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1 Max-type and Sum-type Estimators

Assume that Q = (Q1,...,Q,) = R/pl%é satisfies QT Q = I,, where Q; € RP*! for each
1<i<r Let Q = (Qrs1,...,Q,) denote the orthogonal complement of @, such that
(Q,Q")(Q,Q") = I,. To clarify our motivation, we initially assume that E; in model

(2.1) is white noise. This leads to the following expressions:

QY, = QREC+QE, i=1,...r (A1)

Equations (A.1) and (A.2) reveal that Q]Y; exhibits non-white noise characteristics for
i = 1,...,7, whereas Q;Y; remains white noise for i = r + 1,...,p. This observation
motivates the development of a new factor number estimation approach by examining the

uncorrelatedness of the sequences Q] Y; across i = 1,...,p.
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Define R; = (Qi,...,Q,) for each i = 1,...,p. Our method leverages statistical tests
to formally assess the white noise hypothesis for the sequence {R]Y; : t = 1,2,...}.
Specifically, we focus on two categories of test statistics: max-type statistics and sum-type
statistics.

For any integer h > 0, we define the autocovariance matrix for Y; as:

n—h q
Sy(h) = n_hZZCOV Yo Vieorn)
t=1 k=1
- n—hZEYE r+n) € RPP.

The autocovariance matrix of the sequence {R/Y;} at lag h is given by
L) = (vim(h)) = RISy ()R (A3)

Our experience suggests that the estimator derived from (A.3) exhibits superior perfor-
mance in estimating the number of factors compared to correlation matrix-based approach-

es. The max-type test is formulated using the maximum norm of the autocovariance matrix:

T;n = max n'/?|T;(h)| = max n'/? IR =y (h)Ri|
1<h<K 1<h<K

-
Alternatively, the sum-type test is formulated using the Frobenius norm of the autocovari-
ance matrix:

Gini= Y T({WLM) = Y ILm)E= Y Y oi(r

1<h<K 1<h<K I<h<K j

where UJZ denotes the square of the j-th largest singular value of I'g,y(h). Substantial
values of T;,, and G, suggest a potential deviation from the white noise assumption for
the sequence {R,Y;}. To estimate the number of factors r, we sequentially examine these
statistics as 4 increases. Intuitively, when ¢ = r, the discrepancy between T;, and Tj1,
is anticipated to be maximized: since {R,,Y;} is white noise, while {RY;} is not. This
insight underpins our method, which is applicable to weakly correlated E; and detailed as

follows.



1.1 Estimation of The Number of Row Factors

Throughout this section, we assume that Y; is a zero-mean weakly stationary time series.

Under Assumption 2.1-(C5), the following expectations hold:

E(RF,C" E;yp,) = t1s, (E (vec(RE,)vec' (E14,C))) = 0,

E(E.CF,,R") = trs, (E (vec(E,C)vec' (RF;41,))) # 0.
Hence, for h > 0, under Assumption 2.2-(C4), the following holds:

Sy(h) = EYY,.,) =¢ “E(RFF,,R") +E(ECF!,R") +E(E,E,,,)

Q

¢ "“RE(F.F!,)R" +E (ECF/,)R". (A4)
For a pre-specified integer hy > 1, we define:
ho
M, => %] (h)Sy(h). (A.5)
h=1

Equation (A.4) implies that each column of R can be approximated by the first r eigenvec-
tors of M. Consequently, the eigenspace of M aligns with that of R, denoted as M(R).
This motivates us to estimate M(R) using the eigenvectors of the sample counterpart of

M, which is defined as:

where

~

1 n
£, =1y vy,

t=1

Let Q; denote the eigenvector of M\l corresponding to its i-th largest eigenvalue for

each i = 1,2,...,p. Subsequently, the eigenspace M(R) can be estimated using M(Q),
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where @ = (Ql, . .,Qr). Consequently, we estimate R and Q' via R, = P2 nd

Q)
joV]

~

Qf = (Qri1,- .-, Qp), respectively.



Using these estimates, we define the feasible max-type and sum-type statistics as follows:

~

T;, = max n'/? ‘fz(h)’ ,
1<h<K o
Gin= Y Tr (T (Ti(R)) |

1<h<K

where T';(h) = RISy (h)R;. We propose the following ratio-based estimators for r lever-

aging an enhanced elbow criterion:

A~

MR, = arg max ——— =arg max MR,(i), (A.6)
1<i<rmax ﬂ+1 n 1<i<rmax

-~ Gin — Gitin ,

Tsr, = arg max — = =arg max SR,(7), (A.7)
1<i<rmax GZ'+1 n— Gi+2 n 1<i<rmax

. T, ) Gin—G; .
where MR, (i) = == and SR, (i) = =—"—==" and 7,y denotes a user-specified upper
Tit1,n Git1n—Gitan

bound. The ratios derived from max-type or sum-type statistics may exhibit considerable

variability, which could compromise the performance of these ratio estimators of r.

Remark 1. Furthermore, the ER method is defined by mazimizing ER,(i), which yields

the estimator rgr, as follows:

- (M .
TER, = arg max % =:arg max ER,(4),
1<i<rax Ny (M) 1<i<Tmax

where /)\\1(1\71) denotes the i-th largest eigenvalue of the matrix M,.

1.2 Estimation of The Number of Column Factors

Define
ho ~ - ho ~T =
M; = Z 2y (h)Zy(h) and M, = Z 2y (h) Xy (h), (A.8)
h=1 h=1

where 3y (h) = L »ME(Y;TY;,5) and its sample counterpart is Sy (h) = 1 YT
Since iy(h) ~ p'°CE (FtTFHh) C'" +CE (FtTEHh) R'", Equation (A.8) further implies

that each column of C can be approximated by the first ¢ eigenvectors of M,. Hence, we

obtain M(My) =~ M(C).



Let Qj and Qj denote the unit eigenvectors associated with the j-th largest eigenvalues

of M, and ﬁg, respectively. Define I';(h) = C]-Tfly(h)cj, where C; = (Qj, o, Qy), for

7=1...,q.

We define the max-type and sum-type statistics as follows:

1/2 fj(h)‘ 7

o)

T;n = max n
’ 1<h<K

and

where fj(h) = @Tiy(h)é\j

The ratio estimators are defined as:

o~

~ . 7mn . o .

CMr, = arg | max —==— =:arg max MRo(j), (A.9)
Tj-‘rl,n

Csm, = arg  max —> ,fjl’ =:arg max SR,(j), (A.10)

1<j<cmax é 1<j<cmax

j+1n — Gitan

where ¢, represents a user-specified upper bound.

Remark 2. Similarly, the estimators for c¢ that we propose are the maximizers of ﬁ{o(j),

referred to as the following cgr, estimator,

_ Xi( M. ,
CEr, = arg max AZ(—/Q\) =:arg max ER,(7),
1<i<emax )\, (M) 1<i<emax

where /):Z(M\Q) denotes the i-th largest eigenvalue of the matriz M\Q.

1.3 Theoretical Properties

In this section, we investigate the large-sample properties of the proposed estimators within
the asymptotic regime where p, ¢, and n tend to infinity, while r and ¢ remain fixed. The
subsequent theorems derive the rates of convergence and establish the consistency of the

ratios of the max-type and sum-type statistics.



Theorem 1. Under Assumption 2.1 and the condition p’q“n='/? = o(1), we establish that

~
~ ~

T’jl’” _o, (p26q2wn—1) : Tsrl,n ~ 0, (p25q2wn—1) _

TT,n Tc,n

Theorem 2. Under Assumption 2.1 and the condition p’q“n~'/? = o(1), we establish that

o~ o~ ~ ~

Gr+1,n - Gr+2,n _ Op (pg(sqgwn_1) ’ GAiJrl,n _QGchQ,n _ Op (pQ(Squn_l) .

Gr,n - Gr—i—l,n Gcm‘ — GC+1,TL

~ —~

Theorem 3. Under Assumption 2.1 and p°q¢“n~"? = o(1), let |S.(h)|so > 0. Then the
MR,, SR, l\f/I\ﬁO and é\l/%o estimators — specifically, Tvr, in (A.6), Tsr, in (A.7), Cur, in

(A.9) and csgr, in (A.10) - satisfy

P(rsg, =r) = 1; P(csg, =¢) — 1;

P(?MROZT)_)I; P(/C\MROZC)—)I.

2 Lemmas and Proofs

Lemma 1. Let Fy;; be ij-th entry of Fy, and E,;; be ij-th entry of E,. Suppose that
Assumption 1-(C1), (C3), (C4) and (C5) hold, for any iy,ia = 1,...,7r, j1,72 = 1,...,¢,
i3=1,...,p,j3=1,...,q, and h > 0, we then have

n—h

> (P Freniags — COU(E,mnEs+h,izj2))‘ = 0,(n'?), (B.1)
5

Z (Et:i3j3Ft+h,i2j2 - COU(EMBJB? Ft+h,i2j2))’ = Op<n_l/2)a (BQ)
t=1

1
n—~h

1
n—~h

] n—nh
F E
E t,127 t+h,izj
n h — 272 373

= 0,(n"7?), (B.3)

1 n—h
— Y > Erinjo Brsnisis — CoW(Erijy, Evinisy)

’ t=1

= 0,(n"?).  (B4)

Proof of Lemma 1.



By Davydov’s inequality, the proof of (B.1), (B.2), (B.3) and (B.4) is similar to the
proof of Lemma 3 of Wang, Liu and Chen (2019) under Assumptions 1-(C3) and (C4),
under Assumptions 1-(C1), (C3) and (C4), under Assumptions 1-(C1), (C3), (C4) and

(C5), and under Assumptions 1-(C1) and (C5), respectively. 0

Lemma 2. Suppose Assumption 1 hold. It holds that for h > 0

Hiy(h) — EY(h)Hz = Op(pqn—1/2>’

1Sy (W), = O(p'°q"™).

Proof of Lemma 2. Suppose that Assumption 1-(C1)-(C5) hold. For h > 0, we have

n—h
~ 1
[Evm =2yl = |5 3 (WYL -EXYT)|
t=1
1 n—h 1 n—nh
< (S - em )| S e L
t=1 t=1
1 n—h 1 n—h
* H n—nh ;EtCFtIhRTHz * H n—nh — <EtEtT+h a EEtE;h) Hz
- REl + RE2 + REg + RE4,
where
1 <
RE: = ¢*|R(-—5 Y (FFL, ~ERFEL,))RT|

1 n—h
< ¢RI =5 Y (FEL -ERFL)|
=1
1 n—h
= p' p— > (FF},-EFF],) HQ;
-1
1 n—h t 1 n—h
REy = Hn —h ZRECTELth = ”RHQHn —h ZECTE’L}‘HF
t=1 t=1
n—h
= ||IR|, - i - ZV%(F}CTE;;L) — vec(E(ECTE;h)) H2
t=1
1 n—h
< B, ||-— > Ern® F —E(Ep, @ F)| [vec(CT) |
=1
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n—h

5 1w 1
< plT§qlT n_hZEt+h®E—E(Et+h®E) )
t=1
1 n—h
RE; = |-——> > B/RF.,C" ~E(E/RF..,)C" |
t=1
< Hn— Zve(:(E RFHh) —VeC<E(E RF, ., )H HCTH2
s 1wl] 1A
< pTéqT n_hZF}Ih@?E;_E(F}lh@EJ) )
T zEt o~ E(BEL)|,

where vec(E(FtCTEtTHL)) = E(Et+h ® E)vec(C’T = 0 and vec( E/RF,,;) ) =
E<F+h ® ET>VGC(RT) = 0. By Lemma 1, we obtain that RE; = O,(p'~%¢'~“n~1/?);
under Assumption 1-(C5), RE, = Op(p%q 2n2);, REy = O,(p 2 "¢ 2 n"1/2); under

Assumption 1-(C2), (C4), REy = |1 >0 EtE;h ]EEtE;hH2 = O,(pgn~1/?). Thus
1Sy (k) = Sy ()]}, = Oy (pan™""?).
Next, by Lemma 1,

By, = [E¥Ym),

I

IN

¢ || RE(REL )R, + | RE(RC EL,)|,
HE(ECEL) R[], + [[E(BE.,)],

+ p%& Hvec(E(ECTE;h))

IN

P E(REL), I

0% ||vec(E(BCFL)) ||, + [E(EEL,)],

1-6 1-—w

PG E(EEL) |, p 7 a  |E(Bun ® F

IN

1

070 7 E(F @ B, + [[E(BEL)|,

— Op (p1—5q1—w) )



Lemma 3. Under Assumption 1, for h > 1 it holds that
UZ<EY(h)> Xpl_(sql_ug L= 1,...,7", UZ<EY(h)> = 0(p1_6q1_w>7 i :T—I—la"')py
where o; (Ey(h)) denotes the i-th largest singular value of Xy (h).

Proof of Lemma 3. By Assumption 1-(C4), we can obtain |E(E,E, ). = O(pgn™").

Then we have

Sy(h) = ¢"“RE;(h)R" +t15,((C" ® I,)Ze;(h)(I.® R")) + E(E.E/, )

~ ¢"“RE;(h)R" +trs5,((CT @ I,)Zes (h)(I.® R")).
Thus, it holds that

ai(Zy(h)> < o <q1—sz f(h)RT> Yo <trsp((CT ® L)S.;(h)(L ® RT)))

IA

000 (84(0) + trs, (02 ((CT @ LBy (W) (I © R)) )

IA

¢ ¢ o, (Ef(h)> + q%ql%wal (Eef(h)>.
and fori=1,...,r

o <2Y(h)> > o, <q1—sz f(h)RT> — <trsp((CT ® L) (h) (L ® RT)))

v

00", (84(h)) — trs, (01 ((CT © L) Sy () ® R)))

770, (Bh(0) a7 0 F o (B ()

= 0 (plfzsqlfw) )

v

Thus, for i = 1,...,r, ai<2y(h)> = p'g; for i = r 4+ 1,...,p, O'i<2y(h)> =

o(p'~°¢" ™). Hence, Lemma 3 is proved.

Lemma 4. Let Assumption 1 and p’q“n=/? = o(1) hold, then

1@ - Qll2 = 0,(F’a*n™), Q1= Q'll2 = O, (p’g*n /%),

1Q = Qll = 0,(¢*n ™), Q- Qi[> = 0,(p’g*n""2).



Proof of Lemma 4.

By Lemmas 2, it is easily to obtain that
1My — M|, = Op(HEY(h)HQHiy(h) - Ey(h)H2> = 0,(p* ¢ “n1?).

By Lemma 3 and Lemma 3 in Lam, Yao and Bathia (2011), the proof of HQ - Q2 =
O, (p°q“n=17?), ”@ — Q1|2 = 0,(p°¢“n™"/?) is in the same spirit to Theorem 1 in Lam
et al. (2011) and Theorem 1 in Wang et al. (2019). Then the proof for ||63 ~Q|; =
O, (PPg*n="?), Hé)\JT — @]\2 = 0, (p°¢*n~"/?) is similar to the previous one. The details

are omitted.

Lemma 5. Under Assumption 1, it holds that

A~

Tiw =<p" 002 i=1,...,r Tn=0,(p"¢"™n™?), i=r+1,...,p.
Proof of Lemma 5. In the first part, it can be showed that
Tiw<p' ¢ “n'? i=1,...,r; T, =0(pgn '?), i=r+1,...,p.

Asi=1,...,r, from (B.5) in Lemma 6, we have

RISy (R RISy (MR,
Ti(h) = R Sy (h)Ri = v(h) v ()R ,

RLEy(MRy RLEy(R)R,,

where R] Sy (W)Ryr = ¢ “R} RS p(h)RT R, + R trs, (((JT ® L) Sy (h) (I, ® RT))RZ»T
with R = (Qi,...,Q,) and R,y = (Qry1,--.,Qp). By Lemma 3, R]R; = I, ;. and

RZ-TTRW = I, ;.1, it holds that

K
Tio = s 1P |RISy (R, < D Vo (RIZy (10R.) = O(p' o' “n')

1<h<K
h=1

and

T;n = max n1/2|R;|—Ey(h)Ri‘ > max nl/Q‘RZ-TTEy(h)RZ-T‘

1<h<K © T 1<h<K 0
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> oy (R;Ey(h)Rir)/(r —i+1)= O(pl_‘sql_wnl/z).

Then, we obtain that T;,, < p'°¢'~“n'/2 for i = 1,...,r. Furthermore, fori =r+1,...,p,
Tin = n*?|RIE(EE],)Ril> = O(pgn=7?).

In the second part, we can obtain that

j\}nxpl_‘sql_“nlﬂ, i=1,...,r; T, =0,(p ¢ ™n 3, i=r+1,...,p.
b b p

Fori=1,...,r, by Lemma 4 and Assumption 1, we have
Tin Tl max n1/2‘7/€;f3y(h)7€i — max nl/QlRiTEy(h)Ri ’
1<h<K ©  1<h<K >
2(1(R. — RN (S _ R _TR.
< | a0 (|(Ri = R) T (Sy () - By () (Ri - Ry)|

+(Ri = Ri) Sy (h)(Ri — Ra) |+ [(RI (v (h) — Sy (0) (Ri — RJ) |
H(Ri = Ri) (By(h) = Sy () Ri| _ + [(Ri = R) 'Sy (h) (R — RJ)|

H(RIZy (1) (Ri = Ro) |+ | (R = R) Sy (R )]

IN

>t (||(Rs = Re) " (Sy (k) = By () (Rs = Ri) [, + 2| (Ri = R)) "y (MR,
HI(R: = Ro) 'Sy () (Ri = Ro) |, + 2R (S (h) — Ty (1) (Ri = R:) )
= 0,(pa).

Then, by the result of the first part, it holds that ’f’m =T, = plogt—wnl/2,

Asi=r+1,...,p, by Lemma 2, Rl R =0 and R"R; = 0, we can obtain that
‘j\’m’ = max n1/2|7€;§y(h)7/€i‘
1<h<K o0

S max n1/2 <‘Rj2y(h)7€z‘oo + ‘(7/?\,@ - Rz)—r(iy(h) — Ey<h)> (7/?\,@ — Rz) |oo

+(Ri = Ra) 'Sy () (Ri — R) |+ [(RT (Ev (h) — Sy (h) (Ri — R) |
(R = R) (S (k) = Sy () Ri] , + [ (Ri = Re) Sy (0) (Ri = Ry )

S 2 (|[RIE(BEL) Rl + (R = R) Sy (h) = Sr() (R = Ry),

h=1

(R = R) TSy () (R = R, + 2|[RT (S () = By () (Rs = Ra) )

IA
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- 0, <p1+5q1+wn—1/2).

Thus, Lemma 5 is proved.

O
Proof of Theorem 1. By Lemma 5, we have ﬁn = p' Ot n'2 fori=1,...,r, and
ﬁﬂm = 0, (p"*¢"*~n=1/2). This also implies
Tisin
I~ 1 for r=1,...,r—1,
Tin
r+1n 26 2w, —1
£, o)
O

Lemma 6. Under Assumption 1, it holds that

~

Gin =p? WP =1, @i,n = 0p<p2q2n_1), 1=r+1,...,p.
Proof of Lemma 6. In the first part, we show that
Gin =< PP B =1, Gin = O(quQn*Q), 1=r+1,...,p.

Asi=1,...,r, denote R; = (Q;,..., Q) and R,, = (Qr+1,-..,Qp), where ); is defined
the same as in Subsection 2.2. Then R; = (R, R.p). Thus, RiTrR/pl*?s = (0,1,_;11) and

RTTPR = 0. Note that

. RISy(WRiw RISy (MR,
Ti(h) = RISy (h)R; = (B.5)
RISy ()R R] Sy (h)R,,

and
Yy (h) ~ ¢' “E(RF,F,,,R") + E(E,CF,,R").
We have

R.Zy(h)Riw = ¢ “E(R,RFF,,,R'"R;)+E(R)ECF!,R"R;)

12



— ¢"“RIRE-(h)R Ry + Rltrs, ((CT @ L) (h) (I, ® RT))RM
R,y (h)R,, = ¢"“E(R,RFF,,,R'R,,)+E(R,ECF/!,R"R,,) =0;
RLEy (MR, = ¢"“E(R,RFF.,,R"R;)+E(R,ECF_,R"R;)

— R, ((C7 @ L) Sy (0) (I, @ BT) )Ry

RLEy (MR, = ¢ “E(R},REF],R'R,)+E(R]ECF],R'R,,) =0.

Meanwhile, it can be easily found that R(R}.Ey (h)R;,) < min{r, ¢} and R(R ], By (h)R;y) <
min{r, ¢}, where R represents the rank of a matrix. Denote J = %(R;Ey(h)Rir). Hence,

for¢=1,...,r, we can obtain

Gi,n = iTT<FiT(h)Fi<h)>

>
Il
—
>
Il
—

J
> o] { "URLRE ()RR, + RTtrSp<(CT ® 1) S (h) (I, ® RT)>RZ-T}

h=1 j=1

+ i i o { R}, rs, ((CT @ L) Tep() (I, © RT) ) R }

I
-
<.

Il
—

IN
]~
>
]
——
Q
/N
£
&
_|
oy
™
=
=
=y
ks
~_
_l_
Q
X
=
’.éﬂ
gy
Q
4|
&
~
\g!
=
~
X
=y
.
SN—
X
no

IN
]~
B
—
’BH
L,
(=)
T
€
S
/N
\g|
=
=
N—
_l’_
E
QO}
MT
Cf‘
=
)]
bS]

Q
S
M

2
\”
—
>
N
N—
[
——
o
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and

h=1 he—1
K J K

= 23R + X3 o (R R )
h=1 j=1 h=1 j=1

K J
= > o RIRS (MR R, + Rtrs, ((CT @ 1) Sy () (I, © RT) )Ry, |

h=1 j=1

+ i i: o {R]rs, ((CT @ L) Ses(h) (1, @ RT) )R, }

>
Il

N
-
Il

—

2

]~
]

o (ql‘“RZREf(h)RTRiT) — o [R;[.trsp ((CT ® L) S (h) (I, ® RT)>R”} }

M)~
B

P e, <2f(h)) —p T s, [01 (2€f(h))] }2

Therefore, it holds that G; , < p?2¢?> 2 fori=1,...,r. Furthermore, fori =r+1,...,p,
it is always G, ,, = o% (RZTE(EtE;h)R ) O(p*¢*n2).

In the second part, we can prove that
@m — 102—25(]2—%7 1=1,...,7; CA}’W = ();12(10261271_”7 i=r+1,...,p.

Recall Gip = S215, Tr(ET(WTa(k) ) = A0, S50y o2 (Talh) ) = AL, S50 A (TT (0Ea()),
where A; denotes the j-th largest eigenvalue, and J = min{r,c}. Asi = 1,...,r, denote
7%” = (QZ, e QT) and ﬁrp = (Qr+1, . ,Qp), where QZ is defined the same as in Subsec-

tion 2.3. Then R; = (Rir, Ryp). Thus, RIR/p= = (0,1,_;41) and ﬁgjf{ = 0. Hence,

Li(h) = R/Ey(M)R;

- ((ﬁi ~ R+ Ri)T((Ey(h) — Sy (k) + 2y(h)> ((7% R:) + R)

— (Ri—-R) v (h) ==y (0)(Ri = R) + (R — R,)



+(Ri =R (By(h) = Sy ()R + (Ri — Ri) ' Sy (W)R,
R (By(h) — 2y (1) (Ri — R)) + R} Zy(h)(R; — Ry)
+R] (Zy (k) — Sy (W) Ri + R Sy (h)R,

= Tulh) + RISy (R, (B.6)

~ ~ A~ ~ ~ ~

Tu(h) = (Ri—Ri) (Bv(h) =y (h)(Ri = Ri) + (Ri = R) Ty (W) (Ri — Ry)
+(Ri = R) (v (h) — Sy () Ri + R (Sy(h) — Sy () (Ri - Ry)
H(Ri — R Sy(Ri + RISy () (Ri — R)) + RT (By (h) — Sy (k)R
By Lemma 2 and Lemma 4, we have 0'1<(7€i — Ri)T(fly(h) —

Op(p1+25q1+2wn‘3/2); 0’1((731 B R')sz(h) (ﬁ _ RJ) -0 ( 146 Lt —1), <(

R)) =
R; —
R (Sy(h) — zy(h))n) = 0,(p"*%¢ n1); o (R (Sy(h) — )
Ri)) =

O, (p'*q"n™"); Ul((Ri —Ri) Sy(h)Rz) = 0, (pgn~?); o (RTEY

O, (pgn=?); oy (RZT (iy(h) - EY(h))Ri> = O, (pgn="/?). Then, it is obtained that
o (fll(h)) = Op(pqn’l/z) and o (RTEY(h)Ri) = O(plf‘sql"”).
Thus, we have

Gin— G = i Tr (fj (h)fi(h)) - i Tr (rj(h)ri(h))
h=

IN

A (f;(h)fh(h)) + 20 (Fsz(h>RiTEY(h)Ri)}

A IA
< <
M= T[]~

o? <flz<h)> + 204 (F (h)>0'1 <RIEY<h)Ri> }



K K
Gin—CGin = > Tt (PT(h)f (h)) S (rj(h)rl(h)>
h=1 h=1
K J
= 2SN (EwTm) = (T eram) |
h=1 j=1
K jJ » N
= 3 AN W) — T ()
h=1 j=1
K J
> S S I (TLOTum) + A it (TLOIR] Sy (WR: + RSy () R ()T §
h=1 j=1
K
> 3 {Al (fﬂ(h)rh(h)) FIA (f;.(h)njzy(h)m +R] zy(h)TRifﬁ(h)T) }
h=1
K
-y {)\1 (f;(h)fh(h)) +Jop i (r (WRT Sy (h)R: + R] Ey(h)TRifE(h)T>}
h}:{l .
> Z }‘1 (FI@ Flz ) Z e <F12 > Op (pqn_l/Q)v
h=1 h=1
the fourth-equality follows from the condition A,_i11 = op_is1. If Ap_if1 = —0p_it1, We
have

Gin— Gy = i Tr (fj (h)fi(h)) - i Tr (rj(h)ri(h)>
h=1

S (A (FLOTU0) + Ao (FLORTE (0R: + RTZ (0T RET0)7) )

WERINE

{
_ i{A1<flTi(h)f1i(h)> Jo,_ ZH(F (h)Rsz(h)Ri+Rjzy(h)TRifL(h)T)}
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> i {Al (f;(h)fh-(h)) —Joy,in (f;(h)njzy(h)m) — Jo (R;r Ey(h)TRif];(h)T>
=S (A (TE0Twu) = Joi (T )ou (R Sy (W)R: ) §

the last inequality holds because %(EY(h)) < r. Thus, it holds that ‘@m — Gi,n‘ =
Op(p2—6q2—wn—l/2)'

By the result of first part, we can obtain
IgZ(h) -~ C;Lﬂr>< p2—25q2—2w'

Asi=r+1,...,p, by oy (Ti(h)) = al(fu(h) + RiT]E(EtE;h)Ri) ~ o (Tu(h) =

O, (pgn="/?), it holds that

Z O'JQ» (f&h)) = 0,(p’¢*n™").

K J
h=1 j=1

ai,n = iTr(f:(h)ﬁ(h)) =

Put these results together, Lemma 6 is proved.

Proof of Theorem 2.
By Lemmas 6, we have G, ,, —Gi11, < p* 2¢> ® fori=1,...,r,and Gyy1n— Grion =

O, (p?¢*n™"). This implies

Gonn— G,
, +2, .

tln THER =1 for i=1,...,r—1,
Gi,n_Gi+1,n

/G\r - é\

+1,n r+2n 25 2w, —1

= = = Op(p q“n )
Gr,n - Gr—l—l,n

Lemma 7. Under Assumption 1, it holds that

1€20.(h) = Qo(M)]l2 = Oy (pg“n™"?),  Qu(B)[l> = O(p*~).
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Proof of Lemma 7. Let

n—h
- 1 ~ .
Q. (h) = n—h)yp Y vcC'y,,.
t=1
We only show that
1€20.(h) — Qa(h)]l2 = O, (pg“n "), [|Qulh) — Qu(h)]|, = O, (pg“n~""?).

By Lemma 4, we have

|C = €|, = 0,(¢"Fpqn12).

By Assumption 1-(C4), we have 310 L H t+hEH2 = 0,(1). By Assumption 1-

(C5) and Lemma 1, we have 310 L HET®F

+hH2 O,(1). By Lemma 1, we have

S s HFT(X)EMH2 O (p1/2q1/2n_1/2). By Assumption 1-(C1) and Lemma 1,

we have 310 L St B, H2 O,(pgn="/?). By Assumption 1-(C2), ||vec(R)

p 2

IN

IN

Hz -

2 Then, it holds that

)

ac(h) - §x<h)”2
0 1 n—h AnT

— Z |(RF,.C" + E)(CC —CC")(RF.,C" +E.)" |

>

—~ (n h)q? 2
S (JRECT(E -~ 6)(E - ) CRLE |, + 2| RECT (& - 6)5 Rl R,
i
+||RFtCT(C C’)(C’ C) E+hH2+2|\RECT€*(8—6)TE;h||2
+|E(C - C)(C - €) CFL,R"||, + 2| E.(C - C)C CF.,R"||,
+[E(C - C)(C - C) BLll, + 2|E(C - O)CTEL,,) /(0 — g )
by et ) R
HZ(HRIIEHCHEH(T‘—5’HillﬂlhﬂH2+2q1“"HRH§IIC‘H2H@—5I|2HE1thHQ

HICILIIC - CIEIET © BLu[vec(R)]l, + 20'~]|C ~ EIL|ET © BT, [vec(B)],

HICILC = CIGIET © FLllvec(BN|, + 20'~~(€ = €1, | BT & FL, |, [[vec(RT)

I
+C = Gl BLAE, +20C, | C ~ CILIELE,) / ((n — W)e>>)
0O (p1+6q2wn 1>+Op(pqwn—1/2)+o ( 2+36 b _3/2) —|—Op(p27+6q37wn_1)
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and

IN

IA

1+36 1-5w

- n_l)+Op(p#q_lf2swn_1/2)+0 ( 1+25 —143w —3/2)

+0,(p

+O ( 1+6 an 1) — Op(pqwn—l/Q).

Hﬁ -2,

HZ = ZYt CTYL, - mééTY;Ih)H
ho
S R(n_ ZFtF;h—ﬂf )R
h=1

> (G S B R )RTH +ZH G o BOCTEL,

. —tcr |

+

n—h

ho
S5 (IR s, (vee(E)veeT (Fin)) = trs, (S (0)|, + | Bl [vee(B:CT B, /4~

Hlvec(BCES, — Q) L[ B [,/ + | ECETEL, /) /n )

ho n—h

>3 (B[ ers. (vectEveeT (Fiun)) = trs, () |, + | RIL [ B © Byl Jvee(CT)]l, /4~

h=1 t=1

P © )~ S 0] fvecl O | B [/~ + [ BB €N /a22) /n )

O,(p' on~?) + Op(p%éq%nfm) + 0, (p%q%n*W) + 0, (pg“n %) = O, (pg“n~"?).

Then we have

192.(h) — Qu(h)[|2 < |Q(h) — Qo (h)[|2 + [|Q.(h) — Qu(B)], = O, (pg“n~1/?).

Further,

1)l = [RQU(MR" + Qep()R |2 < [RIFIQe(R)]2 + Qs (MR

= [RIEIQ (M) + [|trs, (CT @ L)Sep (W) (L. ® RY)) |, /¢ = O (p'™).

Lemma 8. Under Assumption 1, for h > 1 it holds that

o‘i(ﬂx(h)) 0 =11 ai<9w(h)> —o(p'™), i=r+1,....p,
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where o; (Qm(h)) denotes the i-th largest singular value of Q. (h).

Proof of Lemma 8. Similar to the proof of Lemma 3, the proof of Lemma 8 can be

proved.

Lemma 9. Let Assumption 1 and p’¢“n=/? = o(1) hold, then
|0~ 0l = 0,(’¢*n""*), O = O = O, (p’g*n1/*).

Proof of Lemma 9. Similar arguments for proving Lemma 6 can be used, we then

omit the detailed proof of Lemma 9.

O

Lemma 10. Ti,n and ém defined in (3.8) and (3.9), respectively, and their sample versions

T,}n and Gu’m are monotonically decreasing with respect to .

Proof of Lemma 10.

Since R; = (0y,...,0,), for i =1,...,p, we have R; = (O;, Ri11).

Tin = 12185%”1/2|%T x(h)Ril :12%122)%711/2 x(h) x(h)Risa
o N Ex(h)0; R Sx(h)Rips

[e.e]

>  max nl/ |9‘il+12X(h)9%i+1‘oo = Ui_,_l’n,

1<h<K
. Ol Sx(h)O; O] Sx(h)R;
G = 3 YRR = Y Y : w1
1<h<K ] 1Sh<K RLZx(h)O; R Ex(W)Ri
> Z Zé’? (SRLIEX(h)ERLH) :éi-l—l,n-
1<h<K j

Similarly, Tm and é’m can also be shown to be monotonically decreasing with respect to

i.
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Lemma 11. Under Assumption 1, it holds that

-~ - 1-6,1/2
Ti,n/\p n/u

~
o
.o, Ty Tzn

i = 17 ) "= Op(p1+5q2wn71/2)

, t=7r4+1,...,p.

Proof of Lemma 11. Similar to the proof of Lemma 5, the proof of Lemma 11 is
omitted.

|
Lemma 12. Under Assumption 1, it holds that

2 2.2 .
Gz’,n/\p s Z—l,.

B ai,n = Op (p2q2wn71)7

t=r+1,...,p.

Proof of Lemma 12. Similar to the proof of Lemma 6, the proof of Lemma 12 is
omitted.

|
Proof of Theorems 1 and 2. By Lemmas 11 and 12, the proof of Theorems 1 and 2
is obtained.

U
Proof of Theorem 3. As the other results are parallel to P(rsg = r) — 1 in Theo-

rem 3, the other proof will follow the spirit of P(rsg = r) — 1. Thus, we will only give the
proof for P(rsg = r) — 1.

On the one hand, in probability, for any ¢ < r, as ‘@m
we have @m = Gin

— Gin| = O, (p*°¢*“n17?),

= p*?¢* . By 8r+1,n = O, (p’¢®n"), we have am B ai“’” =
p?> g2 for any i < r and 5T+1’n = CAVJTH,H = 0, (p*¢*n™"). It implies that %l’i—&ii’i" =
O, (p*¢*n~'). Thus, for large n, as i < r, we have

Mmool GrJrl n - Gr+2,n

e ) = — Op<p25q2wn—1) -0
R Gr,n - Gr+1,n

in probability. On the other hand, for any 5 with r < 7, as éjyn > 0, thus, for large n

Groin— G, Griin—

Jj+in Jj+2n r+1l,n r+2n 25 2w, —1
= = >0 — = =0, (p"¢*n")
Gj,n - Uj+ln Gr,n - Gr—i—l,n
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in probability uniformly over all » < j. Hence, putting these results together, we have

shown that rsg — r with probability one.

3 Simulation Results
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Table 1: Relative frequency estimates for P(r = 3) and P(¢ = 3) with 200 replicate samples

for the AR coefficients with case (1) and 3; and X5 with case (1)
G.w)  (0.5,05)

(p,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.435(111|2) 0.705(57|2) 0.410(115|3) 0.420(114/2) 0.710(57|1) 0.460(106|2)
800 0.370(125|1) 0.700(58|2) 0.400(119]1) 0.400(120|0) 0.640(69|3) 0.410(116|2)
(20,40) 200 0.345(131|0) 0.520(96|0) 0.385(123]0) 0.520(96|0) 0.915(17|0) 0.525(95|0)
800 0.355(129|0) 0.450(99|1) 0.400(119]1) 0.460(107|1) 0.920(15|1) 0.550(89|1)
(40,40) 200 0.450(109|1) 0.770(46|0) 0.540(92|0) 0.495(111|0) 0.730(54/0) 0.510(98|0)
800 0.385(123|0) 0.770(46|0) 0.560(87|1) 0.435(113|0) 0.770(46|0) 0.495(101|0)
(s 9) n TER TSR TMR CER Csr CMR
(20,20) 200 0.480(100(4) 0.860(23|5) 0.580(83|1) 0.495(91|10) 0.890(19|3) 0.655(68|1)
800 0.480(99|5) 0.880(21|3) 0.555(87(2) 0.505(99|0) 0.885(23|0) 0.590(81|1)
(20,40) 200 0.510(97|1) 0.800(40|0) 0.570(86|0) 0.585(82|1) 0.970(4]2) 0.735(53|0)
800 0.480(103|1) 0.720(56|0) 0.530(93|1) 0.505(98|1) 0.975(3)2) 0.730(52|2)
(40,40) 200 0.585(83|0) 0.910(17|1) 0.715(56|1) 0.520(96|0) 0.945(11|0) 0.675(65|0)
800 0.500(100|0) 0.955(9]0) 0.765(45|2) 0.565(86|1) 0.970(6]0) 0.710(58|0)
(6, w) (0,0.5)
(;9) n TER, TSR, MR, CER, CsR, CMR,
(20,20) 200 0.755(49|0) 0.965(6]1) 0.855(27(2) 0.740(52|0) 0.960(8]0) 0.880(24|0)
800 0.800(40|0) 0.975(5]0) 0.870(25|1) 0.720(55|1) 0.970(5]1) 0.865(25|1)
(20,40) 200 0.770(46|0) 0.910(18|0) 0.865(27|0) 0.820(36|0) 0.990(2]0) 0.875(25|0)
800 0.800(40|0) 0.940(12|0) 0.845(31|0) 0.785(42|1) 1.000(1|0) 0.900(20|0)
(40,40) 200 0.845(31|0) 0.990(2]0) 0.925(15|0) 0.885(23|0) 0.985(3]0) 0.930(14|0)
800 0.850(30]0) 0.990(2]0) 0.930(13|0) 0.825(35|0) 0.995(1]0) 0.945(10|1)
(p;9) n TER TSR TMR CER Csr MR
(20,20) 200 0.770(44/2) 0.990(2]0) 0.900(17|3) 0.780(42|2) 0.995(1]0) 0.900(19|1)
800 0.795(36|5) 0.990(1]1) 0.900(17|3) 0.725(50|5) 0.980(3|1) 0.885(22|1)
(20,40) 200 0.800(40|0) 0.965(7]0) 0.905(18|1) 0.810(36|2) 0.995(1]0) 0.870(26|0)
800 0.810(38|0) 0.985(3]0) 0.855(28|1) 0.790(40|2) 1.000(0|0) 0.890(21|1)
(40,40) 200 0.850(30]0) 1.000(0|0) 0.940(12|0) 0.890(22|0) 1.000(0|0) 0.925(14|1)
800 0.855(28|1) 0.990(2]0) 0.920(15|1) 0.840(32|0) 0.995(1]0) 0.940(9|3)
(6, w) (0,0)
(»,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.905(19|0) 0.995(1]0) 0.980(4/0) 0.895(21|0) 0.990(2]0) 0.960(8|0)
800 0.880(23|1) 0.995(1]0) 0.965(7|0) 0.900(20|0) 1.000(0|0) 0.980(4/0)
(20,40) 200 0.965(7|0) 0.990(2]0) 0.975(4|1) 0.935(13|0) 1.000(0|0) 0.930(2/2)
800 0.940(11|1) 0.985(3]0) 0.980(4]0) 0.910(17|1) 1.000(1|0) 0.940(9|0)
(40,40) 200 0.940(10|2) 1.000(010) 0.990(2|0) 0.930(14/0) 0.995(1]0) 0.970(4/2)
800 0.950(7|0) 1.000(0]0) 0.990(2/0) 0.950(10|0) 1.000(0|0) 0.990(2|0)
(;9) n TER TSR TMR CER Csr CMR
(20,20) 200 0.890(16/6) 0.995(1|0) 0.980(40) 0.875(21|4) 0.995(1|0) 0.955(8|1)
800 0.875(21]4) 1.000(0/0) 0.950(8/2) 0.895(19[2) 1.000(1(0) 0.960(40)
(20,40) 200 0.960(7|1) 0.995(1/0) 0.975(4/1) 0.925(12(3) 1.000(0[0) 0.970(4|2)
800 0.950(10/0) 1.000(0[0) 0.990(2/0) 0.930(140) 1.000(0]0) 0.965(4/3)
(40,40) 200 0.950(100) 1.000(0]0) 0.990(2/0) 0.930(140) 1.000(0]0) 0.965(4/3)
800 0.965(7]0) 1.000(0/0) 0.990(20) 0.950(10[0) 1.000(0[0) 0.990(20)
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Table 2: Relative frequency estimates for P(r = 3) and P(¢ = 3) with 200 replicate samples
for the AR coefficients with case (3) and 3; and X5 with case (1)

(6, w) (0.5,0.5)
(p,q) n TER, TSR, TMR, CER, Csr, CMR,
(20,20) 200 0.520(95|1) 0.790(41|1) 0.545(90|1) 0.530(94/0) 0.790(42|0) 0.575(85|0)
800 0.500(99|1) 0.775(45|0) 0.525(95|0) 0.460(106|2) 0.775(44|1) 0.515(96|1)
(20,40) 200 0.495(100]1) 0.680(64/0) 0.555(89|0) 0.525(95|0) 0.945(11|0) 0.720(56|0)
800 0.535(921) 0.710(58|0) 0.550(89|1) 0.525(90|5) 0.955(9]0) 0.775(44|1)
(40,40) 200 0.585(83|0) 0.845(31|0) 0.665(67|0) 0.555(89|0) 0.830(34/0) 0.640(72|0)
800 0.530(94/0) 0.905(10|0) 0.650(70|0) 0.545(91|0) 0.885(23|0) 0.620(76|0)
(s 9) n TER TSR TMR CER CsR MR
(20,20) 200 0.585(79|4) 0.905(17|2) 0.685(63|0) 0.565(83|4) 0.895(20(1) 0.700(60|0)
800 0.560(82|6) 0.920(13|3) 0.630(72(2) 0.530(92|2) 0.905(16|3) 0.690(59|3)
(20,40) 200 0.600(79|1) 0.850(30]0) 0.690(62|0) 0.565(87|0) 0.975(4]1) 0.815(37|0)
800 0.625(73|2) 0.900(20|0) 0.710(57|1) 0.675(62|3) 0.970(6]0) 0.850(29|1)
(40,40) 200 0.655(69|0) 0.955(8|1) 0.780(44/0) 0.605(79|0) 0.925(15|0) 0.785(42|1)
800 0.590(82|0) 0.975(4]1) 0.810(38|0) 0.615(77|0) 0.965(7)0) 0.740(51|1)
(6, w) (0,0.5)
(;9) n TER, TSR, MR, CER, CsR, CMR,
(20,20) 200 0.850(30|0) 0.965(7)0) 0.890(22|0) 0.830(33|1) 0.985(3]0) 0.885(22|1)
800 0.800(40|0) 0.975(5]0) 0.820(26|0) 0.815(37|0) 0.990(2]0) 0.935(13|0)
(20,40) 200 0.855(28|1) 0.960(8]0) 0.900(20|0) 0.815(37|0) 1.000(0|0) 0.920(12|0)
800 0.830(34/0) 0.920(16|0) 0.925(15|0) 0.815(37|0) 1.000(0|0) 0.920(12|0)
(40,40) 200 0.815(37|0) 0.995(1]0) 0.940(12|0) 0.840(32|0) 1.000(0|0) 0.940(12|0)
800 0.845(31|0) 0.995(1]0) 0.950(10|0) 0.875(25|0) 0.985(3]0) 0.945(11|0)
(p;9) n TER TSR TMR CER CsR MR
(20,20) 200 0.850(26(4) 0.995(1]0) 0.925(15|0) 0.835(31|2) 1.000(0|0) 0.900(18|2)
800 0.810(36(2) 0.985(3]0) 0.895(20(1) 0.825(34|1) 0.995(0]1) 0.940(11|1)
(20,40) 200 0.865(26(1) 0.980(3|1) 0.925(15|0) 0.825(34(2) 1.000(0]0) 0.910(12|2)
800 0.830(34/0) 0.980(4]0) 0.955(9]0) 0.825(32|3) 1.000(0|0) 0.915(12|1)
(40,40) 200 0.840(32|0) 0.995(1]0) 0.945(10|1) 0.850(30|0) 1.000(0|0) 0.950(9]1)
800 0.850(30|0) 1.000(0|0) 0.945(11|0) 0.880(24/0) 1.000(0|0) 0.945(11|0)
(6, w) (0,0)
(»,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.930(12/0) 1.000(0|0) 0.990(2|0) 0.910(16|2) 1.000(0|0) 0.965(5|2)
800 0.930(12(2) 1.000(0|0) 0.990(2|0) 0.935(13|0) 1.000(0|0) 0.975(5]0)
(20,40) 200 0.975(5]0) 1.000(0|0) 1.000(0|0) 0.945(11|0) 1.000(0|0) 0.975(5]0)
800 0.970(6]0) 1.000(0|0) 1.000(0|0) 0.940(10|0) 1.000(0|0) 0.805(39|0)
(40,40) 200 0.960(8]0) 1.000(0|0) 1.000(0|0) 0.980(3]1) 1.000(0|0) 0.995(10)
800 0.970(6]0) 0.995(1]0) 0.770(46|0) 0.965(7)0) 1.000(0]0) 0.980(2]2)
(;9) n TER TSR TMR CER Csr CMR
(20,20) 200 0.930(10]2) 1.000(0]0) 0.995(0[1) 0.905(127) 1.000(0]0) 0.970(4]2)
800 0.930(10]4) 1.000(0[0) 0.990(2/0) 0.930(12/2) 1.000(0[0) 0.975(5/0)
(20,40) 200 0.975(5/0) 1.000(0[0) 1.000(0[0) 0.940(11]1) 1.000(0[0) 0.975(4/1)
800 0.970(6/0) 1.000(0]0) 1.000(0]0) 0.945(9]2) 1.000(0]0) 0.980(1|3)
(40,40) 200 0.960(8|0) 1.000(0]0) 1.000(0]0) 0.980(3[1) 1.000(0]0) 0.990(0[2)
800 0.970(6/0) 1.000(0]0) 1.000(0[0) 0.965(6]1) 1.000(0[0) 0.985(1|2)
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Table 3: Relative frequency estimates for P(r = 3) and P(¢ = 3) with 200 replicate samples
for the AR coefficients with case (4) and 3; and X5 with case (1)

(6, w) (0.5,0.5)
(p,q) n TER, TSR, TMR, CER, Csr, CMR,
(20,20) 200 0.825(35(0)  0.960(8|0)  0.915(17/0)  0.795(41/0)  0.960(8|0) 0.925(15(0)
800 0.820(36/0)  0.985(30) 0.960(8]0) 0.850(30[0)  0.995(1[0) 0.935(13(0)
(20,40) 200 0.840(32/0)  0.965(7|0)  0.950(10/0)  0.800(40[0)  0.990(2|0) 0.935(13(0)
800 0.840(32(0)  0.975(5|0) 0.955(9/0) 0.805(390)  0.990(2(0) 0.945(11|0)
(40,40) 200 0.810(380)  0.980(4/0) 0.970(6/0) 0.855(29/0)  0.975(5[0)  0.940(12/05)
800 0.855(29/0)  0.990(2|0) 0.965(7/0) 0.805(39/0)  0.990(2[0) 0.935(13(0)
(s 9) n TER TSR TMR CER CsR CMR
(20,20) 200 0.825(32(3)  1.000(0/0)  0.940(11]1)  0.810(37|1)  0.980(4|0) 0.955(9]0)
800 0.835(33/0)  1.000(3/0) 0.975(5/0) 0.860(262)  0.995(1|0) 0.960(8(0)
(20,40) 200 0.840(320)  0.985(3/0) 0.970(6/0) 0.800(39]1)  0.990(2(0) 0.930(131)
800 0.845(310)  0.995(1/0) 0.975(5/0) 0.810(380)  0.995(0[1) 0.940(12/0)
(40,40) 200 0.825(35/0)  0.985(3|0) 0.975(5/0) 0.865(27|0)  0.990(20)  0.940(12/05)
800 0.870(26/0)  1.000(0]0) 0.965(6/1) 0.825(34/1)  0.990(2[0) 0.935(12|1)
(6,w) (0,0.5)
(;9) n TER, TSR, MR, CER, CsR, CMR,
(20,20) 200 0.940(12|0) 1.000(0]0) 0.985(3]0) 0.915(17|0) 1.000(0|0) 0.995(1|0)
800 0.960(8|0) 0.990(2|0) 0.980(3|1) 0.940(12|0) 1.000(0|0) 0.990(2|0)
(20,40) 200 0.955(9|0) 0.985(3|0) 0.970(6]0) 0.915(17|0) 1.000(0|0) 0.970(4/2)
800 0.955(9|0) 0.985(3|0) 0.990(2|0) 0.950(10|0) 1.000(0|0) 1.000(0]0)
(40,40) 200 0.985(3|0) 1.000(0]0) 0.995(1|0) 0.970(6]0) 1.000(0|0) 0.985(1/2)
800 0.970(6|0) 1.000(0]0) 0.990(1]1) 0.955(9]0) 1.000(010) 0.990(2|0)
(p;9) n TER TSR TMR CER CsR MR
(20,20) 200 0.935(112)  1.000(0|0) 0.985(2|1) 0.915(16]1)  1.000(0|0) 0.990(1/1)
800 0.950(7|3) 0.995(1|0) 0.980(2[2) 0.930(113)  1.000(0|0) 0.990(20)
(20,40) 200 0.960(7|1) 0.990(30) 0.975(5/0) 0.910(16]2)  1.000(0|0) 0.965(5]2)
800 0.965(7|0) 0.990(2/0) 0.990(1/1) 0.950(10[0)  1.000(0[0) 1.000(0[0)
(40,40) 200 0.985(3(0) 1.000(0[0) 0.995(1]0) 0.970(6/0) 1.000(0[0) 0.980(3|15)
800 0.975(5(0) 1.000(0[0) 0.995(0/0) 0.965(7]0) 1.000(0]0) 0.985(1/2)
(6, w) (0,0)
(»,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.985(2|1) 1.000(0]0) 1.000(1|0) 0.980(4]0) 0.995(1]0) 0.985(2|1)
800 0.990(2|0) 0.995(1/0) 0.995(1]0) 0.990(1]3) 1.000(0|0) 1.000(0]0)
(20,40) 200 0.985(2|1) 1.000(0]0) 0.995(1]0) 0.980(4]0) 1.000(0|0) 1.000(0]0)
800 0.990(2|0) 1.000(1]0) 0.995(1]0) 0.990(2]0) 1.000(010) 1.000(0]0)
(40,40) 200 0.980(3|1) 1.000(0]0) 1.000(0|0) 0.990(2]0) 1.000(010) 1.000(0]0)
800 1.000(0]0) 1.000(0/0) 1.000(00) 1.000(0|0) 1.000(0]0) 1.000(0/0)
(;9) n TER TSR TMR CER Csr CMR
(20,20) 200 0.980(22) 1.000(0[0) 1.000(0[0) 0.980(40) 0.995(1|0) 0.985(2|1)
800 0.985(2|3) 0.995(1/0) 0.995(1/0) 0.980(1/3) 1.000(0/0) 1.000(0[0)
(20,40) 200 0.985(2|1) 1.000(0[0) 1.000(0[0) 0.970(4/2) 1.000(0[0) 1.000(0[0)
800 0.985(1(2) 1.000(0[0) 0.995(1/0) 0.985(2|1) 1.000(0]0) 1.000(0[0)
(40,40) 200 0.975(3(2) 0.975(5/0)  0.790(42|0) 0.990(1]1) 1.000(0]0) 1.000(0[0)
800 1.000(0/0) 1.000(0[0) 1.000(0[0) 1.000(0[0) 1.000(0/0) 1.000(0|0)
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Table 4: Relative frequency estimates for P(r = 3) and P(¢ = 3) with 200 replicate samples

for the AR coefficients with case (1) and 3; and X5 with case (2)
6,0)  (0.5,0.5)

(p,q) n TER, TSR, TMR, CER, Csr, CMR,
(20,20) 200 0.360(128/0)  0.640(70[2)  0.415(114/3)  0.340(130)2)  0.640(70[2)  0.370(124/2)
800 0.445(110[1)  0.665(84|3)  0.475(103|2)  0.465(106]1)  0.685(62/1)  0.445(111|0)
(20,40) 200 0.355(170[1)  0.480(103|1)  0.345(131j0)  0.470(106/0)  0.910(18/0)  0.580(83|1)
800 0.420(114]2)  0.515(97]0)  0.380(123[1)  0.465(107(0)  0.860(26|2)  0.570(86|0)
(40,40) 200 0.430(113[]1)  0.770(460) 0.535(92]1)  0.390(1220)  0.790(42[0)  0.565(87]0)
800 0.485(103)0)  0.760(48/0)  0.520(96/0)  0.415(117|0)  0.755(49/0)  0.500(100|0)
(s 9) n TER TSR TMR CER CsR MR
(20,20) 200 0.445(109)2)  0.885(23/0)  0.570(85|1)  0.410(112)6)  0.800(35/5)  0.520(94/2)
800 0.545(88/3)  0.875(21|4)  0.560(84|4)  0.495(96]5)  0.895(19]2)  0.630(71[2)
(20,40) 200 0.555(87|2) 0.825(34]1) 0.570(860) 0.570(860) 0.970(6/0) 0.745(50|1)
800 0.545(91|0) 0.855(28]1) 0.595(81|0) 0.545(883) 0.955(5/4) 0.715(56|1)
(40,40) 200 0.520(951) 0.935(13(0) 0.720(56|0) 0.510(98/0)  0.940(11]1)  0.690(61|15)
800 0.575(85/0) 0.970(5/1) 0.705(59)0)  0.485(102]1)  0.965(7]0) 0.690(62/0)
(6,w) (0,0.5)
(;9) n TER, TSR, MR, CER, CsR, CMR,
(20,20) 200 0.750(48|2) 0.950(9]0) 0.845(29|2) 0.795(40|1) 0.980(4/0) 0.890(22|0)
800 0.770(44/2) 0.965(7)0) 0.875(25|0) 0.805(38|1) 0.985(3|0) 0.875(24|1)
(20,40) 200 0.770(46|0) 0.925(15|0) 0.895(21|0) 0.720(56|0) 1.000(0]0) 0.885(23|0)
800 0.750(50|0) 0.920(16|0) 0.870(26|0) 0.735(53|0) 1.000(0]0) 0.915(17|0)
(40,40) 200 0.830(34/0) 0.990(2]0) 0.920(16|0) 0.820(36|0) 0.995(1/0) 0.930(14/05)
800 0.840(32|0) 0.990(2]0) 0.935(13|0) 0.820(36|0) 0.990(2|0) 0.920(16|0)
(p;9) n TER TSR TMR CER CsR CMR
(20,20) 200 0.755(45/4) 0.980(2|2) 0.895(17]4) 0.800(391) 1.000(0[0) 0.910(162)
800 0.775(43(2) 0.990(2(0) 0.900(19]1) 0.815(35[2) 0.990(2/0) 0.900(19]1)
(20,40) 200 0.790(42(0) 0.980(4/0) 0.890(220) 0.715(57]0) 1.000(0[0) 0.905(17]2)
800 0.755(49|0) 0.970(6/0) 0.895(21/0) 0.755(46|3) 1.000(0[0) 0.910(18|0)
(40,40) 200 0.830(34/0) 1.000(0[0) 0.960(16/0) 0.825(35/0) 1.000(0[0) 0.930(13|1)
800 0.855(290) 1.000(0]0) 0.940(12(0) 0.840(32(0) 0.995(1/0) 0.925(15(0)
(6, w) (0,0)
(»,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.910(18|0) 1.000(0|0) 0.985(3]0) 0.910(18|0) 1.000(0]0) 0.980(2]0)
800 0.900(19|1) 0.990(2]0) 0.970(6]0) 0.905(19|0) 0.985(3|0) 0.975(5]0)
(20,40) 200 0.965(7)0) 1.000(0|0) 0.985(3]0) 0.910(18|0) 1.000(0]0) 0.970(6]0)
800 0.940(12|0) 1.000(0|0) 0.985(3]0) 0.915(16|1) 1.000(0]0) 0.965(5]2)
(40,40) 200 0.925(15|0) 1.000(0|0) 0.965(6]1) 0.955(9]0) 1.000(0]0) 0.985(3]0)
800 0.960(8]0) 1.000(0|0) 0.985(3]0) 0.935(13|0) 1.000(0/0) 0.970(4]2)
(;9) n TER TSR TMR CER Csr CMR
(20,20) 200 0.910(13|5) 1.000(0|0) 0.990(2/0) 0.910(17|1) 1.000(0/0) 0.980(2/0)
800 0.900(18|1) 0.990(2]0) 0.970(5]1) 0.900(18|2) 0.995(1|0) 0.975(5]0)
(20,40) 200 0.965(6]1) 1.000(0|0) 0.990(2]0) 0.910(171) 1.000(0]0) 0.965(5]2)
800 0.945(10|1) 1.000(0|0) 0.995(1]0) 0.915(15|2) 1.000(0]0) 0.955(5]4)
(40,40) 200 0.925(15|0) 1.000(0|0) 0.965(6]1) 0.955(9]0) 1.000(0]0) 0.990(2]0)
800 0.960(7|1) 1.000(0|0) 0.995(1]0) 0.935(13|0) 1.000(0]0) 0.965(3]4)
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Table 5: Relative frequency estimates for P(r = 3) and P(¢ = 3) with 200 replicate samples

for the AR coefficients with case (3) and 3; and X5 with case (2)
G.w)  (0.5,05)

(p,q) n TER, TSR, TMR, CER, Csr, CMR,
(20,20) 200 0.500(97|3) 0.670(66|0) 0.535(91|2) 0.400(118|2) 0.680(63|1) 0.540(91|1)
800 0.525(95|0) 0.690(55|7) 0.500(97|3) 0.515(96|1) 0.725(54|1) 0.510(97|1)
(20,40) 200 0.415(114/3) 0.540(90|2) 0.510(98|0) 0.510(98|0) 0.830(31|3) 0.630(73|1)
800 0.470(106|0) 0.535(92|1) 0.485(103]0) 0.550(89|1) 0.770(39|7) 0.570(84/2)
(40,40) 200 0.490(102|0) 0.490(96|6) 0.460(105|3) 0.480(104/0) 0.545(88|3) 0.555(87(2)
800 0.500(100|0) 0.565(78|9) 0.585(81|2) 0.450(110|0) 0.485(91|12) 0.500(98|2)
(s 9) n TER TSR TMR CER CsR CMR
(20,20) 200 0.555(85(4) 0.870(26|0) 0.620(76|0) 0.535(91|2) 0.905(18|1) 0.635(69|4)
800 0.530(91|3) 0.840(29|3) 0.675(63|2) 0.585(81|2) 0.880(22|2) 0.650(67|3)
(20,40) 200 0.500(99|0) 0.750(49|1) 0.615(76|1) 0.620(74|2) 0.985(1]2) 0.790(41|1)
800 0.610(78|0) 0.795(41|0) 0.610(78|0) 0.675(65|0) 0.960(0]1) 0.755(47|2)
(40,40) 200 0.550(90|0) 0.830(31|3) 0.660(68|0) 0.575(85|0) 0.840(30|2) 0.705(58|1)
800 0.655(69]0) 0.905(19|0) 0.735(51|2) 0.565(86|1) 0.875(23|2) 0.670(65|1)
(6, w) (0,0.5)
(;9) n TER, TSR, MR, CER, CsR, MR,
(20,20) 200 0.790(41|1) 0.975(5/0) 0.895(21/0) 0.815(37/0) 0.985(3/0) 0.915(17]0)
800 0.795(41|0) 0.970(5]1) 0.890(21]1) 0.840(30]0) 0.950(10/0)  0.910(18]0)
(20,40) 200 0.880(24/0)  0.940(12)0)  0.895(21|0) 0.785(42|1) 0.995(0[1) 0.915(15[2)
800 0.830(34/0) 0.955(9]0) 0.915(17]0) 0.790(42(0) 0.990(2]0) 0.895(21|0)
(40,40) 200 0.855(29]0) 1.000(0/0) 0.995(1|0) 0.850(30(0) 0.990(2|0) 0.910(18/0)
800 0.890(22(0) 0.980(4]0) 0.945(11|0) 0.855(29]0) 1.000(0]0) 0.925(15/0)
(p;9) n TER TSR TMR CER Csr MR
(20,20) 200 0.785(42|1) 0.995(1|0) 0.900(182) 0.830(34/0) 0.995(1|0) 0.930(13[1)
800 0.795(41|0) 0.985(3(0) 0.910(17]1) 0.845(28(3) 0.975(5/0) 0.925(15/0)
(20,40) 200 0.885(23(0) 0.970(6/0) 0.910(180) 0.780(43|1) 0.995(0[1) 0.925(13/2)
800 0.850(30/0) 0.975(5/0) 0.935(13)0) 0.810(37|1) 0.995(1/0) 0.910(18/0)
(40,40) 200 0.855(28|1) 1.000(0[0) 0.995(1]0) 0.850(30[0) 0.995(1/0) 0.925(15/0)
800 0.900(20|0) 1.000(0[0) 0.950(10/0) 0.870(26/0) 1.000(0]0) 0.920(14]2)
(6, w) (0,0)
(»,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.935(13|0) 1.000(0|0) 0.970(5|1) 0.920(16|0) 0.990(2]0) 0.970(5|1)
800 0.905(18|1) 1.000(0|0) 0.985(2|1) 0.950(8|2) 0.990(2]0) 0.980(4/0)
(20,40) 200 0.970(6]0) 1.000(0|0) 0.995(1]0) 0.950(8|2) 1.000(0|0) 0.990(1]1)
800 0.975(5|0) 0.995(1]0) 0.995(1]0) 0.950(91) 1.000(0|0) 0.990(2|0)
(40,40) 200 0.955(9]0) 1.000(010) 0.980(2|0) 0.970(6|0) 1.000(0|0) 0.995(1]0)
800 0.965(6|0) 1.000(0]0) 1.000(00) 0.960(8|0) 1.000(0]0) 0.990(1|1)
(;9) n TER TSR TMR CER CsR CMR
(20,20) 200 0.930(11/3) 1.000(0/0) 0.970(5|1) 0.920(14/2) 1.000(0/0) 0.970(5|1)
800 0.905(17]2) 1.000(0/0) 0.985(2|1) 0.950(73) 1.000(0[0) 0.980(4/0)
(20,40) 200 0.970(5/1) 1.000(0[0) 0.995(1]0) 0.950(82) 1.000(0[0) 0.995(0|1)
800 0.975(5/0) 0.995(1/0) 0.995(1/0) 0.950(8(2) 1.000(0]0) 0.990(2/0)
(40,40) 200 0.950(9/0) 1.000(0]0) 0.985(1|2) 0.970(6(0) 1.000(0]0) 0.995(1/0)
800 0.965(6/0) 1.000(0/0) 1.000(0[0) 0.960(8]0) 1.000(0[0) 0.990(1|1)
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Table 6: Relative frequency estimates for P(r = 3) and P(¢ = 3) with 200 replicate samples
for the AR coefficients with case (4) and 3; and X5 with case (2)

(6, w) (0.5,0.5)
(p,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.820(35|1) 0.975(5|0) 0.940(12|0) 0.785(42|1) 0.965(7)0) 0.930(14|0)
800 0.845(31|0) 0.990(12|0) 0.935(13|0) 0.770(46|0) 0.950(10|0) 0.935(13|0)
(20,40) 200 0.810(38|0) 0.925(15|0) 0.925(15|0) 0.825(35|0) 0.990(2]0) 0.905(19|0)
800 0.850(30|0) 0.950(10|0) 0.925(15|0) 0.825(35|0) 0.975(5]0) 0.930(14/0)
(40,40) 200 0.845(31|0) 0.970(6/|0) 0.895(21|0) 0.825(35|0) 0.975(5]0) 0.915(16|1)
800 0.825(35|0) 0.985(3|0) 0.905(19|0) 0.825(35|0) 0.995(1]0) 0.935(13|0)
(s 9) n TER TSR TMR CER Csr CMR
(20,20) 200 0.820(33|3) 0.990(2|0) 0.950(8|2) 0.810(37|1) 0.985(2|1) 0.930(14|0)
800 0.850(30|0) 0.995(1]|0) 0.950(10|0) 0.785(43|0) 0.975(5]0) 0.940(12|0)
(20,40) 200 0.820(36|0) 0.965(7|0) 0.950(10|0) 0.835(32|1) 0.995(1]0) 0.910(16|2)
800 0.855(29|0) 0.975(5|0) 0.955(9]0) 0.830(32|2) 1.000(0|0) 0.930(14/0)
(40,40) 200 0.845(31|0) 0.985(3|0) 0.910(18|0) 0.840(32|0) 0.995(1]0) 0.945(10|1)
800 0.835(33|0) 1.000(3]0) 0.920(16|0) 0.860(26|2) 0.995(1]0) 0.940(11]1)
(6, w) (0,0.5)
(;9) n TER, TSR, MR, CER, CsR, CMR,
(20,20) 200 0.935(12|1) 0.995(1|0) 0.990(2]0) 0.940(12|0) 1.000(0|0) 0.990(2|0)
800 0.970(5]1) 1.000(010) 0.985(3]0) 0.945(11|0) 0.990(1]1) 0.985(2|1)
(20,40) 200 0.940(12|0) 0.990(2|0) 0.985(3]0) 0.900(19|1) 1.000(00) 0.975(4|1)
800 0.960(8|0) 0.995(1|0) 0.990(2]0) 0.950(10|0) 1.000(0|0) 0.980(3|1)
(40,40) 200 0.940(11|1) 0.995(1|0) 0.985(2|1) 0.950(10|0) 0.990(2]0) 0.985(3|0)
800 0.955(9]0) 0.995(0|0) 0.990(2]0) 0.955(9|0) 0.995(1]0) 0.990(2|0)
(p;9) n TER TSR TMR CER Csr MR
(20,20) 200 0.930(12[2) 0.995(1|0) 0.990(2/0) 0.940(9/3) 1.000(0]0) 0.990(2/0)
800 0.975(4/1) 1.000(0/0) 0.985(3(0) 0.940(10[2) 0.995(0[1) 0.985(2|1)
(20,40) 200 0.945(11(0) 0.995(1(0) 0.990(1/0) 0.910(16[2) 1.000(0]0) 0.970(313)
800 0.965(7]0) 1.000(0[0) 0.990(1]1) 0.950(10[0) 1.000(0[0) 0.980(22)
(40,40) 200 0.940(11|1) 1.000(0[0) 0.985(2|1) 0.950(10[0) 1.000(0[0) 0.980(22)
800 0.975(5/0) 1.000(0/0) 0.990(2/0) 0.955(9|0) 0.995(1|0) 0.990(2(0)
(6, w) (0,0)
(»,q) n TER, TSR, TMR, CER, CsR, CMR,
(20,20) 200 0.985(2|1) 0.995(1|0) 0.990(2|0) 0.980(4/0) 1.000(0|0) 1.000(0]0)
800 0.970(5]1) 0.995(1|0) 0.995(1]0) 0.970(5|1) 0.995(1]0) 0.995(1|0)
(20,40) 200 0.985(2|1) 1.000(0|0) 1.000(0|0) 0.985(2|1) 1.000(0|0) 0.990(1|1)
800 0.990(2]0) 1.000(11]0) 0.995(1]0) 0.975(1/2) 1.000(0|0) 1.000(0]0)
(40,40) 200 0.995(1]0) 1.000(010) 1.000(0|0) 0.990(2|0) 1.000(0|0) 0.995(0|1)
800 0.990(2|0) 1.000(01]0) 1.000(0|0) 0.995(0|0) 1.000(0|0) 1.000(0/0)
(;9) n TER TSR TMR CER Csr CMR
(20,20) 200 0.985(1[2) 0.995(1|0) 0.990(20) 0.980(40) 1.000(0]0) 1.000(0|0)
800 0.975(1/2) 1.000(0[0) 1.000(0[0) 0.970(4|2) 0.995(1/0) 0.995(1|0)
(20,40) 200 0.985(2|1) 1.000(0[0) 1.000(0[0) 0.985(2|3) 1.000(0[0) 0.995(0|1)
800 0.990(1]1) 1.000(0/0) 0.995(1|0) 0.970(1/5) 1.000(0]0) 1.000(0[0)
(40,40) 200 0.995(1|0) 1.000(0/0) 1.000(0]0) 0.990(2(0) 1.000(0]0) 1.000(0[0)
800 0.995(1|0) 1.000(0/0) 1.000(0[0) 0.995(1|0) 1.000(0[0) 1.000(0/0)
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