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This supplementary document provides technical details and empirical evaluations to support
the findings of the main manuscript. First, we provide the mathematical proofs and necessary
supporting lemmas for all theoretical properties established in the primary text. Furthermore,

we offer extended numerical studies, including simulation results and auxiliary data analyses.
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S1 Proofs

S1.1 Lemmas and proofs

For ease of presentation, we first introduce the following notations:

A= Dig(X55) 1 (Dgg)" A= Digg(X5) (Digg)"

B=%r-%  Fys= (D) - ()
G = Yiges(Biss) ™! G =% 4(She)7!

H=G-¢ b= 16510

¥ = [Bsslec v = |Sse

1 _
=1 X5 (X2)"

We adopt the identical closeness condition used in CoColLasso (Datta and

Zoul, 2017).

Condition 1 (closeness condition). Let us assume that the distribution of
3 and p are identified by a set of parameters 6. Then there exists universal
constants C' and ¢, and positive functions ¢ and €, depending on 3§, 6 and
o? such that for every ¢ < ¢, 5 and p satisfy the following probability

statements:

pr(|S — Byl > €) < Cexp (—ene?(1) ij=1,....p,
(S1.1)

pr(|p; — pjl > €) < Cexp (—cns™2e*¢™) j=1,...,p.
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As indicated in CoCoLasso, the closeness condition holds for S with

2

¢ = max(7%,0% 1) and ¢ = 72. In scenarios where Yy is unknown and

is substituted by )y B = %BOTBO, this condition still satisfies with the same

parameter values as guaranteed by the following Lemma [T}

Lemma 1. 3, = %ZTZ — S5 and p satisfy the closeness condition (S1.1)

with ¢ = max(7*,0%,1) and ¢g = 7°.
Proof. Since S satisfies the closeness condition, we have
pr(\f]ij — Y =€) < Cexp (—ene’¢') .
Using Lemma B.1 of Datta and Zou (2017)),
pr(|(§]B — 3p)| =€) < Cexp (—cene*t™*) < Cexp (—cne’(7'),
Sy =S =5 -S4 (8- =S5 -5+ (£ -0).
Hence by redefining C' and ¢, the sub-Gaussianity of B, implies
pr(|(Zo)y — Ty = €) < Cexp (—ene’¢),

which completes the proof. ]

We will now proceed to prove Theorem 1 of the main text under the
assumption that the closeness condition is satisfied. To establish the major

results presented in Theorem 1, we begin by proving the following lemmas.
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Lemma 2. For any € > 0 we have
PE(IEP = 2P llmax > €) < p* max pr(|Su — S| 2 ¢/8).
Proof. Plugging

DP

into ¥ = (DP)"SDP, we have
(ip)kl = Y — ik:p - sz + i3pp-
As X7 = DI'YD,,, this further implies that

Hip - ZpHmaX < 4”2 - EHmax-

(S1.2)

By definition of ¥ and the positive semi-definite nature of ¥, we have

Hi - EHmax < ||i - iHmax + HfJ - 2||r1r1ax < 2”S - EHmamv

P(IZ — Zllmax = €/4) < PE(|IE — Sllmax = €/8).

The proof then follows using union bounds over pr(|Sy — S| > €/8). O

The closeness condition requires that 3 and p are sufficiently close to

Y and p, respectively. A direct implication of Lemma [2] is

127 = 2/l < 41E ~ Sllmae < 8IE ~ Sl
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which implies that ¥” is sufficiently close to XP. Analogously, since (o —
pP) = (DP)T(p — p), the closeness condition of p on p ensures that pP ap-

proximates p? well.
Lemma 3. Ayin(Zss) < Apin(Xhg).

Proof. Tt can be shown that || D%qv]|3 > ||v||3 for any v € R*"'\{0}. Hence

we have
1 ) Xgvl|? 1 ) X¢D%wl|?
Mo (Fss) = & iy W8 1 IXsDEsulB
n vers\{0} ||v||3 n vers=1\{0} || D%sv||3
| X503
5 :Amin(zgs)'

= nowers-ivo)  ||v]2

Lemma 4. pr(Xi > 0) > 1 — Cp?exp (—cn(s — 1)726*¢C!) for all € <

min(ey, Cinin/16).
Proof. Using Lemma 3],

Amin(zgs) ZAmin(Egs) - |Amax(_ES'S)| Z C’min - ”ESS||2

Zomin - (3 - ]-)”ESSHmax > Cmin - (S - 1)||E||max Z Cmin/27

where the last inequality occurs when || E||max < 8(s—1)"'e with probability
at least 1—Cp? exp (—cn(s — 1) 7227 !) for € < min(eg, Cinin/16), according

to the closeness condition and Lemma 2 OJ
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Lemma 5.

||%(Xs>Tw|\oo < A/2 (S1.3)
holds with probability at least 1 — sexp (—nA?/(80?)), and
O T < 26/4 (S1.4)
holds with probability at least 1 — (p — s) exp (—nA*6?/(12807?)).

Proof. This lemma is taken from the proof of Lin et al.| (2014) and these

inequalities hold as a result of the Gaussian tail bound. m

S1.2 Proof of Theorem 1
For the optimality, we aim to prove (S1.5) and (S1.6)).

(30, 52 )Bp — 7%+ Msen(Bg_,) — sen(B,) 1.1} = 0, (S1.5)

1555 285 )B-p = P = Asn(Bp) Lpsloo < A (S1.6)

Part I: proof of (S1.5))

Let u denote {sgn(gs,p) — sgn(B,)1s1} = (D%) sgn(fs) for simplicity.

Conditioned on Lemma , we establish B such that

A ~

Bs—p = (X5g) (P — Au), (S1.7)

Bse =0, (S1.8)
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where (S1.7)) is solved from (S1.5) by replacing S with S. We rewrite it as
2 * S - * 1 *
Bs — B =D5s(X5s) ™ (P — P + ThsBs, + ﬁ(Xg)Tw — M) — Digfs .,
. . 1
=DiFss(Digg)" (PS — ps + Xssbg + E(XS)TU’)

. 1 N .
+A(ps — ps) + EA(XS)THJ — AMsgn(fg).

Let ny = HDgsFSS(Dgs)THooﬂh = HDgsESS(Dgs)THoo- As (DZS)TDgs =

I,_1, we have
m = ||DgS(§Z‘S)_1(DgS)TDgSESS(DgS)TAHOO < (771 + <Z5)7]2¢.

Therefore, by the Lemma[2Jand the closeness condition, for e < min(eo, (2¢) 1),

7o < 25 — 1| Ellyas < € (S1.9)
with probability at least 1 — Cp? exp <——256€§f21)4 C)’ Then
¢2772 ¢26
< < < S1.10
771_1_772¢_1_6¢_¢7 ( )
[Alloe < ¢+ m < 26. (S1.11)

The closeness condition and Lemma [5| imply that for A < ¢

165 — pslleo < A, (S1.12)
1 T
HE(XS) Wl < A/2, (S1.13)

with probability at least 1 — Csexp (—ens™2A\2(71) — sexp (—nA?072/8).

Combining all these inequalities, for € < min{\¢~1(3\ + b))~ €o, o7 /2},



‘Wenxi Tan et al.

we have

¢2
€p
<9IAg/2.

185 = B3l < T g AT A2+ 0) +6llps — pslloe + ¢H—(Xs) wlloe + 20X

Then we can conclude that sgn(3s) = sgn(8%) and (S1.5) hold.

Part II: proof of (S1.6))

Using (S1.7) and substituting u with sgn(gs,p) — sgn(ﬁp)ls,l, we have

A~ ~

(Sfess Vs ) By — P — Asgn(Bp) Lp-s = G(7 — Mut) — P — Asgn(By) Lps.
Taking the absolute values and using triangular inequalities, we have
IG (7% — M) — P — Asgn(Bp) Lp—slos
<GP — AHu — elloo + M| G + sg0(5y) Lp—s -
Condition 2 of the main text implies ||Gu 4 sgn(8,)1p—sloe < 1 — €. We

break the first term as

AHu+ plse — Gpg = H(Au = pig) + {(Plse — Plse) = G(pls — ps) } + (Plge — GPs),
where [|p%. — Gpllloo = 2][(X%) TIw|| < AE/4 with probability at least
1—(p—s)exp (—nA2€2/(1280?2)), according to Lemma[5] We further bound
G(D%g)T as

1
IG(D5s)" Nl = H—(ng)TXsAHoo = max ||~ (X; = X,)" XsA|lx

jese

(S1.14)
<2 max H—XTXSAH1 = 2||Z(se pp.5 A0 < 206

Jje{Sept N
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A§
We assume that e < 7= 55 hence

1(P5e = Pe) = G — Po)lloo =l (e — pe) — G(D%s)" (s — ps)llo

<(242v9)llp — pll < AE/2

holds with probability at least 1 — Cpexp{—cns—2e¢?¢"'}. Since the term

H(\u — pl) = H(D%g)" (Asgn(ﬁg) - ﬁg), we have:

IH(D%g)" loo = 158 5Fss(D%g)" 4+ Eses(Xg) ™ (Dg) Moo
< |58 Fss(D%g) oo + [ Eses(Shg) ™ (Dsg) I
1 P \T A » \T A
= ||E(X5c) Xs(A = Alloc + | Eses(Deg)” Alloo
1 N
< ||E(X§C)TXS(A — Ao + 20| Eses(D%g)" |l

S 21/7]1 + 4(8 — 1)¢||E||maxv

where the last inequality follows from the analogous trick in (S1.14)). As
mentioned in (SI1.13),we have [|psoc < |2 XEw]loo+ [ Es585 )00 < A/24b0.

Along with (S1.12)), we have

IAsgn(Bs) = psllse < llpslloo + 1175 — pslloc + A < 5A/2 + by,

Note that ((S1.9) and (S1.10]) yield that n; < 2¢?n, < 4(s—1)2¢(| E|lmax <
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2 Ag
2¢%. For € < Goxrapiwerze)

[H(Au = p%)[loe < (5A/2 4 b00)(2umy + 4(s — 1)@|| E||max)
< (BA/2 + bp) [Avd*e 4 2¢¢/ (s — 1))
< (BA/2 + b)) (4vd? + 20)e

< X/

Gathering them all together, we conclude that for

1 A /\5 )\g CYmin
20" 63N 1 b1)’ (10N + 40)(4vd? + 20)" 4 + 4vd’ 16

and A < ¢y, equations (S1.5) and (S1.6) hold with probability at least

1 —Cp?exp (—ein(s — 1)722(Y) — Copexp (—eons2A2E2¢71).

}

e < min{

S2 Additional Numerical Studies and Results

S2.1 Additional results under Simulation I

As discussed in Section 2.1 of the main text, model interpretation is impor-
tant in compositional data analysis. In particular, an important concern in
log contrast regression is the zero-sum constraint on regression coefficients,
which can guarantee some basic principles such as subcompositional coher-
ence and permutation invariance, that are well recognized in compositional
data analysis (Lin et al., |[2014; [Shi et al., 2022). We first examine whether

the sum of regression coefficients estimated by different Lasso methods is
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close to zero. Among the four competitors of our proposed method, the
Debi Lasso solves the first p — 1 coefficients and then calculates the pth
coefficient using the negative sum of the first p — 1 coefficients. Conse-
quently, the sum of the coefficients for Debi is always zero. Therefore, we
exclude Debi Lasso when comparing the zero-sum property across differ-
ent Lasso methods. For each simulation run, we calculated the value of
Z?Zl Bj and then reported the average value over 100 replicates. A t-test
was also performed to examine whether it was significantly different from
zero. For ease of presentation, we report results under a subset of (n,p)
configurations compared to those reported in Simulation I of the main text.

Results under Simulation I are reported in Table 1 in this section (re-
sults under other (n, p) configurations are similar and hence not reported).
As shown in Table 1, Eric Lasso and Coda Lasso obtain estimated coef-
ficients with a sum very close to zero, providing compositional data anal-
ysis with meaningful interpretations. On the other hand, CoColLasso and
Vanilla Lasso fail to preserve the zero-sum constraint on regression coeffi-
cients in scenarios 1 and 3, which makes it more difficult to interpret the
corresponding results in the framework of log contrast regression models
for compositional data analysis. It is interesting to observe that the testing

results of CoCoLasso and Vani Lasso are not significant under scenario 2.
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We take a closer look at the sum of regression coefficients (Z§:1 BJ) esti-
mated by CoCoLasso and Vanilla Lasso and present histograms of the 100
replicates under each scenario in Figure 1. It can be seen that the spread of
each empirical distribution is relatively large compared to its mean, leading
to an insignificant p-value. Such a phenomenon has not been observed in

Eric Lasso and Coda Lasso.
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Table 1: Sum of regression coefficients estimated by different Lasso methods and corre-

sponding t-test p-values under different scenarios of Simulation I.

Scenario  (n,p) Model Y 5, p-value

1 (250,400) Eric -2.2e-08 0.483
Coda  -3.0e-08 0.218

CoCo  -4.2e-02 0.381

Vani -1.3e-01  0.002

(500,500) Eric -1.6e-08 0.628

Coda  -1.1e-08 0.664

CoCo  6.9e-02  0.026

Vani -1.0e-01  4.9e-05

2 (250,400) Eric -5.0e-07  0.269
Coda  6.8e-08  0.846

CoCo  -8.0e-03 0.650

Vani  -1.2e-02 0.508

(500,500) Eric 2.9e-07  0.532

Coda  1.9e-07  0.530

CoCo  4.0e-03  0.695

Vani 5.0e-03  0.631

3 (250,400) Eric 1.4e-08  0.793
Coda  -3.0e-08 0.138
CoCo  -4.8e-02 9.9e-33
Vani 5.0e-02  0.238
(500,500) Eric -4.1e-08  0.549
Coda  -1.7e-09 0.930
CoCo  -3.8e-02 5.0e-29

Vani 8.6e-2 0.006
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Figure 1: The histograms of the sum of coefficients under Scenario 2 of Simulation I for

CoCoLasso and Vanilla Lasso.

Next, we compare the estimation and selection performance of different
Lasso methods under Scenario 2. The results are reported in Table 2] Un-

der Scenario 2, covariates X do not follow the logistic-normal distribution,

which violates Assumption 1 of the Debi Lasso method (Zhao and Wang,

2024]). Consequently, the estimation and selection performances of Debi
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Lasso are worse than those of the other four models. Eric Lasso and CoCo
Lasso consistently have better estimation performance than those of Coda,
Vanilla and Debiased-type Lasso. Overall, Eric Lasso has the best selection

performance under Scenario 2.

S2.2 Additional results under Simulation II

In the main text, we have reported ROC curves under Scenario 1 of Sim-
ulation II to demonstrate robustness of different methods with respect to
noise levels of measurement errors. In this section, we now report ROC
curves under Scenario 2 of Simulation II. Similar to patterns displayed in
Fig. 1 of the main text, Eric Lasso tends to have the best performance
among the four methods under Scenario 2 of Simulation II. If the compar-
ison is limited to methods with valid log contrast model interpretations as
discussed in the previous section, the area under the ROC curve of Eric is

significantly larger than that of Coda.

S2.3 Additional simulations using a semi-synthetic setup

In this section, we conducted another simulation study which generates the
true compositions in a semi-synthetic manner. In Simulation I presented

in the main text, we have used the logistic normal distribution (scenario 1)



‘Wenxi Tan et al.

ROC Plot for Scenario 2 Zoomed ROC Plot for Scenario 2
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Figure 2: The ROC curve with different 7’s under Scenario 1. The left panel is at
the original scale and the right panel zooms in on specific regions to better distinguish

different methods.

and the Dirichlet distribution (scenario 2) to generate the unobserved true
compositional design matrix U. In this section, we generated the ground
truth (U) using the data set analyzed in Section 5 of the main text. In
particular, we randomly picked n = 60 samples out of the 96 samples in the
COMBO data set as our (U) matrix and then followed the same design as
described in scenario 1 or 2 in Simulation I to generate the working data
set (Z,y). This procedure was repeated 1000 times and we calculated the
average of different performance metrics of different methods. The results

were reported in Table 3| below:
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Table 3: Comparison of different Lasso estimators with ground U from real microbiome
composition. Mean values (standard errors) of different evaluation metrics are based on

1000 simulation replicates.

Model SE PE FPR FNR
Eric  0.638(0.016)  0.531(0.040) 0.114(0.001) 0.016(0.002)
Coda  0.670(0.012)  0.608(0.006) 0.156(0.002) 0.005(0.001)
CoCo  1.223(0.009)  0.498(0.006) 0.101(0.002)  0.186(0.002)
Vani  1.355(0.010)  0.642(0.006) 0.141(0.002) 0.172(0.002)
Debi > 10 > 10 0.063(0.004)  0.613(0.008)
Debi+ 70.581(1.464) 9.311(0.197) 0.069(0.002) 0.321(0.005)

Patterns of numerical results presented in this Table [3] are very similar
to those reported in Tables 1-3 in the main text. The estimation and pre-
diction performance of Debi Lasso tends to be much worse than the other
methods. Overall, Eric Lasso tends to have the best estimation and pre-
diction performance. The same conclusion also holds in terms of selection

performance when considering both false positives and false negatives.
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Table 2: Comparison of different Lasso estimators under Scenario 2 of Simulation I. Mean

values (standard errors) of different evaluation metrics are based on 100 replicates.

(n.p) Model SE PE FPR FNR

Eric  0.07(0)  0.73(0.02) 0.18(0.01) 0(0)
Coda  0.09(0.01) 0.84(0.02) 0.19(0.01) 0(0)
(100,200) CoCo  0.07(0)  0.76(0.02) 0.20(0.01) 0(0)
Vani  0.09(0.01) 0.85(0.02) 0.21(0.01) 0(0)
Debi  0.18(0.01) 5.92(0.2)  1.00(0)  0(0)

Debi+ 0.18(0.01) 5.92(0.2)  1.00(0) 0(0)

Eric  0.06(0.01) 0.32(0.01) 0.09(0.01) 0(0)
Coda  0.09(0.01) 0.48(0.01) 0.11(0.01) 0(0)
(250,400) CoCo  0.06(0.01) 0.34(0.01) 0.11(0.01) 0(0)
Vani  0.09(0.01) 0.49(0.01) 0.13(0.01) 0(0)
Debi  0.30(0.01) 5.64(0.1)  0.37(0.01) 0(0)

Debi+ 0.30(0.01) 5.64(0.1)  0.37(0.01) 0(0)

Eric  0.03(0)  0.16(0.01) 0.05(0)  0(0)
Coda  0.06(0)  0.34(0.01) 0.07(0)  0(0)
(500,500) CoCo  0.03(0)  0.17(0.01) 0.06(0)  0(0)
Vani  0.06(0)  0.34(0.01) 0.08(00)  0(0)
Debi  0.23(0)  2.87(0.04) 0.15(0)  0(0)

Debi+  0.23(0) 2.87(0.04)  0.15(0) 0(0)

Eric  0.04(00)  0.16(0.01) 0.04(0)  0(0)
Coda  0.09(0)  0.36(0.01) 0.06(0)  0(0)
(550,700) CoCo  0.04(0)  0.19(0.01) 0.06(0)  0(0)
Vani  0.09(0)  0.36(0.01) 0.08(00)  0(0)
Debi  0.35(0)  3.18(0.03) 0.14(0)  0(0)

Debi+  0.35(0) 3.18(0.03)  0.14(0) 0(0)
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