10)

30% Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD  RMSE
o; 0782 0.579 0973 0278 0464 0.541 0.053 0.196 0.204 0.052 0.187  0.195
oy 0580 0.534 0.789 0.280 0.338 0.439 0.027 0.134 0.137 0.024 0.132 0.134
a3 0320 0.163 0.359 0.110 0.181 0.211 0.025 0.144 0.147 0.023 0.145 0.146

Sensitivity 0.715 0.953 1.000 1
Specificity 0.950 0.974 0.998 1
Accuracy 1* 1* 1 1
RI 0.834 0.892 0.998 1

15% Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE
o; 0578 0.325 0.664 0.250 0.301 0.391 0.045 0.171 0.177 0.042 0.165 0.170
ay 0510 0.259 0.572 0332 0.251 0.416 0.016 0.119 0.120 0.015 0.117  0.118
a3z 0341 0.148 0.371  0.155 0.173 0.232 0.024 0.134 0.136 0.023 0.134  0.136

Sensitivity 0.940 0.994 1.000 1
Specificity 0.952 0.971 0.999 1
Accuracy 1* 1* 1 1
RI 0.862 0.902 0.999 1
(ny,n2,n3)
Rig-ref FMCox DCAF Oracle
= (15,7,8)

30% Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE
o; 0774 0459 0900 0.348 0.365 0.504 0.050 0.165 0.172 0.046 0.161 0.168
oy 0.712 0341 0.790 0.517 0.250 0.574 0.034 0.161 0.164 0.032 0.158 0.161
a3 0390 0.152  0.418 0.197 0.175 0.264 0.028 0.154 0.157 0.026 0.154  0.157

Sensitivity 0.820 0.951 0.999 1
Specificity 0.947 0.958 0.998 1
Accuracy 1* 1* 1 1
RI 0.760 0.802 0.999 1

15%  Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE
a;  0.658 0.245 0.703  0.440 0.227 0.495 0.043 0.145 0.151 0.039 0.142 0.147
ay 0695 0.248 0.738 0.609 0.229 0.651 0.025 0.144 0.146 0.024 0.140 0.143
az 0409 0.134 0430 0271 0.147 0.308 0.026 0.137 0.140 0.025 0.137 0.139

Sensitivity 0.915 0.947 1.000 1
Specificity 0.949 0.968 0.998 1
Accuracy 1* 1* 1 1
RI 0.778 0.799 1.000 1

with a41 = —0.25, aa2 = 0.25, v = (0, 70.5)T, 30% censoring rate considered. The other as-

sumptions are similar with that in Setting 2 except s;; = 0.3:741,
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Substudy 2.2 (Binary biomarkers) We considered x;; as biomarkers with values 0 or 1,
which was also widespread in clinical trails. The settings are similar with Substudy 2.1 except

that the predictive effect g = (g1, - 7gp)—r = (a1, " 041,042, , 042,043, " 7o¢473)T

pl P2 3
with a1 = —0.75, aa,2 = 0, and au,3 = 0.75. Each element of x;; was independently generated

from the binomial distribution with mean 0.5.
The estimation results of Subtype 2.1 and Subtype 2.2 are presented in Table and

Table [54] respectively

S4.3 Simulation Study 3: Robustness of the proposed method
when there are no clusters and validity of the BIC criterion

In this simulation study, we assume K1 = K2 = 1. The survival time for the j-th subject in the

i-th cluster was generated from
T T T . .
Tij = eij/exp(ni + viwi; + §; Xij + g Xijwi; 7 2i;),1 = [n],j = [ma],

where n; = 0, v; = —0.5, ¢ = a = (2,1,1.5,0, 3)", g = (-0.25,---,—0.25)", and v =
—— —/———
P

(0,0.5)T. The setting of Cij;, €5, Xij, and z;; are similar with Substudy 2.1 of the Simulation
Study 2. We simulated 200 data sets consisting of n = 30, p = 50, and m; were randomly
sampled from 5 to 30.

We compared our proposed DCAF (K and K> were selected by BIC criterion) with Mis-
DCAF(K; = 3, K2 = 2) and the Oracle estimator. Table summarizes the Bias, SD, RMSE
of ®. We can see from Table that when homogeneous components are misclassified into
different subgroups, estimates and prediction are still valid at the price of estimation efficiency
and prediction power loss. However, it is worth noting that correctly identifying biomarkers
with heterogeneous effects and choosing appropriate number of clusters are crucial in terms of

estimation and prediction accuracy, as shown in [He et al.| (2023]).
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Table S3: The simulation results of Substudy 2.1 of Simulation Study 2

Case 1 m; = (5,50) Rig-ref DCAF Oracle
(n1,n2,n3) = (10,10,10)  Bias SD RMSE Bias SD RMSE Bias SD RMSE
a 0.961 0.303 1.008 0.016 0.140 0.141 0.023 0.132 0.134
oy 1.053 0.125  1.060 0.003 0.014 0.014 0.004 0.013 0.013
~ 0372 0.080 0.381 0.007 0.071  0.071 0.008 0.071 0.071
Sensitivity 0.995 1
Specificity 0.989 1
RI¢ 0.918 0.989 1
Rlg 0.836 0.995 1
(n1,n2,n3) = (15,7,8) Bias SD  RMSE Bias SD RMSE Bias SD RMSE
a 0946 0.302 0.993 0.016 0.140 0.141 0.024 0.131 0.133
oy 1.039 0.143 1.048 0.003 0.014 0.014 0.004 0.012 0.013
~ 0372 0.076  0.379 0.008 0.071  0.072 0.009 0.071 0.071
Sensitivity 0.979 1
Specificity - 0.989 1
RI¢ 0.887 0.987 1
Rlq 0.836 0.996 1
Case2 m; = (5, 30) Rig-ref DCAF Oracle

(n1,n2,n3) = (10,10,10) Bias SD  RMSE Bias SD RMSE Bias SD  RMSE
a 0937 0423 1.028 0.027 0.194  0.196 0.031 0.171 0.174

ay 0.896 0.123  0.904 0.002 0.021 0.021 0.005 0.016  0.016

v 0.359 0.099 0.373 0.004 0.094 0.094 0.011 0.091  0.092
Sensitivity - 0.985 1
Specificity - 0.982 1
RI¢ 0.829 0.980 1
RI, 0.726 0.964 1

(n1,n2,n3) = (15,7,8) Bias SD RMSE Bias SD RMSE Bias SD  RMSE
a 0932 0426 1.025 0.030 0.192  0.194 0.032 0.165 0.169

ay 0.868 0.118  0.876 0.003 0.022  0.022 0.005 0.016 0.016

v 0358 0.089 0.369 0.006 0.093  0.094 0.013 0.089 0.090

Sensitivity 0.975 1
Specificity - 0.981 1
RI¢ 0.782 0.972 1
Rlg 0.717 0.965 1

During 200 replicates, the proportion of correctly choosing (K1, K2) = (1,1) based on the
BIC criterion defined in expression of the main manuscript was 100%, representing
no clusters. Furthermore, we consider the Case 2 of Substudy 2.1 to show the validity of the
proposed BIC criterion when (K1, K2) = (3,2). In 200 replicates, 190 runs generate convergence
results. The correctly selected proportions of K1 = 3 and K2 = 2 are 94% and 89%, respectively.

Clearly, as the number of subgroups increases, the proportion of correctly identifying number
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of subgroups decreases, leading to reduced estimation and prediction accuracy.
We also conducted a sensitivity analysis regarding the assumption of homogeneous mem-
bership within the centre. In particular, members associated with a single center may belong

to two or three subgroups. The survival time for the j-th subject in the i-th cluster is given by
Ty = ei5/ exp(ni + Bi xi5), = [30], 5 = [10],

where €;; ~ Exponential(1), and x;; is drawn from the multivariate normal distribution with
mean Oy, and covariance matrix (s;;)pxp, where s;; = 0.3 791 Weset K = 3,8 = (B1,--- ,8n)" =

T T T
(a1717 o, 01, 2,0 0, 2, O] 3, 0 aa1»3) . Here, a1,1 = (723 73, 07 017—3) y 1,2 = (07 717

ni n2 n2

—1.5, 0;*3)T7 and 1,3 = (27 1,1.5, 02*3)T' n= (7]17 T 777n)T = (a2,17 T, Q21,022,000 , (2,2,

ni no

Q23" ,ag,g)T, where a21 = —1, a2 = 0, and a2 3 = 1. We consider p = 50, with a censoring
rate 075330%, and we explore five situations: (S1) One center contains heterogeneous individual
groups, while the other centers consist of homogeneous individuals. In this center, individuals
are divided into two groups with ratios of 1 : 1, 7 : 3 and 8 : 2, leading to scenarios (S1.1),
(S1.2), and (S1.3), respectively. (S2) Two centers from the same cluster contain heterogeneous
individual groups, while the remaining centers are homogeneous. Each of the two centers has
two different groups with proportions of 8 : 2 and 9 : 1, respectively, and the minority groups
belong to two different clusters. (S3) Similar to (S2), but the minority groups in two centers
belong to the same cluster. (S4) The same setting as (S2), with the two centers belonging to
different clusters. (S5) Similar to (S3), but with the two centers belong to different clusters.
The estimation results are presented in Table [S6] where ‘1™’ indicates the true number of
subgroups and the significant variables are known in advance. For comparison, we also include
Oracle methods and FMCox methods; the former assumes prior knowledge of the number of

subgroups and significant variables, while the latter performs subgroup analysis among centres

and individuals, denoted as FMCox and FMCox-I, respectively.
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From Table @, it is evident that the proposed DCAF is robust against misclassification in
scenario (S1), as its estimation accuracy—measured by RMSE, sensitivity, specificity, and RI-is
closest to that of the Oracle estimators. In contrast, the FMCox and FMCox-I methods show
bias, with limited performance in RI, Sensitivity and Specificity across all scenarios, the FMCox-
I perform worst. The proposed DCAF estimators exhibit bias when the two misclassified groups
from the two centres differ, as seen in Scenarios (S2) and (S4). However, they are unbiased when
the misclassified groups from both centres are the same, as illustrated in Scenarios (S3) and

(S5).

S4.4  Simulation Study 4: Confirmatory semi-simulation using

the covariates from the C0O.26 study

The survival time was generated from T; = e:;/ exp(n; + & Xij + viwiy + g Xijwij + ' 245),
i = [n],j = [mi], where g;; ~ Uniform(0,1), and w;;, x;; and z;; were from the real data
CO0.26 study. w;; equals 1 if the patient received the new treatment and 0 otherwise. x;; =
(Tijiy -+ mij,m)T were the biomarkers with 0 or 1, where x1 denotes the mutation status of the
gene BRCAL, and z2 denotes the mutation status of the gene SMAD4. z;; = (2351, - ,zijﬁ)T
were confounder variables, representing the age, sex, ECOG performance status (ECOG), pres-
ence of liver metastases (liver), time from initial cancer diagnosis (diag), and number of disease
sites (num), respectively. In this simulation study, n = 10, and m; ranges from 4 to 24. We set
K1 =2, K2 = 3. The centres of the ¢ are a1,1 = (0,¢1,012)" and a2 = (c2,0,015) . The
centres of i are a1 = 0, az,2 = 1.34, and the centres of the v are az;; = 0.87,a3,2 = —0.98.
The centres of the predictive effect g = (g1, - 7g14)T are denoted as au,1, a4,2, and a4 3.
v =(-0.02,0,0.95,0.73, —0.01, 70.95)T. To evaluate the performance of our proposed method

in variable selection and subgroup identification, we consider four cases: (Case 5, weak signal
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and moderate separation level) c1 = 0.73, c2 = 1.23, aq;1 = —1, as2 = 0, asz = 1; (Case 6,
strong signal and low separation level) ¢1 = 1, c2 = 1.5, au,1 = —0.75, a2 = 0, au,3 = 0.75;
(Case 7, strong signal and moderate separation level) ¢1 = 1, ca = 1.5, au1 = —1, as2 = 0,
as,3 = 1; and (Case 8, strong signal and high separation level) ¢1 = 1, ¢c2 = 1.5, a1 = —1.5,

a2 =0, aa,3 = 1.5. The censoring time was generated from C;; ~ Uniform(0, ¢), where ¢ was
selected to obtain the desired censoring rate of 5% — 6%.

The estimation results for Case 5-8 are summarized in Table [S7] In particular, from
Table we found that: (1) With regard to the prediction accuracy of the centres, the proposed
DCAF performs better than Rig-ref in all Cases, but the proposed DCAF performs worse
than Oracle method. This is not surprising because the Oracle assumes that the number and
membership of subgroups and significant variables are known in advance. In addition, the gap
between DCAF and Oracle decreases as the signal of the non-zero coefficients increases and
separation level of the predictive subgroups increases. Particularly, the average amplification of
the RMSE decreased from 9.2%(Case 5, small signal of non-zero coefficients and low separation
level of the predictive subgroups) to 4.6%(Case 8, large signal of non-zero coefficients and
high separation level of the predictive subgroups). (2) For variable selection, the sensitivity
and the specificity increases as the signal of the non-zero coefficients increase, especially the
sensitivity increased from 0.915(Case 5, small signal of non-zero coefficients) to 0.945(Case 7,
large signal of non-zero coefficients), indicating that our DCAF exhibits the oracle property.
(3) As the separation level between different subgroups increases, the proportion of correctly
identifying the membership of subgroups increased from 0.865(Case 6, low separation level of
the predictive subgroups) to 0.958(Case 8, high separation level of the predictive subgroups),

leading to increased estimation and prediction accuracy.
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S4.5 Simulation Study 5: Performance of proposed strategy for
calculation of standard errors

To evaluate the performance of the estimated standard errors (SEs) via the data splitting
method, we consider the Case 7 in Simulation Study 4. In Table we report the average SEs,
empirical standard deviations (SDs) and coverage probabilities of the 90%, 95%, 99% confidence
intervals(Cov) for our method and Oracle estimators for some of the coefficients. From Table
we can see that the calculated SEs are consistent with SDs, which confirm that the proposed
procedure can be used to calculate the standard errors and p-values. We may conclude that

newly calculated standard errors are able to provide meaningful inference results.

S4.6 The Simulation Studies of thousands of gene/biomarkers

In this study, we consider three progonostic subgroups and four predictive subgroups, with
m = 100,n = 30 and p = 5000. In particular, the survival time for the jth subject in
the ith cluster was generated from Ti; = {—log(ei;)/ exp(n + ¢ xij + viwij + @' Xijwi; +
~Tzij)}/4 i = [n],j = [m], where the error bRt Uniform(0, 1), and the treatment vari-
able w;; ESa Bernoulli(0.5). x;; was generated from the multivariate normal distribution with

mean Op and covariance matrix (si;)pxp, Where si; = 0.3/ z;; = (251, 2i2) " were con-

founder variables with z;;1 i Bernoulli(0.5) and z;j,2 i N(©,1). ¢ = (¢1,---,6)" =

T T
(@11, @11, @12, Q12,13 ,01,3) , N =N, ,0n) = (21, ,Q21,022,  ,Q22,
ni n2 ns3 ni nz
T T T
2.3, " 7012,3) , V= (Uh"' 77~)n) = (043,17"' ; 3,1, 3,2, "+, (3,2, 3,3, " ** 7043,3) , where
N——
ng ni no ns
T T T N\T T N\T
1,1 = (_27 _3707017—3) y 1,2 = (07_17_1'57010—3) ; 01,3 = (271’1'57017—3) ; 21 = _17
Q22 = 0, and Q23 = 1, a3,1 = —0.5, Q32 = O, and a33 = 0.5. The predictive effect
= T = 0 T with
g = (91, ,9p) = (a1, -, 041,042, " ,042,043," * ,Q43,04,4, " ,04.4,0p_60) Wi
15 15 15 15

(a1, 42,043, 044) = (=2r,—r,7,2r), 7 = 1, and the confounder coefficients v = (0, —0.5)".
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The censoring time was generated from Cj;; ~ Uniform(0, ¢), where ¢ was selected to obtain the
desired censoring rate of 20%. All the results are calculated based on 100 independent Monte
Carlo repetitions.

In the screen step, we generate a screening set S for prognostic and predictive biomarkers,

respectively. To evaluate the quality of the screened set S, we report the true positive proportion

(TPP) of §. The TPP is defined as TPP(S) = |‘§‘Q(§TO‘, where S° represents the true support
set, and |S°| indicates the cardinality of S°. RI, Sensitivity and Specificity were used to evaluate
the performance of our DCAF.

Figure [S1] shows the boxplot illustrating the TPP, RI, sensitivity, and specificity for prog-
nostic and predictive biomarkers. The proposed DCAF demonstrates strong performance in

terms of high TPP, RI, sensitivity and specificity when there are thousands of biomarkers under

the assumption of sparsity.

S4.7 A gene signature derived from gene similarities can poten-
tially lead to misleading conclusions

The survival time for the jth subject in the ith center was generated from T;; = {—log(ei;)/ exp
(g"xi;)}"/%i = [200], j = [1], where the error “&" Uniform(0, 1), xi; was generated from the
multivariate normal distribution with mean Op and covariance matrix S. The censoring time was
generated from C;; ~ Uniform(0, ¢), where ¢ was selected to obtain the desired censoring rate
of 25%. We set p = 60 and K = 4 coefficient groups of size 15, which take value (—2r, —r, r, 2r)
with r = 1.

Three covariance matrix structures are considered.
e The (k,1) element of S being 0.5*7! (Scenario 1).

e S is a block diagonal matrix with diagonal blocks 115175,115175, and Z30x30, where the
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Figure S1: The simulation results including the TPP, RI, Sensitivity and Specificity for

biomarkers of dimension p = 5000 under n = 30, m = 100.
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(k,1) element of 33ox30 being 0.5(k¢l>(Scenari0 2).

e S = X+1I, where X is a block diagonal matrix with diagonal blocks 115175,115175,115115,

115175, and I is a diagonal matrix with 1 diagonal (Scenario 3).

In Scenario 3, four equally groups having pairwise correlations being around 0.5 are gener-
ated. Clearly, the similarities among covariates align entirely with their impact on the survival
outcome in Scenario 3. In Scenario 1, the similarities among covariates are unrelated to their ef-
fects, and Scenario 2 falls between these two extremes. Particularly, we compare four methods:
KHM, K-means clustering on the solution provided by maximum partial likelihood estima-
tor(MPL+), Unsupervised Hierarchical Clustering (Reynolds et al., [2006) based on Euclidean
distance(HclustDist) or correlation distance(HclustCor).

The boxplots of RI across the three Scenarios are presented in Figure Our DCAF
demonstrate consistent performance across all three scenarios. In particularly, DCAF shows
notably higher RI compared to other methods in Scenarios 1 and 2. HclustCor and Hclust-
Dist achieve higher grouping accuracy only when the grouping structure perfectly aligns with

covariate similarity. Otherwise, the grouping accuracy diminishes significantly.

S4.8 The definition of RI

Rand index (RI)(Rand| [1971) which is between 0 and 1 and takes the form RI = (TP +
TN)/(TP+ FP+ FN +TN), where TP is the number of true positive decisions which assign
two observations from the same ground truth group to the same cluster, T'N is the number of true
negative decisions which assign two observations from different groups to different clusters, F'P
is the number of false positive decisions which assign two observations from different groups to
the same cluster, and F'N is the number of false negative decisions which assign two observations

from the same group to different clusters. The Rand index is between 0 and 1.
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Figure S2: RI under three covariance structures for various methods including DCAF,

HeclustCor, HclustDist, and method MPL+.
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S5 The completed results of PA.3

The prognostic subgroup identified by FMCox and DCAF are presented as follows,

e DCAF, Gi: Argentina, Australia, Brazil, Canada, Romania, Singapore, the USA; Gs:

Belgium, Chile, Germany, the UK, Israel, New Zealand, Poland

e FMCox, G1: Argentina, Australia, Brazil, Canada, Romania; Gs: Belgium, Chile, Ger-

many, the UK, Israel, New Zealand, Poland, Singapore, the USA

The completed results of PA.3 related to the prognostic groups and confounder variables are

presented in Table [S9]

S6 CO.26

Combined Immune Checkpoint Inhibition vs Best Supportive Care Alone in Patients With
Advanced Colorectal Cancer (CO.26) was a trial analyzed in 2018 by the Canadian Cancer Trials
Group, which enrolled 180 patients from 27 cancer centres across Canada between August 2016
and June 2017. Each patient was randomly assigned to receive either 75 mg of tremelimumab
every 28 days for the first 4 cycles plus 1500 mg durvalumab every 28 days, or best supportive
care alone (BSC) in a 2:1 ratio. In an unpublished companion study, mutation statuses of
14 key genes were assessed from the pre-treatment blood samples of 156 patients using cell-
free DNA (cfDNA) mutational analysis performed with the GuardantOMNI ™ assay (2.1Mb).
We denote x;;i as the mutation status of the k-th gene measured from the sample of the j-
th patient enrolled from the i-th centre, which is a binary variable taking a value 1 if the
gene is mutated and 0 if not. For the same patient, denote z;; as a vector of confounding
variables observed, which include age, sex(1 for male vs. 0 for female), ECOG performance

status (ECOG), presence of liver metastases (liver), the duration (in months) from the initial
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cancer diagnosis to the patient’s enrollment in the clinical study (diag), and the number of
disease sites (num). These confounding variables are balanced between two treatment groups
as shown in Table

We applied the DCAF procedure proposed in this paper to identify both prognostic and
predictive subgroups based on the mutation statuses of the 14 genes of interest. Minimization
of BIC defined in led to K1 =2, Ko =3 and A1 = 1, A2 = 0.5, A3 = 0.008, implying two
major prognostic subgroups and three predictive subgroups.

The results for the two subgroups of centres identified are presented in Table In
the first subgroup, treatment with combined immune checkpoint inhibition had significantly
worse survival in comparison with treatment with best supportive care alone (hr=2.631, p-
value=0.019) and, after adjusting for the treatment effect, mutations of NRAS gene, a gene
belongs to a class of genes known as oncogenes, and BRCA1 gene, a gene that produces proteins
to repair damaged DNA, also yielded to significantly worse survival. Treatment with combined
immune checkpoint inhibition had significantly better survival in comparison with treatment
with best supportive care alone, however, in the second subgroup (hr=0.370, p-value=0.038).
After adjusting for the effect of the treatment, mutation of SMAD4 gene, a gene that provides
instructions for making a protein involved in transmitting chemical signals from the cell surface
to the nucleus, predicts worse survival for patients in the second subgroup but patients with
mutations of TP53 and PFD genes would have to significantly better survival. The prognostic
effects for some of these genes were also found in other studies. For example, |Oh et al.| (2018))
found that BRCA1 mutation was associated with increased risk of colorectal cancer; NRAS
was found significantly associated with a low response rate by De Roock et al.| (2010), and
Wasserman et al.[(2019) found that SMAD4 mutation correlated with worse clinical outcome.

All confounding factors except sex were also found as significant prognostic factors. FMCox
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method also identified two subgroups of centres with a only difference that the center CANW
was moved from the first subgroup to the second. Treatment with combined immune checkpoint
inhibition was significantly associated with the survival in, however, the second subgroup of cen-
tres (hr=0.475, p-value=0.004). In the first subgroup, combined immune checkpoint inhibition
did not lead to significantly better survival compared to best supportive care alone (hr=0.800,
p-value=0.205). The C-index of FMCox method is 0.656, which is also lower than that of DCAF
method ( 0.762), suggesting that FMCox method may also have misclassified some cases in this
study.

In contrast, only BRCA1 and SMAD4 were found as significant prognostic biomarkers
by Cox-Lasso method but BRCA1 was no longer significant by the Homo-Lasso method. In
addition, the cluster-specific fixed intercept in G; is set to 1 for identification purposes, and
the estimated cluster-specific fixed intercept in G2 is 4.617 (p-value< 0.001), indicating that
the heterogeneity of the clinical outcomes among patients in Gs is significantly higher than that
among patients in G;. To further understand the differences between two subgroups identified by
DCAF, we compared the baseline characteristics of patients enrolled from these two subgroups
and noted a variation in racial distribution: centres in Gi had a lower percentage of white
patients (81% vs. 90%) and a higher percentage of Asian patients (14% vs. 6%) compared to
centers in in G2. This suggests that gene mutations may have different effects for patients across
different racial and ethnic groups, warranting further investigation.

Among the three predictive subgroups identified by the proposed DCAF procedure, the
results presented in Table indicate a significant interaction between the treatment and D,
(est=—1.067, p-value<0.001) with a better treatment effect in this subgroup and also between
the treatment and D3 (est=0.647, p-value=0.001) with, however, a worse treatment effect in this

subgroup. Meanwhile, there was a weak interaction between the treatment and Dy (est=—0.144,
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p-value=0.064). The interaction effect can be explained as, for example, patients with high
values of KRAS/PFD (in D;) benefits more from the main treatment, whereas the opposite is
true for biomarkers in D3. Alternatively, we can conclude that the treatment becomes more
efficient as the expression level of KRAS/PFD increases, with the reverse effect observed for
biomarkers in Ds).

No subgroup with a significant interaction with the treatment was found, however, by
the Homo-Lasso approach and Cox Lasso method. Results from the analyses by our proposed
method would provide important information to clinicians for the selection of treatment to

patients with advanced colorectal cancer.

S7 Baseline Characteristics of PA.3 and CO.26

The Baseline Characteristic of PA.3 and Co.26 are presented in Table [S12] and Table [ST3|
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Table S4: The simulation results of Substudy 2.2 of Simulation Study 2

Rig-ref DCAF Oracle
Case 3n =30 Bias SD  RMSE Bias SD RMSE Bias SD  RMSE
a 0.250 0477  0.538 0.056  0.389 0.394 0.140 0.363 0.389
ay 0.072 0.108 0.130 0.016 0.069 0.071 0.020 0.051 0.055
v 0.041 0.104 0.112 0.011 0.098  0.099 0.004 0.089  0.089
Sensitivity - 0.989 1
Specificity - 0.985 1
RI¢ 0.953 0.974 1
RI, 0.817 0.940 1

Case 4 n =60 Bias SD RMSE Bias SD RMSE Bias SD RMSE

a 0126 0.282 0.309 0.036 0.251  0.254 0.140 0.247  0.283

ay  0.040 0.056  0.069 0.003 0.035 0.035 0.006 0.033 0.033

v 0.017 0.065 0.067 0.001 0.061  0.061 0.004 0.060  0.060
Sensitivity - 0.999 1
Specificity - 0.995 1
RI¢ 0.972 0.979 1
RIg 0.941 0.997 1

Table S5: The simulation results of Simulation Study 3

Mis-DCAF DCAF Oracle
Bias SD RMSE Bias SD RMSE Bias SD RMSE
6 0.098 0.358 0.371 0.015 0.094 0.095 0.015 0.094 0.095

g 0.024 0.094 0.097 0.002 0.012 0.013 0.002 0.012  0.013
v 0.038 0.120 0.126 0.008 0.093 0.094 0.008 0.093  0.094
Sensitivity 1 1
Specificity - 1 1
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Table S6: The simulation results of (S1)-(S5) of Simulation Study 3

(n1,n2,n3) = (10,10, 10) FMCox-I FMCox DCAF Oracle

(S1.1)  Bias SD  RMSE Bias SD RMSE Bias SD RMSE Bias SD  RMSE
a; 0.519 1.685 1.763 0.481 0.681 0.834 0.090 0.275 0.289 0.058 0.234 0.241
az 1.070 1.605 1.929 0.270 0.484 0.554 0.027 0.183 0.185 0.027 0.152 0.154
az  0.241 0962 0992 0.070 0.259 0.268 0.005 0.165 0.165 0.040 0.166 0.170

Sensitivity 0.878 0.968 0.986 1*
Specificity 0.390 0.949 0.993 1*
RI 0.614 0.873 0.968 1*

(S1.2) Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE
a; 0506 1.337  1.429 0414 0.569 0.704 0.086 0.281 0.294 0.057 0.230 0.237
ay 0992 1.853 2102 0.277 0.526 0.595 0.014 0.181 0.181  0.028 0.153 0.156
az 0163 0941 0954 0.076 0.272 0.282 0.006 0.169 0.170 0.039 0.166 0.171

Sensitivity 0.882 0.968 0.988 1*
Specificity 0.370 0.952 0.993 1*
RI 0.615 0.878 0.974 1*

(S1.3) Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE
o 0559 1.087 1.222 0424 0.604 0.738 0.011 0.257 0.257  0.058 0.225 0.233
az 0953 1939 2161 0.307 0.556 0.635 0.015 0.174 0.175 0.027 0.155 0.157
az 0259 1.1056 1.134 0.088 0.253 0.268 0.026 0.171  0.173  0.039 0.166 0.170

Sensitivity 0.878 0.974 0.989 1*
Specificity 0.373 0.950 0.994 1*
RI 0.616 0.875 0.985 1*

(S2)1%  Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD  RMSE
a; 0399 1.092 1.162 0.586 0.681 0.899 0.183 0.374 0416 0.057 0.229 0.236
ay; 1.052 2.034 2290 0.376 0.680 0.777 0.047 0.200 0.206 0.027 0.153 0.155
az 0122 1.090 1.097 0.090 0.216 0.234 0.034 0.178 0.181  0.039 0.166 0.171

Sensitivity 0.869 0.963 0.986 1*
Specificity 0.365 0.940 0.993 1*
RI 0.616 0.865 0.970 1*

(S3) Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE
ap 0398 1.438 1.492 0428 0.579 0.720 0.105 0.297 0.315 0.058 0.229 0.236
az 0818 1.825 2.000 0.289 0.511 0.587 0.012 0.178 0.178  0.027 0.153 0.155
az 0.206 1.152 1.170 0.086 0.250 0.264 0.004 0.168 0.168 0.039 0.166 0.171

Sensitivity 0.872 0.968 0.987 1*
Specificity 0.366 0.950 0.993 1*
RI 0.616 0.872 0.973 1*

(S4) Bias SD RMSE Bias SD RMSE Bias SD  RMSE Bias SD  RMSE
a; 0541 1.142  1.263 0.432 0.636 0.769 0.096 0.275 0.291  0.056 0.227  0.234
ay 1.015 1.805 2.071 0.320 0.569 0.653 0.045 0.198 0.203 0.027 0.153 0.156
az 0348 1415 1458 0.063 0.311 0317 0.013 0.170 0.171  0.037 0.165 0.169

Sensitivity 0.884 0.965 0.982 1*
Specificity 0.382 0.931 0.994 1*
RI 0.615 0.870 0.975 1*

(S5) Bias SD RMSE Bias SD RMSE Bias SD RMSE Bias SD RMSE

a; 0378 1.399 1450 0.462 0.705 0.843 0.086 0.275 0.289 0.056 0.227  0.234

a; 0882 1.885 2082 0.337 0.472 0.580 0.034 0.197 0.200 0.028 0.154  0.156

az 0308 1.237 1274 0.100 0.242 0261 0.009 0.169 0.169 0.0388 0.163  0.167
Sensitivity 0.872 0.964 0.993 1*
Specificity 0.367 0.944 0.993 1*
RI 0.616 0.862 0.968 1*
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Table S7: The results of

Simulation Study 4

Rig-ref DCAF Oracle

Case 5 Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE

a 0.103 0.460 0471 0.125 0.417 0.436 0.092 0.384  0.395

as 0114 0.272  0.295 0.025 0.207  0.208 0.064 0.183  0.193

~ 0.044 0.197 0.202 0.072  0.198 0.211 0.046 0.191 0.196
Sensitivity — 0.915 1
Specificity — 0.984 1
RI¢ 0.934 0.957 1
RIg 0.854 0.906 1

Case 6 Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE

a 0.073 0456 0.462 0.109 0.416 0.430 0.102 0.388  0.401

as 0.081 0.235 0.248 0.020 0.199  0.200 0.053 0.179  0.186

~ 0.050 0.197 0.203 0.067 0.201 0.212 0.048 0.193 0.199
Sensitivity — 0.950 1

Specificity — 0.988

RI¢ 0.932 0.968 1
RIg 0.854 0.865 1

Case 7 Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE

a 0.098 0.469 0.479 0.108 0.417 0.431 0.099 0.387  0.399

as 0116 0.272  0.296 0.019 0.204 0.205 0.063 0.183  0.193

v 0.045 0.196 0.201 0.066 0.198  0.209 0.046 0.191 0.197
Sensitivity - 0.945 1

Specificity - 0.987

RI¢ 0.933 0.965 1
RIg 0.856 0.908 1

Case 8 Bias SD  RMSE Bias SD  RMSE Bias SD  RMSE

a 0.150 0.506  0.527 0.109 0.392 0.407 0.102 0.381 0.394

as 0210 0.353 0410 0.014 0.225 0.225 0.085 0.191 0.209

v 0.045 0.197 0.202 0.057 0.196 0.204 0.043 0.190  0.195
Sensitivity 0.940 1
Specificity - 0.987 1
RI¢ 0.933 0.966 1
RIg 0.856 0.958 1
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Table S8: Results on calculating standard errors for Simulation Study 5

DCAF Oracle

Case 7  Bias SD SE  90%Cov 95%Cov  99%Cov Bias SD
oz 0.168  0.385 0.372 0.849 0.935 0.978 0.131  0.376
az1 0.063  0.429 0.423 0.908 0.935 0.989 0.070  0.396
azo  —0.102 0.447 0.422 0.849 0.919 0.989 —0.065 0.415
cp 0.168 0.385 0.372 0.849 0.935 0.978 0.096 0.382
co  —0.008 0.532 0.361 0.854 0.914 1.000 0.117  0.362
og1 —0.022  0.273  0.276 0.919 0.962 0.995 —0.088 0.259
ase —0.001 0.116 0.102 0.870 0.903 0.957 0.003 0.075
og3 0.026 0.191 0.175 0.876 0.935 0.978 0.064  0.167
v1 —0.001 0.010 0.056 1.000 1.000 1.000 —0.001 0.010
v —0.025 0.220 0.207 0.914 0.962 0.989 0.003 0.210
v3  0.123  0.247 0.228 0.838 0.903 0.962 0.083  0.238
Y4 0.062  0.253 0.237 0.827 0.930 0.984 0.049  0.239
vs —0.000 0.003 0.055 1.000 1.000 1.000 —0.000 0.003
Y6 0.083 0.249 0.231 0.843 0.919 0.968 —0.058 0.247
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Table S9: The estimated coefficients(est), hazard ratio(hr), standard errors(SE) and p-
values for Prognostic biomarkers and Confounder Variables identified by the proposed

DCAF, the FMCox, the Homo-Lasso, and the Cox-Lasso based on PA.3

Method

Prognostic Variables
(C-index)

G Intercept Trt CEA HIF1A 1IL6.3B IGF2.6B PDK1 EGFR AXL PF4 MUC1

est 0.275 —0.332 0.215 0.162 0.176 —0.284 —0.238  —0.209 —0.177 -0.311  —0.023
hr 1.317 0.717 1.239 1.176 1.192 0.753 0.788 0.811 0.838 0.733 0.977
se 0.216 0.142 0.082 0.077 0.077 0.105 0.091 0.084 0.103 0.122 0.096

DCAF  p—value 0.199 0.019 0.008 0.034 0.022 0.007 0.009 0.013 0.084  0.011 0.795

(0.695) G Trt CEA HIF1IA  IL6.3B  IGF2.6B PDK1 EGFR AXL PF4 MUC1
est 0.391 —0.172  —0.007 0.295 —0.216 —0.249  —0.235 —0.152 —0.146 0.052
hr 1.479 0.842 0.993 1.343 0.805 0.780 0.791 0.859  0.864 1.054
se - 0.285 0.176 0.193 0.165 0.189 0.239 0.210 0.157  0.218 0.211
p-value 0.167 0.321 0.950 0.073 0.248 0.292 0.259 0.329  0.493 0.788
G - Trt CEA HIF1A 1L6.3B IGF2.6B 1L8.4B EGFR AXL PF4
est —0.198 0.151 0.186 0.230 —0.198 0.143 -0.218 —0.231 —-0.079
hr - 0.821 1.163 1.204 1.259 0.820 1.155 0.804 0.794 0.924
FMCox se 0.127 0.067 0.080 0.081 0.110 0.084 0.094 0.086 0.070
(0.651)  p-value - 0.118 0.023 0.020 0.005 0.070 0.086 0.020 0.007 0.256
[ - Trt CEA HIF1A 1IL6.3B IGF2.6B IL8.4B EGFR AXL  PF4
est —0.197 0.449 0.610 0.265 -0.192 0.484 -0.066 —0.224  0.003
hr 0.821 1.567 1.841 1.303 0.826 1.622 0.936 0.799 1.003
se 0.147 0.120 0.118 0.093 0.122 0.131 0.109 0.097 0.189
p-value 0.174 < 0.001 <0.001 0.004 0.114 < 0.001 0.533 0.020 0.969
CXCL6 Trt CEA HIF1A 1IL6.3B IGF2.6B PDK1 EGFR AXL 1IL8.4B CPA1.6B MUC1 MMMP.§
est —0.100 —0.189  0.167 0.269 0.261 —0.243 —0.180  —0.129 —0.123  0.165 —0.093 0.131 0.074
Homo-Lasso
hr 0.905 0.828 1.181 1.308 1.298 0.785 0.835 0.879 0.885 1.179 0.912 1.141 1.076
(0690) se 0.124 0.167 0.091 0.088 0.088 0.126 0.140 0.141 0.107 0.148 0.114 0.132 0.106
p-value 0.413 0.252 0.066 0.002 0.003 0.053 0.196 0.354 0.248 0.261 0.408 0.312 0.480
CXCL6 Trt, CEA HIF1A 1IL6.3B IGF2.6B PDK1 EGFR AXL IL84B CPAL6B MUCI IGFB.2
Cox-Lasso est —0.116 —0.194 0.165 0.261 0.257 —0.198 —0.187 —0.158 —0.164  0.171 —0.094 0.114 —0.093
(0.702) hr 0.891 0.824 1.179 1.298 1.293 0.820 0.830 0.854 0.849 1.187 0.910 1.120 0.911
se 0.138 0.175 0.092 0.088 0.088 0.148 0.141 0.128 0.110 0.161 0.112 0.124 0.140
p-value 0.395 0.264 0.072 0.003 0.003 0.178 0.180 0.214 0.134 0.283 0.390 0.351 0.496
Confounder Variables
DCAF Homo-Lasso Cox-Lasso
variable est hr se p-value est hr se p-value est hr se p-value
age 0.003 1.003 0.006 0.612 0.005 1.005 0.008 0.573 0.004 1.004 0.009 0.650
sex 0.219 1.244 0.125 0.078 0.142 1.152 0.160 0.370 0.154 1.166 0.162 0.336
PF 0613 0.542 0.168 < 0.001 —0.483 0.617 0.211 0.021 —0.506 0.603 0.210 0.016

DIS 0.487 1.627 0.153 0.001 0.475 1.607 0.192 0.013 0.516 1.676 0.198 0.009
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Table S10: The estimated coefficients(est), hazard ratio(hr), standard errors(SE) and
p-values for prognostic biomarkers identified by the proposed DCAF, the FMCox, the

Homo-Lasso, and the Cox-Lasso based on CO.26

Method
Prognostic Variables
(C-index)
Gy Trt BRCA1 SMAD4  TP53 PFD  NRAS ATM  PIK3CA
est 0.968 0.836 —0.115  0.195  —0.047  0.867 0.397 0.024
hr 2.631 2.306 0.891 1.216 0.954 2.679 1.488 1.025
SE 0.415 0.325 0.355 0.273 0.338 0.415 0.297 0.265
DCAF  p.value 0.019  0.010 0.731 0.465 0.872 0.019 0.178 0.909
(0.762) Go Intercept Trt BRCA1 SMAD4 TP53 PFD NRAS ATM  PIK3CA
est 1.530 —0.994  0.347 1.292  —0.846 —1.269  0.176 —0.084 —0.539
hr 4.617 0.370 1.415 3.641 0.429 0.281 1.192 0.919 0.583
SE 0.425 0.480 0.497 0.403 0.366 0.584 0.499 0.400 0.331
p—value < 0.001  0.0388 0475 0.001  0.020  0.029 0.710 0.817 0.101
Gy Trt BRCA1 SMAD4  TP53 PFD KRAS BRAFV
est —0.223  0.712 0.346 0.282  —0.205  —0.733 1.304
hr 0.800 2.038 1.413 1.326 0.814 0.481 3.683
FMCox SE 0.177 0.307 0.217 0.227 0.510 0.199 0.304
(0.656) _P-value 0.205  0.020 0.109 0.209 0.673 <0.001 < 0.001
Go Trt BRCA1 SMAD4 TP53 PFD KRAS BRAFV
est —0.745  0.368 1.716 0.074  —0.902  0.343 0.174
hr 0.475 1.445 5.564 1.076 0.406 1.409 1.190
SE 0.257 0.440 0.329 0.280 0.329 0.282 0.386
p-value 0.004  0.395 <0.001 0777  0.006 0.220 0.638
Trt BRCA1 SMAD4 TP53 PIK3CA NRAS ATM
Homo. Lasso est —0.356  0.669 0.834 0.058 0.188 0.536 0.071
hr 0.700 1.953 2.302 1.060 1.207 1.710 1.074
(0.719) SE 0.468 0.376 0.326 0.315 0.293 0.409 0.343
p-value 0.438 0.074 0.010 0.836 0.511 0.186 0.818
Trt BRCA1 SMAD4 TP53 PIK3CA NRAS ATM
CoxLasso est —0.459  0.573 0.815 0.020 0.120 0.347 0.014
hr 0.632 1.773 2.259 1.021 1.127 1.414 1.015
(0.719) SE 0304  0.288 0286 0293  0.295 0.455 0.338
p-value 0.128  0.046 0.004 0.926 0.672 0.437 0.947

DCAF, Gi: CAAJ, CAEM, CAGB, CAGQ, CAGV, CAHF, CAHN, CAMP, CANW, CASS, CATC, CAVA;
Go: CABN, CAHJ, CAHO, CAKK, CAKO, CALM, CAMN, CAMR;

FMCox, G1: CAAJ, CAEM, CAGB, CAGQ, CAGV, CAHF, CAHN, CAMP, CASS, CATC, CAVA;

Go: CABN, CAHJ, CAHO, CAKK, CAKO, CALM, CAMN, CAMR, CANW;

PFD: Polymerase.and.Functional.Domain

BRAFV:BRAFV600E.Mutation.1
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Table S11: The estimated coefficients(est), hazard ratios(hr), standard errors(SE) and
p-values for Predictive biomarkers and Confounder Variables for the benefit of combined
immune checkpoint inhibition identified by the proposed DCAF, the FMCox, the Homo-

Lasso, and the Cox-Lasso based on CO.26
Predictive Biomarkers
DCAF variable est hr SE  p-value
D: KRAS, PFD —1.067 0.344 0.277 < 0.001
NRAS, BRAFV, ATM,
D, BRCAL, BRCA2, MRG,

TP53, APC, TERT —0.144  0.866 0.078 0.064

D;  Polymerase, PIK3CA, SMAD4 0.647  1.910 0.193  0.001
Homo-Lasso est hr SE  p-value

D —0.023  0.977 0.094 0.789
Cox-Lasso variable est hr SE  p-value

Confounder Variables

DCAF Homo-Lasso Cox-Lasso
variable est hr SE p-value est hr SE  p-value est hr SE  p-value
age —0.023 0.977 0.010 0.028 —0.013 0.987 0.013 0.327 —0.012 0.988 0.013 0.324
sex 0.355 1.427 0.210 0.089 0.153  1.166 0.276 0.567 0.132 1.142  0.266 0.606
ECOG 1.017 2.764 0.269 < 0.001 1.010  2.745 0.342 0.003 1.027 2793 0.342 0.003
liver 0.806 2.238 0.258 0.002 0.551 1.736  0.310 0.074 0.529  1.697 0.288 0.065
diag —0.011 0.989 0.003 < 0.001 —0.008 0.992 0.005 0.082 —0.008 0.992 0.005 0.077
num —0.995 0.370 0.243 < 0.001 —0.664 0.515 0.305 0.029 —0.647 0.524 0.295 0.028

MRG: Mismatch.Repair.Gene
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Table S12: Baseline Characteristics of the erlotinib plus gemcitabine(Treatment) vs

placebo plus gemcitabine(Control) Groups based on PA.3

Control Treatment P-Value
Variables ( n=245) (n—233)
age, Mean(SD) ~ 63.431(10.186) 63.824(10.334) 0.666
sex
Male  141(57.6%) 114(48.9%) 0.072
Female  105(42.4%) 120(51.1%)
ECOG performance status(PF)
0,1  200(81.6%) 188(80.7%) 0.883
2 45(18.4%) 45(19.3%)
Extent of disease(DIS)
1,Distant metastatic 179(73.1%) 176(75.5%) 0.607
0,Locally advanced 66(26.9%) 57(24.5%)

Table S13: Baseline Characteristics of the Combined Immune Checkpoint Inhibi-

tion(Treatment) vs Best Supportive Care Alone(Control) Groups based on CO.26

Control Treatment P-Value
Variables (n—46) (n=110)
age, Mean(SD)  65.326(9.252) 64.300(9.923) 0.598
Sex
Male 34(73.9%) 70(63.6%) 0.291
Female 12(26.1%) 40(35.4%)
ECOG performance status(ECOG)
1 13(28.9%) 31(28.2%) 1.000
2 33(71.1%) 79(71.8%)
Presence of liver metastases(liver)
Yes 36(78.3%) 75(68.2%) 0.283
No 10(22.7%) 35(32.8%)
Time (months) from initial cancer diagnosis(diag), Mean (SD)  75.200(43.097) 76.882(44.440) 0.816
Number of disease sites(num)
>2 20(65.2%) 83(75.5%) 0.268
<2 16(34.8%) 27(24.5%)
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