Statistica Sinica: Supplement

Adversarial Contamination Meets Hard Thresholding:
An Iterative Algorithm with

Signal Adaptivity and Minimax Optimality

Shixiang Liu, Hanming Yang[

Renmin University of China

Supplementary Material

This supplementary material provides additional details in support of the main text. Section presents
additional simulations that are not included in the main text due to space limitations. Sections to[S9
contain the proofs of theorems and corollaries stated in Section 3 of the main paper. Section describes
the extension of the two-stage AC-IHT algorithm to generalized linear models and provides the proof
of Theorem 6. Section provides the proof of Theorem 7 on heavy-tailed regression discussed in the

Discussion section of the main text.

S1 Additional Simulations

In this section, we present additional simulation results that are not included in
the main text due to space limitations. These supplementary results provide further

support for the theoretical findings reported in the paper.
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S1.1 Varying the level of sparsity and contamination

We fix p = 1000, n = 600, vary sparsity level s from 7 to 35 and contamination
level o from 12 to 120. All non-zero signals take a value of 1. The /5 estimation

errors of §* are shown in Figure [I]
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Figure 1: The /5 estimation error of the two-stage AC-IHT algorithm with varying s and o under
300 replications.

As illustrated in Figure (1, the £, estimation error |3 — 5*||2 grows linearly with
the contamination proportion o/n, yet it grows only on the order of /s of the sparsity
level s. This empirical behavior matches our theoretical guarantees (summarized in
Table 1 in our manuscript): No matter in which signal cases, for fixed o, the ¢ error

bound increases linearly in +/s; for fixed s, it increases linearly in o. In particular,
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when o/n < 1/5, the ¢5 error bound in Theorem 3 can be rewritten as

> . S 0
18— B"ll2 < o xa\[(H—),
n—o n

which explains the linear relationship with o.

S|w

S1.2 Asymptotic normality

We then consider the asymptotic normality of the estimator obtained from two-
stage AC-IHT by constructing the z-score based on Corollary 2 with 300 replications.
Specifically, we set the 5th and 6th elements of v to 1 and all others to 0. We assess
the asymptotic normality of AC-IHT, IHT-/;, and AC-SCAD by using histograms,
Q-Q plots, and the R? values from the no-intercept linear fit of these Q-Q plots.

As illustrated in Figure 2 AC-IHT exhibits the best asymptotic normality
performance: Its histogram closely aligns with the normal density curve, and the
points in its Q-Q plot lie almost perfectly along the diagonal, with an R? = 0.9891.

In contrast, IHT-¢; and AC-SCAD show noticeable deviations and lower R? values.
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Figure 2: Comparison of asymptotic normality across AC-IHT, THT-¢;, and AC-SCAD methods.

S1.3 Heavy tailedness

Following the theoretical extension in the discussion section, we conduct sup-
plementary experiments under heavy-tailed noise settings. Specifically, we generate
i.i.d. white noise from Student’s t-distributions with 2 and 3 degrees of freedom and
assume no adversarial contamination, while keeping all other model configurations
identical to those in Section 4. And we include the Oracle Huber estimator as an ideal
reference, which is the Huber estimator with the known support set. Results over
100 replications are reported in Table [I| with standard errors shown in parentheses.
The findings demonstrate that our AC-IHT method achieves favorable performance

in both estimation accuracy and support recovery, which aligns with its minimax
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near-optimal guarantee in Theorem 7.

Table 1: Comparison of estimation accuracy under heavy-tailed noise.

Method B—6T  18-Fle 8-Flls  MCC  Sym_diff
t(df=2)
AC-IHT 0.610 (0.027 0.378 (0.014) 0.569 (0.024 0.907 (0.009 1.940 (0.193)

(

THT-¢, 0.757 (0.013
Ada-Huber 0.683 (0.011
Oracle Huber  0.269 (0.007

( (
0.494 (0.005) 0.713 (0.014
0.354 (0.007)  0.770 (0.012
0.162 (0.005) 0.254 (0.006
t(df=3)

— — — —

(0.009)
0.895 (0.005)  1.970 (0.083)
0.563 (0.006) 21.440 (0.549)
(0.000)

)
)
)
) 1.000 (0.000)  0.000 (0.000)

AC-THT 0.435 (0.020) 0.301 (0.016) 0.403 (0.018) 0.959 (0.005)  0.850 (0.107)
IHT-¢, 0.624 (0.023) 0.416 (0.015) 0.578 (0.021)  0.926 (0.005)  1.400 (0.096)
Ada-Huber  0.598 (0.010) 0.310 (0.006) 0.683 (0.011) 0.632 (0.005) 15.120 (0.409)
Oracle Huber  0.252 (0.006) 0.153 (0.004) 0.235 (0.005) 1.000 (0.000)  0.000 (0.000)

S1.4 Dynamic of convergence

In this subsection, we examine the iteration-wise convergence behavior of AC-IHT
under varying sample sizes and contamination levels. Specifically, we consider sample
sizes n € {300,500, 700} and numbers of contaminated observations o € {10, 30},
while keeping all other simulation settings the same as in the beginning of Section 4.
Estimation accuracy is assessed using the (5 error (L) and the (o, error (L),
and support recovery accuracy is evaluated by the Matthews Correlation Coefficient
(MCC). The corresponding iteration trajectories are displayed in Figure .

Figure [3] shows a consistent convergence pattern across all configurations. The
errors Ly and L., decrease during the initial iterations and then level off after about
20 iterations, whereas MCC rises toward one after about 15 iterations and remains

stable thereafter, indicating reliable support recovery. Moreover, larger sample sizes
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lead to improved estimation and support recovery performance, as evidenced by
smaller Ly/Lyax and higher MCC. When the contamination level increases from
o = 10 to o = 30, convergence becomes slightly slower, and the terminal errors are

mildly larger, particularly for smaller n, which aligns with our theoretical results.
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Figure 3: Convergence dynamics of AC-IHT over iterations for different values of n and o. Each
(0,n) setting undergoes 100 repeated simulations.

S1.5 Relationship between signal strength and sparsity.

Assumption 4 indicates that the required signal strength (for 6*) increases
as o decreases. The following simulation validates this phenomenon. Following
the simulation settings in Section 4, we fix the non-zero entries of * at 0.2, and
examine the support recovery of 6* as o increases under standard Gaussian noise.

The simulation result in Figure [4] (with 100 replications) shows that as o(= [|6*]|o)
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Figure 4: Support recovery performance with increasing o.

increases, the MCC (Matthews Correlation Coefficient) rises and the averaged

|supp(9* )Asupp(é) |
0

Hamming loss ( ) decreases. This indicates that a larger o makes the
“theta-min” condition easier to satisfy, yielding progressively more accurate outlier

identification. And this result aligns with the relationship between o and the signal

strength in Assumption 4.

S2 Proof of Proposition 1

Throughout this proof, C; > 0 is treated as a fixed constant, and Assumption 2
is used in the concrete form stated in Proposition 1. We first prove the restricted
isometry of X. For a fixed set S C [p] with |S| = C}s, by Remark 5.40 in [Vershynin

(2010), we obtain

1
P (H;XT@X_S — Ysg

> max(t, L2>> <2, (S2.1)
2
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where ¢+ = (C’ \Y \%) (\ / % + \/g> , and C,c are constants depending only

on |[|X]s. Let Cy := C?V % V 1. By taking v = 3Cislogp and using n >

30M?C,Cs max(slogp,ologn), we have ¢ V> = + < 1/(2M), which yields that

!
, 2M

> max(t, LQ))

1
EX,I;X.S — Ygg

P sup
ScClp]: |S|<Cis

1
< E P(||-XLXg—
< (Hn sX.5 — 2gg
SClp]: |S|=Cis

2 (S2.2)

<2 (C{js) exp (—3Cslogp)
<2exp (—2C;slogp).

By Weyl’s inequality, with probability at least 1 — 2 exp(—2Cslogp) we have that,

1

< 5 (52.3)

1
max max ’Ak (—X—gva> — Ak(ZSS)
SC[p): |S|<C1s 1<k<|S]| n

Consequently, the restricted isometry property follows immediately from this uniform

eigenvalue bound and the definition of eigenvalue.

We then prove the restricted incoherence of X. Similar to (S2.1f), for fixed sets

S C [p] with |S| = Cys and O C [n] with |O] = C4o, we have

1
P (HEX(}SXOﬂ — Ygg
1

> max(T, 7'2)) <27,
2

where 7 = (C’ Vv \%) . (\/g—l— \ /CLIO> By setting v = 3Cslogp + 3C 0logn and
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applying a union bound, we obtain

1
010

.
Xo0.5X0,5 — Xss

2

> max(T, 7'2)}

P sup sup
OC[n]: |0|<Cio SClp]: |S|<Cis

P n _
< 2¢~Y
- <013> <010) ‘

§26—201310gp‘

Consequently, for any S C [p] with |S| < Cys and O C [n] with |O] < C}o, it holds

that
1 Xo,sll2 =4/ || X4 sXo0.s

B

S\/010||ESSH2 + Cho(T + 712)

2
</ CloM + C1Cs  Vso+ 4|2 + 25+ = (S2.4)
C, Cy

<y/CioM + 10C,Cs; (slogp + ologn)

</ C1Cy - /slogp + ologn
with probability at least 1 — 2exp(—2C;slogp). Here Cy := VM + 10Cxy > 1 is
a constant depending only on M. Therefore, we prove the restricted incoherence

property and complete the proof of Proposition 1.

Remark 1 (Incoherence condition) The restricted incoherence condition ([S2.4))

plays a pivotal role in our theoretical analysis, appearing in key steps such as ((S3.14]),

(S3.21)), (S4.7), and (S6.5)). It controls how adversarial contamination distorts the

estimation of 5*, and enables us to achieve a sharper estimation accuracy than joint

estimation. Ezisting incoherence conditions in the literature, such as Definition 1.(ii)
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in |Dalalyan and Thompson, (2019), and equations (2.11)-(2.12) in |Minsker et al.
(2024), are often tied to the specific penalty forms of Lasso or Slope, and are relatively
intricate. In contrast, by leveraging the {y structure, we introduce a more concise and

intuitive incoherence condition, and prove that it holds with high probability under

sub-Gaussian designs.

S3 Proof of Theorem 1
We introduce some definitions that will be used in the following proofs. Define

1
o= XX -I,e R, Z:=-X'¢ecRP
n n

For ease of display, we assume ¢ = 1 in the main proof.

Three parts constitute the proof of Theorem 1. We first introduce some useful
preliminaries, and then prove the sparsity and error bounds by using mathematical
induction. Finally, we verify the validity of our proposed threshold sequence.

S3.1 Preliminary

Define the event

= Mlogp logn
—{||~||oo<4 nd | e <3y } (58.5)
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and

a7 < M (X 5X.s) <2M, for every S C [p]: |S| < (2B+1)sand 1 <k < |S],

gX =
SUPSc[p]: |9|<(B+1)s SUPOcm): |0|<(B+1)o ||XO,S||2 < (\/§+ 1) fv/n

K46\ 4M? \/slogp+ologn
B .= </§—(5> > 1, 5—m6(0,1), HE(é,l), f—CM " .

(53.6)

Throughout the proof of Theorem 1, Assumption 2 is used in the concrete form
n > Crpi{slogp + ologn},

where C'ry; is a fixed constant depending only on M, n, k, chosen large enough so

that
32n?K2C3,

CThl Z max {30M2(QB + 1)02, W,

4MC3, } :

Therefore, with n > 30M?(2B+1)Cx{slog p+ologn}, we confirm that the restricted

isometry part of Ex follows from Proposition 1 with C; = 2B + 1, and the restricted

incoherence part follows from Proposition 1 with C; = B + 1. Since B = (%})2

is fixed once M and k € (4, 1) are fixed, these choices of C are admissible under
Proposition 1, hence we have P(Ex) > 1 — 4p2(1+B)s

Similarly, with n > 30M?2Cy max(slogp, ologn), by Lemma || we have P(£) >
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1—2p~2 —2p3 —2n73. And we conclude that

P(ENEx)>1-0(p 2 +n?).

The proof of Theorem 1 is then based on the event £ N Ex.

In the iteration algorithm, we take the learning rate n € [%, %} and the

decay rate k € (9,1). And we use the thresholds

16nk [Mlogp  48n°k*Cy \/slogp + ologn\/ologn
AB oo = +
K—29¢ n (k—0)3 ns n

_ Jlogp n ologn

- n ny/s ’

120k /10gn+64772/-€2C’M\/M slogp+ologn\/slogp
n

K—20 (k—9)3 no n
_ logn+slogp
=4/ - o

For the given thresholds Ag o and Mg~ in (53.7), we can always choose sufficiently

(93.7)

/\0,00 =

large initial thresholds Ago (> Ag.0) and Mg (> Ag,e0) satisfying

Moo Ase
Vadso > 1872, Vorgo > (|07, 20 =22 (S3.8)
Ao Ao

The detailed threshold initialization is provided in Section where we utilize the
conditions of Theorem 1 and the high-probability restricted incoherence property

from Proposition 1 to establish a feasible range for the initial thresholds.
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Additionally, by the decomposition, we define

HY =6+ X T(y — X' — /b))
n

=B+ B(B* — ) + - XT (0" — 0) + n= € R?,

v (93.9)
Hi ::9%%(1/—){5&%(#)
_n* _ * ot i * ot i n
=0+ (n—1)(0 0)+\/ﬁX(6 ﬁ)+\/ﬁ§€R.

S3.2 Mathematical induction

Recall S* = supp(f*) and O* = supp(0*). We aim to use mathematical induction

to prove the following

18(s)e

0 < BS, ||9€0*)c

0 < .BO7 (SS].O)

18— 5 < (VBH1) - Vadsy 8 —6o < (VB +1)-vohy,.  (S3.11)

hold for all ¢t > 0.

First, by , we guarantee that both and hold at t = 0, with
B° =0, and #° = 0,,. By using mathematical induction, assume that and
hold at iteration ¢ for some ¢t > 0, and then we aim to prove that they remain
valid at iteration ¢ + 1.

Proof of sparsity In the (¢ + 1)-th iteration, we first prove reasoning

by the absurd. Assume that ||5f;21)c

lo > Bs or ||9'(fgl)c||0 > Bo holds at first. It then

follows that there exist subsets S C (S*)¢ or O C (O*)¢ such that ||S|lo = Bs or
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|0]lo = Bo, satisfying

BS}‘ﬁ t+1 < Z Htﬂ 21{|HEJ;1| > /\B,t+1} (83.12)
i€l
or
Bo\j REBTRN Z HtH 21{|H(§31| > N,y (S3.13)
JEO
Since f% = O0ps and 07 = 0p,, under event &, if (53.12)) holds, by decomposition
(1S3.9) we have

VB < [ (@ap =02+ |30, 00 - 092 4 gV Bs|E)

ieS ieS

(4)
< 618" = B'll2 + (VB + 1) - |6 = ']l + 1V Bs| |
Mlogp

)6<¢E+ 1) - Vahss + (VB + 17°F - oday + An(vB + 1)

< . \/s\
< — f gl + CETE )

8nk M lo
f\/—)\9t+1+ il \/_ gp
(S3.14)

where:
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e Inequality (i) follows from the fact

S (@5 - B2 < Y (@0 8~ B (define S = S Usupp(5” — 5))

ieS ies’

= (5* - Bt)s @; S’(DS S’(ﬁ* - 5t)s’ < ||(Ds’s’||g||5* - 5t||§

XTX)g (XTX), 2
— { Aax <@) ‘\/‘ Apin <%> } 18" — 5t||§
<(1—-n/2M))?|8* — B> (By Ex and the range of )
< &%|6" = B]3,  (Equation (S3.6))
(S3.15)

and

(0* — 0o (define O" = supp(6* — 6"))

1 . 1
n Z<X~i79 — 0" = 5(9 et)O/XO’SXg'S

ieS

1 *
< —lXorsll3 - o — 6113

< (VB+1)’f2- 10" = 6", (By €x)
(S3.16)

e Inequality (ii) follows from the event £ and the assumption (S3.11)) at the ¢-th

1teration.

e Inequality (iii) follows the relationship:

2K
VB+1= — A1 = max(KAg e, Agoo),  Agar1 = mMax(KAgs, Agoo)-

(S3.17)
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Similarly, if (S3.13)) holds, we have

; n? . 1
VBoXg 1 < I —1] - [|07 = 0'[l2 + Zg@%ﬂﬁ =B +n 255}2

jeo jeo

S3.18
< 80" = 0l + n(VB + D1 — 5+ 39 Bay[ B0

2 dnr
< \/_/\0t+1+—
K- (k —9)?

61K logn
f\/_)‘ﬁt+1+ 1 \/_ o
where:

e The second inequality follows from the fact

S|

Z LB =B <

JEO
1
< =X I3 - 18" = 8113

< (VB+1)?2f2- |8 = B3 (By &x),
(S3.19)

and the fact |n — 1| < § in the case 5 € |25, TpT)-

AM2+1° AM2+1

e The derivation of the last inequality is analogous to that of (ii) and (iii) in

©3.14).
Combining (S3.14) and (S3.18), to prove || t;f)c o < Bs and ||9%1)C o < Bo by
contradiction, it suffices to show that:
25 Vs + 5 [V0Ne i + 255\ TEE < VBsAg g, : )
S3.20

i \/_/\0t+1+( VS Ag g + 2 \/1Ogn<v 0Ng,t11-

(B* — Bt);,,XgS,,XOSn(B* — B¢ (define S = supp(s* — 8Y))
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We first assume that there exist suitable sequence {(Agt, Aot)}i>0 satisfying this

system ((53.20)), and we will construct its explicit form in Section

Proof of error bounds Once the sparsity results are established in the (t+1)-

th iteration, we turn to derive upper bounds on estimation errors. We establish

that

187 = 872

2
< { > (—Hé?lﬂﬂéﬂ < Agast) + (@4, B — B + —= (X, 07— 01) + n:)

1€S*

B

1/2

2
Py <<<1>.i,5*—ﬁf>+%<x.i,e*—et>+nzi>

1€StH1\ §*
t+1 t+1
E (Hj ([Hg5 | < Agirr) + E ®;, B — B1)?
i€ S* zES“fluS*
E E =2
Xz, o* — 9t> =;
zesi+1us* ieSttlus*

(4) M lo
< VSNsap1+ 0B = B s+ (VB + 1) f - /6% — 0| + (VB + 1)/s P

(i) 20 dnk 8nk
< \/_/\ﬁt+1+— \/_)\ﬂt+1+< 5)? \/_)‘9t+1jL .

\/— logp
(S3.21)

where recall S = supp(B*t), S* = supp(S*). Here, inequality (i) follows from

(S3.15)) and (S3.16) again, and inequality (ii) follows analogously to (ii) and (iii) in
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(S3.14)). Similar to (S3.21)), we derive that

log n

671 = 6"ll2 < VoNssr + 116" = 6°lla + (VB + D18 = 8"l + 3n/(B+ 1o

20 Ank 6mK
<\/_)\0t+1+ \/—)\Gt—f—l‘f’ﬁ f\/_)\6t+1+ il

logn
\/_ n
(83.22)

Therefore, to ensure that the /5 error bounds after the (¢ 4+ 1)-th iteration satisfies

(S3.11), it suffices for the sequence {(Ag, Aot) }i>0 to satisfy

\/_>‘ﬁ1t+1‘1‘,i 5 \/_)\ﬁt+1+ = 5 \/_)\et+1+,imfg\/_\/Mlogp< (VB +1)y/5Ag441,

Vorgii1 + 2 \/_)\9t+1+ o FVSAg a1 + 204 /B < (VB + 1)y /0Mg 41,
(S3.23)

which is equivalent to the system (S3.20)). Consequently, we next focus on constructing

a suitable set of solutions for {(Ass, Aot) }i>0-

S3.3 Appropriate threshold sequence

Define

Ank 8nk [ Mslogp 61K ologn
Wy = Wy = Ws = A/
YT (k= 0)Y 2T k=6 n ST k=6 n -’

and note that v B = “*5 Then the system ([S3.20|) reduces to the inequalities

Wi f/odarr1 + Wa < /sAgi41,
(53.24)

Wi+ fv/sAgip1 + Ws < Jorg i1
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The feasible region for (v/sAgi11, v/0oAar+1) is illustrated as the shaded area in Figure

bl Given the update rule

)\/37,5_;'_1 = (KJ X )\5715) V )\5700,

Mot1 = (K X Ngt) V Ao,

maintaining the ratio i’; 0 — i‘\ﬁ = ensures that the iterate trajectory {(Ass, Aot) h>o0

follows a linear path toward the origin, such as the solid purple or dashed red rays

shown in Figure[5] Specifically, in the case 1 — W2f? > 1/2, i.e.,

n > BQQ(slogp + ologn),

(k —0)*

the target purple endpoint (v/sAg oo = 2Wa + 2f W1 W35, /oXgoo = 2W5 + 2f W1 W5)
lies within the feasible region. Consequently, the purple ray (passing through this
Ao

endpoint and maintaining % = o ) constitutes a valid threshold update trajectory.

Therefore, by using the thresholds in (S3.7), we prove that

155 166

18 = Bl < (VB +1) - Vsdger, 07 =072 < (VB +1) - Vodoen

hold simultaneously in the (¢4 1)-th iteration, which completes the proof of Theorem

1.
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NI Wi - f/orger1 + Wa = /SAg.141

(2Ws + 21 W]

W3, 2W3 4+ 2fW;

Wi - fv/sAhg g1 + Ws = /oXg 141

/ Wo+ fW1Ws Wi+ fW; Ws
o, = 75 5 N D)
(To ,/()) < 1—WZf2 1— W2 f2 )

VEAg,141

Figure 5: Feasible region (shaded) and two exemplary threshold update trajectories (solid purple
and dashed red).
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S3.4 Threshold initialization

Here we provide some practical guidance for selecting the initial tuning parameters
Aso and Ngo. With a probability greater than 1 — O(p~2 + n™?), we have the

decomposition

1 1
il I (GO |
n o n g

(lXTX) BS* H( XTH*) —|(E)g.1l, (53.25)
n S*,8* s*ll2
1
> 18, - fH9*H2—4\/_ —ek,
and
.2l )
\/ﬁ oo_ \/ﬁ O* 112
1
| A x . $3.26
=10, - | (F7x) | - |z (53.26)

. ologn
> 107l = 1187, — 3y

For both inequalities, the final step relies on the restricted incoherence property given
in Proposition 1, with C; = 1. And the sample-size assumption on which Proposition
1 depends is fulfilled under the sample condition presented in Section [S3.1]

By combining these inequalities, we obtain

Vs —\2M

leH Ve, 310gp+f¢6Hin L3f Olog”>( ! —f2> 181,
n - n Vn
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Then, under the assumption n > 4MC3,(slogp + ologn), it follows that

IIﬁ*Ilz

1
<AM (4+[|=XTY Y .

Similarly, by 4M f2 <1, M > 1 and

> 1 H 3 lologn
n o

we have

XTYH +OM fAVM Sl(;gp (1-2M f2) 1|67, ,

107 |2 1 T
— < 8VM+2||— —X Y
Jo SSVM2) ooy

Consequently, given A\ o and g, with probability at least 1 — O(p~2 + n™?), we

can construct valid initial thresholds Ag o and Mg based on

1
Ao > 4M <4 + H—XWH + 1Y |l ) + AB.00;
n

1
Xoo > 8V M +2 H% H H—XTYH + Moo
S4 Proof of Theorem 2

Throughout this proof, Assumption 2 is used in the same concrete form as in
the proof of Theorem 1, i.e., n > Crypi(slogp + ologn). The proof of Theorem 2
proceeds in two steps. First, we introduce some useful preliminaries. Then, we prove
that, under Assumption 3, a carefully chosen stopping time yields an error bound

sharper than Theorem 1.
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S4.1 Preliminary

By Lemma [T}, we have

< \/4Ms + 6M log(1/0) S1-0(p™+0).

n

pll | X 5-€
i

=&
and this proof is based on the event £’ NE N Ex.

In the second-stage iteration, we apply the thresholds of the same values as the
endpoints in ((S3.7)):

>\ﬂ = )‘,3,007 )\9 = )\9,007

therefore, by Theorem 1, with a probability greater than 1 — O(p~2 + n~3) we have

the following

1B5-cllo < Bs, |16

0 S BO: (841)

15" = 3lle < (VB+1)-vods, 0 =07 < (VE+1)-voh,  (542)

hold for all ¢ > 0, regardless of whether Assumption 3 holds (the definition of B

follows (S3.6])). Moreover, as Assumption 3 holds, i.e.,

min
ies*

4k K—0
> . .

we can further prove a sharper error bound of 3. Before we prove this refined bound,
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we rewrite the decomposition as

5 =f+ X T (v — Xf' — /)
n

=B"+ (8" — §') + %XT(G* — 0" 4+ = e RP,

B i o = X )

_* o * i * 0t i n
=0"+(n—1)(¢ 9)+\/ﬁX(5 B)Jr\/ﬁSGR.

(S4.4)

S4.2 Sharper bound under Assumption 3

In the second-stage iteration, by (S4.1) we guarantee the sparsity of solution
sequences { Bt} and {ét} . Then, under the event £ NE N Ex, for every t > 0
t>0 £>0

we have

* * at Ui * At
571 = ’<<I>.z-,ﬁ —B>+%<X.i,9 — 0"

<31 [ 3+ L - )

<(50)'5 (@ — 9+ i —)
+) & Vi

—n|Zi| < )‘5)

3k+0
g —1||E > A
> 1571 = da = Sl = 25 00)

B

(S4.5)
where the second inequality follows from the signal condition (S4.3)) and the fact

[7E]|sc < =25 under the event &.



S4. PROOF OF THEOREM 2

On the set S™*1\ S*, by [[7Z]0 < 52\5 we have

Y EPLIHE = As)

i€ StH1\S*
_ I n . _ 3k -+ 0
S R e | EP VR [ N e
i€StH1\ §*
< k=10 ’ Z <(I)B*_Bt> T]<X 9F — §t>2
“\3k+90 - " NG &
ieStH1\ 5
(54.6)
Therefore,
157 = 8712
~ ~ - n 5 2
= { > (—Héﬁll(lﬂéﬁll < Ag) + (@4, 85— B + X0 = 3 + 7751')
i€S*
1/2
~ 7” ~ 2
+ Z <<¢)-i’6* - 5t> T<X178* - 9t> + 77~z <|HE—,|;1| > /\B>>
i€St+1\5*
3 n? ; o =
. R* __ [t\2 o . O*x _ Pt\2 =2
~Z (D, 0% — )2 + ~Z (X 00— 02 4 Z_
1€StHIUS* 1€StHIUS* 1€S5*
rrt+1 2 rrt+1 —_ P41
(A A <A+ Y =) (1 = )
1ES* iESHH1\ S
Ak = 8k71) - \/4Ms + 6M log(1/0)
* A Ht — b
(S4.7)

where the last inequality follows from (S4.5)), (S4.6)), the sparsity results (S4.1]) and

the event £'. Combining (S4.7)) and (S4.2)), with a constant C; (depending only on
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k,m, and M), we have

~ 4k
15 = Bl < o

s+ log(1/p) n Slogp+010gn>
n n ’

18" = Bl + Ch (

by 4kd < 3k + 9, we further get that

~ . 46 \' - . C s+log(1/0) slogp+ ologn
1=l < (s ) 10 ( ell/o)  slogp tolos
K+ —m n n

holds for every t > 0. Additionally, from Theorem 1, we have

2 1o
< slogp+0 log”n

P{HBO—B*II% }21—0(p—2+n—3).

n2

Therefore, with a sufficiently large constant C,, for every ¢t > Cslogn, with a

probability greater than 1 — o — O(p~2 + n~3) we get the sharper error bound:

s +1log(1/p0) N slogp + ologn
n n '

18" = 5*l2 S

Combining this bound and (S4.1)), we complete the proof of Theorem 2.
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S5 Proof of Corollary 1

Sharper error bound: Under the beta-min Assumption 3 and taking o = p~2,

from Theorem 2 we learn that

= . s+lo slogp +ologn
IIBt—BHzSC<\/ e g>, (85.1)

holds for every t > Cylogn, with a probability greater than 1 — O(p~2 + n=3?).

On true support: On the true support S* = supp(5*), we have

= > {|Hf < s}

i€S5*

(1) ~ i ~
< 1| [(®4,8° =B+ —=(X4,0"— 0"
I i

O, B8 — 1) + L(X,, 0" — 6
y I )+ 35 )

icS* >\5
< 18 = B3 + £216* — 0113
~J )\2
B

ya S O S 10, 2 ologn 2
0 stue 1 (shz)? 4 (obn

~Y

supp(8*) — supp(")

K—0

1)
- 3K + )\5)

2

slogp (ologn 2
n + n )

iii 1 1 1
0 ( ERE ks L 0(1)> s = o(s),

logp s n
(S5.2)

where inequality (i) comes from ([S4.5)), inequality (ii) comes from the sharper bound

o?log?n

(S5.1) and (S4.2)), and inequality (iii) comes from the condition n > slogp = 2",
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On non-support: By Zi¢S* 1(Bf # 0) < Bs, we conclude that

‘supp(/;’t) - Supp(ﬁ*)‘ = > U{[Hf,| > A}

igs

(@) ~ n ~ 3k +0

< 1S (D, 85 — B + —= (X, 0 — 0| > Xg — [|1Z]| 00 > A
2> 1@ -+ ) 2 %0 - Il = 22001

i¢S*

= ofs),

where inequality follows from (S4.6)), and the last equation comes from a similar

process in (S5.2)). Therefore, by taking the stopping time ¢ > Cylogn we have

P {)supp(ﬁ*) A supp(f3")

= o(s)} >1-0(p?2+n?),
which completes the proof of Corollary 1.

S6 Proof of Theorem 3

Throughout this proof, Assumption 2 is used in the concrete form
n > Crpg{slogp + ologn},

where Cryz is a fixed constant depending only on M, n, k, chosen large enough
to dominate the concrete sample-size constants used in the proof of Theorem 1,

Lemma [2| and Lemma [3] satisfying:

) , 16C%,
OTh3 Zmax CThl, 30M Cg, GMCM, m .
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The proof of Theorem 3 proceeds in three steps: First, we introduce some useful
preliminaries. Second, by mathematical induction, we prove that, under beta-min and
theta-min conditions, i.e., Assumptions 3 and 4, the output of Algorithm 2 converges

to the oracle estimation A7. Finally, we derive the variable selection consistency.

S6.1 Preliminary

Assume supp(0*) # 0. For ease of exposition, we will denote (O*)¢ as —O*

throughout the following proof. Recall the formula of the oracle estimation:

Bl = B + (Xoe 5 X 05°) " X 5 56 0» € R,

BT_S* = 0 c Rp—|s*|7
1
vn

L n—|O*
o' ,. =0 c RO

(86.1)

GTO* = 0*0* + {50* - XO*,S* (XIO*,S*X*O*,S*)71XIO*,S*€*O*} G R'O*‘,

Therefore, we can rewrite the decomposition in the second-stage algorithm as:

Hé-i-l :Bt_i_%XT(Y_XBt_\/ﬁét)

_at t_aty o o Tipt _ gt =t
=4"+ @3 ﬁ)+ﬁX (0" —0") +n=",

HP =6+ %(y — XBt = /nb')

—01 4 (- 1)(67 — 0") + %X(BT — 3+

(36.2)

Mgt
\/ﬁé,
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- 1 _ _|s*
CUPRES EXIO*,—S*{In—o ~ X o5 (X o 5:X_005°) lon*,s*}f—o* e RPI¥,
and

g_o* = { n—o _X—O* S*(X o, S*X—O* S*) lX;rO*’S*}g—O* c Rn—|0*"
We specify Assumptions 3 and 4 as

4 M1 4 1
min |57 | > " Ag+5 %8P " hin |67 | > NN+ 4 Ogn, (56.3)
i€S* -0 n keO* -0 n

where A\g = A\g o and Ng = A\g o follows from (S3.7). Define the event

¢t logn .
= oo<3 52

— B, < By/AEEE gt — 0| < 44/

27 < 4y/ 222,

goracle =

16"

And the following proof is based on the event &4 N Ex, which holds with a

probability greater than 1 — O(p~2 + n~3) by Lemma [2| and Proposition 1.
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S6.2 Convergence to oracle estimation

Similar to ((S4.5|), under the event &£,,4.. and the beta-min condition in ([S6.3)),

we have
2
<Ht+1) 1 ’Ht+1’ < Ay)
1€S*
<Z)\2 (W”—‘ ﬁt>+i<X“9T §t> <)‘B)
i€S* \/_
! j 3k +0
S2N —= (X, 0" ¢ “ |8t B
SN (|t = )+ 8 =89 > 15T 19— 5~ e 2 2 )
1€S*
2

AP

(S6.4)
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leading that

16" = 51l

2
< { S (~ AU < Xa)+ (@08 = 3+ (X001 - 01)
ieS*

1/2

2
o (<<I>.i,ﬂ*—/5’t> %me—9t>+n531(\ﬁ2§1\2w))

i€ StH1\S*

So@n -+ | > %X“QT—W)

i€ StHiys ieStriysx
+{Z(ﬁggl) L(|HS < Ag)
1€S*
B 1/2
2 - X, 00— 0 3k+40
=t t t (X, =t
=) 1| (@, 8" — D P> g — 102 > =
£y () (< 5= B+ B 5= Il loe = = |>
ieSt+1\ g
4K 2/177
< ek f 6t — ot
< g (315" = e+ 220 g1 = 1l ).

(86.5)

where the second inequality follows from the event &,,4... The last inequality follows

from ([S6.4), the techniques (S3.15) and (S3.16]), and the sparsity result (S4.1|) derived

in Theorem 2, which holds consistently for every ¢ > 0 with a probability greater

than 1 — O (p™2 +n3).
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Similarly, the event &,,40e and the theta-min condition in (S6.3|) yield that

~ 2 -
S () 1 < )

1€O*

~ 0 3 6
Sz;Ag'l (‘(n—1)(93—9§>+%Xi.(6T—6t) > 167 = 16 = 87w = 2o = S Ae)
<(£22) 3 (- -+ oxe-3)
T \3kt+0) & ! S Ve |

(S6.6)
which leads to
Hét—t—l . 9T||2

2
ot Frt41 o t_at n -
< {; ( HEE (| HE < No) + (n — 1)(0] — 01 + —\/EXZ.(B 8 ))

L) /2
T Ot n >t n t -
+Z,€O~t+zl\0* ((77 —1)(0] = 0;) + %Xz(ﬁT — B+ ﬁle <|H91'1| > Ag)) }

= J > ((77 — 1) -8 + %in(ﬁT - Bt))

i€Ot+1UO*
- 2 5
+{Z (7)1 < M)
i€O*
i\ 2 ; ; 1/2
né; foa n P n&i | - 3x+0 |ng
1 —1)(8! — 6 —X. — > — >
= t+1 *

4k
<
—3k+0

(006"~ 0l + 22 13 = o1 ).
(56.7)
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Combining (S6.5)) and (S6.7)), we conclude that

S 4Kk0 S8k2n - f t_ ||50—5T||2+||9~0_0TH2

16" =Bl < (3/<;+5 (3k +0)(r = 9) 2
EEI D SN T
3k+d  (Br+6)(k—0) 2 7 |

4K6 8/1277.f t - ; - )
: (3n+5+ (3/@—1—5)(5—5)) (18° = 812 + 116° — 6]

simultaneously hold for every ¢ > 0. Define Cy := ||3° — B1||2 + ||6° — 67|]2 < oo and

ri= 3‘:156 + (355—51552)?;5—6)’ by the definition of f in (S3.6)) and the sample size assumption
2
n > % - (slogp + ologn), we conclude that r < W < 1. Therefore, we

prove that, with a probability greater than 1 — O(p~2 +n=3),
18" = Bl < Co x 1!
holds for every ¢t > 0 in the second-stage algorithm.

S6.3 Oracle estimation rate
According to ([S6.1)), with a probability greater than 1 — O(p~2), we have

18T = B2 = | (X o 5 X—0r52) " X 50 ob0]|,

3M
< — [Xlo 5o

(56.9)

2 Y

where the last inequality follows from Lemma [3] which implies

1l = 1 _3M
2 Amin (XI—O*’S*XfO*,S*) - n )

(X e 5o X_0n 5+
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For a given design X, from Theorem 2.1 of Hsu et al.| (2012)), we learn that

PSlX{ ||XIO*,S*£*O*H§ 2257’ (XIO*“S'*XfO*,S*) + 2 Hon’ﬁvs*Xfo*rs*HF \/a

+ 2Amax (XIO*,S*XfO*,S*) u ’ X} < e Y.

(S6.10)
Additionally, if X € Ex, we further conclude that
tr (onas*X—o*,s*) <tr (X-,TS*X-,S*) < 2Mns,
X 0 5 Xo0m 50 || 3 <5 | X or 5- X050 ][5 < 8[| X5 X || < 402025,

Amax (XTpe 9o X0 50) < || X 5 X 50

) < 2Mn.
Therefore, by taking u = log(1/p) into (S6.10)), we have

Pex ([[X 7056 0|3 = 2Mn(2s + 3log(1/0)) )

SPf,X (S)C()—FEx{l(gx)PﬂX <HXIO*,S*€—O* >2Mn(28—|—310g l/Q ‘X)}

_4 —28+Q
(86.11)

Combining (S6.8 and ([S6.11)), with taking the stopping time ¢ > bg(g?:)), we

guarantee that

S 1
S 18] =B < 118" = 8"l < . (56.12)
1€
and
13 =5l < |3 =B 18—l < Lpongerzy/s s/l Js+1os(l/e)

n n—o
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with a probability at least 1 — o — O(p™ +n™3).

S6.4 Variable selection consistency

By (S6.12)), we conclude that:

e For every i € S*, under the signal condition ([S6.3) we have

4k 1

151 = 187 = 18] = By = 18] = Bl = —As =~ >0,

,{‘/ _—
which proves that the whole support set S* is recovered.

e For every i ¢ S*, we have
At t t A o L
18;1 < 1B;1 + 18] = Bi| < o < s,

which proves that we cannot discover any entry on (S*)¢ by using the hard-

thresholding parameter Ag.

Therefore, with a probability greater than 1 — O(p~2 + n~3), we have

supp(3') = supp(3') = supp(3*), for every t > C'logn,

which achieves the variable selection consistency of 3. Meanwhile, by utilizing the
technique similar to ([S6.8)), we also establish the convergence of the estimator {ét}tzo

to the oracle 67, therefore demonstrating the selection consistency of 0.
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S7 Proof of Corollary 2

For every vector v € R® with |||z < oo, according to Theorem 3, we have
Vi T Bse = /iy T Bl + 0,(1).

Therefore, by Slutsky’s Lemma, we only need to prove the asymptotic normality of

L. By (56.1),

XT . o X xT
—0+,5 X075 —0,5+§-0

n—o n—o

=vny' (

n 1

n—o vn'

-1
on* S*X—O*,S* XIO* S*X—O* S* on* S*f_()*
-+ \/EW/TZE}’S* {ZS*’S* — : : :

Ty —1 T
ZS*,S*X—O*,S*g_O*

n—o n—o n—o

n 1
== A — 27*1 *XT* *_*+O
n—o \/57 s*.8 —O,sfo p

nslogp
(n—0)32)"

where the last equality follows from (S6.11)) and a similar technique used in (S2.2]).
Define ¢; := \/LEWTZ;,S*XJS*&. Clearly, {¢;}ic_o+ are independent and zero-mean,

and

1 cea?||vI3
g Var(e¢;) = E EQUQVTE;}’SW > #, (S7.1)
ie-0* ie-0*
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where ¢ = %&5) is a posotive constant. By the Cauchy-Schwarz inequality, we have

Y Elgf =0 )" B(y' S5 o X o ?) - BIGP

1€E—O* 1€E—O*
< 05 11252 s 113 - B(1 X s [I3) - 0® (S7.2)
~ nl/2

0353/2

S W”VH% )

where the last inequality comes from the property of sub-Gaussian random variable.

Since

Zie—o* E|6i|3 < g3/2p—1/2
(Xie_o- Var(e))”* ™~

by Lyapunov’s central limit theorem and Slutsky’s Lemma, with n = s3, n > ologn,

we conclude that

1 _ D _
_VTESE,S*XIO*,S*€*O* —>N(0 s C§U2FYTES*175*P)/) .

Jn

Furthermore, combining with \/n = slogp, we get
> «\ D _
VT (Bse = 85) S N (0, ceo®y 250 6.7)

for every v € R® with ||y||2 < co. Therefore, we complete the proof of Corollary 2.
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S8 Proof of minimax lower bounds

The proof of lower bounds proceeds in three steps. We first follow the proof tech-
nique in Chen et al. (2018) and get an estimation lower bound of the e-contamination
model. Then, we employ a Bayesian method to connect our empirical contamination
model with the e-contamination model, thereby establishing Theorem 4. We finally
apply a similar technique to obtain the lower bound for variable selection, and
complete the proof of Theorem 5.

For ease of display, we denote by 7x(X;.) the distribution of the i-th observation
X;. € RP for each uncontaminated index . We also assume the noise ¢; follows from

a Gaussian distribution A(0, 0?) independently for each i € [n].

S8.1 Estimation lower bound related to €¢-contamination model

We assume s is an even number, and construct two coefficient vectors as

(S8.1)
/8(2)_(07 707)‘7"'7)\7()’ "70)T€Rpa
—_——— N —
s/2 s p—3s/2
where A = /A~ - 2 - 2. Let P, denote the joint distribution of (X;.,Y;) given 3",

8C2s /s n

where assume that X;. € R'? has marginal density function mx(-) and, conditional

on X; and M) Y; follows a normal distribution N'(X; 3", ¢2). Similarly, we define
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P, as the joint distribution of (X;.,Y;) given 3®). It is straightforward to learn that

0 < {TV(Py, Py} <KL(P,|Ps)
1 T
= (B — g2 5 (80 — @)
() Oy
<

~ 20?
_ ( 0 )2 _(_o/tm)
- \4n 1—o/(4n)) ’
where inequality (i) follows from supgc(,).sj<as A1(Zs,s) < Cas and the construction

in (S8.1). We then define ¢ := %, and it is directly to learn that 0 < € <
o/(4n).

(S8.2)
%

Define density functions

. dPl . dP2
P=ame, 1 py) PP AP 1Py

Define Q; and Qs (both are the joint distributions of (X;.,Y;)) by their density

functions
dQ; _ (p2 —p1) - L(p2 > p1)
d(P; + Py) TV (P, Py) s83)
dQ> _ (p1 — p2) - L(p1 > p2)
d(P, 1 Py) TV (P, P,)

Following the proof of Theorem 5.1 in (Chen et al., 2018), it is easy to check that
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both Q; and Q, are well-defined probability measures. It can also be checked that

d((1-€)P1+€Q1) ) ,(p2 —p1) - L(p2 > p1)
TS Sy R Ik ey ey
_ / ( ) 1(]91 > p2)
— (1= ¢y L (88.4)
~d((1 = €)Py +€Qy)
d(P; + Py)
We construct the prior of 3 as
ma(8 = W) = ms(8 = %) =1/2, (S8.5)

where recall the construction of 3 and 8® in (S8.1]). Therefore, for any ¢ € [1, 2],

we derive that

inf Egr, By x)e 5.Q8) (|I5 - ||Z)

B
q N 1/q
> 20 {0 - ey eai (18- 501, > 57
R /a
Ha =Pt eu) (13- 571, 2 22
(@) N A
> inf {[(1= )Py +¢Q)] (v7(3) =2) + [(1 = )Py + €@y (v7(B) = 1) }

1 olgt=/2p4 sA\?
T8(8Ch,)1? ne (_ ?) ’

where Ey x| 5.q(s) denotes an expectation based on the joint distribution of (X;., Y;)ien,

($8.6)

with each (X;.,Y;) ~ (1 — ¢)P; + €Q, independently for 3 = 5, and we use

Q(BY) = Qy to emphasize that in our construction the contamination distribu-
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tion is partially determined by . Additionally, in inequality (i) we define the
selector ¥*(3) = arg minge (2} 16 — 5“)]|,, and this inequality holds because that
By =2= (18- BYy = 18 - 8P, = 59N = |6V = 82|, < 2|15 - Y|,

And the last equality follows from ([S8.4]).

S8.2 Estimation lower bound in Theorem 4

Section [S8.1] gives a minimax estimation lower bound under the Huber contami-
nation model (X;.,Y;) ~ (1 — €)P + € Q. However, this lower bound (S8.6) cannot
be applied directly in our frequentist-setting model. Given (3, n, k,c and 7x(-), we

define the distribution class of (X;,Y;)ic as

Ps,i = {(n — k) observations are drawn from ms(X;.) x N'(Y;, X;.53,07%),

)

($8.7)

k observations are drawn from arbitrary Q }.

Define M(53,0) := Uy<p<, Ps.i, and in this subsection, we focus on deriving a lower

bound as

: A log(ep/s) a/2 g2 0"
inf supsup B (I8 Bll1) 2 0% (52 ) qonsta2l (s8.8)
B BlBl<s ReM(Bo) n ni

where R is a joint distribution of (X;.,Y})icp-

It is straightforward to apply the uncontaminated result (Raskutti et al., 2011}
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Ndaoud}, 2019)) to get

it sup s By (|5 0)2)
B BlBllo<s ReEM(B,0)

log(ep/s) a2 (S8.9)
ep/s
>inf sup sup Egr (Hﬂ B4 ) ols (g—p) ,
B B:|Bllo<s REPg k=0 n
for any ¢ € [1, 2], therefore we only need to derive the term 0‘131*‘1/22—2.
We first get a lower bound as
q
inf  sup sup EXYNRHﬁ (Y, X)-p
B BBllo<s REM(B,0) a
q
=inf sup sup sup EXy)NRHﬁ (Y, X)-p
B BillBllo<s k<o RePgy q
@) A q
2 0f By, Ben By (5, o) Boerior D |G5(Y, X) = 5;
7 i€lp)
(i) . (S8.10)
> Z inf EﬁkEXYWk: BJ<Y X) ﬁj
P B (Y. X)

(g) Z A inf EY,XEB,MY,X

jep) P10

~ q
= Z EY,X Eﬁ,k;lY,X ‘Mj(Yv X) - 5]’

JEP]

5v, x) - g

Some remarks on ((S8.10)):

1. In inequality (i), we first construct a distribution 7 := Binomial(n,€') and
denote 7 the conditional distribution of 7 given 0 < k < o. Once (=
BD) and k are generated, we use Q(3) (derived in (S8.3))) to represent the

contaminated distribution, and denote by Ps(Q(3)) the subset of Ps, given
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the contamination Q = Q(f). It is then clear that [Ps.(Q(3))] = (}), and we
write R ~ U(Ps,.(Q(8))) to denote the uniform distribution over the collection
Psx(Q(B)). Equivalently, each subset of size k is chosen as the outlier set with

probability 1/ (Z) )

. In inequality (ii), we write Egj as an abbreviation of EgonsEgoro. And we
write the abbreviation Ex y since the joint distribution of (X,Y") is fully

specified given [ and k:

k) ocln):|O|=k \i€O €0

as we discussed in inequality (i).

. In equality (iii), we denote by Egkjy,x the conditional expectation based on the

probability measure

o P(B=p8"kXY
T avx (B, k) = : P (3 =B k;)—k/ X,Y)
2[’6{1,2},0§k’§o (B=BYk=F,XY)

where

P(5=58kX,Y)
(Z) (€)*(1 — )k
Zoék/go (,?,) (¢)¥ (1 — &)W

> {H QX Yy) - [ [ rs(Xi )N (Vi, X899, 02)} ,

(k) OcC|n]:|O|=k \i€O 120

1
==X
2

‘ -

X

3
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4. In the last equality, by Theorem 1.1 on page 228 in (Lehmann and Casella), [2006),
there exists a Bayes estimator Mj(Y, X) achieving the infimum. Additionally,

this estimator is better than the zero estimator, leading

NGV, X)| < [Baayx (WY, X) = B)] + [Easrexc

(Jensen)

~ a\ /e
< (Eﬁ,k\KX‘Mj(Y»X)_ﬁj) + (Baupyx |61 (S8.11)

<2 (Egy.x |5j|q)1/q -

Therefore, we bridge the €’-contamination model (S8.6) and our frequentist-

setting model for any ¢ € [1,2]:

i%f Esr,Eyv x1e 5,08 (Hﬁ - ||Z>

q

Bi(Y, X) — B

= irgf EgrsEgr, ERNU<7DBJ€(Q(5))>E(X’Y)NR Z
J€lp]
~ q
SEgors Binm Er v (p, (e Bxn~r (k<o) Z )Mj ¥, X) =8
J€lpl

q

+ EBWBEkNWkERNU(PB,,C(Q(ﬁ)))E(X,Y)NR 1(k > 0) : Z ‘Mj(Y, X) - 53‘
j€lp]

(Jensen)

S EﬁwmgEkNWEERNU(prYk(Q(ﬁ)))E(X,Y)NR Z ‘MJ<Y7 X) - 6j
J€lp]

q

+ 2471 Z E/3~7rﬂEkwkERNU(PM(Q(@))E(KY)NR {1(]{; > 0) - <|Mj(y’ X))+ |5j|q>}
J€lp]

<inf sup sup  Exy)-r HB(Y, X)-p
B B:llBllo<s ReM(B,0)

! + 158\ - m(k > o),
q

(S8.12)
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where the last inequality follows from ([S8.10)), (S8.11)), and also the fact

<N if j < 3s/2,

Esry.x (18517
—0  if3s/2<j<p,

leading by the construction of 75 ((S8.1]) and (S8.5)).

By Bernstein’s inequality (Appendix D.4 in Mohri et al.| (2018))), we have

Lo —ne)?
(k> 0) < exp (—%) < exp(—90/16),
3 n

where the last inequality follows from € < o/(4n). Therefore, combining (S8.6|) and

(S8.12), for any ¢ € [1,2], we have the lower bound

N q
inf sup sup  Exy)~r Hﬁ(Ya X)-8
B B:Bllo<s ReM(B,0) a

>s\ (é —15 exp(—90/16)> (S8.13)

—q/2
>M .O'qsl_q/QO_q’
- 80 n4

where the last inequality follows from the assumption o > 9. Hence, we complete the

proof of Theorem 4.
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S8.3 Selection lower bound in Theorem 5

The proof of Theorem 5 is quite similar to that of Theorem 4. Define

B 5 = € RP: < y i i 2 .
(s.0)i= {B € R 13l < 5, min 54 > o

From Wainwright| (2007)) and Fano’s inequality (Tsybakov, [2009), we have

inf sup sup ER{ ‘S(X, Y) A supp(ﬁ)’ } > (98,
S BeB(s, crov/(loa(en/s)/n) BEPk=0

where infg denotes the infimum over all support set estimation S based on (X,Y),

and c1,co > 0 are two absolute constants. Therefore, we only need to prove the

selection lower bound based on the parameter subspace B(s, \) with A =

We introduce the decoder n = n(8) € {0,1}?, with each n, = {n(8)}, = 1(8; # 0).
Denote the selector 7(X,Y) € {0,1}” as the estimator of n(/). By using the same

technique in Section [S8.1 we have

Hﬁlf EBNNQEY,XW,,B,Q(B) (”ﬁ(Xa Y) - 77(6)”3)

= Héf EBNF[JEY,X|E/,B7Q(/B) ( S’(X7 Y') A supp(p) D

i % Al =Py +equ) ([3067) A supp(s™)] > 2) (S8.14)

(1= )Py +€Qu)

S(X,Y) A supp(ﬁ(”)( = f)}
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We next analyze the selection lower bound in our setting. Here we rewrite the

prior 75 as a prior on 1, i.e., m,(n =n) =1/2, ¢=1,2, where

77(1) = (1,---,1,0,--- ,O)TGR”,
—— ~—

’ e (S8.15)
77(2) = (0,---,0, 1,---,1,0,---,0)" € R
—_— = Y=
s/2 E p—3s/2

Thus S = An®. And we get two results similar to (S8.10)) and (S8.12):

inf sup sup  Exyyer 7Y, X) = n(8)|5
1 BeB(s,\) REM(B,0)

. ~ 2
2l By, Biort B (p, o) B D (V. X) =m)* (s8.16)
J€lp]

. 2
> Z Ey x E;xyvx <Tg(Ya X) - nj) ;

JE[P]

and

H%f EBNWﬁEY,X|€/,,B,Q(ﬁ) (Hﬁ - 77”%)

~ 2
SETI"’”WEk"’"’;‘;ERNU(P,\mk(Q(/\n)))E(Xﬂy)NR Z (TJ<Y7 X) - 77]’)
j€lp] (S8.17)

+ 2s - E7IN7T71EkNWkERNU('P)\n’k(Q()\n)))E(va)NR {1<k' > 0)}

<inf s sup Bpoyer (Y X) — n(B)2 + 2s-milk > o),
T BeB(s,\) ReM(B,0)
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where T;(Y, X) := E, ry.x(n;) € [0,1]. Therefore,

~

inf sup sup  Exy)~r [S(X,Y) A supp(f)
S BeB(s,\) ReM(B,0)

>— —2s-exp(—90/16) (58.18)
- 5 9
where the last inequality follows from o > 8, and thus we complete the proof of

Theorem 5.

S9 Technical Lemmas

Lemma 1 (Support error control and element-wise error control) Assume
& ~ SG(0,0?%) independently for i € [n]. Recall S* = supp(8*). Then, under As-

sumptions 1 and 2, we have

< U\/4Ms—|—6Mlog(1/g)
n

P (% | X 5-€ ) >1-2p> 0. (89.1)

Additionally, we have

1 M1
P sup|-XT¢| <o/ 282 ) 51 —9p2 _9p3, (89.2)
icp] | TV n
and
P Ll <300/1087) o1 gps (S9.3)
sup |[—&| < 30 —2n="°. :
keln] | V1 n
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Proof 1 (Proof of Lemma In this lemma, Assumption 2 is used through Propo-

sition 1 with Cy = 1, namely in the concrete form
n > 30M*Cx, max(slogp, 0ologn).

Define

El = { sup max Ay <1X,T9X_S> < 2]\/[} (59.4)
n

Sclp): |S|<s 1<k<|S]
Then by Proposition 1, P(Er1) > 1 — 2exp(—2slogp). The next two parts constitute

the main proof.

For Equation (S9.1) By using Theorem 2.1 of |Hsu et al.| (2012) and Assumption

1, for a given X, we have

T |2 T T
P { HX'S*§H2 - <X.S*X.S*> s HX,S*X,S*
no n n

Combining with |S*| = s, under event £y,

F n

XTI X
VI 4 20 o <5—S> t ‘X} <et

X X o : XL X.o
tr (—S > ) :ZAk(—'S >y < 2Ms,

ZAQ(

HX L X |

) < 4M?s.
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By taking t =log(1/0) (where o € (0,1)), we obtain

1 2
p (W X 5€|l, > 4Ms +6M 1og(1/@))

1
SP(521) + EX {1(5L1) -P <W HX_T*§

2> 4M's + 6M log(1/0) ‘ X)}

<2p % + o,

which completes the proof of equation (S9.1)).

For Equation (59.2) and (89.3) For a given X, it is straightforward that

—_

2 = 2 X[ & is sub-Gaussian random variable with sub-Gaussian parameter o|| X.||2/n

(Wainwright, 2019), leading that

1 M1
P | sup —Xj.g S 4o ogp
i€fp] | T n
1 M1
<P(ES) +Ex{1(En) - P |sup|-X ¢ >4a\/m ’ N
i€fp] | n

§2p—25 +p . 26—410gp — 2p—25 + 2p—37

where the second inequality applies the union bound and the fact max;ep, || X3 <

2Mn under the event E1. A similar union bound yields that

/1
P | sup > 304/ 22" < 2exp(—3logn).
keln] n

Therefore, we complete the proof of Lemmall.

1
%fk
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Next, we control the error related to the oracle estimator. Recall that

5;* = Bs- + (XI—O*,S*X—O*,S*)_IXIO*,S*S—O*’ BT—S* =0,
1
vn

= _ T
—Gg*x 07 50* - 07

GT x — 9*0* + {50* - XO*’S* (XIO*,S*XfO*,S*)71XIO*,S*§LO*}7 91;0* - O,

— 1
;:‘l;S* = ﬁXj *,75*{1—”70 - PfO*,S*}é*O*)

ST_O* == {[n_o - P—O*,S*}S—O*y
where we define
P—O*,S* = X_O*’S*(XIO*,S*X—O*,S*)_1X;|—O*7S* c R(n—o)x(n—o).

Lemma 2 (Oracle error control) Assume that & ~ SG(0,0?) independently for

i € [n]. Under Assumptions 1 and 2, we have

Mlogp

P sup 2| <40 >1—2p % —2p7 %,
1e(8*)¢

/1
P sup < 30 e n >1 — 2073
i€(0*)e n

Additionally, under signal condition (S6.3|), there are element-wise estimation bounds

T (59.5)

vn
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on the oracle estimators BT and 6 :

/M1
P (sup 63 — Bf| < bo ng) >1—4p 2 —2p3,
i€S* n
(59.6)
/1
P (sup 92 — 07| <4o ogn> >1—4p 2 —2n73.
icO* n

Proof 2 (Proof of Lemma In this lemma, Assumption 2 is used in the concrete

form

n > Coracle{slogp + ologn}, Coracle = Max {BOMQC’E, 6MC]2\4} .

This condition covers the application of Proposition 1 with C; = 1, and the minimum-

eigenvalue bound in Lemma[3. Then, two parts constitute the proof.

For Equation (59.5) For every i € (O*)°, it is straightforward that & =

GT(In_O — P—O*,S*)S—O* satisfies

(2

el No? T
E¢ x (e ) < Exexp 5 Hei (In—o — P,O*,S*)

\3) < exp (A;U?) (59.7)

for all A € R, where e¢; € R("9*1 is a vector with 1 at the i-th position and 0
elsewhere. Therefore, 52 is a sub-Gaussian variable with sub-Gaussian parameter o

(Wainwright, |2019), which leads that

3

1
230\/10gn> < Z 2 exp (—9 Oan) < 2exp(—3logn).

P: x ( sup
ie(0*)°

ie(0*)e
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Similarly, with a fixed design X € R™ P for every i € (S*)¢,

=t Ao A2o?
EE\X (6)\“1') S exp ( 2n2 ||(-[n—o — P—O*,S*)X—O*,i |§> S exp (W ||X’7J||§> s

by the event &£ (defined in ((S9.4))), we conclude that

[ M1 [ M1
P ( sup |ZI] > 40 ng) <P ( sup |ZI] > 40 ng,X € 5L1> +P(&)
ie(s*)c n n

1e(S*)e

<2p3 +2p7%,

therefore we complete the proof of (S9.5)).

For Equation (S9.6) Similar to (S9.7), with a fixed design X € R"*?_ for ev-

ery 1 € S* and A € R we have

oy @
Ee v (g(ﬂi—ﬁi)) < exp

A20? N 2
e (KT X050 X s 2)

2

A2 _ 2
Sexp ( 2 H(XIO*,S*X_O*,S*) 1X—_|—0*7S* )

A2 1
=exp s
2 Amin(X;ro*ﬁ*X—O*,S*)

where inequality (i) follows from the relationship (S6.1)), inequality (ii) follows from
IANZ = [|AAT .
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Define the event

n
Ero = {||XO*7S* , < CM\/slogp—l—ologn, Ain (on*,s*X—o*,S*) > }

Then, by Proposition 1 and Lemma [3, we have P(Er,) > 1 — 4p~2%. Therefore, by

the probability union bound, we have

M1
> 504/ ng> <P (sup
n i€ES*

S 2p—3 + 4p—25‘

Mlogp
n

B - B; Bl - B

> bo ‘ELZ) P(&2) + P(EL,)

P | sup
ieS*

Additionally, with a fixed design X € R™*?_ for every ¢ € O* and A € R, we have

T_g* I/ A _
Eng (6)\(9~; 91)> = {Ef eAfz/\f} . {E§|X exp <_%€;’FXO*,S* (XTO*,S*X*O*,S*> lX——rO*7S*€O*)}
2
2

A2o? \2o? _
Sexp( o ) ~exp( o HQ@'TXO*,S*(on*,S*XfO*,S*) o . g

A2o? 2 T -1
<exp o <1+||Xo*,s* QH(X—O*,S*X_O*75*> Hz)

252 X o ||?
=exp g 1+ ” 0,571
2n Amin (X e g X0+ 57)

Therefore, under the assumption n > 3MC%,(slogp + ologn), we have

1 /1
> 4o ogn> <P (sup > 4o ogn , X € 5L2> + P (&5,)
n i€eO* n

<o 4 Ap,

0f — 0 0 — 0

P | sup
icO*
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Therefore, we complete the proof of (S9.6)), and hence the proof of Lemma 2| is

completed.

Lemma 3 (Restricted minimum eigenvalue control) Recall S* = supp(5*) and

O* = supp(0*). Under Assumptions 1 and 2,

X', o X _or g
P Ay, (o080} s L) sy g
n 3M

Proof 3 (Proof of Lemma In this proof, Assumption 2 is used in the concrete

form

n > max {30]\/[202, 6MC’]2W} - (slogp + ologn).
This condition covers both the application of Proposition 1 with C7 =1 and the bound

slogp + ologn 1
C? < :
M ~6M

(59.8)

By Weyl’s inequality and the decomposition X,TS*X.,S* = Xg*,s*Xo*,s* +on*,s*X—o*,s*;

5 we have

A XjO*,S*XfO*,S* AL X.TS*X.,S* A Xg*’S*Xo*,S*
min n - min n max n

with a probability greater than 1 — 4p~2

1 | Xox 5|3
= oM n

1 o2 slogp + ologn
=oM M

1

v
|
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where the second inequality follows from the restricted isometry in Proposition 1, the

third inequality follows from the restricted incoherence in Proposition 1, and the last

inequality follows from the condition (89.8). This completes the proof of Lemma @

S10 Additional Details about the Extension to GLM

In the Discussion section, we extend the two-stage AC-IHT algorithm to the
setting of generalized linear models (GLMs). Compared to the linear model case, only
the gradient descent step requires modification. Therefore, we begin by analyzing

the decomposition of Hj"™ and Hy*.

S10.1 Preliminary

Let X e RP*! he the transformation of the ith row of X. We have

Hy =g = 13 X0 (§(¢h) - V)
=5 = (B = 8 = XL ) H(6)) — (V-6 |
=8+ (2 DX - Ip) (5"~ #) (5101

i - 1"t (), T x ﬁn (3) (%
+\/ﬁ<;b(@)X ez-)(e 9t)+n;X (Y = V()
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(S10.2)

where ¢! = (X T8 + /ne 0!, ¢t = N+ (1 — M) for some X € (0,1), and

KA

t.— %Z?:l b//(éf))((i)(X(i))T _ [p c Rpo, X't — Z?:l b“(éf)ei(X(i))T € ]R"Xp,

[1]:

= L5 XD, () € R, e; € R be the i-th standard basis vector,
D' = ndiag(b"(Ch),..., 0" () — I, = >0 b"(CHee] — I, € R™™ and € :=
Sor e (Y; = V(¢})). The decomposition of Hit' and Hy™ reveals that the structure

of HEH is similar to (S3.9) in the proofs of Theorems 1 and 2.

S10.2 Useful lemmas

The following lemmas establish that X*, ', =, and é retain the same properties

as those in the proofs of Theorems 1 and 2.

Lemma 4 (Proposition 1, GLM version) Under Assumptions 1, 2, and 5, for
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any fived constant Cy > 0, with Assumption 2 imposed in the concrete form
n > 30M*C,Cs max(slog p,ologn),

the following properties hold with probability greater than 1 — 4 exp(—2C,slogp):

1. (Restricted isometry) For every index set S C [p| with |S| < Cys, the sample

covariance matriz satisfies:

L 2 T 1 . "¢t (3) @NT 2 |S|
srpluls < w (E;b (CHXO(x@) uw < 2MU|ull?, for each u € R
1= S,S

(S10.3)

2. (Restricted incoherence) There exists a constant Cyy > 0 depending only on

M such that:

sup sup
SClp]: |S|<C1s OC[n]: |O|<Cio0

XtO’SHQ < U+/C,Cyy/slogp +ologn.  (S10.4)

Proof 4 (Proof of Lemma [4)) Under Assumption 5, for every index set S C [p]

with |S| < Cys, we have

2



SHIXTANG LIU AND HANMING YANG

A similar technique shows that

1 2 : 11t (4) (%) 1 L
min (n b ( ’L)( ( ) )S,S — mln( ) oM il 2M7

=1

therefore we complete the proof of (S10.3)).

By the definition of X', for every index set S C [p] with |S| < Cys and set
O C [n] with |O| < Cho, we have

ST ()XY (X T

1€

~ 2 ~ ~
%], = o0 %5], =
2

0
< U [|Xo.sXo.s ],

< U?C,C3; - (slogp + ologn),

where inequality (i) follows from Assumption 5, and the last inequality follows from
the restricted incoherence result in Proposition 1, which holds with a probability

—2C1s

greater than 1 — 4p . Therefore, we complete the proof of Lemma |Z|

Lemma 5 Assume that GLM (5.1) holds with ¢ = (XW)T g*4/ne] 0%, for everyi €
[n]. Then based on Assumption 5, & = Y; — V() is sub-Gaussian with zero mean

and sub-Gaussian parameter o = v/ aU, that s,

2

P(lY; =V (¢)] >t) < 2exp (—;—U) , for allt > 0. (S10.5)
a

Proof 5 (Proof of Lemma |5) Note that for GLM (5.1), we have Ey, xu)(Y;) =
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b'(CF). From Theorem 5.10 of Lehmann and Casella (2006), we also have

b(Gi" + Aa) — b(¢]

a

Ey, x@ (exp(A\Y;)) = exp < )) , VAER, (510.6)

which leads to

Ey, xo <6A(Yﬁbf<<;))) — exp (b(g;‘ +Aa) = b(C) — Aa- b’(g;))

a

© exp (%) (510.7)

2
< exp ()\ ;U>, VA eR,

where in equality (1), Qtz 15 between (; and (; + Aa based on Taylor’s Theorem, and
the last inequality follows from Assumption 5. Hence, we prove that Y; — V() is
sub-Gaussian with zero mean and sub-Gaussian parameter o = v/aU, and it satisfies

the concentration inequality (see, e.g., Wainwright (2019)):

2

t
W) > < S > 10.
P(|Y; b(§2)|_t)_2exp( 2aU>,w_o, (S10.8)

which completes the proof of Lemma [3]

S10.3 Proof of Theorem 6

We are now ready to present the proof of Theorem 6. The proof is divided
into three steps: Step 1: establishing the convergence property of the first-stage

algorithm (Theorem 1, GLM version); Step 2: establishing the signal adaptive
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result of the second-stage algorithm (Theorem 2, GLM version). Define M’ :=

max (M, ¥, MU).

y L

Step 1 (First stage Algorithm 1, GLM version) Define the event

/ ~
Eornr ::{ 4 [aUM logp’ and Hif' _3 /aUlogn}’
0 n NN n

—_
—
—

and
i < A (20 07 (CHXE (X T) <2M', SClpl: IS|< (2B + s and 1 < k< 8],
Ex.gLm = ;
SUDSC[p]: |S|<(B/+1)s SUPOC[n]: |O|<(B’+1)o Xto,sH2 < (VB +1)f'vn
where

/ 7\ 2 2
, (K +0 ,  AM - \/slogp—l—ologn
B = (/i'—(sl) >1, ¢ := —4M/2+1 € (0,1), f =CyU - ,

and the decay rate ' € (¢’,1). The event Ex gy follows from Lemma {4 with C) =
2B’ + 1 for the restricted isometry part and Cy = B’ +1 for the restricted incoherence
part. These choices are fixed once M, L,U and «’ are fixed. By Lemmas [ and [5, we
have P(Eqry NExcrm) > 1— O (p~2 +n~3). Under the event Eqry N Ex.ari, we

choose some proper parameters

logp ologn
Moo X VaU |\ —— + —F—= |,
- ¢ ( n * n\/g)
1 1
N = Val (,/Ogmsogp).
n n+/o

2M’ 4mM’
AM'24+17 4M'2+1

(S10.9)

Then, by choosing the learning rate n' € [ } and applying a proof
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process similar to that in Section [S3.2], we ensure that, with probability at least
1 — O(p~2 4+ n=3), both estimators are {o-sparse, i.e., [|BFM |, < s, [|6%EM |y < o,

and satisfies

~ . slogp  o?log*n
I3 = 1 st (L 4 ,

S1 o (S10.10)
175N — |2 <aU (ologn L8 log p)
~ n :

Step 2 (Second-stage Algorithm 2, GLM version) Following Lemmas

and [5] we have

1 .
p{- HXT*g
n

4 log(1
| < varan 2 ORel f sy (),
2 n

—.c!
7'5GL1\/I

We fix the threshold parameters Ag, Mg as in (510.9). Then, under the signal condition

s 4k’ K = logp ologn
> . = .
min |67 > <,4_5/+ o ) As =< VaU (\/ SEes ) s

by applying a proof technique similar to that in Section [S4.2], we get the sharper

bound

~ . s + log(1 slogp+ ologn
1FEEM _ g, < g(1/o) , slogp gn.

n n

with a probability greater than 1 — o — O(p~2 + n3). Therefore, we complete the
proof of Theorem 6, demonstrating the signal adaptivity of our procedure under the

GLM setting.
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S11 Proof of Theorem 7

We first establish the estimation error bound for the regime where § € (0,1).
Before proceeding to the main analysis, we provide some necessary probabilistic

inequalities.

Concentration of |Z;|. Define
=1L 1 .
== o ZXijfz' = ZXij¢r(€i>7 for every j € [p].
i=1 i=1
For every k > 2, by the definition of ¢.(-), we have the moment inequality

E(|&|") =E{7*1(le| > 7)} + E {|e|*1(le;] < 7)}
k|€i|1+5 . Tk—l—zi
<R {Jal 1 (la] > 1) + el T1(le] < 1)}

Svﬂk*l*é.

By the sub-Gaussian property, we obtain

BOXl) = [ PUXGI > 0)de < (2551 (k/2),
te
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Then, for every A satisfying |A\| < —2\/2—, we get a Bernstein-type bound:

E( )\X'ngj) <1—|— >\2EX2§ —|—Z E’Xz]£j|k

k>3
NepsTh=1=0 . (/2%;,)F k!
<1+ 2/\22jj1}571_6 + Z =
- !
= k!

Sl + 4)\22jj1)571_6

< exp(4X\?%;us71 %), for each (i, ) € [n] x [p].

Therefore, by the probability union bound, we get the concentration inequality

3%, 6,/2%,, -7l
P <nmxbzﬂ-—l“‘/ n_ SV2E, 7_0gp] ;io) <22, (S11.12)

j€lp) 0 n

Concentration of [|0*[p. We next bound the term ||6*|o = Zz €fn] 1(e; — V- () #

0) = > icp 1(l&s| > 7). Define ¢ := P(le;| > 7) < -

. By Bernstein’s inequality

(Appendix D.4 in Mohri et al.| (2018)), we have

. 2nv; 1 Us
P (10l 2 20 ) <P { LS el > 1) 2 0+ 2

1€[n]

(vs/T1H0) nug
< — < —_— .
=P ( 2q(1 —q) +2/3 - vs/T1+° _exp< 37”‘5)
(S11.13)

1

Take 7 = ( 1 > . We now replace the event & ([S3.5)) (in the proof of Theorem

6logp
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1) by the newly defined Epequy:

v(;\/2max]- 3jj 4 6\/2 max; X;;-T logp
g n )

IS/
ghecwy =
o< 2% and gl <

By (S11.12) and (S11.13), we have P(Epeary) > 1 — 3p~2.

Near-optimal error bound. We first construct a suitable A\go. According to (S3.8),

it suffices to ensure that

Vorso > 1072V (Voreso). (S11.14)

Following the proof of Theorem 1, we aim to choose a proper Ay ., such that

\/5)\0,00 Z \/5

slogp + ologn —,
e olosn ey

1
ﬁfHoﬁ

Additionally,

1 slogp+ ologn -
= -y I
n
) slogp +ologn v Tlo
ST\/jJF\/ gp g'\/g(_gJr gp)
n n T n
XT\/E (1+\/slogp\/slogp+ologn)
n n n

0

=T s
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where the second equality uses o =< logp, and the last equality follows from the

sample size condition n 2 (s + logn)log p. Therefore, it is enough to choose

1 1 o \ o
oo > —— o VT) X —= o0 ’
002 = (el V') ﬁ<llﬁll V(i) )

which guarantees (S11.14]). Moreover, by the union bound and the Markov inequality,

for every r > 0,

P(lell > 1) < nE{1 (e > 10)} < 228

Hence, by taking \go > n="/%(nvs/ Q)ﬁ, we ensure that, with probability at least
1 — 0 — O(p™?), the initial threshold )y satisfies (S11.14).
Following the proof of Theorems 1 and 2, with a probability greater than

1 —o0—O(p~?), the output of our AC-THT algorithm satisfies

5 . —t slogp+ologn 1
18- 5k VAT + 22RO 5 L]

< V505 N \/ElogPTJr Uéslongl,hr ch\/l?gn
n T

~ o7l n

vsy/s +logn /s +lognlogp
N 3 + - T

-
)
B ] T+
=v; /s + logn ( 0§p> ,

where the first two inequalities follow from Assumption 1, which imposes constant
upper and lower bounds on the spectrum of .

In the case 6 > 1, by the moments inequality, we have U}/z = (Elg})'? <
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(Ele;|119)1/ 040 < /() Then we take ' = 1 and vy = vy. Following the proof
sketch provided above, with a probability at least 1 — ¢ — O(p~2), we can choose

Moo 2 4/ v1/0 and get the upper bound

8
||5_5*||2§Uﬁm(logp>l+5 :\/m(s—l-logn)logp
n

n

Therefore, we complete the proof of Theorem 7, demonstrating the applicability of

our algorithm to the high-dimensional heavy-tailed regression.
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