Statistica Sinica: Supplement 1

Statistical Inference on Quantile Treatment Effect

under Covariate-Adaptive Randomization
Yuhang Tao! and Li-Xin Zhang?!

L Zhejiang University and ? Zhejiang Gongshang University

Supplementary Material

S1 Proofs

S1.1 Proofs of Main Theorems

Proof of Theorem 1: Let § = (61,00)T € R%, q*(7) = (q.(7), qo(7))7, ¢*(7) =

(El\l(ﬂ»f]\o(T))T, T,=(T;,1-T)", i=1,--- ,n, and

Un(8,7) =) [pT(Yi ~ T ¢ (r) — Ti §/v/n) — p. (Y~ Ti q*(7))].

=1

(SL.1)

Then, by the change of variable, we have that

Vi (q*(T) — q* (1)) = arg min Un(6,7). (51.2)
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Using Knight’s identity (?), we have
Un(8,7) = —=8"Upn(7) + Uz (8, 7),

where

Upn (T \/_ZT (1 — I{v; < 0}),
T; 5/\/5
Usn(8,7) = Z/O (I{v; < s} — I{v; < 0})ds, (S1.3)
and v; =Y; — f’iTq*(T).

First, we turn to Us,(d, 7). In order to derive the asymptotic behavior of

Usn (8, 7), we can write

n T; 6/vn
Uz (8,7) :Z /0 (I{v; < s} — I{v; < 0})ds

d/vn
=37 [ ) ) < ) - 100 ~ () < 0)) s
do/vn
" Zu 1) [ A0 = an(r) < 5} = 10) — () < 0D s
=—ZT/ Vit (H60) = ) < S = 16 (0) — () < 0} ) s

3201 [V (1060 = i) < )= H0) — i) <0} s

:=Un,1(1,7) + Uz (60, 7).
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A simple calculation shows that

B[ /" va (1060 - alr) < <) - 1Y) - () < 0} ) ds
o 7

- [ (5 (i + 2) - R ) s

01

= fi(qu(7)) sds + o(1)

0

=5 Fi (@a(r) 8+ 0(1).

Using the same method, we can derive that

= (@ (M%) 8% + 0p(1)

Besides, it is easy to note that E [ 061 vn (]{Y;(l) —q(1) < =} - I{Y;(1) —qu(7) < 0}> d3|XZ}

and f1 (¢1(7)) are bounded, which implies that

B[ /" v (1050 — alr) < <2} — 100 - () < 0} ) as] 2
: 7

Then, it follows from Lemma 7?7, we have

%i@ﬂ -1 / i (I{WU — () < %} ~ I{Yi(1) - qi(7) < 0}) ds 5 0.

Furthermore, by the law of large numbers for triangular arrays, we have

_2/1 ([{Y () < \F} (1) — a(r )§0}) dsiéfl (1(7)) 67



4 Yuhang Tao and Li-Xin Zhang

Thus, we can derive that

n

Uana(61.7) =5 -7~ 1) [V (100 = () < =) = 1) = an(r) < 0} ) s

=1

Using the same method, we can derive that

U2n,0(607 T) i %lfo (q(7)) 5(2)-

Therefore, we obtain that

P T fl 1\7T O T=
Unn(8,7) 5> ifl (u(r)) 82 + ifo (qo()) 82 = ia (@(m) 5= 2670 (m)8,
0 Jo(qo(7))

where

Applying lemma 7?7, we have

V(@ (t) - q*(7))
={Q(1)} " Uin(7) + 0p(1)

1
_ 2 (f(q<>> (1) )Z( T, (r — I{Yi(1) < aa(7)}) )+0p<1>.
O ey T\ IO < wm))

S
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Thus, we obtain that

; 2 e v <t
VAate) =atr)) = 3 |y O~ 10 S ae)

1
fo(C_Io(T))

(1-T;) (7 — I{Y;(0) < qo(7)})| +op(1). (S1.4)

By simple decomposition, we have

%Z {ﬁT (r — I{Y;(1) < qu(1)})

2
folgo(7))

=En,1(7) + €na(7) + Enp(7), (S1.5)

(1=T) (7 = {Yi(0) < qo(7)})

where

1 1
ua(7) = nzlw—l{mh—wa)s%(fnm}

+ ey I PO S w)lXT) (SL.6)
fualr) =72 Z{ s [ = PO < (7)1

Tty PO S ()X (SL.7)
na(7) %i{ﬁ(qim)mmu) (IIX:) — I{Yi(1) < g1 (7))

- oy T E0) < a(r)1X) ~ H40) < a0}l }
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It follows from Assumption 2 that there exists a o7(7) such that
£(7) S N0, 01(7)).

Notice that

1 1
E {—ﬁ(qlm) = PO < )X - s = BO0) < qo<r>|Xi>1} 0,
and
E {; POA(1) < au(7)|X0) — T{Yi(1) < ()] X} 0
filga (7)) ST ' N ' 7
1
E {m BYi(0) < qo(m)|X,) — I{¥i(0) < qo(m)}] XZ} o

Furthermore, we denote that

o3 = Vor { s [7 = B < alDIX0] = 1t~ PO < an(r) 100
and
o) =Var { =L PO £ ()X — 1% (D) < )]
v L PO0) < ()X — T < o))
:m]ﬁj (P(Y;(1) < 1 (7)]X)(1 = P(Yi(1) < qu(7)] X))}
N mm {P(Yi(0) < qo()|X:)(1 — P(Y;(0) < qo(7)| X))}

Therefore, it follows from Assumption 2 that

Enr(T) + Ena(T) + Ens(1) 5 N(0,0%(r) + o2(7) + 02(1)),
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which implies that

VR(@(T) — q(1)) 5 N(0,03(7) + 03(r) + o2(1)).

Proof of Theorem 2: Let

Ly (01,7, %) = ZT{pT( <>—%)—m(i@—ql<7>> jl_ATw(X).

Then, by the change of variable, we have that
vn (a\iadj@_a AL Y) — 91(7)) = arg;nin Ly n(61,7,7).
Using Knight’s identity (?), we have
Lyn(01,7,%) = =01L1 1 (T, %) + L1 n2(1,7),
where
Laa 1) = 7 YT~ HYD) < ()} = X0

and

n

51/vn
Linald7) = 31, [ ) < )+ 5h = 1) < ().
It has been proved in proof of Theorem 1 that Ly, (61, 7) = 1 f1(q1(7))6% +

op(1). Then it follows from lemma ?7 that

\/ﬁ(fl\fadj(ﬂ AL, Y) — qi(1))
\/— ZT — I{Y;i(1) < (1)} = A{(X,)) + op(1).
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Similarly, we can obtain that

\/_(%adj(T Xo, %) — qo(T ))
fZ = I{Y;(0) < qo(m)} = Ag9p(X3)) + op(1).

Then we have

Vi (7. A1 Mo.th) — 0(7)
_ LS op -y (M) | Aw (X)) o
=6 = 73200 (T + ) + ) + £t

LN (AR AT
\/ﬁ; (f1(6h(7')) fo(QO<7'))>
= Ens(7) + Eua(T. AL, Aoy ) + Ens (T, AL, Ao, W),

where

n

_ | 1 1P(X:)  Ag(Xi)
Ena(T, A1, N) = 5712 \/ﬁ; <f1 (q1(7)) fo(QO(T))>

and

- B MY(X;)  Ajp(X))
gn,5(7—7>‘17>‘0’¢) 5"1 \/_Z 2T 1 (f1( (7')) - fO(QO(T)))

= fn’1<7') -+ OP(l).

For convenience, we write

Ena(T. A1, A0, ¥) = IZ@“ 7, A1, Ao, ),
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where for i =1,--- ,n,

1 1
:fl((h(T)) [T - P(}/l(l) < QI(T)|XZ>] - fo(QO(T)) [T

B <)\I¢(Xi) _ AoTl/J(Xi))
fila(T))  folao(7)) )

Note that E[&,;(, A1, Ao, 1)) = 0 and

— P(Y;(0) < qo(7)|X5)]

gzl,z‘(ﬂ A1, Ao, )

Var(£4,:(7, Ar, Ao, ¥)

= 03(7) + Var

)
WXy A Y(X;)
1(7)) fo qo( 7)))

)) Cov (r — P(Yi(1) < q(7)|X.), (X))

(5
o (i
p (i

fO(QO )) Cov (1 = P(Yi(0) < qo(7)]X3), (X))

=+ (f1<q1< ) fo@? >>>TEW (f@l(f)) - fo<qu(Er>>)
bi(7,7) _ bo(7, 1)
2 fl (7) foqo >) (f1<q1<7>> fo<qo<f>>)’

= 05(7) + V(7. A1, Ao, ),

1 T fo QO

where b,(7,v%) = E[(7 — I{Yi(a) < q.(7) ) (X;)] for a =0, 1.

Therefore, it follows from Assumption 2 that

gn,3(7_) + gn,4(7_7 )\17 )\07 ’lp) + gn,S(Tv Alv AOa ¢) i> N(07 0_2<7_) + V<7_7 >‘17 )‘07 ¢))7

which implies that

V(i (T, A1, Aoy ¥) — (7)) 5 N(0,0%(7) + V7, A1, Ao, ).
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Next, we investigate for which parameter values of A; and Ao, V' (7, A1, Ao, )

reaches its minimum. Let

then we have

ov
— =2 -2
o Py (

bi(7, ) _ b0(77¢))
fila(m))  folao(T)) /-

Therefore, V(7,A1, A, ¥) attains its minimal value when the following

equation holds.

Al Ao >_ bi(r.4)  bo(7.9) (S1.9)

Py <f1<q1<r>> ~ folwo())  Ala()  folao(r)

Under this situation

by(7, ) bO(T»¢)>T2+ (bm,w bo<r,w>>

Vm@'““"”:‘(fl(ql(r))‘fo<qo<f>> PN A@) folao(r)

and this minimum is achieved when

>\1 . A0 —_nt (bl(Taw) . b0<7-717/)>)
filai(7))  folgo(T)) WA Sila(n)  folao(r)))

Proof of Theorem 3: First, we prove conclusion (i). For convenience we

write 8 = bi(7, ¥ pp)/ fi(¢:1(7))=bo(T, % pp)/ fo(qo(T)). Note that if Xyy pp
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is nonsingular, then

1

Visin(1,9") = = BTH' (HSyyppH') HB=—-B"%,), 150
= Viuin(T, % pp)-
Next, we turn to conclusion (ii). Let E}pi pp be the square root of 3y 5.
Define B = HZL@ pp and B = 2;1/,/,2[)35: where E;ZQDB denotes the
square root of Eiw,DB' Thus,
Vinin(T,97) = — BT(BT(BBT)_lB)B > = ”BHz = _/BTzi'lp,DBﬁ
= Vinin(T. ¥ pp)-
The above inequality is satified for any " € ¥, thus we prove the conclusion
(ii). 0

Proof of Theorem 4: By equation (?7), we obtain that

R / n—~ R )
Top(T) = n—i+1 Z (@itmp(T) = G (7))
1=0

T i1 Z@%e,m(ﬂ — LGy (7)
=0

n—~¢
= T o ) = 0(7)) = ) = (7))
f :lif i+l 2
e ( 2 Gtor 1”)) — 0 (@u(r) — a(r))”

B n—€+ €Z<Z€]> = £ (Gu(r) = a())" +0r(1),

=0 \j=i+1
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where
o 2 2
& = mTj (1= I{Y;(1) <aqu(1)}) - m(l = T;) (1 = {Y;(0) < qo(7)}) -

According to Assumption 5 and equation (77?),
_ i+l — i+£
i (S6) - e s (S 8) B
=0 \y=i+1 =0 \yj=i+1

Moreover, it follows from equation (?7) and Assumption 2 that

\/Z n—~{

VE(@m(7) = a(7)) = D @ em(7) = a(7))

n—€+110
n—~—0 i+£
£+Op )
( €+1\/_;jzz-;lj
\/_
:n—€+1Z§]+OP
Vnt Z P
= Y2 NTE (1) Do,
n—ﬁ—l—l\/ﬁjzl

which implies that
_ 2 P
C(@mo(T) — (7))" = 0.

Thus, we obtain that
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S1.2 Lemmas With Proofs

Lemma S1.1. Suppose f,(x,7) (n > 1) are convex in x for each T and
bounded in T for each x. Let g,(x,7) = —x"W,(7) + 327 Q(T)z, where
{W, (1)} is a sequence of bounded random vectors and Q(1) is a d X d non-
stochastic symmetric positive definite matrix for each 7. Furthermore, we
assume that the maximum eigenvalue of Q(7) is bounded from above and
the minimum eigenvalue of Q(7) is bounded away from 0 for each T € (0,1).

If for each T € (0,1) and each x

Folz,7) — go(z,7) 5 0,

then if we denote z,(T) as the argmin of f,(xz,T), we have

a(7) = {Q(7)}Wa(7) + 0p(1).

Proof of Lemma ??7: The proof is similar to that of Lemma 2 and Basic

Corollary in 7 and we omit the detials. n

Lemma S1.2. Assume that Assumptions 1 and 3 hold. If {f.} is a se-
quence of measurable functions satisfies that for a = 0,1, there is a mea-

surable function f, such that

E{fu(Y(a)|X} 55 fu(X).
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Then, we have

and

1< P

=~ (2T = Dfu(Yi(0)) = 0.

i

Proof of Lemma ?7: For k = 1,--- ,n, let np,, = (2Tx — 1)[fn(Y(1)) —
E{f.(Yr(1))| X, }] and Gi be the history o-field generated by the covariates
{X;}} the assignments {7;}%_,, and the potential outcome {Y;(1), Y;(0)}~_,.

=1

Let Gy = Gi, K =1,--- ,n, then we have

E{nlGkn} = EA{2Tk = 1Gen} E{fn(Yi(1)) — E{fa(Yi(1))[ X }|Gkn} = 0,

which implies that {n,} is a martingale difference triangular array with re-
spect to {Gg . }. It follws from law of large numbers for martingale difference

triangular array that

Besides, it follows from Assumption 2 that

%;@Ti — DA Do
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It follows from Markov’s inequality that for any € > 0,

P (% > - 1) [E{fLYL)IX} - A(X)] >

i=1

< (13 [LR) - Ao

< 5_12E {% Z ‘E{fn(ﬁ(l)ﬂXz} - [i(Xi) }
< > E[BAGMOING - (0]

= SE[E(LY)IX) - A(X0)] =0,
which implies that
3T - 1) [ERG)I} - A00)] Do

Therefore, we obtain that

n

%Z(zﬂ- — 1) fa(¥i(1)) = 0.

=1

Similarly, it can be shown that

3@ = A0 S

)

15
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S1.3 Properties of Adaptive Randomization via Mahalanobis Dis-

tance

In this section, we prove that Assumption 2 holds for adaptive randomiza-

tion via Mahalanobis distance and we begin with the following assumption.

Assumption S1.1. (i) Suppose that Xxx is covariance matriz of X; and
E}%Q 1s the Cholesky square root of E}lx. There exists a constant v > 2
such that E[| S (X — E(X:))|"] < oc.

(i1) Suppose that the distribution of X; is I'x and there exists an k. € Z*

and 0 < ¢, <1 such that

% (A) > CU/ v**(y)dy  for any Borel set A,
A

where TX* is the k-th convolution of U'x, v(y) is a density function with

inf,cov(y) > 0 for an open set O and v™* is the k-th convolution of v.
Proposition S1.1. Suppose that Assumption 77 holds. Let

A= (2Ti1 = DERY (Xoi1 = Xo).
Then, {Ar}2, is a positive Harris recurrent Markov chain.

Proof. The proof is similar to that of Lemma A.3 in 7, and we omit the

details. O

Proposition S1.2. Suppose that Assumption 7?7 holds. Then, Assumption
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2 holds for adaptive randomization via Mahalanobis distance.

Proof. We follow the proof strategy of Theorem 3.6 and Lemma A.3 in ?
to establish the proposition. Without loss of generality, we assume that n
is even. Let H}, denotes the o-field generated by {X;, T;}?*,. Note that

1 2p-—1
P(Ty 1 = 1,Ty = —1) = = — =~

5 5 sgn(A] [(Xoi1 — Xo))),

which follow that
E[(2T5i-1 — 1)m(Xgi—1) + (2T — D)m(Xa:)|Hi1, Xoio1, Xai
= — (20 = DE {[m(Xai1) — m(Xas)] sgn(A]_; (Xai1 — Xo1))[Ai1 }
— o(Ar ),

It follows from Proposition ?? that {A;} admits an invariant probability

measure, denoted by w. Then, we consider the following Poisson equation

PA) = PAR(A) = p(A) = m{p(A)}, (S1.10)

where Py denotes the transition probability measure of {A;}. The Possion
equation (??) admits a solution satisfying the bound |p(A)| < R(||Al|+1) for
some constant R > 0. Without loss of generality, we assume that p(A) = 0.
Besides, notice that {A;} and {—Ax} have the same distribution. Then,

m{p(A)} = 0, which follows that (—A) = —p(A) and

P(A) = Pp(A) = o(A).
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Let & = Yty Sk AM;y = § K[ [Hia], AM; 5 = §(A)—E[B(A:)[Hi1]
and AM; = AM;1 + AM; 5. Then, {AM} /1 is a sequence of martingale

difference with respect to H; and

n/2

Z & = Z AM; + P(No) — D(Anj2)-
i=1

i=1

Note that {A;} is positive recurrent and maxy, E[||A]|*] < oo. Then,

?(Ax) = O(||Ax]|*) = O(1) in Ly, which follows that

n/2

\FZ@_ ZAM + op(1).

For the martingale difference sequence { A M; }l 1, asimple calculation yields

that
E [(AM,)*[H,]
= 2Var(m(X)) + 2E [(2T2i1 — 1)(m(Xzi—1) — m(X2:))@(Ai)[Hi1]
+ P8 (Aie1) — *(Aia)
+E[{(2T2i-1 — D)m(Xai1) + (2T — D)m(Xa:) + G(A) Hf (Xai1) + f(X2) }Hia]
+20F + Var{Z(1)} + Var{Z(0)}
= Gm(Nim1) + Smyp(Aic1) + 207 + Var{Z(1)} + Var{Z(0)},
where

sm(Aiz1) = 2 Var(m(X)) + 2E [(2T3-1 — 1) (m(Xzi-1) — m(X2:))@(Ai)[Ai1]

+ PAp*(Aiz1) — D3 (Aimn),
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and
Smf(Nic1) = E{(2T%i-1 — 1)m(Xai1) + (2T — D)m(Xai) + @(A) Hf (Xai1) + f(X2i) HAi-a].

It follows from the law of large numbers for positive Harris chains (7, The-

orem 17.1.7) that

n/2

ZE [(AMi)2\Hi,1} il T{Sm(A)} + 7{Gmr(A)} + 20]20 + Var{Z(1)} + Var{Z(0)}.

i=1

2

Note that
m{cms (M)}
= Ex {(2T2i-1 — Dm(Xaio1) + (2T — Dm(Xai) + G(A) HS (Xaio1) + (X))}
= Er [{—(2T5i-1 — Dm(Xai—1) — (2T — 1)m(Xai) + B(—A) Hf (Xaim1) + f(X2i)}]
= — m{ems (M)},
which follows that 7{gms(A)} = 0.

Then, it follows from central limit theorem for martingale difference se-

quence (?, Corollary 3.1) that

n/2
\/%Z AM; % N0, m{sn(A)} + 207 + Var{Z(1)} + Var{Z(0)}),

i=1

which follows that

% Zf SN (0, %W{%(A)} +o+ %Var{Z(l)} + %Var{Z(O)}) .
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Let f(X;) = Zi(1) = Z;(0) = 0, we have

1
n

Z(zn —Dm(X) SN (o, %w{gm(/\)}) .

Bl

This completes the proof of the proposition. O

S2 Additional Simulation Results

S2.1 Additional Simulation Results for Section 6

Additional simulation results are provided for point estimation for 7 = 0.25
and 7 = 0.75 under sample sizes n = 1,000. The results are presented
in Table 7?7 and ??. The simulation settings are the same as the point

estimation in Section 6.
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Table 1: Simulated bias, SD, RMSE, SE and CP of the QTE estimates under different

models and randomization procedures (n = 1000, 7 = 0.25)

SE CPp

M. Ran. Estimator Bias SD RMSE CAB MB CAB MB

1 CR alr) 0.003 0.445 0445 0.442 0437 0.938 0.946
HH alr) 0.005 0.397 0.397 0.405 0.421 0.942 0.951
Qudj(T,g)  0.000 0.383 0.383 0.379 0.396 0.938 0.950

cov alr) 0.004 0.405 0.405 0.411 0.408 0.943 0.946
Guds (T Pooy) -0.005 0.385 0.385 0.384 0.382 0.936 0.945

ARM alr) 0.024 0413 0414 0414 0406 0.939 0.946
Qudj (T, W aga) 0013 0388 0.388 0.396 0.388 0.942 0.946

2 CR alr) 0.026 0.612 0.612 0.622 0.603 0.946 0.946
HH alr) 0.004 0.549 0549 0.568 0.588 0.949 0.961
Quaj (T, hgp)  0.022 0531 0531 0541 0.562 0.939 0.955

cov alr) 0.010 0.557 0.556 0.567 0.597 0.948 0.964
Gudi (T Peoy)  0.015 0505 0.505 0521 0.555 0.946 0.966

ARM alr) -0.043 0561 0.563 0.566 0.544 0.942 0.941

Qadj (T, WY ggay) -0.017 0.546 0.546 0.544 0.521 0.941 0.939

Abbreviations: M, Model; Ran, Randomization.
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Table 2: Simulated bias, SD, RMSE, SE and CP of the QTE estimates under different

models and randomization procedures (n = 1000, 7 = 0.75)

SE CPp

M. Ran. Estimator Bias SD RMSE CAB MB CAB MB

1 CR q(7) -0.002 0.515 0.515 0.518 0.514 0.945 0.946

=

HH q(7) -0.023 0.432 0.433 0.445 0.484 0.951 0.967

Q

Guaj(T,gg)  -0.020 0.424 0425 0.436 0476 0.944 0.967

cov alr) 0.012 0447 0.447 0.450 0.456 0.943 0.952
Godj (T, Pooy)  -0.007 0436 0.436  0.439 0.445 0.943 0.948

ARM alr) -0.016 0.469 0.469 0.480 0.472 0.948 0.953
Guaj (T, 4png)  -0.003 0.463 0.463 0.474 0.466 0.949 0.953

2 CR alr) 0.045 1.210 1.211 1241 1.200 0.948 0.944
HH alr) -0.005 0.716 0.716 0.719 0.758 0.945 0.960
Guaj(T,%gg)  0.010 0.680 0.680 0.673 0.715 0.933 0.958

cov alr) 0.025 1.102 1.102 1.121 1.175 0.938 0.959
Gudj (T, Pooy) -0.014 1.031 1.031 1.041 1.099 0.940 0.960

ARM alr) 0.028 1.176 1.176 1.155 1.186 0.941 0.952

Guai (T 4pp;) -0.035 1148  1.148 1.104 1.136 0.934 0.946

Abbreviations: M, Model; Ran, Randomization.
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