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Supplementary Material

The supplement includes proof, and details on the Gibbs sampling algorithm.

S1 Proofs

Proof of Proposition 1. Let B(Z) be any PI rule under the (PI) model

(3.12). Then we can proceed as in Weinstein| (2021) and calculate the
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risk of B at B* as

= By L(7(8"), B(+(2)) (S1.1)

= R(7(8"), B),
and we remind that the subscript on the expectation operator is the value
of the parameter indexing the distribution of Z (not of 7(Z)). Above, the
second equality is because the [oss is PI, the third equality is because the

rule B is PI, and, crucially, the fourth inequality is because the model for

Z is PI under (3.13). From (S1.1)) it follows that

R@®=;ZMWﬂ@,

the sum taken over all p! permutations 7. But this is precisely the Bayes
risk of B under the prior TNI; The proof is complete because the oracle

Bayes rule is defined to be the Bayes rule under the prior ﬁ; O

Proof of Proposition 2. Let Il be any exchangeable prior on 3. Per the
technical modification in the statement of the proposition, the oracle Bayes

rule Bol is now also a function of the true (random) parameter vector 3
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(through {3}). Thus, first note that, quite trivially,

min Egl L( A, B(Y,{8}))] <min Bz L(8, BY))], (81
where on the left hand side the minimum is over all functions 3 of (Y,{B}),
and on the right hand side the minimum is over all functions ,@ of Y only;
and where in both sides of the inequality the expectation is with respect to
the joint distribution of (Y, 3) under the prior IL. Therefore, it is enough to

show that the oracle Bayes rule Bol minimizes the left hand side of (51.2)),

i.e., that

argmin E5[L(8,b)|Y,{8}] = argmin Eg. [L(3,b)|Y], (S1.3)
beRP

beRpP

Now, the posterior of 3 on the left hand side of (S1.3)) is supported on the set
of all possible orderings of the components of {3}, i.e., on all permutations

of 3. Calculating the posterior for 3 of 3, we have

(Y, {8}) < WBHUBNF(Y|8.{8}) = I(BI{BY F(Y|B),  (S1.4)

and, since II is exchangeable,

(B1{B}) = 11", (S1.5)

the uniform distribution on all permutations of 8. From (S1.4) and (S1.5),
we conclude that the posterior of 3 given Y and {3} is exactly the posterior
with respect to which the minimum in (3.11) is taken. This completes the

proof. O]
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S2 Gibbs sampling of 3

To sample the vector B = (b4, ..., 3,) given (¢, ¢,Y ), we utilize a MH-
within-Gibbs algorithm inspired by the coordinate descent algorithm of
Friedman et al.| (2007), that was shown to work very well for Lasso. Let
r = (r1,...,7,) denote the index of the FPT subintervals to which each
component of B belongs, i.e. r; = k if 8, € Zr ;. We now detail how to

generate a proposal for the MH algorithm for 3;:

1. Draw r* ~ r; + Unif{—K,..., K}, where K is a parameter which
we estimate using an adaptive MCMC (AMCMC) scheme similar to
Roberts and Rosenthall (2009). Specifically, we take an increasing
batch size of MCMC samples; if the acceptance rate for the MH al-
gorithm is above 0.3 we increase K, if it is below 0.3 we decrease it.
The batch size is chosen so that updates are less frequent, in order to

ensure convergence of the AMCMC algorithm.

2. Obtain a Taylor approximation of the log-likelihood I(5;) = log f (Y| X, 3, ¥),

1"(5))
2

1B;) = U(By) +1(By) (B — B;) + (8: - 8;)%,

where

) 02
') = 77 log f(ylB,v)  and  1"(5;) = 575

5 = g o8 (Y18.0).
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3. Use the Taylor approximation to obtain a Normal approximation of
the posterior as a proposal distribution, then generate a sample from

the proposal given that proposal is contained in Zj, ,«. That is, 57 ~

NZL,T* (,U,O'2) = N(M70—2) ’{BJ* € IL,T*}a where IL,r* - (ar*aar*-i-l]a

_ A U (85) 2 1
N - 6] + _l//(,Jgj)a and 0~ = —l”(,Bj)'

Thus, we first generate an interval Zp - that includes j7, then, given that
the prior is constant on the interval, we use a quadratic approximation of the
likelihood to sample 5* given it is in 7y, ,«. Exactly as with coordinate de-
scent algorithms, the main advantage of the algorithm is computational effi-
ciency, for instance, one does not need to compute X 3 in each iteration, but
instead store Y = X3 and then compute Y =Y + (ﬂj* = Bj)X(j), where
X is the jth column of X. Hence, instead of computing a matrix-vector
multiplication we only carry out a vector-scalar multiplication, and vector-
addition. For the general likelihood (1.1), note that the log-likelihood, the

gradient and the Hessian can be computed using only X3, and X .

S2.1 Sampling with oracle prior

Here we describe how to sample using MCMC when the prior is the oracle
prior 7y defined in (3.8). Since the vector of unique coefficients are fixed we

simply permute the locations randomly. To generate proposal 8" given a
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previous sample 3 we do as follows: first set 3" = 3, second generate two
indices uniformly 41,45 ~ Unif{1,2,...,p} and set (8;,55) = (Bi, Bi).

Clearly this proposal is symmetric, and since oracle prior is constant over

FY;8" )

the permutation, the Metropolis-Hastings ratio is just Y B
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