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This supplementary material consists of three parts. Section considers the sub-Gaussian
design for HOT. Section lists the key lemmas and presents the proofs of the main results.

Additional technical proofs for the lemmas are provided in Section

S1 Sub-Gaussian design

S1.1 Theoretical results for sub-Gaussian design

In this section, we extend the theoretical results in Theorem 4 to allow for
sub-Gaussian features. The formal definition of a sub-Gaussian random

vector is presented in Definition [2 below.

Definition 2. A mean-zero random vector x € R? is said to be K-sub-
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Gaussian if its moment generating function satisfies

K2 2
Elexp(su'x)] < exp ( 28 > ,
for any s € R and any unit vector u € RY. Equivalently, we also write

x ~ subG(K?).

As before, consider a random design matrix X with i.i.d. rows of mean
zero and population covariance ¥. Moreover, the strong/weak signal as-
sumptions are identical to those in Section 3. Here we relax the Gaussian

assumption in Condition 1 to the following sub-Gaussian assumption.

Condition 4. Suppose that the random design matriz X has i.4.d. K-sub-
Gaussian rows for some constant K, and the eigenvalues of ® = 71 =

(¢ij)pxp are bounded within the interval [1/L, L] for some constant L > 1.

Condition [] assumes the design matrix has i.i.d. sub-Gaussian rows,
with bounded precision matrix eigenvalues. A similar sub-Gaussian as-
sumption has been considered in van de Geer et al. (2014). Now we are

ready to present the main theoretical results.

Theorem 5. For 1 < j < p, let \; = (14 €)/20log(p)/(nck 1) for some
constants € > 0, 6 > 1, and cx,r, > 0 depending on K and L. Assume that

Condition 4 holds and that S satisfies Definition 1. Then for any1 < j < p,
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if s1(logp)/n = o(1) and s¢(logp)/n = o(1), we have
B = B =W, + 4,
where W; = z]e/z]x; and |A;| = op(n~'/%). Moreover, it holds with prob-
ability at least 1 — o(p*~°) — 0,,,, that
7 = |lzjll2/ 12 x| = n Y2
Conditional on X, suppose that the components of € are independent and

identically distributed with mean 0 and variance o®. For any given X, if

there is some ¢ > 0 such that the inequality

n=oo (0242

. 1 -
lim ﬁ Z]E|2,’jk6k,|2+§ =0
k=1
holds, we further have
lim P(W; < rjox) = ®(z), VzeR,
n—oo

where ®(+) is the distribution function of the standard normal distribution.

As in Theorem 4, Theorem [5| establishes the asymptotic normality of
the noise term W; under the classical Lyapunov condition, which relaxes
the Gaussian noise assumption in Zhang and Zhang| (2014). In other words,
Theorem [5| accommodates non-Gaussian designs and non-Gaussian errors,
exhibiting a similar spirit to Theorem 2.4 in van de Geer et al.| (2014).
Note that in their work, the design X is assumed to have either i.i.d. sub-
Gaussian rows or i.i.d. bounded rows, while the errors are assumed to be

sub-exponential.
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Table 5: Four performance measures by different methods over 100

replications in Section S1.2.

H-SIS(I) H-SIS H-HOLP(I) H-HOLP LDPE adLDPE STPS

Setting 1
CP.all 0956 0.947 0.957 0.951 0949 0.976  0.969
CP_max 0.958 0.955 0.962 0.940 0.856 0.796  0.936
Length  0.708 0.719 0.719 0.708 0.613 0.877  1.409
Time (s) 22.32 23.12 23.34 23.77 4235 41.57 122.77
Setting 2
CP_all  0.961 0.956 0.965 0.957  0.949 0.965 0.960
CP_max 0.964 0.956 0.950 0.966  0.848 0.806  0.962
Length  0.702 0.686 0.703 0.695 0.615 0.814 1.432
Time (s) 23.12 22.78 22.93 23.37  41.79  41.48 120.12
Setting 3
CP.all 0965 0.957 0.962 0.957 0.951 0.959 0.961
CP_p, 097  0.95 0.94 0.95 0.92 0.94 0.96
Length  0.694 0.704 0.699 0.704  0.629 0.801  1.420
Time (s) 22.76  23.08 23.27 23.88 41.65 41.79 119.07

S1.2 Simulation studies

In this section, all simulation settings are identical to those in Section 4,

with the only difference being that the rows of the design matrix follow a

sub-Gaussian distribution instead of a Gaussian one. Specifically, similar

to Jankova and van de Geer| (2017), we set X = UX'Y2 where U is an
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n X p matrix whose entries are i.i.d. draws from the uniform distribution
Ul—V3,V3], and X = (pV=*)),., with p = 0.9. All simulations were per-
formed on a Lenovo Legion Y9000P (Intel Core i9-13900HX, 32 GB RAM).
The reported time is the CPU time (in seconds) for a single replication.
The simulation results in Table 5 are consistent with those in Section 4.
Namely, the proposed HOT method achieves an attractive balance among
accurate coverage, short interval length, and low computational cost across

all settings, demonstrating a clear advantage over other competing methods.

S2 Proofs of main results

S2.1 Lemmas

The following lemmas will be used in the proofs of the main results.

Lemma 1. Suppose that X ~ N(0,1I, ® X) and the eigenvalues of ® =
Y71 = (¢ij)pxp are bounded within the interval [1/L, L] for some constant
L > 1. For a given set S and any j € §c, we have the following conditional

distribution

where the residual vector p(j )

;= x; — E(x;|Xg) is independent of Xg and

'75-] ) = 2%2@. 18 the corresponding regression coefficient vector. Moreover,
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the residual matriz pgg\ o consisting of the residual vectors p,(cj) for k €
SN\{j} satisfies

(4) N o \-17 R
P3e\ii N (O’I” ® [((I’SCSC) ]SC\{j},SC\{j}> '

Lemma 2. Suppose that the eigenvalues of a symmetric matric ® =

(0ij)pxp = X" = (04j)p, are bounded within the interval [1/L, L] for some

constant L > 1. Then we have
1. the eigenvalues of X are also bounded within [1/L, L|;
2. the diagonal components of ® and ¥ are bounded within [1/L, L|;

3. the eigenvalues of any principal submatriz of ® and X are bounded

within [1/L, L];
4. the Lo-norms of the rows of ® and ¥ are bounded within [1/L, L],

5. 0j;055 > 1 forany j € {1,...,p}.

Lemma 3. Consider the following linear regression model

y=XB8+e, e~ N(0,01,),
where y € R™ is a response vector, X € R™9 s a random design matriz,
B € R? is a vector of unknown regression coefficients, and € is a random
error vector that is independent of X. Suppose that X ~ N (0,1, ® X) and

the eigenvalues of ¥ = (04j)axa are bounded within the interval [1/L, L] for
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some constant L > 1. If n > d, then the ordinary least squares estimator
B = (X'X)'X"y exists with probability one. Moreover, for any p > 1

and any constant & > 1, with probability at least 1 — 2p~%, it satisfies
max{d — 2v/26d1log p,0}o? < || X(B — B)||2 < {d + 21/28dlogp + 46 log p}o°.

Lemma 4. Suppose that the n x p random matriz X ~ N(0,I, ® 3),
where the eigenvalues of ¥ are bounded within the interval [1/L, L] for
some constant L > 1. For a positive constant £ and a set S C {1,...,p},
the cone invertibility factor and the sign-restricted cone invertibility factor
are defined as

F5(&,8) = inf {s?|X"Xu/n||o/|ulls : u € G, S)} and

Fy(&,8) = inf {s"2|X Xu/nl/ull: : u € G_(&. 9}
respectively, where s = |S|, the cone G(£,8) = {u € RF! : |luge|; <
l|lus||y # 0}, and the sign-restricted cone G_(£,8) = {u € RP™!: |Juge|; <
Elluglly # 0,ujx;Xu/n < 0,Yj & S}. Then for s = o(n/log(p)), there
exist positive constants ci, co, c3 such that with probability at least 1 —
co exp(—csn),

FQ(éaS) ZFQ*(&S) > C1.

Lemma 5. Suppose that X has i.i.d. K-sub-Gaussian rows of mean zero
and population covariance ¥, and the eigenvalues of ® = 7! = (0i)pxp

are bounded within the interval [1/L, L] for some constant L > 1. For a
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given set S and any j € §C, we have

()

©)
j TP

7

Xj = X§’Y

where ’yg-j) = argmin~y K ij — ngyHi = 25%2@. 18 the population least

squares regression coefficient and the residual vector py) satisfies ]E(Xgpg-j))

= 0. Moreover, the rows of the residual matrix ch)\{ ) are i.4.d. K'-sub-
J
Gaussian random vectors with zero mean and common covariance matrix

[(‘I’gcgc)fl]gc\{j} v} where K' is a constant depending on K and L.

Lemma 6. Consider the following linear regression model
y = X0 +¢,

where y € R"™ is the response vector, X € R™ is the random design ma-
triz, 3 € RY is the vector of regression coefficients, and € = (1,...,&,)"
18 the error vector. Suppose that (XI,&Z-), 1 <@ < n, are i.i.d. copies of
(x,¢€), where x is a mean-zero Ky-sub-Gaussian random vector with covari-
ance matriz X and € is a mean-zero Ky -sub-Gaussian random variable with
variance o* > 0. Assume further that E(xe) = 0 and that the eigenvalues
of ¥ = (0ij)axa are bounded within the interval [1/L, L] for some constant
L > 1. For any p > d satisfying dlog(p)/n = o(1) and any constant 6 > 1,

with probability at least 1 — o(p'~%), the ordinary least squares estimator

B = (XTX) ' X"y emists and satisfies ||y — XBHQ = /n.

Lemma 7. Suppose that X has i.i.d. K-sub-Gaussian rows of mean zero
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and population covariance X, and the eigenvalues of ® = L7 = (0ij)pxp
are bounded within the interval [1/L, L] for some constant L > 1. For a
positive constant £ and a set S C {1,...,p}, the cone invertibility factor
and the sign-restricted cone invertibility factor are defined as

F5(&,8) = inf {s?|X"Xu/n||w/|ulls : u € G(& S)} and

Fy(&, S) = inf {s'2]| X" Xu/nl|oc/|ull2 - w € G_(,5)}

respectively, where s = |S|, the cone G(£,S5) = {u € R? : |ug|; <

€|lug|li # 0}, and the sign-restricted cone G_(§,5) = {u € R : ||uge

1 <
lluslly # 0,ujx;/Xu/n < 0,Yj & S}. Then for s = o(n/log(p)), there
exist positive constants ¢y, ca, c3 such that with probability at least 1 —
caexp(—esn),

F2(£7 S) 2 FQ*(& S) > .

S2.2 Proof of Proposition 1

We first prove the equivalence of the optimization problems. For any 7,
1 < 7 < p, by definition we have

~(j . _ 2

77(7]]) = arlg)mln{(Zn) IHX]‘ _X—jb—j||2+)\j Z Vjk * |bk|} (821)

-3 keSe\{j}
Since the coefficients in the set 5\{j} are not penalized, the Karush-Kuhn-

Tucker (KKT) condition for 7/1\'%]\) @ gives

T g X 20 _x. =)y _
a5~ Xy Ta i~ Xsan Ty = 0
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which entails

A(J)

-
T\ (Xg\{j}X

R I~T R = ()
s XS\{}( XSC\{j}ﬂ-gc\{j})' (52.2)

— Xz o bY ), we have

15T
X3 SN} 5e\{5}

(4) R
When b s\{j}) S\{j}(

= (XL
S\{5} (XS\{J'}X

() _ ~ ( (4) (4) ()
Xj = X bZj = (I = Pgy 1)) (% = Xgey (3D ) = %57 = ¥ae (3 Pan iy
(52.3)

Thus, it follows from (S2.2)) and (S2.3]) that the optimization problem (S2.1))

is equivalent to

70 _ : 1] 4/,(9) () N 2
Toay — aemm {(Qn) 15 =l sl + A D v ’ka}
8e\{5} keSe\ {4}
#U) T
S\{ i} <X§\{j}
~ ()
Se\{7}

1XT

Xavgy) XX

70
XSC\{]} SC\{]})

Therefore, 7 and @; in (8) are the optimal solutions of the same

optimization problem. This implies that 7\ and W, are equivalent.

S}

Moreover, in view of ([52.2)), we also have

o =) _ _P. X ~(J) — oD ) =)
% = Xy = = P85 = Xy ) = 957 = Y5y ey

which entails that x; —X_ j?r(j])- is equivalent to the hybrid orthogonalization

iyl & -
vector z; = ;" — gy @i defined in (8) due to the equivalence of 7 7Y Se \ )
and @,.

Second, although the penalized regression problem of 73 7Y is not

Se\{5}

strictly convex and may not have a unique minimizer, we continue to show

that different minimizers would give the same value of 3% gy T}

implies that the value of the hybrid orthogonalization vector z; is unique.
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In what follows, we will prove this by contradiction.

~(15) ~(24)
Suppose that there are two solutions 7 vy and 7r§c\ ) such that

() (17) 729 * L
wSC\{]} S + wsa\{]} Sy Denote by t* the minimum value of the

) 7l

~(27)
S Sy Then for any

optimization problem attained at either 7

0 < a < 1, the optimization problem attains a value of ¢ at amld) 4 (1—

Se\{5}

~(27) .
Q)T gy 8 follows:

(1J) — =)

e - vy o, + (- R, I
2n
+x > vplam? + (1 - )7,
keSe\{5}
where 7T( D and 7T,(C 7 denote the kth elements of 7% and 7% , respectively.

On the one hand, due to the strict convexity of the function f(x) =

ly —x[13, we get

) () ~(17) (25
% :;c\{ J gy T -7 sc]\{y} [

<allwf —wd) w7+ (= o)l

(2]
Va1 T 50\ ) SC\{]}”SC\{J} >

On the other hand, it follows from the convexity of the function f(x) = |z|

that
o7 + (1= a)m| < ald” |+ (1= a)7).
Thus, combining these two inequalities gives
t<at"+(1—a)t" =t

which means that ams attains a smaller value than t*.

~(15) @)
sy TA—)T5
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This contradicts the definition of ¢*, which completes the proof.

S2.3 Proof of Theorem 1

We first prove the first part of this theorem. With some simple algebra, we

have

T
Z] Xk

z] X
|A;| = ‘ E kﬁk‘ < | max
S r j kGSC\{J}
keSA\{j}

)Zlﬁk

kese

In addition, by the KKT condition and the equality (9), for any k € S°\{j},
we can get
2] %6l = [2] | = 15 = W (3@5) T < VN [ o,

which along with e S{ yields

Al < max
| ]| — =
keSe\{j}

NS H’ﬁk; H2‘> Z 1By,

kese

We proceed to prove the second part of this theorem. Under the Lya-

punov condition (13), the Lyapunov central limit theorem gives

where z is any real number. In view of W; = the above equality can

ZTX ’

be rewritten as

lim P(W; < 1joz) = ®(x),

n—oo

which completes the proof of this theorem.
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S2.4 Proof of Corollary 1

The proof of this corollary is the same as that of Theorem 1, and, therefore,

has been omitted.

S2.5 Proof of Proposition 2

Since the design matrix X here is random, rather than fixed as in Zhang
and Zhang (2014)), the statistics related to X are also random variables.
We will first analyze the properties of some key statistics before proving

Proposition 2.

Part 1: Deviation bounds of ||xg||2. Under Condition 1, ||x4||3/ckk ~ X%n)
for any 1 < k < p, where oy denotes the (k,k)th entry of 3. We use
the following tail bound for the chi-squared distribution with n degrees of

freedom (Ren et al 2015, inequality (93)):

IP{|%—1| >t} <2exp(—nt(tA1)/8). (S2.4)

Applying (52.4) with ¢ = 44/9 log(p)/n shows that
[1 —4+/dlog(p)/n]ow. < ||xk]l5/n < [1 4 44/ log(p)/n]ow
holds with probability at least 1 — 2p~2%. Because Condition 1 states that

the eigenvalues of ® are within the interval [1/L, L], Lemma [2] gives 1/L <

o, < L for any 1 < k < p. In view of logp = o(n) by Condition 2, it
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follows that for sufficiently large n, with probability at least 1 — 2p~2%,

M < \/11 — 4y/5Tog(p)/nl/L < |Ixilla/ V7
< \/[1 + 44/01og(p)/n]L < Ml,

where M; and Mf are positive constants satisfying M, > Mi“

(52.5)

Therefore, we have

P(max [xill2/v/n > M) <3 P(xella/ v > My) < p-2p7* = 2p',
k#j

as well as

B(min [xella/ v < M7) < 3 P(Ixilla/vin < My) < p-2p* = 21
k#j

Combining the above two inequalities further yields

P (ﬂ{zﬁf < Ixp]l2/vn < m) >1—2p'% — 2P — 1 — o(p'?).
k#j
(S2.6)

Part 2: Deviation bounds of H?,b,(j)HQ for k € Se. Suppose that k is the
k'th element of the set S® = S U {k}. On the one hand, in view of
P = X:(X1Xs) XL, we can rewrite !’ as

5 s\AgAg g k
where ’Ay,(c] ) = (Xng)_ngxk is the least squares estimate of the coefficient
vector obtained by regressing x; on Xg.

On the other hand, since the rows of Xz, are independent and follow

the distribution N(0,(®®)~1) for % = (S50 5) " = (05 )@r1yx(asn),
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the conditional distribution of x; given Xz is Gaussian:

xi| Xg ~ N(Xs')’k 7(1/6k’k’) n))

U _

where ~;; (G),(Jf w) !/ Gk/kl Here the d-dimensional coefficient vector

91(5,)— . 1s the k'th row of O™ with the k'th component removed. Based on

this conditional distribution, we know that the random error vector
p,(f) =xp — Xsfyl(j) (52.8)

is independent of Xz and follows the distribution N (0, (1 /Hk,k,) n). It is
worth mentioning that Q,E'f,l, € [1/L, L] can be easily deduced from Condition
1 and Lemma [2

We now derive a bound for the deviation of H@b,(j ) |2 from its population

counterpart Hp )Hg For notational simplicity, let

a4 ps = max{d — 24/2ddlogp,0} and bgys = d+ 2+/2ddlogp + 46 logp.

Combining (S2.7)) and (S2.8) and applying Lemma[3yields, with probability

at least 1 — 2p~2%,

1/2 b 1/2
Qd p,6 d.p,6
B S IXE@ - < | )
Qk/ ! Qk/k/

Moreover, in view of (S2.7) and (S2.8)), we also have

@) _ ¢;j) _ Xg(fy( i ’7]((:]))7

which together with the above inequality gives, with probability at least
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1— 2]9_26,
1/2 ; 1/2
Qd p.5 i i d.p,§
B <l =l < | ) (52.9)
ek’k:’ ek/k/
Since |H¢,(€j)H2 — Hp,(cj)||2| < ||p,(€j) — ¢,(€j)|]2, the above inequality entails
1/2
' ; bap,s _
Pl — N0 l12] > (9(;’) ) <2p?. (S2.10)
Kk

In order to proceed, we will then construct the deviation bounds of

lp”ll2. Note that [|p|3/(1/640) ~ %, Applying (§24) with ¢ =

44/61og(p)/n shows that

(n(l 4 ealog@)/n))” 1O < (n(l T 4,/5Tog(p log<p>/n>>”2

(k) (k)
Kk Oprt

holds with probability at least 1 — 2p~2°. This inequality together with

(S2.10)) entails that with probability at least 1 — 4p=29,

(n(1 — 4y/81og(p) /)2 — b2 <, < (n(l+4\/5log(p)/n))1/2—I—b;{;’&'
(0)172 I (O)17

Since d = o(n/s¢) and logp = o(n), we have by, s = O(d+log p) = o(n).
It follows that for sufficiently large n, with probability at least 1 — 4p~=2%,
M; < |l 2/ v/n < M, (S2.11)

where Mg and M; are positive constants satisfying Mg > MQ’“ Thus, we

have
P( max [y |l2/v/n > M) <Y P(|9p|lo/v/n > My) < p-dp~2 = 4p'™
keSe\{j} It
and

P( amin b lla/ Vi < M5) < 3 _B(I o/ v < M) < p-ap™ = ap' ™,
N ki
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respectively. Combining the above two inequalities further yields

Pl () (M <|9Pllo/vn <M} | >1—4p2 —dp'= =1 —o(p' ).
keSe\{j}
(S2.12)

We proceed to prove Proposition 2. Since the following argument ap-
plies to any j, 1 < j < p, we drop the superscript (j) in FQ(j)(f, Sj«) and
g(_” (€, 5;.) for notational simplicity. Recall that the sign-restricted cone

invertibility factor here is defined as
C11/2 () T ofs )
|S]*| ||(¢Sc\{J}> ¢Sc\{j}u/n||00

[[ul]

Fg(g, Sj*) = inf ruc g_(f, S]*)

with the sign-restricted cone

G-(&.55.) = {u: Jus;

1 < €Jug,,

pur) Y u/m <0, VEeS}.
In what follows, we mainly present the proof when j € S¢ and the same
argument applies to j € S.

First, since by,s = O(d + logp) and e,i’f), € [1/L, L], inequality
implies that there is a positive constant C' such that, with probability at

least 1 — 2p~%,

lof =43 ll2/v/d +logp < C.
Thus, we further have

P( max ||pf — 4} ||2//d +logp > C)

keSe\{5}

< "P(lp — 7 ||l2/+/d +1logp > C) < p-2p7% = 2p' 7.

K]

(S2.13)
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We then prove the conclusions of this proposition. For any u € RP~4-1,
we will first give the deviation of ||'gb,(€j )qu from its population counterpart
||p,(€j)u||2. For any matrix H = (hy,...,h,) € R™P? and any vector t =
(t1,...,t,)" € RP it is clear that
Bt = llaby + .+ gl < [l [yl < (e ) e
Based on this inequality, we have
oGyl = 130 yulle < Hpgh = w5 ulle < max 6 — 7 ol
Therefore, for any u € G(¢, Sj.) with G(§, Sj.) = {u € RF" ¢ Jluge [l <

1}, in view of (S2.13), [S;.| < s¢, and |lug,,

probability at least 1 — o(p'~?),

1 < s |lus,. |2, with

(4) > oY) B 1/2
||¢§L\{]}u||2 ft ||p§0\{]}u||2 C(d+10gp) ||u||1

> 69,y ulls = C(d+logp) (1 + 8 us, |1

> [|pY) yulls = C(1+ &) {sa(d + logp)}/*us,. | (S2.14)

()

S For notational simplicity, let

Now we turn our attention to p
B, = 5\{j}. By Lemma we have
P ~ N(0.L, @ V),
where
V; = EBJBJ - EBJ@EgéES‘Bj = [(‘I)gcgc)_l}Bij .

Since the eigenvalues of ® are bounded within the interval [1/L, L] for

some constant L > 1, the eigenvalues of (® e §C)_1 are also bounded within
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this interval by Lemma [2| As V is a principal submatrix of (®g.5.)~", its
eigenvalues are bounded within [1/L, L] as well. Thus, for any u € G(&, S;.),

applying the same argument as in (53.68)) in Lemma || shows that

1pg) ull> 1 i
\{} B 1/2. | salog(p)
nl/2 > AT1/2 9(1 +§>L n ||U||2

holds with probability at least 1 — ¢ exp(—cjn), where ¢} and ¢} are some

positive constants.

Combining this result with (S2.14]), we find that for any u € G(¢, S;.),

v v o
||’¢S¢\{j}u||2 S ||p5c\{j}u||2 —C(l—l—f) S@(d—‘—logp) / ||u
nl/2 = nl/2 n S

2

1 s log(p) sa(d +1logp) ) "*
z[m—mmw 080 g { B Ty,

(S2.15)
This bound holds with probability at least 1—c} exp(—cin)—o(p*~?). More-
over, since log(p)/n = o(1), we have

exp(—csn)  p°!

Pt exp(gn

7= exp{(6 — 1)logp — c3n} = o(1),
which implies that ¢} exp(—cin) = o(p'~?).

Therefore, since s¢(logp)/n = o(1) and d = o(n/se) together imply
se(d + logp)/n = o(1), we conclude from (S2.15)) that, for some constant

cy >0,

RE,(€,8;.) > (ch)/? (S2.16)
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holds with probability at least 1 — o(p'~°), where RE»(&, S;.) is defined as
%), ul:

n'/2||ull,

REQ(&, S]*) = inf tuc g(f, SJ*)

Note that the cone G(¢, S}.) = {u € RP=471: [use,

1 < &g [}
Finally, by (Ye and Zhang, 2010, Proposition 5) and an argument sim-

ilar to the proof of Lemma [, we obtain

« REF(E S5) o & _
F5(8, 55) = F5 (€, 554) = o > ThE ¢

*

with probability at least 1 — o(p'~°), where the cone invertibility factor

F3 (&, 5;,) is defined as
20 (a9 T 0)

F; (&, S;.) = inf
s [l

‘uc g(ga S]*)

This completes the proof of Proposition 2.

S2.6 Proof of Theorem 2

Under the conditions of Theorem 2, it is clear that the results in Part 1
and Part 2 of the proof of Proposition 2 are still valid. In what follows, we

mainly present the proof when j € S¢ and the same argument applies to j €

S for a given set S. Throughout the proof, N = (1+¢€)\/(26/(ng;;)) log(p),
where € = M (&' + 1)/{M*(€' = 1)} =1 > 0, and M and M* are positive
constants satisfying M > M*. Here ¢j; is defined in Condition 1. In
addition, C' is some positive constant which can vary from expression to

expression.
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Part 1: Deviation bounds of ||&; — wj|l2. Let M = maX(Ml,MZ) and

M+ = min(ﬁf,Mg‘), respectively. Recall that we have the conditional
distribution

— X W) . () A
= Xemg + Xgey (3 Ty TS

where e; = x; — E(x;|X_;) is independent of X_; and follows the distribu-

tion N (0, (1/¢;;)L,). Thus, it follows that

(L, — Pg)x; = (I — Pg) (Xgmd +Xgoywd) o +e)).

which can be simplified to

0 _ 5,0 . *
¢j = ¢§c\{j}"’1 + €] (S2.17)
according to the definition of 1,[)<j ) Herew; =7 =&, /¢j; and
ko 77 T Ge\{jy 3,8\ {3} 79I

ej = (I, — Pg)e;.

Denote by S;, = {1 <k <p: ke §C\{j},¢jk £ 0}, S5, = S\({j} U

Sj), and zI¥ = ]|(¢gc)\{j})T(¢§-j) Sc\{ N w;)/n|lw. In what follows, we

first use arguments similar to those in the proof of Theorem 3 to construct

bounds for || —wj)l2; the main difficulty here is that the predictor

S\{}(

matrix 1,0 is much more complex than a usual design matrix with i.i.d.

S}
rows. For the remainder of the proof, let £” = ﬂkegc\{j}{ﬁ* < wjp < M},

where v;), = sz,(cj) |l2/+/n. First of all, the same argument as in (S2.30)) gives

T (a9 ) ~ . I,
VI )T (@5 = wi)/n < (2 MA) Vs, [+ (2 = MOA) vse, |

for all vectors v € RP7471 gatisfying sign(vse ) = sign((@; — wj)se ) =
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sign((@;) s¢,). Based on the above inequality, if 2 < M *)j, it follows from
VvV = ‘:’j — W that

(225 + MX)|[(@; — w))s,.

L (B = M@ — wy)se,

1> 0,

which entails that

[(@; — wj)se [l < El[(@; — wj)s;. [h (52.18)
for & > (M), + 225)/ (M*X; — 215).
In addition, if 27* < M*)\j, the same argument as in (S2.33)) gives

@k — wj,k)wé”)w(gf\{j}@j —w;)/n<0 (S2.19)

for any k € S¢,, where @, , is the kth component of &@;. In view of (S2.18)

]*7
and (S2.19)), if 27* < M*)\j, we can get

w;j —w; € G(&,55) (52.20)
for £ > (M)\j + zéj)/(]\?*& — 27%). Here the sign-restricted cone G_ (¢, S;.)

is defined as

G- (£, 5;.) = {u ER fuge [ < llug, [l un(f) Y u/m <0,k € Sj*} -

In order to proceed, our analysis will then be conditional on the event
EM = {0 < )\jﬁ*(f’ —1)/(¢ + 1)} for some constant & > 1. Note that
2 < )\j]\Af*(f’ -1/ +1) < M*)\j holds on this event, which together
with implies that

w; —w; €G-(§, Sj)
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for some constant £ > (]Tj A+ 22)/ (M *\; — 22%). Similarly, we first clarify
that the magnitude of (M. N +228)) (M *\; —222) is around a constant level.
The same argument as in gives

¢—1 (&41)M—2M"

). J*
1§,]\VM"—+'Z°?§1+ + —
M*\j — 2% 2 2M~

Moreover, since 2% < A, M*(& —1)/(€' +1) < M (&' —1)/(¢ + 1), it

follows that
I E ) $Eh (@5 = wi)/mlloe < M, + 2 < 2MAE/ (€ +1).

Thus, in view of |S;.| < sg, combining the above results gives

Sy AN + 25) _ {2ME/(€ + 1)}syl* N,
F2(€7Sj*) N F2(€7Sj*) ’

[@; — wjll2 <

(S2.21)

where the sign-restricted cone invertibility factor F5(€, S),) is defined as
C11/2 () T oY)
|SJ*| H(’l/)sc\{j}> ¢Sc\{j}u/n||00

[[ul]

F2(£7 S]*) = inf

rue g—(é: SJ*)

We then derive the probability of the event £"*. Since e; is independent

G)

of Xz and X§c\{j}, it is also independent of Q/JSC\{J,}.

In addition, it follows

from the definition of e} = (I, — Pg)e; that
() Tk (a1s(F) T,
(¢§C\{j}) ej - (¢§c\{]}) €j.

On the event &”, Hz,b,(j’)Hg/\/ﬁ < M holds for any k € 5°\{j}. Since e;

follows the distribution N(0, (1/¢;,)I,,), for

\; = M4/ (28/(n6;,)) log(p) (€ + 1)/ (M (€' — 1)},
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the same argument as in (S2.38)) gives
1-P (5) < o(p'™). (52.22)
We now show the magnitude of F5(&, S;.). By Proposition 2, under the

assumption that d = o(n/se), there is some positive constant ¢* such that
(€, Sj.) > ¢
holds with probability at least 1—o(p'~%). Moreover, with the aid of (S2.12)

and , we get
PE NE") =1—P ((5")C U (5’”*)0)
>1-P((£")) = P((£7)) =1 —o(p'™).
Thus, combining these results with gives

p{uaj —wyl < cs}b/QAj} >1—o(pt?). (52.23)

Part 2: Deviation bounds of n*1/2||¢g3\{j}(c3j —wj)|l2 and |&; — wj||, for

q € [1,2). We first construct bounds for ||77b‘(§jc)\{j}(aj — wj)||2. Some simple

algebra shows that

() S 12 () T 7,(9) Sy G — .
‘|¢§c\{J}(w] w])”2 < |’<¢§c\{]}) ’ltbgc\{]}(wj w])HOO H(w] w])Hl
(52.24)
Conditional on the event £ = {zJ* < Ajﬁ*(g’ —1)/(& + 1)}, it follows

that

I )T (@=w) /nllee < MA225 < MAH+XM (€ =1)/(€+1),
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which further yields

N2 DT (@5 = w))llee < M+ M (€ = 1)/ + 1},
(S2.25)

Moreover, since @; —w; € G_(&, S;.), we have

@) — wjlli = [[(@; — wj)se, [l + (@5 — wj)s,. [ < (L + @) — wj)s,. h

1/2

1/2 o~ —~
<A+ O)s @5 — w)s,.lla < (14 )5y *|@; — wjlo-

This, together with (S2.23]), entails that

P{[|l&; —wjl < Csadj} >1—0(p'™). (52.26)

Then by inequalities ([S2.24)), (S2.25)), and (52.26|), we finally have

Pl (@5 —wlls < Clsan) 2\ } > 1= 0(p'™?),  (8227)
which entails that

P {m”ﬂ\zﬁ%ﬁ (W —wj)]l2 < 03(113/2)\3} >1—o(p'™).

\{}

We then derive the deviation bounds of ||@; — w;l|, for ¢ € (1,2). Note

that the two inequalities Y, a; < by and Y77, a3 < by for a; > 0 imply

p p P 2=a /s p a—1
S-S (Sa)(Sa) s
j=1 j=1 j=1 j=1

for any ¢ € (1,2). Thus, we have
—~ —~ 92— ~ _
105 — wjllf < l1@; — wjlli™ - (18, — wyll2)*
which together with (52.23]) and ((S2.26)) gives
]P’{H@j — wjllq < Csi/q)\j} >1-o(p'™)

for any ¢ € (1,2). This concludes the proof of Theorem 2.
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S2.7 Proof of Theorem 3

Under the conditions of Theorem 3, it is clear that the results in Part 1
and Part 2 of the proof of Proposition 2 are still valid. In what follows, we
mainly present the proof when j € S¢ and the same argument applies to j €

S for a given set S. Throughout the proof, the regularization parameters are

Aj = (1+6)/(28/(n6;,)) Tog(p), where e = M(€'+1)/{M*(¢' ~ 1)} ~1 > 0;
these are the same as those in the proof of Theorem 2. In addition, C' is

some positive constant which can vary from expression to expression.

Part 1: Deviation bounds of ||§r\(_]]) —7T(_j])~||2. In this part, our analysis will be
conditional on the event &' N E", where £ = ﬂk#{ﬁ* < |Ixkll2/v/n < M}
and &" = ﬂke§c\{j}{]\7* < ||¢l(€])|\2/\/ﬁ < M}, respectively. For clarity, we

start with some additional analyses. Consider the conditional distribution

x; = X_m9) + e, (52.28)

J
where e; = x; — E(x;/X_;) is independent of X_; and follows the

distribution N(0, (1/¢;;)I,), and the regression coefficient vector 7r(_3j)

= =@ /oy Let § = {L <k <p:k#jon # 0} s =
X (x; — X_ 7)) /nl o, and J; = SU S

Since j € §C, we can rewrite ((S2.28)) as

) ) ,
X; = XS7T§ + X C\{j}ﬂ'gc\{j} +e;.
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In view of Proposition 1, we have

~(7) =~ . _ 2
®,79 ) = argmin {(2n)7![|x; — Xgbg — Xgu, 5,bse 3
Uy
S Se\{s}
+)\j Z Ujk’bkl}a
keSe\{j}

whose KKT conditions are

T =0 x. ~(7) —

T , =) x . ~(7) _ A(J)

Here the kth component of =) satisfies

=i sien(®) iR £ 0,k € SN
70)
k
€ [~owun]  HE =0k 5\),
where v, = Ht/),(fj) ||l2/+/n and %,gj) denotes the kth component of Y. With-
out loss of generality, we assume that S = {1,...,d}. Thus, based on the

above KKT condition, it follows that

XX @9 7 in = X7 (x; — Xoym) /m = MR, (92.29)

%) —_ (a7 (=W T
where KV = (0 ,(K,gc\{j}) ).

In what follows, we use arguments similar to those in |[Ye and Zhang
(2010) to construct bounds for ||7?(_]J) — ﬂ(_j])-HQ; the main difference here

is that the partially penalized regression problem can be more complex.

To this end, we first analyze the properties of 7?(3]) — 77(3]) Denote by

JS = —j\J; = {1,...,p}\(J; U {j}). Thus, it follows from (S2.29) and
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vIXT (x; — X w9y /n < 2 ||v]|; that

VTXT]‘X—J'(%(EJ)‘ - ng)/n = VTXIj( X_]ﬂ.(ﬂ )/ )\ VTA(J*

< 2Vl = AvTRYY

for all vectors v € RP~L. If v satisfies sign(vJ;) = sign((ﬁ'(j])- - W(,]J))JJ) =

sign((%(_j])-)J;), with the aid of v;, > M* for any k € §°\{;j}, it follows that

VTI/%(J*) _ _(V}'j ( )—I- JCAFIJC*)) < _VJ]A(J*) M*HVJc

which together with S C J; and vy, < M for any k € §c\{j} further gives

v RUY <M||VJ ||1—M ||VJC

Combining these results gives

vIXTX @Y =79 /n < (2 + M)Vl + (2L = MOA) v

1

(S2.30)

for all vectors v € RP! satisfying sign(v ) = Sign((ﬁ'(j; (JJ))J) =

sign((%(_j])-) s¢). Based on the above inequality, if Zo< M *\;, it follows
from v = 7?(_]]) — w(_JJ) that
(2 + M@Y= 7)1+ (2 = M) [RY) = 7)) e > 0,

which entails that

@Y} = 79 el < €NEY) =79 111 (S2.31)

—J —-J

for & > (MX; + 21,)/(M*\; — 2L,).

Moreover, in view of (S2.29)), with e = (0,...,0, 1 ,0,...,0) € RP71,
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it follows from v = (%,(CJ ) 7r,(€j ))e’c that
7 = mx X @Y —w D) < A7 - | = MolR — x|

(52.32)
for any k € J7, where the inequality can be derived by applying an argument

similar to that in (S2.30)). With the aid of (52.32)), if 27, < M*)\j, it follows

that

@ — m )= X7 — 7 /n < 0 (52.33)

for any k € J§. In view of (S2.31)) and (S2.33), if 2, < ]TJ/*)\]-, we finally

get

79 7V eg (¢, (S2.34)
for £ > (M), + 20)/(M*\; — 22_), where the sign-restricted cone G_ (¢, J;)

introduced in [Ye and Zhang (2010) is defined as

G-(&J;) = {u e RP L. el < ¢y, wex, X_ju/n <0, Vke€ J]C} :
In order to proceed, our analysis will be conditional on the event £ =
{z, < )\jM*(f’ —1)/(¢’ + 1)} for some constant £ > 1. Note that 27, <

Ajﬂ*(f’ -1/ +1) < M*)\j holds on this event, which together with

(S2.34)) implies that
7Y —al e g (&)

for € > (MM, + 22.)/(M*A; — 21.). We next show that the ratio (M); +

1)/ (]\A/[/ *\j—22) is bounded by a constant, so & can be chosen as a constant.
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In view of 2, < /\j]\7*(§’ —1)/(& + 1), it follows that
M)\j +ch>o 1= M)\J+M*)\]

SR (OE SV _ (€)M + 0
TN - AN - 1)/(€+ 1) o

which entails that
MM + 20 "L 1)(M + M ' 'L )M — 2M*
M*\; — 2% 2M* 2 2M*

which is a constant larger than one in view of ¢ > 1. Combining this

inequality with (MX; + 23)/(M*\; — 22) > (M);)/(M*);) > 1 further

gives
MM, + 2 ' 1 ' )M — 2M*
1gﬁv3—+zc><f§1+f +(§+)N : (S2.35)

Moreover, since 2/ < )\jﬁ*(g’ -1/ +1)< )\jM(S’ - 1)/(+1),it
follows from ([S2.29) that

IXT,X ;@Y — 7w nlle < MA; + 22,

< M+ \M(E —1)/(€ +1) = 2MN€ /(€ +1).

Thus, in view of |.J;| < s¢ + d, combining the above results gives

12N + ) _ {2ME /(€ + D} (so +d)2N
(&, J;) - F5(€, J;) 7

(S2.36)

where the sign-restricted cone invertibility factor F5(¢, J;) introduced in Ye

||7AT(_J]) - ﬂ(_jj)-||2 <

and Zhang (2010)) is defined as

Fy(8, J;) = inf {| ;"2 1XTX_ju/nlloo/|lully : w € G- (&, J)} -
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To derive a probability bound for the event £”, we use the following
inequality, valid for x > 0:

/ eV 2dt < e /%, (52.37)

T

Since e, is independent of X_; and follows the distribution N (0, (1/¢;;)1,),

we have
ejTXk | x ~ N (0, ||Xk‘|§/¢jj)

for any k # j, which together with (S2.37)) gives
T

ej Xk 1 pf‘s
P(——L% > /251 : .
Qﬁnxkua/% > V2Ton(p) [ x.) < Var \/25108(p)

Since the right-hand side of the above inequality is independent of x,

integrating the conditional bound over x; yields

P S %k /25 Io N B
<\/||xku%/¢'jj> 29logln)) < /20T08(p)

Combining this inequality with the probability bound for the event £ and

setting A; = [M (& + 1)/{M*(¢ — 1)}]/(26/(ng;,)) log(p), we obtain

‘ (e — 1 elx —~ /261
1-P zg§¢ :IP’( max ©, k|>M og(p)>
&4+ 1 k£j1<k<p n n¢jj
el ~ (261
< IP’( max ﬂ > M 20 1os(p)
k#j,1<k<p N ngj;

e X, Myn
=2 P( : > 20 1og(p)
k#j,IZSkgp ||XkH%/¢jj [reA P

e-Txk
<2 P(——L——= > /258 log(p) ) + o(p"'°) < o(p'™%). (S2.38)
k#ﬂ%:kﬁp ( V ||XkH%/¢J] >

We still need to know the magnitude of F5(&, J;). Since the eigenvalues

&) +P(E))

5/> + o(p*~°)

of 3 are bounded within the interval [1/L, L] for some constant L > 1,
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we can deduce that the eigenvalues of ¥_; _; are also bounded within the
interval [1/L, L] by Lemma [2] Since s + d = o(n/log(p)) follows from
Condition 2 and d = o(n/log(p)), in view of Lemma [4] there are positive

constants ¢y, ¢, c3 such that
F2 (57 Jj) Z 1

with probability at least 1 — o exp(—csn). Since log(p)/n = o(1), it follows

that

exp(—esn)  pPt

p=0  exp(esn

7= exp{(0 — 1)logp — csn} = o(1),
which entails ¢ exp(—csn) = o(p' ).
Moreover, with the aid of , , and , we know that
PENE NE) =1-P(E)U(E")UE))
>1 - B((E)) ~ BE")) ~P(E")) =1~ olp*?).

Thus, combining these results with (S2.36) gives

P79 — 701> < Clsa +d) /20 } > 1= o(p'). (52.39)

Part 2: Deuviation bounds of n*1/2||X_j(7?(_j])- - 77(;7]))”2 and ||7/1\'(_]]) - 7r(_j2||q

with ¢ € [1,2). We first construct bounds for ||X_j(7?(j])- — 71'(33)”2 Some

simple algebra shows that

IX-s @Y =7 O; < XX @Y — w77 = 7. (52.40)
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In the event £” = {2 < /\jM*(f' —1)/(¢ 4+ 1)}, it follows that
IXEX (@Y = w2 fnlloe < MX; + 25 < M + LMY€ = D/(€ +1),

J

which further yields

IXT X ;@Y — 7)o < n{M + M€ = 1)/(€ + 1)}, (S241)
Moreover, since 7?(_]3) — ﬂ'(_]]) € G_(¢, J;), we have
I172) = w2l = IwE = el + (R = w2l
< L+ OIES = 7l
< (1 D2 (79— 7O
< (1+8)(sa + )& — 7 |15
< (1+8)(se + d) 7Y — 7,

which together with (52.39) entails that

P{H%(_j; 7Dl < Cse + d)A, } > 1 — o(p'~%). (52.42)

Then with the aid of (S2.40)), (52.41)), and (S2.42)), we finally get

P{IX (7Y~ 7l < C{(sa + dIn} 20} =1 0(p' ), (32.43)
which further entails that
P{n X (7 — w)ls < Clsa + )20} 21— o(p' 7).
We can also derive the deviation bounds of H%(_JJ) —7T(_j])~ |, with ¢ € (1,2).
Note that the two inequalities Z§:1 a; < by and Z§:1 a? < by for a; > 0

imply

p p p 2=q p q—1
q _ 2—q_2¢—2 ) 2 2—q1q—1
a; = a; “a; < a; a; §b1 b2 )
, , =
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for any ¢ € (1,2). Thus, we have
s A o — N A -
172 = w2l < 172 — w2 (172 = w2,
which together with (52.39) and ((S2.42)) gives
P{IRY) — 79, < Clso + )00} 2 1= o(p' )

for any ¢ € (1,2). This completes the proof of Theorem 3.

S2.8 Proof of Theorem 4

Under the conditions of Theorem 4, it is clear that the results in Part 1 and
Part 2 of the proof of Proposition 2 are still valid. Denote by & = {51 csS }
the event in Definition 1. By Definition 1, S is independent of the data
(X,y), so we treat S as given. Conditional on the event &£, we will first
analyze the properties of some key statistics before deriving the confidence
intervals of 3;. In what follows, we mainly present the proof when j € Se
and the same argument applies to j € S. Throughout the proof, C' is some

positive constant which can vary from expression to expression.

Part 1: Deviation bounds of ||z;||2. We derive the deviation bounds of ||z;||2
in two different cases that correspond to the asymptotic results in Theorems
2 and 3, respectively. In each case, the assumption on s; is different, but we

obtain asymptotically equivalent deviation bounds of ||z;||2. In both cases,

the regularization parameters are \; = (1 + €)+/(26/(n¢;;))log(p), where
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e = M +1)/{M*(¢ —1)} =1 > 0; these are the same as those in the
proof of Theorem 3.

Case 1: s1 = o(n/se). Since s = o(n/log(p)) and d = O(s1) =
o(n/se), the convergence rates established in Theorem 2 are asymptotically
vanishing. Then in this case, we mainly utilize the results in Theorem 2.
Since e; is independent of Xg, it follows from e} = (I, — Pg)e; defined in
that

05i1€5 151X 5 ~ X{oa)-
In view of d = o(n), applying the same argument as in gives
P {0 < (lell/vn) < My | Xg} > 1—o(p'™),
where M4 and ]\Afj are positive constants satisfying ]\Z > M. 1. Since the
right-hand side of the above inequality is independent of Xg, we further
have
P {1\7; < [le3|la/v/n < J\Z} > 1 — o(p'™). (92.44)
In addition, it follows from ng-j) = ’l,bgc)\{j}wj + €} and z; = 'gb(-j) —

J

which together with inequality (52.27)) gives
P{lleflla — C(sen)'?A; < |lz5]l2 < ll€}]l2 + Cson)?A;} > 1= o0(p' ™).

(S2.45)
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In view of s¢(logp)/n = o(1), the above inequality together with the in-

equality yields that

P {||z;]. = n1/2} >1—o(p'™?). (52.46)
Case 2: s; = o(n/log(p)). In view of d = O(sy) by Definition 1, it follows
from s;1log(p)/n = o(1) that dlog(p)/n = o(1), so that the convergence
rates in Theorem 3 are asymptotically vanishing. Then in this case, we

()

mainly utilize the asymptotic results in Theorem 3. For e; = x; — X_ 7"}

defined in , applying the same argument as in (S2.5)) gives

P {1 < Jlesla/vn < My} 21— o(p'?), (52.47)
where ]/—\\4/3 and ]Wg are positive constants satisfying M?, > ]\fzg By Proposi-
tion 1, we have z; = x; — X_j?r(j])-. This implies that

e —Z; = ij(?l'(,jj) - 77(3]))7

which together with the inequality (S2.43)) gives, with probability at least

1—o(p'™?)

)

lejllz — C{(se + d) log p}'/* < ||z;]l2
(S2.48)

< llejllz + C{(sa + d) log p} /2.
In view of s¢(logp)/n = o(1) and d(logp)/n = o(1), the above inequality

together with inequality (S2.47)) shows
P {||z]. = nl/Q} >1—o(p'™). (52.49)

Therefore, in both cases, we have ||z;||s < n'/? with probability at least
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1—o(p'™).

Part 2: Deviation bounds of 7;. First of all, it follows from the equality

(2.9) that
2% =29 = g5 + (W) @) "2
= Iz 13+ vnx; D> Ul [@4]) (52.50)
keS\{j}
> |1z,13,

where the third equality above follows from the Karush-Kuhn-Tucker
(KKT) condition of the lasso estimator, which gives
Z;I',%bl(fj) — (,¢§J) _ ¢§c\{j}&}j)—r ’(CJ)

= VX[l - sen (@)
for any k € A = {k € 5°\{j} : sgn(w;,) # 0}, where @,y is the kth

(S2.51)

component of &;. By (52.50)), we immediately have
75 = llzjll2/|2; ;] < 1/||2;2. (52.52)
It remains to find the lower bound of 7;. With the aid of ((52.12)), it

follows that with probability at least 1 — o(p'~?)

2% =2 = [lzil3 + VN Y (192 @)
keSe\ (5} (S2.53)

Y

<23 + nMa;||@; 1.

Based on (52.52)) and ([S2.53)), it follows that

P{ ||Zj||2 < T < 1 } >1— o(plf‘;). (S254)

12513 + Mans|e; | 15112

We then derive the bounds of ||&;||;. Note that by the triangle inequal-
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ity,

19011 < flewsll + llw; = wjll-

: : )] _ T
According to the equality (52.17)), w; = TGy = —<I>j7§6\{j}/¢jj. Thus, we
have [|wjlli < |7V < si2llw)]l, where #¥) = —~® /6,5, Since the

eigenvalues of ® are bounded within the interval [1/L, L] for some constant

L > 1, it follows from Lemma [2] that
1@ —jlla < L, 1/L <oy <L, and 053655 > 1.
These facts imply that
Il < 1155112/ 645 < Log; < L* = O(1)
which further gives
lwslls < 17w < s[lwY]12 < O(sq?),
In Case 1, since sg(logp)/n = o(1), combining these results with
(S2.26)) gives, with probability at least 1 — o(p'~?),
15111 < flwsll + 11@; = wjlli = O(sg”) + O(s0) = Osg”).

Thus, A;[|@;]li = O [{se log(p)/n}"/?] = o(1) with the same probability.

In Case 2, Proposition 1 and ((S2.42)) give, with probability at least

L—o(p'™)

)

@01 < =D + |7Y) = O(sy) + O{(s0 + A)\;}.

_j”l
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Since A} = O{log(p)/n}, Condition 2 and dlog(p)/n = o(1) yield

N 1 12 d)1
Al@ilh =0 { (22 } oLt dert o)

with the same probability. Therefore, in both cases, n\;||@;|i = o(n).

Combining this result with (52.46)) in Case 1, ((52.49) in Case 2, and ((S2.54])

gives
P{r < n_1/2} >1—o(p*™?).

Moreover, we show that

n1/27'j P

e 51
The previously established inequalities (S2.50) and (S2.53), together with

nA;||@;]l1 = o(n) and ||z;||3 < n, imply that

T
7. X,
) ;' 51
[EAE

It remains to derive the limit of ||z;||2/v/n. In Case 1, since

oiilleslls | Xg ~ X{oa)

and d = o(n), we have [|e}|2/\/n % 712 This result and (S52.45), together

ji
with sg(logp)/n = o(1), give

m P ¢—1/2_

VI
In Case 2, (52.48)) and the assumptions s¢(log p)/n = o(1) and d(logp)/n =
o(1) give

“l J||2 || J||2| zo]p(l).

vn




Yang Li, Jia Zhou, Zemin Zheng and Ziwei Zhu

Since e; = x; — E(x; | X_;) follows the distribution N(0, (1/¢;;)L,), we

again have
HZj||2 P ¢.—'1/2
\/ﬁ 77
Therefore, in both cases,
e D
b o5 Nzl 12

Part 3: Deviation bounds of the inference bias A;. Note that the inference

bias A; here is defined as

Z-TXkﬁk
_ J

A= > .

5 . 7 )
keS\{j}

Then we have

Z X ZTX
1A, :‘ Z > iﬂk‘ < ( max Z{TX’? kay.
keS\ () 7 RSN 5 o

As in and (S2.51)), the KKT condition and equality (9) give, for
any k € S\{j},
273x4] = [z 9| = (W) = 5o, (3@ "1 < VANl
Recall that the inequality gives

P( max 1202 | 57 3 pl¥ll 57
keS\GY VI vt Vn

1-26 1—6>‘

= o(p
Thus, by (52.46|) in Case 1, (52.49) in Case 2, and (52.50]), the following

bound holds with probability at least 1 — o(p'~°):

z] x J
max || < max M<C\/bg(p)/n.

kese\() 12, X5 1 T kesevy  1lzll3

<p-dpF=4p
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Since S; C S on the event &, the above inequality together with || Bsell =

o(1/+/log p) in Condition 3 entails that

P{14] < C/log(p)/n - o(1//ogp) = o(n /%) } = 1= o(p'™).

Part 4: Confidence intervals of the coefficients B;.
The proof of this part is the same as that of Theorem 1, and, therefore,

has been omitted.

S2.9 Proof of Theorem 5

Denote by & = {51 C §} the event in Definition 1. By Definition 1, S
is independent of the data (X,y), so we treat S as given. Conditional on
the event &£, we first prove the deviation bounds in Parts 1-5 and then
establish the confidence intervals for 3; in Part 6. In what follows, we
mainly present the proof when j € S¢ and the same argument applies to

J € S. Throughout the proof, the regularization parameters are \; =

(1 + €)y/(20/(ncx.)) log(p), where € = M(¢' +1)/{M*(¢' —1)} — 1 > 0.
Throughout, C' denotes a positive constant that may vary from line to line.
Part 1: Deviation bounds of ||xx|2 and ||d),(€‘7)||2 Let xy; denote the ith
component of x;. For each fixed k, the random variables x;, e = 1,...,n,

are i.i.d. sub-Gaussian, and their squares z%; are i.i.d. sub-exponential.
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Bernstein’s inequality for i.i.d. sub-exponential random variables then gives

P (ﬂ{]\N/l* < Ixxll2/vn < M}) >1—o(p'™).

k]
Moreover, for each k € §C\{ j}, Lemma 5| shows that the population regres-

sion of x; on Xg satisfies the assumptions of Lemma @ Applying Lemma

[6] with & replaced by § + 1 and using a union bound, we obtain

Pl () AM <|oll/vn<M}| >1-op').

keSe\{j}
Part 2: Deviation bounds of H?z\'(_j; - 7T(_jj)~H2, H?r(_]]) - w(_j])-||1, and the pre-
diction error. Let 87 = {1 <k <p:k # j, ¢y # 0}, 22, = ||XIj(Xj -
X_jﬂ'(j])-)/nﬂoo, and J; = SUSY. In this part, our analysis will be conditional
on the event £'NE" NE", where £ = ﬂk#{]\N/[* < ||Ixkll2/v/n < M}, &=
Nicsey I < 19 ]l2/v/n < M}, and £ = {21, < \;,M*(&'=1)/(£'+1)}
for some constant £ > 1.

Consider the linear regression

)

Xj = X_jﬂ'_J

+ €5,

U . 2 T . .
where s = argming E||x; — X_jw|; = —®; _;/¢;; is the population
least squares regression coefficient. Moreover, the elements of the residual
vector e; are i.i.d. K’-sub-Gaussian random variables with zero mean and

common variance 1/¢;;, where K’ is a constant depending on K and L.

Let e;; be the ith element of e;. By the definition of the population least
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squares coefficient, we have
E(X;je;;) = 0.

For every k # j, the random variables X;;e;;, 1 <1 < n, are i.i.d. and have
mean zero. Since X;; and e;; are sub-Gaussian, these products are sub-
exponential. Bernstein’s inequality then gives positive constants ¢y and ¢y,

depending only on K and L, such that
P (|x;e;/n| > t) < 2exp(—cont®), 0<t <. (S2.55)

Recall that 14 € = M(& + 1)/{M*(¢' — 1)}. Choose the constant cx.z in

the definition of A; such that ck 1 < COM 2. Hence,

. N M*(E—1) By 2(510g(p)‘
5/ + 1 NCk,L

Since log(p)/n = o(1), we have t,, < ¢; for sufficiently large n. Applying

(S2.55) and a union bound gives
P{(£")} < 2(p — 1) exp(—cont?) < 2p' 7% = o(p' ™). (S52.56)

Combining this result with the probability bounds for £ and £” in Part 1

yields
P(ENE NE")>1—o(p'™). (S2.57)

Let h; = %(fj) —779}. On £'NE"NE™, repeating the KKT argument used

to derive ([S2.29)—(S2.34)) shows that, for some constant £ > 1 independent
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of n and p,
hy € G (6J;),  IIXTX_jhj/nllew < MA;j+ 25 <CN;. (S2.58)
On &, shows that (M)\j + zgo)/(ﬁ*)\] — 2J_) is bounded above by
a constant; hence £ can be chosen independently of n and p.
By Definition 1, d = O(s1). Hence, the assumptions s; log(p)/n = o(1)
and sg log(p)/n = o(1) imply that
|Jj|log(p)/n < (se + d) log(p)/n = o(1).
Since S is treated as fixed, Lemma applied to X_; gives positive constants
cr, ¢, and ¢z such that the event &p = {F5(E, J;) > cp} satisfies
P(Ep) > 1 — cyexp(—csn) =1 — o(p'~?).

On &'NE" NE"NEp, (52.58) and Fy(&, J;) > cp give
|52 (1X X by /0o
F2<57 Jj)
Together with (52.57) and the probability bound for £, this gives

Iyl < < C(se +d)' 2N,
PLIRY) — 79le < Clso + )20} 21— o(p' ), (52.59)
Moreover, the cone condition in (S2.58)) gives
Ihylls < (14 9)I(hy) gl < (14 ISV |Ihy]l2.
Combining this inequality with (S2.59)) yields
P{IRY) — 7Ol < Clso + DN | = 1= 0(p'™?). (S2.60)
Finally, by Holder’s inequality and (S2.58)),

n X by 13 =) XX hy/n < |yl | X5, X hy/n)le < Clse + d)AS.
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Therefore,

P{n X (79— w)ls < Clsa + )20} > 1 0(p' ). (S2.61)

Part 3: Deviation bounds of ||z;j||2. Bernstein’s inequality for i.i.d. sub-

exponential random variables gives

P {1 < Jlejla/vn < My} = 1= o(p'?), (52.62)
where ]/—\Zlg and J\fzgf are positive constants satisfying Mg > m By Proposi-
tion 1, we have z; = x; — X_j?r(_j])-. This implies that
~(9) (]'))’

ej—z; =X (7wl —m;

which together with the inequality (S2.61]) gives, with probability at least

1—o(p'™?)

)

lejllz — M{(so + d) logp}'/* < ||z

< llellz + M{(se + d) log p}'/*.

In view of sg(logp)/n = o(1) and d(logp)/n = o(1), the above inequality

together with inequality ((S2.62)) shows

P{|lz;lls < n'/?} > 1 —o(p' ™). (52.63)

Part 4: Deviation bounds of 7;. The identity z; = x; — X_j?r(_j)- gives
2% = ||zi[13 + (X-;77) 2 > |z

J

This immediately gives

7 = llzjll2/12; 3] < 1/12]]2-
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Moreover, with probability at least 1 — o(p'~°)

Y
7 %; < ||, [3 + ndMA IR 1.

Therefore,

]P){ ”ZJH2 <7 < 1 } >1-— o(pl_a), (8264)

Iz;113 + M |79 15112

We then derive bounds for H7Ar(_j])\|1 Note that 71'(_]3) = —<I>jT_j/¢j]-. Since

the eigenvalues of ® are bounded within the interval [1/L, L] for some
constant L > 1, it follows from Lemma [2] that
@) —jlla < L, 1/L <oy <L, and 0;;¢;; > 1.
Thus,
[z < 11®5—5l2/ 635 < Loy < L* = O(1),
which further gives
I %l < sl e < O,
Combining these results with gives, with probability at least
1—o(p'™),
17511 < C{sil” + (s + A}
Consequently,
NIEG I < Clsdl*A + (s + d)A} = o(1),
where the last equality follows from \; =< /log(p)/n, sslog(p)/n = o(1),

and dlog(p)/n = o(1). Hence, n)\jH?r(_jj)-Hl = o(n). Combining this result
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with (S2.63) and (S2.64]) yields

P{r; < n_l/z} >1—o(p'™).

Part 5: Deviation bounds of the inference bias A;. The proof of this part

is the same as that of Theorem 4, and, therefore, has been omitted.

Part 6: Confidence intervals of the coefficients ;.
The proof of this part is the same as that of Theorem 1, and, therefore,

has been omitted.

S3 Additional technical details

This section presents the proofs of the lemmas used to establish the main

theoretical results.

S3.1 Proof of Lemma 1]

We first consider the conditional distribution
x; = X_w% + e
J —j N 'R
where e; = x; — E(x;|X_;) ~ N(0,(1/¢;;)L,) and «V) = —&] /6.

Without loss of generality, we write X as
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By some simple algebra, we can get
-1

Yoo Zea
x| " T - : (S3.65)

Ygeg Ygege

_ N _ Ny Nl
where Yz g | = Yges. ESCSE§§ESSC.

On the other hand, the conditional distribution of Xz, given Xgz yields
pd ~ N(0.1, @ (Zgu5. — T5.g855855.))-
Then it follows from that
(Bgege — TeesX3e%gs) " = Tae, = Poese
Therefore, we immediately have

which further yields

() -~ o \-1] R
P5e\(iy N (0’1” ® [(q)SCSC) ]SC\{j}vsc\{j}> '

This completes the proof of Lemma [I]

S3.2 Proof of Lemma 2

We prove the conclusions of Lemma [2]in turn.
1. In view of the fact that the eigenvalues of ¥ and ® are the inverses
of each other, the first conclusion is clear.

2. Suppose that the eigenvalues of ® are 1/L < A\ <Ay <--- <\, <
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L. Then there exists an orthonormal matrix Q = (g;j),x, such that

AN - 0

®=Q| : . : |Q". (S3.66)

Thus, for any 1 < k£ < p, we have
VL <M <= Mg + -+ M, <A < L

which completes the proof of this conclusion.
3. By Cauchy’s interlace theorem for eigenvalues in (Hwang, 2004,
Theorem 1), this conclusion is also clear.

4. Based on ([S3.66|), we have

)\% .o 0
"' =Q| : .. : |Q". (S3.67)
o --- )\12)

Denote by [|@,||2 the Ly-norm of the jth row of ®. Since ® is symmetric,
H%H% is equal to the jth diagonal component of ®® ' for any j € {1,...,p}.

In view of ([S3.67), we know that the eigenvalues of the symmetric
matrix ®® ' are bounded within the interval [L=2, L?]. Thus, the second
conclusion of this lemma gives that | ¢;||5 is bounded within the interval
[L~%, L?], which yields that ||¢,]|> is bounded within the interval [1/L, L].

This completes the proof of this conclusion.
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5. Based on (S3.66|), we have

/A - 0
X=Q| : . |Q
0 - 1/),
Thus, for any 1 < j < p, we obtain
L, L,

By the Cauchy-Schwarz inequality, we get

1 1
P

(£) (Ewem) - (80)

This concludes the proof of Lemma [2]

S3.3 Proof of Lemma [3

Since XX /2 has independent standard Gaussian entries and n > d, it
has full column rank with probability one. Moreover, 3 is positive definite.
Hence, X has full column rank with probability one, so that X" X is positive
definite and the ordinary least squares estimator exists with probability one.

We next establish a bound for the prediction error of B Since X is in-
dependent of g, standard properties of the ordinary least squares estimator

imply that, conditional on X,

IX(B - B)|3 5
o2 ‘X ~ X(a):
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For a random variable Z ~ X% ) and any x > 0, the additive chi-squared

tail bounds give
P{Z —d >2Vdx + 22} <exp(—z) and P{d—Z >2Vdzr} < exp(—x).

Taking x = 20 logp and applying the union bound, conditional on X we

obtain

P[max{d — 2,/28d1ogp,0}0 < |X(B — B)|12
< {d +2\/23dlog p + 45 log p}o? ‘ X] >1—9p%
Since the right-hand side is independent of X, the same bound holds un-

conditionally, which completes the proof of Lemma [3]

S3.4 Proof of Lemma [4]

Since G_(£,5) C G(&,5), it is immediate that F5(€,S) > F5 (&, S). To show
the constant lower bound, we first establish a connection between F»(¢, S)

and the restricted eigenvalues (RE), which are defined as

Sl/mHXuH2 ueg(E S)}

(ns)'/2[[ullm

RE, (¢, S) = inf {

for a positive integer m and the cone G(&,S) defined as in Lemma |4 By

(Ye and Zhangj, 2010, Proposition 5), we have
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For every u € G(£,5), the cone constraint gives |[uf|; < (1 + &)s'/?||ull. It

follows from the definitions of RE; (£, S) and RE,(&,S) that

RE2<§7S)
RE1(£7 S) 2 1—4_57

and consequently
RE3(E, 5)
1+&
We then prove a constant lower bound for RF;(&,.S) with high proba-

F5(§,9) =

bility. First, it follows from (Raskutti et al., [2010, Theorem 1) that for any
u € RP, there exist positive constants ¢, and c3 so that

Xul _ 1
—U 2 1= 2ull, — 9p(%)

log p

[l
holds with probability at least 1 — ¢y exp(—csn), where
p(X) = max »2
On the other hand, for u € G(¢, 5), it follows from the definition of G(¢, S)

that

L+ fluslh < (1 + O fus|ly < (1+€)s2us]e.

Jully = fluse
In addition, we have ||S'?ull; > A (ZY?)||ull2, where Apin(31/2) is

the smallest eigenvalue of £/2. Thus, it follows that

nt/2 4 n

Xu 1 slo

Xul, {-Amm@lﬂ) 91+ €)o(3) g“’)} (9368
holds with probability at least 1 — cyexp(—csn). Since the eigenvalues of
3 are bounded within the interval [1/L, L], both Ay, (2'/?) and p(X) are

bounded from above and below by some positive constants according to
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Lemma 2
Therefore, when s = o(n/log(p)), it follows from the definition of
RE5(&,S) that there exists some positive constant ¢ such that for suffi-
ciently large n,
RE(€,8) > o?

holds with probability at least 1 — cp exp(—csn). Consequently,

Co
=.C
1+¢ 1

on the same event, which completes the proof of Lemma

S3.5 Proof of Lemma [5

Let C = 5¢ and B = C\{j}. Expanding the population least squares
objective and differentiating with respect to < give the normal equation

X5y = ;-
Since Xgg is positive definite, the unique solution is

() _ »—1

7 = E5s%g
Consequently, ]E(pgj )) =0, and
T,0)y Y _
E(XLp") = n <2§j . ) — 0.
For the 7th row, the residual vector corresponding to the variables in C'

is

T _~T -1y T
pLC_Xi,C EC’SE§§XZ',§'
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The coefficient matrix satisfies

-1
[es=ss

o S = lopll =5 lop < L2
By Definition , pz o 1s a mean-zero K'-sub-Gaussian random vector, where
K’ depends only on K and L. Since the rows of X are i.i.d., the residual
rows are also i.i.d.
Finally, their common covariance matrix is the Schur complement
Cov(plo) = Beo — BegEiBge = (Poc) ™,
where the last equality follows from the block inverse formula. Taking the
principal submatrix indexed by B = C\{j} gives
Cov(p,p) = [(®cc) ], -
This is the covariance matrix stated in the lemma, which completes the

proof.

S3.6 Proof of Lemma

Since dlog(p)/n = o(1), we have d = o(n). Moreover, XX ~'/? has inde-
pendent isotropic sub-Gaussian rows. It follows from (Eldar and Kutyniokl,

2012, Theorem 5.39) that, for some constant ¢; > 0, the event
& = {)‘min(XTX) >n/(2L)}
satisfies

P(&) > 1 —2exp(—cin). (S3.69)
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Thus, X' X is positive definite and the ordinary least squares estimator
exists on &;. Denote by
Py = X(X'X)'X"
the projection matrix onto the column space of X.
We then derive upper and lower bounds for the residual sum of squares.
Since the ¢; are i.i.d. sub-Gaussian random variables with variance o2, the

2

random variables €2 — o2 are i.i.d. sub-exponential. Thus, Bernstein’s

inequality gives a constant ¢y > 0 such that the event
E = {%Qn < el < 202n}
satisfies
P(&) > 1 — 2exp(—can). (S3.70)
For any 1 < j < d, the random variables Xj;g;, 1 <4 < n, are i.i.d.
with zero mean. Since both X;; and ¢; are sub-Gaussian, their products are
sub-exponential. Thus, by Bernstein’s inequality and a union bound, there
exists a constant Cy > 0 such that the event
& = {|X"ellw < Cof{nlog(p)}/?}
satisfies
P(£5) < 2dp~CFY) < 2p~9. (S3.71)
On & N &, it follows that

2L
e"Pxe < Anax {(XTX) 1} X g3 < =d||X "2, < 2LCFdlog(p) = o(n).
n
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Consequently, on & N & N & and for sufficiently large n,
ly = XBl3 = &' (I, - Px)e = [¢]} — ¢ "Pxe,

which gives

o? -~

Zon < lly - XBI < 20%n
Finally, log(p)/n = o(1) gives exp(—cxn) = o(p'~?) for k = 1,2, while
p~° = o(p'~%). Combining these results with f, we obtain

P(ENENE) >1—o(p'™0),

and hence |y — X,@Hg = y/n on this event, which completes the proof of

Lemma [6l

S3.7 Proof of Lemma

Since G_(&,5) C G(&,S), it follows immediately that Fy(&,S) > F5 (&, S).
Recall the restricted eigenvalues RE,,(§, S) defined in the proof of Lemma

Ml By (Ye and Zhang) [2010, Proposition 5),

Moreover, the cone constraint gives [[ul|; < (1 + £)s'/?||ul|; for every u €

G(&,S). Thus,

RE3(E,S)
1+¢&

We then establish a constant lower bound for RE5(§,S). Let A > 1

F(,8) > (S3.72)

be a constant to be specified later, let » = [As], and set ¢ = s+ r. For a
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fixed set T C {1,...,p} with |T| < ¢, the matrix XTE;;/2 has independent

isotropic sub-Gaussian rows whose sub-Gaussian norms are bounded by a
constant depending only on K and L. Theorem 5.39 of |Eldar and Kutyniok
(2012) and the eigenvalue bounds for 37 yield uniform lower and upper
singular-value bounds for X, except on an event of probability at most
2 exp(—cn) for some ¢ > 0. The number of such sets is at most gp?. Since
qlog(p)/n = o(1), a union bound gives positive constants ag, by, ¢2, and c3

such that, with probability at least 1 — ¢y exp(—c3n),
ao|[vllz < n7 2 Xvlls < bol[v] (53.73)

simultaneously for all vectors v supported on at most ¢ coordinates. The

corresponding failure probability is bounded by

2q exp{qlog(p) — en} < coexp(—c3n)
for sufficiently large n.

On the event in (S3.73), fix u € G(§,5). Let T contain the indices
of the r largest components of uge in absolute value, and partition the
remaining indices into disjoint sets T5, T3, . .. of size at most r in decreasing
order of the magnitudes of the corresponding components. By the ordering

of the coordinates in 17,75, . . .,

sl \/ ¢
< < — < —= . .74
>l < 5 <y 2 sl < s ($3.74)

£>2
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Since |SUT)| < ¢q and |T| < ¢, inequalities (S3.73)) and (S3.74)) yield

n 2 Xallz 2 07V Xusun [l: = 07V Xug [l

£>2

> (00 2% Jusunle
VA
Choose A sufficiently large so that bof /v/A < ag/2. Moreover, (S3.74) gives

§
full < (14 = ) usor e
Consequently, there exists a positive constant ¢y depending only on K, L,
and & such that
RE5(E,5) > ¢

with probability at least 1 — coexp(—cgn). Combining this result with

(1S3.72) gives

[\

Fy(¢,9) > F;(,5) > —

1 =:C1,

_|_

§

which completes the proof.
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